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Abstract: This work is devoted to the bending analysis of functionally graded (FG) nano-scale plate
by using the nonlocal mixed variational formula under simply supported edge conditions. According
to Eringen’s nonlocal elasticity theory, the mixed formula is utilized in order to obtain the governing
equations. The system of equations is derived by using the principle of virtual work. The governing
equations include both the small and the mechanical effects. The impact of the small-scale parameter,
aspect and thickness nano-scale plate ratios, and gradient index on the displacement and stresses are
explored, numerically presented, and discussed in detail. Different comparisons are made to check the
precision and validity of the bending outcomes obtained from the present analysis of FG nano-scale
plates. Parametric examinations are then performed to inspect the impacts of the thickness of the plate
on the by and large mechanical reaction of the practically evaluated plates. The displayed outcomes
are valuable for the configuration procedures of keen structures and examination from materials.

Keywords: FG nano-scale plate; nonlocal theory; mixed variational formula; bending; Navier’s
method; analytical solutions

1. Introduction

The nanotechnology methods in a variety of applications—for instance, microsurgery provided
by Lebaschi et al. [1]; nano-sensors, nano-composites, and smart structures and systems presented
by Johnson et al. [2]; cell manipulation studied by Jandaghian and Rahmani [3]—are used in the
manufacture of most new devices and materials. Recently, there has been increased attention from
scholars regarding the study of micro/nano basic elements like plates and beams and plates at the
micro/nano-length scale. The regular use of continuum models in the investigation of these factors,
in which size affects simulations, is attributed to the costly molecular and atomic simulations studied
by Simsek [4].

In capturing the size effects of these structures with regard to the relationships between
the non-adjacent molecules and atoms, high order continuum theories are applied to model
micro/nano-scale structures. Nonlocal elasticity is the most regularly applied continuum mechanics
theory for modeling nano-structures. Eringen [5] developed a nonlocal elasticity theory which is applied
to the modeling of long-range relationships between atoms. Eringen’s nonlocal theory emphasizes
that a specific point interacts with the strains at all points within the continuum body, not just with
those close to the given point. Then, Eringen [5] developed the differential constitutive theory, which
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confirmed that a specific form of Kernel operation of the nonlogical integral constitutive interaction
could be changed into various types, which could be resolved much more simply in comparison to
the central model. Later, in the bounded continuous structural model, they applied the differential
formulation presented by Peddieson et al. [6]. Nevertheless, they neglected the fact that the constitutive
boundary conditions on the stress appear naturally when operating with the bounded domains [7-10].

Functionally graded materials (FGMs) refer to non-homogeneous composites that feature
continuous and smooth variants in both the material’s features and the compositional profile, which
permit its wide use in most engineering devices. The usage of FG materials creates an even distribution
of stress in the structures and offers solutions to issues like jump in factors of stress within matrix
cracking, interfacial debonding, layers, etc. The dynamics analyses of plates and beams in the last
decade have attracted many studies on FGMs. Classical plate theory (CPT), or the Kirchhoff plate
theory, is the most famous theory for investigating plates’ mechanical behavior. Zhang and Zhou [11]
investigated deflection analysis, free vibration, and buckling of the thin FG plates depending on the
physical neutral surface, in accordance with this theory. In the case of nonlinear free vibrational
behavior in the square FG’s thinner plates, Woo et al. [12] offered an analytical solution through the
von Karman theory. In the study by Yang and Shen [13], the response dynamic of the former was
operationally emphasized by a rectangular FG’s thin plates under the partially distributed impulsive
lateral loads lying on or in the absence of an elastic foundation. However, even though CPT is
suitable for thin plates, it provides inaccurate solutions for thick plates due to the neglect of normal
and shear deformation in the classical plate theory. Several scholars have recommended varying
higher-order shear deformation theories, which cover normal and shear deformation. Unlike any
other theory, there are only four unknown functions included, compared to five in the case of other
theories of shear deformation. Hebali et al. [14] has developed a new quasi-three-dimensional (3D)
hyperbolic shear deformation for the analysis of the free vibration and bending of the FG plates.
Furthermore, Mabhi et al. [15] studied an advanced hyperbolic shear deformation theory which can
be used for free vibration and bending analyses of FG, isotropic, laminated composite plates and
sandwich. Couple-stress and surface elasticity theory, strain gradient theory, and nonlocal theory are
the most important theories [16-19].

Of these popular theories, Eringen’s theory [20,21] has a broad use in the study of the
nano-structures” mechanical behavior because of its high accuracy and simplicity. These investigations
confirmed that the findings from this theory were consistent with the findings from the molecular
dynamic and experimental techniques [22-29]. Ahouel et al. [30] created a nonlocal trigonometric shear
deformation theory depending on the neutral surface position for the vibration, buckling, and bending
of FG nanorods through the nonlocal differential constitutive interaction with Eringen. This model
can capture both transverse shear deformation impacts and small-scale impacts of the FG nanobeam:s,
hence there is no need for shear correction factors.

The mixed first-order shear deformation plate theory (MFPT) is an amendment of the simple
first-order shear deformation plate theory (SFPT). The primary displacement assumptions for
Reissner-Mindlin’s traditional SFPT are retained. In the MFPT, both the stresses and displacements
should be considered arbitrary. Thus, the researcher must apply a mixed variational formulation [31-33].
The development of MFPT depends on a mixed variational formulation that assumes that, throughout
the plate’s thickness, there is a continuous distribution of stress. Additionally, the surface condition
is consistent with the transverse shear stresses. Hence, the rationale for the shear correction factor
rationale necessary for the SFPT is precluded. Furthermore, they consider the impact of transverse
normal stress. In a very recent study, Zenkour [31-33] presented a correlation between the mixed
and simple first-order theories of transverse shear deformation. Then, he developed an analytical
solution for buckling loads, natural frequencies, and stress analysis in anisotropic plates and shells
under numerous boundary conditions.

This article marks the first attempt to study the bending of an FG orthotropic nano-scale plate
depending on the nonlocal mixed variational formula. The assumption is that the entire FG orthotropic
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nanoplate edges are simply supported. Through Eringen’s nonlocal elasticity theory, they derive the
guiding differential equations. These governing equations consist of the mechanical and the small-scale
parameter. Then, this paper derives the analytical solutions for the bending response of simply
supported FG orthotropic nano-scale plate. In addition, it investigates the impact of the plate’s aspect
ratio, gradient index, side-to-thickness ratio, and nonlocal parameter on the stress and displacement.

2. Functionally Graded (FG) Orthotropic Nanoplates

A simply supported orthotropic nano-scale plate can be considered as having a length 4, width b,
and thickness  made of FG material. As specified in Figure 1, the FG orthotropic nano-scale plate is
subjected to an applied sinusoidally distributed transverse load g(x, y). It is supposed that the material
properties of the FG differ in thickness with respect to the distribution of power law. It is expected that
effective material properties P(z) like Young’s modulus continuously differ within the depth direction,
according to the power law. Suppose that the FG orthotropic nano-scale plate is finished by mixing
two contrasting material phases—for instance, ceramic and metal—and are stated as the following:

P(Z):Pm+(Pc_Pm)Vf 1

where P(z), P, and Py, are, respectively, the effective material property, bottom surface property,
and upper surface property of the FG nanoplate. V is the volume fraction of the FGM. The effective
material properties of the FG nano-scale plate are distinguished by the power law distribution, based
on the following formula by Zenkour [34]. The volume fraction of the FG gradient material V is
supposed to be assumed by
k

Vf:(%Jrg),kzo, ?)
where k is the index of the power law. When k is equal to zero, the plate is fully ceramic, and when k is
infinity, it is fully metal. Therefore, the material properties may be written as follows:

1 z\
P(z) = P+ (Pe=Pu)(3 + 7 - )
b q 100% ceramic
_T FYYVYY
h FGM — )

100% metal

Figure 1. Geometry of the nanoplate made of functionally graded materials (FGM).

The material gradient (Young’s modulus E(z) and shear modulus G(z) through the plate thickness)
of the orthotropic FG nanoplate is supposed to show due to the power law variation. Hence, the Young’s
and shear moduli can be expressed as a power function of z (Asghari et al. [17]), as given in Equation (3).

3. Nonlocal Mixed Formula for FG Orthotropic Nanoplates

According to the nonlocal elasticity that was developed by Eringen, the stresses at a point such as
x are dependent on the strains of all other points x’ of the domain. After which, Eringen recommended
a constitutive model which represents the nonlocal stress components o;; as the following:

oij—f“/oc()x’—x

, T)Cijkzé'kl (x")dV, 4
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and 1
€ij = E(“i,]‘ +ui), ©)

where ij, €ijs and u; are the stress, strain, and displacement components, respectively; Cijki is the
fourth-order elasticity tensor; |x” — x| represents the distance (in Euclidean norm) and a(|x’ — x|, 7) is
the nonlocal modulus. © = ega/! is the scale coefficient, which is inclusive of the small-scale factor.
ep represents a material constant either estimated or experimentally obtained through the corresponding
dispersion curves of the plane waves with those for the atomic lattice dynamics. ! represents external
characteristic lengths and a represents the internal length for the nanostructures. In accordance
with Eringen, one can be simply the constitutive Equation (4) to the similar form of the differential
constitutive equation, as shown below [35].

(1 - sz)aU = ai_jlllskl’ (6)

where y = (eol)2 and eyl are the nonlocal parameters, while V? represents the Laplace operator,
inclusive of the small-scale impact into the nano-structure’s constitutive equations.

4. Formulations of the Problem

The displacements of an arbitrary point along the x-, y-, and z-axes can be written as in Zenkour [31]:

ur(x,y,z) = u(x, y) +zox(x, y),
ua(x,y,2z) = v(x, y) +zpy(x, y), ?)
uz(x,y,z) = w(x,y),

where 1, v, and w are the displacements in the directions of x, y, and z, respectively; ¢, and ¢, are the
rotations of the normal to mid-plane of the nanoplate about the y and x axes, respectively.
The strains related to the displacements in Equation (7) are

. — 0 .1 . — .0 1
Exx = Exy +ze€x, Eyy = égy +zéey,y,
Eyz = g]/Z/ Exz = Exzy (8)

where
0 _du 1 _9%x 0 _d 1 _ 9
Exx = gxr Cxx = Tx v Eyy T gy Cyy T 9y
0 _ v 0 _ dw
€y = Py + dy’ Exy = Px+ 50, )
0 _du_ v .1 Py | Ipx
Exy = Iy + oxs xy x T dy

in which the displacement fields and stress for MFPT are considered to be arbitrary. Then, an assumption
is made about the stress field that takes the form of Zenkour [31]:
0 1
0jj = ij ) (x,y)+ ZG(. ) (x, ),
—co 2
oiz = Gy, (x, V)[ ‘(%)] (10)
4
7z = Z] Zr_ngr) (x/ y)/ l/] = xr }/
r=

The functions Gf]p), ijl), and GEZO) are assumed to be obtained from the point of the stresses, as in
the following:

h/2

_poloildz, i=x,y, (11)

{N1]/ M, } h/2

—h/2 Gij{llz}dzl {Qiz} -

where Njj, Mjj, and Q;; are, respectively, the axial force, bending moment, and shear force resultants.
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(r)

In addition, the functions G,
normal stress o, satisfies the conditions below:

are assumed to be obtained from the point where the transverse

h:0/

ZZE

A
05,dz =0, fzh 20,,dz = 0.
-2

Ozz|,__h = —{, Oz

(12)

IS

NI

According to the mixed formula, the final expressions for the stress components are given as

the following:
Njj 2M1
0jj = 7 + =52z,

o~ %1~ ()] (13
2 ..
0 = 41- 2(h/z) () |(1- ). i =%

The potential energy I1;; of the FG nano-scale plate is given by

/2 /2
f H 5T1dQdz = f H 0ijde;;dQdz. (14)
(@)

h/2
Substituting Equations (8) and (9) into Equation (14) yields the following;:

86(p x

h
f_zz% JJq 611ydQdz = fo[Nxx %4 Nyy 3, 2t ny(aév + aéu) + Mo
N Myyaé(pv N Mxy(ao(py n aéqox) " Qyz(é(py " 86w) (15)
+sz(a§x + 5(Px)]d0r

The work done by external force Iy can be written as the following;:

f_ ZZ {[ sr1wd0 dz = - {[ gowdO.
Q Q

The equilibrium equations are assumed to be obtained by using the principle of virtual work.
These equations are given as

ta
f H §(Iy - ITyy)dQ dt = 0. (16)
h oG
In the case of the MFPT, the equilibrium equations can be stated in the following form:

A w2
f f H (aij¢17) — OTIR)AQ dz + 6T Tyy [dt = 0, 17)

h/2

b

where ITg represents the complementary energy density, which can be defined as follows:

_1 2 2 2 2 2 2
g = z[ﬂnﬁxx + a0y, + 43307, + 444y, +a55T%; + ﬂésTxy]

(18)
+0120xx0yy + 423002z + A130xx02z.

Then, the coefficients 4;; represent compliances for the orthotropic FG plate and are expressed

follows:
as follows S St
= E) - 22 Ez(lz) s 133 - 513(2) s F12 ) Ei(z) Ex(z) ’ (19)

A44 = Gz s 455 = G
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The governing equations could be acquired through Equation (16) and the integration for the parts,
followed by equating the coefficients of 6u, 6v, dw, 6¢x, and 6¢y, to zero. Specifically, the correlation
between the equilibrium equations and the present theory is determined as the following;:

8M 8M oM
&Myx + Xj sz S e yy Qyz =0, (20)

anz AT 9sz +(1- Wz)q —0,
The nonlocal stress and moment resultants can be written as [35] follows:

Nxx(l - HVZ) =An ‘,32 +Ang 37)

Nyy(l —uv ) A12 +A22 9y

Nay(1 - pV2) = Agg 35; + Agoll au
Mxx(l - sz) = Dn 3x + Dy any (21)
Myy(1-uV2) = Dpy (;’jc + Dy "(’Jy
Miy(1 - uV?) = Des ax/ 4 Dy 22 apr

dy ’
Qyz(l - HV2> = A44(Py + A44@r sz(l - ,Uvz) ASS%_Z;; + A55(Px/

where the undefined quantities are given by

A A LN P
A12 Azz 06 A (22)
Ay = 6a, l]—le (r—451]—126)

5. Exact Solution

In the present study, the considered the FG nano-scale plate has all the edges simply supported.
The exact solution of Equation (20) can be obtained analytically through applying the boundary
conditions stated below:

v=w=@y =Ny =My =0atx=0,a,

2
u=w=@x =Ny, =Myy=0aty=0,b. @3)
The mechanical load g can be expressed as
q= Z Gmn sin(ax) sin(By), (24)
m,n=1,3,5,...

where a = mmn/aand f = nn/b, and m and n are called mode numbers. For a uniformly distributed
load, the coefficients g, = 16q0/ mnm. According to a sinusoidally distributed load, gmn = g11 = 4o,
where gp represents the intensity of the mechanical load. Employing Navier’s type solution,
the displacements and rotations u, v, w, ¢y, and ¢,, which meet the boundary conditions, should be
as follows:

(1, x) 0 (U, X) cos(ax) sin(By)
(v, (py) = Z (V,Y)sin(ax) cos(By) ¢, (25)
w mn=1235,.. W sin(ax) sin(By)

in which U, V, W, X, and Y are arbitrary parameters which will be determined. Through
Equations (20)—(25), in Equation (20), the following equation is obtained:

[LI{A} = {F}, (26)



Mathematics 2020, 8, 1162 7 of 14

where {A} and {F} are given by the following:

Ay =1{U, V,W,X,Y)T,

(F) = {0,0,(1 - uv2)g0,0,0 . (27)

In addition, the symmetric nonzero components of framework [L] are defined as follows:

L1y = A11a® + AgeP?, L1z = (A2 + Ace)ap,
Ly = Aes0® + App?, Lsz = Assa® + Auf?,
L3y = Assa, Lgs = Ayf, Lzg = Zisaz + 71;4,32,
Lys = D11a? + Dgep® + Ass , Las = (D12 + Des)ap,
Lss = Des® + Dpop? + Aua ,

L1z = L1y = L15 = Lp3 = Ly = Lo5 = 0.

(28)

6. Numerical Results and Discussion

In this section, we conduct an analytical investigation to illustrate the impact of parameters like
the aspect ratio, gradient index, side-to-thickness ratio, and nonlocal parameter on the displacement
and stresses of the FG orthotropic nanoplates. The FG nanoplate is made of orthotropic metal-ceramic;
FG consists of nickel and alumina (Ni/Al). The bottom edge is fully composed of nickel and the upper
edge is fully composed of alumina. The material properties of the FG nanoplate vary from nickel to
alumina gradually. The dimensions and mechanical boundary conditions are illustrated in Figure 1,
and the material properties of the FG plates are listed in Table 1 (Goli et al. [36]).

Table 1. Properties of the material alumina/nickel (Goli et al. [36]).

Ey, B, ES, Gy, Gy,

¢ Gy G5, (GPa) 90.43, 116.36, 90.43, 38.21, 38.21, 38.21

Em, EN, EM, GT, G, Gy (GPa) 204, 204,204, 77.9, 77.9,77.9
V912, V413, Vo531, V32 0.22, 0.14, 0.14, 0.21
V™9, VM3, V31, V30 0.31, 0.31, 0.31, 0.31

The numerical outcomes displayed here are offered by the non-dimensional parameters,

n— Eo (a2 b o — 1.8 b z —
@ = 2w($,3,0), @ = —5"w($,57), Eo=232GPa,
_ 1042 abz _ 10m? abz _ 10k ab z
91 = 2244 Gxx(w 2 h)’ 92 = 224, yy(z' 2 h)’ 03 = g 022(2/ 2 h) (29)
10k _ 1on b _ 1012
04 aqo O_yz(%r 0, %)r 05 = aqo (7](2(0; 27 %)/ 06 a2q0 ny(o, 0, %)

Table 2 shows an additional example to compare the deflections @ under a uniformly distributed
load (100 term series) for orthotropic plates with those of [37]. The results of the present mixed theory,
as well as those results of the exact and classical (CLPT) solutions of [37], are reported together in
Table 2. One can note that the results show a good agreement with MFPT.

In Table 3, the effect of the volume fraction exponent on the deflections of an FG square nanoplate
(a/h = 10) is given. The difference increases for deflection w as the nonlocal small-scale parameter p
increases and the gradient index k decreases. In fact, some further results are reported in Tables 4 and 5
for the FG nanoplates. It is clear that both tables show comparison between results for plates with
a/h =10 and a/h = 30, respectively. Table 4 shows that the normal stress 01 decreases as a/h and
b/a increase, and k and p decrease while the normal stress o7 increases as a/h, b/a i, and k increase.
From Table 5, the transverse shear stresses, o5 and o¢, increase as a/h, u, and k increase and as
b/a decreases.
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Table 2. Effects of thickness and aspect ratios for the orthotropic plate on deflection @ under uniform
load (100 term series).

# Theory hfb
0.14 0.10 0.05

Ref. [37] (Exact) 387.23 1408.5 21,542
2 Ref. [37] (CLPT) 344.93 1325.1 21,201
Present 388.14 1411.1 21,577
Ref. [37] (Exact) 191.07 688.57 10,443
1 Ref. [37] (CLPT) 166.70 640.39 10,246
Present 191.92 690.63 10,463
Ref. [37] (Exact) 39.790 139.08 2048.7
0.5 Ref. [37] (CLPT) 32.345 124.26 1988.1
Present 402749  140.021 2054.3

Table 3. The non-dimensional deflection w in a square FG nano-scale plate ata/h = 10.

K U
0 0.5 1 1.5 2 2.5 3

Ceramic 27222 29909 32596  3.5282 37969  4.0656  4.3342

1 1.7761 1.9515 21268 23023 24774  2.6527  2.8280

2 1.5012 1.6494 1.7976 1.9458  2.0938 22420  2.3903

3 1.3906 1.5279 1.6651 1.8022 1.9395  2.0767  2.2142

4 1.3407 14731 1.6054 1.7376 1.8700  2.0021 2.1346

5 1.3172 1.4473 1.5773 1.7072 1.8373 1.9672  2.0972

Metal 1.2923 1.4199 1.5474 1.6749 1.8025 1.9300  2.0576

Figure 2 shows the variation in the non-dimensional displacements w of the FG square nanoplate
through the thickness, a = 10h (a) for different values of k (1 = 0.5) and (b) for different values of
u (k = 1). One can note that the deflection increases as the power law index k increases for the FG
nano-plate (see Figure 2a), while it decreases as the nonlocal parameter u increases (see Figure 2b).
Figure 3 shows the variation in the non-dimensional displacements w of the FG square nanoplate
versus the thickness ratio a/h, z/h = 0 (a) for different values of k (1 = 0.5) and (b) for different values
of u (k = 1). One can observe that the deflection increases as the power law index k and the nonlocal
parameter u increase; by increasing the side-to-thickness ratio, a/h increases.

Figure 4 illustrates the variation in the non-dimensional deflection w of the FG nanoplate, z/h = 0,
a = 10h (a) versus the aspect ratio b/a (k = 1) and (b) for the small length scale i (2 = b). In Figure 4a,
the deflection w increases as the aspect ratio b/a increases and with the increase in the nonlocal
parameter p. Furthermore, the deflection w is decreasing as k increases for the FG square nano-plate,
as shown in Figure 4b. In addition, the value of w for the ceramic plate is the highest value. Figure 5
illustrates the variation in the non-dimensional stresses of the FG nanoplate (a) o4 versus the aspect
ratio b/a (a = 10h) and (b) o3 versus the thickness ratioa/h (z/h = 0, k = 1). It can be noted that the
stress 0g increases by increasing the small-scale parameter ;. Additionally, the out-of-plane transverse
normal stresses 03 is obviously decreasing by increasing the side-to-thickness ratio as a/h increases.
Figure 6 shows the variation in the non-dimensional normal stress o3 of the FG square nanoplate
(a) through the thickness distributions z/h and (b) versus the aspect ratio b/a (a = 10h, z/h = 0).
The transverse normal stress o3 vanishes at the upper surface (z/h = 0.5) and at the two positions
z/h = 0.15 and z/h = —0.35, respectively. In this respect, 03 increases as i increases in the region
—0.35 < z/h < 0.15 only, but it decreases as the small-scale parameter increases in the two intervals
—0.5<z/h <-0.35and 0.15 < z/h < 0.5. In Figure 6b, the transverse normal stress 03 increases with
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the increase in the aspect ratio b/a and the small-scale parameter p. Furthermore, it is linearly constant

when u = 0.
Table 4. The non-dimensional in plane stresses in an FG nano-scale plate.
bla  ah B a2 2
k=0 k=2 k=4 k=8 k=0 k=1 k=4 k=8

0 0.1760 0.1763 0.1833 0.1762 0.2146 0.2149 0.2148 0.2150

10 0.5 0.1934 0.1936 0.2003 0.1937  0.2358 0.2361 0.2358 0.2362

1 1 0.2108 0.2110 0.2176 0.2111 0.2569 0.2573 0.2572  0.2574
2 0.2455 0.2459 0.2517  0.2459 0.2993 0.2998  0.2992 0.2998

0 0.1771 0.1769 0.1769 0.1769 0.2166  0.2165 0.2165 0.2162

30 1 0.1946 0.1944 0.1945 0.1935 0.2379 0.2378  0.2379 0.2373

2 0.2121 0.2119 0.2118 0.2111 0.2593 0.2592 0.2592 0.2593

4 0.2470 0.2468 0.2468 0.2466 0.3021 0.3019 0.3019 0.3016

0 0.4021 0.4026 0.4027  0.4028 0.2269 0.2269 0.2272 0.2271

10 1 0.5013 0.5019 0.5020 0.5023 0.2828 0.2829 0.2832 0.2832

9 2 0.6006 0.6011 0.6013 0.6017  0.3388 0.3389 0.3393 0.3392
4 0.7990  0.7998  0.7999  0.8003 0.4508 0.4509 04514 04512

0 0.4068 0.3975 0.3971 0.4143 0.2297 0.2255 0.2246 0.2191

30 1 0.5071 0.4921 0.4954 0.5081 0.2864 0.2780  0.2799 0.2744

2 0.6075 05884 0.5934 0.6068 0.3430 0.3387 0.3353  0.3298

4 0.8082 0.7841 0.7903 0.8089 0.4564 04492  0.4462 0.4375

Table 5. The non-dimensional transverse stresses in FG nano-scale plate.
a/b afh u % %
k=0 k=1 k=4 k=8 k=0 k=1 k=4 k=8

0 0.2233 0.2339 0.2384 0.2386 0.1085 0.1049 0.1049 0.1049

10 1 0.2674 0.2800 0.2855 0.2858 0.1299 0.1257  0.1257  0.1257

L 2 0.3115 0.3261 0.3326 0.3329 0.1514 0.1464 0.1464 0.1464
4 0.3997 04183 0.4268 0.4271 0.1942  0.1879 0.1879 0.1878

0 0.2234 02354 0.2444 02353 0.1094 0.1056  0.1056  0.0973

30 1 0.2675 0.2815 0.2929 0.2812 0.1309 0.1264 0.1264 0.1202

2 0.3116 0.3274 0.3414 0.3270 0.1525 0.1473  0.1473 0.1429

4 0.3998 0.4195 04385 04186 0.1957 0.1889  0.1889  0.1886

0 0.3739 0.3787  0.3796 0.3821 0.1486  0.1343  0.1343 0.1343

10 1 0.5584 0.5663 0.5673 0.5709 0.2219 0.2006  0.2006 0.2006

5 2 0.7429 0.7539 0.7548 0.7599 0.2953 0.2668  0.2669 0.2669
4 1.1119 1.1292 1.1299 1.1374 0.4420 0.3994 0.3995 0.3995

0 0.3829 0.3880 0.4149 0.3406 0.1505 0.1331 0.1342 0.7146

30 1 0.5720 0.5754 0.6208 0.5106 0.2248 0.1987  0.1998 1.1152

2 0.7609 0.7627  0.8269 0.6813 0.2990 0.2644  0.2653 1.5142

4 1.1390 1.1375 1.2388 1.0219 0.4476  0.3958 0.3964  2.3117
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Figure 2. Variation in non-dimensional displacements w of FG square nanoplates through the thickness,
a/h = 10 (a) for different values of k (u = 0.5) and (b) for different values of u (k = 1).
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Figure 3. Variation in non-dimensional displacements w of FG square nanoplates versus the thickness
ratioa/h, z/h = 0 (a) for different values of k (u = 0.5) and (b) for different values of u (k = 1).
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Figure 5. Variation in non-dimensional stresses of FG nanoplates (a) o4 versus the aspect ratio b/a
(a/h = 10) and (b) o3 versus the thickness ratioa/h (a =b) (k=1,z/h = 0).
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Figure 6. Variation in non-dimensional normal stress 03 of FG nanoplates (a) through the thickness
(2 = b) and (b) versus the aspect ratio b/a (k = 1,a/h = 10).

The variations in the normal stress o and transverse shear stress o4 through the thickness of
the FG nanoplate are illustrated in Figure 7. In Figure 7a, the normal stress is tensile in the upper
half-plane and compressive in the lower half-plane of the FG nanoplate. The normal stress increases
with the increase in the small-scale parameter in the upper half-plane, while it is decreases in the lower
half-plane of the FG nanoplate. From Figure 7b, the transverse shear stress increases as the small-scale
parameter p increases. The maximum value of transverse shear stress oy arises at the mid-plane and
this is irrespective of the values of the small-scale parameter.

Finally, Figure 8 shows the variation in the normal stress o1 and transverse shear stress o5 versus
the aspect ratio b/a of the FG nanoplate. It can be observed from both parts of this figure that the
normal stress oy is increases more as b/a increases, and it increases by increasing the small-scale
parameter u. The transverse shear stress o5 increases as b/a increases.
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Figure 7. The through the thickness distributions of the stresses in FG square nanoplates for different
values of small length scale p. (a) The in-plane stress 01 and (b) the shear stress g4 (k = 1,a/h = 10).
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Figure 8. Variation in non-dimensional stresses in FG nanoplates versus the aspect ratio b/a for different
values of small length scale 1. (a) The in-plane stress o1 and (b) the shear stress o5 (k =1, a/h = 10).

7. Conclusions

According to the mixed variational formula, the bending analysis is introduced for the FG

nano-scale plate.

To achieve the equilibrium equations, the virtual work principle is applied.

Then, the solution of the equilibrium equations of the plate is achieved through the application
of double Fourier series. The mechanical load is applied on the upper surface of the studied FG plate.
The plate is under simply supported edge conditions. The effects of gradient index, side-to-thickness
ratio, nonlocal parameter, and aspect ratio are demonstrated. Validation of the current theory is
developed through comparison with published results. This study predicts the capacity to generate
exact results in comparison with other theories. Thus, it is important to pay special attention to the

application of numerical techniques.
The current study indicates that

e  The displacement difference of the FG nanoplate increases as the small-scale parameter increases

and the gradient index decreases;

e  The displacement difference of the purely ceramic and purely metal nanoplates decreases as the

thickness ratio increases;

e  The normal stress 07 in the FG nanoplate decreases as the thickness and aspect ratios increase and
as the gradient index and small-scale parameter decrease;
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e  The normal stress 07 in the FG nanoplate increases as the thickness ratio, aspect ratio, gradient
index, and small-scale parameter decrease;

e The transverse shear stresses 05 and o4 in the FG nanoplate increase as the thickness ratio, aspect
ratio, gradient index, and small-scale parameter decrease.
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formal analysis, Z.S.H.; writing—original draft preparation, AM.Z., ZS.H. and A.FR.; writing—review and
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all authors. All authors have read and agreed to the published version of the manuscript.
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