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BEREZIN-TOEPLITZ QUANTIZATION AND BEREZIN TRANSFORM

M A R T IN SC H L IC H ENM A lE R

A B STRA C T . In th is le e tu re re su lts o n th e B e re z in - T o ep litz q u an tiz a tio n o f a rb itra ry eom -

p ae t q u an tiz ab le K äh le r m an ifo ld s a re p re sen te d . T h e se re su lts a re o b ta in ed in jo in t w o rk

w ith M . B o rd em an n an d E . M e in ren k en . T h e ex is te n e e o f th e B e re z in - T o ep litz d e fo rm a tio n

q u an tiz a tio n is a lso eo v e red . R ee en t re su lts o b ta in ed in jo in t w o rk w ith A . K a rab eg o v o n

th e a sym p to tie ex p an s io n o f th e B e re z in tra n s fo rm fo r a rb itra ry q u an tiz ab le eom p ae t K äh le r

m an ifo ld s a re ex p la in ed . A s an ap p lie a tio n th e a sym p to tie ex p an s io n o f th e F u b in i-S tu d y

fu n d am en ta l fo rm un d e r th e eo h e ren t s ta te em b ed d in g is eo n s id e red . S om e eom m en ts o n th e

d y n am ie s o f th e q u an tum op e ra to rs a re g iv en .

(T h is is a n ex ten d ed w rite -u p o f an in v ite d le e tu re p re sen te d a t th e w o rk sh o p "A sym p to tie

p ro p e r tie s o f tim e ev o lu tio n s in c la s s ic a l a n d q u an tum sy s tem s" , S ep tem b e r 1 3 -1 7 , 1 9 9 9 ,

B o lo g n a , I ta ly .)

1. IN T R O D U C T IO N

In th is le c tu re I w ou ld lik e to p re sen t re su lts o n th e q u an tiz a tio n o f com p ac t K äh le r m an i-

fo ld s . M o re p re c ise ly , I c o n s id e r th e B e re z in - T o ep litz q u an tiz a tio n an d its re la te d B e re z in -

T o ep litz d e fo rm a tio n q u an tiz a tio n . T h e se q u an tiz a tio n sch em es a re v e ry m u ch ad ap ted to

th e s itu a tio n w h e re th e p h a se -sp a c e m an ifo ld is a K äh le r m an ifo ld (M, w). W here a s th e b a s ic

o b je c ts c an b e d e f in ed fo r a rb itra ry K äh le r m an ifo ld s th e m e th o d s em p lo y ed in th e p ro o fs

o f th e th eo rem s re ly o n th e com p ac tn e ss o f M. T h is is th e re a so n th a t I w ill re s t r ie t th e

p re sen ta tio n to com p ac t K äh le r m an ifo ld s from th e b eg in n in g .

T h e b a s ic se t-u p is th e se t-u p o f g eom e tr ie q u an tiz a tio n . F irs tly , th is m ean s th a t th e

K äh le r fo rm w en d ow s th e a lg eb ra o f d iffe re n tia b le fu n c tio n s o n M w ith a P o is so n s tru c tu re .

S e co n d ly , w e a ssum e th a t th e K äh le r m an ifo ld is a q u an tiz ab le K äh le r m an ifo ld , i .e . it a dm its

a h o lom o rp h ic q u an tum lin e b u n d le w ith cu rv a tu re e ssen tia lly eq u a l to th eK äh le r fo rm . T o

ev e ry d iffe re n tia b le fu n c tlo n o n M th e re ex is ts a fam ily o f T o ep litz o p e ra to rs Tjm) (m E N o )

o p e ra tin g o n th e sp a c e o f g lo b a l h o lom o rp h ic se c tio n s o f th e m -th te n so r p ow e r o f th e q u an tum

lin e b u n d le . In th is w ay o n e o b ta in s th e B e re z in - T o ep litz q u an tiz a tio n . T h e se t-u p is ex p la in ed

in d e ta il in S e c tio n 2 . I t w a s sh ow n by B o rd em an n , M e in ren k en an d m y se lf [4 ] th a t th e

B e re z in - T o ep litz q u an tiz a tio n h a s th e co rre c t sem i-c la s s ic a l b eh av io u r fo r m ---+ 0 0 . T h e

re su lts a re p re sen te d in S ec tio n 3 .

T h e p ro o fs e s sen tia lly u se th e th eo ry o f g en e ra liz ed T o ep litz o p e ra to rs d ev e lo p ed b y B ou te t

d e M onv e l an d G u illem in [5 ] . A sk e tc h o f th e te ch n iq u e s in v o lv ed is g iv en in S ec tio n 4 . W ith

Date: S ep tem b e r 2 3 , 2 0 0 0 .

Key words and phrases. d e fo rm a tio n q u an tiz a tio n , K äh le r m an ifo ld s , B e re z in tra n s fo rm , sem i-c la s s ie a l a p -

p ro x im a tio n , B e re z in -T o ep litz q u an tiz a tio n , g eom e tr ie q u an tiz a tio n , T o ep litz o p e ra to rs , B e rgm an k e rn e l.
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th e s am e te c h n iq u e s i t is p o s s ib le to c o n s tru c t a fo rm a l d e fo rm a tio n q u a n tiz a t io n (a ls o c a l le d

a s ta r p ro d u c t) [1 8 ] '[2 0 ] '[2 2 ] . T h e re s u l ts a re a ls o p re s e n te d in S e c t io n 3 .

. A s i t is s h ow n in jo in t w o rk w ith A . K a ra b e g o v [1 4 ] th e o b ta in e d s ta r p ro d u c t h a s s om e n ic e

p ro p e r t ie s ( i .e . " s e p a ra t io n o f v a r ia b le s " , s e e b e lo w ) . O n th e w a y to p ro v e th e s e p ro p e r t ie s

i t is s h ow n th a t th e B e re z in tra n s fo rm h a s a n a sym p to t ic e x p a n s io n o f c e r ta in ty p e . T h is

re s u l ts is o f in d e p e n d e n t in te re s t . T h e B e re z in tra n s fo rm a s so c ia te s to th e fu n c t io n f v ia i ts

T o e p li tz o p e ra to r Tjm) a n d th e c o v a r ia n t B e re z in s ym b o l O"(Tjm)) o f th is o p e ra to r a n o th e r

d if fe re n t ia b le fu n c t io n JC m ) ( f ) . I ts a s ym p to t ic s fo r m ~ 0 0 c a r r ie s im p o r ta n t in fo rm a tio n .

S om e o f th e re s u l ts o b ta in e d in [1 4 ] a re e x p la in e d in S e c t io n 5 a n d in th e a p p e n d ix .

A p p lic a t io n s o f th e a sym p to t ic e x p a n s io n s a re g iv e n in S e c t io n 6 . B e s id e a n o th e r p ro o f o f

o n e p a r t o f th e c o r re c t s em i-c la s s ic a l b e h a v io u r o f th e B e re z in - T o e p li tz q u a n tiz a t io n s c h em e ,

th e a sym p to t ic e x p a n s io n o f th e p u ll-b a c k o f th e F u b in i-S tu d y fo rm o f th e p ro je c t iv e s p a c e

in w h ic h th e m a n ifo ld is em b e d d e d u s in g th e g lo b a l h o lom o rp h ic s e c t io n s o f th e m - th te n so r

p ow e r o f th e q u a n tum lin e b u n d le fo r m ~ 0 0 is id e n t if ie d . T h e e x is te n c e o f s u c h a n a sym p -

to t ic e x p a n s io n w a s p ro v e n b y Z e ld i tc h [2 6 ] . H e re , w e sh ow th a t i t c a n b e id e n t if ie d (a f te r

a s s ig n in g to th e a sym p to t ic e x p a n s io n a fo rm a l fo rm ) w ith th e c la s s ify in g K a ra b e g o v fo rm fo r

th e " o p p o s i te d u a l" s ta r p ro d u c t to th e B e re z in ~ T o e p li tz s ta r p ro d u c t .

T h e re s u l ts p re s e n te d a re m a in ly d e a l in g w ith k in em a tic s . I t is p o s s ib le to s tu d y d y n am ic s

b y c o n s id e r in g o p e ra to r s o n th e c o lle c t io n o f q u a n tum H ilb e r t s p a c e s g iv e n b y th e sp a c e o f

g lo b a l h o lom o rp h ic s e c t io n s o f th e q u a n tum li n e b u n d le a n d its te n so r p ow e rs . S om e c om m en ts

c a n b e fo u n d in S e c t io n 7 . F u r th e r w o rk is in p ro g re s s . T h e re a re s om e re su l ts in th is f ie ld

d u e to Z e ld i tc h [2 5 ] ' a n d o th e r s .

F in a l ly , I l ik e to th a n k th e o rg a n iz e r s o f th e w o rk sh o p S . G ra f f i a n d A . M a r t in e z fo r th e k in d

in v i ta t io n to p re s e n t th e s e re s u l ts , a n d th em a n d o th e r p a r t ic ip a n ts fo r s t im u la t in g d is c u s s io n s .

I a ls o l ik e to th a n k M . E n g lis fo r b r in g in g th e w o rk o f Z e ld i tc h to m y a tte n t io n .

2 . THE SET-UP

In th e fo l lo w in g w e c o n s id e r o n ly p h a s e - s p a c e m a n ifo ld s w h ic h c a r ry th e s tru c tu re o f a

c om p a c t K ä h le r m a n ifo ld (M , w) . In p a r t ic u la r , w e ta k e a s s ym p le c t ic fo rm th e K ä h le r

fo rm w w h ic h is a n o n -d e g e n e ra te c lo s e d p o s i t iv e (1 , l ) - fo rm . I f th e c om p le x d im e n s io n o f M

is n th e n th e K ä h le r fo rm w c a n b e w r i t te n w ith re s p e c t to lo c a l h o lom o rp h ic c o o rd in a te s

{ Z d i= l , . . . ,n a s

(2 .1 )

n

W = i L 9 i j ( z )d z i 1\ d z j ,

i , j= l

w ith lo c a l fu n c t io n s 9 i j (Z ) s u c h th a t th e m a tr ix (9 i j ( z ) k j= 1 , . . . ,n is h e rm it ia n a n d p o s i t iv e

d e f in i te .

D e n o te b y C O O (M ) th e a lg e b ra o f c om p le x -v a lu e d (a rb i t r a ry o f te n ) d if fe re n t ia b le fu n c t io n s

w ith a s s o c ia t iv e p ro d u c t th e p o in t-w is e m u lt ip l ic a t io n . U s in g th e K ä h le r fo rm w o n e a s s ig n s

to e v e ry f E C O O (M ) i ts H am il to n ia n v e c to r f ie ld X j a n d to e v e ry p a ir o f fu n c t io n s fa n d 9

th e P o is s o n b r a c k e t { . , .} v ia

(2 .2 ) w (X j , .) = d f( .) ,
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W ith th e P o is s o n b ra c k e t COO (M ) b e c om e s a Po isson a lg eb ra . T h is m e a n s th a t { . , .} d e f in e s

a n a d d i t io n a l L ie a lg e b ra s tru c tu re o n COO (M ) w h ic h fu lf i l ls a s c om p a tib i l i ty c o n d i t io n w ith

th e a s s o c ia t iv e s tru c tu re th e L e ib n iz ru le {Ig , h } = I{g , h } + {I, h }g .

T h e K ä h le r m a n ifo ld (M , w) is c a l le d quan tizab le i f th e re e x is ts a n a s s o c ia te d q u a n tum lin e

b u n d le (L , h , \7 ) , w h e re L is a h o lom o rp h ic l in e b u n d le L o v e r M , h a H e rm it ia n m e tr ic o n

L , a n d \7 a c o n n e c t io n c om p a tib le w ith th e m e tr ic h a n d th e c om p le x s tru c tu re (a n d h e n c e

u n iq u e ly f ix e d ) , s u c h th a t th e c u rv a tu re fo rm o f th e c o n n e c t io n a n d th e K ä h le r fo rm w o f th e

m a n ifo ld a re re la te d a s

(2.3) cu rvL ,v (X , Y) := \7x\7y - \7y\7x - \7[X,Y] = - iw (X , Y) .

E q u a t io n (2 .3 ) is c a l le d th e quan tiza tion cond itio n . I f th e m e tr ic is r e p re s e n te d a s a fu n c t io n

h w ith re s p e c t to lo c a l c om p le x c o o rd in a te s a n d a lo c a l h o lom o rp h ic f ram e o f th e b u n d le th e

q u a n t iz a t io n c o n d i t io n re a d s a s i a 8 lo g h = w .

E xam p le . T h e R iem a n n sp h e re , (L e . th e c om p le x p ro je c t iv e l in e ) lP'(C) = C U { o o } ~ 82
.

W ith re s p e c t to th e q u a s i-g lo b a l c o o rd in a te z th e fo rm c a n b e g iv e n a s

1

(2.4) w = (1 + zz)2 d z /\ d z .

T h e q u a n tum lin e b u n d le L is th e h y p e rp la n e b u n d le . F o r th e P o is s o n b ra c k e t o n e o b ta in s

(2.5) {I, g } = i (1 + zz)2 (8 ~ . 8g _ 81 8 ~ )
8 z 8 z 8 z 8 z

D

E xam p le . T h e (c om p le x - ) o n e d im e n s io n a l to ru s M . U p to is om o rp h y i t c a n b e g iv e n a s

M = c/r 7" w h e re r7" := {n + mT I n, m E Z } is a la t t ic e w ith Im T > O . A s K ä h le r fo rm w e

ta k e

17r

(2.6) w = -I -d z /\ d z ,
mT

w ith re s p e c t to th e c o o rd in a te z o n th e c o v e r in g s p a c e C . C le a r ly th is fo rm is in v a r ia n t u n d e r

r7" a n d h e n c e w e ll-d e f in e d o n M. T h e c o r re s p o n d in g q u a n tum li n e b u n d le is th e th e ta l in e

b u n d le o f d e g re e 1, i .e . th e b u n d le w h o s e g lo b a l s e c t io n s a re s c a la r m u lt ip le s o f th e R iem a n n

th e ta fu n c t io n . F o r th e P o is s o n b ra c k e t o n e o b ta in s

(2.7) { /,g } = i Im T (8 ~ . 8g _ 81 8 ~ ) .

7 r 8 z 8 z 8 z 8 z

D

T h e q u a n t iz a t io n c o n d i t io n (2 .3 ) im p lie s th a t L is a p o s i t iv e l in e b u n d le . B y th e K o d a ira

em b e d d in g th e o rem L is am p le , w h ic h s a y s th a t a c e r ta in te n s o r p ow e r Lm o o f L is v e ry am p le ,

i .e . th e g lo b a l h o lom o rp h ic s e c t io n s o f Lm o c a n b e u s e d to em b e d th e p h a s e s p a c e m a n ifo ld

M in to p ro je c t iv e s p a c e ( th e em b e d d in g w il l b e e x p la in e d in a s e c o n d ) . In th e fo l lo w in g w e

w il l a s s u rn e L a lre a d y to b e v e ry am p le . I f L is n o t v e ry am p le w e c h o o s e m o E N su c h th a t

th e b u n d le Lm o is v e ry am p le a n d ta k e th is b u n d le a s q u a n tum li n e b u n d le w ith re s p e c t to

th e K ä h le r fo rm mow o n M. T h e u n d e r ly in g c om p le x m a n ifo ld s tru c tu re is n o t c h a n g e d .

W e c h o o s e lo c a l h o lom o rp h ic c o o rd in a te s z fo r M a n d a lo c a l h o lom o rp h ic f ram e e ( z)

fo r . th e b u n d le L . A fte r th e s e c h o ic e s th e b a s is So , S l, ... , SN fo r rho l(M , L ), th e s p a c e o f
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g lo b a l h o lo m o r p h ie s e c t i o n s o f th e b u n d le L, c a n b e u n iq u e ly d e s c r ib e d b y lo c a l h o lo m o r p h ic

f u n c t i o n s So, .S I , . . . , SN d e f in e d v i a Sj(z) = sj(z)e(z). T h e e m b e d d in g i s g iv e n b y th e m a p

( 2 .8 )

N o te th a t t h e p o in t 4>(z) i n p r o j e c t i v e s p a c e n e i t h e r d e p e n d s o n th e c h o ie e o f lo c a l c o o r d in a t e s

n o r o n th e c h o ie e o f th e lo c a l f r a m e f o r th e b u n d le L. A d i f f e r e n t c h o i e e o f b a s i s i s e q u iv a l e n t

u n t e r a P G L (N , C ) a c t i o n o n th e e m b e d d in g s p a c e . B y th i s e m b e d d in g w e s e e th a t q u a n t i z a b l e

c o m p a c t K ä h le r m a n i f o ld s a r e a s c o m p le x m a n i f o ld s p to j e c t i v e a lg e b r a i e m a n i f o ld s . T h e

c o n v e r s e i s a l s o t r u e , s e e [ 2 0 ] '[ 1 ] . N o te th a t t h e e m b e d d in g i s a n e m b e d d in g a s c o m p le x

m a n i f o ld s n o t a n i s o m e t r i e e m b e d d in g a s K ä h le r m a n i f o ld s .

T o in t r o d u c e a s c a l a r p r o d u c t o n th e s p a c e o f s e c t i o n s w e ta k e th e L io u v i l l e f o rm n = -\wl\n
n.

a s v o lu m e f o rm o n M a n d s e t f o r th e s c a l a r p r o d u c t a n d th e n o rm

( 2 .9 ) (<p,7/J):= L h(<p,7/J)!!, 11<p11 := J(<p, <p) ,

o n th e s p a c e r oo(M, L) o f g lo b a l C o o - s e c t i o n s . L e t L 2 (M, L) b e th e L
2
- c o m p le t i o n o f r oo(M, L),

a n d rhol(M, L) b e i t s ( d u e to th e c o m p a c tn e s s o f M) f i n i t e - d im e n s io n a l c lo s e d s u b s p a c e o f

g lo b a l h o lo m o r p h ic s e c t i o n s . L e t I I : L2(M, L) - - - * rhol(M, L) b e th e p r o j e c t i o n .

Definition 2.1. F o r f E COO(M) t h e Toeplitz operator Tj i s d e f in e d to b e

( 2 .1 0 ) Tj := II(f.): rhol(M, L) - - - * rhoz(M, L) .

I n w o r d s : O n e t a k e s a h o lo m o r p h ic s e c t i o n s a n d m u l t i p l i e s i t w i th th e d i f f e r e n t i a b l e f l i n c -

t i o n f. T h e r e s u l t i n g s e c t i o n f .S w i l l o n ly b e d i f f e r e n t i a b l e . T o o b ta in a h o lo m o r p h ie s e c t i o n

o n e h a s to p r o j e c t i t b a c k o n th e s u b s p a c e o f h o lo m o r p h ic s e c t i o n s .

T h e l i n e a r m a p

( 2 .1 1 )

i s t h e Berezin- Toeplitz quantization map. B e c a u s e in g e n e r a l Tj Tg = I I (f.) I I (g.) I I =1=

I I (fg.) I I = Tjg, i t i s n e i t h e r a L ie a lg e b r a h o m o m o r p h i sm n o r a n a s s o c i a t i v e a lg e b r a h o -

m o m o r p h i sm . T h e B e r e z in - T o e p l i t z q u a n t i z a t i o n i s a m a p f r o m th e c o m m u ta t i v e a lg e b r a o f

f u n c t i o n s to a n o n c o m m u ta t i v e f in i t e - d im e n s io n a l (m a t r i x ) a lg e b r a . T h e f in i t e - d im e n s io n a l i t y

i s d u e to c o m p a c tn e s s o f M. A lo t o f c l a s s i c a l i n f o rm a t io n w i l l g e t l o s t . T o r e c o v e r th i s

i n f o rm a t io n o n e s h o u ld c o n s id e r n o t ju s t t h e b u n d le (L, \ 7 , h) a lo n e b u t a l l i t s t e n s o r p o w e r s

(Lm, \ 7 (m ) , h(m)) (w e u s e th e n o t a t i o n Lm:= L0m) a n d a p p ly th e a b o v e c o n s t r u c t i o n s f o r

e v e r y m E N o . N o te th a t i f h c o r r e s p o n d s to th e m e t r i c h w i th r e s p e c t t o a lo c a l h o lo m o r p h ic

f r a m e e o f th e b u n d le L t h e n h m c o r r e s p o n d s to th e m e t r i c h(m) w i th r e s p e c t t o th e f r a m e eQ9m

f o r th e b u n d le Lm. I n th i s w a y o n e o b ta in s a f a m i ly o f f i n i t e - d im e n s io n a l (m a t r i x ) a lg e b r a s

a n d a f a m i ly o f m a p s

( 2 .1 2 )

T h i s in f in i t e f a m i ly s h o u ld in s o m e s e n s e " a p p r o x im a te " th e a lg e b r a COO(M).
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3 . TH E SEM I-C LA SS ICA L BEHAV IOUR AND THE BEREZ IN -T oEPL ITZ D EFORM AT ION

QUANT IZA T ION

Fo r th e res t o f th e lec tu re le t (M , w) be a fix ed quan tizab le eom pae t K äh le r m an ifo ld and

(L, h) a fix ed very am p le quan tum lin e fo r it. B eeau se th e eonnee tion is un ique ly fix ed I w ill

d rop it in th e no ta tion . D eno te fo r l E C oo (M ) by Ilflloo th e sup -no rm o f f on M and by

(3 .1 ) IIT jm) 1I:= sup IITr) s ll

SE rho l(M ,L 1n ) Ilsll
si:O

th e opera to r no rm w ith respee t to th e ana logue o f (2 .9 ) on fh o l(M , Lm
). The fo llow ing

th eo rem w as show n in 1994 .

O(~) .
m

(3 .2 )

Theo rem 3 .1 . [B o rd em ann , M e in ren ken , S eh lieh enm a ie r j

( a ) F o r eve ry f E C
oo

(M ) th e re ex is ts C > 0 su~ h th a t

Ilflloo - ~ < 11Tjm) 11 <

In p a r tieu la r , limm-+oo 11Tjm)11 =llflloo.
(b ) F o r eve ry f, 9 E C oo (M )

(3 .3 ) 11m i [T(m) T(m)] - T(m) 11 =
f ' 9 { j,g }

(e ) F o r eve ry f, 9 E C oo (M )

(3.4) IITjm)TJm) - Tj~) 11

IIflloo .

O (~ ) .
m

These resu lts a re eon ta in ed in T heo rem 4 .1 ,4 .2 , re sp . in S ee tion 5 in [4 ]. N o te th a t (e )

g ene ra lizes triv ia lly to fin ite ly m any fune tion s .

In [3 ] th e no tion o f L e i! re sp . g l(N } , re sp . su (N ) quasi-lim it w as u sed in trodueed . It is

re la ted to th e eoneep t o f eon tinuou s fie ld s o f C * -a lg eb ras and th e no tion o f s trie t quan tiza tion

(see [15 ] '[17 ]) fo r th e de fin ition s). It w as eon jee tu red in [3 ] th a t fo r eve ry eom pae t K äh le r

m an ifo ld th e Po isson a lg eb ra o f fune tion s is a g l(N ) quasi-lim it. T h is w as p roved in [4 ]. T he

resu lt is o f sp ec ia l in te re s t in th e th eo ry o f m em branes . It fo llow s a lso th a t th e B erez in - T oep litz

quan tiza tion is as trie t quan tiza tion .

R em a rk . There is ano th e r g eom etrie eoneep t o f quan tiza tion , th e g eom e tr ie q u an tiza tio n in tro -

dueed by K ostan t and Sou riau . D ue to a resu lt o f T uynm an [23 ] (see a lso [3 ] fo r a eoo rd in a te

independen t p roo f) fo r eom pae t K äh le r m an ifo ld s bo th quan tiza tion sehem es have th e sam e

sem i-c la ss ica l b ehav iou r. M o re p rec ise ly , if Q }m ) deno tes th e w e ll-know n opera to r o f g eom etrie

quan tiza tion w ith respee t to K äh le r po la riza tion , and .ß is th e L ap lae ian w ith respee t to th e

K äh le r m e trie g iv en by w th en Q }m ) = i . T j:~ ~ ~ r

W ith th e he lp o f T oep litz ope ra to rs it is po ss ib le to eon stru e t ade fo rm a tion quan tiza tion .

A ,d e fo rm a tio n quan tiza tio n is g iv en by a s ta r p ro d u c t. I w ill u se bo th te rm s in te rehangeab le .

T o fix th e no ta tion and th e fae to rs o f i le t m e reea ll th e de fin ition o f a -s ta r p rodue t. L e t

A = C oo (M )[[v ]] be th e a lg eb ra o f fo rm a l pow er se rie s in th e va riab le v over th e a lg eb ra
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COO(M).A p ro d u c t * o n A is c a lle d a ( fo rm a l) s ta r p ro d u c t fo r M (o r fo r COO(M)) i f i t is a n

a s so c ia tiv e C [[v ] ] - l in e a r p ro d u c t w h ic h is v -a d ic a lly c o n tin u o u s su c h th a t

1 . A/vA ~ COO(M), i .e . f * 9 m od v = f . g,

2. ~(f * 9 - 9 * f) m od v = - i {f, g},
v

w h e re f, 9 E COO(M).

W e can w rite

(3 .5 )

0 0

f * 9 =L Cj(f,g)v
j

,

j=O

w ith Cj(f,g) E COO(M). T h e Cj sh o u ld b e C -b il in e a r in fa n d g. T h e c o n d it io n s 1 . a n d 2 .

c a n b e re fo rm u la te d a s

(3 .6 ) Co(f,g) = f. g, a n d

B y th e v -a d ic c o n tin u ity (3 .5 ) f ix e s * o n A.

Theorem 3.2. There exists a unique (formal) star product *Br for M

0 0

(3.7) f *Br 9 :=L vjCj(f, g), Cj(f, g) E COO(M),

j=O

in such a way that for f, 9 E COO(M) and for every N E N we have with suitable constants

KN(f, g) for alt m

(3.8) IIT(m)T(m) -~. (~)j T(~) 11 ~ KN(f, g) (~) N .
f 9 L ..t m c) (I,g) m

. O~j<N

T h is th e o rem h a s b e e n p ro v e n im m ed ia te ly a f te r [4 ] w a s f in ish e d . I t h a s b e e n a n n o u n c e d

in [2 0 ] ,[1 9 ] a n d th e p ro o f w a s w rit te n u p in G e rm an in [1 8 ] . A com p le te p ro o f p u b lish e d in

E n g lish c a n b e fo u n d in [2 2 ] .

1 £ w e w rite

(m -- -* o o )(3 .9 )
T(m) . T(m) r-..J 00 (~)j T(m)
f 9 ~ m Cj(l,g)

J=O

in th e fo llow in g w e w ill a lw ay s a s su rn e th e s tro n g a n d p re c is e s ta tem en t o f (3 .8 ) . T h e sam e is

a s sum ed fo r o th e r a sym p to tic fo rm u la s a p p e a r in g fu r th e r d ow n in th e a r t ic le .

In th e p ro o f o f th e a b o v e th e o rem s th e c o n c e p t o f T o e p li tz s tru c tu re d u e to B o u te t d e

M o n v e l a n d G u illem in [5 ] is em p lo y e d . In S e c tio n 4 I w ill e x p la in th is s tru c tu re a n d g iv e a

sk e tc h o f th e p ro o f o fR e la tio n (3 .3 ) . In S e c tio n 6 .1 I w ill g iv e a p ro o f o f R e la tio n (3 .2 ) u s in g

re su lts o n th e B e re z in tra n s fo rm . In th e o r ig in a l a r t ic le [4 ] a d if fe re n t p ro o f w a s p re s e n te d .

A fu r t h e r in v e s tig a tio n sh ow s th a t th e B e re z in - T o e p li tz d e fo rm a tio n q u a n tiz a tio n h a s so m e

im p o r ta n t p ro p e r tie s (s e e [2 2 ] fo r d e f in it io n s a n d p ro o fs ) . I t is " n u ll o n c o n s ta n ts " , i .e . 1 *
f = f * 1 = f. I t is s e lfa d jo in t , i .e . f * f = 9 * 1. I t a dm its a tra c e . A s it is sh ow n

in [1 4 ] it is lo c a l a n d fu lf i l ls th e " s e p a ra tio n o f v a r ia b le s " p ro p e r ty . L o c a li ty m e an s th a t

suppCj(f,g) ~ suppf n suppg fo r a ll f,g E COO(M). F rom th e lo c a li ty p ro p e r ty it fo llow s

th a t th e Cj a re b id if fe re n tia l o p e ra to rs a n d th a t th e g lo b a l s ta r p ro d u c t d e f in e s fo r e v e ry

o p e n su b se t U o f M a s ta r p ro d u c t fo r th e P o is so n a lg e b ra COO(U). "S e p a ra tio n o f v a r ia b le s "
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[13 ] m eans tha t f * k = I . k and k * 9 = k . 9 fo r (lo ca lly defin ed ) ho lom orph ic func tion s g ,

an tiho lom orph ic func tion s I , and arb itra ry func tion s k . N ote tha t in K arabegov 's no ta tion

the rö les o f th e ho lom orph ic and an tiho lom orph ic func tion s is sw itched .

4 . THE TOEPL ITZ STRUCTURE

In [4 ] th e se t-up fo r th e p roo f o f th e app rox im ation resu lts w as g iven . L e t m e reca ll fo r

fu rt h e r re fe rence the m ain defin ition s . A m ore de ta iledexposition can be found in [18 ]. Take

( U , k ) := ( L *, h -
1
) th e dua l o f th e very am p le quan tum line bund le w ith dua l m etric k ,

Q := {.\ E U I k ( . \ , . \ ) = 1} th e un it c irc le bund le in side U , and 7 : Q ~ M th e p ro jec tion .

N o te tha t fo r th e p ro jec tiv e space w ith quan tum line bund le the hyperp lane sec tion bund le

H , th e bund le U is ju st th e tau to log ica l bund le . Its fib re over the po in t z E JIDN (C ) consis ts

o f th e lin e in C N
+

1 w hich is rep resen ted by z . In particu la r, fo r th e p ro jec tiv e space the to ta l

space o f U w ith the zero sec tion rem oved can be iden tified w ith C
N + 1

\ {O } . T he sam e p ic tu re

rem ain s true fo r th e v ia the very am p le quan tum line bund le in p ro jec tiv e space em bedded

m an ifo ld M . The quan tum line bund le w ill b e the puH -back o f H (i.e . its res tric tion to the

em bedded m an ifo ld ) and its dua l is th e pu ll-b ack o f the tau to log ica l bund le .

In the fo llow ing w e use E \ 0 to deno te the to ta l space o f a vec to r bund le E w ith the

im age o f the zero sec tion rem oved . S ta rting from the func tion k ( . \ ) := k ( . \ , . \ ) on U w e define

a := 2 \ (8 - 8) log k on U \ 0 (w ith respec t to the com p lex struc tu re on U ) and deno te by a

its restric tion to Q . N ow d a = 7 *W (w ith d = d Q ) and /1 = 2~ 7*n /\ a is a vo lum e fo rm on

Q . W e have fo rl E C O O (M ) th e re la tion I
Q
( 7 * 1 ) / 1 = IM in . R ecaH tha t n is th e L iouv ille

vo lum e fo rm on M .

W ith respec t to /1 w e take the L 2-com p le tion L 2(Q , /1 ) o f the space o f func tion s on Q . The

genera lized H a rd y s p a c e 1 t is th e c lo su re o f the func tion s in L 2(Q , /1 ) w h ich can be ex tended to

ho lom orph ic func tion s on the w ho le d isc bund le D := {.\ E U I k ( . \ , . \ ) ~ 1} . The genera lized

S z e g ö p r o je c to r is th e p ro jec tion

(4 .1 )

B y the na tu ra l c irc le ac tion the bund le Q is a S1 -bund le and the ten so r pow ers o f U can

be v iew ed as assoc ia ted lin e bund les . T he space 1 t is p rese rved by the S1 -ac tion . It can be

decom posed in to e igen spaces 1 t = rr:= ü 1 t ( m ) w here c E S 1 ac ts on 1 t ( m ) as m u ltip lica tion

by cm . The Szegö p ro jec to r is S 1 invarian t and can be decom posed in to its com ponen ts , th e

B ergm an p ro jec to rsfI(m ) : L 2 ( Q , /1 ) ~ 1 t ( m ) .

Sec tion s o f L
m = U -

m can be iden tified w ith func tion s ' l j J on Q w hich sa tisfy the equ ivari-

ance cond ition ' l j J ( c . \ ) = c m ' l j J ( . \ ) , i.e . w h ich are hom ogeneous o f deg ree m . T h is id en tifica tion

is g iven v ia the m ap

w h ich tu rn s ou t to be an isom etry . R eca ll th a t L 2 (M , L
m

) has a sca la r p roduc t g iven in an

co rrespond ing w ay to (2 .9 ). R estric ted to the ho lom orph ic sec tion s w e ob ta in the isom etry

(4 .3 )
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There is the no t ion o f T oep litz struc tu re (Il,~ ) as developed by B ou te t de M onvel and

G uillem in in [5 ]'[12 ]. H ere Il is the Szegö pro jec to r (4 .1 ) and ~ is the subm an ifo ld

(4 .4 ) ~ = { t a ( , x ) I ,x E Q , t > O} c T * Q \ 0

of the tangen t bund le o f Q defined w ith the he lp o f the I-fo rm a . They show ed tha t ~ is a

sym plec tic subm an ifo ld . A (genera lized ) Toeplitz operator of o rder k is an opera to r A : 1 t ~ 1 t

ofthe fo rm A = Il. R . II w here R is a pseudod iffe ren tia l opera to r (wDO ) of o rder k on Q .

The Toep litz opera to rs bu ild a ring . T he sym bo l o f A is the restric tion o f the p rinc ipa l sym bo l

o f R (w h ich lives on T * Q ) to ~ . N o te tha t R is no t £ Ixed by A , bu t G u illem in and B ou te t de

M onvel show ed tha t the sym bo ls are w ell-defined and tha t they obey the sam e ru les as the

sym bo ls o f wDO s. In particu la r w e have the fo llow ing re la tions

(4 .5 )

H ere { .,.}~ is the restric tion o f the canon ica l Po isson struc tu re o f T * Q to ~ com ing from the

canon ica l sym plec tic fo rm W o on T * Q .

W e have to dea l w ith tw o Toep litz opera to rs:

1 8
(1 ) T he genera to r o f the c irc le ac tion g ives the opera to r D c p = . 8 . It is an opera to r o f

1 < p

order 1 w ith sym bo l t . It opera tes on 1 t ( m ) as m ultip lica tion by m.
(2 ) Fo r f E C O O ( M ) le t M f be the opera to r on L 2(Q ,J.L ) co rrespond ing to m ultip lica tion w ith

T * f . W e setl T f = Il.M f . Il :1 t ~ 1 t . Because M f is constan t a long the £ Ib res o f T , T f

comm utes w ith the c irc le ac tion . H ence T f = rr T jm ) , where T jm ) deno tes the restric tion

m=O

of T f to 1 t ( m ) . A fter the iden tifica tion o f 1 t ( m ) w ith r h o l ( M , L m ) w e see tha t these T jm ) are

exac tly the Toep litz opera to rs T jm ) in troduced in Section 2 . In th is sense T f is ca lled the

g lobal T oep litz opera to r and the T jm ) the loca l T oep litz opera to rs . T f is an opera to r o f o rder

O .L et us deno te by T ~ : ~ ~ T * Q ~ Q ~ M the com position then w e ob ta in fo r the sym bo l

a ( T f ) = T E ( f ) .

Now w e are ab le to p roo f (3 .3 ). T he comm uta to r [ T f ' T g ] is a T oep litz opera to r o f o rder

-1. U sing WOlta(>.) = - t T E w if t is a £ Ixed positive num ber, w e ob ta in w ith (4 .5 ) tha t the

p rinc ipa l sym bo l o f the comm uta to r equals

( 4 . 6 ) a ( [ T f , T g ] ) ( t a ( , x ) ) = i { T E f , T E g } ~ ( t a ( , x ) ) = - i t - I { f , g } M ( T ( , x ) ) .

Now consider the Toep litz opera to r

( 4 . 7 ) A := D ~ [ T f , T g ] + iD c p T { f , g } < .

Form ally th is is an opera to r o f o rder 1 . U sing a ( T { f , g } ) = T E { f , g } and a ( D c p ) = t w e see tha t

its p rinc ipa l sym bo l van ishes. H ence it is an opera to r o f o rder O . N ow M and hence Q are

com pact m an ifo ld s. T h is im p lies tha t A is a bounded opera to r (W DO s of o rder 0 on com pact

m an ifo ld s are bounded ). It is obv iously S I-invarian t and w e can w rite A = rr:=o A ( m ) where

A (m ) is the restric tion o f A on the space 1 t ( m ) . For the no rm s w e get I I A (m ) 1I :::; IIAII. But

( 4 8 ) A ( m ) A 2 [ T ( m ) T ( m ) ] . T ( m )
. = 1 'H (m ) = m f 'g + 1m { f , g } "

IT here shou ld be no con fusion w ith the opera to r Ti = T Y ) in troduced above .



B ER E Z IN -TO E PL IT Z Q U A N T IZA T IO N A N D B ER E Z IN TR A N SFO RM 9

T ak in g th e n o rm bou u d an d d iv id in g it b y m w e g e t th e th e s ta tem en t (3 .3 ) .

Q u ite s im ila r (3 .4 ) an d T h eo rem 3 .2 c an b e p ro v ed . T h e o rig in a l p ro o f o f (3 .2 ) p re sen ted

in [4 ] u se s d iffe re n t te ch n iq u e s . B e low I w ill in tro d u c e th e B e re z in tra n s fo rm . W ith th e h e lp

o f its a sym p to tic ex p an s io n sh ow n in [1 4 ] I w ill g iv e fu r th e r d ow n a d iffe re n t p ro o f o f (3 .2 ) .

5 . B ER E Z IN SYM BO L S A N D TH E B ER E Z IN TR A N SFO RM

5 .1 . C o h e ren t S ta te s . L e t th e s itu a tio n a s in th e p rev io u s se c tio n . In p a r tic u la r L is a s -

sum ed to b e a lre ad y v e ry am p le , U = L * is th e d u a l o f th e q u an tum lin e b u n d le , Q c U

th e u n it c irc le b u n d le , a n d T : Q ~ M th e p ro je c tio n . R ec a ll th a t th e se c tio n s o f Lm c an

b e id en tif ie d w ith th e h om og en eo u s fu n c tio n s o n Q o f d eg re e m , se e (4 .2 ) . F o r ev e ry e lem en t

a E U \ 0 th e re ex is ts a u n iq u e se c tio n e~m ) E fh o l(M , Lm ) su ch th a t

(5 .1 ) (s, e~m )) = 'l /J s (a ) = aQ 9m (S (T (a )))

fo r a ll s E fh o l(M , L
m
). T h is se c tio n is c a lle d th e co h e ren t v e c to r a s so c ia te d to th e p o in t

a . R ec a ll th a t ( .,.) d en o te s th e sc a la r p ro d u c t o n th e sp a c e o f g lo b a l se c tio n s f o o (M , Lm ).

W e assu rn e it to b e lin e a r in th e f irs t a rg um en t an d an ti- lin e a r in th e se co n d a rg um en t. T h e

d e f in itio n is d u a l to th e d e f in itio n o f co h e ren t v e c to rs o f B e re z in in its c o o rd in a te in d ep en d en t

v e rs io n an d ex ten s io n d u e toR aw n s ley [1 6 ] '[7 ] ' s e e a lso [3 ] ,[1 8 ] . T h e re th e co h e ren t v e c to rs

a re p a ram e te r iz ed b y th e e lem en ts o f L \ O . O u r d e f in itio n h a s th e ad v an tag e th a t w e can

co n s id e r a ll te n so r p ow e rs o f L to g e th e r .

T h e co h e ren t v e c to rs a re an tih o lom o rp h ic in a an d fu lf ill

(5.2) e~ ~ ) = C . e~m ), e E C* := C \ {O} .

N o te th a t e~m) = 0 w ou ld im p ly th a t a ll s e c tio n s w ill v an ish a t th e p o in t x = T(a). B u t

th is is a co n tra d ic tio n to th e v e ry -am p len e ss o f L . H en ce , e~m) :t 0 an d d u e to (5 .2 ) th e

e lem en t [e~m )] := {s E fh o l(M ,Lm ) I : :J e E C * : s ~ e . e~m )} is a w e ll-d e f in ed e lem en t o f th e

p ro je c tiv e sp a c e JP> (fh o l(M , Lm )) o n ly d ep en d in g o n x = T (a ) E M . I t is c a lle d th e coh e ren t

s ta te a sso e ia ted to x E M .

T h e coh e ren t s ta te em bedd in g is th e an tih o lom o rp h ic em b ed d in g

(5.3) M ~ JP> (fh o l(M , L
m
)) ~ JP> N(C), X 1 -+ [e r -le x )] '

In ab u se o f n o ta tio n in th is co n tex t w e w ill u n d e rs ta n d u n d e r T-
1 (x) a lw ay s a n o n -z e ro e lem en t

o f th e f ib e r o v e r x . T h e co h e ren t s ta te em b ed d in g is u p to co n ju g a tio n th e em b ed d in g w ith

re sp e c t to an o rth o n o rm a l b a s is o f th e se c tio n s . S e e [1 ] fo r fu r th e r co n s id e ra tio n s o f th e

g eom e try in v o lv ed .

5 .2 . B e re z in sym bo ls .T h e co va r ia n t B e re z in sym bo l O "(A ) o f an o p e ra to r A E E nd (fh o l(M , L (m )))

is d e f in ed a s

(5 .4 ) O"(A) : M ~ C ,
(A (m) (m))

ea , ea 1

x 1 -+ O"(A)(x) := (m) (m) , a E T- (x), a = I- 0 .

(ea , e a )

I t is a w e ll-d e f in ed fu n c tio n o n M.

I t is sh ow n in [2 1 ] th a t th e T o ep litz m ap f I-+T)m) an d th e sym bo l m ap A 1 -+ O"(A) a re

ad jo in t if o n e ta k e s fo r th e o p e ra to rs th e H ilb e r t-S chm id t n o rm an d fo r th e fu n c tio n s th e

L io u v ille m ea su re m od if ie d b y R aw n s ley 's e p s ilo n fu n c tio n . H e re I w ill n o t g o in to th e d e ta ils
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o f th e c o r re sp o n d e n c e . L e t m e o n ly p o in t o u t th a t e v e ry o p e ra to r o f fhol(M, Lm) c a n b e

re p re s e n te d a s Tim) w ith a su ita b le fu n c tio n f w h ic h is in g e n e ra l n o t u n iq u e . T h is f is a ls o
c a lle d a c o n tra v a r ia n t s ym b o l o-(A) o f th e o p e ra to r A.

S ta r t in g f rom f E COO(M) w e c a n a s s ig n to i t i ts T o e p li tz o p e ra to r Tim) E End(fhol(M, L(m)))

a n d th e n a s s ig n to Tim) th e c o v a r ia n t~ ym b o l o-(Tjm)). I t is a g a in a n e lem en t o f COO(M).

A lto g e th e r w e o b ta in a m ap f 1 - - -+ I(m)(f) := (J(Tim)).

D e f in i t io n 5 .1 . T h e m ap

(5 .5 )

is c a l le d B e re z in tra n s fo rm .

F rom th e p o in t o f v iew o f B e re z in 's a p p ro a c h [2 ] th e o p e ra to r Tjm) h a s a s a c o n tra v a r ia n t

s ym b o l f. H en c e f(m) g iv e s a c o r re sp o n d e n c e b e tw e e n c o n tra v a r ia n t s ym b o ls a n d c o v a r ia n t

s ym b o ls o f o p e ra to rs . T h e B e re z in tra n s fo rm w a s in tro d u c e d a n d s tu d ie d b y B e re z in [2 ] fo r

c e r ta in c la s s ic a l s ym m e tr ie d om a in s in cn. T h e s e re su lts w h e re e x te n d e d b y U n te rb e rg e r a n d

U pm e ie r [2 4 ] , s e e a ls o E n g lis [8 ] '[9 ] '[1 0 ] a n d E n g lis a n d P e e tre [1 1 ] . O b v io u s ly , th e ,B e re z in

tra n s fo rm m ak e s a ls o s e n s e in th e c om p a c t K ä h le r c a s e w h ic h w e c o n s id e r h e re .

5 .3 . A sym p to tic e x p a n s io n o f th e B e re z in tra n s fo rm . T h e re su lts p re s e n te d in th is

s u b s e c tio n a re jo in t w o rk w ith A le x a n d e ;r K a ra b e g o v [1 4 ] . R e e a ll f rom S e c tio n 4 th e S z e g ö

p ro je c to rs I I : L2(Q,f1) - - - t H an d its c om p o n e n ts f t(m ) : 12(Q,f1) - - - t H(m), th e B e rgm an

p ro je c to rs . T h e B e rgm an p ro je c to rs h a v e a sm o o th in te g ra l k e rn e Is , th e B e rgm an k e rn e Is

Bm(a, ß) d e f in e d o n Q x Q, i .e .

(5 .6 ) f t(m )(~ ) (a ) = r Bm(a, ß)~(ß)f1(ß).
. lQ

T h e B e rgm an k e rn e Is c a n b e e x p re s s e d w ith th e h e lp o f th e c o h e re n t v e c to rs .

P ro p o s i t io n 5 .2 .

(5.7) Bm(a,ß) = ~ (m)(a) = ~ (m)(ß) = (e~m),e~m)).
eß ea

Proof. F irs t n o te th a t fo r s E L 2 (M , Lm) w e h a v e f t(m ) ,m (s ) = ,m I I (m )s , L e . f t(m )~ s

~ r r (m )s ' D u e to th e fa c t th a t e~m) is a h o lom o rp h ic s e e t io n

(s, e~m)) = (s, I I (m )e ~m )) = ( I I (m ) s , e~m)) = ~ rr (m )s (a ) = f t(m )~ s (a ) = r Bm(a, ß)~s(ß)f1(ß) .
, lQ

B y th e is om e try

(s,e~m)) = (~s,'l/Je(m)) =' r ~s(ß)~e(m)(ß)f1(ß) .
a lQ' a

I f w e c om p a re th is tw o e x p re s s io n s a n d ta k e th e d e f in i t io n o f th e c o h e re n t v e c to rs w e o b ta in

Bm(a,ß) = ~e~m)(ß) = (e~m),e~m)) = (e~m),e~m)) = ~e~m)(a). ,

D
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L e t x, y E M an d ch oo se a , ß E Q w ith 7(a) = x an d 7(ß) = Y th en th e fu n c tio n s

( 5 . 8 ) u m ( x ) := B m ( a , a) = ( e ~ m ) , e ~ m » ) ,

11

(5 .9 ) ( ) . - B ( ß ) B ( ß ) - ( ( m ) ( m » ) . ( ( m ) ( m » )Vm X , Y . - m a , . m , a - eß ' e a e a , eß

a re w e ll-d e fin ed o n M . T he fo llow in g p ro p o s itio n g iv e s an in teg ra l rep re sen ta tio n o f th e

B e re z in tran s fo rm .

P ro p o s itio n 5 .3 .

(5 .1 0 )

( I ( m ) ( J ) ) (x) = B m ( ~ , a ) 1 0 B m ( a , ß ) B m ( ß , a ) 7 * f ( ß ) J 1 ( ß )

= ~( ) r v m ( x , y ) f ( y ) O ( y ) .

U m X J M

(5 .1 1 )

P r o o j . T ak e an y a E 7-1(X) w ith a E Q. D eno te b y M t th e o p e ra to r o f p o in tw ise m u ltip lic a -

tio n o f th e se c tio n s w ith th e fu n c tio n f.

( T ( m ) ( m ) ( m » )

( I ( m ) f) (x) = <7 ( T ) m)) (x) = ~ (~ ~ ;~ ~ )
e a , e a

(II(m ) M t I I ( m ) e ~ m ) , e ~ m » ) ( M t e ~ m ) , e ~ m » )

B m ( a , a) B m ( a , a)

U sin g th e isom e try (4 .2 ) an d P ro p o s itio n 5 .2 w e can rew rite th e la s t ex p re ss io n an d ob ta in

(5 .1 2 )

(m) (( 7* f ) 7 / J e ~ r r t ) ' 7 /J e ~ r r t » ) 1 1 *
( I f ) ( x ) = B ( ) = B ( ) (7 f ) 7 / J

e
e r r t ) ( ß ) 7 / J

e
e r r t ) ( ß ) j j ( ß )

m a , a m a , a Q a a

= B t ) ( B m ( a , ß ) B m ( ß , a ) ( 7 * f ) ( ß ) J 1 ( ß ) = ~ ( ) r Vm(x, y ) f ( y ) O ( y ) .
m a , a JQ ' U m X J M

o

In [1 4 ] b a sed o n w o rk s o f B ou te t d e M onv e l an d S jö s tran d [6 ] o n th e S zeg ö k e rn e l an d in

g en e ra liz a tio n o f a re su lt o f Z e ld itch [2 6 ] o n th e B e rgm an k e rn e l th e in teg ra l rep re sen ta tio n is

u sed to p ro v e th e ex is ten ce an d th e fo rm o f th e a sym p to tic ex p an s io n o f th e B e re z in tran s fo rm .

I t c an b e id en tif ie d w ith a fo rm a l B e re z in tran s fo rm in tro d u ced by A . K a rab eg ov . K a rab eg ov

d ev e lo p ed a th eo ry fo r su ch fo rm a l d e fo rm a tio n q u an tiz a tio n s o f (p seu d o -) K äh le r m an ifo ld s

w h ich fu lf ill th e " sep a ra tio n o f v a riab le s" p ro p e rtie s . In p a rticu la r , h e a ss ig n s to ev e ry su ch

d e fo rm a tio n q u an tiz a tio n a f o r m a l B e r e z i n t r a n s f o r m I . I t is a fo rm a l p ow e r se rie s in th e

v a riab le v an d can b e w ritte n a s 1 = L ::~ o I j v j w ith o p e ra to rs I j : C O O (M ) -+ C O O (M ) . H e

p ro v ed th a t it s ta r ts w ith 1 = i d + vß + v
2

• • ' . In [1 4 ] it is sh ow n th a t if w e rep la c e ~ by th e

fo rm a l v a riab le v in th e a sym p to tic ex p an s io n o f th e B e re z in tran s fo rm I ( m ) f ( x ) w e ob ta in

th e fo rm a l B e re z in tran s fo rm I ( f ) ( x ) w ith re sp ec t to a sp ec if ied s ta r p ro d u c t (T h eo rem 5 .9

in [1 4 ]) . In p a rticu la r , w e ob ta in fo r th e a sym p to tic ex p an s io n o f th e B e re z in tran s fo rm a t a
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f ix ed p o in t x E M

(5 .1 3 )

M ART IN SCH L IC H ENM A lER

l(m) f(x) rv f(x) + !.-ßf(x) + ... , fo r m ~ 00 .

m

Som e d e ta ils an d in te rm ed ia te re su lts , e .g . a s ta tio n a ry p h a se in teg ra l (A .7 ) w h ich is a sym p -

to tic a lly eq u iv a len t to (l(m) f)(x), a reg iv en in an ap p end ix to th is w rite -u p .

6 . A pPL IC A T IO N S O F TH E A SYM PTO T IC S O F TH E B ER EZ IN TRA N SFO RM

6 .1 . Norm preservation. H ere I lik e to p ro v e th a t R e la tio n (3 .2 ) in T h eo rem 3 .1 can b e

ea s ily d ed u ced from (5 .1 3 ) . F irs t n o te th a t

(6 .1 )

T h is h a s b een sh ow n in [2 1 ] . F o r th e co nv en ien ce o f th e r ,e ad e r I w ill rep ea t th e p ro o f h e re .

U s in g C au chy -S chw a rz in eq u a lity w e ea lcu la te (x = T(a))

(6 .2 )

H ere th e la s t in eq u a lity fo llow s from th e d e fin itio n o f th e o p e ra to r n o rm . T h is sh ow s th e , f irs t

in eq u a lity in (6 .1 ) . F o r th e se co nd in eq u a lity in tro d u ce th e m u ltip lic a tio n o p e ra to r M}m) on

foo(M,Lm). T hen IITjm)11 = Ilrr(m) M}m) rr(m) 11~ IIM }m)I1 an d fo r <pE foo(M,Lm), <p =1= 0

(6 .3 ) IIM)m)<p112 = IM hCm)(J<p,j<p)1:! = IM I(z)f(z)h(m)(<p, <p)1:!< 11/112
11< p112 IM h(m)(<p, < p )f2 IM h(m)(<p, < p )f2 - 00 •

H ence ,

(6 .4 )

(6 .5 )

N ow choo se a s Xe E M a p o in t w ith If(xe)1 = IIIlloo. P rom th e fa c t th a t th e fo rm a l B e re z in

tran s fo rm has a s le ad in g te rm th e id en tity it fo llow s th a t I(l(m) f)(xe) - f(xe)I,~ Clm w ith

a su itab le co n s tan t C . T h is im p lie s Ilf(xe)I-I(l(m)f)(xe)l1 ~ Clm an d h en ce

Ilflloo - C = If(xe)1 - C < I(l(m) f)(xe)1 < Ill(m) flloo .
m m

Pu ttin g (6 .1 ) an d (6 .5 ) to g e th e r w e ob ta in

(6 .6 )

N o te th a t w e ob ta in in th is w ay ano th e r p ro b f o f [4 ] , T h eo rem 4 .1 .
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6 .2 . P u llb a e k o f th e F u b in i-S tu d y fo rm . S ta r tin g from th e K äh le r m an ifo ld (M, w ) a n d

a f te r c h o o s in g a n o r th o n o rm a l b a s is o f th e sp a c e fhol(M, Lm ) w e o b ta in a n em b ed d in g c jJ (m ):

M -7 lP'N(m) o f M in to p ro je c tiv e sp a c e o f d im en s io n N (m ) . O n lP'N(m) w e h av e th e s ta n d a rd

K äh le r fo rm , th e F u b in i-S tu d y fo rm WPS. T h e p u ll-b a c k (c jJ (m ) ) *w p s w ill n o t d e p e n d o n

th e o r th o g o n a l b a s is c h o se n fo r th e em b ed d in g b u t in g e n e ra l i t w ill n o t c o in c id e w ith a

sc a la r m u ltip le o f th e K äh le r fo rm w w e s ta r te d w ith (s e e [1] fo r a th o ro u g h d is c u s s io n o f th e

s itu a tio n ) . I t w a s sh ow n b y Z e ld itc h [2 6 ] b y g en e ra liz in g a re su lt o f T ia n th a t (< 'p (m ) ) *w p s

a dm its a c om p le te a sym p to tic e x p an s io n in p ow e rs o f rk a s m -7 0 0 .

T h e K a ra b e g o v c1 a s s if ic a tio n o f s ta r p ro d u c ts w ith th e " se p a ra tio n o f v a r ia b le s " p ro p e r ty

fo r (M, w ) c a n b e g iv e n b y a s s ig n in g to it a u n iq u e fo rm a l fo rm w = ~w + Wo + VW1 + ...
w h e re th e Wi fo r i E N o a re c 1 0 se d (1 , l) - fo rm s o n M . F rom th e p ro o f o f th e id e n tif ic a tio n o f

th e B e re z in tra n s fo rm w ith th e fo rm a l B e re z in tra n s fo rm a ss ig n e d to a c e r ta in s ta r p ro d u c t

* , i t fo llow s th a t th e c 1 a s s1 £ y in g fo rm o f o f e x a c tly th is * c o in c id e s w ith th e fo rm o b ta in e d

v ia th e a sym p to tic e x p an s io n o f (q /m ) ) *W F S 1 £ o n e re p la c e s rk b y v (s e e a lso th e a p p en d ix ) .

L e t m e ad d th a t in K a ra b e g o v 's th e o ry th e "o p p o s ite o f th e d u a l s ta r p ro d u c t" to * is th e

B e re z in - T o ep litz s ta r p ro d u c t *BT o f T h eo rem 3 .2 .

7 . SO M E C OM M EN T S O N TH E D Y N AM IC S

F irs t n o te th a t w e h av e th e fo llow in g p ro p o s it io n .

P ro p o s it io n 7 .1 . The T jm ) E End(fhol(M, L (m ) ) ) fulfill the relation

(7 .1 ) T jm )* = T im )

Proof. L e t 8 , t E fhol(M, Lm). F o r th e sc a la r p ro d u c t w e c a lc u la te

(7 .2 ) (8 , T jm ) t) = (8 , n(m) j t ) = (8 , j t ) = (1 8 , t ) = (T im ) 8 , t ) .

o

D u e to th e fa c t th a t th e id e n tif ic a tio n o f fhol(M, Lm ) w ith 1 { (m ) is a n isom e try , th e E q u a tio n

(7 .1 ) is a lso tru e fo r th e c om p o n en ts o f th e g lo b a l T o ep litz o p e ra to r . In p a r tic u la r , w e h av e

T f* = T j. T h is im p lie s th a t fo r re a l-v a lu e d fu n c tio n s j o n M (e .g . fo r a H am ilto n ia n ) th e

q u an tum o p e ra to rs T f a n d T jm ) a re se lf -a d jo in t o p e ra to rs .

F rom th e th e o ry o f g e n e ra liz e d T o ep litz o p e ra to rs fo llow s so m e co n se q u en c e s fo r th e sp e c tra l

a sym p to tic s o f th e se o p e ra to rs . S e t d (m ) := d irn 1 { (m ) a n d le t , \~ m ) , , \~ m ) , . . . , ' \~ ( l)b e th e

e ig e n v a lu e s o f th e re s tr ic tio n o f T f o n 1 { (m ) . In p a r tic u la r , th e se a re a lso th e e ig e n v a lu e s o f

T jm ) o n fhol(M, Lm ) . F o llow in g [5 ] (n = d im e M) le t

d (m )

(7 .3 ) P m := _ 1 "8 ( '\ - , \~ m ) )
mn ~ ~

i= 1

b e th e d is c re te sp e c tra l m e a su re . B y T h eo rem 1 3 .1 3 o f [5 ] it c o n v e rg e s w e ak ly to th e lim it

m e a su re

(7 .4 ) p (g ) = " IM L g (J (z ) ) ü (z ) ,
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w ith an universal constan t TM only depending on the m anifo ld M. For 9 == 1 w e 0 btain

dem) .

(7 .5) _1 """ A~m) = _1 T r(m ) T(m) = TM r f n + O(~) .
mnLJ t mn f JA m

i=1 M

Here T r(m ) denotes the trace on End(fhol(M, Lm)). The constan t evaluates to TM = vol(lpm (c)) -1.

By linearity th is ex tends to com plex-valued functions. H ence,

Proposition 7.2. [4] Let f E COO(M) and let n = dim e M. Then

(7 .6) Tr(m) (Tjm)) = m
n
(V 01(~(iC )) L f n+ o(m-1))

Indeed a doser analysis (i.e . the application ofEquation 13 .13 in [5]) show s that T r(m ) (Tjm))

adm its a com plete asym pto tic expansion which allow s to construct a form al trace for the

B erezin-Toeplitz star product [22].

O f course, now the quest ion arrises how to quantize sym plectic m aps W of the phase-space

(K ähler) m anifo ld (M, w). A first condition is that the m ap lifts to a contact transform ation

~ofthe S I-bundle (Q,a). Note that da = T*W and (Q,a) is a contact structure. Let L.q, be

the translation operator by w then the Toeplitz operator IIL .q ,II is no t necessarily a unitary

operator. B ut it w as shown by Zeld itch [25] that there ex ists alw ays a function f E COO(M),
such that

(7 .7)

is un itary and commutes w ith the SI action . In particu lar, it decom poses again as

(7 .8)

00

UA - IIU(m)
'l1 - .q ,'

i=O

(A.1)

where each Uim) is an unitary operator on ?-l(m) ~ fhol(M, Lm). Such kind of m aps where

stud ied by Zeld itch [25]. Further w ork is in progress.

ApPEND IX A .M oRE DETA ILS ON THE ASYMPTOTIC EXPANSION

In th is appendix I w ill express the in tegral form ula (5 .10) of the B erezin transform up to .

asym pto tic equivalence as a stationary phase in tegral (A .7). C learly , he re the steps can only

be sketched . For a com plete derivation , see [14]. W e start w ith the form ula (5 .10) and fix

a poin t x E M. Let W be a sm all contractib le neighbourhood of x. Split M in to the tw o

subsets W and M \ W and correspondingly the in tegral. F rom resu lts of Boutet de M onvel

and S jöstrand [6] it fo llow s that for y E M \ W the B ergm an kernel Bm(x, y) is rap id ly

decreasing for m ---t 00. For the Bergm an kernel on the diagonal Zeld itch [26] proved that

Um(x) = Bm (x, x) expands in an asym pto tic se ries

Um(X) ~ mnL(~)r br(x), w ith bo = 1, for m ---> 00.

r~O

Hence, the in tegral over M \ W w ill be rap id ly decreasing as m ---t 00 (here the com pactness of

M is used). It fo llow s that up to asym pto tic equivalence it is enough to consider the in tegral



B ER EZ IN -TO E PL IT Z Q U A N T IZA T IO N A N D B ER EZ IN TRA N SFO RM 15

(A .8 )

o v e r W . In th e fo llow in g I w ill u se a lm o s t an a ly tic ex ten s io n s . W ith o u t. to o m u ch m isco n cep -

tio n th e re ad e r m ig h t im ag in e a lm o s t an a ly tic ex ten s io n s s im ila r to an a ly tic ex ten s io n s o f a

re a l-an a ly tic o b je c t a(x) d e fin ed o n W to an o b je c t a(x, y) o n W x W w h ich is h o lom o rp h ic

in th e f irs t v a r ia b le , a n tih o lom o rp h ic in th e se co n d , an d fu lf ills a( x , x ) = a( x ) o n W . S u ch an

a lm o s t an a ly tic ex p an s io n ex is ts fo r ev e ry C oo - fu n c tio n .

L e t q> b e th e ( lo c a l) K äh le r p o ten tia l o f w , L e . W = - i 8[)q>, o v e r W (sh r in k in g W if

n e c e ssa ry ) an d 4> an a lm o s t an a ly tic ex ten s io n fu lf illin g 4 > ( y , x ) = 4 > ( x , y ) . S e t

- 1 1
(A .2 ) X ( x , y ) := q > ( x , y ) - 2 q > ( x ) - - 2 q > ( y ) an d D ( x , y ) := X ( x , y ) + x ( y , x ) .

L e t e b e a lo c a l h o lom o rp h ic fram e . o f U o v e r W. F o r an y x E W ta k e

(A ) a ( x ) := e ( x )

.3 v k ( e ( x ) , e ( x ) )

a s co rre sp o n d in g p o in t in Qlw' N ow by T h eo rem 5 .6 o f [1 4 ] w e o b ta in th a t th e re ex is ts an

a sym p to tic ex p an s io n o f th e B e rgm an k e rn e lo v e r W x W fo r m ' "-+ (X)

(A .4 ) B m ( a ( x ) , a ( y ) ) rv m n e m x ( x , y ) L . ( ~ ) r b r ( x , y ) ,

' r ~ O

w he re th e b r ( x , y ) a re a lm o s t an a ly tic ex ten s io n s o f th e b r ( x ) w h i c h a re g iv en b y (A .1 ) . L e t

b(x, y , m ) E SO(W x W x JR ) b e a sym bo l su ch th a t it h a s th e a sym p to tic ex p an s io n

(A .5 ) b ( x , y ,m ) ~ L (~rb r ( x , y ) .
r~O

W e con c lu d e from (A .4 ) th a t w e h av e th e a sym p to tic ex p an s io n o f th e tw o -p o in t fu n c tio n

(A .6 ) v m ( x , y ) rv m
2 n
e
m D

( x 'Y ) b ( x , y , m ) b ( y , x , m )

N ow c j J X ( y ) ._ D ( x , y ) a re p h a se fu n c tio n s su ch th a t y = x a re n o n d eg en e ra te iso la ted

c r itic a l p o in ts . A g a in b y sh rin k in g W . if n e c e ssa ry , w e can ach iev e th a t y = x a re th e o n ly

c r itic a l p o in ts an d th a t b o ( x , y ) d o e s n o t v an ish o n th e c lo su re o f W x W . W e ob ta in th e

fo llow in g a sym p to tic eq u iv a len ce ' .

(A .7 ) ( I m f ) ( x ) ~ m n ( e m 4 > '( Y ) f ( y ) b ( x ,~ t ) b ( y ,~ ,m ) f l ( Y ) .

Jw x , x ,m

T h is is a s ta tio n a ry p h a se in teg ra l. F rom th is Jo llow s th e a sym p to tic ex p an s io n o f th e B e re z in

tran s fo rm and a fte r som e ad d itio n a l w o rk [1 4 ] its id en tif ic a tio n w ith th e fo rm a l B e re z in tran s -

fo rm asso c ia ted to a c e r ta in fo rm a l s ta r p ro d u c t * .

L e t m e in d ic a te so m e s tep s n ece ssa ry to id en tify th e s ta r p ro d u c t * . I f w e rep la c e in

L : r > O (~r b r f rom (A .1 ) th e ex p re ss io n ~ b y th e fo rm a l v a ria b le v w e can fin d an o th e r fo rm a l

fu n~ tio n s su ch th a t 2 : r > O v r b r ( x ) = e S ( x ) . N o te th a t b o ( x ) == 1 . N ow w e se t ~ := t< I>+ s

(a g a in a fo rm a l p ow e r se r ie s ) . I t tu rn s o u t th a t th e K a rab eg o v fo rm w c la ss ify in g th e s ta r

p ro d u c t - .) (fs g iv en b y w = - i 8 [)~ . T h e fo rm w is a fo rm a l L au ren t se r ie s in th e v a riab le v

1 0 0 .

w = - w + L v J W j ,
v .

j=O
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where w is the K ähler fo rm w e started w ith and the W i are g lobal dosed (l,l)-fo rm s (no t

necessarily nondegenerate).

A s is show n in [14] the K arabegov dassify ing form al fo rm w~T of the opposite o f the

. B erezin - Toep litz star p roduct *BT is

(A .9 )
I 1

wBT = --w + W can ,
V

(A .10)

w here W can is the curvatu re fo rm of the canon ical ho lom orph ic line bund le of M w ith fib re

m etric g iven by the m etric com ing from the L iouv ille fo rm . The opposite star p roduct * 'sT

is defined as f * 'sT 9 := 9 *BT f. This sw itches the rö les p layed by the ho lom orph ic and

an tiho lom orph ic functions in the defin ition of "separation of variab les" in accordance w ith its

use by K arabegov [13].

F inally , w e condude

c l(*BT ) = ~ G [w l- ~)

fo r the characteristic dass of the star p roduct *BT , where E is the canon ical dass of the

m anifo ld M.

Let m e ind icate how the resu lt on the asym pto tic o f the pu ll-back of Fub in i-S tudy form

presen ted in Section 6 .2 fo llow s from the above presen ted steps. The pu ll-back can be g iven

as [26 , P rop .9 ]

(A .11) (4 )(m ))* wPs = mw+ iaa logum (x) .

By the asym pto tic expansion (A .1) o f um (x) in term s of the b r due to Zeld itch , and the

defin ition of the fo rm al K äh ler po ten tia l ~ . fo r the dassify ing form w v ia the fo rm al function

s w hich is defined above v ia the br, we condude that w can be ob ta ined from the asym pto tic

expansion of (4)(m)) * WFS if one rep laces ~ by the fo rm al variab le v .
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