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the Standard Model with all its fermions, gauge fields, Higgs field and their representations.
A strong restriction on the noncommutative space results from the first order condition
which came from the requirement that the Dirac operator is a differential operator of order
one. Without this restriction, invariance under inner automorphisms requires the inner fluc-
tuations of the Dirac operator to contain a quadratic piece expressed in terms of the linear
part. We apply the classification of product noncommutative spaces without the first order
condition and show that this leads immediately to a Pati-Salam SU(2)g x SU(2)z x SU(4)
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(2,1,4) and (1,1,1 + 15) representations. Depending on the precise form of the initial
Dirac operator there are additional Higgs fields which are either composite depending on
the fundamental Higgs fields listed above, or are fundamental themselves. These additional
Higgs fields break spontaneously the Pati-Salam symmetries at high energies to those of
the Standard Model.
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1 Introduction

Noncommutative geometry was shown to provide a promising framework for unification of
all fundamental interactions including gravity [3, 5, 6, 10, 12]. Historically, the search to
identify the structure of the noncommutative space followed the bottom-up approach where
the known spectrum of the fermionic particles was used to determine the geometric data
that defines the space. This bottom-up approach involved an interesting interplay with
experiments. While at first the experimental evidence of neutrino oscillations contradicted
the first attempt [6], it was realized several years later in 2006 ([12]) that the obstruction
to get neutrino oscillations was naturally eliminated by dropping the equality between
the metric dimension of space-time (which is equal to 4 as far as we know) and its KO-
dimension which is only defined modulo 8. When the latter is set equal to 2 modulo 8 [2, 4]
(using the freedom to adjust the geometry of the finite space encoding the fine structure of
space-time) everything works fine, the neutrino oscillations are there as well as the see-saw
mechanism which appears for free as an unexpected bonus. Incidentally, this also solved
the fermionic doubling problem by allowing a simultaneous Weyl-Majorana condition on
the fermions to halve the degrees of freedom.

The second interplay with experiments occurred a bit later when it became clear that
the mass of the Brout-Englert-Higgs boson would not comply with the restriction (that
mp = 170 Gev) imposed by the validity of the Standard Model up to the unification scale.
This obstruction to lower mp was overcome in [11] simply by taking into account a scalar



field which was already present in the full model which we had computed previously in [10].
One lesson which we learned on that occasion is that we have to take all the fields of the
noncommutative spectral model seriously, without making assumptions not backed up by
valid analysis, especially because of the almost uniqueness of the Standard Model (SM) in
the noncommutative setting.

The SM continues to conform to all experimental data. The question remains whether
this model will continue to hold at much higher energies, or whether there is a unified
theory whose low-energy limit is the SM. One indication that there must be a new higher
scale that effects the low energy sector is the small mass of the neutrinos which is explained
through the see-saw mechanism with a Majorana mass of at least of the order of 10 Gev.
In addition and as noted above, a scalar field which acquires a vev generating that mass
scale can stabilize the Higgs coupling and prevent it from becoming negative at higher
energies and thus make it consistent with the low Higgs mass of 126 Gev [11]. Another
indication of the need to modify the SM at high energies is the failure (by few percent)
of the three gauge couplings to be unified at some high scale which indicates that it may
be necessary to add other matter couplings to change the slopes of the running of the
RG equations.

This leads us to address the issue of the breaking from the natural algebra A which
results from the classification of irreducible finite geometries of K O-dimension 6 (modulo
8) performed in [9], to the algebra corresponding to the SM. This breaking was effected
in [8, 9] using the requirement of the first order condition on the Dirac operator. The first
order condition is the requirement that the Dirac operator is a derivation of the algebra A
into the commutant of A = JAJ~! where .J is the charge conjugation operator. This in
turn guarantees the gauge invariance and linearity of the inner fluctuations [7] under the
action of the gauge group given by the unitaries U = uJuJ ! for any unitary u € A. This
condition was used as a mathematical requirement to select the maximal subalgebra

CoH® M3(C) C Hg @ Hyp & My(C)

which is compatible with the first order condition and is the main reason behind the unique
selection of the SM.

The existence of examples of noncommutative spaces where the first order condition is
not satisfied such as quantum groups and quantum spheres provides a motive to remove this
condition from the classification of noncommutative spaces compatible with unification [14—
17]. This study was undertaken in a companion paper [13] where it was shown that in the
general case the inner fluctuations of D form a semigroup in the product algebra A ® A°P,
and acquire a quadratic part in addition to the linear part. Physically, this new phenomena
will have an impact on the structure of the Higgs fields which are the components of the
connection along discrete directions. This paper is devoted to the construction of the
physical model that describes the physics beyond the Standard Model. The methods used
build on previous results and derivations developed over the years. To make this work
more accessible we shall attempt to make the paper self-contained by including the parts
needed from previous works in a brief form.



The plan of this paper is as follows. In section 2 we review the effect of removing
the first order condition on the form of the inner fluctuations, emphasizing the semigroup
structure. In section 3 we modify the classification of irreducible finite geometries in the
absence of the first order condition and show that the resultant algebra is, almost uniquely,
given by Hr @ Hy & M4(C). The model is then based on a noncommutative geometric
space formed as a product of a continuous four dimensional space times the above discrete
space. The associated connection can be viewed either as a 384 x 384 matrices, or in more
manageable form as the tensor product of matrices. To present the computations in a
comprehensible form that could be checked by others, we give in section 4 a brief review
of the tenorial notation we developped before. We stress that all calculations performed
in this article using the tensorial method are done by hand, but have the advantage that
they could also be checked using algebraic manipulation programs such as Mathematica or
Maple. In section 5 we compute the inner fluctuations of the Dirac operator on the above
algebra and determine the field content. In section 6 we evaluate the spectral action using
a cutoff function and the heat kernel expansion method, where we show that the resultant
model is the Pati-Salam [21] SU (2) , x SU (2);, x SU (4) type model with all the appropriate
Higgs fields necessary to break the symmetry to U (1), %< SU(3),. In section 7 we show
that this model truncates correctly to the SM. In section 8 we analyze the potential and
possible symmetry breaking, noting in particular the novel feature that for certain initial
configurations of the Dirac operator some of the inner fluctuations represented as Higgs
fields are fundamental while others are made of quadratic products of the fundamental
ones. For generic initial Dirac operators all Higgs fields are fundamental. Section A is the
appendix where all details of the calculation are given and where we illustrate the power
and precision of noncommutative geometric methods by showing how all the physical fields
arise. This is done to the benefit of researchers interested in becoming practitioners in
the field.

2 First-order condition and inner fluctuations

We briefly summarize the generalization of inner fluctuations to real spectral triples that fail
on the first-order condition, as presented in [13]. In this case, the usual prescription [3] does
not apply, since the operator D+ A+JAJ~! with gauge potential A = > 451D, bj] (a;,b; €
A) does not behave well with respect to the action of the gauge group U(A). In fact, one
would require that conjugation of the fluctuated Dirac operator by the unitary operator
U := uJuJ ! for u € U(A) can be implemented by a usual type of gauge transformation
A — A" = u[D,u*] + uAu* so that

D+A+JAT ' UD+A+JAT WU =D+ A+ JAT !

However, the simple argument only works if [JuJ ™1, A] = 0 for gauge potentials A of the
above form and u € U(A), that is, if the first-order condition is satisfied.

For real spectral triples that possibly fail on the first-order condition one starts with
a self-adjoint, universal one-form

A= Zaja(bj); (aj,bj € A). (2.1)



The inner fluctuations of a real spectral triple (A, H, D; J) are then given by
D' =D+ Ay + A(l) + A (2.2)

where
Ay = Z a;j[D, bjl,
J

Agy =D _a[D,bl;  a=JaiJ Y, by = JbiJ L,
i

Ay =Y a[Aq), bl = ajar([D, bel, by).
i ik

Clearly A () which depends quadratically on the fields in A(;) vanishes when the first order
condition is satisfied, thus reducing to the usual formulation of inner fluctuations. As such,
we will interpret the terms A(y) as non-linear corrections to the first-order, linear inner
fluctuations Ay of (A, H, D;J).

The need for such quadratic terms can also be seen from the structure of pure gauge
fluctuations D +— UDU* with U = uJuJ ! and u € U(A). Indeed, in the absence of the
first order condition we find that

UDU* = u[D,u*] + a[D, @*] + a[u[D, u*], @"].

In the above prescription this corresponds to taking as a universal one-form A = ud(u*).
On a fluctuated Dirac operator D’ such gauge transformation act in a similar way as
D’ — UD'U*. By construction, it is implemented by the gauge transformation

A= vAu* 4+ ud(u®)
in the universal differential calculus. In particular, this implies that
A(l) — UA(I)U* +u[D,u"]

so the first-order inner fluctuations transform as usual. For the term A(,) we compute that
a gauge transformation acts as

Ay = Jud Ay Ju T+ Jud 7 u[D,u'], Jut Y

where the A(y) on the right-hand-side is expressed using the gauge transformed A;). This
non-linear gauge transformation for A(;) confirms our interpretation of Ay as the non-
linear contribution to the inner fluctuations.

It turns out [13] that inner fluctuations come from the action on operators in Hilbert
space of a semi-group Pert(.A) of inner perturbations which only depends on the involutive
algebra A and extends the unitary group of A. More precisely, the semi-group Pert(.A)
consists of normalized self-adjoint elements in A @ AP:

Pert(A) := {Zaj@)b?p ceAR A% : Zajbj =1, Zaj@’b?p = Zb;(@a;op}
j j 7 ’



with A°P the involutive algebra A but with the opposite product (ab)°? = b°Pa°P. The
semi-group product is inherited from the multiplication in the algebra A ® A°P, that is:

(Zai ®b§p> (Za; ® (b})@) = aa; ® (Vi)
7 7 2,J

which indeed respects the above normalization and self-adjointness condition. Note that
the unitary group of A is mapped to Pert(A) by sending a unitary u to u ® u*°P.

Given a spectral triple (A, #, D) an inner fluctuation of D by an element 3, a; @ b3"
in Pert(A) is now simply given by

D~ Y a;Db;.
J

This covers both cases of ordinary spectral triples and real spectral triples (i.e. those
which are equipped with the operator J). In the latter case one simply uses the natural
homomorphism of semi-groups u : Pert(A) — Pert(A ® A) given by u(A) = A ® A.
Explicitly, this implies for real spectral triples the following transformation rule:

D — Z aidebilA)j
i.j

which can indeed be shown [13, Proposition 5] to coincide with the above (2.2).

The structure of a semi-group implies in particular that inner fluctuations of inner
fluctuations are still inner fluctuations —a fact which is not at all direct when looking at
Equation (2.2)— and that the corresponding algebraic rules are unchanged by passing from
ordinary spectral triples to real spectral triples.

3 Classification of finite geometries without first order condition

Some time ago the question of classifying finite noncommutative spaces was carried out
in [9]. The main restriction came from requiring that spinors which belong to the product
of the continuous four dimensional space, times the finite space must be such that the
conjugate spinor is not an independent field, in order to avoid doubling the fermions. This
could only be achieved when the spinors satisfy both the Majorana and Weyl conditions,
which implies that the K O-dimension of the finite space be 6 (mod 8). Consistency with
the zeroth order condition

[a,0°] =0, b =Jb*J! Va,be A

(since A is an involutive algebra this condition is the same if one replaces b° by b= JbJ -1
restricts the center of the complexified algebra to be Z (A¢) = C @ C. The dimension of
the Hilbert space is then restricted to be the square of an integer. The algebra is then of
the form

M. (C) & My (C) .



A symplectic symmetry imposed on the first algebra forces k to be even k = 2a and the
algebra to be of quaternionic matrices of the form M, (H). The existence of the chirality
operator breaks M, (H) and further restricts the integer a to be even, and thus the number
of fundamental fermions must be of the form 4a? where a is an even integer. This shows
that the first possible realistic case is the finite space with k = 4 to be based on the algebra

A=Hgr®H; ® My (C) (3.1)

A further restriction arises from the first order condition requiring the commutation of the
commutator [D,a] where D is the Dirac operator and a € A with elements b°, b € A,

[D,a],b°] =0, abe A b =JbJ!

(since A is an involutive algebra this condition is the same if one replaces b° by b=JbJ -1
This condition, together with the requirement that the neutrinos must acquire a Majorana
mass restricts the above algebra further to the subalgebra

CoHa M;(C). (3.2)

The question is whether the first order condition is an essential requirement for noncom-
mutative spaces. There are known examples of noncommutative spaces where the first
order condition is not satisfied such as the quantum group SU (2), ([16, 17]). As recalled
in the previous section, the main novelty of not imposing the first order condition is that
the fluctuations of the Dirac operator (gauge and Higgs fields) will not be linear anymore
and part of it A(y) will depend quadratically on the fields appearing in A(j). In this work
we shall study the resulting noncommutative space without imposing the first order condi-
tion on the Dirac operator. Our starting point, however, will be an initial Dirac operator
(without fluctuations) satisfying the first order condition relative to the subalgebra (3.2),
but inner fluctuations would spoil this property.

The noncommutative geometric setting provided answers to some of the basic questions
about the SM, such as the number of fermions in one family, the nature of the gauge
symmetries and their fields, the fermionic representations, the Higgs fields as gauge fields
along discrete directions, the phenomena of spontaneous symmetry breaking as well many
other explanations [10]. In other words, noncommutative geometry successfully gave a
geometric setting for the SM. The dynamics of the model was then determined by the
spectral action principle which is based on the idea that all the geometric invariants of the
space can be found in the spectrum of the Dirac operator of the associated space. Indeed
it was shown that the spectral action, which is a function of the Dirac operator, can be
computed and gives the action of the SM coupled to gravity valid at some high energy scale.
When the couplings appearing in this action are calculated at low energies by running the
RG equations one finds excellent agreement with all known results to within few percents.

The first order condition is what restricted a more general gauge symmetry based on
the algebra Hpr @ Hy, @ My (C) to the subalgebra C @ H & M; (C). It is thus essential
to understand the physical significance of such a requirement. In what follows we shall
examine the more general algebra allowed without the first order condition, and shall show



that the number of fundamental fermions is still dictated to be 16. We determine the
inner automorphisms of the algebra A and show that the resulting gauge symmetry is a
Pati-Salam type left-right model

SU(2), x SU(2), x SU (4)

where SU (4) is the color group with the lepton number as the fourth color. In addition
we observe that the Higgs fields appearing in Ay) are composite and depend quadratically
on those appearing in Ay provided that the initial Dirac operator (without fluctuations)
satisfies the order one condition relative to the subalgebra (3.2). Otherwise, there will be
additional fundamental Higgs fields. In particular, the representations of the fundamental
Higgs fields when the initial Dirac operator satisfies the order one condition are (2g,21,1),
(2r,11,4) and (1g, 17,14 15) with respect to SU(2), x SU(2); x SU(4). When such
an order one condition is not satisfied for the initial Dirac operator, the representations
of the additional Higgs fields are (3g,11,10), (1g,17,6) and (2g,27,1+ 15). There are
simplifications if the Yukawa coupling of the up quark is equated with that of the neutrino
and of the down quark equated with that of the electron. In addition the 1 + 15 of SU (4)
decouple if we assume that at unification scale there is exact SU (4) symmetry between the
quarks and leptons. The resulting model is very similar to the one considered by Marshak
and Mohapatra [20].

4 Summary of tensor notation

Although it is possible to use matrix notation to deal with the physical model, the fact that
the matrix representation (which is a product of matrices) is 384 x 384 dimensional making
the task daunting and not very transparent, although only involving products of matrices.
We find it much more efficient and practical to use a tensorial notation which simplifies
greatly the algebraic operations. This also has the added advantage of allowing to check
all the steps using computer programs with algebraic manipulations such as Mathematica
and Maple.

We will restrict to the case where Z (A¢) = C & C. An element of the Hilbert space
U € H is represented by

) o
¢A’

where ¢ is the conjugate spinor to 4. Thus all primed indices A’ correspond to the
Hilbert space of conjugage spinors. It is acted on by both the left algebra My (H) and the
right algebra My (C). Therefore the index A can take 16 values and is represented by

A=al (4.2)

where the index « is acted on by quaternionic matrices and the index I by M, (C) matrices.
Moreover, when grading breaks My (H) into Hr @ Hy, the index « is decomposed to o = a, a
where ¢ = 1,2 (dotted index) is acted on by the first quaternionic algebra Hp and a = 1,2
is acted on by the second quaternionic algebra Hy, . When My (C) breaks into C & M3 (C)



(due to symmetry breaking or through the use of the order one condition) the index [ is
decomposed into I = 1,47 where the 1 is acted on by the C and the i by M3 (C). Therefore
the various components of the spinor 14 are

1/] ;= VR UiR VI Ui
al =
er dig er d;L,
= (¢d17wdia¢al7¢ai)a a:1727 a:j-527 1215253

The power of the abstract notation can be seen by noting that the Dirac action takes the

very simple form
w4, DY Uy (4.3)

which could be expanded to give
WaDEYE + ¢ DEbs + viDE v + 0 DE v (4.4)

The Dirac operator can be written in matrix form

DB DB
1):( A ‘%), (4.5)

Dﬁ[ﬁ,
where

A=al, a=1,-- 4, I=1,---,4 (4.6)
A =dT, o =1, 4, I=1,... 4

Thus D% = Dgi . Elements of the algebra

A= M, (C) & My (C) (4.8)

x567 0
a:< 0 5@@7) (4.9)

where the first block is the tensor product of elements of My (C) ® 14 and the second blcok
is the tensor product of elements of 14 ® My (C). The reality operator J is anti-linear and

are represented by

interchange the first and second blocks and satsify J? = 1. It is represented by

0 &5s o
J = Bl 0 x complex conjugation (4.10)
o7
In this form 5
SaYH 0
a® = Ja*J !t = I o (4.11)
( o X%

where the superscript ¢ denotes the transpose matrix. This clearly satisfies the commuta-

tion relation
[a,b°] = 0. (4.12)



Writing

Z867 0
b= LR (4.13)
0o Lwj
then ,
SaWH 0
b = g ' 4.14
( VA ) (414)
and so [[D, a],b°] is equal to
( (D, x], W% . (DY — XD) zt — W (gly -xn)¥ )
((DX -YD)W! - Z' (DX — YD))A, [[D, Y] ,Zt] o
(4.15)
The order one condition is
[D,a], ] = 0 (4.16)

which admits a solution with non-zero mixing between primed and unprimed indices such as
DK = 5;5?,’ h (4.17)

only when a,b are restricted to the subalgebra C & H & M3(C) C A. Here the k*'R are
matrices in generation space which will be assumed to be 3 x 3. We also note that the
property that DJ = JD implies that

DA’ B == Ei
We further impose the condition of symplectic isometry on the first My (C)
(c2®1) (@) (02®1) =a, ae€ My(C)

which reduces My (C) to M (H). From the property of commutation of the grading oper-
ator G5 with M, (H)
G, X]=0

where Gg = (102 7012) , reduces the algebra M (H) to Hr®Hy. Thus we now have

b 1 2
xf— (X0 0} o xe— [ AL AT ey
0 X} —X1 Xy
and similarly for Xg € Hg. In matrix form the operator Dp has the sub-matrices [10]
p Bl _ ( 0 Dfﬁ) Db% _ (Db1)* _ Db(l)
al - bl ) al — il =4,
D 0 “
b 5 :
Bj _ 0 Dggd; b _ (pp \
D, = ( Db s a((;l) Z ) ’ Dig = (Da@)
a(q)



where

bl b k0 S
D(Il:Da(l): 0 k-*e 5 a:172, b:1,2

b _
Da(q) - < 0 k*d) :

The Yukawa couplings k¥, k¢, k%, k% are 3 x 3 matrices in generation space. Notice that

and

this structure gives Dirac masses to all the fermions, but Majorana masses only for the
right-handed neutrinos. This was shown in [9] to be the unique possibility consistent with
the first order condition on the subalgebra (3.2). We can summarize all the information
about the finite space Dirac operator without fluctuations, in the tensorial equation

(Dr)or™ = (537K + 5L67k" + 8250k + 205K ) obo] (4.18)
+ (5g5fk*“ + OAOV K" + 0200k + 535§kd) 516757
(D)o ™ = 0307 o}o ke (4.19)

where kY? are Yukawa couplings for the right-handed neutrinos. One can also consider the
special case of lepton and quark unification by equating

kY — k‘u, ke = kd

where we expect some simplifications.

5 Dirac operator and inner fluctuations on Hgr @ Hy @ M, (C)

Recall that if one considers inner fluctuations of the Dirac operator one finds that the gauge
transformation takes the form

Dy — UD U, U=uJuJ 1, u€eU(A)

which implies that
A= uAu® +ud (u”).

This in turn gives

A(l) — uA(l)u* +u[D,u"]
Apy = JuJ T Ay Jut T+ JuJ 7 [u[D, ], Jut T

where the A () in the right hand side is computed using the gauge transformed A;). Thus
A(1) is a one-form and behaves like the usual gauge transformations. On the other hand
A(g) transforms non-linearly and includes terms with quadratic dependence on the gauge
transformations.
We now proceed to compute the Dirac operator on the product space M x F . The
initial operator is given by
D=+"D,®1+vDp

~10 -



where y#D,, = (8u + iwu “b’yab) is the Dirac operator on the four dimensional spin
manifold. Then the Dirac operator including inner fluctuations is given by

Da=D+ A(l) + JA(l)Jfl + A(Q)
Aqy =Y a[D,b]
Ay = al[JAqy) T 0]

The computation is very involved thus for clarity we shall collect all the details in the
appendix and only quote the results in what follows. The different components of the
operator D4 are then given by

‘ ' ] o ani b (0 m o omn b
(D2 = (1,825 — Jonwin(6°)56] o4 (Savir O + v )
{ o /o T b
(Da)ig = (D281 ~ G (0)sf — ot (Gavir )] + Gavied ) )

where the fifteen 4 x 4 matrices ()\m); are traceless and generate the group SU (4) and
Wig, Wi, Vi are the gauge fields of SU (2)p, SU(2);, and SU (4) . The requirement that
A is unimodular implies that

Tr(A) =0
which gives the condition
V=0
In addition we have
(DAYt = (R0l + k93, =F + (ko + K90Y) (6 - =7)) = %=l (5.1)

b/J/ * _
(Da)ap = vsk™" 8 A =5 H

where the Higgs field gbZ is in the (23, 27, 1) of the product gauge group SU (2) , x SU (2) x
SU (4), and A, is in the (2g,1z,4) representation while X7 is in the (1g,1p,1+ 15)
representation. The field qﬁg is not an independent field and is given by

¢, = 02¢;02.

Note that the field X7 decouples (and set to 6}6{ ) in the special case when there is lepton
and quark unification of the couplings

K=k, ke =k

In case when the initial Dirac operator satisfies the order one condition for the subalge-
bra (3.2), then the A() part of the connection becomes a composite Higgs field where
the Higgs field Ebag is formed out of the products of the fields ¢ba and 2‘17 while the Higgs
field H. . ; is made from the product of A, JABI' For generic initial Dirac operators, the

- 11 -



field (A(Q)) becomes independent. The fields EbJ and H, . will then not be defined
through equation 5.1 and will be in the (2g,27,1 —|— 15) and (3R, 17,10) + (1, 11,6) rep-
resentations of SU (2), x SU(2); x SU(4). In addition, for generic Dirac operator one
also generates the fundamental field (1,27,4). The fact that inner automorphisms form a
semigroup implies that the cases where the Higgs fields contained in the connections A y)
are either independent fields or depend quadratically on the fundamental Higgs fields are
disconnected. The interesting question that needs to be addressed is whether the structure
of the connection is preserved at the quantum level. This investigation must be performed
in such a way as to take into account the noncommutative structure of the space. At any
rate, we have here a clear advantage over grand unified theories which suffers of having
arbitrary and complicated Higgs representations. In the noncommutative geometric set-
ting, this problem is now solved by having minimal representations of the Higgs fields.
Remarkably, we note that a very close model to the one deduced here is the one considered
by Marshak and Mohapatra where the U (1) of the left-right model is identified with the
B — L symmetry. They proposed the same Higgs fields that would result starting with a
generic initial Dirac operator not satisfying the first order condition. Although the bro-
ken generators of the SU (4) gauge fields can mediate lepto-quark interactions leading to
proton decay, it was shown that in all such types of models with partial unification, the
proton is stable. In addition this type of model arises in the first phase of breaking of
SO (10) to SU(2) x SU(2);, x SU (4) and these have been extensively studied [1]. The
recent work in [18] considers noncommutative grand unification based on the k = 8 algebra
My (H) & Mg (C) keeping the first order condition.

6 The spectral action for the SU (2), x SU (2), x SU (4) model

Having determined the Dirac operator acting on the Hilbert space of spinors in terms of the
gauge fields of SU (2), x SU (2), x SU (4) and Higgs fields, some of which are fundamental
while others are composite, the next step is to study the dynamics of these fields as governed
by the spectral action principle. The geometric invariants of the noncommutative space
are encoded in the spectrum of the Dirac operator D 4. The bosonic action is given by

Trace (f (Da/A))

where A is some cutoff scale and the function f is restricted to be even and positive. Using
heat kernel methods the trace can be expressed in terms of Seeley-de Witt coefficients a,, :

Trace f (Da/A) = ZF4 2N

where the function F is defined by F(u) = f(v) where u = v2, thus F(D?) = f (D).
We define

fe=f@o* o, k>0
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then
Fy = /OOOF(u)udu = Q/Omf(v)v:)’dv =2fy
F, = /OOOF(u)du = 2/Ooof(v)vdv =2fy

Flon = (—1)" F™ (0) = [(—1)” (;UCZ))”J@] 0 n>1

Using the same notation and formulas as in reference [10], the first Seeley-de Witt coeffi-
cient is

1 4
a0 = 163 /d x/gTr (1)

1
— 15 (V@) G) [dlayg
= % d43:\/§

where the numerical factors come, respectively, from the traces on the Clifford algebra, the
dimensions of the Hilbert space and number of generations. The second coefficient is

1 [ 1
Tr( B+ —
167T2/dx\/§ r( +6R)

where F is a 384 x 384 matrix over Hilbert space of three generations of spinors, whose

ag =

components are derived and listed in the appendix. Taking the various traces we get

1 . .
a2 = 1o /d4x\/§ ((R(—96 +64) -8 (HaléKﬂcKﬂ + 223?23;@))

2 [ 1 eKal K soal

It should be understood in the above formula and in what follows, that whenever the
matrices k¥, k%, k¢, k% and kR appear in an action, one must take the trace over generation
space. When the initial Dirac operator without fluctuations is taken to satisfy the order
one condition, the fields H;.; and EZII{ will become dependent on the fundamental Higgs
fields. In this case, the mass terms can be expressed in terms of the fundamental Higgs
field to give

a.

Hyper H = k77| (AaKZaK>2
and
2wy =2 (0 = k) g + (k¢ — k1) 35) SF + (ko5 + k765 o)
(0 =k o+ (ke = k1) 62) S + (K08 + K95 ) o, ).

~13 -



The next coefficient is

1 4 1 2 2 2 1 2 1 Lo
ag = 16”2/61 z\/gTr <%0 (5R® = 2R, + 2R p0) 1+ 5  E* + SRE+ S,
where €, is the 384 x 384 curvature matrix of the connection w,. Using the expressions
for the matrices £ and €, derived in the appendix, and taking the traces, we get

1 3 11 * % o (e m
a4 = ﬁ d4x\/§ |:_5C;2u/pa + %R R+ g% (W;WL)2 + 912% ( ,uz/R)2 + 92 (Vuu)2

+ Vv, S vrsed 4 éV#HaH-) VRHO %R (Moo HF + 222K i)

g [Harac BV | 4 2B S motisty 4 i st it

where C),, s is the Weyl tensor. Thus the bosonic spectral action to second order is given by
S = FyMNag+ FaMas + Foas + -

which finally gives

Sp = %Fy&‘l / d*x\/g
- %FQAQ / d'a\/g (R + % (Moo HEO + 225K zg}ﬁ))
+ gafo [y [310(—1805@0 + LR R g1 (Win) 05 (Wir) + (Vi)
+ VEdves %V“H(ﬂb (VRO %R (oo HEF + 222K i)

1 Kb | CK praldLybJ K ybJ shdLal
*3 ‘HdléKHC ) +2H gy HY N 4+ B0 X B B |-
The physical content of this action is a cosmological constant term, the Einstein Hilbert
term R, a Weyl tensor square term C7,, ., kinetic terms for the SU (2)z x SU (2), x SU (4)

gauge fields, kinetic terms for the composite Higgs fields Ha and ngf as well as mass

1bJ
terms and quartic terms for the Higgs fields. This is a grand unified Pati-Salam type model
with a completely fixed Higgs structure which we expect to spontaneously break at very
high energies to the U (1) x SU (2) x SU (3) symmetry of the SM. We also notice that this

action gives the gauge coupling unification

gr =49L = G-

A test of this model is to check whether this relation when run using RG equations would
give values consistent with the values of the gauge couplings for electromagnetic, weak and
strong interactions at the scale of the Z -boson mass. Having determined the full Dirac
operators, including fluctuations, we can write all the fermionic interactions including the
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ones with the gauge vectors and Higgs scalars. It is given by
/d4x\/§{@b <D &0 51 1 9 W e (o ) 6] — (52 <;gVJ” (/\m); +;gV#5‘I]>> (Eh
# i (Daotad — Gt (0020f ot (Vi )] + vt ) ) s
+¢L%Eﬂwu+¢&%Z%%U+Cwﬂ%HMW%J+ho}

7 Truncation to the standard model

It is easy to see that this model truncates to the Standard Model. The Higgs field qZ)Z
= (2R, 21, 1) must be truncated to the Higgs doublet H by writing

@b = 5L H,.

The other Higgs field A,; = (2g, 1,4) is truncated to a real singlet scalar field
Nyp=6:01\/0.

These then imply the relations

st = (00K e H, + S7H'K*) stof + (s1k“e H, + 2KH" ) 5107 o]

_ slclpvrslsd
H(i]i)J = 5a6bk R(S[(Slo'

3 i
vﬁxﬂ5 ~91B,, (V) =0

where V“l5 is the SU(4) gauge field corresponding to the generator

1
ALﬁ:ijdmg(&—ﬁﬂ—lf—U

which could be identified with the B — L generator. In particular the components (D A)ﬁ
and (D A)i of the Dirac operator simplify to

~15 —



which are identified with the Dirac operators acting on the right-handed neutrino and
right-handed electron. Similar substitutions give the action of the Dirac operators on the
remaining fermions and give the expected results. We now compute the various terms in

the spectral action. First for the mass terms we have
1

TH HY = (5;5;1&%5}5{0) (5;1511’5{ 5! k*’%)

1 1
= —tr \kl’R|20’2 = 160'2

i
1 ) 1 . . . . ) 12
STtk = o |(ohk e m, + oZHKe) ofo] + (okk e Ho + 026" ) 5167
1
=-adH
2

where
a=tr (k:*”k:” + k*kC + 3 (k*“k“ + k*dkd>)
¢ =tr(k™"RE"R)

Next for the a4 term, starting with the gauge kinetic energies we have

5
B W)+ gk (W R+ 6> (Vi) — g3 (W) + gngfw + a2 (vm)?

where m =1, -+, 8 for V7 restricted to the SU(3) gauge group. Next for the Higgs kinetic
and quartic terms we have

V. Svesel — aV, HV'H
%V“HMBJV“H"’H’J = %c@uaaua
%R (HdIbKHéde +2nek 22&) - %R (2aHH + co?)
% )HdMIj{'i’fm”‘2 = %da‘l
2H, o S LS 5 2T Ho?
s sl sibsel — b (HH) 2
Collecting all terms we end up with the bosonic action for the Standard Model:

24
FyA* / d*z\/g

77-‘-2

2 1 — 1
— SRA% [ d ~aHH + ~co®
12 /d /g <R—|—2a —1—400

Sh

1 1 . ok 5 2 2
+ 27T2F0/d4x\/§ [30 (-18C7,,» + 1LR*R*) + gg%BZV +95 (We) +g5 (Vi)

) - — — 1 1 1
+aRHH+b (HH) +a|V, Ho* +2eHH 0>+ do* + 5 cRo™+

ic (8N0)2
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where
2 2 2 diy.d 2
b=t ((k*”k”) + (k") + 3 <(k*“k“) + (k: k ) >)
d=tr ((k*”Rk”R)Q)
e =tr (K™E K™ RER) .

This action completely agrees with the results in reference [10].

8 The potential and symmetry breaking

We now study the resulting potential and try to investigate the possible minima:

Foy (1 Kb |2 K praldLsbJ K b T sdLsal
V=27T2<2‘Ha1eKHC ’ +2H, g Sy HY N0+ Xar BN 80

F2 cKal Kyal
— o5 (Harerc HH + 2505 ).

However, the Higgs field here are not fundamental and we have to express the potential in
terms of the fundamental Higgs fields ¢¢, A, and Eﬁ{. Expanding the composite Higgs
fields in terms of the fundamental ones, we have for the quartic terms

% HdIéKHéKBJ

e stribsel = (7 = k) o + (0 = 170) 8,) SF + (k™eh + k95, ) o )
(k= k) o+ (ke = k) 68) S + (R0l + K93L ) o)
(0 =k o + (ve—ied) ) 5+ (oo +3) o5)
(@ a0 (1) 35) 5+ (k05 4°57) 1)

2H, .25 H dmLZZ‘i =2k (AaKAaLAdAdI>

f_Limp (A AEA R i
=St (auata,,

(=) g+ (ke—k0) 35) S5 + (b gf+k7035 ) o)
(0 =R () )+ (6, +08) ).
Next we have the mass terms

H']éKHéKM _ ’kyR|2 (AaKZaK>2

a

and
oxehyide =2 (0 = k) g + (ke = k1) 80) SF + (kvog + 1965) o)
(0 =k o+ (ke = k1) 62) S + (K08 + K958 ) o, ).

17 -



LS s

o )
A e N,
L7 AT A TSN
Ay iy LA
SNy
£ > ‘

Figure 1. The scalar potential in some of the A;-directions, with all other fields at their SM-vevs

as in equation (8.1). We have put k¥ = k¢ = 1 and k% = k% = k% = 2. With these choices, the

Standard Model vacuum corresponds to Aj; = \/ié, %1 =2,¢! = § and all other fields are zero. At

this point the Hessian in the A-directions is nonnegative.

The potential must be analyzed to determine all the possible minima that breaks the
symmetry SU (2), x SU (2); x SU (4) . In this respect it is useful to determine whether the
symmetries of this model break correctly at high energies to the Standard Model.

Needless to say that it is difficult to determine all allowed vacua of this potential,
especially since there is dependence of order eight on the fields. It is possible, however,
to expand this potential around the vacuum that we started with which breaks the gauge
symmetry directly from SU (2), x SU(2), x SU (4) to U (1), x SU(3).. Explicitly, this
vacuum is given by

(oh) =valdl  (Sh)y=uslsh  (Ay) = wolsh. (8.1)

We have included several plots of the scalar potential in the Ag;j-directions in figure 1.
A computation of the Hessian in the A-directions shows that the SM-vev is indeed a
local minimum.

The first order condition now arises as a vacuum solution of the spectral action as
follows. We let the A-fields take their vev according to the scalar potential, i.e. A, ; =

wd}lé},. Since Ay is in the (2g,17,4) representation of SU (2), x SU(2), x SU (4), this
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Figure 2. The scalar potential in the ¢2-directions, after the ¥ and A-fields have acquired their
SM-vevs as in Equation (8.1). Again, we have put k* = k° = 1 and kY% = k* = k¢ = 2.

vacuum solution is only invariant under the subgroup

{((g 0) up, A& A—l/%) : AeU(l),uLeSU(2),uGSU(S)}C SU(2), xSU(2), xSU (4).

This is the spontaneous symmetry breaking to U(1) x SU(2) x SU(3)., thus selecting the
subalgebra (3.2). Note that unimodularity on ¢(.A) naturally induces unimodularity of the
spectral Standard Model, hence it generates the correct hypercharges for the fermions.

After the A and Y-fields have acquired their vevs, there is a remaining scalar potential
for the ¢-fields, which is depicted in figure 2. As with the Standard Model Higgs sector,
the selection of a minimum further breaks the symmetry from U(1) x SU(2)z x SU(3). to
U(1)em X SU(3)c. The plot on the right in figure 2 suggests that, instead of the SM-vacuum,
the vevs of the ¢-fields can also be taken of the form

(0l) = valoh +v'8205,

Let us see which of the gauge fields acquire non-zero mass after spontaneous symmetry
breaking, by expanding around the Standard Model vacuum

b _ . slch b

¢d = U(Sd(sl + Ha
L = us{sh + M
and keep only terms of up to order 4. First we look at the kinetic term
)
2

i K i K

_ éngI” (A™)] HdeJ — §gVF:” A™XH

i

Vull, ;= OuH ;= 59rWik (0%)g Hypy s — 298 Wi (o) Hares

C
albK"
To lowest orders we have
* 2 i ]
H,, = () (wold) + Nyy ) (wdlo} + ;. )

_ (kvn)? (wz(sg(s},aga} +wdlOGN;, +wdl 61N, + NMNH>
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and so
VuH, = () w < 01050, N, + 01010,N,, — %nggR (aa)iwa}aga}
_%QRWER (0%) L wolshs} — %gvy (A™)} wo Lot — %gv,;n (Am)},wai(sga})
= (%) w (2 83661810,y + 010562610, Ny, + 018551610, N,
+ 010507020, Ny, + 610} 61690, N, + 010} 02050, Ny, + 610} 62630,
— igrWguwilohelo} - %gRWJRwégé}égé} - %gRW;Régwéié}é}
_ @(gRWj’R + g\/gvulf’) 56{5},5;5} - %gvum (A™)! wéid}éié}
from which it is clear that if we write

9rWir = 1By + 9, Z),

3
307 =~y +

then the vector B, will not get a mass term while the fields W;t , Zl’“ Vi ()\m)ll (these are

the fields in the coset of %) will all become massive, with mass of order w? as

can be seen from the kinetic term
VSl = 0,50 — Lon Wi (05 S + SorWin (0)2 55
— SV O S+ SV g SR
To lowest orders we have
i = (0= kol + (ke = k) @) B + (ke} + k3% of )
= (O = k) (volot + H2) + (ke = k) (00208 + HY) ) (ud]5} + M7)
o+ (k (v8lo} + HD) + K (08205 + L) ) o7
= (((k — k) slst + (k - kd> 5353) udi 5t + (kuag(s‘{ + kd(szag) 57 )
+ ((k:” — k") HY + (k: - kd> ﬁfg) udi ot + (k“Hg + kdﬁg) 57
+o ((k” — k) 5ish + (k - kd) 5353) MY
Vst = (k= k) 0L + (k° — k%) 0, HY ) usi o} + (K'0, HY + K49, HY) 6}
+o ((k:” — k) olst + (k - kd> 5353) 9, M}
i

o (60 () 228

a

+ (kuagalf + kdagag) 57 )

—90 —



1

T3

vgr Wi (o)} ( (0 = k") 8305 + (k° — k) 6205 ) ud{ s}
+ (kuagéf + kdagag) 57 )
_ %vgvy (k= k) 36+ (ke — k) 6208) wd{ 6%
+ (ku(si&‘{ + kdagég) 5;@)
+ %gvVJn g (00 = k) akot + (ke — k) 6208) wdfo}
+ (kuayg’ + k:dagag) 5K )
For simplicity we will set u = 1. Isolating the gauge dependent part
VIS b (oW~ 0 W) 4
vuzgi ) %v (QRWSR — gLW3L) k®
VuEH D —%vgvum (A™); (K — k")
V,JJ;Z ) —%v (gRW3R — gLWj'L) k“ég
VMEZ D %v (gRW,i’R - gLWSL) k5]

i — — v
V2o Lo (gRW#R — gLWuL> k

2
i
VI D 2o (gRW,jR - gLWJL) ke
11
v,z oo,

Noticing that gRW;jR — gLW[jL = (ngu — QLWSL) + 917, shows that the Z,, vector gets
a mass of order of the weak scale gv while the WjR and ZL will get a small correction to
its mass of order gw. Thus we get the correct gauge breaking pattern with the gauge fields
W, and Z of the Standard model having masses of the order of the electroweak scale. It
is important, however, to see explicitly that the mixing between the Z and Z’ vectors and
WLi, Wj%t are suppressed.

It remains to minimize the potential to determine all possible minima as well as study-
ing the unified model and check whether it allows for unification of coupling constants

gr=49L =4

in addition to determining the top quark mass and Higgs mass. Obviously, this model
deserves careful analysis, which will be the subject of future work.

We conclude that the study of noncommutative spaces based on a product of a contin-
uous four dimensional manifold times a finite space of K O-dimension 6, without the first
order condition gives rise to almost unique possibility in the form of a Pati-Salam type
model. This provides a setting for unification avoiding the desert and which goes beyond
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the SM. In addition one of the vacua of the Higgs fields gives rise at low energies to a Dirac
operator satisfying the first order condition. In this way, the first order condition arises as
a spontaneously broken phase of higher symmetry and is not imposed from outside.

A Detailed calculations for the practitioner

For the benefit of the reader, we shall present in this appendix a detailed derivation of the
Dirac operator and the spectral action for the noncommutative space on Hr @Hy & My (C) .
For A(;) we have the definition

(Aw),,~ = aw (Dbl (A.1)

XBss 0
N _ a VT
Ay = ( 0 55; I//J, (A2)

which in terms of components give

where

1= (Dokes - kg
-3 Xy (Dg‘}Xf — xp%/ ) (A.3)

where we use the notation for b to be the same as that of a without primes (i.e. X' — X,
Y’ —Y). Since Dgi is non vanishing when connecting a dotted index a to a, (cf. (4.18))
we have the non-vanishing components

(A)ey = Sox; (DY X5 - xIDb)
= slo! (ZX(; ((5{155%” + 5353%) Xg) — xd (5}15’1’# + 535§’k6))
+ oy o7 (D7 (oot + o200mt) x5) — xg (slobw + a208k?) )

— opof (kah +kegh) + 07087 (K ol + kG0 (A.4)

where
=S X xt - Xexla (A.5)
=S "X2XE - XPX28 (A.6)

We can check that
& = 02810 (A7)

For example
-y
yw

= 52 (A.8)
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using the quaternionic property of the X. Note that qﬁz is in the (2g,2r, 1) representation
of SU(2)p x SU(2), x SU (4).

Similarly we have ‘
bJ al\*
(A = ((Aw)is) (A.9)

(In reality one obtains an expression for (A(l))Z‘jj: in terms of gzﬁg’ which is expressed in terms
of the X, but the hermiticity of the Dirac operator forces the above relation and imposes
a constraint on the X. )

Next we have using (4.19)

g'J K (po'L! B’ SL B Jr
(An)ar = E :all ( K Yy — 0y Dsp )
r s J
=Y xu (DM - x40

= kYo X (sl 1ot ) vl - x5 (5367 s}t ))

_ k*m(;g(sé’g}z (ngyf,” — XX 25{/) (A.10)
(A(l)) _ k'*VR(Sb 51A J’ (A.ll)
where ‘ .

which is in the (2g,17,4) representation of SU (2), x SU(2); x SU(4). Again, we can

compute (A(l))ﬁ‘] which gives a similar expression, but using hermiticity we write

Ol/I/?
BJ o' I'\N* Bl sTAD
(M) = ((Aw)s, ) = knelabslal (A.13)
In the conjugate space we have
ﬁ/J' o K’ 'L ﬂ/]/ §'L! ﬂ/J/
(A(l))o/f’ - Za’ylll (D /K/bé'/L/ b 'K/D(S/L’>

/ IL/ /Jl
=SV (DlR v - YD) (A.14)

-/
The only non-vanishing expression would involve a D with mixed a’ and b

b/J’ 1K' bL L' ' J'
(Ap)ih =S4 (D Yi - Y,Dd,L,)

~ S vK (( (656?ik”+6§:53ik6) + ok, oE 8t (51’5b’E“+52 5b’kd>> A
<5;’,5{,’ <5§5bﬁk” +47 53115) + 64,57 o7 <51 SR + 6% 5gikd> > >>
- <(k” - E“) 510% + (E - Ed) 53531) >/ (A.15)
where
=Y vy, A (A.16)
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Notice that if k¥ = k* and k¢ = k% which is consistent with the picture of having the lepton
number as the fourth color then E{ will decouple. Notice that

a'l’

b v u ’ oy e d ' o J’
(A" = ((k to k) ol + (ke k) 53,52,> ) (A.17)
which implies by the hermiticity of
o g a1 *
vy = (agt) (A.18)
that
2 = (=) (A.19)

and thus belong to the 1 4 15 representation of SU (4). There is no indication that the
singlet which is equal to the trace Zf should be absent as there is no apparent identity
that equates this trace to zero. In this case we can write

~ 1 ~
zJ:z{JrZa;’z, y=x »I=0 (A.20)

Thus at first order we have the Higgs fields ¢2 and A,;. In addition if the Yukawa
couplings of the leptons are different from the corresponding quarks (and thus requiring
the breaking of the lepton number as the fourth color) then an additional Higgs field E{
is also generated.

Next it is straightforward to evaluate various components of JA()J ~! which are

given by
(Jas 7 =A% (A.21)
(Jas? = Af, (A.22)
(7AT Y =74 (A.23)
(AT Y = AL (A.24)
In particular
TN PN Y T
(JAwJ l)dl = (A(l))a’f/
- ((k” — k) 5lst + (k - kd> 5353) nit (A.25)
_1\bJ —  \bJ
(JAWT ) = (Aw)rp
— Bl A"
= E”Ré}lé{/AM (A.26)
We now evaluate
(A(2))ﬁ = apy [JAw T, b}g (A.27)
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First we have

oL —1\BJ
A(Q) Zaal ( JAw)J )’YK b?I{ - bé/%( (JAwJ 1)6L>
=YX ((TAwI ™) X] = X2 (JAw T, ) (A.28)

(A = DX ((TA@ Ty Xb = X2 (TA0 T ™))
= (o = wyalof + (k° — k) 626%) X

—x¢ ((k” — k) olot + (k - kd) 5353)) nJt (A.29)
= (= (Yoxixt - xexlob) + (ke = 1) (DoX2x5 - XPX265) ) ot
- ((k” — k") ) + (k: k:d) & ) »Jt (A.30)

From the above calculation it should be clear that (A(z)):]] could be expressed in terms of
the fundamental Higgs fields qﬁg and Ef as a consequence of the special form of the initial
Dirac operator which satisfies the order one condition for the subalgebra (3.2). If this was
not the case, then the field (A(z))l.)‘] would be an independent and thus fundamental Higgs

field. Similarly (A(2)"

b . RN : NP
(A@)a =D XE ((JAa)J Na Yo = X$(JAwI ), )

=Y (xvel - xexlel) A"

is the Hermitian conjugate of (A(2)) . Next we have

=E"A, N ;
— kRALA,, (A.31)
Collecting all terms we get
(D) = (100K + 6235k o1 + (S100k" + 6255k 517 o]
+ o107 (k7o + kegh) + ai0] o7 (K ol + K43}
(R = k) 0308 + (ke = k?) 6208 ="
+ (= o+ (k&) 3L) ="
= (k (5100 + %) + ke (5285 + 81 (o101 +571)
+ (ke (10t + gt ) + k7 (0265 + 32 ) (3661 — 57 (A.32)
The other non-vanishing term is

(Da)y " = ko (525?5}5‘1]/ +aain, T+l A A, TR 1)

— kR (535{,’ +A, J’) (5?5} + A 1)
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= k*r (5i5§ + Azu) (525} - Abl)
(Do) (A.33)

All other non-vanishing terms are related to the above two by Hermitian conjlllgation.

Note that Dg‘{ gives, after spontaneous breaking, the Dirac masses while Dg IJ ' gives the
Majorana masses. The Higgs fields are composite, the fundamental ones being of similar
form to those of the fermion bilinear.

It is possible to absorb the constant terms (vacuum expectation values) by redefining
the fields

5180 + ¢t — o (A.34)
SI6L + Ay — Ay (A.35)
616 + 2t = %/ (A.36)

so that when the potential of the spectral action is minimized one will get

(6h) = skt (A.37)
(Ag)) = 610} (A.38)
(%7) =0616¢ (A.39)

Thus
(DAYt =5 (Kol + kedh) =F + (Kol + K9L) (6 = =7)) = w3l (A40)
(DA)balzJ, = Yk A A = (A.41)

and the fundamental Higgs fields are (2g,21,1), (2r,11,4), (1g, 1,1+ 15). The last of
which Ef drops out in the case when we take the lepton and quark Yukawa couplings to be
identical. This is a realistic possibility and has the advantage that the Higgs sector becomes

minimal. If, however, we start with a generic initial Dirac operator, then the fields ng

and H, ,  will be independent fundamental fields in the (2g, 27,1+ 15) and (3r,11,10)

and (1g,17,6) representations of SU (2), x SU(2), x SU (4).
The full Dirac operator on the product space M x F is
(DA) = 'y“Du R1+vDp (A.42)

This gives the gauge fields
ADT =" X9, X5 6] (A.43)

and in particular
bJ : bsJ
AT =y X100, X6

Z’ .
=+ (—29R ;71%) (U“)Z 5}] (A.44)

~ 96 —



which is the gauge field of SU (2) . Notice that W, are SU (2) ; and not U (2) gauge fields

because X ;éBMXé’ depend on quaternionic elements. Similarly
AL} = A3 X0, X051

— (= Lgwe, ) (o)) 5 (A.45)

=7 2gL pL | \0 )q 01 :
where the Wﬁ‘L are SU (2), gauge fields. In the conjugate sector we have

By B’ K
AL =160 Y],
= 7“55 <;gVHm (A™)7) + ;gVué‘[],/> (A.46)

where V" and V), are the U (4) gauge fields. This implies that

_1\bJ b (T o o
(JAT ). = R (29‘@ (A™); + 5gv,ﬂst} ) (A.47)
7 J 7
(JAJT~ ) ) <ng;1 (™), + 2gV#5}1> (A.48)
where
Tr(A™) =0 (A.49)

are the generators of the group SU (4). We deduce that we get new contributions to
‘ ) J o1
(D)l = (D801 = JoutWim (oot = 8% SV O + Javiat ) ) (As0)
1 o /o T O
(DA)Y] =+ <DM525;’ — oW (o ) 5] —at (291/“ (A™); + 2gVu5}]>) (A.51)
The requirement that A is unimodular implies that
Tr(A) =0 (A.52)

which gives the condition
V,=0 (A.53)

and thus the gauge group of this space is
SU(2)p x SU(2);, x SU (4)

Summarizing, we have

(D)l = (D01 = JouWi (ool =8 (Gavr omy ) ) ota (A5a)

) 1
(D = (D, = S rohof = 2 (gavir v ) ) 1a (459
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(DA)" =5 ((k%ﬁ; + keasg) »7 + (mg + /-:dasg) (67 — z{)) =35 (A56)
(Da)s]" = sk D 0, = 35 H, (A.57)
where 13 is for generations and

1 C
D, =09, + Zwud (€) Ve (A.58)

and other components are related to the ones above by
p® =p% DB =D, DY =D (A.59)

Again, for generic initial Dirac operators 22}7 and Ha I will be independent fundamen-
tal fields.

We now proceed to calculate (DA)2 . The first step is to expand D? into the form

J

(DA)2 = (.gwjauau + Aﬂaﬂ + B) (A.60)

and from this extract the connection w,,

(Da)’ == (¢"V,.V, + E) (A.61)
where
Vyu=0,+w,. (A.62)
This gives
1 14 14
Wy = 59y (AY+T7) (A.63)
E =B — g" (0uw, + wyw, — Fﬁywp) (A.64)
Quu = Opwy — 81/('0# + [Wupwu] (A65)

where I'V = ¢g??I"/ | and ', is the Christoffel connection of the metric g,,,. We now proceed
to evaluate the various components of D? :

bJ .
((0a%) = (DaYF (D)l + (DAY (D)%
-y
c i e a\c c i m (ymy\E
+ |:’YM (Dﬂéaéf{ - igLWpL (U )a 5{{ + 6(1 (2gV,u <)‘ )I )) (A66)

i 1
" <Dy5§6{( — LWy (o)} + <29Vum (i ))] "

bJ . . . oy .
K bJ K bJ K bJ
((Da)%) = (DS (D)l + (DA (D) + (D)5 (D)7,

_ eKbJ cKbJ
=H,.xH + X0 Yok
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+ [v“ <Du525;( - %gR o (0)5 67 + 65 (;gVJn (™), >)
o (Dask = Janin 0ok + ot (o omi ) )| (o)
((02)). = D (D)l + (DA (D)l
— w5t ( Dk — S Wi (oo + ot (om0 ) )
—wrt (Dol = SanWin (0,58 + 6t (ovir o ) ) 5tk
= 75V, Z0] (A.68)

where the covariant derivative V, is with respect to the gauge group SU (2) x SU (2), x
SU (4) .

(0a7)7 = D)2 D + D DV

al
. ) o ane e[V om oy K
= vH7s (Du%‘sf{ - §9R”uR (0)5 61 + 65 (QQVu (™) >> H s

; ) ; (1 J
= sV H, (A.69)

where the covariant derivative now will be with respect to SU (2), x SU (4). Next we have

= aICKZbJ (A.70)

and finally

’
!

<(DA)2)ZIJ (Da)ih (DA)W
= xik H,.. (A.71)

We then list the entries of the matrices (wu)J\N/[ , (E)f\\; which are deduced from the form of
the operator (D4)?. First we have

1 ) 7
ot = ( (G @) 287 = Son Wi (061 = JaVir O] 62 ) 10 (A7
ok = ( (G €20 ) 0867 — oW 003 6F = Sadbvr O ) 10 (AT
(wu)§ = @) (A.74)

This in turn implies that the components of the curvature

Q= 0wy — 0wy + Wy, wy (A.75)
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are given by

1 1

(@)% = ((Rrea ) 067 — Lor Wi ()L 67 — oV W db ) @1 (A76)
4 2 2

iy = (G580 ) 001 = oW 0*0}0f = Javm O ak) w10 (A7)

Q)8 = Q) (A.78)

Comparing with equation (A.61) we deduce that
1 1 17 Z m m
~ (ot = (((Gratet + 57 (= GouWie (007 = Javin )] ) ) 1a
+ s ) (A.79)

. 1 ; 1 v ‘ o : i mocAm :
(—E)y] = <<4R5§5¥ +37" <_293 n (0%)301 = 59V (™)1 52)) s

+ Hypope HEV 4 53K Eé{() (A.80)
— (B2 =" Vu5Y (A.81)
(B = 4y, H, (A.82)
(_E)ZIJ = Hz'zIéKilc)J (A.83)
(—E) E HchJ (A.84)
Evaluating the various traces of the 384 x 384 matrices on spinor and generation space,
we get
Tr (E) = (EA +EA,) = tr (Eﬁ +Ej§) (A.85)
al 3 al
—tr (E),; =4 ZR( ) (4) + H H (A.86)
a 3 eKa cK s
—tr (E)% =4 {43( ) (4) + Hy o HE 4 25K zdf(] (A.87)
1 . .
—3 T (B) =4 (12R + Hypu HEEOT 4 230K zg{() (A.88)
Next
2 \M 2 \A
Tr (2,),, = 2T (2.),
9 yal 2 yal
= 2Tr ((92,)5 + (QW)M) (A.89)

_ | 2
T*(Qiu)g:ﬂ«( Rmcd> 0007 — 59LWip (02, f = SV ()] 53)@13>
— [ LR, 0 - 1 (T 06 - 1 (O 0 0)

[ 3Bppr — 601 (Wii)” = 367 (Vumu)z} (A.90)
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. . 2
Tr (Qil’)((iﬁ =Ty <<< R/ﬂ//}/cd> (S 5] — *gR /?VR( ) 5[ - = Vm ()\m) 52) ® 13>

2
[ SR[QAVpO'_ 9122( ;LIVR) _392 (Vunul) :| (A91)
Therefore
1 M 2 2 2
S0 (02,02 = 2[R — o} W)~k W)~ V)] (A2
Next we compute
(E*) = ESEE + ES EL (A.93)
and listing the components of this matrix we get
(BY)") = BSFEY, + BBV + BN EY, (A.94)
(B2 = EEKEY 4 BN BV + BSK B + BE O EY (A.95)
c K

Collecting terms and tracing we obtain for the right-handed components
tr (E2)) = { (v95VuB 5V 8] ) + (Vi g 7 26V B )

. N B '
+ Hpop S5 HYESY 4+ <(4R626{+27” <—29R wor (0%)5 67

%V (Am)153>>13+HIcKH‘CK“+zg§<z§{<>2} (A.96)
:4{1<—z>< 1 V5’ @@ 6) - 17 () 2 26)

1 cKa c a alb
+ 16R2 ( ) ( ) (3)+ iR (HaICK'H K I+ Zai{zc][{) +V,LHMBJV“H 167

+V ZbJVME + HaIcKZ Hd]szZi + ‘HaIéKHéKi)J + ZCKZ() ‘ :|
3 (o2 2 3 2 albJ
TR

In

VST 4 R (Hypoa HO 4 SR ) 4 o S HOE 2
+ ‘HaICKHéKbJ + ZCKZb ’ :| (A97)
and for the left-handed components
I R 174 m m
T (EQ)ZI:tr{ ((45135[ 57 A <—29L A ) 6 —ng (A™)7 >52> 13
2 2
Z ZbJ> +'7 ’)’5V21'y '75V ZCK“"Z HIbJ‘ }
1 1 2 (e 2 1 2 m\2
= 4|7 (-2 (392 (W)’ @) (4) 3) - 163 (V) ) () (3)
+ —R*(2)(4) (3) + RZ Kydl + v, 2ivesel

2
bJ aI
+ ek ) s 2% ‘z W”
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3 3 :
—4 [2 (Qg% (W) + o2 (Vgﬁ)2) + SR+ VS Vst
L e snal (K b J shdLyal K 2
+o RISzl + S st mliel 4 ‘zg, Hdw‘ (A.98)
Collecting all terms we finally get

1 2 2 2
St (B?) :4[3 <g§( o) +9 (Vi) +gr (W) +R2)
. o 1 . .
+ 2V, B VIS, 4 Vo, VY 4 SR (Hypeg B 4+ 25850 )

+ 22211{2%2%232 + 4H‘IéKE§JKHaIdLEZL£ + ‘HachHCKbJ’ } (A.99)

a

The first two Seely-de Witt coefficients are, first for ag

ap = ! /d4x\/§Tr(1)

1672

~ 15 (@) G) [dlayg

24
= dz\/g (A.100)

then for as :

a9 = L d4x\/§Tr <E + 1R)

1672 6
1 . .
=— /d4x\/§ ((R(—96 +64)— 8 (Hd,éKHcKaf + 225?23}2))
2 1 . .
_ 7r2/d4$\/§ (R +3 (HdIéKHcKaI + 222?25@)) (A.101)

With all the above information we can now compute the Seeley-de Witt coefficient a4 :

1 1 1 1
as = / d'z/gTr (360 (5R* —2R’, +2R.,,,) 1+ - <E2 + -RE + GQiy)>

1672 2 3
(K.102)

and where we have omitted the surface terms. Thus

1 , 1 1,
5 Tr (E +3RE+GQW>

=4[3 (97 (W)™ + 0> (Vi) + gk (Wim)” + B?) + 29,20 /s

Tl 1 . )
IbJ Kal K I
+ Vil VEHS QR (HdIéKHC “ 25 EZK)
TR e R

a

1 o 4
- R (12R VH, . HEKA 22;?23{()

~ B 0 (Vi) = o Vi) =" (V)
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2 2 2
= 4] R 4208 (V) 4208 (W) 4 26° (V2)
4 s 1 . 4
+ 2V, SIS+ Vil VY R (Hy g B 4 2 Sl )
+ ‘HazeKHCKbJ‘ + 4HaIeKE§§<HaIdLEZ‘£ + 222?212}22%232} (A.103)
Collecting terms we get
_ 1 d4 1 5R2 _ SR2 7R2 2 a 2
a4 = 277_‘_2 x\/g % ( - uy ul/pa) + gr, ( [U/L)
2 2, 2 2 K r, 1 1IbJ
+9r (Wivr)” + 9" (Vip)” + ViuZar VIEi + gVl i, VI H?

1 . . 4 1 2
t o8 (HaIéKHCKaI + xeimal + HE?HZ;Q t3 ‘HazeKHCKbJ

© O, T zgf;zgg(zggzgi] (A.104)
Using the identities
1

2 _ o2 2

Rivpo = 2C00 + gR — R*R* (A.105)
1 1 1
2 _ L 2 * Dk

R, = icwa + §R — iR R (A.106)

where R*R* = %e“”p"eaﬁwstaﬁme.

1 1 8 7 1 1
— (5R? —8R?> — TR? =R>—(5—-—- —C? (—4—14)+—R*R* (4+7
30 ( pw wpo) 30 37 3) T30 jp ( )+30 (4+7)
3 2 11 * %
= —gcu,,pg + %R R (A.107)

Then a4 simplifies to

1 3 11 2 2 2
=5 d*z\/g [—502,,,0,, + %R*R* +91 Wer) +9r (Wer) +9° (Vin)
. 1 o 1 o .
K 1 IbJ Kal Ksal
+ VSR VIS 4 SVH, g VUHYY & SR (Hypp HO 4 280 i)

1 . I') 2 . . d b . b d‘
5 | Harer BV | 28 o S O 4 S sl sl | (A108)
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