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Abstract. For a relatively minimal hyperelliptic fibration, the best bounds of the
orders of its automorphism group are obtained.

Let S be a smooth projective surface over the complex number field. A hyperelliptic
fibration is a morphism f: S— C where C is a projective curve such that a general
fiber of f is a smooth hyperelliptic curve.

DeriniTION 0.1, An automorphism of the fibration f: .S— C is a pair of auto-
morphisms (&, o) with &€ Aut(S), a e Aut(C) such that the diagram

a
N S
lf

o
— C

-
O e—

commutes.

The automorphism group of a fibration f will be denoted by Aut(f). Let G
be a subgroup of Aut(f), G. Xiao has obtained upper bounds for the order of G:

ProrosITION 0.1 ([6, Proposition 1]). Suppose S is a complete surface of general
type over the complex number field with a relatively minimal fibration f: S — C whose
general fiber is of genus g=>2. Then

|G|<{882K§ if g(C)=2
T {16829 + 1)(KZ +8g—38) otherwise .

When g=2, we have shown the following result.

THeorem 0.1 ([3, Theorem 0.1]). Suppose S is a complete surface of general type
over the complex number field with a relatively minimal genus 2 fibration f: S — C. Then

|G| <504K2 .

This work was carried out under the support of NSFC.
1991 Mathematics Subject Classification. Primary 14J25; Secondary 14E09.
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If'S is not locally trivial, then

126K} i g(C)=2
|Gl<< 144K} if g(C)=1
120K3 ¢ if g(C)=0.
TueorReM 0.2 ([1, Theorems 1, 27]). Suppose S is a complete surface of general

type over the complex number field with a relatively minimal fibration f: S — C whose
general fiber is a hyperelliptic curve of genus g =2. If g(C)=2, then

[ 84(g+1
M D ke i g#23509
g.—
2 ; —

Gl<] S04KS i g=2
252K? if g=3
315K2 if g=5
[ 157.5K2 if g=9.

If g(C)=1, then
[ 24(g+1)2g+1 .
g7g——1§ UK gz
2 ;- —

Gl<] 144K if g=2
84K? if g=3
72K} if g=4

L 90K 2 if g=5.
If g(C)=0, then
( 20(g+ )29+ 1) .
—@T@C if g=>6
2 ; —

Gl<] 120K if g=2
T0K2, i g=3
60K3 i g=4

;75Ksz/c if g=5.

In this paper, by using more detailed analysis of the singular fibers, we will obtain
the best upper bounds for the orders of the automorphism groups of hyperelliptic
fibrations. The main theorem of this paper is the following:

THEOREM 0.3. Suppose S is a complete surface of general type over the complex
number field with a relatively minimal fibration f:S— C whose general fiber is a
hyperelliptic curve of genus g=2. If g(C)=2 and f is not locally trivial, then
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21 1
[(210+D) pa i 2359
g—1
126
|Gl< { — K¢ if g=2,3
g—1
315
—— K? if g=5,9.
[ 9—1
If g(C)=1, then
r 24 1
g—1
144
1Gl< | — K2 if g=2,3
g—1
360
——K§ if 9=59.
L 91
If g(C)=0, then
[ 20 1
294D g2 i g#2,3,5,9
g—1
120 .
1Gl< { — K§e if g=2,3
g—1
300 .
*:TKSZ/C if 9=5,9.

All these bounds are the best possible. Furthermore, if the equality holds, then the
fibration is necessarily equimodular.

1. Preliminaries. Let f: S— C be a hyperelliptic fibration of genus g=>2. Then
the relative canonical map of f is generically of degree 2. This map determines an
involution ¢ on S whose restriction on a general fiber F of f is a hyperelliptic involution
of F. ¢ is called the hyperelliptic involution associated to the hyperelliptic fibration f.
We always assume o€ G.

Let p: §— .5 be the composite of all the blow-ups of isolated fixed points of the
involution o, and let ¢ be the induced involution on S. The factor space P=58/¢(6) is
a smooth surface, and f induces a ruling on P:

7. P> C.

The projection from S to P is a smooth double cover 8 : §— P which is determined by
the pair (R, §) where R is the branch locus of # and § is the divisor such that

0,05= 0@ Ox—5).
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LemMA 1.1, There exist contractions of ruled surfaces § - P— P and j: P— P,
such that n: P— C is a minimal ruled surface and #=mnjnj. Let (R, §) and (R, ) be the
images of (R, 8) in P and P, respectively. Then Y\ P— P is a minimal even resolution of
singularities of R, and . P — P is a minimal even resolution of non-negligible singularities
of R.

The proof is obvious. Note that the minimal ruled surface P need not be unique,
but 2 C is uniquely determined by 7#: P — C and (R, §).
Now we obtain a diagram as follows.

0

-

S
p
(*)
.
S
f\ /
C

In this paper the linear and numerical equivalence will be denoted by “=" and
‘~7", respectively. Let

<

3

N —— N e——"o

¢

R~ —(g+1)Kp,c+nF.
Then

g+1 n

S~ Kpo+— F.
2 P

Since K3,=0 and Kp,F=—2, we have
5r=(g+1)m, OKpe=—n.
Y can be decomposed into a series of blow-ups. Suppose that the center of the i-th
blow-up is a singular point of multiplicity m; in the corresponding even resolution of

R. Let k;=[m,;/2]. Denote the total transform in P of the exceptional curve of the i-th
blow-up by €. Then we have

55‘[’*5_21‘:@1' s Kﬁ/czl/;*KP/C“‘zGi .
By the formulas for double covering, we have
(D 17=x03)—(g—Dg(C)—1)
1

ey @ 1
?(52+5K‘/c)23 gn—? Y htki—1),
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) Kic=Ki~8(g—1)(g(C)—1)
=26+ Kpie)*=20g—1n—2Y (k;—1)*.

R may contain isolated (—2)-curves which are produced during desingularization
of (2k—1— 2k—1) singular points. We have the following lemma.

LemMa 1.2.  The images under 0 of vertical (—1)-curves of S are isolated (— 2)-curves
in R, which are the isolated (—2)-curves in R as well. If R contains [ vertical (—2)-curves,
then

2
KSZ/C =Kgc+1.

ProOF. The vertical (—1)-curves in S are produced by blowing up the isolated
fixed points in S with respect to the involution ¢. The restriction of & to these (— I)-curves
is the identity map. Therefore the images of these ( — 1)-curves under the double covering
g must be contained in the branch locus R. Since R is a smooth divisor, these images
are isolated (—2)-curves in R. These (—2)-curves cannot be produced during the
desingularization of R because the singularities in R are rational singularities after a
double covering. Hence they are isolated (—2)-curves in R as well. O

If we take away from the branch locus R all the isolated vertical (—2)-curves, we
obtain a divisor IQI, which is called the principal part of R. The second singularity index
(or more precisely, the index of negligible singularities) s,( ) of the hyperelliptic fibration
f: 8- Cis defined as

s2(f)=R2+ R, Kpc .
Since IQ—IQP is the sum of / isolated vertical (—2)-curves, we have
(R—R,)*=R(R—R,)=-2I,
(R—R,)Kpc=0.
Hence
(3) 55(f)=R? + RKp,c +21 =48>+ 25Kp,c + 21
=2nQ2g+1)—4Y k7 +2> k;+2I.
Substituting (1) and (2) by (3), we have the following proposition.
ProrosiTioN 1.1 (cf. [7, Theorem 5.1.7]). If f: S— C be a relatively minimal
hyperelliptic fibration of genus g=2, then

1
g+ 1), =g+ Dyyp="2 sz(f)——%l—;zkxki—n,

4

1
29+ DKgc=(g— 1)52(f)+3l+32(392_29— 1-3(g+1-2k)%).



474 Z. CHEN

Since afterwards we need only the formula for K3, for simplicity by abuse of
language, we define the higher order singularity index (or more exactly, the index of
non-negligible singularities) s,(f) as

sh(f)=3l+%2(392—2g—1—3(g+1—2ki)2).

The contributions of each fiber F of 7 to the singularity indices s,(f) or s,(f) are referred
to as s,(F) or s,(F) respectively.

Now we will show how to calculate s,(f) and s,(F). Let f: S— C be a fibration,
and D an effective divisor on S. If D is a non-vertical (i.e., /(D)= C) smooth irreducible
curve, then f|,: D— C is a finite cover of C with degree DF where F is a fiber of f.
The ramification index of this cover can be calculated by the following formula:

D?*+ DKy, =2p(D)—2—(2¢(C)—2)DF .
If D is vertical (i.e., f(D) is a point), then
D*+ DKyc= 2Pg(D) —2=- me(D) .

For any reduced effective divisor D, we will define the relative ramification index of the
divisor D with respect to C as D2+ DKgc. Let f: §— S be an embedded resolution of
singularities of D in S and D the strict transform of D. Then D is a disjoint union of
smooth irreducible curves. Assume that the center of the i-th blow-up in f is a singular
point of multiplicity m; in D or in the successive strict transform of D. Then

D2+ DKgc=D*+DKgje+ Y my(m;—1) .

Therefore the relative ramification index of a reduced divisor D is just the sum of the
ramification index of D with respect to C and of the double of the difference between
the arithmetic genera of D and D. If D contains vertical components, then their
contribution to the ramification index is equal to the negative of their Euler characteristic.
In this way we can calculate explicitly the singularity index s,(f) and s,(F).

For a subgroup G< Aut(f) we have two exact sequences

l— K —>G—H—1,

l1—Z,—~K—K—>1,
where HS Aut(C), K={(d, id)e G}, and K< Aut(mf}) is induced by K.

Lemma 1.3. P can be contracted to a minimal ruled surface n: P— C (see the
diagram (x)y which satisfies the following conditions:

(1) Let (R, 8) be the image of (R, 5) in P. Then ynjy: P— P is the minimal even
resolution of R.

(2) Let R, be the non-vertical part of R. Then the multiplicity of any singular point
in R, cannot be greater than g+ 1.

(3) There exists a finite subset Z={p,, ..., p,} =C such that after having blown
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up the singular points on each fiber n~'(p;) which have the highest multiplicity, one gets
a ruled surface 7: P— C such that 7@ is compatible with K, i.e., K can induce a subgroup
K< Aut(@r). If Z= @, then the minimal ruled surface is said to be compatible with K.

Proof. Let Fbe a fiber of iy : P — C which is not irreducible. Let yy(F)=p. The
set of (— 1)-curves on F can be divided into K-orbits. We have the following three cases.

(a) Some K-orbit contains more than one (— 1)-curves and they meet one another.
Then we have F=E+E’, EE'=1 and {E,E'} forms a K-orbit. We can choose one of
them, for example, E.

(b) F has more than one (—1)-curves and all (—1)-curves in any K-orbit are
disjoint. We can choose a K-orbit such that the intersection number of its (— 1)-curve
with R, (the horizontal part of R) is minimal.

(c) F has only one (—1)-curve E which is stable under K. The multiplicity of E
in F is greater than 1. We will choose E.

Therefore for the so chosen (—1)-curve E we have

~ 1 <~

Contracting the above chosen (—1)-curve (or all the (—1)-curves in a K-orbit as in the
Case (b)), we get a morphism i, : P— P,. P, is still a ruled surface and R, R,, will be
contracted to divisors R;, R, ; in P;. The multiplicities of singular points in R, ; will
not be greater than g+1. In the Cases (b) and (c) K induces a subgroup of the
automorphism group of P, — C. In the Case (a) F will be contracted to a projective
line in P, and K induces a subgroup of the automorphism group of P, —,(F) — C—{p}.
Replacing P, R and R, by P,, R, and R, ; respectively, this process can be continued
inductively. Finally we will obtain a needed minimal ruled surface.

The statement of (1) is obvious by the uniqueness of minimal even resolution. ]

2. Local analysis.

ProrosiTioN 2.1.  Suppose that f is not locally trivial and that there exists a minimal
ruled surface n: P — C which is compatible with K. If R, is étale, then

4 1
“g—“rKs%c if 9#2,3,59
g—1
24
1Gl< ] ——— rK3c if g=2,3
g—1
60
e 1K if 9=5,9
\ g_l

where
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r= min |Stabyn(F)|.
s2(F)# 0

Proor. Let F, be a fiber of n with 5,(F,) #0 such that r=|Stabyn(F,)|. Then F
must be a component of R. Hence s,(F,)=2(2¢g + 1), we have
| H|
Ksz/c >2(g—1) *r"* s
| K|

rKZ,. .
1 Sic

|GI=2|K||H|<

By [4] and [5] we have

24 if g=2,3

4g+4 if g#2,3,59
|K|<
60 if g=5,9.

O

ProrosiTiON 2.2.  Suppose that the minimal ruled surface n: P— C satisfies the
conditions of Lemma 1.3. If there exists a fiber F of n such that s (F)#0 and 7{(F)¢ X, then

4g+1)

|G| < "Ksz/c s

where

r= min |Stabynr(F)|.
Sn(F)#0
n(F)¢X
Proor. Let Fybeafiber of n with s5,(F;) # 0 such that » = | Stabgn(F,) | and n(F,) ¢ 2.
Then K must be a dihedral group or a cyclic group. If there is a non-negligible singular
point of R outside the poles of F,;, then we must have k;>2 or k; =1 but k,=2 (i.e.,
a (3 — 3) singular point). Thus

1 K H K||H
SF)2 (g —=2g—1=3g+ 14 - L 5L L gy o) IR
2 2 ¥ r
Therefore
22g+1 d(g+1
IGISv(—g;k)rKSZ,C<(g'—)rKSZ/C when ¢g>2.
4g—17 g—1

Now suppose that R has a non-negligible singular point at the poles of F,. The
strategy of the proof can be described as follows. Let pe F,, be a singular point at a
pole. Let 5,(p), s,( p) be the contribution of p to the singularity indices of F,,. Then we have
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1 | H|
K2e>— ((g—Dsy(Fo)+s,(Fy) s ——
s/C 20+1 ((g— 1)s,(Fo) +s4(Fp)) ;

229+ 1 K|
(g — 1)s2(Fo) +5,(Fp)

2
S/C -

|G|<2|K||H|<

The following inequality we need

2(2g+1)|[€| < 4(g+1)
(g — 1)s5(Fo) +5,(Fy) g—1

is equivalent to the inequality
2g+ (g — DsaFo) +suFo) — (g — D29 + DIK|>0 .

In fact we will show that

2(g+D(g—Ds2p)+su(p)—(g— D2g+ DIK|>0.

The group K may be a cyclic group Z,, or a dihedral group D,,,. If K~ D,,, then
the two poles are isomorphic singular points. Hence s,(F;) > 2s,(p) and s,(F,) = 2s,(p).
It is evident that if we can show the inequality for the group Z,, the same is true for
D,,,. So from now on in the proof we will assume K=Z,,.

Since p is a pole of P, the leading part of the local equation of R, at p is x°+¢®
or x(x“+1%), where the local equation of F, is r=0 and | K||a. Since the singularity
index at p of the case x“+1¢” is less than other cases (for example, the cases x(x*+t?),
Hx“+1%) or x#(x*+1%)). We assume that the leading part of the local equation of R at
pis x*+t°. Then we have several cases.

(a) a<band a<g+1. Ifa=3, thereis a (3 — 3) singular point at p, hence k, =1,
k,=2,1>1. We have

1
sh(P)ZE[ng—Zg—l—3(g+1—2)2)+(3gz—2g—1—3(g+1—4)2)]+3= 10g—13.

Hence
2g+1)(10g—13)—(g—1)(2g+1)-3>14g*—39g—23>0 if g=2.
If a>4, then k, >(a—1)/2 and g>3. We have
1
2
=—1.5a*>+3(g+2)a—Tg—6.5.

s (P)=— (392 —29—1-3(g+1~(a—1))%

Hence

2g+ Us(p)—(g—1)29+1)-a
> —3(g+Da+(@dg2+19g+13)a—14g%—27g—13>0  if g=3.
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(b) 4<b<g+1anda=>b+u where 0<u<b—1. Let c=[b/2].
If u>4, then we have k; =c, k,=2 and | K|<a<2b—1<4c+1.

1
Sh(p)ZE' [(39%—2g~1-3(g+1-2c/*)+(3g% ~2g—1-3(g—3)*)]

=—6c2+6(g+1)c+4g—16.
Hence
2Ag+ Vs p)—(g—D(2g + Ddc+1)
> —12(g+ )2 +Hg?+Tg+4c+6g*—23g—31>0 if g=3.
If u=3 and ¢>3, then we have k, =c, k,=1, k;=2, [>1 and |K|<a<2c+4.
sp(p)= —6c?+6(g+ 1)c+6g—15.
Hence

2g+Vsi(p)—(g—D2g+ 1)2c+4)
> —12(g+1)c2 +2(4g2 + 139+ T)c +4g2 —14g—26>0  if g=>3.

If u=3 and ¢=2, then we have k, =2, 5,(p)>6 and |K|<a<8.
sp)z2Ag—1).
Hence
2g+ Dsy(p)+2g+10g—1)s,(p)—(g—1)2g+1)-8=>8(g— 1)>0 if g=2.
If u=2, then we have k, =c, s,(p)=2 and | K|<a<2c¢+3.
sp)= —6c?+6(g+)c—dg—2.
Hence
2g+ Dsu(p)—(g— D29+ 1)2c+3)
= —12g+1Dc?+2(49%+13g+Tc—10g%>—9g—5>0 if g=3.
If 0<u<1, then we have k;=c and |K|<a<2c+2.
sp(p)= —6¢>+6(g+1)c—4g—2.
Hence
Ag+ Vs(p)—(g— 29 +1)2c +2)
> —12(g+1)c? +2(4g2+13g+ Tie—12g% —10g—2>0  if g=4.
If g=3 in this case, then b=4 and | K|<a<5. Hence
29+ Ds(p)—(g—1DR2g+1)-5=10.
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(¢) 4<b=2c<g+1 and a=gb+u where O0<u<b—1, ¢g=2. In this case
|K|<a<2c(g+1)—1. We have k; = - - - =k,=c.

1
Pz (392 —2g—1-3(g+1-2¢)’)q

=(—6c2+6(g+1)c—4g9—2)q .
Hence
Ag+Dsy(p)—(9—1)2g+ 1)2c(g+ 1) —1)
> —12q(g+ D +2[4g—2)g> +(13g+ )g+7g +1]c
_2(4g—1)g?—(12g+ 1)g—4g—1>0  if g>3.

(d) 5<b=2c+1<g+1 and a=2gb+u where 0<u<b—1, ¢g=>1. In this case
|K|<a<@c+1)2q+1)—1. We have k,=ky=---=k,,_,=c, ky=k,=---=k,;=
c+1,1>q.

s(p)=(—12¢*+12gc—2g—1)q .
Hence
g+ Ds(p)— (g — )29+ I(2c + 1)2q+ 1) - 1)
> —24q(g+ e +2(8qg%2 —2g*+14qg+g+2q+1)c
_4ggg+1)>0  if g>4.

() 5<b=2c+1<g+1and a=(2g+1)b+uwhere 0<u<b—1, g=1. In this case
|K|<a<Qc+1)29+2)—1. We have ky=ks=---=ky1=c, ky=k,=-- =ky=
c+1,1=q.

sp)= —6(2g+ D2 +6(2qg +g+ 1)c—2g9—4g—q—2 .
Hence
2(g+ Dsy(p)— (9 — D2g + 1)(2c+1)(2g +2)—1)
> —12Q2q+1(g+1)c?+4(4qg> +g>+Tq9+Tg +q+4)c
—8gg®—10g%2—4qg—11g—3>0 if g>4.

(f) b=3<g+1 and a=(Q2q+1)b+u where 0<u<2, ¢g>0. In this case
|K|<a<6q+5. We have ky=ky=---=ky, 1 =c, ky=k,= - =kyy=c+1,1>q.

si{p)=(10g—13)q .
Hence

2(g+ Ds(p)—(g—1)N2g + 1)(6g +3)
>(8g+2)g>+59—20g—7>0 if g>2.
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ProrosiTiON 2.3, Suppose that there exists a minimal ruled surface w: P— C which
is compatible with K. If R, is not étale and s,(f)=0, then
(1) |Gl<@g+DAg— VK, where

r= max |Staby(F)|.
$20F)# 0

) 1G1<0(g+DAg—1)K5c if 9(C)=0.

Proor. (1) First we fix some notation. Let C; be a section of n with the least
self-intersection number C3= —e, and F a general fiber of n. Let R, ~2(g+1)C,+nF.
Since R, is not étale, we have n>0.

K may be a dihedral group or a cyclic group. Assume that K=Z,,. If R, has a
singular point p € Fy which is not a pole, then s,(p)>2, s,(Fy)=2m. If p is a pole, then
$,(p)=2+(m—1)=m+1. Hence

(9= D[2Ag + D)s2(Fo) —(2g + 1)m]
>(g—D2m+Dg+1)—m2g+1)]>0.

Now assume that R, is smooth. If F, is tangent to R, at a point outside the poles
(or at any point when m=1), then s,(F,)=m. We have

(g —=D[2Ag + Dsa(Fo)—(2g+ m]=mlg—1)>0.

Let C ~ C,+ eF be a section which is stable under the action of K. Since C R,=n>0,
there exists a fiber F, tangent to R, at a pole p,, hence s,(p,)=m—1. If Cy meets R,,
then there exists a fiber F, tangent to R, at a pole p,. Hence

—1 (m—1 m—1

Kezd R [ 27

/
2g+1 ro r

L 2Ag—=lm=1) [H|
- 2g+1 r

>

2g+1

|IGl<2-me——F—
2(g—1)(m—1)

2
rKsc

Next assume that C, does not meet R,. If C; is not a component of R,, then
n=2g+ e, i.e., R,~2(g+ 1)Cy+ eF). Then relative ramification index of R, will be

RZ+ R Kpc=4g+ V(g + e+2g(C)-2] .

Since the sum of ramification indices on C_ is equal to n(m—1)=2(g+ )m—1)e<
R?+ R,Kp,c, there exists another fiber of n which is tangent to R, at a point outside
poles. If C, is a component of R,, then n=(2g+ 1l)e, i.e., R,— Cy~(2g+1)(Cy+eF).
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The relative ramification index of R,— C, will be
(2g+ D[(2g+ Ne+4g(C)y—4].

Since the sum of ramification indices on C,, is equal to (2g + 1)(m— 1)e which is less
than the relative ramification index of R, (note that m <2g+ 1), there exists another
fiber of = which is tangent to R, at a point outside poles.

Therefore we have shown

4(g+1)

|Gl< rkK2
s/C

when K~Z,,.
Now assume that K=D,,,. In this case we have e=0. If R, has a singular point,
then by the same argument as above we can show

4g+1)
—1

|G|< rKc .

Now we assume R, is smooth. Since C,R,=n>0, there exists a fiber F, of = which
meets R, at 2 poles. The second singularity index of these points is greater than or
equal to m—1. There exist also fibers F, and F, which meet R, at m points whose
stabilizer in K is isomorphic to Z,. Let r,=|Stabyn(F;)|, i=0, 1, 2. Then

—1 [/ 2m—1 m m
Kie= < ( )+A+>|H|
/
2g+1 o SR

S 2g—D@am—1) 1H]|

3

2g+1 r
2+1
1Gl<2-Qm)-— 9t k2.
2(g—1)(2m—1)
Ag+1)
K¢
g—1

(2) If H is not dihedral or cyclic, then we have r=5, and by the inequality of (1),
the conclusion of (2) is true. Now assume that H is dihedral or cyclic. Since a rational
fibration has at least three singular fibers, we may assume that F; is a fiber with s5,(Fy)>0
with | Stabym(F,)| <2. Let | K|=m. Then s,(F,)>m/2. Hence

, . 9—1 m |Hf  g—1
Bz e =6y,

29+1 2 2 8(2g+1)
8(2g+1) 20(g+1)

|Gl< Kgie<

2
K§ic .
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PROPOSITION 2.4, Suppose that the minimal ruled surface n: P— C satisfies the
conditions of Lemma 1.3 with £+ . Then
(1) 1GI<(@g+DNg— 1)K, where

r=max|Stabg(p)|.

peC

(2) 1G1<20(g+ /(g —1)Kgc if 9(C)=0.

Proor. By Lemma 1.3(3), there exists a finite subset 2={p,, ..., p,} ©C such
that after having blown up the singular points on each fiber =~ '(p;) which have the
highest mu1t1p11c1ty, one gets a ruled surface 7: P — C such that # is compatible with
K, ie., K can induce a subgroup KCAut( 7). Let #° Yp)=I,+TI, with I;R,=g+1,
i=1,2. Blowing down I';, we get F, =n"'(p,) which has a singular point of R, with
multiplicity g+ 1. If g+ 1 is an odd number, then one and only one of the components
I'; and I, will belong to the ramification divisor R. This is impossible because these 2
components are symmetric. Thus g+ 1 must be even. We have

1
Sh(F1)23(392—29—1—3(9+1—(g+ 1)?)

=1.5g2—g~0.5.
If 2 contains more than one H-orbits, then

15g —g—0.5 _|H|

Ki>—" 2 "7 .2 ,
Sic2 2g+1 13
2g+1 1 4 1
6l 2o+ D) rKSZ/C<7(g+ e
3g2—2g—

From now on we suppose that ¥ itself is an H-orbit. If there is a fiber F, of ©
with s,(F,) >0 and n(F,) ¢ 2, then by Proposition 2.2 we are done. By assumption there
is an ae K such that o(I",)=T,. Let

N={yeR|yI)=Ti=1,2}.
We have an exact sequence
1>N>K->Z,>1.

Since the intersection point of I'; with I', is fixed by the action of N, N must be cyclic.
Similarly, £ must be cyclic or dihedral. There exist two sections C, and C_, of 7 which
are stable by N. Let po=I",n Cy, p.,=I',n C.If Kis cyclic, then «> e N. But « stabilizes
the sections Cyand C,, so a( fo) =po, % ) =P . This contradicts the fact that (") =T ,.
Therefore K must be dihedral and « is an involution.

Since X is an H-orbit, the factor space P’'=P/{a) is a minimal ruled surface. Let
n': P'— C be the ruling, and let P— P’ be the double covering with branch locus
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B'~2Cy+mF’' where Cy is a section of n” having the least self-intersection number
(Cy)>= —e’. As P is smooth, the branch locus B’ is smooth as well. Moreover, B’ is
tangent to the fibers of 7’ over 2. Thus we have ¢’ >0 and m >2e’. Since the two sections
C, and C_, in P do not meet the ramification divisor, there is at least one section in
P’ which does not meet B’. Hence m=2e’. Let r, =|Stabg(p,)|. Then we have

| H |

B'2+B’KP,/C=26'= .
ry

Let R; be the image of R, in P’. Then
R ~(g+1)Cy+sF".

Now we distinguish two cases.
(a) There is a fiber F, of n, n(F,)¢ 2 such that B’ meets R, on the image of F,.
Then we have s,(F,)>|K|/2. Let r,=|Stabyn(F,)|. Then we have

15g°~g =05 |H| (g—DIK| |H]

K. >
S 2g+1 e 229+1)  r,
S (g—DBg+1+|K]) |G|
429+ 1| K| r

Since | K| <2g+2, we have
(g+DBg+1+END—Rg+1D|K|=(g+1)>>0.
Namely,
42g + 1) K| 4g+1)
_— rKgo<——rK§c.
(g—13Bg+1+|K|) —1

(b) All the intersection points of R; with B’ are on the fibers over Z. If Cy is a
component of R;, then R,— Ci~gC,+sF'. Since s>ge’, we have

(R,—C{)B'=2s>2e'"¢g.

|Gl<

It implies that the multiplicity of R, on the interesection point I';nI, is at least g.
Since g+ 1 is even, we have k, =(g+1)/2, k,>(g— 1)/2, that is,

s F)=3g%*—4g—7.
As | K|<2g,
29+ Dsy(F)—(g—D2g+1)|K|>g*—10g—7>0 when g=>4.
Thus

22g9+1)| K 4 1
IGISLg—i—l'r1 §/C<ﬂrKSZ/C when g=>4.
sulF1) g—1
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If g=3, then s,(F;)=10, 5,(F;)=6. We have
6(g—1)-i-10.|H|> 11 |G|
2g+1 rn 7Kl r

42 Ag+1
|Gl K< 9+1)

2
Ksjc=

2
rKS/C .

If C; is not a component of Ry, then s>(g+ l)e’. We have
R B =2s>2e"+(g+1).

It implies that the multiplicity of R, on the intersection point I'; nT', is at least g+ 1.
Since g+ 1 1s even, we have k, =k, =(g+1)/2, that is,

su(F)=3g*—2g9—1.

As |K|<2g+2,
2g+ Dsy(F)—(g— D29+ DI K[=g(g>—1)>0.
Thus
229+ 1)| K| 4(g+1)
|Gl "R, K2, —gg:l—rKsz/C.

su(F)

Finally assume that g(C)=0. If H is not dihedral or cyclic, then we have r=35,
hence by the inequality of (1), the conclusion of (2) is true. Now assume that H is
dihedral or cyclic. Since a rational fibration has at least three singular fibers, we may
assume that F, is a fiber such that n(F,)eX and |Stabgn(F,)|<2. We know that
s{F))=1.5g%>—g—0.5, | K|<2(g+1). Hence

Ksez ;hg(ili ' |Izﬂ - 8(25&)1 &
Since
10(g + Dsy(F ) —2(g — 29+ DIK | = (g%~ )79+ 1)>0,
we get

8g+DIK| ,, 20(g+1)

Gl
Gl 2y (Fy) €
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3. Proof of the Main Theorem. By Propositions 2.1 to 2.4, we have

4 1
(ﬂﬂ@c it 9#2,3,5,9
g—1
2
|G|l<{ ——rKic if g=2,3
g—1
60
——— K¢ if g=5,9
L g—1

where

r=max|Staby(p)] .
peC

Or equivalently,

|Gl<

2
[ rKgic

where

4g+4 if g#2,3,59
|[K|<A=< 24 if g=2,3
60 if g=5,9.
We distinguish three cases.
(a) ¢g(C)=2. Since H is a subgroup of Aut(C), H determines a finite morphism

7: C—> X=C/H. Denote the ramification indices by r;. Then Hurwitz’s theorem implies
that

2g(C)—2:n(2g(X)—2)+nZ<l —1> .

i

Let
S 1
OGX), 5,71, .. r)=29(X)=2+ Y (1—"-]>0,
i=1 r;
where g(X)>0, s>0, r;>2, i=1, ..., s are integers. By calculation we can see
1
0.3.2.3.7)= .
o ) 42

1
0,3,2,38)=—,
o( ) 4

1 .
olg(X),s,ry, ..., rS)ZE otherwise .
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Thus

| H|=48(g(C)—1)  when r;=2, r,=3, ry;=8,
| H|<40(g(C)—1) otherwise .

If | H|=84(g(C)—1), then r=7. We have

{lHl— 4g(C)—1) when r, =2, r,=3, ry=7,

A T4

TA _, 2A4|H| 74 5 A
= s = S —— |G|
g—1 3 g—1 3|K|
74 Kz_|G|
T g—1 37
hence
21 A
|Glg—+——K¢.
4 g-—1
If | H|=48(g(C)— 1), then r=8. Similarly we have
84 2|1G
Gl< A g 2O
g—1 3
hence
25 A 21 A
Gl<— "~ KZ<"~+ — K.
5 g-—1 4 g-—1

If | H|<40(g(C)—1) and R, is not étale, then | K|<4(g+1). Hence

|G|<d4(g+ DI H|<160(g + 1)(g(C)—1)szog(g_+11) Kz

21 4,

PRPEE
If R, is étale, then since f is not locally trivial, R must contain some fiber F,. By
Proposition 2.1, s,(Fp)=22g+1). Let p=f(F,), and n=|H|. H determines a finite
morphism 7: C— X= C/H. Denote the ramification index of p e C with respect to 7 by
r and the other ramification indices by r;. Then Hurwitz’s theorem implies that

29(C)—2=n2¢(X +nZ(l—>

i
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As the H-orbit of the point p has n/r points, this implies that s,(f)>2(2g + 1)n/r. Hence

-1
299 1 )8 D)= )

Zzw:nn+4w—n4}mX)—2+z<l—1>}
i

=4(g— 1)n|:2g(X)—2+1 +z<1 —l )] .
2r r;

It i1s not difficult to see that the expression 2g(X)—2+1/2r+> (1 —1/r;) reaches
its minimal value 2/21 (under the condition 2g(X)—2+3>(1—1/r,}>0) when g(X)=0,
r=2,r,=3, and r=r;="7. Namely,

K=

8 8
Kiz——(9g—n=——(9g—D|H|=

__(g—1)IG].
21 21 Tl

Thus

21 | K] 21 A
|G|£—'7K52/C_<_——'—'Ksz/c.
4 g-—1 4 g-—-1
Therefore we have shown

21 A
|G|ST'HKSZ/C

in all cases when g(C)>2.
(b) g¢g(C)=1. Then r=6, and we get

A A
|G|$6HK§/C=671K32.

(¢) ¢g(C)=0.If H is not cyclic or dihedral, then r=35, and we get
A
[G|<5——Kgc.
g—1

Now assume that H is dihedral or cyclic. Since a rational fibration has at least
three singular fibers, we may assume that F, is a fiber with |Stabyzn(F,)| <2 such
that s,{F,)>0 or s,(F,)>0. If R, is étale or s,(Fy)>0 and n(F,)¢ X, then

A
|G|32F1—Ks2/c

by Propositions 2.1 and 2.2. Otherwise we have
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A
|Gl<5 ——K3c
g—1
by Propositions 2.3 and 2.4. |

4. Examples. To construct the fibrations whose automorphism group attains
the maximal order is nearly trivial. Let F be a hyperelliptic curve of genus g such that
| Aut(F)|=2A4. Let ¢ : F— X = P! be the double cover determined by the canonical linear
system | Kp|. Let BeDiv(X) be the corresponding branch locus. Then deg B=2g+2.

Let C, be a Hurwitz curve, and H,=Aut(C,). Then C, has an H,-orbit
{¢1> .-, qm which contains m=12(g(C)—1) points. Let D, =3 g,€Div(C,). Then
deg D, =12(g(C)—1).

Let C, be an elliptic curve with j-invariant j(C,)=0. Fix a ¢, € C,. Then the order
of the group of automorphisms Aut(C,, g,) of C, leaving ¢, fixed is equal to 6. Let
H,~Z7Z,®Z, be a subgroup of translations of Aut(C,). Take an extension subgroup
H, < H,cAut(C) such that H,/H,=Aut(C,, q,). Then | H,|=6m?. Let q,, ..., ¢,z be
the orbit of ¢, under H, and D, =Y ¢,e Div(C,). Then deg D, =m">.

Let C;=P!, g4, ..., g,, be the twelve vertices of an icosahedron. Let H; = Aut(C;)
be the icosahedral group. Let Dy=3" ¢;€ Div(C;). Then deg Dy =12, and | H; |=60.

Now let P=Cx X where C=C,, i=1, 2, 3. Taking R=pr¥D + priB where D=D,,
i=1, 2, 3 as the branch locus, we construct double cover of P. After desingularization,
we get a smooth surface S with a hyperelliptic fibration of genus g f: S— C.

When i=1, we have g(C)=2 and

|G1=1684(g(C)—1),  Ki=32g—1)g(C)-1).
When i=2, we have g(C)=1 and
|G|=124m?*, Ki=2g—1)m*.
When i=3, we have g(C)=0 and
|G{=1204, K§e=24(g—1).
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