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BEREZIN QUANTIZATION AND REPRODUCING KERNELS
ON COMPLEX DOMAINS

MIROSLAV ENGLIS

ABSTRACT. Let 2 be a non-compact complex manifold of dimension n, w =
00V a Kihler form on Q, and K (z,7) the reproducing kernel for the Bergman
space A2 of all analytic functions on  square-integrable against the measure
e~ *Y|w™|. Under the condition

Ko(z,T) = )\aeaw(z)

F. A. Berezin [Math. USSR Izvestiya 8 (1974), 1109-1163] was able to establish
a quantization procedure on (2, w) which has recently attracted some interest.
The only known instances when the above condition is satisfied, however, are
just Q@ = C™ and Q a bounded symmetric domain (with the euclidean and
the Bergman metric, respectively). In this paper, we extend the quantization
procedure to the case when the above condition is satisfied only asymptotically,
in an appropriate sense, as « — +o0o. This makes the procedure applicable
to a wide class of complex Kéhler manifolds, including all planar domains
with the Poincaré metric (if the domain is of hyperbolic type) or the euclidean
metric (in the remaining cases) and some pseudoconvex domains in C™. Along
the way, we also fix two gaps in Berezin’s original paper, and discuss, for Q2
a domain in C™, a variant of the quantization which uses weighted Bergman
spaces with respect to the Lebesgue measure instead of the Ké&hler-Liouville
measure |w"|.

1. INTRODUCTION

The traditional idea of quantization, going back to Weyl and von Neumann, is
that of assigning to functions (“observables”) on a symplectic manifold (in this
case, the euclidean space R?") operators on a separable Hilbert space in such a
way that certain commutation relations (amounting to Heisenberg’s uncertainty
principle) are satisfied. An alternative approach, proposed much later by Berezin
[Berl], Lichnerowicz, and others, is that of deformation quantization. It consists in
deforming the pointwise product of functions on the manifold into a new product
«p. This deformed product depends on a small positive parameter h (Planck’s
constant) and is required to become the usual pointwise multiplication in the limit

Received by the editors March 15, 1995.

1991 Mathematics Subject Classification. Primary 46N50, 32A07; Secondary 46E22, 32C17,
32H10, 81599.

Key words and phrases. Kéahler manifolds, quantization, Berezin transform, weighted Bergman
spaces, covariant symbols of operators, reproducing (Bergman) kernels, asymptotic behaviour,
pseudoconvex domains, complex ellipsoids, Kéhler-Einstein metric.

©1996 American Mathematical Society

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



412 MIROSLAV ENGLIS

h — 0, and to satisfy the correspondence principle

(1.1) hl_i{ng%(f ng—gxnf)= %{f,g},
where {-,-} is the Poisson bracket. This approach, as well as various variants
thereof, has recently attracted the attention of both mathematicians and physicists
([KL], [BLU], [C1], [C2], [CX]; [Riel], [Rie2]; [BC1], [BC2], [BCZ]; [Mor]; [Pel],
[Pe2], [CGRY]).

The deformed product on a Kdhler manifold can be constructed with the aid of
covariant symbols of operators. In brief, the basic idea of this construction is as
follows. Let Q be the manifold in question, w = > g;zdx; A dzy the Kahler form,
i"w™ the corresponding volume element on (2, and ¥ a Kéhler potential on €2, i.e.
a real-valued function satisfying

9% = 8Zj(97k :

For « = 1/h > 0 (h is the Planck constant), we denote by A2 the Bergman
space of all holomorphic functions on ) square-integrable with respect to the mea-
sure e~ Y (i/27)"w" /n!. Let K,(z,7) be the reproducing kernel for A2. For T a
bounded linear operator on A2, its covariant symbol T is the function on € given
by

T(‘T) = <TK04('75)7 Koz('vf»Ai/Koz(xvf)'

Since the correspondence T +— T is one-to-one, we can define multiplication of
covariant symbols by _ B
T1 *p T2 = (T1T2)~

This is the required deformed product. To discuss the relation (1.1), we introduce
one more definition. The Berezin transform B, is the integral operator on (2 given
by

n

_ Ko@) _aw@) i"w(®)
Buf(y) = /Qf(z) Ka(y,7) € (2m)n! )
The integral is easily seen to exist, for instance, when f is a bounded measurable
function on 2. Now it can be shown that the validity of the correspondence principle
(1.1) is a consequence of the following asymptotic formula for the Berezin transform:

(1.2) Bof =f+a 'Af+o(a™) as o — 4oo (i.e. h — 0+).

Here A is the Laplace-Beltrami operator corresponding to the metric > 95dx;dTy,.
Although the formula (1.2) plays a key role in Berezin’s quantization procedure7
he was able to prove it only under four technical assumptions. Slightly reformulated,
they read as follows. (The assumption (E) was used in [Berl] without being stated
explicitly, so we have added it here.)
(E) The function ¥ extends to a sesquianalytic® function W¥(z,%) on a neigh-
bourhood of the diagonal {(x,y) € Q@ xQ : 2 = y} in Q x Q such that
U(z,T) = ¥(x), and the function

\Il(zay) + \IJ(’%E) - \I/(Ccvf) - \Ij(yvy)

e., analytic in = and conjugate analytic in y.
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BEREZIN QUANTIZATION 413

has a (single-valued) real analytic extension to the whole of € x .
(A) There is a subset £ C R which has +oo in its closure and is such that

(1.3) Ko(2,2) = Ag - e*¥),

for each a € E and suitable constants \,.

(B) For all sufficiently large a € E (say, a > ap € E), the functions in A2
separate the points of 2.

(C) If 2z, is a sequence in Q and lim f(z,,) exists for any f € A
to some point zg € €.

(D) There exists yo € §2 such that ¥(-,7,) = const.

The assumption (D) is actually only a normalization condition. (B) and (C) are
fulfilled, for instance, when the coordinate functions belong to A2 for all sufficiently
large «, and they seem to fail only in some more or less degenerate situations (cf.
Examples 3.29 and 3.30).

On the other hand, the assumption (A) is very restrictive. It is satisfied for
Q = C" and for 2 a bounded symmetric domain, and these were the only examples
where Berezin found his theory directly applicable. Although we will encounter
other domains where (A) holds (cf. Example 3.30 and Remark 5.7), it seems that
the equality (1.3) is indeed a rather rare phenomenon.

For this reason, it would be desirable to have the assumption (A) relaxed some-
what, and to furnish other examples where Berezin’s quantization procedure can
be carried out. This was first done by Peetre [Pe2] and Peetre and Englis [EP]
for the annulus with the Poincaré metric, and by the present author [E3] for 2 an
arbitrary planar domain of hyperbolic type with the Poincaré metric. The main
ingredient in [E3] was that (rephrased in our present terminology)

2

5o then 2z, converges

|Ko(z,7) - e V@)
200 — 1

=14+0("H%) as o — 400, a € N,

with 0 < v < 1. Thus, (A) is satisfied “asymptotically” (with A, = 2o — 1); this
asymptotic estimate proves sufficient for establishing (1.2).

It turns out that although (A) is rarely fulfilled, this “asymptotic version” of it
holds much more often. The aim of this paper is to present a slight improvement
upon Berezin’s original method which makes it applicable also in this “asymptotic”
case, and then to bring forth some examples demonstrating its range of applicability.

The main procedure is described in Section 2, together with minor rectifications
of the exposition in [Berl]. Owing to the latter, it turns out that the assumption (D)
is unnecessary, and (B) and (C) can be replaced by a single assumption (regularity
of points of Q) which seems better suited for practical applications. In Section 3
we treat the special case of pseudoconvex Reinhardt domains in C? (which can be
equipped with a very natural Kéhler metric) in order to present some examples,
such as the complex ellipsoids? and the Springer domain; also mentioned (briefly) in
a separate Appendix to this section are some examples for which the Kéahler metric
degenerates at some points or has singularities. Section 4 discusses a slight (though
possibly less natural from the point of view of Riemannian geometry) variation
of the original quantization procedure, when the Bergman spaces A2 are taken

2The (somewhat less dignified) term “eggs” has been suggested by S. Krantz [Krn, p. 126].
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414 MIROSLAV ENGLIS

with respect to the Lebesgue measure instead of the Liouville volume "w™. Some
final comments (on holomorphic invariance, Kéhler-Einstein metrics, curvature,
negligible sets, etc.) and open problems are collected in the last Section 5.

We shall often deal with functions of two variables which are analytic in the
first variable and conjugate-analytic in the second (sesquianalytic functions; sesqui-
meromorphic functions are defined similarly). Such functions will be denoted as
f(z,7), and their restriction to the diagonal (which is a real-analytic function of
one variable) as f(z,T).

2. QUANTIZATION ON KAHLER MANIFOLDS

Let Q be a Kahler manifold, with the Kéhler form w and the corresponding
Poisson bracket {-,-}. By a (special) quantization of (Q,w), we understand an
associative algebra A with involution which satisfies the following:

(1) There is a family A, of associative algebras with involution such that
(1a) each A is an algebra of functions on {2, with pointwise addition and
scalar multiplication, and with complex conjugation as the involution;
(1b) the index h runs through a set E C (0,+00) which has 0 in its closure;
(1c) A is a subalgebra of the direct sum @{Ax,h € E}.
The products in Ay and A will be denoted by 5, and *, respectively, and
elements of A will be written as f(h|z) (h € E,x € Q), so that f(h|-) € Ap.
(2) For each f € A and x € Q, the limit

Jlim f(hla) = o(f)(a)

exists, and the mapping ¢ has the following properties. There exists a linear
manifold A C A such that B
(2a) @(f1* f2) = @(f1) - ¢(f2) when fi, fa € A;
(2b) @(F(f1# fo— fox 1)) = He(f1), o(f2)} when fi, f2 € A;
(2¢) for any pair of points 1, x5 €  there exists f € A such that o(f)(z1) #
o (f)(w2).

The parameter h plays the role of Planck’s constant. The conditions (2a) and
(2b) are termed the (weak) correspondence principle [Berl]. (The strong corre-
spondence principle is obtained upon requiring that A= A.) (2c) assures that
there are sufficiently many “quantizable” functions on Q (i.e. functions in the range
of ¢). No topological or continuity assumptions are laid on Ay and .

As was sketched in the Introduction, the algebras Aj; will be constructed with
the aid of covariant symbols of operators. We recall some basic general facts. Let
Q) be a complex manifold, u a measure on €2, and H a subspace of L?(2, u) whose
elements are functions analytic on €2 and which admits a reproducing kernel K.
K = K(x,7) is then a function analytic in the first variable and antianalytic in the
second. For a bounded linear operator A on H, we have

(21) Af(z) = (Af, K(-T)) = (f, 'K (7))
/f ARG /f VK a(2,7) duly).
where

Ka(z,y) = (A K(-7))(y) = (K(-,9), A"K(-, 7)) = (AK(-,9), K(-,T)).
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BEREZIN QUANTIZATION 415

Thus, each bounded linear operator A on H is an integral operator with kernel
K 4. An easy calculation shows that Ky4p = Kq4 + Kp, Kca = cK4 for ¢ € C,

KA*(:T,g) = KA(yvf)u
K](iﬂ,y) = K(‘Tuy)
where I is the identity operator on H, and
KAB(xvy) = KA(xuz)KB(Zay) du(z)

Q

Of special interest for us will be the function

(2.2) A7) = %

This is a meromorphic function of z, conjugate-meromorphic of y, and satisfies

I(z,7) =1, (A+B) =A+B, cA=cA (c€C), A (x,7)=Ay,T),

(2.3 WBlo.3) = [ Ao B 5D ),
and
(2.4) Af(z) = /Q A, 5)K (2,9)f () duty).

The restriction of A(z,7) to the diagonal,

(2.5) Ax) = Az, T), x € Q,

is called the covariant symbol of the operator A. In view of the Schwarz inequality,

(2.6) A7) <4l Voeq,
so A(z) is a bounded real-analytic function on €. Denote
A= {A(z) : A a bounded linear operator on H}.

Since an analytic function of two variables x, y is uniquely determined by its restric-
tion to the anti-diagonal x = 7 (cf. [BM], Proposition 11.4.7, or [E1], Proposition 1,
for instance), it follows that A(z) uniquely determines A(z,7) and, hence, also
K a(z,7) and A; in other words, the correspondence A < A(z) is one-to-one. Thus
we can define multiplication in A by

(2.7) (A+ B)(z) = AB(x),

addition and scalar multiplication by A + B = (A + B)", cA = (cA)™ (these co-

incide with the usual pointwise operations), and involution by (A)* = A* (which
coincides with the complex conjugation). This makes A into an (associative, but
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416 MIROSLAV ENGLIS

not commutative) x-algebra of bounded real-analytic functions on 2, with identity
element I = 1. A is called the algebra of covariant symbols for H. It is isomorphic
to the algebra of all bounded linear operators on H.

Let us now come back to our Kéahler manifold €2, with the Kdhler form

n

(2.8) =Y gpdz; AdTy.

7,k=1

According to the definition of a K&hler manifold, we have dw = 0 and g =
det(g,5)7 k=1 # 0. A Kdhler potential is a function ¥ on €2 such that

0%V
(29) 82’j8§k = Ik

The Kéahler condition dw = 0 is also a necessary and sufficient condition for existence
of local solutions to (2.9). If Q is simply connected,® these can be glued into
a global solution. If € is not simply connected, then a global solution exists at
least on an open set Q obtained from by deleting a (real) submanifold of lower
(real) dimension—this is the point of view employed in Berezin’s later works [Ber2].
Alternatively, one may pass to the universal cover of {2 to get a global solution; we
shall demonstrate this in Examples 2.15 and 2.16 below.

Since the matrix g,z is Hermitian, U and ¥ are solutions of (2.9) whenever
¥ is. Thus, a solution of (2.9) can always be chosen to be real-valued, and we will
henceforth assume that this is so.

To the form w corresponds the Riemannian metric

(2.10) ds® = Z 9,7 dzjdTy.
Gk=1
Let
mwn idz ANdz;
d =~ #
N(Z) (271’)"71' ];[ m
mdx /\dy .

(2.11) H L (3 =+ iy)

be the corresponding volume element on £ (normalized by the factor 7= ™). Here,
as above,

(2.12) g = det(g;7) # 0.

For o > 0, denote

(2.13) 12 = /Q (@)@ dy(z)

3In the sense that every closed path in Q is homotopic to a constant path.
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BEREZIN QUANTIZATION 417

and let A2 be the Bergman space of all analytic functions on © for which || f||o <
+00. (It may happen that A2 contains only the constant zero.) Since both g and
U are continuous functions on §2 and g does not vanish, it follows easily from the
mean value property of analytic functions that

[f(@)| < Clayx) || flla Vf analytic on Q

for some constants C'(«, ) < +00. By a standard argument [Helg, Section VIIL.3],
this implies that A2 is a closed subspace of L2(2,e~*¥du) (hence, a Hilbert space)
and that it admits a reproducing kernel, which we will denote K, (z,7). Of course,
if A% reduces to the constant zero, then K, (x,%) = 0 identically.

The basic tool for Berezin’s quantization are the algebras of covariant symbols
for A2. Note that for H = A2 and z = y, the formulas (2.3) and (2.7) give

~ = ~ ~ z,%)|?
(2.14) A*B(z)—/QA(x,E)B(z,E)%e_O‘W(Z) du(z).

As we have already remarked in the Introduction, the integral operator

|Ka(z,2)|?

(2.15) Bof(@) = [ ) G m e dp(e)

is called the Berezin transform on € and will play a prominent role in this paper.

We will gradually introduce (just as Berezin did) a number of assumptions con-
cerning ¥ and K, which are needed for going further, and supply some comments on
them. Their labelling, (A’), (C’) and (E’), corresponds to the labelling of Berezin’s
original assumptions in the Introduction and (with the exception of (E)) in [Berl].
For reasons of exposition, they will be revealed in the order (E’), (A’) and (C’),
and followed by an explanation of why there is no (D’) and (B’).

AsSUMPTION (E’). There exists ag > 0 such that the function

a(z,T) = e” %Y@

extends to a sesquimeromorphic function a(x,g) on  x Q.

By changing the scale (i.e. replacing « by a/«ag), we can assume, without loss of
generality, that ap = 1, and we will do so from now on. Thus, a(z,T) = e V(@)

Recall that ¥ was defined as a (real-valued) solution of (2.9). If the functions
g, are restrictions to the diagonal y = z of some sesquianalytic functions gﬁ(x, 7)
on 2 x €, then there locally exist solutions also to the system of equations

0%V (z,7 _
gl = gy5(w.1).
If the local solutions can be glued into a global sesquianalytic function ¥(x,7), then
(E') is satisfied for any ag > 0, with a(z,7) = e~*¥(@¥), In general, the glueing
process will produce a multiple-valued function ¥, but it can still happen that all
the “periods” of W are integral multiples of a fixed purely imaginary number (say,
ci, ¢ > 0); then the choice ag = 27/c does the job. In all other cases, it is necessary
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418 MIROSLAV ENGLIS

to modify the whole approach a little by first passing to the universal cover of €2;
see Examples 2.15 and 2.16 below.

The corresponding counterpart of (E’) in Berezin’s assumptions (which is not
explicitly labelled in [Berl], so we have christened it (E) in our Introduction) seems,
at a first glance, a little weaker. However, in all situations where Berezin was able
to apply it directly, U(z) was the logarithm of the restriction to the diagonal of a
sesquianalytic function, i.e. ¥(z,7) was a multiple-valued sesquianalytic function
with the same “periods” as the logarithm,* that is, integer multiples of 2mi. But
this is exactly the situation described in the preceding paragraph (with ¢ = 27 and,
consequently, ag = 27/c = 1). Thus, in all cases where Berezin’s (E) worked, so
will our (E).

Since a(x,7) is a sesquimeromorphic function which is real-valued (even positive)
for =y, it follows that

(2.16) a(z,7) = a(y, T).

(To see this, make a substitution z = u + v, § = u — iv, a(z,y) = H(u,v),
u,v € C™. H is then a meromorphic function which is real for u,v € R”; hence,
its Taylor coefficients are real, and (2.16) follows. See [E1], Proposition 1, or [BM],
Proposition 11.4.7, for details.)

The next — and crucial — assumption concerns the behaviour of the reproducing
kernels K.

ASSUMPTION (A’). There exists an infinite subset E of the positive integers such
that for all « € E and x,y € (1,

(2.17) Ko(z,9)a(z,7)" = cpa™ + Bz, 7)o" ! + C(x,7, a)a™ 2,

where ¢, € C, and B(x,y) and C(z,7, ) are sesquianalytic functions in x and y
which satisfy

sup |B(z,7)| < +oo, sup |C(z,7, )| < +o0.
z,yEeN z,y€eN,
acFE

Here n is the (complex) dimension of €.
Frequently we will be able to manage with a somewhat weaker assumption:

ASSUMPTION (A”). There exists an infinite subset E of the positive integers such
that for all @ € E and x,y € (1,

Koz, 9)a(z,7)" = cpa™ + Bz, j)a™ ! + C(x, 7, a)a™ 2,
where ¢, € C and the functions B and C are sesquianalytic in x and y and satisfy

sup | B(z,7)| < +o0, sup |C(z,7, )] < +o0
zeQ zeEQ,acFE

4In fact, the domains considered in [Berl] were even simply connected, so a single-valued
branch of the logarithm exists and no “periods” are needed.
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BEREZIN QUANTIZATION 419

for each y € Q. Here n is the (complex) dimension of Q.

The restriction that E be a subset of the integers is, of course, imposed by the
requirement that a(x, )" be well-defined. Otherwise, it’s quite immaterial; we will
be interested mainly in the limit as @ — 400, so any unbounded subset of the
positive reals would be adequate for our purposes.

The corresponding assumption (A) in [Berl] is that

(2.18) Ko(z,T) = Mg - V@

for some constants )., and, somewhat later, A, are shown to behave asymptotically
as o when o — +o0o. This explains the leading term ¢,a™ (we will soon show
that necessarily ¢, = 1). If Ay # 0, (2.18) implies that e*?(*) extends to a (single-
valued) sesquianalytic function e®¥(®%) on Q x Q (although ¥(z,7) itself need not!)
and

(2.19) Ko(2,7) = Ao - e2Y@D) Y,y € Q.

Thus we see that our (A’) is, indeed, weaker than Berezin’s (A).

Note that the deduction of (2.19) from (2.18) in the last paragraph can also be
done when (2.18) is replaced by the equality (2.17) for = y. Thus, it would be
sufficient to require only that the equality in (A’) be valid for y = z, and similarly
for (A").

The behaviour of the reproducing kernels can be pretty wild. We shall give an
example of a Kdhler manifold (2, w) with a closed submanifold Qy C € such that

Ko(z,7)e Y@ ~ a2 forallz € Q\ Qo

while
Ko (z,T)e™ V@ ~ 202 for x € Qo

as a — +oo. In fact, Q will be a certain pseudoconvex domain in C?, and € its
intersection with the hyperplane z; = 0. See Example 3.31.

We finally remark that even the assumption (A’) is still fairly strong, and it’s
possible to carry out the Berezin quantization procedure even sometimes when it
fails; see again Examples 2.15 and 2.16.

Note that, in view of (2.16),

(2.20)
(2.21) Ylaly) = Y(arTly,7) = log

(v may assume the value —oo). Formally, we have, by (E’) (remember that o = 1)

(2.22) (. 7ly,y) = ¥(2,7) + U(y,7) - ¥(z,T) — ¥(y, 7).
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A point y € Q will be called regular if ¥(-|y) < 0 and for any sequence x,, of points
in €,
Y(zply) — 0 implies x, — y.

This can be reformulated as follows: for each neighbourhood U of y, there exists
6 > 0 such that ¢(z|y) < —6 for all ¢ U. In other words, the function (:|y)
has a local maximum at g, which is also a global maximum and even dominates all
cluster values of 9(:|y) on the boundary of Q.

It turns out that when (A”) holds, the first condition in the definition of regu-
larity is superfluous.

Proposition 2.1. Assume that (A”) holds. Then v <0.
Proof. Fix x,y € (). By the Schwarz inequality,

Ko (2, 7)[>
Kao(z,T)Ka(y,7) ~

If (A”) holds, then

| Ka(z,7)? :[a(fcvf)a(y,?)
Ka(,T)Ka(y,7) la(z,7)[?

|-+ oe)
=@ (14 0(a™))

as a — 400, and the result follows. [l

The significance of regularity is elucidated by the following fundamental lemma,
taken from [Berl].

Lemma 2.2. Let zy be a regular point of Q, f a C® function on Q, and suppose
that the integral

T() = o [ Fa)e™ ) dua)
converges absolutely for = ay. Then it converges for all a > a1, and as a — +00,
I(a) = f(z0) + [Af(20) + 0(20)f (z0)la™" +0(a™"),
where 3
o(z) = §Alogg(z), 9(z) = det(gjg(z));-fk:l,

and A is the Laplace-Beltrami operator on Q (corresponding to the Riemannian
metric Y gzdr;dTy).

The action of A on functions on €2 is given by

n _ an
(2.23) Af(z) = Z g]km,

jk=1

where (gjk)]’{k:1 is the inverse of the matrix (g,7)} ;—,; see e.g. [Berl], Lemma 3 in
the Appendix.

The proof of Lemma 2.2 can be found in [Berl], Lemma 2.1. Before proceeding,
let us put down some consequences of the assumptions we have made so far.
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Proposition 2.3. Suppose that (A') and (E') hold. Than for all o sufficiently
large, the integral [, eV @Y) dy(x) exists for all y € Q and

Q

as a — 400 through the set E.

If only (A”) and (E’) hold, then for each y € Q the integral exists for all suffi-
ciently large o € E, and (2.24) holds.

Proof. Let 0 < § < 1. By (A’), there exists ag = a1(8) > 0 such that for all & > a4
(v € E) and z,y € Q,

6 S |Ka(z,y)a(z,y)a| ! C_la_n S 1/6

n

Consequently,
PRLE I (TER 2 [P
Ko(y,7) | aly,y)
and
Ko(z,9)?
(2.25) 8- cpame®?®ly) < %a(x,@a <673 cpae? @Y,
Ka(y.7)

Now the integral

(Ka(~,§), Koc('vy»

-1
Ko(y,7)

.7 2
220) B = [ FEE Dot m) dute) -

exists and equals 1 whenever K, (y,7) # 0 — in particular, for all y € Q if « € E.
It follows that the integral in (2.24) exists for all y when o > a1, o € E; and since
6 € (0,1) is arbitrary, (2.24) must hold. The proof for (A”) is similar. O

Corollary 2.4. Suppose that (A’) and (E’) hold and let f be a bounded measurable
function on . Then for all sufficiently large o € E, the integral

(2.27) [ e o)

exists (i.e. converges absolutely) for all y € ).
If only (A”) and (E') hold, then for each y € Q, the integral exists for alla € E
sufficiently large.

Proof. Since 0 < e®¥ < 1 by Proposition 2.1, this is immediate from the preceding
proposition. (I
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Theorem 2.5. Suppose that (A”) and (E') are fulfilled and y € Q is regular.
Then for any function f on Q which is C® in a neighbourhood of y and for which
the integral defining the Berezin transform

(2.98) / f@ 'K Z, y))| o(2,7)" du(z)

exists in the absolute sense for some o = a (for instance, this is the case when f
is bounded and measurable) this integral exists for all a > oy and satisfies

Baf(y) = fly) + CY_lAf(y) + 0(04_1) as o — +00.
Proof. By (A"),

B 7_ C 7_7
Kol )| = ol -y |14 22T ST
cnQ cnQ

hence

Ko(z,7))? 7) 1° B C

KolwD)? _ [ alyn) 1% L[, Blew) | Cpa)]
Ka(y,7) la(z, 7)[? a a?

where B(z,y) = ¢;'[B(z,7) + B(y,T) — B(y,7)] and C(z,y, «) are bounded func-
tions on Q x {y} and Q x {y} x E, respectively. Substituting (2.29) into (2.28), we
obtain

(2.29)

Baf(y) = caa” | (@) v lv) dp(x)

e n— 1/f xy a¢(m|y)d‘u( )

(2.30) +cpa”” 2/ f(@)C(x,y, a)e? @) du(x).
The absolute value of the last summand does not exceed
(2.31) sup (e )l -eva [ [@)le" 1 dua),

Owing to the hypothesis on f and since B (-,y) is bounded and C? on , Lemma
2.2 can be applied to the first two integrals in (2.30) and to the integral in (2.31).
This gives
¢! Baf(y) = f(y) + o [AF (W) + o) f®)] + a ' [f() By, y)] + oa™)
= [(W) + o [Af () + o) f () + ' By, ) f ()] + ola™)
as @ — 4oo. Taking f =1 we have, in particular,
L =1+ao(y) +c¢, "By, 5)] +ola™t) as a — +o0.

Thus necessarily

(2.32) cp =1

and

(2.33) B(y,y) = —o(y).
Therefore

Baf(y) = f(y) +a 'Af(y) +o(a™")
as o — 400, as asserted. (I

En route, we have proved the following interesting corollary.
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Corollary 2.6. Suppose that (A”) and (E') are fulfilled and that there exists at
least one reqular point on 2. Then ¢, =1 and

B(z,T) = —;Alogg(w)

at each regular point x € Q.
We are now ready to state our next (and last) assumption.
AssuMmPTION (C'). All points of Q are regular.

This is quite different from Berezin’s (C). However, an examination of [Berl]
reveals that the only time (C) was used was when establishing that all points are
regular. In practice, it is usually easier and more straightforward to verify (C’)
than (C). Besides, (C’) somehow seems to be more natural.

A point y € Q will be called distinguished if

a(,7) =1,

or, equivalently, ¥(-,7) = 0. Berezin’s assumption (D) was that there exists a
distinguished point on 2. We will see that we can do without this assumption; but,
for the sake of completeness, we will briefly discuss it below and indicate some of
its consequences.

As was noted in the Introduction, (D) is just a normalization condition. To see
this, observe that the Kéhler potential ¥ is not determined uniquely: if ¥(x) is a
real-valued solution of (2.9), then so is

Ul (z) = ¥(x) +log |G(x)|*

for any zero-free analytic function G(x) on €. The effects of passing from ¥ to W!
are summarized by the next proposition.

Proposition 2.7.
(i) If a(z,7) satisfies (E') for © (with ag = 1), then a*(z,7) = G(x)G(y)a(z,7)
satisfies (E') for W' (with ag = 1).
(ii) The operator U : f — f1, fi(x) = G(x)~*f(x), is a Hilbert space isomor-
phism of A% (W) onto A% (W), for any positive integer c.
(iii) The reproducing kernels for ¥ and W' are related by

K'(2,7) = G(a) " K(2,7)G(y) .

iv) (A') is fulfilled for W iff it is fulfilled for U'. Similarly for (A").
(v) (C') is fulfilled for W iff it is fulfilled for W'; in fact, ¢ = *.

) The Berezin transforms for ¥ and W' coincide: B, = BL.

) If A is a bounded linear operator on A%(W), then the covariant symbol of
A (with respect to W) coincides with the covariant symbol of UAU* (with
respect to W1). Consequently, the algebra of covariant symbols with respect to
U coincides with the one for Wl
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Proof. Straightforward verification. O

Proposition 2.7 is very important, since it makes the whole theory meaningful:
it shows that the Berezin transform, the quantization algebras, and other related
objects depend only on the Kéhler structure w on 2, and not on the potential by
means of which they were defined. (From the viewpoint of physics, passage from
® to ®! amounts to a “gauge transformation”). If ¥ is a choice for the Kihler

potential, then taking
G(CC) =V a(yanO)/a(‘rvyO)

gives a potential which has y as a distinguished point.

Proposition 2.8. Assume that (A”), (E') and (D) are fulfilled. Then the constant
function 1 belongs to A% for o € E sufficiently large, and ||1||2 ~ c;'a™™ as
a — +00.

Proof. Let yo be the distinguished point. By Proposition 2.3,
/ ea(ﬂyo) d,lL(CC) ~ cr—Lla—n as o — +OO,
Q

and the integral exists for all a sufficiently large. On the other hand, as e¥(®¥0) =
e~ V(@) = g(z), we have

||1Hi:/ﬂa($)adu(a@):/Qem/)(mlyo) dp(z)

and the assertion follows. O

Corollary 2.9. Assume that (A”), (E') and (D) hold. Then there ezists an ag > 0
such that H*(Q) C A2 fora > aq, a € E.

The careful reader has certainly noticed that we have no counterpart for Berezin’s
assumption (B). Here is an explanation. In [Berl], the condition (B) was used
twice: first, for establishing that all points of ) are regular — which we have taken
care of by our requirement (C') — and, second, for showing that the condition
(2¢) from (our) definition of quantization was fulfilled, i.e. that there were enough
“quantizable” functions to separate points of (). However, Berezin’s proof of the
latter assertion seems to contain a gap, which the present author is unable to fix.’
This would leave Theorem 2.3 of [Berl] unproved, and the whole theory would
break down.

5Towards the end of the proof of Theorem 2.3 in [Berl], Berezin applies Lemma 2.1 (= our
Lemma 2.2) to the integral (in our notation)

an /Q X(2)exV 120 du(z),

where x(z) = |9(2)|? - |a(z,7)|?8, g € A%, B > 0, and zo is a distinguished point. However, the
application is legitimate only if the integral is known to exist for some « ! It’s far from clear why
this should be so, and, in fact, we will exhibit a situation (cf. Remark 3.22) when the integral
diverges for arbitrarily large a.
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Fortunately (7), there seems to be one more mistake in [Berl], this time in the
definition of the set B right before Theorem 2.2 of [Ber1].5 Miraculously, by modi-
fying slightly Berezin’s argument, these two mistakes can be made to “cancel out”
each other (so the validity of the results in [Berl] remains unaffected). Moreover,
it turns out that Berezin’s assumption (B) is no longer necessary, since all the
things it was needed for can be established with the aid of just (A’), (C') and (E).
(Compare the proof of Theorem 2.3 in [Ber1] with that of our Theorem 2.11 below.)

Now consider a number h > 0 such that « = 1/h € E; h has the interpretation
of “Planck’s constant”. Following the construction described at the beginning of
this section, we let A; be the algebra of covariant symbols for the Hilbert space
A% Let A be the set of all functions f(h|z), h € E* = {1/a,a € E}, z € Q, for
which f(h|-) € A}, for all h and the limit

. def
Jim f(hl2) 2 f(0]2)

exists for all z € Q). Equipped with the “fiberwise” operations

(f +9)(hlx) = f(h|z) + g(h|x),
(cf)(hlz) = cf(hlz),
(f * 9)(hlz) = (f(h]) #n g(R])) (@)

(%, is the product in Ap), A becomes an associative algebra. It’s clear that A
satisfies the conditions (1), (1a), (1b), (1c) from our definition of quantization.
Denote further by A the linear subset of A consisting of all functions f(h|z) for
which the following two conditions are fulfilled:

(jl) f can be written in the form

f(hlz) = f(0lz,T) + hfi(z,T) + h*f2(hlz, T),

where f(0|x,7), fi(x,7), and fa(h|z,7) (the last, for each fixed h) are (single-
valued) sesquianalytic functions on §2 x €);
(A2) there exists hg > 0 such that these sesquianalytic functions satisfy

h‘"/ﬂ [1£0lz, D) + | f1(2.7)? + | fo(hlz, §)*] e7 VW) dp(z) < r(y)
and
h‘"/Q [0y, T)12 + | f1(y, )| + | fa(hly, )] em V) dp(z) < r(y)

for all h € E* N (0, ho), with r(y) < +oo independent of h.
(Note that our condition (.A2) is different from that of Berezin [Berl]; see footnote®
above.) We are going to show that, granted the assumptions (A’), (C') and (E'),

A is a quantization satisfying the weak form of the correspondence principle.

6In the last displayed formula before the statement of Theorem 2.2 in [Berl], the e~ H 23

in the integrand should be changed to eh $(ET)
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Theorem 2.10. Assume that (A”), (E') and (C') are fulfilled and f,g € A. Then
as E* 5 h — 0,

(2.34) (f * 9)(h|z) = f(0[2)g(0]2) + o(1),

(233) (9~ g% F)(h]2) = +LF01), 9010} (2) + o),

where {-,-} is the Poisson bracket on Q.

Proof. Fix z € Q. First note that (.Zl) furnishes an explicit sesquianalytic extension
f(hlz,g) of f(h|z) for each h € E*; the operator of which f(h|-) is the covariant
symbol is then the integral operator on  with the kernel f(h|z,7)Ky(2,7), a =1/h
— see (2.4). Similarly for g. Hence by (2.14),

Kol %)

Ko(2.2) a(x, T)* du(x), a=1/h.

@%HMQW@=AﬂMM%Mma

Denote u(h|z,y) = f(hlz,7)g(hlx,Z), x,y € Q, h € E*. In view of (.Zl), u can be
written in the form
u(hlz,7) = u(0lz,y) + hui (z,7) + h*us(hlz, ),
with
u(0lz,y) = f(0[z,7)g(0z, %),
ul(xvy) = f(0|z,§)g1(x,5) + g(0|$,7)f1 (Zuy)v
uz(h|z,7) = f(0|2,9)g2(h|z,Z) + f2(h|2,9)g(0|2,Z) + fi(2,79)g:1(x,%).

The formula (2.36) can then be written in the form

U*mwazlymmmggggw@@wwm>
(2.37) :/u(0|z,f)...+h/ul(x,f)...thQ/u2(h|:c,f)....

Owing to (A2), the function uy satisfies, for all h € (0, ho) N E*,
[ sl @) V19 du(e) < () < +o0,
Q

with 7(z) independent of h. In view of the formula (2.25) in the proof of Proposi-
tion 2.3, this is equivalent to

| Eal@ D),
/Q|uQ(h|:C,:C)|Wa(x,x) du(z) <r(z) < 400

for all h = 1/a € (0, ho) N E*, with 7(z) independent of h. It follows that the last
summand in (2.37) is of order O(h?). One more exploitation of (A2) shows that an
application of Theorem 2.5 to the first two summands is legitimate. Therefore

(f xg)(h|z) = u(0]2,Z) + h - Au(0|z,T)|,_, + h-ui(2,Z) + o(h).
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In view of (2.23),

71 01 (0|2, %) 99 (0|, Z)
8@- 8:Ek ’

Au(0lz,7) = Auz[f(0]2,T)g(0]2,2)] = ) g
gk

so we finally arrive at
(f % 9)(hlz) = f(0]2,2)g(0]z,%) + h - [f(0l2,Z)g1(2,Z) + 9(0]2,Z) f1(2, )]

h- ik h),
+ |:J)Zkg 8§j 8Zk +0( )

and (2.34) immediately follows. Interchanging f and g and subtracting, we obtain

H(Frg— g P(blz) = Y gt

Jik

<8f(0|z,2) 99(0[2,2)  9g(0|z,%) 8f(0|z,2)> +o(1)
azj 0z, 827‘ 0z, '

Since the Poisson bracket is defined by

= (0F 0G  0G OF
— Jk( 222 77
{F7 G} ! ]Zk g (8@ 0z, azj 8Zk) ’

the assertion (2.35) follows, and the proof is complete. O

Theorem 2.11. Assume that (A’), (C') and (E') are fulfilled. Then for any two
distinct points zo, z1 € §) there ezists a function f € A such that f(0|z0) # f(0]z1).

Proof. Consider the function
9(2) = [Va(z0.%0)/a(2,%0)]"*, o1 > 0.
We have
Hg”il = / a(207Eo)ala(zvzo)iala(z()aE)iala('zvz)al d/L(Z)
Q

_ / e ¥(zlz0) du(z),
Q

which is finite for sufficiently large a1, by Proposition 2.3. Fix such an a; from now
on. Choose a C* function e(h) on (0,400) such that e(h) = 1 on some interval
0 <h < hg,and e(h) =0 for h > 1/ay. Let

f(hlz) = €(h) - g(x)g(z)a(x, )™
=e€(h)- e1¥(z[zo0)

We claim that f has the required properties. First of all, it’s clear from the regular-
ity of zo that f(0]x) = e*1%(*l20) separates 2 from all other points of Q: f(0|z0) = 1,
while f(0|z) < 1 for all z # z.
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Since e(h) =1 on (0, hg), (A1) is trivially satisfied, with f; = fo = 0 and
f(0lz,7) = g()g(y)a(z,7)™".
To check (A2), observe that
0 < elo—o)vlzly) < for all @ > «; and x,y € Q.

Hence
V) < VW) = a(z, )" aly, 7)™ - lalz,y) "),

or
la(z, ) 2e? @) < a(x, 7)™ aly, 7).

It follows that
/sz lg(@)a(z, 7)™ e du(x) < aly, 7)™ /Q lg(z)Pa(z, 7)™ du(x)
=a(y,5)* - lglla, < +oo

for all @ > . Hence, an application of Lemma 2.2 to the integral
[ alf0le, R due) = a®lg)? [ lofelate5)" e du(o)
Q Q

is legitimate, and shows that this integral has a finite limit |g(y)|*a(y,7)** as
a — +o0o. It must therefore be uniformly bounded for all large o, which settles
(A2).

It remains to show that f(h|-) is in Ay, for each h, i.e. is the covariant symbol of
a bounded linear operator on A2 (as usual, o = 1/h). By (2.4), this linear operator
Ap, is the integral operator on Q with the kernel f(h|z,7)Kq(2,7) :

AF@) = [ 0D P W)l )" dutw). for F € 43

That is,
(238)  AyF(x) = e(h)g(x) /Q T@)alz. 7)™ Ka(z, 1) Fy)aly.5)" du(y).

Obviously, it suffices to treat the case when e(h) # 0, i.e. & > «aj. Denote the
integral on the right-hand side by Z(z). By the Schwarz inequality,

(2.39) Z(2)* < HFlli/Q l9W)1? - |Ka(z,g)alz, )" * - aly, 5)* duy).
Owing to (A’), there exists g > 0 such that, for all @ > aq, a« € E, and z,y € ),

Ka(z,7)

ara(x,y)” "

(2.40) <

L ‘<2.
5 <
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Without loss of generality, we may assume that a; was chosen to be bigger than
agq. Then for all a > oy,

|Ka(,g)alz,5)™ [* < 40" |a(z,7)| 7>
< da®"a(w,T) " Wa(y, )",
since, according to Proposition 2.1,

a(z, T)aly, §)lalz, 7)| "2 = @) < 1.

Consequently, the integral in (2.39) is dominated by

4042"@(5675)“_0‘/Q l9(W)Paly, 7)™ du(y) = 40" a(z,7)* ~*(|g]2,

and
|AnF (z)]* < e(h)?[g(2) P FII2 - 40" a(z, )" (|g]|2, -
Therefore
|ALF |2 < 402 |lg]12, ()2 P2 /g l9(@) 2a(a, 7"~ - a(z,7)° du(x)
=40\ gll2, e(R)?IFIIZ - [lgllZ, -
Thus

[ An|l < 2a"€e(h)||gl|2, < +oo forall a > aq, a0 € E;h=1/a,

i.e. Ay is a bounded linear operator on A%/h for all h > 0, h € E*. The proof is
finished. O

The proofs of the last two theorems were modelled on the proofs of Theorems
2.2 and 2.3 in [Berl].

Observe that (2.40) is the only place where (A’) was used in full; in the rest (=
Theorem 2.10 and before), what was needed was only its “non-uniform” analogue
(A”). It would certainly be pleasing to have a proof of Theorem 2.11 which would
use only (A”) instead of (A’). In the particular case when  is a bounded domain
in C", this can be done.

Theorem 2.11A. Assume that (A”) and (E') are fulfilled and that Q is a bounded
domain in C™. Then for any two distinct points zg, z1 € § there exists a function

f € A such that £(0|z0) # f(0|z1).

Proof. Let g € H>®(Q) be a bounded analytic function on 2. The multiplication
operator

Mg:f'—>gfa fGAiv

is then a bounded (||M,]| < ||gll) linear operator on A2, for any o > 0. Let us
find the covariant symbol of M, as an operator on A2. Since

7 YO Ea (), Kal(-T) _ g(x)Ka(

N\ o o l’,y)
Mw¥) ="K ) Ka@)

= g(z),
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we have J\%(z) = g(z), for all & > 0. Thus, the function

f(hlz.7) < ga),  wyeQhel,
belongs to A, and f(0]z) = g(z).
We claim that f € A. Indeed, (A1) is obviously fulfilled, with f; = fo = 0, and
(A2) reduces to showing that there is an a7 > 0 such that

cWAmwwwwmwmmsmw<+m va s ay,

where r(y) is independent of «. However, as g is bounded, this follows immediately
from Corollary 2.4. Hence, f € A

Finally, let zp, 21 be two distinct points and assume that €2 is bounded. Then
the coordinate functions belong to H*°(2), so there exists g € H*>(€2) such that
g(20) # g(z1). The above construction then gives f € A such that f(0|zo) #
f(0]z1), and the proof is finished. O

Summarizing our results so far, we have proved

Theorem 2.12. If (A), (C') and (E’) hold, the algebra A is a quantization of
(Q,w) satisfying the weak form of the correspondence principle.

Proof. The validity of the conditions (1), (1a), (1b), and (1c) in the definition of
quantization is apparent from the way in which A was constructed; (2a) and (2b)
are the contents of Theorem 2.10, and (2¢) is Theorem 2.11. O

Theorem 2.12A. Assume that Q is a bounded domain in C™ and (A”), (C') and
(E') are fulfilled. Then the algebra A is a quantization of (0, w) satisfying the weak
form of the correspondence principle.

We conclude this section by four examples. The first two (2 = C™ and Q a
bounded symmetric domain) are the ones treated by Berezin in [Berl]. The third
one (the cylinder; or, punctured plane) shows how to pass to the universal cover
of 2 in case when the Kéhler potential ¥ is not globally defined. The fourth (2 a
planar domain with the Poincaré metric), treated in detail in [E3], uses a similar
machinery; moreover, both of them also show that it’s sometimes possible to make
things work even when the crucial assumption, (A’), is not fulfilled. Examples
illustrating a direct application of the method developed in this section will be
given in Section 3.

Example 2.13. Q = C", with the usual (euclidean) Kéhler form w = ), dzxAdZk.
Thus g,z = 0;x for all j, k, and we can take W(z) = >, 2xZk = ||z||? as a potential.
The condition (E') is then satisfied (with ap = 1) with

a(l’,y) = 67I@7 xz- y = Z ‘rkyk'
k

A2 is the Segal-Bargmann (or Fock) space of all entire functions on C™ which are

square-integrable with respect to the Gaussian measure e—alell® dx /7", where dx
denotes the 2n-dimensional Lebesgue measure. It is easily seen that the functions
=2]'29%. , z=(21,22,...,2n) € C",

ej(#) L=
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where j = (j1,J2,...,Jjn) is a multiindex, form a complete orthogonal basis in A2.
By the familiar formula for the reproducing kernel [Berg, p. 8] we therefore have

Ka(x,y) — Z ej(x)ej(y)'

el
Since
2d oot - !
el = H / o el = 11 / tremetdt =[] 3
k=1 k=1
we obtain
— _n J ﬂ_ n_ary
Koz(xvy)_a l’y ]l =ae

Thus K (z,7)a(z,7)" = o and (A’) is satisfied, with ¢, = 1 and B(z,7) =
C(x,y,a) = 0. Finally,
e P oy
la(z,7)[?
S0
laly) = ~llz = yl* <0

with equality iff ||z — y|| = 0, i.e. iff z = y. It follows that all points of Q are
regular and so (C’) holds. Theorem 2.12 therefore applies and yields a quantization
procedure on C".

It can be shown that this quantization, in fact, coincides with the familiar Weyl
quantization on C™ ~ R?". See [Berl], Section 4, for details.

Example 2.14. Let 2 be a bounded symmetric domain in C" in its Harish-
Chandra realization, i.e. as a circular domain centered at the origin. It is well
known that there exists a natural K&hler metric — the Bergman metric — on ).
Namely, let A2(2) be the Hilbert space of all square-integrable (with respect to the
Lebesgue measure) analytic functions on €; its reproducing kernel K(z,7) is the
Bergman kernel function of €. The form

Z 0%log K (2,7%)

dz; \dz
8ZJaZk % Fh

is then a Kahler form on Q. It’s clear that w admits ¥(z) = log K(x,Z) as a
potential, and thus (E') is satisfied with

a(z,y) = 1/K(z,7) (o =1).

It can be shown that, as in the preceding paragraph, (A’) holds with B(z,7) and
C(z,7, ) independent of z and y:

Ko(z,9)a(z,7)" = a polynomial (with constant coefficients) in a of degree n.
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(For a proof, see e.g. [FK1, p. 77], or Section 5 of [Berl] or Chapter XIII.1 in the
book [FK2].) Tt remains to check regularity. Observe that if ® is a holomorphic
automorphism of 2, then the well-known identity for the Bergman kernel function

K(z,y) = K(2(x), ®(y)) - Jo(2)Ja (y)
(Js(z) = the Jacobian of ® at x) implies that
P(@(2)[@(y)) = P(xly) VP € Aut(9).

It follows that y € Q is regular if and only if ®(y) is regular. As Aut(Q2) acts
transitively on {2, it therefore suffices to show that the point 0 € 2 is regular. Since
) is a circular domain, it follows from the mean value property of analytic functions
and from the uniqueness of the reproducing kernel that

(2.41) K (-,0) = coust. (#£0).
Thus K(0,0)
¢(x]0) = log Kz.3)

Because the Bergman kernel is known to blow up at the boundary (i.e. K(z,T) —
+o0o as & — 0N), we conclude that (z|0) — —oo as © — 9. Thus, to check
regularity, it suffices to prove that K (z,T) = K(0,0) implies z = 0.

Suppose that K (z,T) = K(0,0). In view of (2.41),

|K(,T)—K(-,0)||* = K(z,7)— K(2,0)— K(0,7)+ K(0,0) = K (,7)— K(0,0) = 0,

or K(-, %) = K(-,0). Thus f(z) = f(0) for all f € A%(Q). Since  is bounded, this
holds, in particular, for all coordinate functions f(z) = z; (j = 1,2,...,n). Thus
x = 0 and we are done.

With (A’), (C') and (E’) granted, Theorem 2.12 applies, and we obtain a quan-
tization on bounded symmetric domains 2 with the Bergman metric.

Example 2.15. Let ) be a planar domain of hyperbolic type, D the unit disc in
C and ¢ : D — () the uniformization map. Define the function A on 2 by

Ae(€) = (1 —1€f*) - l¢'(€)l,  €eD.

It’s easy to see that the definition is correct. The Poincaré metric

2dzdz
ds? = 22272
T T2

is then a Kéhler metric on ) of constant negative curvature. Hence the function
(2.42) U(z) = —2log A(z)

is a choice for the Kéhler potential on Q. The Bergman space A2 consists then of
all analytic functions on  which satisfy

112 = 2 [ 1@ Mape—2 de < 4o
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dx being the (two-dimensional) Lebesgue measure on 2. These spaces are well
known from the theory of automorphic functions [Kral.
Let us now consider our conditions (E'), (A’) and (C’). (2.42) suggests taking

(2.43) a@,y) = (1—=&°¢ ©)d (), x=0(&), y=odn).

This function, however, is not well-defined on 2 — the right-hand side makes sense
only as a function on D. We shall therefore “lift everything” to the universal cover,
D, of Q. Let

G={weAut(D): pow=w}

be the covering group of ¢. Using the theory of automorphic functions, it can be
shown that (cf. [E3], Section 2, where however the normalization was a different
one, so 2a — 1 appears there instead of o — % here)

Ka(#(8),9(n)) - ¢ ()¢ () = (= 3) D (1 = Tw(€)) /(€)™

weG

Denote the RHS of (2.43) by a(&,7). Then

Ka(¢(8), 6(n)

o —

\_/

LUST _ (1 gmppe 371~ ) ()"

welG

. (1 B gﬁ)2a / a
= TPy 2 O

l\.’)l»—l

where, for a € D, w, € Aut(D) is given by

E—a
1—a¢’

wa(§) =
Let now O,, C D be the fundamental domain for G with center at n; that is,
={§eD:d(§n) <d(§w(n) YwelG w#id},
d(&,m) = |we(n)| being the usual pseudohyperbolic distance on D. Since

|(wyww—¢)'(0)] =1 — wyww—g(0)|?
=1- d(naw(ﬁ))2 =1- d(ng_l(n))2u

it follows from the definition of O,, that

D (whww ) (0)* = (wyw—¢)' (0)* - [1+O0(y*)],  VE €Oy,

weG

where 0 <y =~(n,£) < 1. Thus we finally arrive at

o) 0@ 80T | oo veco,

i
a—3
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Now a change of variable in the formula defining the Berezin transform

| Ka(z,7)[*

Bof) = [ 1) G2 Dz w2 da
leads to
_ [Ka((€), 01> o 70 dE
Ba@UﬁW—/Q{ﬂ¢@»’KJ¢w%aGﬁ)fﬂéf)ET—Taag-

But now we can forget completely about 2 and work only in the (simply connected!)
fundamental domain O,. The function a(,7) can be used to settle (E'), (2.44) is a
substitute for (A’), and the regularity (C’) is a simple consequence of the fact that

a(€,an.m) _ (A-[€f)?A - 212

with equality occurring if and only if d(&,n) =0, i.e. £ = 1.

True, the estimate (2.44) is somewhat weaker than (A’) or even (A”), but it
was shown in [E3] that things can still be made to work even in such a case,
and Theorem 2.10 can be obtained. Likewise, though (2.44) is too weak for a
proof of Theorem 2.11 (“separation of points”), it can be used to give a proof of
Theorem 2.11A when Q is bounded. Thus, in the end, we see that the Berezin
quantization can be carried out on all bounded planar domains of hyperbolic type
with the Poincaré metric.

Example 2.16. Here we take as {2 the 1-dimensional cylinder, or, equivalently,
the punctured complex plane C \ {0}. The Kéhler form on {2 is given by

dz N\ dz
w = —.
2Z

This admits ¥(z) = %log2 (2Z) as a Kéhler potential. Polarization thus gives
_ 1. o5 _
a(z,y) = exp | — Flog”ay ),

which, however, is not a well defined function on 2. As in the preceding example,
we shall therefore pass to the universal covering surface (in this case, C) of Q.

Prior to that, let us find the reproducing kernels K,. The Bergman space A2
consists of holomorphic functions in C\ {0} such that

1 _a 2 2|2 d:E
1712 = / Fla)2e 31l & o o
C\{0} z

T
(dz is the Lebesgue area measure). It’s clear that the functions

ej(z):zj, jGZ, ZEC\{O}v
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are pairwise orthogonal elements of A2 (for each fixed a > 0). Since any function
in A2 can be expanded into a Laurent series around 0, it follows that the e; form,
in fact, an orthogonal basis in A2. Thus

(@,9) =Y llejllaes(@)e; (y)-
JjEZ

Computation gives

—+o0
2r d
lewlz = [ e (- G1oe?) 2
0 T
—+oo
:/ kw—3w2 dw
_ T k20
«
Therefore
k2/20¢
(x,7) ,/271_ Ze xy
keZ

Now let ¢ + ef be the covering map of C onto C\ {0} and denote a(£,7) =
—3(6+M*; this function, though not correctly defined on € x €, is well-defined on
C x C. We have

KaleS,Male. 1) = |/ 5= Ze,ﬁkm,%@z

g (A )

By the Poisson summation formula,

Zexp(— —{ (§+n)—%r) = \/%%:exp[—2w2k2a+2mak(§+ﬁ)].

Thus

(246) K (65 677 Z 727r2k2+27rki(§+ﬁ))0‘_
k

Fix now n € C, y = €7 € Q, and let O, be the strip {{ € C: |Im& —Imn| < w}.
The mapping & — ef is then a bijection of O, onto 2 C Q, where Q\ 2 has measure
zero. The Berezin transform on

/ f |K z y)| 7‘2)‘ log? |m|2 d_CC

Kaly. W) |2

can be rewritten as

K & -m)|2 N _
en / f | 6 ) € )| e—g(f+f)2 d£
Oy

“Ka(en,em)
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Now, again, instead of quantizing {2, we can carry out the whole procedure in O,,.
The function a(&,7) can be used to settle (E’). The regularity assumption (C’) is
an immediate consequence of the fact that

a(§, &)a(n, 1) _—lg—nl?
aeme ¢ <!

with equality occurring if and only if £ = . Finally, for £ € O,,
| Reli(¢ + 7))l = | - Im(€ +7)| = | Tmé — Imy| <,
whence
Re[—2m%k* + 27ki(€ + 7)) < —27%k* + 2m%k = 27°k(1 — k) <0 for k # 0,

and it follows that the RHS of (2.46) is equal to 1 4+ O(y®), for some v € (0,1);
that is,
Ka(ef,em) a(&,7)*
«

=14+0(n%) Ve € Oy,

where 0 < v = v(&,n) < 1. This, again, is weaker than (A”), but, as in the
preceding example, can be shown to be sufficient for establishing the analogue of
Proposition 2.5 and hence of Theorem 2.10. We omit further details.

The potential ¥ will certainly not exist globally in the case when the Kéhler man-
ifold € is compact. Moreover, in that case there are no nonconstant holomorphic
functions on (2, so some further modifications are needed to define A2 in a sensible
way — see e.g. [Ber2], Section 2. A different approach (considering sections of line
bundles instead of functions) appears in [Pel]; more recently, Berezin quantization
on compact Kéahler manifolds, and its connections with the geometric quantization
of Kostant and Souriau, were investigated by Cahen, Gutt, and Rawnsley [CGR].

3. QUANTIZATION ON SOME DOMAINS IN C?

In this section we shall apply the general procedure to a particular class of do-
mains 2 C C? with a natural Kihler structure — namely, to pseudoconvex Rein-
hardt domains whose boundary enjoys certain smoothness and strong-pseudocon-
vexity properties.

Throughout this section, F'(¢t) will always stand for a non-increasing lower semi-
continuous function from an interval [0, B) into the extended positive reals (0, +00]
(the possibility B = +00 is not excluded). The Hartogs domain Dp corresponding
to F' is, by definition,

(3.1) Dp={z€C?:|11? < B, |22 < F(|21]?)}.

Recall that a domain Q C C? is called Reinhardt if y = (y1,y2) € Q whenever
x = (x1,22) € Q and |y1]| = |z1], |y2| = |z2]. If the same holds even for all y with
ly1| < |x1| and |y2| < |x2|, the Reinhardt domain is said to be complete. Clearly, the
Hartogs domains Dy are complete Reinhardt domains. (The lower semicontinuity
of F ensures that D is an open set.) Conversely, it is easy to show that any
complete Reinhardt domain is of the form Dp for some F'.
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Throughout the rest of this section, we will be dealing exclusively with domains of
the form Dp. We shall first discuss how certain properties of Dr and of the natural
Kaéhler structure on D (to be introduced below) can be expressed in terms of the
function F. After that, we will deal with the quantization.

To each function F' we will associate a function ¢ = ¢ by the recipe

(3.2) ¢(u) =log F(e"), u € (—o0,log B).

The function ¢ is a convenient means for describing when the domain D is pseu-
doconvex.

Proposition 3.1. If Dr is pseudoconvez, then either

(1) F=+4o0 on|[0,B),
or

(2) F is continuous on [0, B), finite on (0, B), and ¢ is concave on (—o0,log B).
Conversely, if F' satisfies (1) or (2), Dp is a pseudoconver Reinhardt domain.

Proof. Being a complete Reinhardt domain, D is pseudoconvex iff it is logarith-
mically conver; the latter means that

logDr = {(u,v) € R?: (e*,e") € Dr}
is a convex set in R? [Horm, Corollary 2.5.8]. In our case,
log D = {(u,v) € R* : u < log B,v < ¢(u)}.

If F = 400, then ¢ = +00 and log Dy is a half-plane this corresponds to the case
(1). Assume that F(ty) < +o0, whence also ¢(tg) < +oo, for some ¢ty < B and
log Dr is convex. Let p be a supporting line to log Dr at the point (tg, ¢(to)).
Then p cannot be vertical (i.e. parallel to the v-axis) and the whole set log Dp
must lie below p. It follows that ¢ is finite everywhere, whence F is finite on
(0, B). The convexity of log Dr is then equivalent to ¢ being concave. Since a
concave function on an interval is necessarily continuous, ¢ is continuous, and F is
continuous on (0, B). As F is non-increasing, we have lim; o4 F(t) < F(0), and
the lower semicontinuity of F' forces that equality must prevail. Thus, F' is even
continuous on [0, B). The converse part is obvious. t

The case F' = +o0 is of little interest (the corresponding D is biholomorphic
to D x C), and we will not consider it in the sequel.

Corollary 3.2. Assume that F is continuous on [0, B) and finite and C* on (0, B).
Then Dr is pseudoconvez iff (tF'/F) <0 on (0, B).

Proof. The hypotheses imply that ¢ is finite and C? on (—o0,log B). The concavity
of ¢ is therefore equivalent to ¢” < 0. By (3.2),

e"F'(e")

(33) () = oo Fle) = i)

du

and

1 . d euF/(eu) _ d tF/(t)
(34) ¢ “”‘@W_%( )
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Hence ¢ <0 < (tF'/F)" <0, and the result follows from Proposition 3.1. O

Recall that a real-valued function p is called a defining function for Q C C™ at
a point z € 082 if there exists a neighbourhood U of z such that

1. peC?*(U)

2. p<0onUNQ, p=00nUNIN, and p>0on U\ N

3. grad p # 0 on 9.
The boundary 952 is said to be strongly (or strictly) pseudoconvex at z if the Levi
form

(3.5) Z 7, asz X, XecCn,

is positive for all non-zero vectors X € C™ which satisfy
0]
(3.6) Z P 92 %

This definition is independent of the choice of the defining function p. For Q = D,
a characterization of strongly pseudoconvex boundary points is given in the next
two propositions.

Proposition 3.3. Assume that F is continuous on [0, B) and finite and C* on
(0,B). Let z € ODp, 0 < |21|> < B. Then ODr is strongly pseudoconvex at the
point z <= (tF'/F) <0 at t = |21|?.

Proof. The hypotheses imply that p(z) = |22]?> — F(]21]?) is a defining function for
Dp at z. The Levi form (3.5) is given by

L(p;2)(X) = [Xaf* = (¢F") (||| X1,
and the condition (3.6) reads
2 F'(|21]%) X1 — 22 X2 = 0,
i.e. X is a multiple of (Z2,Z1F’(|21|%)). The positivity of L£(p;z)(X) is therefore

equivalent to
212 F" (|21])? = (EF")' (|21]*)|22]* > 0.

Since |23]? = F(]21|?), this means

tF'? — (tF')'F >0,

2(:}7'/ /

where t = |21|%. Since 0 < t < B and F is finite and positive on (0, B) by hypothesis,
the result follows. O

or
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Proposition 3.4. Assume that F is continuous, finite and C* on [0, B). Let z
be a point of Dp with z1 = 0. Then 0Dp is strongly pseudoconver at z <=
(tF'/F)|,_, <0 <= F'(0) <0.

Proof. Under these hypotheses, the argument in the preceding proof applies also
to the points z € 9D with z; = 0. The second equivalence is a consequence of the

inequality
2(:‘Zj'l !
(%)

Let us denote by B the set of all pseudoconvex Reinhardt domains € C? whose
boundary is strongly pseudoconvex at all points z € 9 with |21]? < sup,cq |21]? =
B and by § the set of all non-increasing continuous functions F'(¢t) from an interval
[0, B) into (0, +o0c] which are finite and C? on Z and satisfy (tF'/F) < 0fort € Z,
where Z = (0, B) when F(0) = +o00 and Z = [0, B) when F(0) < +o00. Our results
so far can then be summarized as follows.

Theorem 3.5. B = {Dp; F € §}.

_ F'(0)
= F(0)

O

Recall that a function ¥ on a domain in C™ taking values in the interval
[—00, +00) is called plurisubharmonic (PSH) if it is upper-semicontinuous and for
each v, x € C", the function of one complex variable

z = U(x + 2v)

is subharmonic everywhere where it is defined. When ¥ is C? on Q, then ¥ is PSH
on Q iff its Levi (or Hessian) matriz

L(T¥;z) = (g:y;;i ) nk—l

is positive semidefinite: £(¥;z) > 0 Vz € Q. Alternatively, such a ¥ is PSH on §2
iff it is a potential of a Riemannian pseudometric

ds* = Z 9,7 dzj dz,

where

(3.7) 9k = ma

on . A function ¥ which is C? on Q and for which the Levi matrix £(¥;z) is
positive definite at each z € Q is said to be strictly plurisubharmonic (s-PSH) on
Q. This is equivalent to the Riemannian pseudometric (3.7) being nondegenerate:
when ¥ is s-PSH on all of 2, (3.7) defines a Riemannian metric on €.

Coming back to our domains 2 = Dy, introduce the functions

(3-8) a(z) = F(|21]*) — |22f?
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and

1
. U(z) =log —
(39) (2) = loB oo
on Dgp. We have 0 < a < +00 and —o00o < ¥ < +0o0. When V¥ is s-PSH on 2
then, by what has just been said, (3.7) defines a natural Kahler metric on Dp. The

Kahler form is given by

(310) Wp = Zngde AN dzZy,
J:k
where g,z are given by (3.7).

It turns out that the (strict) plurisubharmonicity of ¥ is closely related to the
(strong) pseudoconvexity of Dp. Before proving that, let us compute the elements
of the corresponding Levi matrix £(¢;2) = (g,7)7 4=, and its determinant (the
Hessian) g = det(g,7;). We have
ov 1 Oa 1 ov. 1 Oa Z9

= . = _ZF"(t)z - = . =2
021 a O0n a (t2)71, 029 a 0Oz a’

(3.11)

where ¢; = |z;|?. Therefore

1 80, 72122F’(t1)

3.12 s=F(t|)z) — — = =72 V7
( ) 912 (t1)z1 a2 07, o2 )
. legF/ ﬁl
(3.13) 91 =013 = —% (by symmetry),
F'(t z 1

(3.14) 1=, ) %F”(tl)zl + F/(tl)zlpF/(tl)Zla

1 2z a -+t F(ﬁl)
(315) 9oz = E - ;(_22) = CL2 = a2 )
and

1

(3.16) 9= 011922 — lg12|” = — [F- (1 F"? = a(F' + 11 F")) = t2t2F"].

The expression in the square brackets can be simplified to

tiF’
tF'? (F —ty) —aF(F' +t,F") = t,F'?a — aF (t; F') = —aF?. (1?) ,
so we finally arrive at

F? tF Y
1 — ==
(3.17) g a? <F )

t:\z1\2

Observe that the normalized volume element corresponding to the metric (3.7) is
thus given by

dz

F(lz]*)? dz
w2’

a(z)3

where dz is the Lebesgue measure in C? and

(3.19) G(t) = — (%)/

(3.18) dp(z) = G|z )
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Proposition 3.6. Assume that F is continuous, finite and C? on [0, B), and let
U be given by (3.9). Then
1. U is PSH on Dp <= (tF'/F)' <0 on [0,B) <= Dp is pseudoconver,
2. U is s-PSH on Dp <= (tF'/F) <0 on [0,B) <= 0Dp is strongly
pseudoconvez at all points z with |21]? < B.

Proof. By the familiar criterion, the Levi matrix £(¥;z) = (g,7) is positive definite
if and only if
gaz(2) > 0 and g(z) > 0,

and is positive semidefinite if and only if
goz(z) > 0 and g(z) > 0.

For bounded F and a, the first halves of these conditions are always fulfilled by
(3.15), while the second halves are in turn equivalent to

(tF'/F) <0and (tF'/F) <0  att=|x|?

respectively, in view of (3.17). If we combine this with Propositions 3.2, 3.3 and
3.4, the result follows immediately. O

Lemma 3.7. Let U be a neighbourhood of the origin in C and h an upper semi-
continuous function from U into R U {—oco} which is finite and subharmonic on

U\ {0} and satisfies f(0) = —oo. Then h is subharmonic on U.
Proof. We may assume that U = D. Obviously,

1

70 27
h(0) = —o00 < —2/ / h(rew)dﬂ dr Vro € (0,1),
g Jo Jo

no matter what is the value of the double integral on the right-hand side. By [Horm,
Theorem 1.6.3], it follows that h is subharmonic on all of U. O

Proposition 3.8. Assume that F is continuous on [0, B), finite and C? on (0, B),
and F(0) = +oo. Let U be given by (3.9) and denote D = {x € Dp,x1 # 0}. Then
1. U is PSH on Dp < (tF'/F) <0 on (0,B) <= D is pseudoconvez,

2. U is s-PSH on D <= (tF'/F) < 0 on (0,B) <= 8Dp is strongly
pseudoconvez at all points z with |z1|?> < B.

Proof. Now things are complicated by the fact that ¥(x) = —oo when 27 = 0.
(In particular, ¥ is not C? at such points, and it does not make sense to speak
of the strong-plurisubharmonicity of W.) At all other points ¥ is C?, and the
same argument as in the preceding proof shows that ¥ is PSH on D if and only if
(tF'/F) <0fort e (0,B), and s-PSH on D iff (tF'/F)" < 0 for ¢t € (0, B); and, by
Propositions 3.2 and 3.3, these conditions are in turn equivalent to the indicated
(strong) pseudoconvexity properties of the boundary dDp. To complete the proof,
it therefore suffices to show that if ¥ is PSH on D then ¥ is already PSH on all of
Dp.

To this aim, take x € Dp with 1 = 0 and v € C", and consider the function of
one complex variable

h(z) = U(z + 2v).
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This function is defined on some neighbourhood U of the origin and is continuous
from U into RU{—oc}. If v1 = 0, then h = —oo, which is a subharmonic function.
If v1 # 0, then h is finite and subharmonic on U \ {0} (since ¥ is finite and PSH

on 5) and h(0) = —oo. By the preceding lemma, h is subharmonic on U. This
completes the proof. (I

Let us now assume that the function F(¢), which has so far lived only on [0, B),
is actually defined on the whole disc BD = {t € C : |t| < B}. The function a(z)
can then be extended to a function

(3.20) a(z,g) = F(217;) — 727,

on Dp X Dp, whose restriction to the diagonal x = y coincides with a(z). Denote,
as in Section 2,
a(z,T)a(y,y)
la(z,7)[?
Recall that a point y € D was called regular if ¢(-|y) < 0 and

Y(z|y) = log

When F(0) < 400, we have seen that both the positive-definiteness of the Rie-
mannian metric defined by the potential ¥ and the strong pseudoconvexity of the
boundary dDF at all points z with |21]|?> < B are equivalent to the inequality

(tF'/F) <0  on|0,B).

It turns out that the regularity of all points of D also depends on this condition.

Proposition 3.9. Let F be a function on BD taking values in CU {oo} which is
positive, finite, and C? on [0, B), and let a(z,y) be defined by (3.20). Then the
following are equivalent:
(i) Fach point y € D is regular; that is,
def a(T,Z)a(y,y
Alzly) & a(z, T)a(y,5)

(3.21) (@)

<1 Vx € Dp,

and A(x,|y) — 1 implies x, — y.
(ii) For all x1,y1 € B'/?D,

det F(|21[*) F(jy1]*)

(322) F(.%'llyl) = <1,

[F(zag))? —
and F(xp1ly1) — 1 implies xn1 — y1.
(iii) |F(t)] > F(|t]) for all t € BD, with equality iff t > 0, and (tF'/F) <0 on
(0, B).
Proof. (i) = (ii). Immediate from F(z1|y1) = A((x1,0)|(y1,0)).
(i) = (i). Denote

T2y

3.23 w(x,y) = ——, z,y € Dp.
( ) (,7) F(z17,) Y F
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Then it follows from the definition of A(z|y) and F(z1]y1) that

Alely) = Plaryr) - 2@~ 0y 9))

11— w(z,y)?
By (3.22),
P 1 22> yo|? _ _
w(z, = — < =w(z,T)w(y,y Vz,y € Dp.
D= TGP = FeaP) PP 0000
Consequently,

(3.24) 1—w(@7)| 2 1= |wy)| =1 - VwT)w(y,7).
Also, by the very definition of Dp,

|22/

A short computation therefore gives

(1 — w(xvf))(l — w(y,y)) -1 \/’LU(:E,T) — \/w(yvy) 2 <1
1= Vw(z,T)w(y,y)? 1=V, Dw(y,y) |~

whence

1— \/U)(CC,E) — \/w(yvy)
1- V w(xvf)w(yay)

as asserted. Suppose now that A(zy|y) — 1. In view of the last formula, this implies
that both F(xy1|y1) — 1 and w(zy, %) — w(y,y). The former is equivalent to
Tp1 — y1 by hypothesis, and the latter then implies |z, 2|> — |y2|>. Thus, each
cluster point x of the sequence x,, satisfies x1 = y; and |z3| = |yo|, i.e. lies in the
interior of . By continuity, A(z,|y) — 1 implies A(z|y) = 1. Using (3.25) once
again, we see that

(325)  Alaly) < F<x1|y1>[ } < Flaly) < 1,

F(:c1|y1) =1, w(xvf) = w(yuy)a

and also equality must prevail in (3.24), which means that
w(z,y) €[0,1].

Since 1 = y; and |z2| = |y2|, the last condition implies that z27, > 0; thus z = y.
We have shown that each cluster point of the sequence x,, must coincide with y;
but this means that z,, — y.
(ii) = (iii). First, let t € BD, t # 0, and apply (3.22) to y; = |t|'/? and
x1 = t|t|~/2. This gives
F(lt?) < [F@)P,

with equality iff 1 = y1, i.e. iff ¢ > 0. This proves the first part of (iii). Second,
let ¢ = ¢ be the function associated to F by (3.2), take u,v € (—o0,log B) and
apply (3.22) to z1 = €/ and y; = e*/2. This gives

F(aiyr)? = e*C5) = F(lay )P () = e/t 00,
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or

2 - 2 ’
with equality iff v = v. In other words, ¢ is strictly concave, i.e. ¢’ < 0 on
(—o0,log B). By (3.4), this is equivalent to (¢F'/F) < 0 on (0, B).
(iii) = (ii). We shall temporarily extend the function ¢ and its derivative ¢’
continuously to [—oo,log B) by setting (cf. (3.3))
¢(—o0) = log F(0), ¢ (—o0) = 0.

For 1,41 € BY?D let u,v € [—00,log B) be given by u = log |z1|?, v = log |y1
Then

o152 » ot

2.

Pl — FEBD? | Fm)F ()
[F(eg)PP F(lza7)?
_ Fednl)® | s +orm-26(252)
|[F(z17,)]? '
By hypothesis, |F(t)] > F(|t|) ¥t € BD and ¢ is strictly concave; this implies that
the last expression is less than or equal to one. Suppose now that F(xp 1|y1) — 1.
Then necessarily

(3.26) o)+ 00) — 20( 25572 ) =

and

(3.27) F(lzn 0, )/ |F(2n171)] — 1.

Owing to the strict concavity of ¢,
d WtON] TNl udw >0ifu <w,
felot) + 6(0) = 200552 =o' w) — ) { 7

and, of course, ¢(u) + ¢(v) — 2¢(*F2) = 0 for u = v. Therefore (3.26) implies that
Up, — U, 1.e. |2y,1| — |y1]. Thus each cluster point z; of the sequence x,, 1 satisfies
|z1| = |y1], i.e. lies in the interior of BD, and by (3.27) and continuity,

Fleg,|) = [F(217,)]-
By hypothesis, this means that z;7; > 0, i.e. 1 = y;. We have shown that

each cluster point of the sequence x, ; must coincide with y;; but this means that
Tp,1 — Y1, q.e.d. O

Now, following the Ansatz from Section 2, we will construct a quantization of
(Dp,wr). Thus, for the function a(z,y) given by (3.20) and the volume element
given by (3.18), consider the Bergman space A2 of all holomorphic functions on

Q) = Dr square-integrable with respect to the measure
dz
w2’

(3.28) a(z)® du(z) = a(2)" 7 F (|21 *)*G(2)

dz being the Lebesgue measure on C2. We will make the following assumptions
on F and K,. (The labelling (a)—(d) is not intended to correspond to (A")—(E’) of
Section 2 or (A)—(D) in [Berl].) Observe that, by virtue of Proposition 3.6, the first
two of these assumptions ensure that 9Dp is strongly pseudoconvex at all points z
with 2o # 0 and that w is a Kéhler metric on Dg.
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ASSUMPTION (a). F' is meromorphic on BD, with no poles on [0, B).
ASSUMPTION (b). F € §; that is (granted (a)), for 0 < t < B, F is finite and
F>0,F <0, (tF'/F) <0.

ASSUMPTION (c). F(|t]) < |F(t)| Vte BD, with equality iff t > 0.

AsSUMPTION (d). There exists an infinite subset E of the positive integers such
that for all « € E,

Ko(z,9)a(z,7)* = o + B(z,j)a + C(z,7, o),

where B and C' are sesquianalytic in x,y and bounded on 2 x ) and Q x Q x E,
respectively.

For each « € E, consider the algebras Aj, of covariant symbols for A2 (h = 1/a).

Construct the algebra A4 and its linear subset A as in Section 2. Then we have the
following result.

Theorem 3.10. Suppose that (a)—(d) are fulfilled. Then the algebra A is a quan-
tization of (Dp,wr) satisfying the weak correspondence principle.

Proof. Owing to (a), the function a(x,7) given by (3.20) satisfies the condition (E’)
from Section 2 (with ag = 1). By (b), (¢) and Proposition 3.9, all points of D are
regular, which is (C’). Finally, (A’) is immediate from (d), and it only remains to
apply Theorem 2.12. (I

For practical purposes, we shall consider one more assumption. Denote
B
(3.29) cx(FY) = / thF ()" G(t) dt,
0

where G is given by the formula (3.19). The assumption is

AssuMPTION (d'). There exist an infinite subset E of the positive integers and a
real number v such that for all a« € E,
(3.30) > 5 /ek(F*) = (a—1+7)F(t)™  VteBD.

k=0

Before clearing up the relation between (d) and (d'), we derive some formulas
for the reproducing kernels K,. The next proposition is probably well-known, but
we give a proof here for completeness.”

Proposition 3.11. Let Q be a complete Reinhardt domain in C? and p a positive
locally integrable radial function on Q (i.e. one depending only on |z1| and |z2])
which is bounded away from zero on compact subsets of Q). Let p be the measure
p(z) dz, where dx is the Lebesque measure in C2. Then the evaluation function-
als on the Bergman space A%(Q, ) are continuous and the reproducing kernel for
A2(Q, ) is given by

(3.31) K(x,g) =Y (@17)"(z27)" /| afah |2
k,1>0

(with the convention that 1/ 4 oo = 0).

"It has been called to the author’s attention that another proof can be found in Skwarczynski
[Skw].
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Proof. The continuity of the evaluation functionals follows by the standard argu-
ment [Berg, p. 5] from the mean value property of analytic functions, the assump-
tion that p is bounded away from zero on compacts and locally integrable, and the
Schwarz inequality. It remains to prove the formula (3.31).

Let T € N x N (N = nonnegative integers) be the set of all indices (k,1) for
which ||2§2L|| < 400 and let (k,1), (k1,11) € Z. Tt’s clear from the radiality of p
that 2§25 | 27 2% unless k = ky and [ = [;. In other words, 2Fz, (k,1) € Z, form
an orthogonal system in A2; we shall show that it is complete.

For 0, o € R, consider the operator

Upof((21,22)) = f((e?21,€" 29)).

It is easy to see that Uy, are unitary operators on A? and that, for each f, Up ,f
is a continuous A2-valued function of # and o. It follows that for each k,! € N the
(Bochner) integral

1 27 p2m ) )
(3.32) Tif = H/ / e Kb e~lioy, fdf do
0 0

exists and defines a bounded linear operator Tj; on A%. As Uj,=U_p,—o and as
the U’s clearly form a semigroup, it can be shown that the operators Tj; satisfy

Tl:l = Tkl and Tk2l = Tkl;

that is, they are projections on A? (possibly degenerating to zero operators). Let

(3.33) f(z) = Z fklx’fxlg

k,1>0

be the Taylor expansion for f € A% and let P be a polydisc where (3.33) converges.
In view of the continuity of the evaluation functionals, we have

1 2r 27 ) ) o
(3.34) Tef(x) = H/ f((e’exl,ewxg))e ki0=lio g do = fklx]fxlg
o Jo

for each x € P — hence, for every x € Q. Thus, fuzizh € A2, and it follows that
Ty = 0 for (k,1) ¢ Z, while Range (Ty;) = C - 2%}, for (k,1) € Z.

Now suppose that f € A? is orthogonal to z¥z} for each (k,I) € Z. Then f is
orthogonal to the range of each Ty;; hence, Ty, f = 0 V(k,1) € N. By (3.34), fru =0
for all k, I, i.e. f = 0. This proves the completeness of the orthogonal system z¥x},
(k,1) eT.

The standard formula for the reproducing kernel [Berg, pp. 8-9] says that

K(xvy) = Zej(‘r)m

where {e;} is any orthonormal basis of A?. Using the orthogonal system obtained
above, we get

K(z,5)= Y (e15)" (228)'/ i

(k,l)ez
Granted the convention 1/ + oo = 0, we can add the terms with (k,1) ¢ Z to the
sum without doing any harm, and the required formula follows. ]
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Proposition 3.12. Let F' € § (so that D € B). Then the reproducing kernel for
the Bergman space A2 on D with respect to the measure (3.28) is given by

339 Kaom)=(a-2) ¥ @mteam) (77 agr

k>0

Proof. Compute:

k41 = [ JekebiPaCe) dute)

a dz
:/Q|Zfzé|2[F(|21|2)*|Zz|2] SF(|21?)*G(|=)? ) =
Bl/2 )1/2
= / / r%krgl F(rl) r%]a_3F(r%)2G(r%) 21y drg 211 dry
0

B F(tl

:/ / tRL[F(ty) — ta]* 3 F(t1)2G(ty) dto dty
0 0

_ /B/l Pl ()] - F(h)3[1 — w]*=3 - F(6)2G (1) dw F(ty) dta
0 0

1 B
:/ wl(l—w)“*dw./ thE ()T G(t) dty
0 0

(3.36)
I (a—3)! .
= (F'T%).
e
We have, in turn, used the formula (3.18) for du; passed to the polar coordinates;
made the substitution 7? = ¢;; and made the substitution ¢t = wF(t1). Substituting
this into (3.31) gives the result. O

We digress to make an interesting observation about the reproducing kernels.

Proposition 3.13. Denote, for a moment, t; = x;j;. Then
1 d
oa—2 dtg

(3.37) 0= Koy1.

Proof. In view of (3.7), we have Ko (2,9) = (@ —2) > 159 thth /Cy.1(a), where the

numbers

"o —2)! .
C - F +a
k,l( ) (l Fo— 2) ( )
obey the recursion formula
C (a—i—l)—Mc (Fl-i-a-i-l)_a_lc (a)
! T (lta-1)" S s
Consequently7
L N 1 Kyl
ey m( thl (141
a—2dt2 %; ~m/Ch, k;o (I+1)/Crisi()
Z 1y tl 1)/Crala+1) = Koy,
k,1=0
as asserted. O
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For any ¢ € C, the function®

—c—1)! 7 \° —a
Hc('rvy; Oé) = (a ‘ ) (1 - F‘T2y2 )) a(z,ﬂ) ) T,y € DFa

(a—=3)! (217
a—c—1)!
(3.39) — e /Rl Fe) -6l = e,
satisfies
1 d

o — 2d_t2HC(Ivy; a) = Hc(zay; a+ 1)7
i.e. H. is a solution to the recurrence relation (3.37). In all known cases when (d)
holds, K, is a (finite) linear combination of the functions H.. It would be interesting
to know if this fact generalizes in some way (perhaps with linear combinations
replaced by infinite sums, etc.).

Returning to the main line of our argument, let us now investigate the conse-
quences of the condition (d’).

Proposition 3.14. Assume that F' € § extends to a meromorphic function on
BD and that (d') holds. Then the reproducing kernels for the spaces A% on Dr are
equal to

(3.39) Kao(z,7) = (@ = 2)a(z,7)"" - [(a = 1) + v(1 - w)],
where
(3.40) w=w(z,y) = %?;1)

Proof. Use (d) to carry out the summation over k in (3.35). Denoting temporarily
Y; = t;, this gives

Koo =(@-0A(" TG T @ -1 Fey
=0

=@-2% [@-n (") () e

=0
— (@ =2)F(t) *[(a = 1) (1 = to/F(t2)) " + (1 — ta/F(t:1)) "]
= (a = 2)(a = 1a(z,7)" " +v(a = 2)a(z,7) " “[1 — t2/F(t1)],

which proves the formula (3.39). O

8For ¢ non-integer, (o — ¢ — 1)! is of course to be interpreted as I'(a — c).
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Proposition 3.15. Assume that F' € § extends to a meromorphic function on BD
and that (d') holds. Then for each a € E, « > 2, a > 1— 1,
1€ A%2(Dp) <= H> C A%2(Dr) <= F(0) < +o0,

R nJj
xr1 € Ai(DF) <~ lim F (t)

t—0 F(t)ot! >0

e limit always exists and is nonnegative.) Here x1 stands for the first coordinate
The limit al ists and 1 ti H tand th t dinat
function.

Proof. It’s clear that H*® C A2 <= 1€ A2%. By (3.36),

1

I = —— co(F*).
By (d), N
(@+y=1DF0)* =Y t"/ck(F)|  =1/co(F*),
k=0 t=0

co(F*) = (a+v—1)7"F(0)%,

and the first assertion follows. Similarly, from (d’) we have

. F(t) - F0) _ aF'()
Ve(F?) = (@47 —1) lim p —(04+7—1)t1£1%W
(by the 'Hospital rule). Hence by (3.36),
1 —F'(t)
2 a a .
HCClHa—a_201(F )<+OO <~ 1/01(F )>0 <~ }%W>O,
which gives the second assertion. (I

Proposition 3.16. Assume that (a), (b) and (d') are fulfilled. Then so is (c).

Proof. Since the hypotheses of Proposition 3.14 are satisfied, we can apply the
formula (3.39) to y = (|t|*/2,0), = = (t|t|~'/2,0), where 0 # t € BD. Since all the
w’s vanish, we get

Kol D)I?  [Fla)F(»]  [F()T]*
(3:41) K@D Kawd) | F@m)P } LF@J |

As the LHS does not exceed one by the Schwarz inequality, the same is true for the
RHS, and we conclude that

(3.42) F([t]) < [F(#)].

Suppose that equality occurs for some ¢ # 0. Let z = |t|*/? and ¢ = t/|t|. Tracing
back, we see that there exist two points y = (z,0) and « = (ez,0) such that K, (-,T)
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and K,(-,7) are linearly dependent. This means that there exist a,b € C, not both
zero, such that

af(@) +bf(y) =0 Vf e A2

Now owing to (a) and (b) we have F'(0) < 400 and
F'(0)  [(tF"Y
Fl) \F

By Proposition 3.15 it follows that 1 € A% and z; € A%. Thus,

< 0.
t=0

a+b=0, az + bez =0,

or z = ez and ¢ = |t|. This means that equality can occur in (3.42) only when ¢t > 0,
and (c) is proved. O

Corollary 3.17. Assume that (a), (b) and (d") hold. Then so does (d).

Proof. Tt follows from Proposition 3.9 (ii) (or from the first equality in (3.41) above)
that
F(lza)F(jyl?) < [F(2170)?,  Va,y € Dr.
Thus
|w(:1c,§)|2 _ |$2|2|EJ2|2 < |$2|2 . |y2|2
[F(z1g)? — F(laal?)  F(lya]?)

by the very definition of Dp. That is,

<1

(3.43) w(z,y) €D Va,y € Dp.

Inserting this into (3.39), we get (d) at once, with C(z,7,a) = 2 — 2vy(1 — w) and
B(z,7) =v(1 —w) — 3. O
Theorem 3.18. Assume that (a), (b) and (d') are fulfilled. Then the algebra A

is a quantization of (Dp,wr) satisfying the weak correspondence principle.
Proof. Proposition 3.16, Corollary 3.17, and Theorem 3.10. O

Let us now (at last!) give some more examples of the Berezin quantization. In
all of them, we will be considering Q = Dp with the Kéhler form w = wr (3.10) for
some function F € §.

Example 3.19. F(t) = (1 —t)?, p > 0; B = 1. The domains Dy can then be
written as

Dp={2€C?: |z +|»*? <1}

and represent a special case of the complex ellipsoids (or Thullen domains). (a) is
clearly satisfied — F' € O(D). As for (b), we have F(t) > 0,

F'(t) = —p(1 —t)P~! <0, (t—ley_ “a ft)2 <0
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on [0,1), so (b) holds. (c) follows from the triangle inequality |1 —¢| > 1 — |¢|, but
we won’t actually need it, since we are going to show that (d’) holds. By (3.29),

Ry

k! (ap — 2)!
(k4+ap—1)I
Consequently,
> & 0é_ozpfloo k+ap—1\,,
St feu(r) = L Z( v,
k=0 k=0
= (a-1)- (-
_ 1 —
= (=) F)~7,
so (d’) is satisfied with v = 1 — ]lo. Thus, Theorem 3.18 applies and yields a

quantization on the complex ellipsoids Dp.
The reproducing kernels are, by (3.39), given by

ta

Ku(2,7) = (a— 2) [(a 1)+ <1 _ %) (1 _ Wﬂ -ty ]

where, as usual, ¢t; = z;;. This formula has recently been obtained by Liu and
Stoll [LS].
For p = 1, D is just the unit ball B, in C?, and

Ka(z,7) = (@ = 2)(a = 1) (1 = 217y — 2275) "
is the familiar “weighted” Bergman kernel for Bs.

Example 3.20. F(t) = e '; B = +oco. This domain was considered by Springer
[Spr]. As F' is an entire function, (a) is satisfied. For ¢ > 0, F(t) > 0, F'(t) =
—F(t) <0, and

(tF'/F) =-1<0,

so (b) holds. (c) follows from the fact that |t| > Ret, but, again, need not be
checked because we are going to show that (d’) holds. By (3.29),

a e k_—at k!
Ck(F ) = /0 the dt = W,
whence
= tk = (at)k at —«
Z W = Z %l = e = aF 5
k=0 k=0

and (d') is satisfied with v = 1. By Theorem 3.18, Berezin quantization can be
carried out on Dp.
The reproducing kernels for A2 are

Ko(2,7) = (@ = 2)[e™™% — 2975] ™ - [(a = 1) + (1 — 22pe™ )],
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Example 3.21. F(t) = ¢/(t+¢), ¢ > 0; B = +00. Again, (a) is clear, and (b)
follows from

—c tE"Y —c
F(t)>0, F/(t): < 0, <?>—m<0

for 0 <t < 4o00. (c) can either be inferred from (d’), or verified directly by the
triangle inequality. As for (d’), we have, by (3.29),

oo o . “+00 if k> «,
) — tk . dt =< kl'(a—Fk)!
e (F) /0 (t+c) (t+c)? Mck Ho0<Ek<o.
(a+1)!

Thus,

Ztk/ck (F*) _g:oa+1 ( ) the k= (a+1)<1+£>a—(a+1)F°‘

and (d’) holds with v = 2. Hence, (Dp,wp) is Berezin quantizable.
The reproducing kernels are given by

Kolo3) = (0= 2)fa = 1)+ 20 = eamy(orms +0/0)] - | =" o]

Remark 3.22. Let « > 0,8 >0, g € A%, and consider the integral

(3.44) /Q 19(2) - la(z D)2 - a2, %) du(2)

with Q = Dp, F(t) =1/(t+ 1), as above (for c=1) and v € 2. Let = € Q2 be such
that 1 # 0 and g(x) # 0, and take v = (—1/71,0). If U is a small neighbourhood
of z, then |g(2)| = |g(z)| > 0 etc. for z € U, and |a(z,7)| = [1 — 21 /z1|71, so

/ 19(2)? az.7)PPalz, %) du(z)
U

~ lo(2) 2ale. T (|5U1|) |9Cl| 23 21— 26 4,
= lo(a) Pa(a,7)" L o [ =2

~ const. / tPdt = 400 if 6>1.
0

Thus there always exists v € € such that the integral (3.44) is infinite for all a > 0,
unless g = 0 or 3 < 1. If 8 < 1, then A% = {0} in view of (3.36), so g = 0 in either
case.

In particular, if g € A% separates two points of ), then there always exists
v € Q such that the integral (3.44) is infinite for any a > 0. This invalidates the
argument in the (end of the) proof of Theorem 2.3 of [Berl]. See the footnote®
before Theorem 2.10 above.
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Example 3.23. F(t) =1/(t + 1)?, p a positive integer; B = +00. Once more (a)
is obvious, and

2(:}7'1/ _p
F'@t)=—pt+1)P1<0 =) = 0 Vt>0
0 =-nernrtco (T -ph<o vz

imply (b). (c) follows either from the triangle inequality or from (d’). As for (d’),
we have, by a computation analogous to the one in the preceding example,

kl(ap —k)!

ck(F%) =p (ap +1)!

for 0 < k < ap,

and equals +o00 otherwise. Hence,

S o ap+1 <& [ap N .
>t en(F )ZTZ(k>tk:(a+%)(l+t) = (a+ LyFe,
k=0 par

and (d’) holds with v =1+ %. Thus (Dp,wr) is quantizable.
The reproducing kernels are given by

Kao(z,7) = (@=2)[(—1)+(1+1/p) (1 — 227 (1 +217,)") | - [(A+217,) P — 2270 .

We close this section by an example of a different type. So far, we have always
been able to compute the reproducing kernels explicitly, and they possessed the
required asymptotic behaviour — that is, (d) was satisfied. The next example
shows that (d) can break down, too. Let us first put down the following simple
consequence of Proposition 2.1.

Proposition 3.24. Let F be a function on BD taking values in CU{oo} which is
finite, positive and continuous on [0, B), and let a(x,7) be given by (3.20). Suppose
that (d) holds. Then |F(t)| > F(|t|) for all t € BD.

Proof. By Proposition 2.1, (d) implies that

a(z,T)a(y,y)

<1 A Dr.
(@, 7) nyeEr

Take y = (|t|/2,0), x = (t|t|~'/2,0), where 0 # ¢t € BD. The last inequality then

becomes
F(t)F(t)
W S 17

and the assertion follows. O

Example 3.25. F(t) = > —3t> — zt + 22, B = 1. Since F is a polynomial, (a)
obviously holds. For t € [0,1), we have

F'l(t)=3t(t—2)— —= < —-—<0
(1) =31t = 2) = 75 < 15 <0,
1 99
LA 3t + gt — 13
3 —3t2 — Lt 337
16 16
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and

<0

LY (6t + D3 =312 — Rt +B) - 32+ Lt — B3P -6t — L)
F F(t)?

because the numerator is equal to

1 1
—3t4——t3+ﬁt2—%t—§ :—3t47—t3+ﬁ(t27t)—6t—§ < 33

1T 1" 256 1T 556 = 956 ~

Thus, (b) is also fulfilled. On the other hand,
|F(—3/4)| =0< F(3/4) =3/4

and Proposition 3.24 implies that (d) cannot be satisfied. Thus we have an example
of a pseudoconvex domain Dp for which (a) and (b) hold, whereas (c) and (d) do
not; of course, there is no hope of performing Berezin quantization in this case.

APPENDIX. SOME OTHER EXAMPLES

Let us briefly deal with the situation when F' behaves “badly” at the origin —
that is, when F’(0) vanishes, or when F'(0) = 400 (so the Hartogs domain D is
unbounded in the z9 variable). The form wg then does not define a Kéhler metric
— that is, it either degenerates (i.e. one has only a pseudometric, not a metric —
the corresponding quadratic form is not positive definite) or has “cusp” singularities
(blows up at points with z; = 0). For this reason, we have relegated this discussion
to a separate appendix. On the other hand, it still makes perfectly good sense to
investigate the validity of (2.17), which is of some interest in its own right. Besides,
we obtain several examples which illustrate the limitations of our method and show
how, in certain situations, things can go wrong.

Example 3.26. F =1—t" N > 1 an integer; B = 1. Clearly (a) is fulfilled, and
as
Flszthlv (tF//F)/:7N2tN71/(17tN)2,

(b) is likewise fulfilled, at all points ¢ € (0, B). On the other hand,
F(t) = F(et) VteD

whenever ¢ is an N-th root of unity, and thus (c) is violated. If (d’) were fulfilled,
then Proposition 3.15 would imply that H> C A2 but x; ¢ A2, for all sufficiently
large «; as x1 € H®, this is a manifest contradiction, so (d’) does not hold.
Moreover, when we take © = (r1,x2) and y = (ex1,x2), where € is an N-th root of
unity, then
(e, Faly.7)
la(z,7)[? ’
and it even follows that no point of Dp with z1 # 0 is regular. Thus, even if we

knew that (d) holds, we would not be able to apply Berezin’s procedure (Dp,wp).
Observe that the corresponding domain

Dr = {IE € Cc?. |CCQ|2 + |$1|2N < 1}
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coincides, up to the “flip” (z1,22) < (22,21), with the complex ellipsoid from
Example 3.19, with p = 1/N € (0,1). Thus, while the metric defined on the
ellipsoid by the potential

U(x) = —log[(1 — [&1|*)"N — |as?]
is quantizable, the pseudometric corresponding to the potential
U(z) = —log[(1 — |22 *") — [a:[’]

is not.

Example 3.27. A similar situation — i.e. (a) and (b) are fulfilled (the latter for
t # 0), but no point of Dy is regular — can be shown to prevail for F = et"
(B = +c0), or, more generally, for any F(t) which depends only on ¢V for some

integer N > 1.

The next two examples are concerned with domains Dg for an unbounded func-
tion F. In this case, the function

Alaly) = 20D

is undefined when z; = 0 or y; = 0, and, consequently, so is ¥(z|y) = log A(z|y).
This can easily be remedied as follows. Since we want our function F' to be mero-
morphic on BD, we must have

F(t) = Fy(t)/t*,
where p is a positive integer and 0 < F(0) < +o0. In that case,

[Fo((1[2) — | ) - [Fol ) ~ loFval?
3.45 A = f 0.
345 Al [Eo(@17) — 272207 oo

But the right-hand side clearly makes sense for x1,y; = 0 as well, so we can use
it to define A(z|y) and ¢ (x|y) on all of D x Dp. Then the following analogue of
Proposition 3.9 holds.

Proposition 3.28. Let F(t) = Fy(t)/t?, where p is a positive integer and Fy is a
function from BD into CU{oo} which is positive, finite, and C? on [0, B), and let
A(x|y) be given by (3.45). Then the following are equivalent:

(1) all points y € Dp with y1 # 0 are regular;

(ii) for all x,y € B'/?D,

@W<1

B = R e =

and Fy(zn|y) — 1 implies x, — y;

(iii) |Fo(t)] > Fo(Jt|) YVt € BD, with equality iff t > 0, and (tF}/Fp) < 0 on
(0. B);

(iv) |F(t)| > F(|t]) Vt € BD, with equality iff t > 0, and (tF'/F)" <0 on (0, B).
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The points x € Dr with x1 = 0 are not regular.
Proof. For a,b € Dp,, denote

[Fo(Ja1]?) = lazl?] - [Fo(b1]*) = [bal?]

3.46 Ap(alb) = — -
(3.46) o(alb) FolarDy) — azhal?

)

and for x = (x1,x2) € D denote by Z the point (z1,2)x2) € Dp,. Thus
(3.47) A(zly) = Ao(2|9) Va,y € Dp.

Now observe that the hypotheses of Proposition 3.9 are satisfied for the function
Fy. Tt follows that (ii) is equivalent to (iii) and both are, moreover, equivalent to

Ap(ald) <1 Va,b € Dg,, and Ag(a,|b) — 1 implies a,, — b.

Thus, by (3.47), A(z|y) < 1for all x,y € Dp, and A(x,|y) — 1 implies Ao(&,]9) —
1 implies &,, — ¢; if y1 # 0, this further implies that x,, — y. It follows that all
points y € D with y; # 0 are regular. Thus (ii) < (iii) = (i).

Conversely, assume that (i) holds. Then, in particular, for any y € Dp with

U1 7& 07
Azly) <1 Vx € Dp, with equality iff © = y.

Applying this to = (21,0) and y = (y1,0) shows that, for any y; € BY/?D with

Y1 7& 07
Fo(z|y1) <1 Vi € B'?D, with equality iff 27 = y;.

Now, firstly, take y; > 0 and x1 = ey, || = 1; we obtain

FO(|?/1|2)2 . .
—7 <] th lity iff e = 1
|F0(€|y1|2)|2 S 1 w1 equallty 1T € 5

which is the first part of (iii). Secondly, take z; = e2 y = e? u,v €

(—o0,log B), and let ¢g = ¢p, be the function associated to Fy by (3.2). This
gives

Fo(z1|y) = ePo(w)Fd0(v)=200(*5%) < 1 with equality iff u = v.

In other words, ¢y is strictly concave on (—oo, log B), whence ¢f < 0, or (tF}/Fp) <
0 on (0, B), which is the second part of (iii). Thus, (i) = (iii).
Since
R tF
—— = 7 D
Fy F
the equivalence (iii) <= (iv) is immediate.
Finally, for z,y € Dp with 21 = y; = 0, we have by (3.45)
_ Fo(0) - F(0)

Azly) = W =1 for all xo and ys.

Consequently, no point y € D with y; = 0 can be regular. O
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Example 3.29. F(t) = 1/te!; B = +o00. Then F is meromorphic in C, with the
only pole at t = 0. For ¢ > 0, we have F(t) > 0

11\ _ tE"Y
F’(t)_<t—2+¥)e t <o, <?> =(-1-t=-1<0,

so (b) is fulfilled. Further,

oo + if k < q,
cr(F®) :/ thag=atgp = § T et ' “
0 (k—a)la” if k> a.
Consequently,
0 0 tkakfah‘rl
k o\ o o ot —«
kZ:Ot Jek(F )_Z—(k—a)! = at“e® = aF(t)”¢,

k=«

and we see that (d’) is satisfied with v = 1. The reproducing kernels are given by

Ko(z,7) = (0 — 2)[a — 2ofox1 G, €” 1] - [ [ (217) — 227s] @

However, by Proposition 3.28, D contains points which are not regular. Hence,
though the reproducing kernels have the required asymptotic behaviour, Berezin’s
quantization cannot be done.

This situation admits an interpretation similar to that in Example 3.26. Namely,
write F(t) = Fy(t)/t, where Fy(t) = e~*. The mapping

x = (r1,%2) € Dp — & = (z1,7122) € Dp,

is a biholomorphism of D = {z € Dp,z1 # 0} onto Dy = {z € Dg,,x1 # O}.
Moreover, the sets Dp \ D and Dg, \ Dy are A2 -negligible — that is, the restric-
tion f ~— f|D is an isometric isomorphism of A2 (Dr,a% dp) onto A2(D, a% dy),
and similarly for Dp, and Do. It can easily be shown that this implies that the
quantization of Dp with the Kéhler potential

U = —logap = —log[1/(|z1[2el1") — |z, ?]
is equivalent to the quantization of D, with the Kahler potential
(3.48) U = —logle 11" — |2129[2).

(We omit the details.”) But Dg, is exactly the Springer domain from Example 3.20.
Thus, the metric on the Springer domain corresponding to the potential

U= —log[e_‘””1|2 — |z2|3]
is quantizable, whereas the one corresponding to the potential (3.48) is not. A

similar comment can be made about the following example, which even exhibits
(for p = 1) an unquantizable singular Kéhler metric on the unit ball By in C2.

9See Remark 5.7.
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Example 3.30. F(t) = (1—t)?/t,p > 0; B =1. Again, F is analytic on D except
for a simple pole at ¢t = 0. For ¢t > 0, F(t) > 0,

1—¢)P (1—¢t)pt tE"\ —p
®) 2 Py <5 F DR
so (b) is satisfied. Further,
1
_ _ k—a)! (pa — 2)!
Fe) = tk:al_tpa th:p( for k >
cr(F) P/O ( ) (F—a+pa—1) or k> «a,

and equals +o0o for k < a. Consequently,

itk/ck(Fa) _ litj-i-a (j +pa—1)! _ ba— 1ta(1 — )P = <a_ l)F(ﬁ)_a,
k=0

1l — 2
et ! (pa —2)! p p

and (d’) is fulfilled with v =1 — %. However, the points x € Dp with z1 # 0 are
not regular, by Proposition 3.28. Hence, again, (Dp,wp) is not quantizable, even
though the reproducing kernels

Kao(2,9) = (a = 2)[(a = 1) + (1 = 5) (1 — 2255217, (1 — 217,) ")

(3.49) _ _ o
(1 =2y )P/ (2171) — 22|

have the required asymptotic behaviour.
For p =1, (3.49) reduces to

Ko(z,9) = (@ = 2)(a = 1) - a(x,7) "

for all integers o > 3. This is Berezin’s assumption (A). Apart from Q = C¥
and € a bounded symmetric domain, this is the only situation we know where the
assumption (A) is satisfied. (It must, however, be emphasized that this metric has
cusps at all points with z; = 0.)

Example 3.31. F =(1-— ﬂ)2, B = 1. This last example, announced already in
Section 2, exhibits a singular K&hler manifold (D, wp) for which (A’) holds for all
x =y with 1 # 0, but fails for z = y with ;1 = 0. Note that the domain Dp can
be written as

Drp = {Z e C?: |21| + |ZQ| < 1},

i.e. Dr is a “complex cube”.
Since F is continuous and decreasing on [0,1) and

(%:‘m“

n (0,1), Dp is a pseudoconvex Reinhardt domain by Corollary 3.2, and Proposi-
tion 3.12 can be applied. We have

! (2k)! (2a — 2)!

1
« a— dt a—
o) = [0 = Vi = [ o s = G

0 2t Jo
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Consequently,

> t/e(r) = a- Yy (AT e
k=0 k=0 ‘
. (zanz(j“?”)—ﬂ VY

i=0 J 2

= (1= VE) 2+ 1+ V).

Substituting this into (3.35) and setting, for brevity, t; = z,;7,, we obtain

Ko (z,79) = (a—2)z <l+0;2)tl2(l+a 1 Z (1= ey/F) 220

=0 e=%+1
=(0-2) Y (1-evi) ™
e=+1

Sl ()=t

— (-2 Y (1 - eV
e=+1
fg —« 1 fg e’
Je-0(-a=tmr) (- amemr) |
1 t 2 -
=0 % [la-v+5 (1 )| (- evmr-a)
When x =y and @1 # 0, then ¢; > 0,50 0 < (1 — /#1)? —t2 < (1 + /1) — t2, and

1

Ka(w,7)-[(1=|a1])* = [221%)" = (@=2)(a=1)+(a=2)- 5 (1 - m) +o(1)

as o — +o00. Therefore (d), or (2.17), is fulfilled in this case. On the other hand,
for 1 = 0 we have

Ko(z,T) - [1 = [2’]* = 2(a = 2)(a = 1) + (o = 2)(1 = |22]*).
Thus, the function

= _ 2 _ 2l
i o@D~ 21])” ~ loaP’
a——+o0 (8]

has a jump discontinuity — it equals one for z; # 0 and 2 for z; = 0.

A similar situation can be shown to prevail on the unit disc D with the Kéahler
metric given by the potential log(1 — |z|). In both cases, however, the metric has

singularities. The author does not know of any similar example with a non-singular
Kahler manifold.
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Problem. Given a Kéhler manifold (,w) of dimension n with potential ¥ and

a=e~ Y, is it always true that the limit
li Ko(z,7) Y =
e (Ka(2, 7)) p(x)
exists and

li K (2,7)p(z)* = 1
e o (2,7)p(x)

for each x € Q7

In the special case of {2 = D and a rotation-invariant w, this problem has already
been posed in [E2].

4. AN ALTERNATIVE APPROACH

On some Kahler manifolds €2 there may exist other “natural” measures apart
from the Liouville measure du. For instance, this is certainly the case when 2
is a domain in C”, where it is very straightforward to work with the Lebesgue
measure dz and try to construct the quantization using the chain of measures
a(z)*dz instead of a(z)*du(z). This will be done in the present section. As the
exposition runs almost parallel to that in Section 2, we will proceed at a more rapid
pace and skip some of the details.

Thus, let Q be a domain in C", w = } gz dz; A dzx a Kihler form on Q, ¥

a (real-valued) potential for w, and g(z) = det(g;z(2)). For a > 0, let /Ti be the
Bergman space of all holomorphic functions on 2 which are square integrable with
respect to the measure

(4.1) e~ V@) g /7,

where dz is the (2n-dimensional) Lebesgue measure in C". It may well happen!®
that 2,21 = {0}; in any case, however, it follows from the continuity and positiv-
ity of e=*¥ and from the mean value property of holomorphic functions that the
evaluation functionals at all z € € are continuous on A2, and, consequently, A2

(o)

possesses a reproducing kernel K «(z,7). The Berezin transform with respect to A2
is defined as

~ IN(Q T,y 2 o dx
(12) Bo(0) = [ o) E2DE g 3y 22
Q Ka(y,9) ™
We make the following assumptions about the objects we have just introduced.

AssuMmPTION (E*). The function

(4.3) a(z,T) = e Y@
extends to a sesquimeromorphic function a(x,g) on  x Q.
Since
02 1 9a Oa 1 0%
4.4 —(z) = —1 N= ——— ——
(44) 957 = g T lesas A = G e T L anee

10We remark, however, that when  is bounded and pseudoconvex, Avi is nontrivial for all
a > 0; this is a theorem due to Bombieri (see [M], Proposition 1.3).
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it follows that the metric coefficients 9,7 also extend to sesquimeromorphic functions
gjg(:v,g) on 2 x €, and, consequently, so does their determinant:

(4.5) 9(2,7) := det(g;z(2.7))-
Introduce the (real-valued) function
l9(z,7)|?

4.6 yxy) = —/——F—, z,y € Q,
46) (etw) 9(x,7)g(y,7)
and also keep the previous notation
a(z, T)a(y, Y)

la(z, 7)|?

Note that y(z|y) > 0 for all z and y. Recall that a point y € Q was called regular
if (-]y) <0 and ¥(x,|y) — 0 implied z,, — y.

AssuMPTION (C*1). All points of Q1 are regular.

Y(z|y) = log

AsSUMPTION (C*2). ~v(z|y) <1 for all z, y € 2.

ASSUMPTION (A*). There exists an infinite subset E of the positive integers such
that for all o € E,

Ko(z,9)a(z,3)" /9(2,7) = cna” + B(z, )" + C(z,7, )

where ¢, € C and B, C are bounded functions, sesquianalytic in (x,7), on Q x Q
and 2 x Q x E, respectively.

For a € E and h = 1/, denote by Ay, the algebra of covariant symbols for gi,

and construct the algebra A and its linear subset A in the same way as in Section 2.
Then we have the following analogues of Theorems 2.5, 2.10, 2.11, 2.12 and 2.12A.

Theorem 4.1. Suppose that (E*) and (A*) are fulfilled, y € Q is regular and
v(-ly) < 1. Let f be any function on Q which is C* in a neighbourhood of y and for
which the integral (4.2) exists for some o = ay (for instance, f can be bounded and
measurable). Then the Berezin transform (4.2) exists for all o > a1 and satisfies

Baf(y) = fy) +a " Af(y) +ola™)

as o — oo, a € E, where A is the Laplace-Beltrami operator on Q (given by
(2.23)).

Proof. In view of (A*), we have

Ro(,7)? 9" )l
Ko@)l _ aw.9)* 9@y .f;

Ko(y,)  la@y)P  9(.79)

E(Z,y) n Clz,y,a)

a2

)

where B(z,y) = ¢ Y [B(z,9) + B(y,T) — B(y,y)] and C(z,y, @) are bounded func-
tions on 2 x Q and 2 x Q x E, respectively. Therefore

=2
(a7 BEa@DE 0 e &
Ko(y,7) i
_eolaly) g |14 BEY) | C@B O )

o o?
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(48)  Buf(y) = cao” [ @)y ()™ @) du(z)
+ epan! /Q F@) B, y)y(ely) €@ dp(a)

+epa A F(@)C(a,y, a)y(aly) e @) dp(z).

The absolute value of the last summand on the RHS does not exceed
(4.9) sup |C(z,y, o] - cna"_2/ |f (z)]e¥ @) dp(z).
Q

It follows from the hypotheses and from the boundedness of B and ~ that Lemma
2.2 can be applied to the first two summands in (4.8) and to the integral in (4.9).
As y(yly) = 1, this yields

Ay ) + o) f ) n fW)e,'Bly,9)

(0% «

e Baly) = f(y) + +o(a™t)

as @ — 4o00. A lengthy but straightforward computation shows that
Ac[y(@ly) f(@)]],_, = Af(y) + f(y) - Alng(y,y)

= Af(y) - 200)f ().

=y

whence

e Baf(y) = fy) +

As Eal =1, we have, in particular,
cn' =1+ [300W) + ¢, Bly,pla™" +o(a™).
Therefore ¢, =1,
(4.10) B(y,7) + 50(y) =0,
and the assertion of the theorem follows. ]

The formula (4.10) deserves to be stated separately.

Corollary 4.2. Assume that (E*) and (A*) are fulfilled and that y is a regular
point for which v(-|ly) < 1. Then ¢, =1 and

In particular, if (C*1) and (C*2) also hold, then
B(z,7) = —5AIng(z,7)

for all x,y € Q.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



BEREZIN QUANTIZATION 463

Theorem 4.3. Assume that (E*), (A*), (C*1) and (C*2) are fulfilled and let f,
g€ A. Then

(.11) (F *9)(hl2) = F(0]2)g(01) + (1)
and
(412) H(Fxg— g% P(A) = +{7,0}(0]2) + (1)

as &« =1/h — +o0, a € E, where {-,-} is the Poisson bracket on €.

Proof. Start as in the proof of Theorem 2.10, defining the functions w, u; and us
and writing down the analogue of the formula (2.37):

B N | o G| P
(7 9hlz) = [ wlof,2) 2 a7
Ra@ 2P de
—i—h/ﬂul(x,x) f{a(z,z) (z,7) pr
o [ uihle Ea@ 2P da
(4.13) +h/Q 2(h|z, ) %oz2) (z,2)" .

By (./12) again, the function uy satisfies
h*”/ lug (h|z, T)| eV @2 du(z) < r(z) < 400 Vh e (0,h).
Q

In view of the formula (4.7) and (C*2), this implies

1 =)|2
/ ‘uz(h|x,f)|Ma(x,T)ad—x <7(z) < 400 Vh € (0, ho),
Q Kq(2,%) wn

with 7(z) independent of h. It follows that the third summand on the RHS of (4.13)
is O(h?). A similar argument shows that it is legitimate to apply Theorem 4.1 to
the first two summands in (4.13), and we obtain

(f*g)(h|z) =u(0]z,Z) + h - [Amu(0|x,f)}mzz + ul(z,E)] + o(h).

From here, (4.11) and (4.12) follow in the same way as in the proof of Theo-
rem 2.10. ]

Theorem 4.4. Assume that (E*), (A*), (C*1) and (C*2) are satisfied. Then
for any two distinct points zo, z1 € ) there exists a function f € A such that

f(0lz0) # f(0]z1).
Proof. We shall temporarily use || - || and || - ||z to denote the norms in A2 and
A2 | respectively. As in the proof of Theorem 2.11, consider the function (denoted

there by g)
h(z) = [V a(z0,Z0)/a(z,Z0)]™
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and remember that h was shown to belong to Ail when «; is sufficiently large. Fix
such an ai, and, as before, define the functions e(h) and

F(hlz) = e(h)h(z)h(@)a(z, B)*" = e(h)e™ ¥ (#l=0)

We shall show that, once again, this function does the job we want. It has been
checked in the proof of Theorem 2.11 that f(0|x) separates zo from z; and that f
satisfies the conditions (A1) and (A2). Thus it only remains to prove that f(h]-)
is a covariant symbol of some bounded linear operator on A% (o = 1/h), i.e. that
the operator

ody
Tn

ApF(z) := A (bl 9)Ka(2,7) - F(y)aly. )

is bounded on A2. By the Schwarz inequality,

e(h)h(z) / Mz, 7)™ Kalz,7)Fy)a(y,7)* 2.

Q n

| ApF(2)|* =

< e(h)*h(a)? | FZ - /Q @) - | R, (e, )™ P - aly.5)* 22

7Tn
Owing to (A*), we may suppose that «; has been chosen so large that
|Ko(x,7)| < 20" a(z, )" - lg(,7)] VYo >a1,Vz,y € Q.
In view of (C*1) and (C*2), we then have
|Ka(z,9)a(z, )™ |* < 40" |a(z, 7)) - |g(x,7)|?
(4.14) < 4aa(z, T) " “a(y, ) 9(z, T)g(y, 9)-
The last integral therefore does not exceed

dy

ta¥a(e, 0 g(e,7) [ 1) Paly. D) o(0,7) S0
Q

= 40&2’”'@(50, T)aliag(xv T)”h”Zl

(because g(y,y) dy/m" = du(y) !), and
o _ _q dx
[ARFIIE < e(h)?||FII - 402" ||AII3, /Q |h(@)Pa(z, 7)* " g(2,T) - a(z, )" =

ﬂ-’ﬂ

= e(h)? - [|FIIZ - 40" |R]lg, -

Thus [|An|| < 2ae(h)||h||%, < 400, and the proof is finished. O

Theorem 4.5. Assume that (E*), (A*), (C*1) and (C*2) are fulfilled. Then the
algebra A is a quantization of (,w) satisfying the weak form of the correspondence
principle.

Proof. Corollary to the preceding two theorems. ]

For € a bounded domain, we have also the following analogues of Theorems 2.11A
and 2.12A. Their proofs are completely identical to those of 2.11A and 2.12A, so
we will not repeat them here.
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Theorem 4.4A. Assume that Q is bounded and (E*) holds, and that (A*) holds
but with B(z,y) and C(z,7,«) merely bounded for each fived y € Q. Then for any
two distinct points zo, z1 € ) there exists f € A such that f(0]|zo) # f(0]z1).

Theorem 4.5A. Assume that Q is bounded and (E*), (C*1) and (C*2) hold,
and that (A*) holds but with B(x,g) and C(z,7,a) merely bounded for each fized

y € Q. Then the algebra A is a quantization of (Q,w) satisfying the weak form of
the correspondence principle.

Let us test our result on the domains from Examples 2.13-2.16.

Example 4.6. QO = C", ¥(z) = |2|?. Then g = deté;x = 1, and du(z) coincides
with the normalized Lebesgue measure dz/7™. Thus A2 = A%, K, = K, and

B, = Ea, i.e. both quantization procedures coincide.

Example 4.7. Q) is a bounded symmetric domain in C™, with the Kéahler form
given by the potential ¥U(x) = log K (z,T), where K(x,7) is the Bergman kernel
function as in Example 2.14; in our present notation, K is the same thing as I~(0.
It is well known (cf. e.g. [Berl], Theorem 5.1) that

0? - -
det (mlog}((z,z)> = cK(z,2)

for some constant ¢ = ¢(2). It follows that

g(:c,y) = CK(:E,?) = C/CL(CC,@)

and J
a(z,T)* du(z) = ¢ - a(z,7)** &

ﬂ-’ﬂ
Therefore A2 = gifl, K, = %I?a_l, and B, = Ea_l. Once again, both quantiza-

tion procedures are (essentially) identical.

Example 4.8.  a hyperbolic planar domain with the Poincaré metric. Let A(z)
be the metric coefficient for the Poincaré metric, as defined in Example 2.15. Thus
the potential is ¥ = —2log XA and a = A\2. A brief computation shows that

g=2\"%=2/a.

Consequently,

d
a®dy = 2a%"1! @
T

and it follows that A% = A2 K, = %}N(a_l, and B, = Ea_l. Thus, the two

a—1»
quantization procedures are again identical (up to the shift of the index, a < a—1).

Example 4.9. () is the one-dimensional cylinder, or, equivalently, the punctured
plane C\ {0}; and the Kéhler metric is given by ds? = dzdz/zZ. In other words,
917 = 9 = 1/2Z. Consequently,

d
/ 2" - a(z,2)* & = / |2[***2a(z,2)" dp(2),
c\{0} m C\{0}
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or ||z]|2 = ||z%T1||2. Using the results from Example 2.16, we see that

Ka(wy) =Y (@)*/I12"]% = % > @)/l = %Ka(w,ﬂ)-

kEZ JEZ

Hence,

I?Dz 7)|? d 2 KO( )2 d
| Ka(2,7)] o(z,7)* L = |yl ! | (fc,y_)l o(w,7)" 22
Ka(y,7) T lryl? Ka(y,7) o

KR
- Ka(y,ﬂ) ( ’ ) d:u( )a

and it follows from the definition of the Berezin transform (4.2) that, once again,

B, = B,.

Remarkably, both approaches happen to yield an identical outcome (Ea = B,
or Ea = Ba+1) in all the four examples above. The reason is that, in these cases,
the corresponding metrics have “constant curvature”, i.e. (more precisely) they are
Kahler-Einstein metrics. We will say more about this in the next section.

To get nontrivial examples, let us consider the Hartogs domains D from Sec-
tion 3. To make things easier, we restrict ourselves to the case when F'(0) < +o0.
Recall that the Kahler potential is given by ¥(x) = —loga(z,T), where a(x,T) =
F(|z1)?) — |z2|*. According to the formula (3.17), the determinant g is given by

(1.15) o7) = TOI g,
a(x,7)

where

(4.16) G(t) = — (%)

We impose the following assumptions.

ASSUMPTION (a*). F' is a meromorphic function on the disc BD, with no poles on
[0,B).

AssuMPTION (b*). F >0, F' <0, and G = (—tF'/F)" >0 on [0, B).
ASSUMPTION (c*1). |F(t)| > F(|t]) Vt e BD, with equality iff t > 0.
AssuMPTION (c*2). |G(¢)| < G(|t]) on BD, and (tG'/G) >0 on (0, B).

ASSUMPTION (d*). There exist an infinite subset E of the positive integers and a
number v such that

itk/c,’;(Fo‘) =(a+14+~)F({t)"“G(t) VackE.
k=0

Here cj, is defined as
B

(4.17) CL(FOY = / R (1) dt.
0

Let us put down some consequences of these assumptions.
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Proposition 4.10. For any function G on BD which is continuous on [0, B) and
C? on (0, B), (c*2) is equivalent to

(4.18) G(a17))? < G(lz1)G(lyal*)  Vai,y1 € BD.

Proof. The condition (tG’/G)" > 0 means that the function ¢g(u) = log G(e*) is
convex on (0, B); that is,

G(a*)G(V?) > G(ab)®  Va,be (0,B).

By continuity, this inequality prevails also for @ = 0 or b = 0. Therefore the first
part of (¢*2) implies that

G017 < G(laagi ) < G(|lm )Gl l*) Vo1, € BD,

which is (4.18).
Conversely, if (4.18) holds, then taking |z1| = |y1| shows that G(|t|) > |G(t)|, and
taking x1,4y1 € (0, B) shows that ¢¢ is convex, which is equivalent to (tG'/G)" >0
n (0, B). O

Corollary 4.12. If (a*), (b*), (c*1) and (c*2) hold, then vy(z|y) <1 for all x,y.
Proof. According to the last proposition,
G(@19))* < G(171)G(y17y)-

Moreover, by (3.25) and (b*),

a(x,%)a(y,y) _ F(x1Z1)F(y17,)
(4.19) @D = TFm)P
Therefore by (4.15)
gl )P
ely) = 9(x,7)g(y,7)
_a@,7)a(y,y)?  [Fg)lt |Gy

la(z,9)®  F(i71)?F(ny,)? Gl@iT)Gy)
_ a@.Daly.9)
= alz,g))?
<1
The last inequality follows from (b*), (¢*1) and Proposition 3.9. O

Proposition 4.13. Let F' be such that Dr is a complete Reinhardt domain. Then
the reproducing kernels for A2 are given by

s l 1
(120)  Ral@wd=(a+1) Y (@7) x2y2l-(+“+ )/c*,;(F”a“),

l
k,1=0

where ¢} are the coefficients (4.17).
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Proof. As has already been mentioned, it follows from the continuity and positivity
of a(x,Z)* and from the mean value property of analytic functions that the eval-
uation functionals on Eg are continuous at each point x € Dr. Thus we are in a
position to apply Proposition 3.11. A computation similar to (3.36) shows that

o dz
kbl = [ Jea¥laal® (P2 ) = al?)" 5
Q i
B F(tl)
:// thil [F(t1) — to]® dto dt;
0 0

B r1
= / / tlfwlF(tl)l+a+1(1 — w)o‘ dw dtl
0 0

ol
4.21 = (FTtt
(4:21) (l+a+1)!ck( )
and an application of the formula (3.31) completes the proof. O

Corollary 4.14. Let F be such that Dg is a complete Reinhardt domain and as-
sume that (d*) holds. Then

(4.22) Ko(2,79) = (a+ D[(a+2) + y(1 — w(z,7))] - a(z,5)" “g(z,7),
where w(x, ) = w27/ F(v17;)-

Proof. Use (d*) to carry out the summation over k in (4.20); this yields (¢; = x;7;,
w = tQ/F(tl))
Ko(z,7) e (lt+a+1
a+1 l

(]

) b1+ a2+ )Gt F(t) T
=0

G(t1)F () g {(a +2) (l + olc + 2) + 7(l + olc + 1)] : F(t;?l)l

=Gt)F(t) " [(e+2) (1 —w) P 4 4(1 —w) 2]
=Gt)Ft)*[(a+2)a™* P+~ (1 —w)a "7

(4.23)
=g-a “[(a+2)+v(1-w)]  (by (4.15)),

which is the desired formula. [l

Theorem 4.15. Assume that (a*), (b*), (c*1), (¢*2) and (d*) are satisfied. Then
the algebra A constructed from the algebras Ay, of covariant symbols for A%, « €

E, is a quantization of (Dp,wr) satisfying the weak form of the correspondence
principle.

Proof. By (a*), the function a(x,y) = F(x17,) — 227, satisfies (E*). By (b*),
(c*1) and Proposition 3.9(i), all points of D are regular, i.e. (C*1) is satisfied. By
Corollary 4.12, y(z|y) < 1 on  x Q, i.e. (C*2) is fulfilled. Finally, by (c*1) and
Proposition 3.9(ii),

7 |2 F 2 F 2
|’LU($,§)|2 _ |$2y2| . < (|JJ1| )_(|$22| ) <1,
|F' (217 |F(217)]
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and the formula (4.22) in the last corollary implies that (A*) holds, with B(z,7) =
34+ (1 —w)y and C(z,7,a) = 2+ v(1 — w). Consequently, an application of
Theorem 4.5 is legitimate, and the assertion follows. (I

Example 4.16. F(t) = (1 —t)?, p > 0; B = 1. This is the “complex ellipsoid”
from Example 3.19. The conditions (a*), (b*) and (c*1) were already checked there,
so we need only worry about (¢*2) and (d*). Since

the triangle inequality immediately implies that |G(¢)] < G(|¢|); moreover,

(¢)-() w2 e

o (c*2) is fulfilled. Further,

1
k! (ap)!
HFY) = | Q- Pdt = ————
i (F) /0 ( ) (k+ap+ 1)
whence
S /e (F°) = (ap + 1) Z( Topt )
k=0 k=0
=(ap+ 1)1 =1)"P2 = (a+ L)F G

Therefore (d*) holds as well (with v = % — 1), and Theorem 4.5 applies.
By Corollary 4.14, the reproducing kernels are given by

Ko(z,7) = (@ + Dl(a+2)+ (3 = (1 —w)] - ae,7) """ - p(1 — 1),
Example 4.17. F(t) = ¢!, B = +o00. This is the Springer domain from Exam-
ple 3.20. Again, only (c*2) and (d*) need to be checked. Since
(¢*2) is trivial. As for (d*), we have

+oo
G (FY) = /0 the=ot dt = k!/a* 1,

SO

Ztk/c}:(FO‘) = ae™ = aF°G.

Thus (d*) holds with v = —1, and Theorem 4.5 is applicable.
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Example 4.18. F(t) = 1/(t+ 1)P, p an integer > 2, B = +0o0 (the domain from
Example 3.23). Again, only (c*2) and (d*) have to be checked. This time we will
start with (d*):

—+o0
ci(F*) = /0 th(1+ )P dt

g g 2 1
:/0 (El) sP*~“ds (5:1_+t)

1 400 if k> pa — 2,
= / sPR2(1 — s\ ds = ¢ k! (pa— k — 2)!
0 AN e B A

(o — 1)1 if 0 <k <pa-—2.

Hence,

S (F) =(pa—1) (m,; Q)t’“ — (pa— 1)(1 + £y~
k=0

k=0
(. P, 1\po
=(a—HF T (a—LFg,

which means that (d*) is fulfilled with v = —1 — %.

On the other hand, the triangle inequality implies that (¢*2) cannot hold (it
even holds with the opposite sign!). Thus we must prove (C*2) — which is the only
thing in the proof of Theorem 4.5 that (c*2) was needed for — directly. Observe

that » )
_ — 2/p
Gt) = (g =P FO"

Using (4.15) and (4.19), it follows that

l9(z,7)|? _ a(z,7)%a(y,7)> . [ |F(217,)? h2/p
ey a@DF | F@E)Fum)
a(w, aly, 7)) 7"
= { (@7 ]

_ (1=2/p)b(aly) < 1

since p > 2 by hypothesis and ¢ < 0 by (C*1). Hence, Theorem 4.5 can be applied.

It is interesting to see what happens for p = 1. In that case, we only have, by
virtue of the last inequality,

7($|y)ew(w|y) <1.
This suggests trying to make things work under the weaker assumption
(4.24) 38>0: y(z|y)erEV) <1 vrye

in the place of (C*2). It turns out that, indeed, the analogues of Theorems 4.1 and
4.3 still hold, and so does the analogue of Theorem 4.4.
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Theorem 4.19. Assume that (E*), (A*) and (4.24) are satisfied and y € Q is
reqular. Let f be any function on Q which is C? in a neighbourhood of y and for
which the integral defining the Berezin transform

N SN LS PR
Baf) = [ 1@ e

converges absolutely for o = ay. Then the integral exists for all a > a1, o € F,
and

Eaf(y) = f(y) + CY_lAf(y) + 0(04_1) as o — +00,
where A is the Laplace-Beltrami operator on 2.

Theorem 4.20. Assume that (E*), (A*), (C*1) and (4.24) are fulfilled, and let
f, g€ A, where A C A is defined by the conditions (A1) and (A2). Then

(f * g)(hlz) = f(0[2)g(0]2) + o(1),

and
(F 29— g )h12) = £{7,9}012) + (1)

as a — +00, a € E, where {-,-} stands for the Poisson bracket.

Theorem 4.21. Assume that (E*), (A*), (C*1) and (4.24) are satisfied. Then
for any two distinct points zo, z1 € ) there exists a function f € A such that

J(0]z0) # f(0]z1).

The proofs of Theorems 4.19 and 4.20 are but obvious modifications of those of
Theorems 4.1 and 4.3, so we omit them. In the proof of Theorem 4.21, the second
line of the estimate (4.14) has to be replaced by (we omit the factor 4a*")

-B |—2(a—a1—ﬁ)

ja(z, 7)| 2" g(2,7)|* < 9(2, T)9(y.9) - ale, T) Paly,5) " la(z,7)
<yg

T, T
(z,7)g(y,y) - alz, )" " aly, 7)™ "

for a > a1 + 3, which is a consequence of (4.24) and (C*1). Also, the function e(h)
must be chosen to vanish already for 1/h < oy + (3, instead of for 1/h < ay. The
rest of the proof works without change.

5. CONCLUDING REMARKS

5.1. Biholomorphic invariance. Suppose that (Q,w) and (£2,®) are two Kahler
manifolds which are holomorphically equivalent, that is, there exists a biholomor-
phic mapping ¢ of 2 onto €2 which sends w into w, i.e. for which

(5.1) (9;8) = Jo - (g5 00) - T3,

where J, = (0¢;/0x;);;_; is the complex Jacobian matrix of ¢. In terms of Kéhler

potentials, (5.1) amounts to

82

Vogp—0)= Q.
5,05 Lo W) =0 on

(5.2)
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Thus, if we have chosen ¥ as a potential for w, then ¥ o ¢~ ! =: U can serve as a
potential for w, and the function

a(9(z), 9(y)) := a(z,7)

then satisfies the assumption (E) whenever a(x,7) satisfies it. Since, by (5.1),
g =|det Js|*- (g o ¢), we have

dfi(p(x)) = du(x)

and it follows that the mapping f + fo ¢ is a Hilbert space isomorphism of A2 (Q)
onto A2(€Q), for any o > 0. Consequently,

IA{D&(QS(‘I)? ¢(y)) = KQ(CC,Z),
and the definition of the Berezin transform implies that
(BozF) 0¢p = Ba(Fo¢)

for all & > 0 and any function F' on Q). In other words, we see that the Berezin
transform as well as the whole quantization procedure are invariant under biholo-
morphic equivalence.

5.2. Automorphisms and invariant metrics. Denote by Aut(£2) the group of
all biholomorphic automorphisms of Q2. A Kéhler form w = 3, ¢,z dx; A dTy, is
said to be invariant if

(5.3) gxr=Jdo (g500)-J; onQ

for all ¢ € Aut(Q), i.e. when w is invariant under all biholomorphic automorphisms
of Q. In view of (5.2), a sufficient condition for invariance is that there exist for
each ¢ € Aut(Q) a non-vanishing holomorphic function Hy on 2 such that

Vop=U—log|Hyl?

or, in terms of a = e~ Y,

(5.4) ao¢=a-|Hy? on Q.

If Q is simply connected, this condition is also necessary. In view of the observations
made in the previous paragraph, invariance of w implies that the Berezin transform
as well as the whole quantization procedure commute (in the obvious sense) with
the action of Aut(f2).

Invariant forms are clearly very aesthetic objects to deal with. According to
familiar facts from Riemannian geometry, the Kahler forms from Examples 2.14
(bounded symmetric domains), 2.15 (hyperbolic plane domains) and 2.16 (the punc-
tured plane) are invariant, whereas that from Example 2.13 (C") is invariant only
for a certain subgroup of Aut(2) (the rigid motions group). For the domains ap-
pearing in the examples in Section 3, the automorphism groups seem to be either
unknown or trivial (i.e. reduced to the rotations around coordinate axes, cf. Sunada
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[Su] and the theorem of H. Cartan [BM, Theorems I.1 and 1.8]), with the exception
of Example 3.19 (complex ellipsoids). We shall show that for complex ellipsoids,
the Kahler form wpg is invariant.

Recall that the automorphisms of the complex ellipsoid Dp, F(t) = (1 — )P,
p # 1, are given by

m=b (1= P

(b(z) B (1 — E,Tl , (1 — 5:61)?

x2>, x = (r1,22) € Dp,

where b € D and |e] = 1. The function a is given by a(z) = (1 — |z1]?)? — |z2|%;
thus,

1 12)(1 — [B2) 1P n2\p

|1 —5.%'1|2 1 —5$1|2p
1—|b?)P
(5.5) = & -a(x),
|1 — bxq|?P
so (5.4) is satisfied with
1 — |b?)P/?
Hy () = LT
(1 - b,Tl)p

which proves the invariance of wg. Incidentally, it can be shown that the function
Hy is equal to (det J¢)F%' it follows from this that a(x) obeys the same transfor-

mation law as
Ko(z,7)~P/#+2)

(IN(O is the notation from Section 4 — the Bergman kernel function with respect to

the Lebesgue measure). Hence Ky - a"v is invariant under Aut(Dp). Now with
the usual notation

B 7 1 C)
(5.6) w(zx) = o) 1 TESFAEL x € Dp,
formula (5.5) reads
(5.7) wo ¢ =w.

Conversely, it can be shown that any two points z,y € Dp with w(z) = w(y)
satisfy y = ¢(x) for some ¢ € Aut(Dp). In other words, the level-sets of w(z) are
the orbits of Aut(Dr); consequently,

Ko(z,7) - a(z, )PH2/P

must be a function of w(x) only. Similar argument shows that the functions

Kq(z,T)a(z,T)*, Koz, T)a(z,Z)*/g(x,T), a(x, f)(””)/”g(:ﬂ, T)

are likewise invariant under Aut(Dp) and, hence, are functions of w(z) only (for
each fixed «). This, of course, agrees with our formulas from Examples 3.19 and
4.16. Similar comments can be made for a general Kahler metric invariant under

Aut(9).
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5.3. Poincaré metrics. In the Examples 4.6-4.9, we have seen that both Berezin
transforms B, and Ea happened to amount to the same thing. Let us consider this
more closely. Recall that the Ricci tensor Ry of the Kéhler metric > 9,5 dxj dTy
is defined by ,
R g
i k

If the Ricci tensor is a constant multiple of the fundamental tensor gz,

(5.8) Rg=r 97
then the metric is called a Kdhler-Finstein metric. Suppose that this is the case.
If k # 0, then
W(r) = - log g(a)
can serve as the Kahler potential, and the corresponding function a equals

a(z) = g(z)"V".
Thus a(z)® du(x) = a(z)®* dz/7", and, consequently,

B, = Bozfl/rm

i.e. the two Berezin transforms, as well as both quantization procedures, are (in the
obvious sense) identical.
When k = 0 and €2 is simply connected, the equations

0%log g B
8Ij 0T},

imply that logg is the real part of an analytic function, i.e. ¢ = |H|? for some
zero-free analytic function H on . Thus du(x) = |H(x)|? dx/7", and it follows
that the mapping

f—f-H

is a Hilbert space isomorphism of A2 onto Aﬁ, for any a > 0. Consequently,

Ko(2,y) = H(x)H (y) Ko(,7),

hence _
K. (z,7)]? K. (z,7)|?
R0 ) [Kalw D,
Ko(y, ) Ka(y,7)
and it follows that B
B, = B,

for all a, and we arrive at the same conclusion as in the preceding paragraph. (We
won’t discuss the case when x = 0 and € is not simply connected.)

Apparently, Kéhler-Einstein metrics are a very canonical object and deserve
further study regarding the possibility of applying the Berezin quantization to them.
When 2 is a bounded pseudoconvex domain in C™, a deep theorem of Cheng and
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Yau ([ChY], [BFG, Chapter 11], [MY]) asserts that there exists a unique Kéahler-
Einstein metric (called the Poincaré metric) >, g;5 dzj dZy on § for which (5.8)
holds with, say, Kk = 1 and which satisfies

(5.9) o= det(r) = sy

where the function u(z) is positive on  and has a zero of order exactly one on 9.
Note that, since the Kahler-Einstein condition (5.8) is invariant under biholomor-
phic maps, it follows from the uniqueness of the Poincaré metric that it is invariant
under Aut(?) in the sense discussed above.

If Q is a bounded pseudoconvex domain in C™ and w is the Kéhler form corre-
sponding to the Poincaré metric (with « = 1), then

U =1logg
can serve as the potential; the corresponding function a = e~ Y is thus equal to
a(z) = u(z)" .
Our assumption (E’) now requires that u(z) be extendable to a sesquimeromorphic
function u(z,7) on Q x 2. Although the function u(z) is known to be C*¥ on
[DK],!! it seems unclear whether such an extension exists; it is certainly tempting
to conjecture that it does, and, likewise, to conjecture that the condition (A”) is

fulfilled for the corresponding reproducing kernels. In view of (5.8), (2.23), and
Corollary 2.6, ¢, =1 and

= 3 3 = 3
B(z,7) = —5Alog g(w) = = S Mg = ~on,
i,k

which is independent of z, so (A”) reads just
. —\ n 3 n—1 n—2
Kqo(z,9)a(z, )" =a” — Jna +0(a"™%)

with the O uniform in z for each fixed y. Though it may be too far-fetched to expect
this to hold, we conjecture that, in the analogy with the situation in Example 2.15
(formula (2.44)),

(5.10) Ko (z,9)a(z,9)" = P(a) + O(v*)  Vz,y€Q

for any bounded pseudoconvex domain €2 C C™ with the Poincaré metric, where
P(a) is a polynomial in « with leading term o™ and 0 < v = y(z,7) < 1.

Example 5.4. For any ¢ <0,
D.={z€ C?: Rez; > |2|*+ clog|z|*}

M For strongly pseudoconvex domains with C® boundary, this was already proved in [ChY].
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is an (unbounded) strongly pseudoconvex domain in C2, and
(Rez — |z2|* — clog |z2]*) 3

serves as a potential of the Poincaré metric on D..'?2 (For ¢ > 0, the metric is
still K&hler-Einstein, but it degenerates at points with zo = 0.) What are the
reproducing kernels?

For ¢ = 0, Dy is just the unbounded (tube domain) realization of the unit ball
(via the Cayley transform), so we get nothing new; for general ¢, the behaviour of
the kernels is unknown.

5.5. Curvature. The number

R:=> g"Ry = ZgEiL%gg = Alogg  (by 2.23)
' - ik - 8ZJ8§]€ ¥
3k Jik
is known as the scalar curvature of the Kéhler form w [BFG, Section V.2]. From

Corollaries 2.6 and 4.2, we therefore obtain the following geometric property which
is implied by our assumptions:

Proposition 5.6. Assume that (E'), (A’) and (C') (or (E¥*), (A*), (C*1) and
(C*2)) are fulfilled. Then the scalar curvature R(z) extends to a bounded sesqui-
analytic function R(z,g) on Q x Q.

The above corollaries can also be used for obtaining formulas for the scalar curva-
ture in those cases where we were able to compute the reproducing kernels explicitly
(Examples 2.13 and 2.14, 3.19-3.21, 3.23, 3.29-3.30, and 4.16-4.18). For the do-
mains Dp in Sections 3 and 4, the curvature R(z) depends, remarkably, only on
the expression w(z) = |22|2/F(|21]?). (For the complex ellipsoids in Example 3.19
this, of course, follows directly from (5.6) and from the fact that curvature is a
biholomorphic invariant.)

5.7. Exact vs. asymptotic formulas for the reproducing kernels. Examples
3.19 and 3.30 (with p = 1) and 2.13, 2.14 were the only ones we have encountered
for which the assumption (A’) was fulfilled with B(z,7) and C(z,7, «) constant:

(5.11) Ko(x,7) = a(x,y)” - (a polynomial in o with leading term ™).

It turns out, moreover, that Example 3.30 is actually only a “consequence” of
Example 3.19. Let us explain this in more detail.

We will agree to call a set £ C Q negligible if E has Lebesgue measure zero
and for any open set U intersecting F, every square-integrable (with respect to the
Lebesgue measure) analytic function on U \ E extends to an analytic function on
all of U. Observe that the positivity and continuity of a(x,Z) implies that for any
negligible set £ C  and any a > 0, the restriction mapping f + flo\g is an
isomorphism of A2(Q,a%du) onto A2(Q\ E,a®dp). A domain Q will be said to
be subordinate to (2 if there exist negligible sets E C €2, E ¢ Q and a holomorphic

I2Note that, as D, is unbounded, the Cheng-Yau theorem does not apply in this case. It seems
to be rather unclear what is the situation regarding the existence of K&hler-Einstein metrics on
unbounded domains.
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mapping ¢ : ! — Q such that ¢ is a biholomorphism of 2\ £ onto Q\ E. (N.B.:
¢ is defined on all of Q.) It follows from the change-of-variable formula

| ireoPa@oordi= [ |Pata
O\E Q\E

and from the above observation that the mapping f — f o ¢ is a Hilbert space
isomorphism of A2 (€2, a“du) onto A% (), a® dfi), granted we define a(z,y) on € by

(5.12) a(z,g) = a(¢(x), 6(y))

(and, consequently, 9% by (9;5) = Js - (950 8) - I3, as in (5.1), so that dji(z) =
du(¢(x))). The reproducing kernels therefore satisfy

Ka(z,7) = Ka(o(2), 6(y)),

and it’s immediate that the validity of (5.11) for K, follows from the validity of
(5.11) for K, (i.e. if things go well on €, they also go well on ).

Now apply this argument to Q = Dp, and Q = Dp, where Fy(t) = (1 — )P and
F(t) = Fy(t)/t. The mapping

¢ : (.%'1,.%'2) S DF — (.%'1,.%'1.%'2) S DFO

is a biholomorphism of D \ E onto D, \ E, where the subsets E, E consist of all
points x with 3 = 0. A simple argument based on the Laurent expansions in the
zo-variable shows that both E and E are negligible. Finally, the function a(z,7)
given by (5.12) differs from ap(z,7) only by a multiplicative factor z17;, which can
be disposed of by using an equivalent Ké&hler potential on € (cf. Proposition 2.7).
Thus, the validity of (A’) on the complex ellipsoid Dp, (Example 3.19) implies its
validity for Dp (Example 3.30). In particular, for p = 1, the validity of (5.11) for
the domain D, F = (1 —t)/t, follows from its validity for the unit ball in C2.

Remark 5.8. Slightly adapted (in the spirit of Examples 2.15 and 2.16), the above
argument can be used also for holomorphic coverings of one domain 2 onto a subset
Q \ E of another domain Q, where E is negligible. As an application, observe that
the mapping (21, z2) — (22, e~ *'/2) is a holomorphic covering of the “tube” domain
Do from Example 5.4 onto the Springer domain (Example 3.20) with the axis zo =0
removed. Composing with the Cayley transform, we see that the Springer domain
with the axis removed is covered by the unit ball. From the validity of (5.11) on the
ball, we can therefore deduce that (5.10) must hold for the induced metric, given
by ¥ = —loga, a(x) = (—|z1]|* — log|z2|?)?, on the Springer domain. (This can
also be checked by direct computation, using Lerch’s inversion formula, in a similar
way as in the last section of [EP].) We omit the details.

Thus, generally speaking, we still don’t have any other example of a Kéahler
manifold satisfying (5.11) than Q = C™ and Q a bounded symmetric domain. Is
it true that every Kéhler manifold for which (5.11) holds is subordinate to one of
these two?
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