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Beyond Performance/Cost Trade-Offs in Motion
Control: A Multirate Feedforward Design
with Application to a Dual-Stage Wafer System

Jurgen van Zundert, Tom Oomen, Senior Member, IEEE, Jan Verhaegh, Wouter Aangenent, Duarte J. Antunes
Member, IEEE, and W.PM.H. Heemels, Fellow, IEEE

Abstract—Motion systems with multiple control loops often
run at a single sampling rate for simplicity of implementation
and controller design. The achievable performance in terms of
position accuracy is determined by the data acquisition hardware,
such as sensors, actuators, and analog-to-digital/digital-to-analog
converters, which is typically limited due to economic cost
considerations. The aim of this paper is to develop a multirate
approach to go beyond this traditional performance/cost trade-
off, i.e., to use different sampling rates in different control loops
to optimally use hardware resources. The approach appropriately
deals with the inherent time-varying behavior that is introduced
by multirate sampling. A multirate feedforward control design
framework is presented to optimize tracking of a dual-stage
multirate system. Application of the proposed approach to an
industrial dual-stage wafer system demonstrates the advantages
of multirate control, both in simulations and experiments.

Index Terms—Multirate control, feedforward design, perfor-
mance/cost trade-off, dual-stage system, wafer stage application,
experiments.

I. INTRODUCTION

Multivariable control systems, including those in motion
systems, are often implemented digitally since it offers flexibil-
ity and directly connects to the digital supervisory layers. The
digital implementation requires analog-to-digital and digital-
to-analog conversion. For motion systems, these processes are
often executed using fixed, single-rate sampling schemes [1],
[2], i.e., homogeneous for all loops, since for linear time-
invariant (LTI) systems it enables controller design using
well-developed design approaches. In particular, it allows
the use of frequency domain techniques such as Bode plots
and Nyquist diagrams [3], which find application in various
areas of controller design, including feedback control [3], [4],
feedforward control [5], and iterative learning control [6].

Fixed, single-rate sampling is preferred from a controller
design point of view, but not from a performance versus cost
point of view. As an example, consider systems with multiple
control loops, where only one limits the overall performance.
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The performance of a control loop can be increased by increas-
ing the sampling frequency of that loop. For single-rate imple-
mentations this implies that if the performance of one of the
loops is increased, the sampling frequency of all loops needs
to be increased. Obviously, such an approach is expensive in
terms of the required hardware, such as sensors, actuators, and
analog-to-digital/digital-to-analog converters, since all loops
are affected while only one is limiting performance.

From a performance versus cost point of view, flexible
sampling is preferred over fixed sampling, see also Fig. 1. Ex-
amples of flexible sampling include multirate control [7]-[16],
sparse control [17], and non-equidistant sampling [18], [19].
Indeed, a multirate approach is more natural for multiloop
systems with different performance requirements, but also for
systems with different time scales such as thermomechanical
systems [20]. Sparse control and non-equidistant sampling
are used in, e.g., systems with limited resources and optimal
resource allocation [18], [21].

Flexible sampling has a large potential, but its deployment
is hampered by a lack of control design techniques. This is
mainly caused by the fact that flexible sampling introduces
time-varying behavior [1, Section 3.3]. In particular, flexible
sampling of a linear time-invariant (LTI) system yields a
linear (periodically) time-varying (L(P)TV) system. Due to the
time variance, the frequency domain control design techniques
mentioned earlier are not (directly) applicable. Frequency
domain design for linear time-varying systems is investigated
in [22]-[26] and linear time-varying feedforward design is
investigated in [19], [27], but at present there is no systematic
control design framework available.

Although flexible sampling has the potential to go beyond
the traditional performance/cost trade-off for fixed sampling,
as shown in Fig. 1, at present its deployment is hampered by a
lack of control design techniques for such sampling schemes.
In this paper, a framework to exploit multirate feedforward
controller design is presented to overcome this restriction and
thereby go beyond the traditional performance/cost trade-off.
Application of the framework focuses on precision motion
systems. In particular, the framework is demonstrated on an
experimental dual-stage system, as standard in, e.g., wafer
stages [28, Chapter 9].

The main contribution of this paper is a framework to
exploit multirate control for performance improvement. The
following subcontributions are identified: (I) multirate con-
troller design based on multirate system descriptions, including
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Fig. 1. A low sampling frequency is inexpensive in terms of implementation
cost, but yields low performance ([CJ). A high sampling frequency yields high
performance, but is expensive (O). This performance/cost trade-off is inherent
to traditional fixed sampling (- - -). Flexible sampling goes beyond this trade-
off through use of different sampling frequencies in different control loops.
Essentially, the performance/cost trade-off can be decided upon per control
loop, resulting in an improved overall trade-off (----).

time variance; (II) controller optimization addressing non-per-
fect models; (III) performance improvement by exploiting
time variance; (IV) application of the design framework in
simulation; and (V) experimental validation on a dual-stage
system. Initial results on simulation level can be found in
[29] and related work on minimizing intersample behavior
in digital control systems can be found in [1], [25], [30].
The present paper contains substantial original contributions
including Contribution (I), Contribution (II), and Contribu-
tion (V). Related work on wafer stage control design includes
feedback control [31], [32], feedforward control [33], LPV
control [34], and sparse control [17]. In the present work,
previously unexplored freedom in sampling is exploited, which
makes the approach complementary to other approaches.
This paper is organized as follows. In Section II, the main
problem that is considered to improve the performance/cost
trade-off through multirate control is presented. In Section III,
the multirate control system is modeled. The multirate con-
troller design is presented in Section IV. Furthermore, the
performance is further improved by exploiting properties of
time-varying systems. The controller design is applied to an
experimental setup resembling a dual-stage wafer system. The
experimental setup is detailed in Section V. Simulation results
are presented in Section VI and experimental results are pre-
sented in Section VII. Conclusions are given in Section VIIIL

II. PROBLEM DEFINITION

In this paper, a framework is presented to enhance the
performance/cost trade-off through multirate control. In this
section, the main problem is presented.

A. Application motivation: Dual-stage motion systems with
large differences in performance requirements

In many motion control applications, a high positioning
accuracy is required over a large range. For such systems, a
single-stage design may not suffice due to the large dynamic
range. To achieve high precision over a large range, a dual-
stage system can be used.

A dual-stage system, as illustrated in Fig. 2, consists of two
subsystems: a short stroke with a high positioning accuracy

short stroke (SS)
coupling
Q Q
long stroke (LoS)

@) @)

Fig. 2. Dual-stage systems consist of two subsystems: a short stroke for
high precision and a long stoke to cover large ranges. The combined system
provides high positioning accuracy over a large range.

(and limited range) connected to a long stroke with a large
range (and limited positioning accuracy). If designed properly,
the dual-stage system is able to cover a large range with
high positioning accuracy. Clearly, there is a large difference
between the performance requirements of the two subsystems.

An example of a dual-stage system is a wafer stage in
lithography machines [28, Chapter 9]. Wafer stages require
an accuracy up to nanometer level over a range of one meter (
[35]; [28, Section 9.3.1]), resulting in a large dynamic range of
O(10%). Therefore, wafer stages are typically constructed as
dual-stage systems. More details on the wafer stage application
are presented in Section V.

B. A performance/cost perspective on multivariable systems
with large differences in performance requirements

In view of the performance/cost trade-off in Fig. 1, the
different (control) requirements for the subsystems of the
dual-stage design provide an excellent opportunity to exploit
multirate control to go beyond performance/cost trade-offs in
motion control.

The considered multirate control architecture is shown in
Fig. 3 where a high sampling frequency f}, is used for the short
stroke Ggg,p, (O in Fig. 1) and a low sampling frequency f; is
used for the long stroke G105, to reduce cost (Oin Fig. 1). The
short-stroke system Gsg,p, tracks reference trajectory pggp.
The long-stroke system G'r,s,; tracks the position of Gssn
to ensure the short stroke is within range and reaction forces
are limited. The downsampler D facilitates the sampling rate
conversion. The control design of both subsystems consists of
feedback control (Crp), feedforward control (Crp), and input
shaping (C'y).

For design of the long-stroke controllers, the interest is in
the position error between the two stages during exposure, i.e.,
during the scanning motion, to limit reaction forces to the short
stroke. This error measured at the highest possible sampling
frequency f. is denoted e, and not available for real-time
control, but typically available afterwards for performance
evaluation. The sampling frequencies are related by

f*:Fhfh:Efla fh:Ffla (D

where Fj, > F; > 1, F := Fi;, with F,, F;, F € N. In this
paper, finite-time signals are considered of which the signal

lengths are related as
N, = FyN, = FiN;, N =FN, )

as directly follows from (1).
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Fig. 3. Multirate control configuration for a dual-stage system. The top part
relates to the short stroke (SS) at high rate fj. The bottom part relates
to the long stroke (LoS) at low rate f;. The long stroke tracks the output
position of the short stroke, where downsampler D facilitates the sampling
rate conversion. Dotted lines (----- ) indicate extreme high sampling rates f,
dashdotted lines (----) high sampling rates f5, and dashed lines (- - -) low
sampling rates f;. Both control loops include a feedback controller Crp,
a feedforward controller C'rr, and an input shaper C',. The objective is to
minimize position difference ¢, through design of Cy, 1,05, and Crr 109,1-

Remark 1. The assumption of integer sampling rate factors in
(1) is imposed for ease of notation, but can easily be relaxed
if the factor is a rational number. The proposed approach is
not applicable for irrational factors, although these can often
be closely approximated with rational factors.

C. Problem formulation: Framework for exploiting multirate
sampling for enhanced control performance

In this paper, the following problem is considered.

Main problem. Given the multirate control configuration in
Fig. 3 with sampling frequencies admitting (1), a given finite-
time reference trajectory pssn € RN for Pss,h, models
Gss,,Gross of Gssn,Gros, at sampling frequency f.,
and controllers Crrssh Cy,ssh CrB,ss,h CrB,LoS,i»
determine

min le.ll,  3)

FF,LoS,1,Cy,Los,1

(CFrF,L0s,1, Cy,L0s,) = arg

where €. € RN+ denotes the position error €, over the
considered interval.

Controllers Crr,ss.h, Cy,55,h Crp,ss,n are often avail-
able from earlier control designs based on the single-rate
short-stroke system only, neglecting the long-stroke system
and multirate aspects. A similar reasoning holds for Crp, 1,05,
It is assumed that C'rp g5 4 and Crp 1o, stabilize the short-
stroke and long-stroke system, respectively. Note that stability
is not affected by CrFr 1051, Cyp,L0S,1-

Importantly, control objective (3) incorporates the dynamics
of the short stroke for design of the long-stroke controllers
CFF,Los,; Cy,Los,1. Moreover, it considers e, rather than
€Los, and thereby takes intersample behavior into account,
which is an important aspect in multirate control [25]. Note
that (3) is posed in terms of finite-time signals, rather than
infinite-time signals, since, in practice, tasks have a finite
length.

The presented framework allows to recover single-rate con-
trol as a special case of multirate control by setting Fj, = Fj.
In Section VI and Section VII, multirate control is compared
with single-rate control.

D. Notation

Matrix variables are underlined, with I,, the n X n identity
matrix, 0,,xn the m X n zero matrix, 1,, the n x 1 ones vector
with all elements 1, and e,, the n X 1 unit vector with the
first element 1 and others 0. Vector « € RN, N € N, is given
by o = [a[0] «fl] a[N — 1]]T, with transpose (-)T
and ||a|3 = a"a. The Kronecker product is denoted ® and
diag{(-)} denotes a diagonal matrix with diagonal entries (-).
The floor operator is given by |z] = max{m € Z | m < z}.
The discrete-time delay operator is denoted z~!

III. MULTIRATE CONTROL SYSTEM

In this section, the model-based multirate controller de-
sign is presented, which constitutes Contribution (I). In Sec-
tion III-A, the time-varying aspects of multirate systems are
modeled. In Section III-B, these models are used to describe
the multirate control diagram in Fig. 3. Based on these results,
the multirate controller is presented in Section IV.

A. Modeling multirate systems: Time-varying aspects

In this section, building blocks to model the multirate
system in Fig. 3 are presented. The system is modeled over
the finite-time length considered in the main problem in
Section II-C.

Consider a causal, single-input, single-output (SISO),
discrete-time, linear time-invariant (LTI) system H with
Markov parameters h(k) € R, &k = 0,1,...,N — 1. The
mapping from the finite-time input o € R to the finite-time
output 3 € RY is given by H € RV*N via

B =Ha, “4)
8[0] R(0) 0 0 - 0 a[0]
Bl1] h(1)  h(0) 0 - 0 all]
s [_ | w® k(1) kO - 0 al2]
ﬁ[zv:q] h(N:fl) h(N:f2) h(N:fB) h(:O) a[szl]

&)
Since a, S have the same sampling frequency, H is square.
Moreover, since H is causal and time-invariant, H is lower
triangular and Toeplitz, respectively [1].

The multirate system in Fig. 3 involves different sampling
frequencies. The conversions between the different sampling
frequencies are given as follows, see also [36, Section 4.1.1]
and [25, Definition 5]. Let & € N¥N F N € N, then the
downsampling operator Dy : RFN s RN with factor F
yields 8 = Dp(a) € RN where

Blk] = a|Fk], k=0,1,...,
Let o € RV, N € N, then the upsampling operator S, r :

N—1. (6)

RN — RFN with factor F € N yields § = S, r(a) € RFN
where
k
= k=0,F2F ..., (N—-1)F,
stk = ¢ o) 052 N EUE )
0, otherwise.



The upsampling operator inserts zeros in between the values
of the low rate signal to create a high rate signal. The
interpolation is performed using a zero-order-hold interpolator.
In terms of discrete-time transfer functions, the zero-order-
hold interpolator with factor ' € N is defined as

F—-1
Tronr =y 27T ®)
f=0

The zero-order-hold interpolator is used in combination with
the upsampling operator for upsampling. The resulting zero-
order-hold upsampler is defined by Hr := Zz0m,F Su,rF, i.€.,
let « € RY, N € N, then Hp with factor F € N yields
B =Hr(a) € RFN where

Blk] = of | £]],

The system description and controller design are based
on finite-time descriptions. The finite-time description of the
downsampling operator Dy with factor F' € N is given by

k=0,1,...,(N—1)F. )

Dp = Iy ®ep € RVXIN (10)

ie,let a € RFN N € N and let 5 € RN be given by (6),
then 8 = Dgra with Dg in (10). The finite-time description
of the zero-order-hold upsampling operator Hy with factor
F € N is given by

Hp =1y @1p € RFNN (11)

ie,let « € RY, N € N and let B e RN be given by (9),
then @ = Hra with Hp in (11). Examples of Dr and H g
are provided by Example 2.

Example 2 (Downsampler and upsampler). Let ' =2, N =
3, then Dp in (10) and Hp in (11) are given by

100
100000 898
e=[§hE488).  mo=aie) @
001
Let @ = [1 2 3 4 5 6]T, then B := Dp(a) =
Dra = [1 3 ﬂT and v = Hp(B) = Hrf =
[1 1 3 3 5 B}T. Note that v = HrDra # a, since
100000
100000
HrDr=|801000 | # Lo (13)
000010
000010

Example 2 shows that down-up sampling affects the signal.
More generally, using the Kronecker mixed-product property

(A® B)(C® D) =(AC) ® (BD), (14)
it can be shown that
DrHr =In, HrDr=In® (lpep) #Irn.  (15)

A key observation is that up-down sampling DrHpr has
no effect on the signal, whereas down-up sampling HrDp
does affect the signal. In fact, HrDr is block Toeplitz with
block size F', see also Example 2, and hence the down-up
sampling operation is not LTI, but linear periodically time-
varying (LPTV) with period F. An important consequence

is that if an input-output operation involves any sampling
rate lower than the input sampling rate, then the operation
is LPTV. Indeed, this is the case for the multirate control
diagram in Fig. 3, which is thus LPTV. The presented finite-
time descriptions enable to exactly describe this time-varying
multirate system.

In the following section, the multirate control diagram is
presented, based on the finite-time descriptions presented in
this section.

Remark 3. A more general definition of the downsampler
M

Dr in (6) is obtained by considering o € RM g ¢ R[T ,

F, M € N. For ease of notation, it is assumed that M = F'N.

B. Multirate control diagram

The full control diagram of the architecture in Fig. 3
is shown in Fig. 4 and includes the modeling of systems
Gss,n and Gpros,. The systems are modeled through Ggg, .
and Gpr,s,. operating at the extremely high rate f., which
approximate the underlying continuous-time systems Gsg and
GLos, respectively. Here, H., S, are the continuous-time hold
(digital-to-analog) and sampling (analog-to-digital converter).
Recall that signals at rate f, are not available for real-time
feedback control. However, this approach enables evaluation
of the tracking error ¢, at rate f,.

To determine the optimal controllers, the relation between
CFF,Los,1,Cy, 105, and €, is required. The dependence of
finite-time €, on pssn, VFF,LoS,ls Pv,LoS, 1S given by
Lemma 4. - -

Lemma 4. Given the finite-time descriptions in Section III-A,
e, in Fig. 4 is given by

£ =1s5. — A m P;’fofil] : (16)

with
Vss« = Gss«Hr,Sss,n (17

X (Crrss,n +CrB,5s,nCy,55,1) PSS,k

A=Gros HrSrosy [In, CrB.Losy] (18)
Sssn=(In, +Crp.ssnGssn) ", (19)
Srosi = (In, + CrB.rosiGrosi) (20)
Proof. See Section A. O

An important observation in Lemma 4 is that A includes
sampling rate changes and hence the transfer function from
VFF,LoS,l» Pb,LoS,l 10 €« is LPTV and cannot be described
using traditional frequency domain transfer functions. In the
next section, the controllers are designed.

IV. MULTIRATE CONTROLLER DESIGN

In the previous section, the multirate system in Fig. 4 was
modeled. In this section, the controllers are parameterized and
the optimal controller parameters are presented, constituting
Contribution (IT). Furthermore, the multirate system is further
improved by modifying the controller implementation and
design, which constitutes Contribution (III).
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Fig. 4. Multirate control architecture where the short-stroke (SS) loop (top part) runs at high rate f; and the long-stroke (LoS) loop (bottom part) at low

rate f;. The interconnection is provided through downsampler Dg. Error e4

is an approximation of the continuous-time signal e at extreme high rate fs.

Solid lines (—) indicate continuous-time signals, dotted lines (----- ) extreme high sampling rates f., dashdotted lines (----) high sampling rates f,, and
dashed lines (- - -) low sampling rates f;. Both subsystems (G) are controlled through feedback (C'rp), feedforward (Crp), and input shaping (C). The
objective is to minimize ¢, through design of Crp 105, and Cy 105, such that the long stroke tracks the short stroke. In this configuration, Crr 1,05,

and Cy 105, are implemented at the low rate, i.e., fo = f;

A. Controller parameterization

To address arbitrary reference trajectories, the feedforward
and input shaping filters are parameterized in terms of basis
functions, see, for example, [37], [38]. Basis functions de-
couple the parameters from the reference trajectory, allowing
variations in the reference trajectories without affecting the
parameters. This is in contrast to standard learning approaches
[6] in which a command signal for one specific reference
trajectory is learned.

Inspired by [39], controllers Crr,r05,1, Cy.L0s,1 are pa-
rameterized in terms of difference operators according to
Definition 5. Note that Crp,1,05,(0) = 0 and Cy, 1.05,:(0) =1
such that if the parameters are zero, only feedback control is
used.

Definition 5. Crr 105, and Cy 105, in Fig. 4 are given by

nrprp— 1 1
Crr,Losi(0FF) = Z Orr| <fz(ZZ)> ;o (2D
n«/ﬁl i+1
-1
Cyrosi(0p) =1+ Y 0yli] (fl(zz>> , (22
i=0

with design parameters Qpp, 0.

Theorem 6 shows that vrr 105, and py, Los, depend affine
on parameters 0rp and 8y, respectively.

Theorem 6. Given Definition 5, the finite-time descriptions of
VFF,LoS,l and py 1os, are given by

VFFLoSl = CFF.Los PDrYss,n = Prri0FF, (23)

=Dr¥ssn+ Py by,
(24)

Py.Lost = Cy.Los i DrYss,n

with

L, 11 ®er
(Np—F(ng+1)) % (ng+1)

Ry, (25

i)a:,l = 2]“_'1-‘1[)‘5:3,;L 0

0 0

Yss,n[0]
¥ss,nll] ¥ss,n[0] 0

IWSS,;L = 71)55.,;1[2] 11155.,;1[1] wss.,h o - . ’

'LZ"SS',h [0]
(26)

_"bSS,h[.Nh—l] Ibss,thh—2] wss,thh—3]

5 O
Rog= |0 07t = Adiag{fl,....fi"}, @D

00 0 .. (=)=

where x refers to F'F or .

Proof. See Section B. O

Combining Theorem 6 with Lemma 4 reveals an affine
dependence of €, on §r and §,, as made explicit in Lemma 7.

Lemma 7. Error g, is given by

«=b— AP0, (28)
with
b=1vs5+«— Gros+M"rSr051CFB,Los I DFYss,n, (29)
_|@FFr; O
_|8FF
-t
Proof. See Section C. O

Lemma 7 provides the dependence of ¢, on the controller
parameters §. In the next section, the parameters 6 are opti-
mized.

B. Controller optimization

The optimal parameters for the control objective in (3) are
given by the solution of the optimization problem

min [e. | o =b— A2, (32)



If A® is full rank, the solution to this quadratic optimization
problem is given by the least-squares solution 8 = 6, with

0o = ((A2)T(A2)) " (A2)Th. (33)

For perfect models, solution (33) provides the optimal solution.

In practice, there are always model mismatches for which
the parameters are iteratively learned through an approach
that closely resembles norm-optimal iterative learning control
(ILC) [6] based on the models and data of previous executions.
A key observation is that the models are time-varying, which
is in sharp contrast to standard learning techniques. One
execution of the learning approach is referred to as a trial
or task and indicated with subscript j = 0,1,2,.... The
parameters ¢;; for the next trial are determined as those
minimizing the performance criterion in Definition 8 [6] based
on measured data from trial j.

Definition 8 (Performance criterion). The performance crite-
rion for trial 5+ 1, 7 =0,1,2,... is given by

T (0j+1) = llgj+1,

B+,
2 (34)
&1 = Gl

where ||()||Z = ()TW(), with W_ € RN-*N« positive
definite, W, W, € R2NX2Ne semi-positive definite, and
i1, =Ejx — AP (041 —6;),
S = 26;.

(35)
(36)

Performance criterion (34) can be used to address several
control goals. For example, for W, = Iy, and W, = W, =
O2n,, the control goal in (3) is addressed, i.e., minimizing
|le«||3. The optimal parameters for the general criterion are
given by Theorem 9.

Theorem 9 (Iterative solution). The parameters 01, j =

0,1,2,..., that minimize J(8;41) in Definition 8 are given
by
0jr1=Q0; + Lej «, 37
with
Q= ((A0)TW.(AQ) + 2T (W, + Wye) @) (38)
x ((AQ)TW_(AD) + &T W, D),
L= ((A2)TW.(AD) + @7 (We + W) ®)
x (42) ' W..

Theorem 9 directly follows from substitution of (35) and
(36) in (34) and equating V.7 (0,+1) = 0, see also [37]. Note
that W, W,, W, should be chosen such that the inverse in
(38) and (39) exists. A step-by-step procedure for the iterative
algorithm is provided in Algorithm 10, where (33) provides
initial parameters based on models only.

Algorithm 10 (Iterative tuning procedure). Calculate Q, L
using (38), (39), set j = 0 and determine 6 in (33). Then,
perform the following sequence of steps:

1. Execute task j and record data €; .

2. Determine 0,1 through (37).

VFF,LoS,h VFF,LoS,1
~Crr oS = =% — e

DrCFF,LoS,h
i

| LoS,h LoS,l

(a) Part of the control diagram in Fig. 4 with the (b) The design space is
controllers implemented at high rate, i.e., fo = f. larger for the controller
design at high rate.

Fig. 5. Designing and implementing the controllers at high rate allows to
exploit all information in v gg 5 and thereby improve performance.

3. Set j — 7+ 1 and repeat from step 1 until satisfactory
convergence in §; or a user-defined maximum number of
trials is reached.

Algorithm 10 provides the iterative tuning solution for the
time-varying multirate system with controller design at the
low rate. In the next section, the controllers are explicitly
designed and implemented at the high rate to enhance the
performance/cost trade-off in Fig. 1.

C. Performance enhancement: High-rate control

In the previous sections, the optimal controller for the
multirate system in Fig. 4 is presented. In this section, the
performance of the multirate system is further improved by
modifying the controller implementation and design, which
constitutes Contribution (III). The results of the previous
section are recovered as a special case.

In contrast to time-invariant systems, time-varying systems
do generally not commute, i.e., interchanging the order affects
the output. One key advantage of the proposed approach
is that this property can be directly exploited to enhance
the performance/cost trade-off in Fig. 1. In Fig. 4, both the
feedforward controller and input shaper of the long stroke
are implemented at the low rate f;. In this section, these
controllers are implemented at high rate f; as shown in
Fig. 5(a). This implementation has the potential to improve
the performance since 15, contains more information than
PLos,. = Dr1gs . This also follows from the noble identity
DrH(2F') = H(2)Dp, with H a discrete-time system rational
in z [36, Section 4.2]. Indeed, since the frequency response
of Crr,Los,n is independent from that of Crr 105,, there is
more design freedom as illustrated in Fig. 5(b).

The additional cost of the high-rate implementation is
negligible since it only involves a different controller design
in software, without effecting hardware. In particular, it uses
sensor information of the short-stroke loop at high rate, which
is also required for feedback control on the short stroke. The
new design does not require sensor information of the long-
stroke loop at a higher rate. The actuation of the long-stroke
loop remains at low rate.

The parameterization of the controllers at high rate is similar
to that in Definition 5 and provided by Definition 11.



Definition 11. Crr ros,n and Cy ros,n in Fig. 5 are given

by
nprp—1 i+1
_ 2 fu(z —1)
Crr.rosn(0rr) = ; Orpli] (z > ,  (40)
ny—1 141
—1
Corosn(By) =1+ 3 Oyi] (fh(z)> Y
i=0

The finite-time descriptions for this parameterization are
provided in Lemma 12. Using these results, the iterative
approach outlined in Algorithm 10 is directly applicable.

Lemma 12. Given Definition 11, the finite-time descriptions
(23), (24), and (30) change to

VFF,LoS! = DFCFF Losh¥ss,h = Dr®rrnfrr,  (42)
Py.LoSt = DrCy Losn¥ssn = Drissn
+Drp®y by, (43)
_ |Dr®rFrn 0
P = { 0 DF¢'¢J,h:| ; (44)
with
®,5 =Ty, [ Lnot1 ]h (45)
" O~ (et 1) x (n 1)
11 1 .. 1
1230 —ng
0 1 3 ..«
Ez,h = 0 0 =1 * dlag{f}h tey ;le}, (46)
bbb (71:)*%
where x refers to F'F or 1.
Proof. See Section D. [

The controller design and implementation at high rate
completes the multirate controller design. Next, the advantages
of multirate control over single-rate control are demonstrated
in both simulation and experiments.

V. EXPERIMENTAL SETUP: A DUAL-STAGE WAFER STAGE
SYSTEM

In the remainder of this paper, the multirate control design
framework presented in the previous section is validated on a
dual-stage system, both in simulations and experiments. In this
section, the wafer stage system is introduced in more detail and
the experimental setup of the dual-stage system is presented.

A. Wafer stages: Key components in lithography machines

Wafer stages are key components in wafer scanners. Wafer
scanners are state-of-the-art lithography machines for the auto-
mated production of integrated circuits. In Fig. 6, a schematic
illustration of a wafer scanner system is depicted. Ultra-violet
light from a light source (D passes through a reticle ),
which contains a blueprint of the integrated circuits to be
manufactured. The reticle is clamped atop the reticle stage @
which performs a scanning motion. The resulting image of the
reticle is scaled down by a lens system @ and projected onto
the light sensitive layers of a wafer 3. The wafer is clamped

Fig. 6. Schematic illustration of a wafer scanner system, consisting of light
source @, reticle @, reticle stage @, lens system @, wafer @, and wafer

stage (6).
LoS metrology frame encoders SS force frame
- - -
Fig. 7. Experimental setup resembling a one degree-of-freedom wafer

stage. The setup consists of two air-guided stages that can translate in one
horizontal direction. The positions are measured through 1 nm resolution
optical encoders.

on the wafer stage (& and performs a synchronized scanning
motion with the reticle stage.

During the scanning process, the wafer stage and reticle
stage track reference signals with nanometer positioning ac-
curacy. In this paper, the focus is on control of the wafer stage,
which has more stringent performance requirements than the
reticle stage [40].

B. Experimental setup

The experimental setup is shown in Fig. 7 and consists
of two stages: a long stroke (LoS) and a short stroke (SS).
Both stages can translate in one horizontal direction and are
air guided. Each stage is actuated through a Lorentz actuator
attached to the force frame. The position of each stage is
measured through 1 nm resolution optical encoders attached to
the metrology frame, which is separated from the force frame
to reduce interaction. The total stroke is 16.0 mm.

The sampling rate of e, is f. = 10080 Hz. The identified
frequency response functions of both stages are shown in
Fig. 8. The stages are modeled as freely moving masses with
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(a) Short-stroke (SS) stage.
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(b) Long-stroke (LoS) stage.

Fig. 8. Measured frequency response functions (¢) with sampling rate f. =
10080 Hz and the identified models (- - -) in (47).

one sample I/O delay:

(z+1)

G * — 717>
T am, (1)

(47)

with masses mgg = 4.70 kg and mr,s = 4.33 kg. The
sampling rate factors Fj,, F; are varied and provided when
relevant.

Reference trajectory pgsg  consists of a forward and back-
ward movement with a total duration of 0.25 s and is shown
in Fig. 9. The point-to-point profile is representative for the
application in terms of distance, maximum acceleration, etc. A
fourth-order profile is used to guarantee a smooth signal with
limited high-frequency content to avoid excitation of higher-
order dynamics, see also Fig. 8 and, e.g., [41].

Experiments show that the measurement noise on both
Yss, and Yr,s . has a variance of (45 nm)2. This value
is used during simulation to mimic experimental conditions.

0.4 N
0.3 - I

ESS,h [mm}

|
0 0.05 0.1 0.15 0.2

Time [s]

0.25

Fig. 9. Reference trajectory pss,p is a forward and backward movement
over 0.5 mm constructed from fourth-order polynomials.

C. Controller design

The fixed feedback controllers C'rp ssn and CrB,ros,
both consist of a lead filter, weak integrator, and second
order lowpass filter based on loop-shaping techniques [5]. The
controllers stabilize their respective closed-loop systems and
yield a bandwidth (first 0 dB crossing of the open-loop) of
100 Hz for both loops. The feedforward controller and input
shaper for the short stroke are given by

Sf,f(z—l)Q
22
Gss,hCrr,ss,h-

(48)
(49)

Crrss,n = ms
Cy.55n =

Hence, Crr,ss,, generates mass feedforward and the combi-
nation results in g5, = 0, if Ggg ) is exact.

The design of the long-stroke feedforward controller and
input shaper aims to minimize ||g.||3 by setting the weights
in Definition 8 to

W_=1In., WeWae=02nx2n,- (50
Note that these settings also facilitate fast convergence of the

iterative procedure in Algorithm 10.

VI. SIMULATION RESULTS

In this section, the simulation results are presented, which
serve as a benchmark for the experimental results presented
in Section VII. The simulations enable validation of the
experimental results and constitute Contribution (IV).

A. Comparing controllers at different rates

The considered control configurations are listed in Table I,
see also (1). Due to the difference in sampling rate between
the controller parameterization on low rate (Definition 5) and
high rate (Definition 11), the number of parameters nrr and
ny alone does not provide a fair comparison between the
controllers. Therefore, the controller buffer lengths

. nfrF Ny

TFF.—T, Td,.—f,
(& (&

are defined, where f. is the sampling rate of the optimized
controllers, see Table 1. These buffer lengths are an indication
for the implementation cost of the controller.

61V
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(a) Simulation results for varying 7rr show that, due to more design
freedom in terms of parameters npp, the performance increases (J
decreases) for increasing cost (increasing buffer length 77 ). The results
shown are for fixed Cy 105 = 1 and varying npp.
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(c) Simulation results for varying 7, show that larger cost (larger buffer
length 7,,) yields better performance (lower ). The results shown are
for mass feedforward (npr = 2 and 6 [0] = 0) and varying n,.
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(b) Experimental validation of the simulation in (a). The results are in line
with the simulation results.
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(d) Experimental validation of the simulation in (c). The results are in line
with the simulation results.

Fig. 10. Simulation results in (a) and (c), and experimental results in (b) and (d) for the four control configurations in Table I. As is expected, single-rate

high (- © -) outperforms single-rate low (- # -). The performance of multirate low (

) is similar to that of single-rate low (- # -). The performance of

multirate high (- # -) is close to the performance of single-rate high (- © -). The results demonstrate the advantages of multirate control. Indeed, a high level
of performance is achievable with multirate control for limited cost since one of the feedback control loops is evaluated at a lower rate.

TABLE 1
THE FOUR DIFFERENT CONTROL CONFIGURATIONS THAT ARE EVALUATED.
Label Symbol \ f« [Hz]  fn [Hz] f; [Hz] f. [Hz]
Single-rate high () 10080 2016 2016 2016
Single-rate low A 10080 1008 1008 1008
Multirate high X 10080 2016 1008 2016
Multirate low 10080 2016 1008 1008

B. Simulation setup

For comparison with the experimental results in Section VII,
measurement noise is added to ¥ gg« and ¥ 1,s,+. The noise
is modeled as zero mean, Gaussian white noise with variance
02 = (45 nm)? based on experimental data, see also Sec-
tion V-B.

In simulation, the models are exact and hence the initial
parameters 6y in (33) provide the optimal solution. Note that
the noise introduces trial-varying disturbances, which cannot
be compensated through the iterative tuning algorithm and
thereby limits the achievable performance.

C. Results

The performance/cost trade-off curves for the configurations
in Table I are shown in Fig. 10(a) and Fig. 10(c). Both fig-
ures show the enhancement of the performance/cost trade-off
through multirate control as illustrated in Fig. 1. In particular,
both figures show I) increasing performance (decreasing )

for increasing cost (increasing 7); and II) excellent perfor-
mance through multirate control with design at high rate.

As a direct consequence of a higher sampling rate, single-
rate high outperforms single-rate low. Multirate control is
a trade-off between these two and hence the performance
is somewhere in between. The performance improvement
of multirate low is limited compared to single-rate low. In
contrast, the performance of multirate high is close to that of
single-rate high. The results show that multirate control can
achieve high performance with limited cost, when designed
and implemented at the high rate. Indeed, the long-stroke
feedback control loop remains executed at the low rate.

The results in Fig. 10(a) show the importance of adding
the acceleration profile as basis function in terms of perfor-
mance improvement, as is also apparent from the frequency
response functions in Fig. 8 and identified models in (47).
Indeed, especially for low frequencies, the stages behave as
a rigid body mass. Therefore, a mass feedforward controller
Crros = 0rp[1]225571 is used in Fig. 10(c), where pa-
rameter 0z (1] is also optimized. Note that mass feedforward
is also used for the short-stroke feedforward controller in (48).

Time-domain results for multirate high with nprp = 2, ny =
0 are shown in Fig. 11. Compared to mass feedforward, there
is an additional parameter in the feedforward filter as can be
observed in VpF 05,1, resulting in improved performance.

The simulation results demonstrate the potential of multirate
control, especially when the controllers are designed and im-
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Fig. 11. Time-domain simulation results for single-rate high with npp = 2,
n,, = 0. The results show the importance of mass feedforward.

plemented at the high rate. Next, the results are experimentally
validated.

VII. EXPERIMENTAL RESULTS

In this section, the simulation results of the previous sec-
tion are experimentally validated on the setup described in
Section V. The results experimentally validate the advantages
of multirate control and constitute Contribution (V).

A. Application of iterative tuning

In contrast to simulation, the models do not exactly describe
the system in experiments. Therefore, the iterative tuning
procedure in Algorithm 10 is invoked to iteratively update the
parameters based on measured data. The convergence of the
iterative tuning algorithm is shown in Fig. 12 for the various
control configurations in Table I with a fixed buffer length
Trr = 1 ms (1 = 0).

The results in Fig. 12 show fast convergence (one trial) of
the iterative algorithm as desired. Note that the deviations over
the trials are caused by trial-varying disturbances for which the
algorithm cannot compensate. In the remainder, five trials are
used and only the results of the fifth trial are shown.

B. Results

The experimental results for the simulations in Fig. 10(a)
and Fig. 10(c) are shown in Fig. 10(b) and Fig. 10(d),
respectively. The results are in line with the simulation results
and the conclusions in Section VI, i.e., higher performance
(lower J) for increasing number of parameters (increasing 7),
and excellent performance for multirate control with control
design at high rate (multirate high).

Time-domain signals for several parameterizations with
multirate high are shown in Fig. 13. Clearly, mass feedforward
only (nprp = 2, 0pp[0] = 0, ny = 0) is restrictive

T T T T T
—108 | 4 |
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é 10711 [ . |

o
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Fig. 12. Experimental results of the performance criterion over trials for
Trr = 1 ms, 7y = 0 with single-rate high (O), multirate high (),
multirate low (), and single-rate low (A). The results show that all control
configurations converge in one trial up to the level of trial-varying disturbances
for which the iterative tuning algorithm cannot compensate.

and achieves moderate performance. When using nprp = 2,
ny = 0 there is more design freedom resulting in better
performance. Adding design freedom in the input shaper by
using nprp = 2, ny = 4 yields even better performance.
Most design freedom is obtained by fully parameterizing
the feedforward signal as in traditional learning control with
npr = Nj, (ny = 0) and yields the best performance. Indeed,
the performance of standard learning control in which the full
signal is learned is superior for repeating tasks. However, the
performance deteriorates drastically when the trajectory pss s,
is changed, see for example [37], [38], which conflicts with
the requirement on reference task flexibility in Section II-C.
Hence, there is a trade-off between performance and task
flexibility, which can be balanced using basis functions.

C. Summary

The experimental results validate the simulation results and
thereby demonstrate the potential of multirate control for dual-
stage systems. Both the simulations and experiments show
that a multirate design approach with control design at the
high rate can significantly enhance the performance compared
to traditional single-rate control on the low rate. In fact, the
performance is similar to that of single-rate control at the high
rate, but obtained with a lower cost since one of the control
loops is executed at the low rate which reduces hardware cost.

VIII. CONCLUSION

In most motion systems, all control loops are operated on
a single, fixed sampling rate since this allows the use of
well-known control design techniques. However, for such a
design, increasing the sampling rate to increase performance
is costly in terms of required hardware since all control loops
are affected.

In this paper, a multirate approach is exploited to enhance
the traditional performance/cost trade-off. In essence, this
allows to allocate the performance and cost over the different
control loops. The time variance introduced by multirate
sampling complicates control design and constitutes the main
challenge addressed in this paper.

The main contribution of this paper is a control design
framework for multirate systems. The framework facilitates
optimal feedforward control design through iterative tuning
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(a) Parameterizations with more design freedom yield a smaller error e«
which is also apparent in the performance criterion 7 shown in Fig. 10.
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(c) The shaped input py 1,05, is only different from pr 5, for the parame-
terization with my, =4 ( ) since ny, = O for the other parameterizations.

Fig. 13. Time-domain results for multirate high for different parameteriza-
tions. In ascending order of design freedom: mass feedforward (npp = 2,
O0pr[0] = 0, ny = 0) () npp = 2, ny = 0 (—-); npp = 2,
ny = 4 ( ); and full learning of vrp rLos,n (NnFF = Np, ny = 0)
( ). More design freedom reduces the error e..

control. Through simulations and experiments on a dual-stage
wafer stage system, the advantages of the multirate control
approach are demonstrated. In particular, it is shown that by
design of multirate control on the high rate excellent perfor-
mance is achieved, with limited cost. The results demonstrate
the potential of flexible sampling in motion systems.

Ongoing research focuses on feedback control design for
multirate systems, see [26] for preliminary results, and control
design for other classes of flexible sampling.

APPENDIX A
PROOF LEMMA 4

The following identity, known as the push-through rule, is
exploited:

(Im+AB) "A=A(I,+BA)™", (52)

with A € R™*" B e R"*™ n,m € N.
Using Fig. 4 and (52), ¥s5,« is expressed in pss p:

Vss« = GsssHr, (Crrssn+ Cr,ssnCy,ss,h) PSS,h

—Gs5+Hr,CrB 55, Dr,Vss,
(53)

=(In, + QSS,*ﬂFhQFB,SS,hQFh)_l Gss«HF,

X (Crrss,n +CrB,ss,nCy,55,1) PSS,k
(54)

=GssHr, (In, + QFB,SS,hQFhQSS,*ﬂFh)il

X (Crrss,n +CrB,55,hCy,551) PSS,k
(55)
=Gss+«Hr,Sss,n

(56)
X (Crrss;n +CrB,ss,nCy,55,h) PSS,k

with Ssg 5, in (19). Using Fig. 4 and (52), Y Los,« 18 expressed
in py LoS,l» VFF,LoS,l:

Yross = Gros«Hr (VrF,Los + CFB,LoS, 1Py, LoS,1) 57)
~Gros+HrCFB,Los DRV Los,«
—1
=(Un, + Gros«HrCFB 105, PF) " Gros+HF,

X (BFF,Los,z + QFB,LoS,le,LoS,l)
(53)

=Gros+Hr, (In, + QFB,LoS,lQFlQLoS,*ﬂFl)_l

X (VFFLos + CFB,LoS,1P%,LoS,1)

(59)
= QLOS,*ﬂFlﬁLOS,l
o (60)
X [In, CFB,Los,] [VFF’L S’l}
Bw,LoS,l
:A |:VFF,LOS,Z:| (61)
Pip,LoS,1

with Srs; in (20) and A in (18). The result follows from
Ex = %SS,* - %LOS,*-

APPENDIX B
PROOF THEOREM 6

It is shown that for the parameterization

n—1 i+1
B 4 [ fiz=1)
a =3 o (152 62
it holds
§1=CiDrpssn = 8. (63)

Relations (23) and (24) directly follow from this result.



Parameterization (62) can equivalently be written as a finite
impulse response (FIR) structure of order n, = n + 1:

U

By equating coefficients, it directly follows that the relation
between the parameters is given by o« = R;0 with R; € R"e*"
as in (27). Note that R; is the product of a truncated transposed
(lower triangular Cholesky factor of the) Pascal matrix of order
N, With a diagonal scaling matrix depending on f;.

The finite-time description of Cj in terms of « is given by

Na—1

Z alilz™".

=0

(64)

- o] 0 0
all] a[0] 0
D el )
Ql _ ang—1] . all] (65)
0 ang—1] :
0 0 ang—1] °

Using the Kronecker mixed-product property rule (14) the
order of C; and Dp, see (10), is interchanged:

CDr=(Ci®1)(In, ®erp) (66)
= (Ciln,) ® (lep) (67)

= (InC1) @ ((eper)er) (68)

= (In, ®ep) (C1® (erep)) (69)

=Dr (Cz ® (erep)) - (70)

Note that C; ® (erej.) is a lower triangular matrix and that
Yssn = Lygsnen,, With Tygg, in (26) is also a lower
triangular matrix.

Next, the commutative property of lower triangular matrices
is exploited to express &; in 6. To this end, the Kronecker
product rule and the relation o = R;0 are used:

& =CiDpissn v
=Dr (C1 @ (erer)) Pss o
—Dp (Cl ® (eFeF)) Ty Pss,nENy, (73)
= QFsts,h (Ql ® (QFQE)) N (74)

[ a®er
oy a®e 75
EFL Yssn _O(Nh_Fna)X1:| ( )
[(In,a)® (erl)
oy . 76
EFLssn | Q(Nhana)Xl "
- [ I, ®er
= QFsts,h _O(thna)xna:| < .
[ I, ®er
— DT _ fub b
LZFLpssn _O(Ntha)Xna:| uY ( )
== i)lQ7 (79)

which concludes the proof of (62). Relations (23) and (24)
directly follow from this result.

APPENDIX C
PROOF LEMMA 7

Substitution of (23) and (24) in (16) and using (18) yields

o, )
=g —A|7F S’l} (80)
| Pvp,LoS,1
[ @rpifrr
= «— A ' 81
Y —A | Drssn + Py by @1
[ On Prrilrr
= x A ! - ’ 82
Yssx— A _DF'(/)SS,h:| { Dy 10y (82)
=55+ — Gros«HrnSros [In, CrB,Los,]
% O, iy Prri0FF (83)
Dryss,n Dy 10y
=155+ — Gros,«HrS105,1CFB,Los, DFYss,n
A l:q)FF,l 0 ] [GFF:| (84)
o 0 g)’(/l,l QI/J
=b— AP0, (85)
with b, ®, 6 as given in Lemma 7.
APPENDIX D
PROOF LEMMA 12
It is shown that for the general parameterization
n—1 i+1
. fh(z—l)
Cy(0) = 0 —_ 86
w(0) ; ] ( . (86)
it holds
§1=DrCrssn=DrPpb. 87)

Relations (42) and (43) directly follow from this result.

The proof is similar to that of Theorem 6. First, C}, is
expressed in terms of FIR parameters a:

n—1 . i+1 na—1 )
e = o (D) =Y e, @
=0 =0

where o = R0 with R;, € R™*"™ as in (46) and n, = n+1.
The finite-time description of C, in terms of « is given by

- afo] 0 0 1
afl] a[0] 0
all] «[0]
C), = a[ng—1] : all] (89)
0 [na—1]
0 0 [na—1]




Next, it is exploited that the lower triangular matrices C},
and Ty, , commute:

& =DrCr¥ssh (90)
=DrCpTyss €N, o1
=Drlyss,Chen, 92)

a

=DrT = 93

=FSYssn _O(N;L—na)x1:| 3)
=DrT - In, :| « 94)

e _Q(Nh—na)xna -

[ I,

=DrTlyss, _O(Nh—n(,)xna:| RL0 95)
=Drdpb. (96)

Relations (42) and (43) directly follow from this result.
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