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Abstract

Some properties of the four-parameter beta-Cauchy distribution such as the mean deviation and Shannon’s entropy
are obtained. The method of maximum likelihood is proposed to estimate the parameters of the distribution. A
simulation study is carried out to assess the performance of the maximum likelihood estimates. The usefulness of
the new distribution is illustrated by applying it to three empirical data sets and comparing the results to some
existing distributions. The beta-Cauchy distribution is found to provide great flexibility in modeling symmetric and
skewed heavy-tailed data sets.
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1. Introduction

Eugene er al.' introduced a class of new distributions using beta distribution as the generator and pointed out that this
can be viewed as a family of generalized distributions of order statistics. Jones” studied some general properties of this
family. This class of distributions has been referred to as “beta-generated distributions”.” This family of distributions
provides some flexibility in modeling data sets with different shapes. Let F(x) be the cumulative distribution function

(CDF) of a random variable X, then the CDF G(x) for the “beta-generated distributions” is given by

Fz)

. 1=t ldt, 0 < a, B < 0, (1)

G(x) = [Bl.p) [

where B(a, ) =T(a)I'(B)/T(a+ ) . The corresponding probability density function for the beta family of
distributions is

1—F(x)

7 Fl(z). 2)

]ﬂfl

9(x) = G'(x) = (B B)] ! [ F(x)]
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Eugene et al." investigated the beta-normal distribution where they presented some properties of the distribution and
highlighted its ability to model skewed unimodal data as well as bimodal data. From the beta-family members which
have been studied, the shape parameters o and f were able to model different shapes by controlling skewness and the tail
weight. The ability of the beta-family to model skewed and heavy tailed data as well as bimodal data, in some cases, has
inspired studying many beta-family distributions. For a review of beta family distributions, see Ref. 4.

Alshawarbeh er al.’ defined the four parameter beta-Cauchy distribution by taking F(x) in Eq. (1) to be the CDF of
the Cauchy distribution. The probability density function g(x) for the beta-Cauchy distribution is given by

g(x):# 1+1arctan(x_9j - 1—1arctan(x_6jjﬂl 1 5
Ba,p)\2 « A 2 1 Ao

where —0 < x <00,0< a, 8,1 < 00,—00 < § < 0.

Alshawarbeh et al.” derived various properties of beta-Cauchy distribution including the non-central moments and
the hazard function and also showed that the distribution is unimodal. The parameters & and S are shape parameters
that control the skewness and kurtosis. The parameter 8 is a location parameter while A is a scale parameter that
stretches out or shrinks the distribution. In this article, we derive some additional properties of the beta-Cauchy
distribution and discuss maximum likelihood estimation of the parameters. Unlike Cauchy distribution, which is rarely
applied to model data, the beta-Cauchy distribution is capable of modeling various shapes of data distributions. To
illustrate the flexibility of the beta-Cauchy distribution, we analyze three real data sets and compare the fit with some
existing distributions in the beta family. In these applications, the beta-Cauchy performs better than the other
distributions in the beta family.

In Sec. 2, we derive some properties of the beta-Cauchy distribution such as the quantile function, the mean deviation
and the Shannon’s entropy. In Sec. 3, we address the maximum likelihood estimation of the parameters. A simulation
study is carried out in Sec. 4 to examine the performance of the maximum likelihood estimates. In Sec. 5, the flexibility
of the beta-Cauchy distribution is demonstrated through its applications to real data sets and its comparison to other beta-
family distributions. Conclusions are given in Sec. 6.

2. Some Properties of Beta-Cauchy Distribution

2.1. Quantile function

In this sub-section, we derive the quantile function for the beta-Cauchy random variable.

Lemma 1. The quantile function, Q(u), of the beta-Cauchy random variable is given by
x=Q(u)=0+Atan(zQ, ,)-7/2) , 4)

where Q, 5 (1), is the quantile function of the beta distribution.

Proof. If Y is a beta random variable with parameters « and f, then the random variable
X =0+Atan(xY -7/2), 5)

follows a beta-Cauchy distribution in Eq. (3) [see Theorem 1 in Ref. 5]. By using Eq. (5), the beta-Cauchy quantile
function can be computed from the beta quantile function as

x=Q(u)=0+Atan(zQ, ,(w)—-7/2),

where Q, ,(u) is the quantile function of the beta distribution. Q, ,(u) can be computed by using statistical software
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like SAS or it can be calculated from the inverse of the incomplete beta function as given in Ref. 6. O

Alshawarbeh er al.’ showed that the X moment of beta-Cauchy distribution exists when & >k and B>k . The
authors provided a table for the skewness and kurtosis for beta-Cauchy distribution for various values of & and S when
6 =0 and A =1. The skewness and kurtosis were based on the moments. Thus, the kurtosis exists only when both o
and g are greater than 4. In view of this, alternative measures for skewness and kurtosis, based on quantile functions,
are more appropriate for beta-Cauchy distribution. The measure of skewness S defined by Galton’ and the measure of
kurtosis M defined by Moors® are based on quantile functions and they are defined as

¢ Q0(6/8)-20(4/8)+02/8) . _0(7/8)-0(/8)+0(3/8)-0(1/8)
0(6/8)-0Q(2/8) 0(6/8)-0(2/8) ‘

For some values of & and S, the values of Galton’s skewness and Moors’ kurtosis are computed and presented in
Table 1.

Table 1. Galton’s skewness and Moors’ kurtosis for some values of a and S (=0, 1=1)

Actual values Actual values

o B Skewness Kurtosis | « B Skewness Kurtosis

0.5 0.5 0.0 3.7848 | 4.0 0.5 0.6752 4.0577
1.0 -0.5412 3.7699 1.0 0.4298 2.0862
2.0 -0.6513 3.9984 2.0 0.1978 1.5227
4.0 -0.6752 4.0577 4.0 0.0 1.3656
7.0 -0.6803 4.0705 7.0 -0.1109 1.3573
10.0 -0.6816 4.0736 10.0 -0.1567 1.3678

1.0 0.5 0.5412 3.7699 | 7.0 0.5 0.6803 4.0705
1.0 0.0 2.0 1.0 0.4597 2.1216
2.0 -0.3185 1.9834 2.0 0.2740 1.5608
4.0 -0.4298 2.0862 4.0 0.1109 1.3573
7.0 -0.4597 2.1216 7.0 0.0 1.3051
10.0 -0.4678 2.1316 10.0 -0.0554 1.2991

2.0 0.5 0.6513 3.9984 | 10.0 0.5 0.6816 4.0736
1.0 0.3185 1.9834 1.0 0.4678 2.1316
2.0 0.0 1.5322 2.0 0.2988 1.5774
4.0 -0.1978 1.5227 4.0 0.1567 1.3678
7.0 -0.2740 1.5608 7.0 0.0554 1.2991
10.0 -0.2988 1.5774 10.0 0.0 1.2825

The following are some observations based on Table 1: When & > § (or & < ), the beta-Cauchy distribution is
positively (or negatively) skewed. For fixed value of « , the skewness is a decreasing function of £ ; the kurtosis is a
decreasing function of § whena > £ ; and the kurtosis first decrease and then increase as £ increases when a < 3.
For fixed £, the skewness is an increasing function of « ; the kurtosis is a decreasing function of & when « < f; and
the kurtosis first decrease and then increase as ¢ increases when a > f5.

By using the quantile function in Eq. (4) for values of & and S between 0.2 and 5 and by setting # =0 and A =1,
we compute the values of S and M. The graphs for the skewness and kurtosis are presented in Fig. 1.
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Fig. 1. Galton’s skewness (S) and Moors’ kurtosis (M) for the beta-Cauchy distribution

2.2. The mean deviation

The deviation from the mean or deviation from the median can be used as a measure of spread in a population. Let X be a
beta-Cauchy random variable with mean £/ and median m. The mean deviation from the mean is defined as

(X —ul)=] Jx—nlg( dx
u o u
= 2o " (u-x)g de+ [ (x—p) g dx =2uG () ~2[ " xg(w) dx. ©)
)
where G(u) = J: g(x)dx .
Similarly, the mean deviation from the median can be defined as
E(|X —m|) = jiw|x—m| g(x)dx
= 2_[ :(m —x)g (x)dx + I _w(x—m)g(x)dx =u- 2J~ : xg (x)dx . (7)
G(u) can be calculated from Eq. (1) and the median m can be calculated directly from Eq. (4) by setting u = 1/2.
The next lemma gives a formula for the mean deviation from the mean and the mean deviation from the median for
the beta-Cauchy distribution taking into consideration the existence condition for the mean that both v and 3 are

greater than 1 [see Theorem 3 in Ref. 5].

Lemma 2. Under the conditions that a >1 and 3 >1, the mean deviation from the mean and the mean deviation from
the median of beta-Cauchy distribution are given by

)= o ATV EG) S (BTl 1 & [Fw]T¢(2))
E(X =)= 2660 -206(u-0) 2= 0" == 3 T (R w) | o -2 (a+i+2j-1)
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lﬂ_Z(a-*—ﬁ—])(F(m))a i (ﬂ_l)(i) (_F(m))i_l 1 _5 kl [F(m)]2] é‘(zj)

E(|X -m|)= p—20G(m—-0)-2
(X =)= w =0 7B(a.p) T i a+i-1 H (a+i+2j-1) |

o0

where ¢ is the Riemann zeta function defined as C(Q]) = Z n*,j>1and (B-1)" =(B-1)(B-2)---(B—i) is the
n=1

descending factorial.

Proof. The proof is given in the Appendix. O

2.3. Shannon’s entropy

The entropy of a random variable is a measure of variation of uncertainty. Entropy has various applications in many
fields including science and engineering. For more details, see Refs. 9 and 10. Shannon’s entropy is defined as
I, = E(~Ing(X)) . The following Lemma gives the Shannon’s entropy for beta-Cauchy random variable.

Lemma 3. The Shannon’s entropy for beta-Cauchy distribution is given by

(20
2 2[-1
Iy =ln(Az)+n[B(a. B)] - @+ D[w (@) ~v(a+B)]-(B-D[w(B)-y(a+p)]+2 Y (ax2-1) ¢@D,

=1 l(OH-ﬂ-i—Zl—l)

where y is the digamma function.

Proof. By using Eq. (2), the Shannon’s entropy is given by

Iy =E[-Ing(X)]
=In[B(a, B)]-(@a—DE[In F(X)]-(B-DE[In(1- F(X))|+ E[In F'(X)]. (8)

By using Lemma 1 in Ref. 3, the result in Eq. (8) reduces to
Iy =In[B(a, B)]~(a@~D]y(@)~y(a+ P~ (B-D[y(B)~y(a+p)]-ElnF'(F(¥)], )
where Y = F(x) =0.5+ 7" arctan ((x—6)/ 1) is the CDF of the Cauchy distribution. Now,
InF'(F'(y)=In(4/ ﬂ)—ln[/lz +[/1 tan(zy -7/ Z)JZJ = In(A/7)-1In [/12 sec’ (zy —7[/2):|
=—InA-lnz+ ZIn[cos(ﬁy —7z/2)] =-In(Ar)+2lnsin(zy) .

1

B(a.p)

is convergent for all & >0 and (3 > 0. By applying the Laurent series expansion of cot 7z = Z
1=0

To complete the result we need to evaluate E(InsinzY) = I(: (Insin zy)y*™ (1 - y)ﬂf1 dy . Note that this integral

20-1

(-1)' 2B, (x2)

(20)! ’
-1 (21)!
where |z| <1 and B,, is the Bernoulli numbers'' defined as B, =1, B,, = %é’ (2), 121 and integrating the
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21
Laurent series of cotzz, we have In(sinzz)=Inz +Z%( Y J Hence,
1=1

E(Insinz¥) = E(ny)+ > SV By

E(Y*) . Using the fact that E(InY) =y (a)—w(a+ f),’ we have
~T oy 2

. 2 (= 2z th 2
E(Insin 7Z'Y) =[W(a)_'/’(a+ﬁ) +Z (él ‘gl B(Z(Zl /l;)ﬁ)
= ’

_ _ & (1) (22)" B, T(a+2D)T(B) T(a+p)
=l@-vsp) +; (20)121  T(a+p+2) T(@(B)

(-1Y (27)" B, (a+21-1)"
= )2 (a+pr2a-1)]

=[y(@-ya+p]+

where (a)* =a(a—1)---(a—k+1) is the descending factorial. Using the definition of the Bernoulli numbers, we have

= (=1} (27)" (=)' (21)!

(a+21-1)"
(a+p+20-1)"

qe))

= (a+20-1)"
=|v(@)-y(a+p) Q.
i -yte )= ;la+ﬁ+21 1)2”4
Hence, we obtain
= 20 -1)*
EllnF'(F'(Y)]=-In(A7)+2[y (@) -y (a+B)]-2D (a+ ) aré@h.
= l(a+f+20- 0

Therefore, Eq. (9) reduces to
Iy =In[B(a, )| - (a-D[w (@) -y (a+B)]-(B-D[w(B)-yw(a+p)]

(a+20-1)*"
+In(A 2 (a+ +2
n(A7) =2y (@) -y(@+f)] ,Z.: l(a+ﬂ+21 1)

762D

21-1)™
=In(A7)+In[B(a, B)]-(a+ D[y (@) —y(a+B)]-(B-D]w(B) - t//(a+ﬂ)]+2Z (a+21-1)

2n. o
= 1(a+pr2-1" N

3. Estimation and Goodness-of-Fit Test

Let X|, X,,...,X, be arandom sample from a beta-Cauchy distribution, defined in Eq. (3), with unknown parameters
a, B, @and A. The log-likelihood function ¢ = /(a, 3,0, 1) is given by

E:nlnl—nlnn+n(lnl‘(a+,B)—lnF(a)—lnF(ﬂ)) +(a—1)21n{%+larctan(xi;9j}

i=1 7
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+(ﬂ—I)Zm{%—%aman(x"f)} =Y In[ 2%+ (5, 6)°] (10)
i=1 i=1

The first partial derivatives of the log-likelihood function with respect to the four parameters are

n

j—i:n(w(a+ﬂ)—t//(a))+Z{%+larctan(xi;9j}, (1D

-1 7

v p)w () 3 - Laran 222}, "

8" i1 4

o0 (a-1)& (1 1 x-0\ [ x-6
—=—- —+—arctan
oA A oz 2z A 2%+ (x; —0)*

i=1

-1
(B-1)&[1 1 X —0
+ — ——arctan
V4 2 A

x.—0 2
d - , 13
P A2+ (x —9)2} 2/12+(x -0)° (3

ot (I—a)&(1 1 x| y)
P —+—arctan s
00 1 “|2 x 2 A+ (x;-0)

N

—_~

l

(B-)E[1 1 (Xi_a] B A L 2(x-0)
+ = 202 ﬂarctan 2 i 0y +Z/12+(x,-—0)2’ (14)

i=1

where i is the digamma function.

The maximum likelihood estimates (MLEs) &, B , 6 and X for the parameters «v, (3,6, and \, respectively, are
obtained by setting the Eqgs. (11) — (14) to zero and solving them simultaneously. The computations for MLEs are
obtained by using the NLMIXED procedure in SAS. The standard errors for the MLEs are provided by the NLMIXED
procedure. The initial estimates of v and ﬁ are taken as 1. The initial estimates for @ and A, are taken to be the
maximum likelihood estimates of & and A from the Cauchy distribution by assuming the data follows the Cauchy
distribution.

The likelihood ratio (LR) test can be used to test the goodness of fit of the beta-Cauchy distribution and to compare it
with the Cauchy distribution. The beta-Cauchy distribution reduces to the Cauchy distribution when « = = 1. Thus, to
test the hypothesis

H,:a=pB=1 against H, : H, is not true, (15)
one can use the LR test by computing
§=2[ @ p.0.0)-10.1.6.D)),

where /(a, [;’, é, /i) is the log-likelihood statistic for the beta-Cauchy distribution and /(1,1, 0,7) is the log-likelihood
statistic for the Cauchy distribution. The statistic, o, is asymptotically distributed as chi-square with 2 degrees of
freedom.
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4. Simulation

In this section, the relation between beta-Cauchy and beta random variables in Eq. (5) is used to simulate data from beta-
Cauchy distribution. The maximum likelihood estimates are computed for each simulated sample. Results on the biases
(estimate — actual) and the standard deviations of the estimates are used to investigate the performance of the method of
maximum likelihood estimation. The simulation is carried out for various values of the parameters of the beta-Cauchy
distribution and the results are similar. For brevity, we report the results for the parameter values ov= 0.7, 1.0, 4.0, ﬁ =
0.7, 1.0, 4.0, 6.0, A=2.0 and 6 =4.0. Three different sample sizes of n =250, 500, and 1000 are used in the simulation.
For each sample size and each parameter combination, the maximum likelihood estimates of the parameters <, ﬁ A,
and 6 are computed and the process is repeated 200 times. The average bias and the standard deviation of the maximum

likelihood estimates are computed. The results are reported in Table 2.

Table 2. Bias (standard deviation in parentheses) of parameter estimates for A =2.0, 8 = 4.0.

Actual values
@ I6] n a 16} A 0
07 07 250 | -0.0028(0.0781) | -0.0059(0.0822) | 0.0185(0.2859) | -0.0046(0.2557)
500 | -0.0090(0.0591) | -0.0062(0.0590) | -0.0027(0.2164) | -0.0022(0.1728)
1000 | -0.0020(0.0384) | -0.0081(0.0425) | 0.0034(0.1392) | -0.0174(0.1253)
1.0 250 | -0.0098(0.0796) | -0.0228(0.1199) | -0.0396(0.2874) | -0.0358(0.2717)
500 | -0.0050(0.0553) | -0.0145(0.0850) | -0.0097(0.1933) | -0.0046(0.1646)
1000 | -0.0000(0.0385) | 0.0018(0.0601) | 0.0093(0.1441) | 0.0058(0.1228)
4.0 250 | -0.0004(0.0728) | -0.1285(0.8328) | 0.0339(0.2743) | 0.0174(0.3937)
500 | -0.0099(0.0512) | -0.1564(0.6190) | 0.0005(0.2004) | -0.0334(0.3034)
1000 | -0.0091(0.0388) | -0.1578(0.5222) | 0.0080(0.1419) | -0.0389(0.2325)
6.0 250 | 0.0114(0.0663) | 0.1439(1.4036) | 0.0060(0.3157) | 0.1538(0.4899)
500 | -0.0047(0.0521) | -0.1786(1.2266) | -0.0181(0.2481) | 0.0142(0.3775)
1000 | 0.0019(0.0381) | -0.0967(0.9967) | 0.0157(0.1799) | 0.0092(0.2904)
1.0 07 250 | -0.0239(0.1373) | -0.0128(0.0785) | 0.0077(0.2811) | 0.0101(0.2631)
500 | -0.0164(0.0962) | -0.0096(0.0593) | -0.0187(0.2128) | 0.0196(0.1628)
1000 | -0.0069(0.0633) | -0.0025(0.0391) | -0.0063(0.1369) | -0.0005(0.1304)
1.0 250 | -0.0309(0.1346) | -0.0290(0.1303) | -0.0239(0.2978) | -0.0052(0.2360)
500 | -0.0185(0.0898) | -0.0147(0.0893) | -0.0293(0.1937) | 0.0209(0.1610)
1000 | -0.0074(0.0635) | -0.0083(0.0644) | -0.0063(0.1401) | -0.0094(0.1183)
4.0 250 | -0.0053(0.1289) | -0.1323(0.8156) | 0.0280(0.2906) | -0.0259(0.3478)
500 | -0.0109(0.0916) | -0.1249(0.7193) | 0.0116(0.1684) | -0.0102(0.3083)
1000 | -0.0046(0.0608) | -0.1057(0.4978) | 0.0057(0.1294) | -0.0339(0.2190)
6.0 250 | 0.0123(0.1127) | 0.2001(1.3332) | 0.0130(0.2750) | 0.1510(0.4340)
500 | -0.0003(0.0869) | -0.0570(1.1652) | 0.0096(0.2148) | 0.0543(0.3270)
1000 | -0.0009(0.0601) | -0.1149(0.8926) | 0.0301(0.1530) | 0.0030(0.2606)
40 07 250 | -0.0271(0.8494) | -0.0037(0.0818) | -0.0039(0.2582) | -0.0524(0.4509)
500 | -0.1532(0.6887) | -0.0050(0.0552) | 0.0344(0.2101) | 0.0332(0.3017)
1000 | -0.1563(0.5103) | -0.0008(0.0401) | 0.0448(0.1467) | 0.0470(0.2202)
1.0 250 | -0.2512(0.7520) | 0.0060(0.1156) | 0.0415(0.2325) | -0.0059(0.3461)
500 | -0.1220(0.6532) | -0.0249(0.0838) | -0.0033(0.1661) | 0.0715(0.2642)
1000 | -0.0724(0.4733) | -0.0113(0.0680) | 0.0114(0.1197) | 0.0393(0.2095)
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Table 2. (Continued)

4.0 250 | -0.0255(0.7963) | -0.0712(0.7963) | 0.0216(0.2757) | -0.0231(0.1876)
500 | -0.0986(0.6874) | -0.1060(0.7107) | -0.0230(0.2368) | 0.0062(0.1502)

1000 | -0.1301(0.5405) | -0.1459(0.5605) | -0.0402(0.1927) | -0.0035(0.1004)

6.0 250 | 0.1309(0.8121) | 0.2467(1.4073) | 0.0792(0.2861) | 0.0410(0.2228)
500 | -0.0914(0.6806) | -0.1536(1.1220) | -0.0137(0.2245) | -0.0063(0.1734)

1000 | -0.0462(0.5747) | -0.1221(1.0493) | -0.0051(0.1926) | -0.0109(0.1487)

The results show that the maximum likelihood estimation method performs well. In general, the estimates of the
parameters and their standard deviations are reasonable. They also show that the standard deviations of the estimates
decrease as the sample size increases. However, the biases, which are somewhat small, do not show a clear decreasing
trend as sample size increases. For fixed v, A and 6 the bias and the standard deviation for the estimate of (3 increases
as (3 increases. Similarly, for fixed (3, A and @ the bias and the standard deviation for the estimate of (v increases as
o increases. The results from this study, suggest that the ML method can be used to estimate the parameters of the beta-
Cauchy distribution.

5. Applications of the Beta-Cauchy Distribution

In this section, we present some applications of the beta-Cauchy distribution using three data sets to demonstrate the
flexibility of the distribution to model leptokurtic, skewed (left or right) and heavy-tailed data when compared to the
Cauchy and other beta family distributions.

In these applications we obtain the maximum likelihood estimates of the parameters of the fitted distributions and the
values of the following statistics: AIC (Akaike Information Criterion), BIC (Bayesian Information Criterion) and AICC
(Akaike Information Corrected Criterion). In addition, we compute some goodness of fit statistics in order to verify
which distribution provides the best fit to the data sets. We apply Kolmogorov-Smirnov (K-S), Anderson-Darling (A-D)
and Cramer-von Mises (C-M) statistics. These statistics are described in details in Refs. 12 and 13. In general, the
smaller the value of these statistics, the better the fit of the data by the distribution. To conserve space, only the AIC and
the K-S statistics are reported in this paper since other statistics show similar results. In addition, the empirical CDF and
the CDF of any fitted model with four parameters are presented for graphical illustration of the goodness of fit.

5.1. The Wheaton river data

The data set on the exceedances of flood peaks (m’/s) of the Wheaton River in Yukon Territory, Canada is from
Choulakian and Stephens'®. They applied the generalized Pareto distribution to fit the data. Akinsete er al." fitted the
beta-Pareto distribution to the data set.

The Cauchy and the beta-Cauchy distributions are applied to fit the data. The MLEs and the goodness of fit statistics
are presented in Table 3. The results of Pareto and beta-Pareto distributions are taken from Ref. 15. Fig. 2 displays the
empirical CDF and the fitted CDF’s for the beta-Cauchy and beta-Pareto distributions. The goodness of fit statistics
indicate that the beta-Cauchy distribution provides the best fit among these distributions since it has the smallest AIC and
K-S statistics, and the largest log-likelihood value.

The beta-Cauchy distribution provides the best fit for the exceedances of flood peaks followed by the beta-Pareto
distribution. The parameter estimates of < and (3 indicate that the distribution is highly skewed to the right as
« > 3. A closer look at the distribution of the data indicates the distribution is excessively skewed to the right
(skewness = 1.50 and kurtosis = 3.19) with one extreme outlier. It is noted that the Cauchy distribution is not appropriate
due to the skewness of the data. The Wheaton river data appears to have excessive long tail. This example suggests that
the beta-Cauchy fits well a data set that is excessively right skewed with long-tailed distribution.
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Table 3. Parameter estimates (standard errors in parentheses) for the Wheaton River data

Distribution Pareto* Cauchy Beta-Pareto* Beta-Cauchy
Parameter h=02438 | H=70718 | @G=76954 | G =387.6492 (437.7976)
Estimates 0=01 (1.4300) 3=8575 3=1.4589 (0.5127)

A =64622 | 200208 0 =2.0467 (1.2725)
(0.9825) 0=0.1 X =0.0787 (0.0963)
K-S 0.3185 0.2240 0.1486 0.1219
K-S p-value < 0.0000 0.0015 0.0831 0.2347
Log likelihood |  -303.064 -288.4709 -272.1280 -260.4802
AIC 610.128 580.9 552.256 528.96

*Parameter estimates are from Akinsete ez al.'® and no standard errors were reported.
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Fig. 2. CDFs for the Wheaton River data

5.2. Strength of 1.5 cm glass fibres data

In this subsection we fit the Cauchy and the beta-Cauchy distributions to the data set on the strength of the 1.5 cm glass
fibres obtained from Ref. 16. Barreto-Souza et al.'” analyzed the data using the beta-generalized-exponential distribution.
In their paper, the parameter estimates and the maximized log-likelihood values for the beta-exponential and the beta-
generalized exponential distributions were reported.

The beta-Cauchy distribution is applied to fit the data and compared to the beta-exponential and the beta-generalized
exponential distributions. The log-likelihood, K-S, and AIC statistics are reported in Table 4.

The beta-Cauchy distribution has the largest log-likelihood value and the smallest K-S and AIC statistics. This
indicates that the beta-Cauchy distribution provides a much better fit than any other distribution in Table 4. Furthermore,
the adequacy of the fit is illustrated graphically in Fig. 3 by comparing the fitted CDFs with the empirical CDF. Both the
beta exponential and the beta-generalized exponential distributions have lighter tails than the beta-Cauchy distribution. A
closer look at the shape of the data distribution shows that the empirical data is left-skewed (skewness = -.92). This
example indicates that the beta-Cauchy distribution also fits left-skewed data well, while other distributions do not.
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Table 4. Parameter estimates (standard errors in parentheses) for the glass fibres data

Beta-Exponential * Beta
Distribution Cauchy Generalized Exponential* Beta-Cauchy
Pl;arameter G =17.7786 0 =1.5966 G=04125 (=2.4345 (1.2411)
stimates B =227222 (0.0248) 3 =93.4655 3 = 4.0276 (2.3276)
X =0.3898 A 0=002. ;241 0=226124 0 = 1.7053 (0.0783)
(0.0235) A=0.92271 A =0.2993 (0.1208)
K-S 0.1846 0.1029 0.1356 0.0573
K-S p-value 0.0273 0.5167 0.1970 0.9858
Log likelihood 24.1270 -17.6365 -15.5995 -11.8172
AIC 52.2540 39.2730 39.1990 31.6344

*Parameter estimates are from Barreto-Souza ef al. ' and no standard errors were reported.
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Fig. 3. CDFs for the glass fibres data

5.3 Breaking stress of carbon fibers (GPa)

The data set on the breaking stress of carbon fibers of 50 mm in length (GPa) is from Ref. 18. The Cauchy and the beta-
Cauchy distributions are applied to fit the data. The fits are compared with Birnbaum-Saunders and beta-Birnbaum-
Saunders distributions studied by Cordeiro and Lemonte'®. For more details about the Birnbaum-Saunders distribution
and its properties, see Ref. 20.

Table 5 lists the MLEs of the parameters and the goodness of fit statistics. The MLEs of Birnbaum-Saunders and
beta-Birnbaum-Saunders distributions are from Ref. 19. Fig. 4 displays the empirical CDF and the fitted CDFs for the
beta-Cauchy and beta-Birnbaum-Saunders distributions.

The beta-Cauchy distribution provides a better fit to the data than the Cauchy distribution. The LR statistic for testing
the null hypothesis in (15) is 17.2690 (p-value 0.000178). Hence, we reject the null hypothesis in favor of the beta-
Cauchy distribution. The beta-Cauchy distribution has the smallest K-S and AIC statistics and the largest log-likelihood
value among the fitted distributions. A closer look at the distribution of the data indicates that the data set is
approximately symmetric (skewness = -.13, and kurtosis = .34) with five data values (4.20, 4.38, 4.42, 4.70 and 4.90) out
of 66 that are relatively much larger than the next value of 3.75. The data distribution, although approximately
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symmetric, shows an unusual shape of the distribution with some possible outliers. It appears that the beta-Cauchy
distribution captures the long tail better than the beta-Birnbaum-Saunders distribution.

Table 5. Parameter estimates (standard errors in parentheses) for the carbon fibers data

Distribution Birnbaum-Saunders Cauchy Beta
Birnbaum-Saunders Beta-Cauchy
Par?lmeter a =0.4371 0 =2.8604 & =0.1930 (0.0259) & =13.204 (25.906)
Estimates (0.0381) 0.0918) | 3=1876.73 (605.1) | (3=15340(31.031)
b((=) f352 115)4 A =04788 | = 10445 (0.0036) 0 =3.117 (0.885)
©O776) 1 §=57.600 0.3313) |  X=2.767 (3.098)
K-S 0.1731 0.0814 0.1271 0.0637
K-S p-value 0.0383 0.7742 0.2369 0.9515
Log likelihood -100.19 -93.9693 -91.355 -85.3347
AIC 204.38 191.9 190.71 178.7
1
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Fig. 4. CDFs for the carbon fibers data

6. Conclusions

In this paper, we study some properties of the beta-Cauchy distribution, including the quantile function, the mean
deviations from the mean and from the median, and the Shannon’s entropy. The maximum likelihood estimation method
is applied to estimate the parameters of the beta-Cauchy distribution. A simulation study is conducted to investigate the
performance of the MLE for different parameter values and different sample sizes. The simulation showed that the MLE
performed well for finite samples. Finally, applications to real data sets are given to illustrate the flexibility of the beta-
Cauchy distribution for fitting a variety of skewed (left or right), and long-tailed as well as high peak (leptokurtic) data
sets. These applications indicate that the beta-Cauchy distribution provides more adequate fit to these data sets than other
four parameter beta family members such as the beta-Birnbaum-Saunders and the beta-Pareto distributions. These
applications suggest that the beta-Cauchy distribution can be a good model to fit skewed data with heavy tails. We do not
have an example of platykurtic distribution. However, we anticipate that the beta-Cauchy distribution will also fit well
for such type of distributions.
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Appendix

Proof of Lemma 2.

The condition & >1and g >1 is needed for the existence of the mean of beta-Cauchy distribution [see Theorem 3 in Ref.
5]. Now, in order to evaluate the mean deviations we need to evaluate the following integral

a 1 e (11 x=o\ (1 1 x=0\Y A  dx
1 = dx = —_— JRR— —_—
(a) Iiwxg(X) X 5aB) -[wx(z + - arctan[ 7 n (2 . arctan( ) D ST

Let t =x—0 . Then,

a-1 p-1
1(0)2#_[ a_6(9+t) l-i—larctan(ij l—larctan(ij %
B(a,p)? = 2 A 2 A "+ A

20 a1 1 Y1 O a
=—I —+—arctan| — ———arctan| — —
7Ba,p)’ = \2 =« A 2 A "+ A
A peo (1 1 A AT Y dr
+—J t| —+—arctan| — ———arctan| — -—
7B(a,p)? ~ \2 =« A 2 A "+ A
avf-l a-1 -1
=9G(a—6’)+17[ I “ Z+arctan(£j z—arctatn(L] %
Ba.p)’ 2 ) 2 1)) Fa

Let u = (z/2)+arctan(t/ ). Then, t=Atan(u—(x/2))=-Acotu and dr = Acsc’ u du , the integral

a-1 p-1
I G*Ht £+ arctan (L\J Z—arctan (L\J % = —I ”F(a)COtM ua_] (ﬂ'—u)ﬁil du N (A.l)
- 2 A 2 A "+ A 0

where F(a) is the Cauchy CDF evaluated at a.

By using the generalized binomial expansion

_ m i (t> .
(ﬂ'—u)ﬁ_lzﬂ'ﬁlz(ﬂ 1) [ ) z(ﬂ D r wi P! ,

where (-1 =(B-1)(B—2)---(f—i) is the descending factorial, we evaluate the integral in Eq. (A.1) to obtain

) i w (@ 1\ , , a
_J‘;[F( cotu u®! (z—u)"" du =Z—('B ..1) (-1)" ”ﬁﬂj " ot du
i=0 L

0
Using the Laurent series expansion of cotu (Ref. 11), Eq. (A.1) reduces to

iﬂ(_l)”' P {i (—l)jzzj sz [ﬂ'F(a)]a”*lﬂj }

= (a+i-1+2j)(2))!

i=0 i!

i(ﬁ D (_pyt i (ﬂF(a>)“*""+w (-1 2% B, [xF (@] |
a+i-1 = (a+i+2j-1)(2))!

Using the definition of Bernoulli numbers, we have
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a+i+2j-1 a+i+2 j-1

i(—l)f'ff B, [7F(@)]"™" i( 1)/ 2% [zF(a)] & J)';(z - zi [7F(a)] £2))
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a0 (1 e Y ar
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o\ 2 A 2 A "+ A
S D et g | FF@) & [rF@]E2))
a+i-1 S (a+i+2j-1)7%
Therefore,
Aasp-)) 1(z> . o F a & 27
I(a) = 0G(a—6)+ 27— F@) Z(ﬁ L (-F@)” -2 @] ¢@p
7B(a, B) pars a+i-1 “5 a+1+21—1)
The proof is complete by applying I(x) and I(m) to Egs. (6) and (7), respectively. O
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