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BERGMAN NORM ESTIMATES OF
POISSON INTEGRALS

BOO RIM CHOE!, HYUNGWOON KOO anp HEUNGSU YI?

Abstract. On the half space R" x R4, it has been known that harmonic
Bergman space b” can contain a positive function only if p > 1 + % Thus,
for 1 <p<1+4 %, Poisson integrals can be bP-functions only by means of
their boundary cancellation properties. In this paper, we describe what those
cancellation properties explicitly are. Also, given such cancellation properties,
we obtain weighted norm inequalities for Poisson integrals. As a consequence,
under weighted integrability condition given by our weighted norm inequalities,
we show that our cancellation properties are equivalent to the b”-containment
of Poisson integrals for p under consideration. Our results are sharp in the sense
that orders of our weights cannot be improved.

§1. Introduction

For a fixed positive integer n, let H=R" x Ry C R"*! be the upper
half space where R denotes the set of all positive real numbers. As is well
known, the Poisson kernel P;(z) for H is given by

t

O = vy

(x e R", t>0)

where m = 2. For 1 < p < oo, let LP = LP(R") be the Lebesgue space on
R". For f € LP, the Poisson integral P[f] on H is defined as the convolution
P, « f of f and P;. More explicitly,

n

Plf)(z ) = / Pule — y)f(y) dy

for (z,t) € H. For a complex Borel measure p on R”, its Poisson integral
P[u] is defined in a similar way.

Received July 19, 1999.
1991 Mathematics Subject Classification: Primary 31B05, Secondary 31B10, 32A35,
30D55.
!Supported by KRF(98) and KOSEF(98-0701-03-01-5).
2Supported by the Research Grant of Kwangwoon University in 1999.

85



86 B. R. CHOE, H. KOO AND H. YI

It is well known that the Poisson integral transform is a linear isometry
(modulo normalizing constant) of LP into the harmonic LP-Hardy space
(see, for example, [1]):

swp [P f@) de =l [ |f(@)P da.
>0 JRn n
It follows from this type of results on bounded domains (like balls) that the
Poisson integral transform takes LP into the harmonic LP-Bergman space.
The unboundedness of our domain H makes the situation quite different. In
this paper we investigate such phenomena related to harmonic LP-Bergman
spaces caused by the unboundedness of H.

To be more precise, let ¥ (1 < p < oo) denote the harmonic LP-
Bergman space consisting of all harmonic functions in LP(H). It is known
that Poisson integrals of LP- functions are not always bP-functions in general.
This follows from the fact [2] that b” contains a positive function if and only
ifp>1+ % This means that harmonic functions on H must have certain
types of cancellations to be members of bP for 1 <p <1+ % and the same
is expected on the boundary if they are represented by Poisson integrals.
Such an example is the so-called b'-cancellation property noticed in [2]: the
horizontal zero moments of any b!'-function u are all 0, which means

/nu(:c,é)d:c—()

for each § > 0, and the same is necessarily true for its boundary function in
case u is represented by a Poisson integral of some L'-function. However,
this zero moment vanishing property is far from being sufficient, since one
may find many odd integrable functions whose Poisson integrals are not
contained in b'. Also, even for p > 1 + % where cancellation does not have
any effect, it is not hard to find examples of LP-functions whose Poisson in-
tegrals do not belong to b”. We are led to two questions by these simple ob-
servations. First, while it might not be possible to characterize bP-functions
in terms of cancellation properties in general, what types of cancellation
properties do they have (if they must)? Secondly, if they already have such
cancellation properties, what kinds of norm inequalities hold for Poisson
integrals? In this paper we settle these two questions. These problems were
originally suggested by Wade Ramey to the third author. We thank him for
his suggestion.
First, we have the following cancellation results.
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THEOREM 1.1.  Let u be a complex Borel measure on R™. If P[u] € bP
for some1 <p<1+ %, then

(1.1) / dp =0

If, in addition, || € L'(|u]) and if Plu] € b', then the first moments of u
are all 0, or more explicitly,

(1.2) /n xjdp(z) =0
for all j.

Note that (1.1) and (1.2) above are simply ©(0) = 0 and Vu(0) = 0,
respectively, where i denotes the Fourier transform of . While we do not
use any significant Fourier transform arguments in this paper, we remark
that there is a close relation between b?-norms of Poisson integrals and L?2-
norms of Fourier transforms of their boundary functions. See Lemma 3.9.
This seems natural by the Plancherel identity, since Poisson integrals are
defined in terms of convolution.

Next, given all relevant moment vanishing properties, we consider the
question of when P[f] € b¥ holds. In considering such a problem, it might
be necessary to derive certain types of norm inequalities. What we have are
the following weighted norm inequalities. Here and elsewhere, we use the
notation

[ |z|(log™ |z|)P for p=lorp=1+1
(13) wplz) = { || otherwise

for simplicity.

THEOREM 1.2. Letp > 1 and f be a measurable function on R™ such
that P[f] is well defined. For 1 <p <1+ %, assume f € L' and its zero
moment is 0. Forp = 1, we also assume f € L'(|z|dz) and its first moments
are all 0.

1) Forl<p<l++orp>1+21 we have
n n

I [ s@pasacse, [ if@pl i



88 B. R. CHOE, H. KOO AND H. YI

(2) Forp=1orp=1+ 21, we have
/0 /n|Pt*f(az)]pdazdt§ Cp/Rn |f(2)|P [1+ wp(z)] de.

Having these weighted norm inequalities, one finds that our cancellation
results are sharp in the sense that any additional cancellation properties
cannot be expected in the conclusion of Theorem 1.1. In fact, given weighted
integrability conditions suggested by the above theorem, we have a complete
description of Poisson integrals in b” in terms of cancellation properties.

THEOREM 1.3. Letp > 1 and f € LP(wp). Also assume f € LP for
1<p<i+i

(1) P[f] € b' if and only if the zero and first moments of f are all 0.
(2) Forl<p<1+ %, P[f] € b" if and only if the zero moment of f is 0.

(3) Forp>1+ %, we always have P[f] € bP.

The above theorem recovers some results in [5] where Yi obtained the
same for continuous functions with compact support for 1 < p < 1+ %
Our results Theorem 1.2 and Theorem 1.3 are also sharp in the sense that
orders of weights at infinity cannot be reduced.

We will first prove the weighted norm inequalities and then the can-
cellation properties. Also we will provide various examples related to our
results. We divide the proof of the weighted norm inequalities into two sec-
tions. In Section 2, all preliminary inequalities we need for the proof of
Theorem 1.2 are collected. In Section 3, we prove Theorem 1.2. As conse-
quences of our weighted norm inequalities, we show that functions without
necessary cancellation properties can be modified by continuous functions
with compact support so that the same type of weighted norm inequali-
ties hold. See Corollary 3.5 and Corollary 3.7. At the end of the section,
some observations related to Fourier transforms are included. In section
4, we prove Theorem 1.1 and, as a consequence, we derive Theorem 1.3.
In Section 5, we give various examples of functions related to our results.
We construct examples for the purpose of showing (i) the moment van-
ishing properties are not sufficient for the bP-containment in general, (ii)
our weighted integrability condition in Theorem 1.3 is sharp (hence so are
the weighted norm inequalities) in the sense that orders at infinity cannot
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be reduced, and nevertheless (iii) such a weighted integrability condition
is not necessary for the bP-containment in case relevant moment vanishing
conditions are already given.

§2. Auxiliary inequalities

In this section we collect inequalities which we need in the proof of
weighted norm inequalities in the next section. Our starting point is the
following well-known Hardy’s inequality. See, for example, [4].

HARDY’S INEQUALITY. Letp > 1, r > 0. Then we have

(1) /Ooo </:O ©(t) dt>ps’“—1ds < (g)p/ooo[w(t)]ptr—ldt
2) /0 b ( /0 T () dt)ps_r_l ds < (g)p /0 TP dt

for all measurable functions ¢ > 0 on (0,00).

Note. We use the notation A < B for positive quantities A and B if the
ratio A/B has a positive upper bound. Also, we write A ~ Bif A < B
and A 2 B. Constants involved there may often depend on the dimension
and some other parameters, but they will be always independent of par-
ticular functions, measures, or points, etc. Sometimes such constants will
be explicitly denoted by the same letter C' often with subscripts indicating
dependency.

Consider operators 717 and 75 defined by

Tyh(t) = /| I, Tohe) = / bl dy
y|>t yl<t

for measurable functions A > 0 on R™ and t > 0. We need LP boundedness
for these operators, which one may view as a higher dimensional version of
Hardy’s inequality.

LEMMA 2.1. Forp>1 andr > 0, we have

W [Tmhoreta < [ mwrr

@ [ maereta <y, [P d
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In what follows ¥ denotes the unit sphere in R™ centered at the origin.

Proof. Let o be the surface area measure on Y. Then it follows from
Hardy’s inequality and Jensen’s inequality that

[T ta = [T [ rwodo@utan) et
< Cpr/ </ (t¢) da(())pt’"l dt
<Gy [ [P antc) et a

—c,, / Ih(y) Lyl dy.
Rn

This proves (1). One can see (2) by exactly the same way. The proof is
complete. 0

We also need a logarithmic version of Lemma 2.1. So, consider an op-
erator 13 defined by

Tyh(t) = / Ml o )

for measurable functions h > 0 on R"™ and ¢ > 1. For this operator we have
the following LP boundedness.

LEMMA 2.2. Forp>1 andr > 0, we have

/1 IT3h(6) Pt (log t) " dt < G, ()IPly| ™" (log Iyl d.

y\>1

Proof. By change of variables (aftef representing the integral in polar
coordinates), one can check T3h(t) = Tyh(logt) where h(y) = h(el|y|~1y).
Thus, by Lemma 2.1, we have

/ |T3h(t) [Pt~ (log t) 1 dt
1
:/ |Tyh(logt) [Pt (log t)" 1 dt
1

_ / TR P dt
0
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o o
o o

ly[>1

| /\

y)[Ply" dy

)Pyl (log [y)" " dy.

The proof is complete. O

Remark. While it is not needed for our purpose, we remark that the
complementary operator

nmw—[’| h(y)lyl ™" o y])~" dy
<ly|<t

has similar LP boundedness:

o
/ [ Tyh(t)Pt~" (log )"~ dt < C, h(y)[Plyl " (log ly) "~ dy
1 y|>1
forp>1andr >0.
For t > 0, let 14 be the volume measure, normalized to have total mass
1, on the ball in R™ of radius t centered at the origin. Also, let o; be the
surface area measure, normalized to have total mass 1, on the sphere in

R" of radius ¢ centered at the origin. The following LP boundedness of
convolutions with these measures are useful for our purpose.

LEmMA 2.3.  Forp > 1, we have

(1) /Ooo /|I>2t\h*ut(x)]pdxdt§ /Rn\h(x)\p]x\d:c
) /Ooo /|I>2t\h*at(x)|pdxdt§/Rn () |2 da

for measurable functions h > 0 on R™.

Proof. Since

where w,, denotes the volume of the unit ball in R", we have by Jensen’s
inequality

!hMM@PSw#f“/ ()P dy.

|lz—y|<t
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Note that if |x| > 2t and |x — y| < t, then ¢ < |y|. Thus, it follows from the

above that
/ / |h* vy (x)|P dx dt
0 |z[>2¢

]2
<o [ [ mp g
n |lx—y|<t
1/ // h(y)[Pt™" dz dt dy
n |x— y|<t<|x|/2
[yl
<ot [T e aeay
n |lz—y|<t

/n/| ’ y)|P dt dy
= [ isldn

which shows (1).
Next, note that

h*at(x)—/zh(ﬁU—tC)dUI(C)

and thus Jensen’s inequality yields

hx (2P < /Z (h(z — )P o (¢):

Letting A,, denote the surface area of 3, we obtain from the above

/ / |h* oy (x)|P dx dt
0 |x|>2¢
j2l/2
g/ / /]h(w—tc)\pdal(c)dtdx
n Jo »
X[ b= Pl dyds
nJ2lyl<||
/ 2Pl — 2| ™" dz dx
2|z— z\<\x|

[ wraginep s
2ly[<ly+=]|

e
e

3 I
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<t [ ayierd:
mJyl<lz|
= [ nC)pleldz,
R”
so that (2) holds. The proof is complete. 0

As mentioned in the introduction, the following is well known.

LEMMA 2.4. Forp > 1, we have

sup [P s@P e <l [ (@

t>0

for measurable functions f > 0 on R".

When we derive weighted norm inequalities in the next section, we will
decompose R" into three pieces. We collect here some basic information on
those pieces. Here and elsewhere, we let

y|* — 22 -y
n=mn(z,y,t) = TP

(x, ye R", t >0)
for simplicity.

LEmMMA 2.5, Ifn> %, then the following hold:

2+ 2 <2z —yl?,  |z[+t <6y,
|Pi(z —y) — Pi(x)| < Pi(x),
|Pi(x —y) — Pi(x) + VPi(x) - y| < Py(z) + |y||VP(z)].

Proof. Note that our assumption is 5(|z — y|? +t2) > 9(|z|?> +t2). The
proof is therefore straightforward. 0

LEMMA 2.6. If |n| < é, then the following hold:

lyl < 3(|=[ + 1),
|Pi(x —y) = Pi(x)| S lyl(1 +tlz| )V P(2)],
|Pi(x —y) = Pi(x) + VP(2) - y| S [yl TV E(2)].
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Proof. We have |z|?+t? < 5(|z—y|> +t?) < 9(|z|> +t?). The inequality
ly| < 3(|x| + t) is therefore straightforward. Note

|Pi(x —y) — Bi(2)| = Pi(x)[(1+n)"™ — 1]
Fi(@)n]

[yl(1+ [yl V Pi(2)]
Syl + tlz[ DIV P()].

H-

Also we have

2mzx -y
=P 1 m—1
t()( +77) ‘1"2—1—152
2x -y
=mPp (@]
m t()77+ ( ) ||2+t2

<P 2 ‘y’2
< Pu(z) § Inl +W

) n2(af? + )
swﬁuwwvauw{1+——7a7——

- lyl + |z])?
SlyPlel v {1+
< lyPlel V@)

where the last inequality follows from the fact that |y| < 3(|z| + ¢). The
proof is complete. O

LEMMA 2.7, Ifn< —%, then the following hold:

2]z —y| < ||, 2t < |z, ly| < 2|x|,
[Pz —y) — Pi(z)| S Pz —y),
|Pi(z —y) — Bi(z) + VPi(x) -y[ S Pr(x —y).
Proof. Our assumption is now 5(|z — y|? +#?) < |z|? + 2. The proof is
therefore straightforward. 0
§3. Weighted norm inequalities

In this section we obtain weighted norm inequalities for Poisson in-
tegrals. Since estimates necessarily depend on good control (by means of
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cancellation) of dominating terms, it is natural to decompose R" into pieces.
Here, we consider three pieces. For fixed x € R™ and ¢ > 0, we let

Ky ={y ¢ R" :n(z,y,t) > 4/5},
Ky ={y e R" : |n(z,y,t)| <4/5},
K3 ={y ¢ R" :n(z,y,t) < —4/5}.

Now, we estimate various types of operators corresponding to these
pieces. Why we consider those operators must be clear from Lemma 2.5,
Lemma 2.6 and Lemma 2.7. First, for the estimation on K7, we consider a
couple of operators defined by

Alf(l"at) = Pt(x) . f(y) dy,
Rif(a,t) = |VP(a)] /K @)yl d.

for measurable functions f > 0 on R", x € R™ and t > 0. For these
operators, we have the following LP boundedness.

LEMMA 3.1. For measurable functions f > 0 on R™, the following
hold.

(1) For 1<p<1+ L, we have
/ /n\Alfxt\pd:Udt<C / x)|P|z| dx.
(2) Forp=1+ %, we have
/ / |A1 f(x,t)|Pdxdt < C, / z)[P|z|(log™ |z|)P dx.
(3) For p=1, we have
/OO Aif(z,t)ydedt <C | f(z)|z|logh || dx.
6 R R

Proof. First consider the case 1 <p <1+ % By Lemma 2.5, we have

Af(at) < /6 o Ry < P /6 W
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Note
/ |Py(@) P da = 77 / \Py(2)|P da ~ £
R” R”
It follows that

[ mseoraas [° ( L fw dy>pt”—"p i

p

< > n—nmp
N/O (|y>tf(y)dy> t dt.

Now, apply Lemma 2.1 with r =n —np+ 1 > 0 to conclude (1).
For the case p =1+ %, exactly the same argument yields

/600/n |ALf(z,t)|P dadt < /600 (/6y|>tf(y) dy)ptl dt

p

_/OO< f(y)dy) =1,
1 ly|>t

and therefore (2) follows from Lemma 2.2 with r = 1.
For Aq, note

/ |VP(x)|dx = tl/ VP (z)|de ~t}
n R

and thus a similar argument yields

Am/nﬁlf(x’t)dxdtg/fiootl /6|y>tf(y)\y!dydt

—/ t FW)ly| dy dt
1 ly|>t

—/ FW)lyllog™ |y| dy
Rn

so that (3) holds. This completes the proof.

O

Next, for the estimation on Ko, we also consider a couple of operators

defined by

Aof(z,t) = (1 + ta| V)|V Py (2) /K Fw)ll dy,

Rof(a,t) = 2] LV A(x)] /K F@)lyl dy
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for measurable functions f > 0 on R", x € R™ and t > 0. For these
operators, we have the following LP boundedness.

LEMMA 3.2. For measurable functions f > 0 on R™, the following
hold.

(1) Forp > 1, we have

/ / |[Aof(z,t)|P dedt < C, / x)|P|z| dx.

(2) For p=1, we have
/ Aof(z,t)dedt <C | f(z)|z|dx.
0o JRn R"
Proof. First consider the case p > 1. By Lemma 2.6, we have
Mof@t) < [ (@ tlal Wyl V) dy
ly|<3(|z|+t)

and thus, by integrating in polar coordinates,

/ et S /0 ) ( /y<3(u+t)% dy>punldu
! D
S/o </y|<6tf(y)lylt”1 dy) " du
: /too </|y<6uf(y)|y|“"1 d?J)pu"l du
< n=npp (/|y<6t FW)lyl dy>p
p

- d n=np=p=1 gy,
+/t (/|y<6uf(y)|y| y) u u

Note, by interchanging the order of integration,

[ I (o)
= /OOO </y|<6u fW)lyl dy) p u" PR du.
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Consequently,

o] o) p
A P < n—np=p g,
| et | ( /|y<6uf(y)\y|dy> " du

Now, apply Lemma 2.1 with r =np+p—n—1> 0 to conclude (1).
Similarly, for p = 1, we have the following estimate for As.

/ Rof(z,t) dz < / / 217 F @)y PV Pi(a)] dy de
R" n J|y|<3(|z|+t)
Wyl 1
dyu"" du
/ /y|<3(u+t u2_|_t2)m+1
St’”// FW)yP dyu du
0 J|yl<6t
+/ / FW)yl? dyu= du
t ly|<6u
=0l / FW)lyl? dy
ly|<6t

/ / \y|2 dyu~ 3 du.
ly|<6u
It follows that

/ Rof () durdt < / / W)yl dyt2 di
0 R" 0 ly| <6t
4 / / / F@lyP dyw® dudt
0 t ly|<6u
S// FW)yl* dyt =2 dt
0 ly|<6t
=6/ FW)lyldy,
Rn

so that (2) holds. The proof is complete. U

Finally, for the estimation on K3, we consider an operator defined by
Asf(z,t) = . fW) Pz —y)dy
3

for measurable functions f > 0 on R", z € R™ and ¢t > 0. For this operator,
we have the following LP boundedness.
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LEMMA 3.3.  For p > 1 and measurable functions f > 0 on R"™, we
have

[ [ msopasac<c, [ ifa@pl i

Proof. By Lemma 2.7, 2t < |z| and 2|z — y| < |z| on K3. Thus
y Y

Asf(a,t) < / f@) Pz — y) dy

2|z—y|<|=|

St‘”/ f(y) dy+/ tf(y)|z —y| " tdy
lz—y[<t t<|z—y|<|z|/2

< frmla) + / F@le —y| ™" dy
t<|z—y|<|z|/2
— Fru(o)+ /t g @A

|z]/2
:f*yt(x)—i—/t fros(x)sds

Now estimate for the first term of the above follows from Lemma 2.3. For
the second term, note that Hardy’s inequality with r =1 gives

[«l/2 (" rlal/ g =1/
/0 2</t 2f*05(x)5_1d5> dtgpp/o 2|f>|<0,5(56)|1"d15

and therefore desired estimate also follows from Lemma 2.3. The proof is
complete. 0

We are now ready to prove our weighted norm inequalities. Actually,
all the necessary estimates are contained in Lemma 3.1, Lemma 3.2 and
Lemma 3.3. What remains is just to combining them together. We begin
with the case p = 1.

THEOREM 3.4. Let f € L*NLY(|z|dz). If f satisfies the zero and first
moment vanishing conditions

f@do= [ af@di=0  (1<j<n)
R” R"
then we have

/Ooo/n|Pt>kf(x)|dxdt§C/Rn|f(x)|(1+|x|log+|x|)dfv.
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Proof. Since the zero and first moments are 0 by assumption, we have
Py f(z) = - fy) [Pz —y) — Pi(x) + VPy(z) - y] dy
and therefore, by Lemma 2.5, Lemma 2.6 and Lemma 2.7,

1Py + f(z)] < / FW P — y) — Pi(e) + VP, (x) -] dy

R”

< / F @) [P() + IV P)]) dy
K

+ /K Sl Ry + / FW)IP — ) dy

K3

= M|f|(z,t) + Ar|f[(2,t) + Ao|f[(z, t) + As|f|(2, ).

Now, the theorem follows from Lemma 3.1, Lemma 3.2, Lemma 3.3 and
Lemma 2.4. The proof is complete. U

As a consequence, we have the following modified weighted norm in-
equalities which might be of some independent interest.

COROLLARY 3.5. To each f € L' N L'(|z|dx) there corresponds f €
C.(R™) such that

/ / P« (f — f)(z ]d:vdt<C/ (1 + |z|log™ |x]) dx

Proof. Choose ¢ € C.(R,) and ¥ € C.(R"!) such that

2/0oo o(t)dt = /Rnl P(')da' =1

and define f1(z) = [p(x1) —p(—z1)](x2, -, x,). One can easily check that
the zero moment of f1 is 0, g, z1fi(z)dz =1, and [g, x;fi1(z)dz = 0 for
J # 1. Similarly, there exist functions f; € C.(R"™) with the zero moment 0
such that

rifj(x) dr = &; (1<4,5<n)

where §;; is the Kronecker delta. Also let fy € C.(R™) be any even function
such that [p, fo(r)dz =1 and define f = afo + >°5_, B;f; where

a= f(z)dz, ﬁj—/ xjf(x)dx
R” R
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for each j. Then we have f € C.(R"™) and it is easily verified that the zero
and first moments of the function f — f are all 0. Now, since f; € C.(R")
for each j, we have

/ F@)I(+ 2l log* [l dz < Jof + 31651
R" =
On the other hand, we have

o i< x z|) dx
| \+;|@|N/Rn|f< )1+ 1)

< / F@)|(1+ 2] log* |]) da
Rn

Therefore the corollary follows from Theorem 3.4. The proof is complete.

O

Forl<p<1+ %, we have the following weighted norm inequalities.

THEOREM 3.6. Letl<p<1l+ % and f € L'. If f satisfies the zero
moment vanishing condition

f(x)dx =0,
R’n

then the following hold.
(1) For 1 <p <1+ we have

//]Pt*f |pdxdt<C/ x)|P|z| dx.

(2) Forp=1+1, we have

/ / | Py * f(z)|P dedt < Cp / z)P [1+ |z|(log™ |z|)?] dx
Proof. As in the proof of Theorem 3.4, we have

1Py f(x)] < / FW) [Pz — y) — Pi(a)] dy

R”

/Kw JIP(x)dy + (1+ tla] V)V P(x) r/ )llyl dy

+ [ 1T@IRe - ) dy
K3
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and therefore (1) and (2) are consequences of Lemma 3.1, Lemma 3.2,
Lemma 3.3 and Lemma 2.4. The proof is complete. 0

As in the case of p = 1, we have the following modified weighted norm
inequalities. Recall w, denotes the weight defined in (1.3).

COROLLARY 3.7. Let1 < p < 1-|— . Then, to each f € L' there
corresponds f € Co(R™) such that

/ml/nLH* f— P deﬁ<:Ct/ 2P (1 + wy()) dz.

Proof. Using notations defined in the proof of Corollary 3.5, put f =
afo € C.(R™). Let g be the conjugate exponent of p. Since ¢/p > n for
1<p<1+% andq/p:nforpzl—i—%,wehave

/n(l —f—wp(az))*q/p dx < oo.

This, together with Holder’s inequality, yields

| F@PQ o) do

S lef?

<([ i)

S [ 1P+ )

Now, since the zero moment of the function f — f is 0, the theorem follows
from Theorem 3.6. The proof is complete. b

Finally, for p > 14 %, we have the following weighted norm inequalities.

THEOREM 3.8. Letp > 1+ % For measurable functions f > 0, we
have

(3.1) / /yaw wm&<c/ )P|z] da.

Proof. Recall that we have

/ Pz —y)dy = cn
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for any ¢+ > 0 and x € R™. Also, recall that 5(|z — y|> + %) > 9(|z|? + t?)
on K by definition. Thus we have P;(x —y) S Pi(z) on K;. Now, Jensen’s
inequality yields

( < f(y)Pt(x_y)deSCp/Kl ()PP — y) dy

< P(x) /K F@)P dy
= AP t)

and therefore the estimate on K7 follows from Lemma 3.1.
Since |z|? + t2 <5(|z — y> +t?) < 9(|z|*> + t?) on Ky by definition, we
also have Pj(x —y) < Pi(z) on K. Thus,

/ /n< KQf Py(x —y)dy>pd:cdt
< [T (] @) a

00 p
< n—np
S /0 </y|<6t f(w) dy) t dt

p

< > n—mp
</ <y|<tf(y)dy>t dt.

where the second inequality can be verified by an easy modification of the
estimate for Ay in the proof of Lemma 3.2. Thus, the estimate on K5 follows
from Lemma 2.1 with » = np—n—1 > 0. Finally, the estimate on K3 follows
from Lemma 3.3. The proof is complete. b

Remark. Note that |z| is an A, weight (see [3]) if and only if p > 1+ 2.
Thus, for the case p > 1+ %, we could derive the weighted norm inequality
(3.1) by utilizing the well-known A, weight theory. On the other hand, for
1<p< 1+ %, weights under consideration are not A, weights, but still
appear to be quite natural. This seems to cause the fact that we only have
the modified weighted norm inequalities Corollary 3.5 and Corollary 3.7, in
case the weights are already fixed.

The case p = 2 is something special, because we then have Fourier
transform tools at hand. In the rest of this section, we mention some results
in that direction. The following Plancherel type theorem is noticed in [5].
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LEMMA 3.9. For f € L?, we have

(3.2) /0 /n|Pt*f(x)|2dxdt :cn/Rn|f(9:)]2|x\_ldx

where J? denotes the Fourier transform of f.

This yields some immediate consequences. That is, for f € L' N L2, one
can see P[f] € b2 only if f( ) = 0 (by continuity of f) for n = 1. On the
other hand, we always have P[f] € b? for n > 2. Such b containment results
will be investigated in the next section. Here, we mention some inequalities
which can be derived from (3.2).

PROPOSITION 3.10. (n = 1) Let f € L*. If f satisfies the zero moment

vanishing condition
RS
R
then we have

sy [ [ rPt*f<x>|2dxdtsc< /| !f(w)ll:r\dw>2+0 [ 1@ da

Proof. We may assume f € L. Since f(O) = 0 by assumption, we have

[f(@)| = |f(@) = F(0)] < a /R [FW)llyl dy

for all z € R.. It follows that

J @R = [P [ fr

<([ s erd:c) + [ 1w as

and therefore (3.3) holds by Lemma 3.9. The proof is complete. 0

For n > 2, note that |z|~! is integrable near the origin. Thus, a similar
argument yields the following.

PROPOSITION 3.11.  (n > 2) For measurable functions f > 0 on R",
we have

00 2
/ / |Pt*f(x)]2dxdt§0( f(x)dﬂz) +C |f(z)|? da.
0 n Rn Rn
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For n > 2 and p = 2, one can also see that order of weight in Theorem
3.8 is sharp in the following sense.

PROPOSITION 3.12. (n > 2) We have

64 [ [ R f@P < Co [ If@)Plel de

for all measurable functions f >0 on R"™ if and only if o = 1.

Proof. We only need prove the necessity by Theorem 3.8. So assume
(3.4) holds and take f(z) = e~*l for ¢ > 0. Note f € L? for any ¢ > 0. We
have f(x) = ¢, Pi(z) (see [4], page 16) and thus

o TPl e ==t [l 0 o)
R" Rn

On the other hand, we have

[ s@perae =i [ g e

so that a = 1 by Lemma 3.9. The proof is complete. 0

Having seen the above proposition, one might guess the sharpness of
orders of weights considered in our weighted norm inequalities. Our results
are indeed sharp in the sense that orders cannot be reduced at infinity.
We will see examples in Section 5. See Proposition 5.1, Proposition 5.4,
Proposition 5.5 and Proposition 5.6.

§4. Harmonic Bergman functions

We have seen that the zero or first moment vanishing hypothesis played
the key role in the proof of Theorem 3.4 and Theorem 3.6. In this section we
show that those cancellation properties are indeed necessary, which justifies
our hypotheses taken in the weighted norm inequalities of the previous
section.

THEOREM 4.1.  Let u be a complex Borel measure on R™. If P[u] € bP
for some 1 <p <1+ L, then p(R") =0.
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Proof. Assume p is real without loss of generality. Put F' = P[u| and
assume F' € bP for some 1 <p <1+ % Note that

F(x,t) = / § Pi(z —y) du(y)
(4.1) =t " /|y<R du(y) + /|y<R(Pt(fc —y) —t7") du(y)]
Pt Tr — d
+/|y>R (x —y)du(y)

for any R > 0. Now, assume p(R™) # 0. We may further assume u(R™) > 1.
Now choose R > 1 sufficiently large so that

(42) [ - [ duw) =1
ly|<R ly>R
holds. Also, fix N > 0 such that

_ 1
(4.3) N jul] < 5.
Also note
tlr — y|? -

trtl(le —yl2 +¢2) = 2tntl
where the first inequality can be seen from the elementary inequality
(4.5) a™m b <mb-ab la™™ (0<a<b).

Now, it follows from (4.1), (4.2) and (4.4) that

e T—y
Rl = )
ly|<R

OE t_”/

ly|l<R

o /M dlul(y)

_ Cn— r—y
Zt”—mtnl/ | 5 ).
lyl<R

Therefore, for || < R and NR <t < 2NR, we have by (4.3)

|F(z,t)] 2t (1 —mt™'R|u||) 2 NT"R™",
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which yields
2NR
/ / |F(x,t)|P dodt > N1=PR-"wHL > Nl=np
lz|<R

where the second inequality holds, because n — np + 1 > 0. But, this is
impossible by the fact

2NR
/ / :Ut]pdxdt</ / F(z,t)[Pdedt — 0
lz|<R n

as R tends to infinity. This completes the proof. 0

As a consequence, we have the following bP-cancellation property. The
case p = 1 has been known [2].

COROLLARY 4.2. Let1<p<1+ 2L and F €bP. Then

/nF(x,d)dxzo

whenever F(-,8) € L.

Proof. For t > §, we have F(x,t) = P[f](z,t) where f = F(-,0).
Hence, the corollary follows from Theorem 4.1. 0

In addition to the zero moment vanishing property, b'-functions rep-
resented by Poisson integrals must also have the following first moment
vanishing property on the boundary.

THEOREM 4.3. Let u be a complex Borel measure on R™ and suppose

| Jaldlul(@) < .
Rn

If P[u) € b!, then
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Proof. Assume p is real without loss of generality. Put F' = P[u| and
assume F' € b'. Note that, since the zero moment of j is 0 by Theorem 4.1,
we have

Fa.t) = [ (o —y) = Pie) du(v)

= — [ VP(z)-yduly) + / VPy(x) - ydu(y)
R" 2|y|>t

(4.6) + /2 | (Ble =)= P@) + VR(E) ) duly)

v (=)= R )

= I+ 11+ 11T+ 1V
for any ¢ > 0. Put

aj= [ adue)  (1=ji<n)

and assume a; > 0 for each j by making change of variables, if needed. Let
a = ) «j. It remains to show a = 0. Suppose not. Then we may further
assume « > 1. Now we estimate terms in (4.6). Fix ¢ > 1 and z such that
2|z| < t, and t < 4y/nz; for each j. For the first term, we have

2 1
(4.7) 1] (|x|2+t2)m+1 >y > W 2
For the second term, we have
x e
(1.9 s T [ ) = o)
2ly|>t

as t tends to infinity. To estimate the third term, note that

1 1 1
! / [ dlul () = © / iyl dlpl () + / 2 dlpel(y)
t Japy|<t t Japy<vi b JVi<aly|<t

o
<5 [ wldule)+ [ ldinlw)
2v/t Jrr 20y|>Vt
=o(1)
as t tends to infinity. Also note that |[y[* — 2z - y| < |y|(|y| + 2||) < 3t?/4
for 2]y| < t. Hence, by Lemma 2.6, we have

1 —n—
49 1S g [ P dinl) = o)
2ly|<t
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as t tends to infinity. For the last term, we have by (4.5)

mt||zf* — |z — y|’|

(I =y + #2)(J«* +12)
m |yl (t|z] + |z = y|)

— (e —ylP + 2) (|22 + 17)

Piw =)~ P@)| £

m|y|
S t”'H
and therefore
m e
(410) VI < g [ loldlul() = £,
2ly[>t

Thus, by (4.6), (4.7), (4.8), (4.9) and (4.10), we finally see that there is a
positive constant N such that

/ /\F(x,t)ydxdtz/ t~hdt = oo
N Dy N

where Dy is the set of all points x such that 2|z| < ¢t and ¢t < 4y/nz; for
all j. Since F € b' by assumption, this is a contradiction. The proof is
complete. O

As a consequence of Theorem 4.3 and Corollary 4.2, we have the fol-
lowing b'-cancellation property. The proof is similar to that of Corollary
4.2.

COROLLARY 4.4. For F € b', we have

/nF(x,é)dxzo

for any 6 > 0. Also, we have
/ zjF(x,0)dr =0 (1<j<n)

whenever F(-,0) € L(|x|dz).

The first moment vanishing property sometimes forces functions in b
of certain type to be identically 0. For example, consider a positive finite
Borel measure y on R% (1 < k < n) and let fi be its reflection with respect
to the origin. Also, let A be a positive finite Borel measure on R**. Assume
first moments of u and A are all well defined.
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COROLLARY 4.5. Let pu and X be as above. If P[(—fi) x \] € b', then
either u =0 or A= 0.

Proof. By Theorem 4.3, the first moments of (¢ — i) x A are all 0. In
particular, for 1 < j < k, we have

0=l | @l = )
Rk

=2\ [ .
R

Summing up all these together, we obtain
NI [ 1af duta’) =0
RY

and therefore 4 = 0 or A = 0 as desired. The proof is complete. 0

Remark. Consider any closed cone E C R"*! with vertex at the origin
whose radial projection to the unit sphere is properly contained in Rfrl.
For measures p and A\ considered in Corollary 4.5, one can actually obtain
a direct estimate on F:

Pl(u— i) x \(w) > Clu[ " (we B, [u] > 1)
for some C' > 0 if u x A # 0, which implies P[(u — i) x A] ¢ b,

In the next section we will see examples (Proposition 5.1, Proposition
5.4, Proposition 5.5) showing that the above cancellation properties do not
characterize the bP-containment of Poisson integrals. However, such can-
cellation properties and bP-containment of Poisson integrals are equivalent
under restrictions which are obviously suggested by weighted norm inequal-
ities of the previous section. For the case p = 1, we have the following.

THEOREM 4.6. Suppose f € L' satisfies
(4.11) / |f(z)||z|log™ |z| dz < oo.
Then P[f] € b* if and only if

f(x)da;:/ xjf(x)dx =0 (1<j<n).
R~ R"
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Proof. 'This follows from Theorem 3.4, Theorem 4.1 and Theorem 4.3.
0

Similarly, for the case 1 < p < 1+ %, the following holds. Recall w,
denotes the weight defined in (1.3). Also, note that the condition (4.12)
below, together with f € LP, implies f € L' (see the proof of Corollary
3.7).

THEOREM 4.7. Letl <p<1+ % Suppose f € LP satisfies

(4.12) / |f(z)[Pwy(z) dz < oo.
Then P[f] € b if and only if
f(z)dz =0.
Rn
Proof. This follows from Theorem 3.6 and Theorem 4.1. b

Remark. We will see examples (Proposition 5.1, Proposition 5.4,
Proposition 5.5) showing that the converses of the moment vanishing prop-
erties do not hold. Consequently, Theorem 4.6 and Theorem 4.7 do not hold
without the weighted integrability conditions (4.11) and (4.12). Neverthe-
less, one may consider some other aspects of those weighted integrability
conditions. Namely, one may ask whether their orders are optimal. Also,
one may ask whether they are necessary for the bP-containment of Poisson
integrals in case relevant moment vanishing conditions are already given.
Answers are yes for the first one and no for the second one. We will see
examples in the next section. See Proposition 5.1, Proposition 5.4, Propo-
sition 5.5 for the first one and Proposition 5.7, Proposition 5.8, Proposition
5.9 for the second one.

We now turn to the case p > 1+ % In this case one can immediately
see P[f] € bP from Theorem 3.8 whenever f satisfies the condition (4.13)
below and P[f] defines an actual harmonic function.

THEOREM 4.8. Letp > 1+ % If f is a measurable function on R"
such that

(4.13) | r@)lalde < o,
then P[f] € bP.
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Proof. As mentioned above, we only need to check that P[f] is well
defined. First note that

/$|>1 |f(2)]P dzx < / |f(2)[P|| do < oo.

|z|>1

Let g be the conjugate exponent of p. Since ¢/p < n, we have

/ 2|77 dx < oo
lz|]<1

1/p
I ( /. \f(:v)!p\:v!dw> < o0

by Hoélder’s inequality. Accordingly, f € L' + LP and P[f] is indeed a
harmonic function. The proof is complete. 0

and thus

Remark. For 1 <p<1+ %, we have seen that the bP-containment of
Poisson integrals, under restrictions (4.11) or (4.12), is characterized by the
zero or first moment vanishing condition. As mentioned before, such char-
acterizations fail to hold without any extra conditions. On the other hand,
forp > 1+ %, one cannot expect any cancellation property by Theorem
4.8 and, in fact, there are many positive functions in b” (consider Poisson
integrals of positive functions with compact support). As far as such posi-
tive functions are concerned, the bound p = 1 + % is known to be precise
as mentioned in the introduction.

We now close this section with the following for the case p = 2. Note
that there is no implication between this and our results above.

PROPOSITION 4.9. For functions f € L' N L?, the following hold.

(1) (n=1) For f € L'(|z|dz), we have P[f] € b* if and only if

f(z)dx =0.
RTL

(2) (n >2) We always have P[f] € b2.

Proof. We have (1) by Proposition 3.10, Theorem 4.1 and (2) by Propo-
sition 3.11. [
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§5. Examples

In this section we give various examples related to theorems obtained
in the previous sections. We will assume n = 1 for simplicity and thus
1—1—% = 2. Similar arguments will produce examples for n > 1. What we are
concerned here are (i) the failure of the converses of the moment vanishing
properties, (ii) the sharpness of the orders of weights in the weighted inte-
grability conditions for the bP-containment (and the same for the weighted
norm inequalities), and (iii) the failure of b”-containment characterizations
by means of our weighted integrability conditions in case relevant moment
vanishing conditions are given.

We first construct examples simultaneously concerning (i) and (ii) for
1 < p < 2. Our examples show that the moment vanishing properties are
not sufficient for the bP-containment. In other words, the sufficiencies of
Theorem 4.6 and Theorem 4.7 do not hold without weighted integrability
conditions (4.11) and (4.12). However, as far as orders of weights (in those
weighted integrability conditions) are concerned, our examples show that
our results are sharp (hence so are the weighted norm inequalities) in the
sense that orders at infinity cannot be reduced. We begin with the easiest
case.

PROPOSITION 5.1.  For 1 < p < 2, there exists a function f € L' N LP
such that

(5.1) /00 flz)dz =0, /OO |f (2)P|z])' ¢ dz < oo

—00 —00

for any € > 0, but P[f] ¢ bP.

Proof. Let X be the characteristic function of the interval [1,00) and
define

(5.2) f(@) = [z[~*(X(z) — X(-2))
where o = %. Then, clearly f € L' N LP and (5.1) holds. We will show that
P[f] ¢ b. Now, for 0 < z <t and t > 1, we have

& t t dy
P* = — —
2 f2) A <w—yP+ﬁ Ix+m2+ﬂ>ya
_/°° dtxy dy
T B e

S / o dtxy dy
TS (z+yl2+12)? ye
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(o @)
2 ta / y % dy
t

> t_l_aCC

~

[ee] t [e%¢) t
/ / |P;  f(x)P dodt > / tP~29P dr dt
1 0 1 0

(e 9]

> t~tat

and thus

—

o0

as desired. The proof is complete. 0

The cases p = 1 and p = 2 are more subtle. To construct examples for
those cases, we first prove a couple of lemmas.

LEMMA 5.2. Let o > 1 and e > 0. Then, fort > 2e, we have
tody t
W / (logy)e ~ (logt)®’
e

) /°° dy N 1
. ye(logy)tte T te—I(logt)lte’

Proof. For 2e < t < et (if there is any such t), we have

2e t
/ dy . / dy <1< t '
e (logy)  Jo (logy)e (logt)®

For t > e*t!, we have by integration by parts

/t dy t e€+1 N /t dy
o — £ _—_—
w1 Qogg)r ~ (ogtf  E1F T ° Juonr (omy)™

< t n € /t dy
= (ogtF  e+1 Jen (logy)

Therefore, for t > 2e, we have

t

/ dy < t .

e (logy)® ™ (logt)®
The other direction of the above inequality is clear and thus (1) holds. A
similar estimate yields (2). The proof is complete. 0



BERGMAN NORM ESTIMATES OF POISSON INTEGRALS 115
LEMMA 5.3.  Fore > 0, consider functions fi and fo defined by
fi(@) = agziloga) 1 X(2) (G =1,2)

where X is the characteristic function of the interval [e,c0) and each o; > 0
is chosen so that [ fj(z)dz = 1. Then, we have

(1) Pi(x) — Py * fi(z) =t Y(logt)~¢
(2) Pi(x) — eaaPl(x) — P x fo(x) >t *(logt)™¢
for all x, t with t < x < 2t and t sufficiently large.

Proof. Assume t < x < 2t and t is sufficiently large. By Lemma 5.2,
we have

/OO 1 dy
e (z—y)?+t* (logy)te
1/t dy * 1 dy
(5.3) ~ t_Q/e (log y) '+ +/t y? (logy)'+e
~t (logt)™17F

=t"1(logt)~*0(1).
Also, note that

S /°° y dy
(5.4) “Ji (z—y)?+t? (logy)tte

and therefore, by (5.3) and (5.4),

Fi(z) = Pox fi(z) = ax /OO[Pt(%') — Bz —y)ly~(logy) ™ = dy
< y—2 dy

ozlpt(w)/e (m _ y)Q + ¢2 (log y)1+5

o Py(x)(log £) <1 + o(1)

t~(logt)~*.

VRV



116 B. R. CHOE, H. KOO AND H. YI

This proves (1). A similar argument yields (note a; = ¢71)

P~ R fle) = eabio) |

= asPy(2)[t ' (logt) Co(1) — 2ext ' P, * f1(x)]
= 2eanat ' Pi(x) Py * fi(x) 4+t 2(logt) o(1)

where the second equality holds by (5.3). Since P/(x) = —2xt~1[P,(x)]?, it
follows that

Py(z)—eag P/(x) — Py x fa(x)
= 2eqpat” ' Py(x) [P(x) — Py * fi(z)] +t*(logt)o(1)
~ Y Py(x) — Pr* fi(x)] + t2(log t) “o(1)
> t2(logt)"".

The last inequality holds by (1). The proof is complete. 0

We are now ready to construct examples for p = 1 and p = 2. We first
consider the simpler case p = 2.

PROPOSITION 5.4.  There exists a function f € L' N L? such that
o0 o0
65) [ f@dr=0, [ 7@)Pllogt o) de < o0
—00 —00

for any € > 0, but P[f] ¢ b>.

Proof. Let X7 and Xy be the characteristic functions of the interval
[—3, 3] and [e, 00), respectively. Consider a function f defined by

f(z) = X1 (2) — 227 dog 2) ™32 Xy () =: f1 + fo.
Clearly, f € L' N L? and (5.5) is easily seen. We claim
(5.6) P f(a)] Z ¢ (logt) /2

for all x, t with t < & < 2t and t sufficiently large. This yields

fe'e) 2t o)
/ / |P; * f(x)|* dadt > / (tlogt) tdt = 0o
N t N
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for N large and hence P[f] ¢ b%. Now, assume t < z < 2t and t is sufficiently
large. We first estimate f;. Since

1/2 1/2
J—— v,
_12 (= y)? + 2 0o (@—y)P+t2 (z+y)?+12

1/2 Y2
:8“3/0 (@ )@t

we have

1/2
1/2
= P(z) + / 1/2[Pt(:v —y) — P(z)]dy
1/2 22y — 4
=P P, d
t(x) + t(x) /1/2 (ﬂf N y)g +t2 Y

For fo, we obtain from Lemma 5.3
Py fa(x) + Pi(z) 2t (logt) ™'/,
It follows that
Pyx f(x) 2t (logt) "2+ 0(t™%) =t (logt) Y2
so that (5.6) holds. The proof is complete.

PROPOSITION 5.5.  There exists a function f € L' N L'(|x|dx) such

that . .
/ f(x)d:c—/ xf(x)dx =0,

—0o0 —00

(5.7) >
/ (@) |l log™ [£)'~% dzr < oo

—00

for any e > 0, but P[f] ¢ b.
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Proof. Let X1, X5 be the characteristic functions of the intervals [—3, 3]
and [e, 00), respectively. Also, for a constant o > 0 chosen so that

2
o . —
/e y2(log y)?

let X3 be the characteristic function of the interval [0,«] and consider a
function f defined by

flz) = Xi(z) — o’ (zlog ) > Xp(z) + (Xs(z) — Xs(—x))
= fi+ fo+ f3.

Clearly, f € L' N L'(|z|dz) and (5.7) is easily verified. As in the proof of
Proposition 5.4, it suffice to prove

(5.8) [P * f(z)] 2 t2(logt) ™"

for all z, t with ¢t < = < 2t and t sufficiently large. So, assume ¢t < z < 2t
and t is sufficiently large. For fi, as is seen in the proof of Proposition 5.4,
we have

P * fi(x) = Py(x) + O(t™3).

For fs5, we obtain from lemma 5.3
Py x fa(x) + Py(z) — o P/(x) 2 t*(logt) ™.

For f3, we have
Py f(a) = / Py +y) — Pl — )] dy
0

——a*Fi(o)+ [ 1P +9) ~ Pila — ) + 2Pa)y]dy

yy? — 227 4 2%)
v)? + ) (@ +y)? +12)

2 p/ / “
= —a“P, 2P, d
o t(x)—i_ t(x)/o ((.’B— Y
= —a?P/(z) + O(t™).
Combining these estimates all together, we have

P f(z) 2t 2(logt) ™ + O(t™3) >t 2(logt) ™!

so that (5.8) holds. The proof is complete. U
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Orders of weights in the weighted norm inequalities for p > 2 is also
sharp in the following sense.

PROPOSITION 5.6.  Forp > 2, there exists a measurable function f > 0
such that
o0
(59) | t@Plalt s < oo

—00

for any € > 0, but P[f] ¢ bP.

Proof. Let X be the characteristic function of the interval [1,00) and

consider a function f defined by f(z) = |z|"*X () where a = %. Clearly
we have (5.9). Now, for 0 < x <t and 1 <t < y, we have Py(z —y) 2> ty~2

and thus -
Pocf@) = [ RGe-gydyz e
t

oot o0
/ / |Pt*f(x)|pdxdt2/ t~1dt = oo,
1 Jo 1

which shows P[f] ¢ bP. The proof is complete. U

Therefore

We now construct examples concerning (iii). For 1 < p < 2, we have
seen above that the weighted integrability conditions (4.11) and (4.12) play
essential roles in Theorem 4.6 and Theorem 4.7. However, once relevant
moment vanishing conditions are given, they are not necessary for the bP-
containment, as the following examples show. We first consider the case
l1<p<2

PROPOSITION 5.7.  For 1 < p < 2, there exists a function f € L' N LP
such that

(5.10) /_Oo @) dz =0, /Oo 1 (2)[P|2] dz = oo
W

—0o0

and yet P[f] €

Proof. Fix a with 1 < a < % and let

(5.11) F= k% (Xop — K1)
=1
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where X); denotes the characteristic function of the interval [k, k + 1]. Tt is
easy to see that f satisfies (5.10) and f € L' N LP. Put F = P[f]. We claim

(5.12) |F(z,t) St A+ =)™ (t>1, 2 €R),

which implies

/ / :Ut]pd:vdt</ / oy drdt < oo

and thus F' € bP by Lemma 2.4 as desired. Assume ¢ > 1 in the rest of the
proof. Note

| P[Xop, — Xop—1](z, 1)

2k+1 1 2k 1
T [
o (T —y)?+ 1 k-1 (T —y)* + 12
1 —
St/ 3+ 2|2k — x| dy
o ((2k+y—a)?+82)((2k —1+y—x)*+1?)
t(1+ |2k — z)
™~ (12k — z|? 4 t2)2”
1
~ |12k — x| +¢)?
and thus, we have
o kia
1 F(z,t)| < _

From this, for < 0, the estimate

1 1
<
(L4 |z|+t)% — t(1+|z|)

|F(z, )] S
is clear. Also, for 0 <z <1, it is immediate from (5.13) that

[F(z, )] S

1o
t2 ™~ t(1 + x)
For > 1, we have 3(x — 1 +t) > 1+ 2 + ¢ and therefore

1

k=« 1 1
> S S < :
2h—sio(am 1/2(\ k—x|+t)2 > (x—14+¢)2"~ Q1+z+1t)? ~ t(1+2)
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and

1

[2k—z|<(z—1)/2

Combining all these estimates we see from (5.13) that (5.12) holds as de-
sired. The proof is complete. 0

One can modify the function considered in the proof of Proposition 5.7
to obtain an example for the case p = 2.

PROPOSITION 5.8.  There exists a function f € L' N L? such that

(5.14) /mﬂa:)dx:a /°° (@) Pla] (log* |])? de = oo

and yet P[f] € b?.

Proof. We modify the construction in the proof of Proposition 5.7. For
example, modify the function (5.11) and consider

F=Y k" (log k)™ (X — Xog_1)
k=2

where X% has the same meaning as before. By taking 1 < a < %, we have
f € L'NL? and (5.14) is satisfied. Let F' = P[f]. Then, for t > 1 and = € R,
a straightforward modification of estimates in the proof of Proposition 5.7
yields

> 1
1 F (logh)
(5.15) RIS 22 (og k)™ ok —a1 7 02

and thus

1 1 !
F@D S a5y Y i1 e £ g0+ 2" © i+ 2]

This implies ' € b? as before. The proof is complete. 0
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We also have an example of the same type for p = 1. Construction and
estimates of such an example are to be a bit more complicated because of
the additional first moment vanishing property.

PROPOSITION 5.9.  There exzists a function f € L' N LY(|x|dx) such

that . o
/ f(:n)dx—/ zf(x)dx =0,

—00 — 00

(5.16) >
| Ur@ieltog* s = o0

—0o0

and yet P[f] € b'.

Proof. Let

f= (klogh)(Xo, — Xop_1)
k=2

where X, denotes the characteristic function of the set [k, k+1]U[—k—1, —k].
Then it is not hard to see f € L' N L!(|z|dx) and (5.16). Let F = P[f]. To
show F € b', we use the same argument as in the proof of Proposition 5.7.
Thus, it is sufficient to show

1 1
(5.17) |F(2,t)] S 2 107 20+ [zl (log” o))

for t > 1 and = € R. To estimate (5.17), put

t t
H(z,t,y) = +
(@,ty) (x—y)2+1t2  (v+y)2+1t2
3 2t(a* 4+ 1% + y°)
(=) ((x+y)?2+12)
Then, we see
2k+1 2k
Plats— Buil(e.t) = [ Hetg)dy— [ Hot)dy
2k 2k—1

1
—/ [H(x,t,y + 2k) — H(x,t,y + 2k — 1)] dy
0
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and therefore

o0 1
Fla,t)] <3 (klogh)2 / H (2, 1,y + 2k) — H(z, by + 2k — 1)|dy.
k=2 0

Note that F'(x,t) is even with respect to = and hence we only need to
consider x > 0. So assume ¢t > 1 and = > 0. Then, one can obtain an
estimate (uniform in y, 0 <y < 1)

kt
(12k — z|2 + 2)2
.k
= (]2k — x|+ )3

It follows that

1

|F(z,t)] <> k™' (log k)_Qm.

k=2

Now, repeating almost the same argument as in the proof of Proposition
5.7, we have

1 1
F(x,t)] < + .
1Fle ) (T+z+1)3  2(1+2)(1 +log(l + z))?
So, we have (5.17) and the proof is complete. U

We finally give an example showing that our weighted integrability
condition for p > 2 is not necessary for the bP-containment, either.

ProprosITION 5.10.  For p > 2, there exists a function f € LP such
that

(5.18) /WUMWﬂm—w

—00

and yet P[f] € bP.

Proof. Consider a function f defined in (5.11). This time we take 1% <

a< %. It is easily verified that f satisfies (5.18) and f € LP. Put F' = P[f].
We will see

(619) [Pt SEVPQ4 ) (> 1, z€R),
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which implies F' € bP as before. Assume t > 1 and let x € R. The estimate
(5.13) is still available and thus we have by Hoélder’s inequality

oo (S ) (s N
X
C A\ & (12K — x| + e 22 {2k — af + 1))

where ¢ is the conjugate exponent of p. Note

o0 [e's) 1
> < | dy S 1716,
" ([2k x| T ~ ) (y—al + i)
Also, we have as in the proof of Proposition 5.7
> ke 1 1
Z o' 'S « + a—1 e’
= (|12k — x| + )P (1+ |z| +t)pe P 1(1 4 |z|)P
<1
(LA [z|)pe

It follows from these estimates
|F(z,t)] S (1+ |of) 171/,

which in turn implies (5.19), since 0 < a—+ < +. The proof is complete. []

D=
S L

Remark. We have seen that the converses of moment vanishing prop-
erties fail to hold. One can naturally expect the same failure in the sense
of principal values. For an example in case n = 1, consider the function f
defined in (5.2) with a = 1. For any 1 < p < 2, one can easily check f € L?,

f ¢ L' and
p.v./_ flx)dx =

but P[f] ¢ b”. What we do not know is the other way round. That is,
suppose P[f] € bP for some 1 < p < 1+ % Does f necessarily have the
relevant moment vanishing property in the sense of principal values?
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