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ABSTRACT: We developed a general non-perturbative framework for the BFKL spectrum
of planar N' = 4 SYM, based on the Quantum Spectral Curve (QSC). It allows one to
study the spectrum in the whole generality, extending previously known methods to ar-
bitrary values of conformal spin n. We show how to apply our approach to reproduce
all known perturbative results for the Balitsky-Fadin-Kuraev-Lipatov (BFKL) Pomeron
eigenvalue and get new predictions. In particular, we re-derived the Faddeev-Korchemsky
Baxter equation for the Lipatov spin chain with non-zero conformal spin reproducing the
corresponding BFKL kernel eigenvalue. We also get new non-perturbative analytic results
for the Pomeron eigenvalue in the vicinity of [n| = 1, A = 0 point and we obtained an
explicit formula for the BFKL intercept function for arbitrary conformal spin up to the
3-loop order in the small coupling expansion and partial result at the 4-loop order. In
addition, we implemented the numerical algorithm of [1] as an auxiliary file to this arXiv
submission. From the numerical result we managed to deduce an analytic formula for the
strong coupling expansion of the intercept function for arbitrary conformal spin.
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1 Introduction

N = 4 Super-Yang-Mills theory has been playing an important role in our understanding of
Quantum Field Theories, especially in an AdS/CFT context. Due to the Kotikov-Lipatov
maximal transcendentality principle [2, 3] some of the results obtained in this theory can be
directly exported to more realistic planar QCD. In this paper we describe how to efficiently
perform calculations in this theory for one of the key QCD observables — BFKL spectrum,
using integrability at any value of the ‘t Hooft coupling A\, which was discovered initially by
Lipatov in the LO BFKL spectrum [4], and developed far beyond the perturbative regime in
the N'=4 SYM in recent years. Lev Nikolaevich was one of the main driving forces behind
this progress and it is deeply saddening for us to know that he left us in September 2017.

In the beginning we are going to briefly describe the meaning of the quantities studied
in the present work in the context of high energy scattering. The total cross-section o(s)
for the high-energy scattering of two colorless particles A and B in the next-to-leading
logarithmic approximation can be written as [5]

a+100
d?qd?q , dw [ s\” ,
7= [ b @ts@) [ 35(5) 6o, (1.1)

mwhere ®;(g;) are the impact factors, G, (g, ¢’) is the t-channel partial wave for the gluon-
gluon scattering, sop = |¢||¢’| and depend on the transverse momenta and s = 2p4ppg, where
p4 and pp are the 4-momenta of the particles A and B respectively. For the ¢-channel
partial wave there holds the Bethe-Salpeter equation

wGu(q, @) =6 (g —q) + /dD2q2K(q, 32)Gu(a2, q1) , (1.2)

where K(q, q2) is called the BFKL integral kernel. It appears to be possible to classify the
eigenvalues w of this BFKL kernel using two quantum numbers: integer n (conformal spin)

and real v

w=wn,v). (1.3)
The function w(n, v) is called the Pomeron eigenvalue of the BFKL kernel or just the BEKL
Pomeron eigenvalue and its values for different n and v constitute the BFKL spectrum.
For the phenomenological applications of the BFKL kernel eigenvalues with non-zero con-
formal spin see [6]. The object w(n,v)! in the planar N' = 4 SYM will be studied in this
work by means of integrability.

n [5] the function w is used with the different argument v = 1/2 4+ iv.



The study of integrable structures in 4d gauge theory has long and interesting history
of development. Integrability in QCD and supersymmetric Yang-Mills theories appeared in
two contexts. First, in the gauge theory, namely QCD, the Bartels-Kwiecinski-Praszalowicz
(BKP) equation [7, 8] for multi-reggeon states was reformulated by L.N. Lipatov [4] as the
model with holomorphic and antiholomorphic hamiltonians, which has a set of mutually
commuting operators originating from the monodromy matrix satisfying the Yang-Baxter
equation. After that L.D. Faddeev and G.P. Korchemsky in [9] proved this model to be
completely integrable and equivalent to the spectral problem for SL(2, C) XXX Heisenberg
spin chain. Then, in the context of high-energy scattering there was considered a certain
class of light-cone operators in QCD and supersymmetric Yang-Mills theories and in [10-13]
the problem of finding the anomalous dimensions of light-cone operators was formulated
in terms of SL(2,R) Heisenberg spin chain.

The other achievement was that the maximally supersymmetric N' = 4 Yang-Mills
theory in 4 dimensions, which is dual to AdSs x S® type IIB superstring theory was shown
to be integrable [14, 15]. The study of the integrability structure of the latter theory
allowed to explore its spectrum in the non-perturbative regime. The solution to the spectral
problem was formulated in terms of the Quantum Spectral Curve (QSC) [16, 17] (for the
recent reviews see [18] and [19]). Nevertheless, until recently it was not known how to
build the bridge between the integrability in the BFKL limit and integrability found in the
AdS/CFT framework. In [20] the 4-loop Asymptotic Bethe Ansatz (ABA) contribution
to the anomalous dimension of the twist-2 s[(2) operators was analytically continued to
the non-integer spins and compared with the corresponding prediction from the BFKL
Pomeron eigenvalues. This analytic continuation to non-integer spins was incorporated
into the QSC formalism in [21] for twist-2 operators from the s[(2) sector and then in [22]
the Faddeev-Korchemsky Baxter equation [9] for Lipatov SL(2,C) spin chain was derived
correctly reproducing the leading order (LO) BFKL Pomeron eigenvalue. In addition, QSC
allowed to calculate analytically [23] the previously unknown next-to-next-to-leading order
(NNLO) BFKL eigenvalue in the N = 4 supersymmetric Yang-Mills theory. At the same
time, a very efficient numerical algorithm was constructed in [1], which allows to study not
only the BFKL limit of the spectrum of the theory, but the whole anomalous dimension of
a given operator for arbitrary values of the charges.

In [22] the twist-2 sl(2) operators of the form

O = trZD% Z + (permutations) , (1.4)

were considered and from the perturbative calculations in the gauge theory for the case
of even integer S we know the dimension of these operators A as a function of S up to
several loops order. In the QSC framework the solution of the Baxter equation for the
spectrum of such operators in the case of zero conformal spin n and integer even spins
S was obtained in [16]. Then in [24, 25] there was found the solution of this Baxter
equations valid for arbitrary spin S, which leads to the anomalous dimension of the twist-2
s[(2) operators analytically continued for non-integer spin S. After making this analytic
continuation in the BFKL regime we are able to exchange the roles of A and S obtaining
S+1=w(n=0,v), where v = —iA/2 and A is the dimension of the operator in question.
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Figure 1. Trajectory of the length-2 operator for conformal spin n = S as a function of the full
dimension A. The dots correspond to local operators trZDﬁ@ﬁZ . For the local operators S + n is
restricted to be even.

In the present work we consider the generalization allowing for an arbitrary value of
the conformal spin. Namely, we consider the length-2 operators

O = trZDi1 c')quZ + (permutations) . (1.5)

For the operators (1.5) we follow the same strategy as for the case of zero conformal spin.
Analogously to that case we build the analytic continuation in the spins S7 and Sy, which
are identified with the spin S and conformal spin n respectively. Let us illustrate this
analytic continuation with the figure 1. The physical operators, for which the sum of non-
negative integer S = S; and n = Ss is even, are depicted with the dots. Then, flipping
the roles of the dimension A and S = S; we can reach the BFKL regime described by the
quantity w(n = Sy, v) = S1 + 1, where v = —iA /2.

The way to proceed with the problem in question is to first generalize the QSC approach
to non-integer values of S; (as was already done in [21]) and then also to non-integer values
of S3. We describe the technical details of this procedure in the section 2. This allows to
treat w(n,v) as an analytic function of both its parameters which simplifies both analytical
and numerical considerations. This gives a universal framework for studying the BFKL
spectrum in full generality for all values of the parameters on equal footing within the
extended QSC formalism.

Having formulated the problem as an extension of the initial QSC, a number of meth-
ods, initially developed for the local operators, became available for the BFKL problem.
In particular we are enabled to employ a very powerful numerical algorithm [1] after some
modifications. As we take the spins S7 to be continuous variable we can consider instead
of the function A(S7,S2) the function S1(A,S2). Then, using the algorithm we build the
operator trajectories for different values of conformal spin Sy and the dependencies of the
spin S7 on the coupling constant g for different values of conformal spin and dimension A
(including a particular interesting intercept function corresponding to A = 0). Having the



numerical results for the operator trajectories we were able to fit the numerical values of
the BFKL kernel eigenvalues,? which were confirmed in [27] using a different method.

Another method available within the QSC formalism is an efficient perturbative expan-
sion developed in [23, 28-31]. We applied this method to find the value of the Pomeron in-
tercept for the arbitrary value of the conformal spin up to 3 loops. Our result is in full agree-
ment with [27] at the NNLO level, but we also give a prediction for the next NNNLO order.

Then, we found and studied in detail a particularly interesting point in the space of
parameters of the BFKL Pomeron eigenvalue. This is the “BPS” point A =0andn =1. As
we have confirmed both numerically and analytically, the operator trajectory goes through
the point S = —1, n = 1 and A = 0 for any value of the coupling constant g. Studying
the vicinity of this point we were able to find two non-perturbative quantities: “slope-to-
intercept function” and “curvature function”. The first function is the first derivative of
S (A, n) with respect to n at the point A = 0, n =1 and the second function is the second
derivative of S (A, n) with respect to A at the same point. We used the methods developed
in [21] to compute analytically these quantities non-perturbatively to all orders in g.

Finally, we were able to identify the intercept function in the strong coupling expansion
up to the 4th order. To obtain it we utilized the dependencies of the intercept on the
coupling constant calculated by the QSC numerical method. By conducting the numerical
fit of these dependencies for different values of conformal spin n we predict the formula for
the intercept strong coupling expansion up to the 4th order for arbitrary conformal spin.

Let us present a brief summary of the quantities we calculated. They include the
NNLO intercept function (4.16) and the non-rational part of the NNNLO intercept func-
tion (4.18). The other quantities we computed exactly to all orders in the ‘t Hooft cou-
pling constant are the slope-to-intercept (5.43) and the curvature (5.131) functions with
the strong coupling expansions of these functions given by (5.49) and (5.136) respectively.
In addition, there was written the strong coupling expansion (6.2) of the intercept function
for arbitrary conformal spin n. We also implemented the numerical method for finding
the eigenvalues at arbitrary values of the parameters in Mathematica, the corresponding
files code_for_arxiv.nb and BFKLdata.mx can be found in the attachments to this arXiv
submission. See description.txt file for the description.

This work is organized as follows. In the section 2 we give the general introduction
into the QSC approach, extending it to the situation when both spins are non-integer.
The section 3 describes our numerical results. The section 4 contains the weak coupling
analysis. In the section 5 we analyze the expansion near the BPS point to find the non-
perturbative quantities such as slope of intercept and curvature functions. In section 6 we
analyze the Pomeron intercept at strong coupling.

2 Description of the QSC based framework

In this section we are going to present the framework which we use to solve the QSC [16, 17]
and whose derivation is based on the analytic and asymptotic properties of the Q-functions.

2See M.Alfimov’s presentation at GATIS Training Event at DESY [26].



First, we reformulate the QSC in terms of gluing matrix. Namely, we start from the
several axioms concerning the analytic structure of the Q-system and the symmetries which
preserve the QQ-relations and derive from them the so-called gluing conditions. These
gluing conditions already appeared in [17, 23] but our approach presented below does not
utilize the notion of u- and w-functions to obtain the gluing matrix. Second, using the
connection between the asymptotics of the certain subset of Q-functions and the global
charges together with their analytic properties, the system of constraints for the gluing
matrix is derived. It appears to be possible to solve these equations in some physically
interesting cases. Namely, we find the gluing matrix for the case when both AdS spins
S1 and S5 are integers of the same parity and its form appears to be very simple and in
complete agreement with the result of [17]. Then we consider a more general case of non-
integer AdS spins S7 and Sy , which is particularly interesting for the exploration of the
BFKL regime. For this case we have not found the general solution for the gluing matrix,
however we found the certain subclass of solutions and it appears to be applicable to our
quantities of interest. We mostly follow the original paper [17], but the discussion of the
gluing matrix and the extension to the non-integer quantum numbers is new. The reader
familiar with the QSC formalism could skip to subsection 2.5.

2.1 Algebraic part of the construction

QSC consists of a set of Q-functions of the complex spectral parameter « and relations
between them. We will restrict ourselves to the most essential parts of the construction
but still keeping the discussion self-contained. For more detailed description of the QSC
see [16, 21] and for the pedagogical introduction see [17].

In total there are 256 Q-functions Qq, ... 4, i1,....in (¥) totally antisymmetric in the two
groups of “bosonic” (a’s) and “fermionic” (i’s) indices with 1 < n,m < 4, however not all
of them are independent. The main building blocks of the QSC construction are the 4 + 4
“elementary” Q-functions: Qup(u), where a = 1,...,4, and Qg;(u), where i = 1,...,4.
Setting the normalization Qgp = 1 and starting from these 8 Q-functions, one can recover
the whole Q-system applying the QQ-relations written in [17]. In particular the QQ-relation
for the Q-function with one “bosonic” and one “fermionic” index looks as follows

Qui (1wt 3) = Qi (1= 3) = Quo(wQui(w). (2.1)

and Q,;(u) is a solution of (2.1). From now on we are going to use the shorthand notation
for the shift in the variable u: f(u 4 ik/2) = fl(u). In a similar way one can build all
256 Q-functions out of the basic 8 mentioned above. One should also impose the quantum
unimodularity condition

Q1234)1234 = 1. (2.2)

An important symmetry of the QSC is the Hodge-duality, which exchanges

i . alv"'7an|i17"'7i7n —
Qal,...,an\zl,...,zm And Q =

= (_1)(4—n)m6bn+1---b4a1---anejm+1---j4i1---ime (23)
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where in the right-hand side of (2.3) there is no summation over the repeated indices. The
Hodge-dual Q-functions (2.3) with the upper indices also satisfy the same QQ-relations as
the Q-functions with the lower indices.

Due to (2.2) we are able to obtain the relations which allow to get fast to the Hodge-
dual Q’s

QU Quyy = —65, Q' Qu; = —5 . (24)
The Q-function Q%" allows to write the Q-functions with one upper index in a concise form
Q" = (@) Qo (2.5)
and
Q" = () Qo - (2.6)
From the condition (2.2) it can be shown that
Qup@" =0, QuQ"" =0. (2.7)

In addition, the Q-system has a symmetry, which is called the H-symmetry [17] and
which leaves the QQ-relations intact. It corresponds to the transformations of Q-functions
by i-periodic matrices that rotate the “bosonic” and “fermionic” indices separately. Their
form for all Q-functions can be found in [17], but in this section we need the explicit form
of them only for the Q-functions with one index. They are

Quo = (Hp)sQup, Q" — (H:Q . Qo — (HF)Quy. Q" — ()50,
(2.8)
where Hp(u) and Hp(u) are i-periodic 4 x 4 matrices. The determinants of these matrices
have to satisfy
det Hg(u)det Hp(u) =1 (2.9)

for the quantum unimodularity condition (2.2) not to change under such H-rotations. The

important particular case of this symmetry is the rescaling of the Q-functions with one
index. It acts as follows

1 , 1

Qo ~+ @aQap: Qo = BiQus Q" > Q" QN — =

a 7

The equation (2.1) allows to obtain a 4th order Baxter equation for the functions

Q. (2.10)

Qoi(u), i =,1...,4. In [22] this equation was derived and looks as follows

Q%ﬁ-ﬁq - Q([;‘?] [Dl - QET;]QWHH]DO] + Qo [D2 — QupQ "Dy + Q Q" Dy | —

_9 _ 9] aldl—4] = 4
_ngl [Dl +QL|@]Q 041, +Q%\z‘ 10, (2.11)

where
Dy = det QVIIA=2420 k4] k=01 2.12
k 1§1,]§4Q ) ] ) ( )
D _ det @|j[4—2i+25i,1+5i72]
2 1§i,j§4Q ’
D, = det Ol5[—4+2i—20; ky1] k=0.1.
k 1§i3§4Q ) Oa



It is also possible to show from the same equation as (2.1) for the Q-functions with upper
indices that the functions Qmi(u), i=1,...,4 satisfy the 4th order Baxter equation, which
looks as (2.11) but with Qg exchanged with Q% For the sake of conciseness we do not
write this Baxter equation explicitly.

After finishing the description of the algebraic structure of the QSC essential for the
formulation of the QSC equations in the next subsection we describe the analyticity prop-
erties of the Q-functions, which constitute the crucial part of our QSC framework.

2.2 Analytic part of the construction

To describe the analytic structure of the Q-system we have to first define the analyticity
properties of the basic set of Q-functions: Qug(u), @ = 1,...,4 and Qgj;(u), i =1,...,4.
The only singularities of these functions are quadratic branch points which come in pairs
at the positions +2g+ ik, where k € Z. For each pair of branch points we can choose either
short cut on the interval [—2g+ik, 2g+ik] or a long cut (—oo+ik, —2g+ik]U[2g+ik, ik+00),
where k is some integer. In what follows the sheet of the Q-function with only the short
cuts is called physical and the function on this sheet is denoted by Q(u), while on the sheet,
where all the cuts are long, is called mirror and the function is designated by Q(u) on it.
The continuation of any function f(u) under the cut on the real axis is denoted by f(u).
The branch points of all the functions we will consider are quadratic, i.e. f(u) = f(u).

In what follows we will denote the functions Q,p(u), QU0 (w), Qp|i(u) and QYi(w),
with prescribed analytical properties, as P, (u), P%(u), Qi(u) and Q*(u) respectively. To
proceed let us write the asymptotics of the Q-functions with one index. We know that all
the Q-functions including P,, P%, Q; and Q' have the power-like asymptotics at large u,
which for the basic 8 Q-functions can be taken from [17]

P, ~ Aqu M P~ AdyMa—1 , Q;~ BiuM"_1 ., Qi Biy~Mi , (2.13)

where M,, a = 1,...,4 and Mi, 1 =1,...,4 are functions of the values of the 6 Cartan
generators of the psu(2,2|4) symmetry algebra of the ' = 4 SYM: integer Ji, Jo, J3 (M,)
and A, Sy, S2 (M;), which are specified below
(Jl—J2+J3), (—J1+J2+J3+2),

~ 1
Ma—{2(J1+J2—J3+2), ( JQ—Jg

~

1
Mi:{2(A_51—52+2),

N = o=
N = N =
e

(A+S1+52), 5 (FA=51+52+2), - (— A+S1—S2}

(2.14)

As we know from the classical integrability of the dual superstring o-model (see, for
example, [18]), the P- and Q-functions at least have the quadratic branch points at u =
+2g. From the asymptotics (2.13) and (2.14) we can expect the cuts of P-functions to
be short.® The minimal choice for the functions P,(u) and P%(u), a = 1,...,4 is to have

3For some values of the Cartan charges Ji, J2 and Js of the A' = 4 SYM symmetry algebra psu(2,24)
there could appear a quadratic branch cut going to infinity. However, the P-functions usually come in
bilinear combinations and these cuts cancel each other in these combinations.
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Figure 2. Analytic structure of the P- and Q-functions on their defining sheet.

only one short cut on the real axis. From the asymptotics of the Q-functions we can see
that they have a nontrivial monodromy around infinity, thus we have to assume the cuts of
these functions to be long. So again the minimal choice for Q;(u) and Q¥(u), i =1,...,4
would be to have only one long cut on the real axis. The analytic structure of P- and Q-
functions is illustrated on the figure 2. Notice, that because the functions Q; and Q! have
the long cuts in the complex plane, their asymptotics prescribed from the large w limit of
the superstring o-model hold in the upper half-plane and in the lower half-plane they can
be different, therefore the third and fourth formulas from (2.13) are valid for Im u > 0.*

It is convenient for us to introduce some short-hand notations as in [17]: UHP —
upper half-plane, LHP — lower half-plane, UHPA — upper half-plane analytic and LHPA
— lower half-plane analytic. Besides, we are going to use lLh.s. and r.h.s. for left and
right-hand side respectively.

As we have introduced the analytic structure of the basic set of Q-functions, let us
proceed with the consideration of the other ones. We define the function Q,; as an UHPA
solution of the equation (2.1)

Qj‘i - Q,; =PuQi, Imu>0 (2.15)
with the asymptotic
A.B; YRy
Qa\i =~ —Z..,aiZAU_Ma-i—Mi. (216)
_Ma + Mz

In what follows we will denote the UHPA Q-functions of the Q-system obtained from P,
Q; and Q,; by the application of the QQ-relations by curly Q (as it was done in [17] to un-
derline that these Q-functions have certain analytic properties and where the corresponding
Q-system was called fundamental). For the Hodge-dual Q-functions, which are UHPA as
well and satisfy the same QQ-relations, we will also use curly Q to depict its Q-functions.

Substitution of (2.13) and (2.16) into Q; = —Q:'Z.Pa and P, = —Q:'Z.Qi expressed
from (2.5) and (2.6) themselves leads us to the systems of equations for A,A% and B;B’
respectively, which can be solved [17, 18] and give the result

4 - 4
= (Mao Mj) H (M'LO — Ma)
AQOA :’i]_ = — N BioBlo :—iazl N ao,i(): 1,...,4,
171;[1 (Mao Mb) [1 (Mm MJ)
b#ag ‘7:.1
J#i0
(2.17)

Tt should be noted that in the case, when at least one of the spins S; and S is non-integer, the
asymptotics of the Q-functions in the lower half-plane on the sheet with the long cuts can be not power-like
but instead become some power times an exponential factor.



where there is no summation over the indices ag and iy implied. For further convenience
we introduce the shorthand notations Ag A% = A;, and B;, B = By,.

Each function Qg;(u) is analytic for Im u > —1/2 due to the fact that both Pg(u)
and Q;(u) are UHPA. As it was mentioned in the subsection 2.1 with the usage of the
QQ-relations we can restore the remaining Q-functions thus building the UHPA Q-system.
The Hodge-duality (2.3) does not change the analytic properties, therefore the Hodge-dual
Q-system with the upper indices has the same analytic properties, i.e. UHPA.

Now we are going to turn to the analytic structure of the functions Q;(u),i=1,...,4.
Let us remember the formulas (2.5). One can notice that the functions Q; and Q! with
—Q;iPa and Q%+ P, respectively coincide only in the UHP, because their analytic struc-
ture in the LHP is different. Indeed, we can see that if we rewrite the QQ-relations for
Qi using (2.5)

Q. = (1 +Pan> 9. (2.18)

ali —

it is possible to find the values of Q,; for Im u < —1/2. In the strip —k — 1 <Im u < —k
for k=0,1,2,... the functions Q;‘i are given by

ali — ali

=0

k
o =11 (1 n Pan> 2 gl (2.19)

From (2.19) we can see that the functions Q,|; have the infinite number of short cuts at
the horizontal lines with Im u = —k — 1/2 for k = 0,1,2,... and due to (2.4) Q% has
the same structure of cuts in the complex plane. Therefore, the functions —Q:'Z.Pa and
Qi+ P, have also the infinite ladder of cuts at Im v = —k for k = 0,1, 2, ..., which clearly
do not coincide with the analytic structure of Q; and Q° in the LHP, who are LHPA.
However, we can resolve this difficulty by interpreting the analytic continuation of
—QZMP“ and Q‘””Pa under their short cut on the real axis from above as Q; and Qi
respectively. To formulate this clearly let us use the hats and checks introduced in the
beginning of the present subsection, which denote the values of the P- and Q-functions on
the different sheets. In these notations first of all the equations (2.15) and (2.19) determine
QAW on the physical sheet with the short cuts. Then, the values of the Ql and QZ on their
physical sheet with the short cuts are given by
Qi =-9'P*, Q' =gitp, (2.20)

ali

and coincide with the Q-functions on the mirror sheet with the long cut on the real axis
in the UHP

Q=Q;, @=Q, Imu>0. (2.21)
Whereas in the LHP we interpret the analytic continuation of Q, and QZ under their cut
on the real axis as Q; and Q' in the LHP

éi:Qm éi:in Imu <0, (2.22)

where tilde denotes the analytic continuation under the cut on the real axis.



Looking at the obtained picture from above, we conclude that there is no fundamental
reason to choose the generated Q-system to be UHPA. Indeed, there exists a transformation
of complex conjugation, which preserves the QQ-relations but interchanges UHPA with
LHPA. Its explicit form is written in [17]

(m+4+n)(m+n—1) —

Qal,...,an\il,...,im(u) _> (_1) 2 Qah...,an‘h,...,im (U) * (223)

The transformation (2.23) generates the Q-system which is LHPA and satisfies the same
QQ-relations as the initial UHPA Q-system. It should be noted that the Hodge-dual Q-
system also admits such a transformation

(m+4n)(m+n—1)

Qa1,---7an\i1,---7im(u) S Qah---,an\h,---,im (u). (2.24)

Let us now remember the analyticity properties of the function Q! from (2.21)

and (2.22). We see that the functions Q' are LHPA and therefore have the same an-
alyticity properties as the functions QZ and Q!. From the strong coupling limit of the
superstring o-model and its classical integrability (see the pedagogical explanation of this
in [18]) we know that for the case of integer spins S and Sy each function Qi,i=1,....,4
coincides with the certain function from the set Qj, j=1,...,4 in this limit. Thus, sum-

marizing all this, we impose the equality of the LHPA functions Q' and é)j up to some
matrix M (u)

Qi(u) = MY (u)Q;(u) . (2.25)

From now on we will call (2.25) the gluing condition and M%(u) the gluing matrix, whose
properties we will analyze below. We formulated QSC in the form (2.25) because this form
is convenient to analytically continue the QSC solution for the case of non-integer spins
S; and So. The transformation (2.23) generates the Q-system which is LHPA and satisfies
the same QQ-relations as the initial UHPA Q-system. As there is no principal difference
between UHPA and LHPA Q-systems and they describe the same spectral problem and
due to the unitarity of the N' = 4 SYM theory, the UHPA and LHPA Q-systems have to be
related by the symmetries of the Q-system, namely, the combination of the Hodge duality
and H-symmetry.> Thus, we can interpret the gluing matrix M% as an i-periodic matrix
of the H-transformation, which, in particular, relates the Q-functions with one lower and
one upper “fermionic” index on the mirror sheet

where —t means that the inverse matrix is transposed. B
Using the analyticity properties of the functions Q! and Qj we are able to estab-
lish some properties of the matrix M%. Utilizing the i-periodicity of the matrix M i,

it is possible to express its elements in terms of Q' and Qj. From the i-periodicity of

5The presence of the Hodge duality can explained from the consideration of the classical limit of the
superstring o-model, which says that the analytic continuation of the Q-functions with the lower indices

Ql(u) are related to the Q-functions with the upper indices Qi, not the lower ones.
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MU (u), (2.26) and remembering the QQ-relation for Q-function with 4 “fermionic” indices
Qpj1234 = 15524 Qéﬁ;m one can show that

~ 3 ~ 1 <z -1 < [—3
C el Qi Qi

Ml] é@|1234 == det Ql[+3] QZ[+1] Ql[_l} QZ[_3] <j-th row . (227)

éErB] ég+1] éz[;l} éE;B]

First of all let us show that the matrix elements M%* do not have any branch points. To
see this let us notice that for Im u < —3/2 the Q-function on the L.h.s. and the determinant
on the r.h.s. of (2.27) are analytic and do not have branch points. Therefore in the same
region and due to the i-periodicity M* has to be free from the branch points in the whole
complex plane.

Second, in principle, M% can have poles. As M% is i-periodic, the existence of a
pole, for example, in the point ug automatically leads to the infinite number of poles in
the points ug + ik, where k € Z. However, at least in the region Im v < —3/2 the r.h.s.
of (2.27) is analytic, thus the poles of M* have to be compensated by the zeroes of Q@‘1234
in the same points or, in other words, there exists kg such that é@|1234(u0 +ik) = 0 for
k < kg. In its turn this means that the number of zeroes of é@|1234 is infinite and these
zeroes accumulate at infinity. We know that é@‘1234 has power-like asymptotic, then there
exist such a and b that

Qjm1234(u) —au’ =0 (ub_1> , U —>00. (2.28)

However, evaluating the Lh.s. of (2.28) at u = ug+ik for k < kg leads to a contradiction with
the r.h.s. of (2.28). From this contradiction we conclude that M% cannot have any poles.

Summarizing what was said we see that the gluing matrix M% is analytic in the whole
complex plain. For the physical state, which means that the spins S7 and S5 are integer
and the asymptotics of the functions Q' are the power-like, analyticity and i-periodicity of
the gluing matrix M% leads us to the conclusion that it is constant in this case.

Now let us return back to the equations (2.26). As we know that the matrix M¥ is
free of any singularities, then analytically continuing both sides of the equations (2.26) to
the sheet with the short cuts we obtain

Q=MiIQ;, Q=(M"), Q. (2.29)

Analytic properties of the Q-functions allow us to establish one important property

of the gluing matrix. Analytically continuing both sides of the first equation from (2.29),

using the fact that due to the quadratic nature of the branch points analytic continuation

and complex conjugation commute with each other, and then applying the second equation
from (2.29) we derive

Q' =M7 (M), QF. (2.30)
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Noticing that (2.30) is true for any point u and applying the same trick as above and using
the analyticity properties of the gluing matrix, we arrive to the conclusion that
M (A1)

in =% (2.31)

and the gluing matrix is hermitian
M (u) = M7 (u). (2.32)

In what follows we are going mainly to deal with the Q-functions on the physical
sheet therefore from now on we omit the hats and checks above the designations of the
Q-functions implying that all the Q-functions are considered on the sheet with the short
cuts if the opposite is not mentioned specifically.

Now we are ready to find the other constraints on the gluing matrix which follow from
the conjugation and parity symmetries of the Q-system. To do this we will need the 4th or-
der Baxter equation for the functions Q;(u) to see if the certain properties of the P,(u) and
P%(u) can allow us to relate Q;(u), Q;(u) and Q;(—u). In the two subsequent subsections
we analyze the implications of the conjugation and parity properties respectively.

2.3 Complex conjugation symmetry

Let us now concentrate on the conjugation properties of the P- and Q-functions assuming
the charges A, S; and Sy to be real. In [17] from the reality of the energy, Y- and T-
functions and the fact that the complex conjugation supplemented by the certain sign
factor is the symmetry of the Q-system it is shown that complex conjugation is equivalent
to some H-symmetry transformation already mentioned in the subsection 2.1. The matrix
hp of this transformation was proven in [17] to be constant due to analytic properties and
power-like asymptotic of the P-functions. Then there was found a transformation which
allows to make all P-functions with lower indices purely real and thus the P-functions
with upper indices pure imaginary. However, in our calculations we use the different
normalization and make the other H-rotation by multiplying P3 and P4 by i and thus P!
and P? also by i and obtain

].51,2 = P172’ ]_5374 = _P374’ ]_31,2 — —PL2, 133,4 _ P3’4
or, in other words
P,=C'P,, P°=_C{P', C=diag{l,1,~1,-1}. (2.33)

Given the conjugation properties (2.33), we see that the Baxter equation (2.11), written
for the Q-functions with prescribed analytic properties

Q" - Q" [py - PP Dy | 4+ Qi [Dy — PPUID, 4+ P PHID| - (2.34)
~Q\ [ Dy + PLAPUID |+ QY =0

with Dy and Dy, given by (2.12) with Q%? = P%, remains the same, but for Q;(u) now.
Thus, the functions Q; satisfy the equation (2.34) too. As the functions Q;(u) constitute
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a basis in the space of solutions of the Baxter equation (2.34) this means that there has to
exist an i-periodic matrix Q7 (u) such that

Qi(u) = Q0 (u)Q;(u). (2.35)
As in [32] from (2.33) and (2.5) this matrix can be found to be
Q = Q;‘icggblj—. (2.36)

It is i-periodic Qg++ = Q{ (see appendix A for the proof) and using this it is not hard to
show that

A0} = Q,Cr QM Q,CiQM = Q. Cp Q- 9y, 0501 = 47, (2:37)

which means that Q1 = Q and

Qi(u) = O (u)Q;(u) . (2.38)
The matrix Qf also relates Q’/ and Q°
Q' =-0/Q’ (2.39)
and vice versa ‘ '
Q =-0/Q". (2.40)

To determine the consequences of the conjugation symmetry for the gluing matrix we
substitute (2.35) into the first gluing condition from (2.29) and obtain

Q' = MIQkQy. (2.41)

Let us analyze the matrix M%7 Qf more closely. As it is a product of two i-periodic matrices
it has also to be i-periodic. We remember that according to its definition (2.36) the matrix
Qg“(u) has an infinite ladder of short cuts. Using the result of [32] we get the discard of Qf (u)

OF —0F = —Q,;Q" + Q;QF. (2.42)

Multiplying both sides of (2.42) by M* and utilizing the first gluing condition from (2.29)
we derive the equation®

MG — MOk = —Q'QF + QFQ'. (2.43)

We note that the r.h.s. of (2.43) is antisymmetric in the indices i and k, thus we conclude
that the function M”Qé€ + M*I Q; has no cuts on the real axis. As this function is
i-periodic it follows that M% Q;“ + M*I Q} is analytic in the whole complex plane.

Let us introduce a new notation

wk = M”QgC , (2.44)

Notice that the r.h.s. of the equation (2.43) coincides with the r.h.s. of the equation of the Quw-system
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where w* are the i-periodic functions on the sheet with the short cuts. Remembering (2.41)

and applying (2.44) on the sheet with the short cuts we obtain the equation
Gt o = (508 - Q') @ (2.45)

On the other hand, the functions w® are i-periodic on the sheet with the short cuts, thus
on the sheet with the long cuts their analytic continuation under the cut on the real axis
is given by the simple formula

Hik = (w’k> - (2.46)

Rewriting (2.45) on the sheet with the long cuts gives us

(&) ot = (5QQ - shara) o (2.47)

If we return several steps back, we can derive from the QQ-relations the equation for the
function Q% which looks almost exactly like (2.47)

QUi+ — g~ — (5 QiQy - 5Q'Q)) 0 (2.48)

Recalling the notion of p-functions introduced in the QSC framework in [16, 17], which are
i-periodic on the sheet with the long cuts, we multiply both sides by fi4, which leads us to

(a0 ) ™~ (@) = (HVQ - Q) (10@™) . @10

Therefore, the functions &% and i, Q19— satisfy the same equation. As the functions
fiapy Q?P1— are antisymmetric in ¢ and j due to the antisymmetry of the Q-function Q!
it is natural to impose the constraint that w* is also antisymmetric and

Wit = MUQE = _MNQE = (2.50)

In the following subsections we are going to exploit (2.50) to constrain the gluing matrix
for different spins S7 and Ss.

2.4 Parity symmetry

Now we are going to describe the parity properties of the Q-system. For a large class of
states the P-functions possess the certain parity. Such states include the states with the
charges J; = 2, Jo = J3 = 0, which we consider in the rest of the paper and also the ground
state with the charges J; = 3 and Js = J3 = 0, which is relevant for the BFKL Odderon
eigenvalue (see [33, 34]). Thus, for the case J; = 2, Jo = J3 = 0 we have

M, ={2,1,0,—1}, (2.51)

N 1 1 1 1
Mi:{2(A—S1—S2+2),2(A+S1+S2),2(—A—Sl+Sg+2),2(—A+Sl—52)}.

As we understood the analytic structure of P- and Q-functions, taking into account
the asymptotics of these functions expressed in terms of the charges (2.51), it is natural
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to assume the existence of the certain symmetry between the Q-functions with lower and
upper indices, which also changes sign of A. This symmetry takes a particularly simple
form for the following choice of the normalization of the P-

A, =(1,1,-A3,Ay), A*=(A1,Ay,-1,1), (2.52)

and Q-functions

B;=(-By,1,-B3,—1), B'=(-1,By,—1,-By), (2.53)

which can be set with the usage of the rescaling symmetry (2.10). We obtain”

Pa(Aa ’LL) = Xabe(_Aa ’LL) s QZ(Aa ’LL) = niij(_Aa U) ) (254)
where
00 0-1 0-1 00
0010 . 10 00
X(zb _ , ’I’]l] — (255)
0-10 0 00 01
1 000 00 —-10

and x? is the same matrix for the left-right symmetric states as in [16, 17].

For the operators we examine (J; = 2 and Jy = J3 = 0) in the following sections the
P-functions have the certain parity. Their parity is dictated by the asymptotics of the
P-functions (2.13)

Po(—u) = (—1)* P, (1), P (—u)=(—1)"P%(u). (2.56)

The symmetry (2.56) is a symmetry of the Baxter equation (2.34), thus Q;(—u) is also a
solution of (2.34). Utilizing the same logic as in the case of the complex conjugation, we con-
clude that there exists an i-periodic matrix ©7(u) (see the proof in appendix A) such that

Qi(—u) = O] (u)Q;(u). (2.57)
It is possible also to find the matrix with such a property. Utilizing again (2.5), we obtain
&/(u) = (~1)"*1 Q5 (~u) Q" (u), (2.58)

where the summation over a is implied. The matrix © has the property @g (u)@?(—u) = oF
and thus ©~!(u) = ©O(—u). We can write

Qi(u) = 6] (—u)Q;(—u). (2.59)
"The change of the sign A — —A is a symmetry of the equation and it should map one solution to
another solution. One can check that P’'* = y**P,, P/, = (Xfl)ab P’ Q" =9"Q;, Q) = (nfl)ij Q7 and

M = ik (M_t)kl nY is also a solution to the QQ-relations and the gluing conditions but with A flipped
to —A. As it can be seen explicitly in the appendix B in the weak coupling limit these two solutions coincide

therefore our solution is mapped onto itself. Given the starting point the recursive procedure described in
the section 4 is non-ambiguous we conclude that this property holds to all orders in the coupling constant.
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The matrix ©(—u) also relates Q7(—u) and Q(u)
Q' (~u) = 0] (-u)Q'(u) (2.60)
and vice versa
Q' (u) = 6] (u)Q'(—u). (2.61)
Analogously to the consideration of parity symmetry, we can find the discard of @? on
the cut which is situated on the real axis

O (u) — O5(u) = —Q;(—u) Q" (u) + Q;(—u) Q" (u). (2.62)
Using the matrix @f(u) from (2.58), the gluing conditions (2.41) and (2.59) we are
able to introduce another gluing matrix

Q'(u) = LY (w)Qj(~u), Qi= (L"), (WQ (~u), (2.63)
where
Lil(u) = M’](U)Qf(u)@i(—u) , (2.64)
and as the Q-functions on the both sides of the gluing conditions are LHPA, then by the
same arguments as for M%¥(u) the matrix L% (u) is also analytic in the whole complex
plane. Analogously to the case of the gluing matrix M% (u) by going under the cut twice
we derive the property
L (u) = LY (—u). (2.65)
Together with (2.32), (2.50) and (2.64) condition (2.65) constitutes the set of equations
which are used to calculate the gluing matrix for different values of the spins S; and Ss.
Since for the states in question the P-functions have the certain parity, this has some
consequences for the asymptotic expansion of the Q-functions. As it is explained in detail
in the section 3 with the description of the numerical algorithm the certain parity of the
P-functions leads to the form (3.6) of the asymptotic expansion of Q,;

i <= Bajion
_ . alt,
Quyl) it 5 Bt 20
1=0

By applying analogous arguments to the QQ-relation for the Hodge dual function Q¢, we
conclude that the asymptotic expansion of Q% is also given by

) _ . Foo Ba\i,?l
Qi (u) = yMam My " — (2.67)
u
=0

Then we remember that Q; = —Q+iP“ and Q' = QU P,, which after the substitution

al

of (3.1), (2.66) and (2.67) lead us to the asymptotic expansions at infinity of the Q-functions

oo 0 pial
1 — Bi, l ‘ _ N i BY
Q;(u) ~ uMi~t <Bi+ g ; ) . Qi(u) ~u M (B + E uQZ) . (2.68)
=1

u?
=1

In what follows we will regard to the Q-functions with the asymptotic expansions (2.68) as
having the “pure” asymptotic, as these expansions contain the powers of u, which differ only
by an integer number. The asymptotic expansions (2.68) will be important in determining
the structure of the matrices Qg (u) and @g (u), which are analyzed below.
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2.5 Constraining the gluing matrix

In the present subsection we are going to derive the set of equations for the elements of the
gluing matrix originating from the conditions found in the previous subsections. To remind
briefly the QSC framework we are using let us recall the constraints on the gluing matrices
known by now. The non-degenerate matrices M%¥(u) and L% (u) satisfy the following set
of constraints

M7 (u) = M" (u), M (u)Q;“(u) =M™ (u)Q;(u) , (Qfl)? (u)= Q‘Z(u) , (2.69)
L (u) = MY (u) Q2 (u) O} (~u), L"(~u)=L"(u), (@*lﬁKu>=<ﬁK—u»

~

Now we are able to consider the gluing matrix for the case of different AdS spins 57 and
Sy solving the set of constraints (2.69).

2.5.1 Integer S; and S»

Let us start our study from the situation when all the charges except for the dimension A
are integer. More precisely, in the present subsection we address the case when the spins
S1 and Sy have the same parity. This is motivated by the fact that for So = 0 the physical
states have even non-negative S1.% To analyze the constraints (2.69) more closely we need
to find the properties of the matrices Qg(u) and @Z (u).

In what follows we will need the asymptotics of the matrices Qi and @g (u). To analyze
them let us remember (2.35) and (2.57). As the asymptotics of the Q-functions on the
both sides of (2.35) and (2.57) are power-like and the {-matrix consists of the i-periodic
functions, the series expansions of Qf (u) and @g (u) for |Re u| > 1 are given by

+o0o . +oo .
of(w) =3 (aP) er2mhe ol = (o)) erariu. (2.70)
k=0 ' k=0 ’

where the signs correspond to expansion at +o0o and —oo respectively. It should be noted
that (2.70) does not have any growing terms on the r.h.s., because this would violate the
power-like asymptotic of the Q-functions.

The asymptotics of the Q-functions are pure and the asymptotic expansion is given
by (2.68). Looking at the values of M;,i=1,...,4 one may think that because M; — Mo
and Ms — My are integers, there could potentially appear a mixing of Q1 (u) with Qa(u)
and Qs(u) with Q4(u) as this does not violate the purity of the asymptotics. However as
the spins S and So have the same parity and

My—My=1 mod 2, Ms—My;=1 mod 2, (2.71)

the functions Q1, Q2 and Qs, Q4 cannot mix, because their asymptotic expansions (2.68)
contain only even powers of u in the round brackets. Therefore the matrices (Qgg ))f and

(@gg))g have to be diagonal. Let us now find them.

8This is due to the cyclicity constraint on the states of the 5[(2) Heisenberg spin chain, which is only
consistent with the symmetric distribution of roots leading to Si even.
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First, we consider the matrix Qf (u) and remember (2.35). If Re u tends to +oo, then,
as Q; ~ BiuMi_l, the diagonal element (Q(f)); is equal to B;/B;. But if Re u tends to —oo
the situation is a little more subtle. The functions Q;(u) have an infinite ladder of short
cuts going down from the real axis, while the functions Q;(u) have the same ladder of cuts
going up. Then taking the limit of Re u to —oo we have to go to —oo along the semicircle in

the UHP for Q;(u), i.e. Qi(u) ~ Bz-e”(]\;[iil)(—u)Mi*1 and along the semicircle in the LHP

for Q;(u), i.e. Q;(u) ~ Bie_”(MiA_l)(—u)Mi_l, therefore we see that the diagonal element
of (Q(_O)); is equal to B;/B;e~ 2™ To sum up, we obtain

55'621'(253]' + (Q(j))ge—%ru +0 (6—47ru) ., Reu>1,

QJ u) = o S .
z( ) 5ge2z¢5j72@7er + (Qg))geQwu +0 (e4rru)’ Reu < —1,

(2.72)

where ¢?9B; = B; /Bi.

Second, analyzing the matrix @g (u) from (2.57) is analogous. Thus, applying the
arguments from the previous paragraph, we see that at Re u tending to +o0o we have to go
around the semicircle in the UHP and Q;(—u) ~ Bie”(Mifl)qul, while at Re u tending
to —oo we have Q;(—u) ~ Bi(—u)Mifl. Then we obtain

| _im 1 —27u —4ru
et -{ @m0 (), Rewss 1,

)

o A 2.73
—§le My 1 (@MYl L O (e47) | Rew < —1. (273)

As it was explained for example in [18] in the strong coupling limit the asymptotics
of the functions Q’(u) are some powers of u, then the only possible ansatz for the gluing
matrix M%(u) is to assume it to be a constant matrix. Thus for the case in question we
obtain from (2.50) and (2.72) rather simple conditions

M-” _ _MijeQ’i(d)Bj *d)Bi)’ (274)
M = i 2O, —6 )+ 2im (V=) (2.75)

Combining the two conditions (2.74) and (2.75) we obtain the following
M (e2i”(Mi—Mj) - 1) —0. (2.76)

Let us see now which additional restrictions do we have in the case Jy = J3 = 0 and
J1 = 2. First of all from our assumptions about the asymptotics of the functions Q*(u) we
understand that the gluing matrix L¥ given by (2.64) has to be constant, i.e. LY (u) = L%
is a symmetric matrix. Therefore, from the (2.64), (2.72) and (2.73) we immediately find

LU = i 2o, —imMy (2.77)
Then, using (2.74) and the symmetry of L%, we derive

M (e”(MFMj) + 1) ~0. (2.78)
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It is easy to see that if (2.78) is true then (2.76) is also true. We have to calculate the
differences between the charges M; to determine which elements of the matrix M% are
non-vanishing. It appears that only My — My and Ms — My are integers

M, — My =-S5, — Sy +1, (2.79)
Mg—M4:—Sl+SQ—|—1.

Thus for the case of integer spins S1 and Sy we are left with the spins S; and So with the
same parity, which is consistent with our initial setup. Therefore, only the matrix elements
M2 = M?" and M3* = M*? are non-zero. Then, in the case of integer spins S; and Sy of

the same parity we obtain the following gluing matrix

0 M2 0 o0

po = | ME0 000 2.80
o o o M| (2:80)

0 0 M3* 0

Using also (2.74) and (2.75), which are equivalent for Sj of Sy of the same parity as M; — M,
and Ms— M, equal 1 modulo 2, we are able to fix the phases of the non-zero matrix elements
of (2.80)

M2 = | M7 ¢(F5+0m-08,) P34 — ‘M34] o(£5+0B;,—0B,) (2.81)

Now let us start the consideration of the case when at least one of the spins is not
integer as this is particularly interesting for the BFKL limit.

2.5.2 Non-integer S; and Ss

First of all, from the asymptotics (2.51) we immediately see that if at least one of the charges
Sy or Sy is non-integer, then not to violate the purity of the asymptotic expansions (2.68)
the matrices (Q( )) and (@( )) cannot mix different Q-functions and have to be diagonal.
Therefore, these matrices are given by (2.70). This means, that in the case of at least
one non-integer spin under the assumption that the gluing matrix is constant we obtain
the same constraint (2.78). However, as S; or Sy or both spins are non-integer, all the
differences M; — M are non-integer in general, therefore we conclude that M% = 0. Then
we have to modify the ansatz for M¥ (u).

The matrix M%(u) is analytic and i-periodic, so the minimal choice would be to add

2mu —27u

the terms proportional to e*™ and e

MU (u) = M7 + My e*™ + MY e=2m (2.82)

and this is consistent with what we know from the consideration of the BFKL limit for

which S; approaches —1 and Sy = 0 (see [22]). From the previous conditions (2.32) it
follows that the matrices M, 5 are hermitian.

Substituting (2.82) into (2.50) we obtain the following conditions for the matrix M (u)

Mgz _ _M;'je%(ébB]- *chi) : (2.83)
M — _MijeQi(th]- —¢Bi>+2m(z\?[i—]\?[j)
3 3 )
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where the summation over the repeated indices is not implied. For ¢ = j we immediately
see from (2.83) that
Mi = M =0. (2.84)

Let us remember that for the case in question Jo = J3 = 0 and J; = 2. The matrix

L% (u) is given by the formula (2.64). Taking the limits u — 400 and remembering the ex-

pansions (2.72) and (2.73) we have to assume the existence of the exponential contributions
to LY (u)

L¥(u) = LY + Ly ™ + L e~ 2™ (2.85)

where the matrix Lij is symmetric and LJ; = Léj due to (2.65) and the latter two of them

are given by

L = My ()5 (0] = — M e2iom—imi, (2.86)
L = My Q) ©), = —Mjle?ém—imih (2.87)

Exploiting the symmetry Lgi = Léj and the relation from (2.83) we derive
MY =~ M;jeifr(Mer‘) ‘ (2.88)

As we observed in the case of integer spins S; and Ss the determinant of the gluing
matrix is constant. According to (2.82) in the case of at least one non-integer spin this
determinant is not guaranteed to be integer. However, if we assume for a moment that
the determinant of (2.82) contains exponents, the form of the second gluing condition
from (2.29) will contain exponents in the denominator. But as there is no preference
to upper and lower indices, which get exchanged under A — —A symmetry, we have to
assume that both gluing conditions (2.29) include the exponents e>™ only in the numerator
of M%(u), therefore we impose a new constraint

det M"Y (u) = const. (2.89)
1<i,j<4

Let us now show that staring from some simple ansatz for the gluing matrix M (u)
we are able to solve the constraints (2.88) and (2.89). We saw from the implementation
of the numerical algorithm described in the section 3 that in the case when both spins S
and So are non-integer it is sufficient for convergence of the numerical procedure to allow
presence of exponents in M13(u) and M1 (u) only. Thus, we have the following ansatz for
the hermitian matrices M;jg

0 0 M Mg

. 000 0

My, = , (2.90)
’ M550 0 0
M3k 0 0 0

where the non-zero matrix elements are subject to the relations (2.83) and (2.88).
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From the constraint (2.50) we find the equation
o295, M122 _ 62i¢32—2i7rM2M122 -0, (2.91)
from which we have
M¥Z=0. (2.92)

Application of the constraint (2.89), i.e. the demand of the absence of the powers of

e?™ in the determinant of the gluing matrix leads us to the following equations

MEM* = M M33 (2.93)
MEMP (e”(S?*Sﬂ - 1) =0.

As the spins S7 and Sy are non-integer and we assume their difference to be non-integer
too and from (2.93) we obtain

MBM* = MP M3 =0. (2.94)

In the case in question MJ? and M214 are not equal to zero, therefore we are left with the
equality
MPB =M*=0. (2.95)

Summarizing the results (2.92) and (2.95) we obtain’

M M2 M3 M 0 0 My My* 0 0Mg3> Mg
MZ 0 0 0 000 0 00 0 0
M = _1 + B 627ru+ B 6727ru’
M3 0 MP MM MPB30 0 0 M30 0 0
M 0 M M M#*0o 0 0 M#*0o 0 0
(2.96)

where the elements of the matrices Méj?) are subject to (2.83) and (2.88). As we have the
relation (2.88) it is sufficient to write only the phases of the non-zero matrix elements of
the matrix M,’ extracted from (2.83)

M = | MJ3| i (E5H0m—0m) Nl = | N34 (5408 —0m4) (2.97)

Let us point out that the construction presented above will provide an analytic continu-
ation to all values of S from the integer values Sy > 0. However, this analytic continuation
breaks down the symmetry So — —.S2, which is naively present in the QSC, as one can see
from the asymptotic (2.14). The analytic continuation, which describes perfectly positive
integer Sy will produce poles at negative integer So. This could look a bit puzzling, but the
resolution of this paradox is in the existence of the second solution for the mixing matrix
which is obtained by relabeling indices in accordance with Sy — —S5. In practice result
must be even in S5 and it is enough to consider S2 > 0 so it is sufficient to use the mixing
matrix presented above.

In the case when the spin S» is integer, the gluing matrix simplifies to (3.10) and we have M'*(u) =
M*(u) = 0 as we will see it in the section 3 describing the applied QSC numerical algorithm.
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To sum up the contents of the present section, we have to point out several things.
First, we formulated the algebraic structure of the Q-system by writing down the QQ-
relations and 4th order Baxter equation originating from them. Second, the analytic struc-
ture of the Q-system was motivated from the solution of the classically integrable dual
superstring o-model and the QQ-relations. The symmetries of the Q-system allowed us to
introduce the gluing conditions for which we managed to impose several constraints. These
constraints were partially solved for different values of the spins S; and S;. We examined
the case when both spins are integer and non-integer. In the next section we are going to
appreciate an importance of the derived gluing conditions and see how they appear in the
QSC numerical algorithm.

3 Numerical solution

The equations of QSC are especially well-suited for numerical analysis: simple analytical
properties of the P-functions allow to parametrize them in terms of a truncated Laurent
series and then constrain these coefficients by the gluing condition. Numerical algorithms
for solving QSC equations were developed and applied in [1, 32, 35, 36]. In a non-symmetric
case, such as BFKL with Sy = n # 0, the procedure has to be modified in a way which
we will describe here. We attached a Mathematica notebook named code_for_arxiv.nb
implementing the algorithm, which we used to obtain the results described in this section.

Let us start by briefly reminding the main steps of the numerical algorithm. A compre-
hensive description of the algorithm for the left-right symmetric case can be found in [1, 18].
Here we will point out the main features we have to take into account in the case without
left-right symmetry. As in the left-right symmetric case, for the P-functions there is a
sheet with only one cut in the complex plane where the following parametrisation is valid

—M —_M 0, 4 =2 Ca,k
P,(u) =z Mo (Q Ma g (1 + ;2 ) + Z ok | (3.1)

k=1
N - 5 1 +0oo Ca,k
P%u) = M1 (gM”IA“ (1 + ;’2 > + Z M) )
k=1
where z(u) = YHVU—29vVut2g ”_225 Vut29  The expansions (3.1) contain only the even powers of

Zhukovsky variable z(u) because for the state in question the P-functions possess the
certain parity determined by their asymptotics from (2.13) and (2.51). However, the coef-
ficients ¢, and ¢®* are not independent and are subject to the conditions following from

P,P*=0. (3.2)

In the left-right symmetric case the condition (3.2) was satisfied automatically.
Since Qg; is analytic in the UHP and has a power-like behaviour at u — oo, its
asymptotic expansion for sufficiently large Im » in the UHP can be written as

+OOB

By ik
D D (3:3)
k=0
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where

A.B;
Ba|’i,0 — —Z..aizA . (34)
_Ma + Mz
Plugging the ansatz (3.1) and the expansion of Q,; into the equation
Qi — Qi = —PP'Q, (3.5)

we are able to fix the coefficients By, ; in terms of the operator charges and the coefficients
Cq,k and c¢»*. The fact that the P-functions have the certain parity and they are given
by (3.1) leads to the disappearance of the odd coefficients By; ;41 = 0 for I = 0,1,2,...
in (3.3) and we obtain

+o0

N NN X Pali2t 16

Qa\z(u) =u Z w2l ( : )
=0

After doing this, using the same finite difference equation in the form

- _ b b +
oy = (% + P.P") Q7 (3.7)
we find the numerical value of Q,; in the vicinity of the real axis.

One remaining ingredient of the iterative numerical procedure is the loss function —
a function which is zero for the exact solution and which should decrease as each iteration
brings us closer to the exact solution. We have the following loss function

S=> |Fi(u), (3.8)
4,3
which is zero when the gluing condition is satisfied. Here
Fz(u) = Qa‘”(u)lsa(u) + MY (u) Qb_‘z.(u)f’b(u) (3.9)

and {u;} is a set of points on the interval [~2g; 2g]. Every function F*(u) depends on the
charges S, A, n, the coefficients ¢, j and c¢»* and the coefficients of the gluing matrix.
As a starting point for the numerical algorithm one can use the weak coupling data from
appendix B.

In the present work we are interested in the case of non-integer spin S; = S. As it
was already shown in the section 2 in this situation we cannot keep all the gluing condi-
tions (2.80). However, we found that only two gluing conditions F? and F* are sufficient
to constrain all the coefficients ¢ and are still valid even for non-integer Sy providing thus a
natural way to analytically continue to non-integer spins. In terms of (3.8) this means that
the sum in that formula goes only over ¢ = 2,4. After the loss function and all the con-
straints are formulated, the algorithm searches for the parameters which minimize the loss
function subject to the constraints using a numerical optimisation procedure (Levenberg-
Marquardt algorithm). Then, using the obtained numerical values of the Q-functions, we
are able to restore the ansatz for the gluing matrix, which tells us which elements of the
gluing matrix contain the exponential terms and which of them are equal to zero. This
allows to verify the modification proposed in the section 2 for the gluing matrix (3.10)
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9=0.1, n=1, S(A)

Figure 3. Trajectory of the length-2 operator for conformal spin n = 1 and coupling constant
g=0.1.

(in agreement with [23]). Thus for integer Sz = n this leads to the gluing matrix for
non-integer S; given by (2.96) with

MY () = M*(u) =0. (3.10)

In the situation when Sy = n is not integer the gluing matrix (3.10) needs further modifi-
cation. To achieve this we use the fact that relaxing the conditions (3.10) is sufficient to
make the numerical procedure convergent. Restoring again the gluing matrix, for general
real value of the spin Sy (or conformal spin n in high-energy scattering terminology) we
are left with the gluing matrix which coincides with (2.96).

Using the proposed numerical algorithm, we managed to calculate several numerical
quantities for the cases when n is non-zero and even non-integer. On the figure 3 one can
find the length-2 operator trajectory for n = 1.

It is also possible to numerically calculate the dependence of the spin S on the coupling
constant g for the fixed dimension A. On the figure 4 you can see the dependence S(g) for
A = 0.45 and n = 1 in comparison with the same result calculated perturbatively as the
sum of LO and NLO BFKL eigenvalues.

Additionally, this numerical scheme allows us to compare the numerical values of BFKL
kernel eigenvalues with the known perturbative eigenvalues at LO and NLO orders. In the
table 1 the numerical values of the BFKL kernel eigenvalue fitted from the plots of the
figure 4 are written in the first four orders together with perturbative results in the first
two orders calculated for n = 1 and A = 0.45. In the LO, NLO and NNLO order we
observe the agreement with 22, 20 and 16 digits precision respectively.

From now on let us concentrate on the numerical calculation of the intercept function.
On the figure 5 one can find the dependencies of the intercept on the coupling constant g
for the different values of conformal spin n. The dashed lines are plotted according to the
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Figure 4. Dependence of S on the coupling constant for A = 0.45 and n = 1. Red dots depict the
numerical result and dashed line depicts the sum of analytical perturbative results at LO and NLO

orders.

Numerical fit Exact perturbative
LO 0.50919539836118337091859 | 0.509195398361183370691860
NLO -9.9263626361061612225 -9.9363626361061612225
NNLO 151.9290181554014 151.9290181554014
NNNLO -2136.77907308 ?

Table 1. BFKL kernel eigenvalues calculated numerically up to NNNLO and perturbatively up to
NNLO for the conformal spin n = 1 and dimension A = 0.45.

intercept function from section 4 calculated in the small coupling regime. The continuous
lines correspond to the strong coupling expansion of the intercept function from section 6,
which was fitted from numerical data obtained in the present section.

In the next section we are going to analyze the weak coupling expansion of the intercept
function. To achieve this we apply the iterative method first applied in [23].

4 Weak coupling expansion

In this section we explore the function S(A, n) perturbatively at weak coupling for arbitrary

integer conformal spin n. In particular, we are interested in the BFKL intercept j(n)
S(0,n) + 1. The calculation of this quantity consists of two steps.

First, we apply the QSC iterative procedure introduced in [23] to the calculation of
the intercept function for some integer n.!° To do this we adopt this procedure to the

10The reason we have to take specific n in our analytic calculations is that for arbitrary n the leading
order solution is already quite complicated hypergeometric function. It would be really great to extend the
method of [23] to be able to deal with this class of functions iteratively. This would allow one to derive the
result for arbitrary n at once.

— 95—



00} nz0
-05
....... | ’
e, 0.4 0.6 08 10
e n=1s5 |
-15/] L
—20}
n=3
—25}

Figure 5. Intercept S(0,n) as the function of the coupling constant g for conformal spins n = 0,
n =3/2, n =2 and n = 3 (dots), weak coupling expansion of the intercept (dashed lines) and
strong coupling expansion (continuous lines).

case without the left-right symmetry. We repeat the main points of the iterative algorithm
introduced in [23] and describe the functions which are used in it for the case n # 0.

In the second part we formulate an ansatz for the weak coupling expansion of the inter-
cept function for arbitrary value of conformal spin in terms of binomial harmonic sums and
fix the coeflicients of this ansatz using the values of the intercept at several integer n, which
we calculate solving the QSC iteratively order by order. This approach appears to be suc-
cessful in the NNLO order in the coupling constant allowing us to find the intercept function
at this order, but at NNNLO order we were not able to fix the rational part of the result for
arbitrary n (see the details in the subsection 4.2). This is due to the lack of the generalized-
“reciprocity” at the NNNLO order. It would be very interesting to understand why and
how the reciprocity in n is violated, which would allow to obtain the rational part with a
greatly reduced basis of functions. We postpone this quesiton to the future investigation.

Let us also mention that the method we explain here should be also applicable for
non-zero A when A +n takes odd integer values. The case of n = 0 was considered in [23],
and it was sufficient to take a few values of A in order to fix the NNLO dimension. This
would be also interesting to investigate in the future.

4.1 Description of the iterative procedure

The iterative procedure increasing the number of orders is essentially the same as described
in [23], but modified to account for non left-right symmetric case. The procedure is based
on applying a version of variation of parameters method applied to the equation

Qli— Q.= —PaP'Q,, (4.1)

ali ali —
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which is a simple consequence of (2.1) and (2.5). Indeed, suppose the function Q((I(l? solves
the equation (4.1) up to a discrepancy dSg;
(0)+ 0)- bo0)— _
Qa‘i — Qa“ +P,P Qb“ = dSg; - (4.2)
The exact solution can be represented as the zero-order solution plus a correction. We
expand the correction in the basis over the components of the zero-order solution
_ 00 i+ ~(0)
Quji = Qo 6772, - (4.3)
If the discrepancy is of the order of some small parameter € to the power m, i.e. dS,; =
O(e™), then we can obtain the equation for the coefficients b¥ with the doubled precision
BEFH — bF = (dS,); + bldS,);) QO = ds,,; 00k 1 O(em). (4.4)
The discrepancy thus becomes two orders smaller with each iteration step.

For the problem in question we restrict ourselves to the situation when A = 0, n is an
integer number and we perform the expansion in the parameter e = g2. To start solving
the finite difference equation (4.4), we have to find the zero-order in g solution Q((I(‘)Z.). The
way to find these functions is to consider the 4-th order Baxter equation (2.34) with the
P-functions in the coefficients of it in the LO given by (B.11), (B.12), (B.18) and (B.35)

with A = 0. For example, the solution of this equation with the pure asymptotics (2.68)
in the LO for n = 7 is

3 : i i 11 u?
QY = g2z (=intm o+ fum o+ Gt = o) QY =t QY =t
0 9 . 8iu? 9N u?
Q) = 1715 <<—ZU4 + 49) "+ 9 <u4 - 5> M+ (4.5)
+u3+ﬁ_gu_&+733 + I
2 294 98  490u  490u? )’

where 75(u) are examples of the so-called n-functions, whose definition is given below.
As we checked by solving the 4th order Baxter equation (2.34) for different values of the
conformal spin n, for odd values of n, as for the case n = 0 described in [23], the Q-functions
in the LO in g at A = 0 can be expressed as linear combinations of the n-functions with
the coefficients being Laurent polynomials'! in u plus a Laurent polynomial in u without
n-function multiplying it as in (4.5). The n-functions were introduced in [37] and then used
in [23, 28, 35] with their generalized version in [32] and for ABJM theory in [38] with an
application in [39] as

Ns1,..v8k (u) = Z ! s (46)

R (u+iny)s ... (u+ ing)sk

U aurent polynomial is a polynomial with both positive and negative powers of the variable plus a
constant term.
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where s; > 1,7 =1,..., k. Unfortunately, for non-zero even n we were not able to determine
the class of functions to which QZ(O) belong, therefore from this moment we restrict ourselves
to the odd values of n. Then, applying the equation

Q(0)+ - Q(O)* — PELO)QZ(O) ’ (47)

ali ali

where P((IO) are given by (B.11) with A = 0, we can find the functions Q,; in the leading
order in the coupling constant.

To describe the solution to (4.7) we have to explain some properties of n-functions.
This class of functions is particulary convenient because it is closed under all relevant for us
operations. First, a product of two n-functions can be expressed as a linear combination of
n-functions using the so-called “stuffle” relations [40]. Second, the solution of the equation
of the form

fluti) = fu) = u"ns s, (4.8)

can be expressed as a linear combination of n-functions with the coefficients being Laurent
polynomials in u. These two properties make n-functions very useful when solving the QSC
perturbatively at weak coupling [23, 28, 37]. The described properties of the n-functions
lead us to the conclusion that at least Qa(|)3 are also expressed as linear combinations of the
n-functions with the coefficients being Laurent polynomials in u plus a Laurent polynomial
in u. Then, recalling that the P-functions in the NLO in the coupling constant are Laurent
polynomials in u as well (see, for example, the formulas (B.20) and (B.34)), we see that
the discrepancy dS,; and the product in the r.h.s. of (4.4) are also of the form of a linear
combination of the n-functions with the Laurent polynomial coefficients plus a Laurent
polynomial.

We call the operation inverting the linear operator in the Lh.s. of (4.8) “periodization”
(for a more precise definition see 5.2.2). It is easy to see that the “periodization” operation
solves the equation (4.4) if the zero-order approximation entering the r.h.s. is expressed as
a linear combination of n-functions with the coefficients being Laurent polynomials in
plus a Laurent polynomial in u. We were able to find such representation for odd values of
n, but not for even ones. After the zero-order solution is found, we iterate it as described
above, applying the operation of periodization to the r.h.s. of (4.4) in order to find the
coefficients bf. Because of the two properties of n-functions mentioned above, at each
iteration the solution is again obtained in the form of a linear combination of n-functions
with Laurent polynomial coefficients plus a Laurent polynomial.

After finding the corrected Q,); (4.3) at the given iteration step we still have some
unfixed coefficients in it including the quantity of our interest S(0,7n). To find them we
calculate the Q-functions from (2.6) and (2.5) and apply the gluing conditions for the case of
integer conformal spin n, i.e. (2.96) with (3.10) satisfied. As it was explained in the section 2
in these gluing conditions the Q-functions has to possess the pure asymptotics (2.68).
Therefore we find the combinations of the Q-functions with the pure asymptotics. It
appears to be sufficient to use only 2 of 4 gluing conditions, namely

Q? = M}?Qq, (4.9)
Q' = MQs,
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taking the Q-functions on the cut on the real axis. This procedure allows to fix the
remaining unknown coefficients including the function S(0,n). The described method
allowed us to find the values of the intercept functions for odd conformal spins in the range
fromn =1 to n = 91 up to NNNLO order in the coupling constant. These data will
be used in the next subsection, where we put forward the ansatz for the structure of the

intercept function for arbitrary value of conformal spin.

4.2 Multiloop expansion of the intercept function for arbitrary conformal spin

Using the procedure described in the previous subsection 4.1 we have calculated the expan-
sion of the BFKL eigenvalue intercept for odd n up to n = 91 in the weak coupling limit
up to the order g8 (NNNLO). These data are valuable by themselves, as they can serve
as a test for future higher-order or non-perturbative calculations. What is more impor-
tant, however, is that it allowed us to find NNLO and partially NNNLO BFKL eigenvalue
intercept as a function of the conformal spin n.

We start by noticing that LO and NLO BFKL intercept can be represented as a linear
combination of nested harmonic sums of uniform transcendentality. Indeed, the LO and
NLO BFKL Pomeron eigenvalues themselves can be expressed (see, for example, [3] and
appendix C, where this calculation is explained in details) through the nested harmonic
sums described, for example, in [41]

. sign(a;)Y
Sar,a2,..an (%) = Z ﬂg@,---,an (y), Sp(z)=1, (4.10)
y=1

where x is a positive integer. The indices a; are non-zero integer numbers and the tran-

n

scendentality of the given nested harmonic sum is defined as the sum ) |a;|. Note that
i=1

if one of the indices a; is negative, the formula (4.10) holds only for even integer x. In

the literature [42-46] there was described the analytic continuation of the harmonic sums
in question from the positive integer even x. To work with such a continuation we utilize
the Mathematica package Supppackage applied in [23]. One can take A = 0 in these
eigenvalues, which after some simple algebra gives

jro(n) =85 <n_1) , (4.11)

. n—1 n—1 n—1 272 n—1
]NLO(”)—4SS< 5 >+4S_3< 5 )—85_271< 5 >+351< 5 >

Here and below the transcendentality is computed as follows: the transcendentality of a

product is assumed to be equal to the sum of transcendentalities of the factors and tran-
scendentality of a rational number is 0. Transcendentality of log 2 is 1 and transcendentality
of (i, is k. Since ¢, for even k is proportional to 72, it is easy to see that transcendentality
of wis 1.

To conduct the calculations with harmonic sums one can use the HarmonicSums pack-
age for Mathematica [46-52] or the Supppackage utilized by the authors of [23]. It should
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be noted, that in the present work we utilize the same conventions for the analytic con-
tinuation of harmonic sums as in the latter work [23]. As we see, the argument of all the
harmonic sums in (4.11) is (n — 1)/2. This leads one to an idea of trying to find NNLO
and NNNLO intercepts as analogous linear combinations of harmonic sums with transcen-
dental coefficients of uniform transcendentality. The coefficients of the linear combination
can be constrained using the data generated by the iterative procedure. But the number
of harmonic sums of certain transcendentality grows fast as transcendentality increases.
Fortunately, one can drastically reduce the number of harmonic sums in the ansatz by
conjecturing a certain property of the result we call reciprocity.

The property in question [53-56] is parallel to the Gribov-Lipatov reciprocity [57, 58]
and was observed in the weak coupling expansion of the scaling dimensions of the twist
operators. Let us remind the statement of the reciprocity: if one defines an auxiliary
function P [53-55] such that the anomalous dimension 7 of the operator with the spin M
satisfies in all orders in the coupling constant

(M)

V(M) =P (M + 72> (4.12)

then the inverse Mellin transform of P has the property

(M P} (2) = —o{M~1P} (i) . (4.13)

The asymptotic expansion of the function P(M) for large M then acquires a nice property:
it consists only of the powers and possibly logarithms of M (M + 1) thus possessing the
symmetry M — —1 — M.

Thus the function P(M) is much more convenient to work with than (M) itself: the
function (M) can be expressed through the nested harmonic sums, while P, on the other
hand, can be expressed through a much smaller class of functions which satisfy the prop-
erty (4.13). Such functions were identified and used in [54, 59-61] as reciprocity-respecting
harmonic sums. However, in our calculations we use another basis of the functions satis-
fying (4.13), which was applied in the works [29, 62-67]. These functions are called the
binomial harmonic sums and for integer M they are defined as (see [52])

M .
Sivein (M) = (<)M (1) (T) (Mj“> Sieanl). (@10

Jj=1

Note that we consider only the positive indices i;, I = 1,. .., k in the definition (4.14). Those
are exactly the sums whose asymptotic expansion is even at infinity after the argument is
shifted by 1/2.

All this is directly applicable to our case and we are able to formulate an ansatz for
the NNLO intercept function. From the LO and NLO expressions (4.11) we see that their
asymptotic expansions at large n are even in n. Since we are using the harmonic sums of
the argument M = (n—1)/2, we need to keep only the harmonic sums invariant under the
transformation M — —1 — M or n — —n in our notations. Those are exactly the binomial
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sums (4.14). The expressions (4.11) for LO and NLO intercepts can be easily expressed
through them

Jro =451, (4.15)
. 472
JNro = 8(S21 +S3) + 781 ,

where the arguments of the sums are again (n — 1)/2.

In order to find the NNLO intercept we make an ansatz in a form of a linear combination
of binomial harmonic sums with transcendental coefficients. The maximal transcendental-
ity principle, formulated by L.N. Lipatov and A.V. Kotikov [2, 3], holds for the intercept
as well: every term in the sum should be of the total transcenedentality 5. The terms of
the sum can of course be multiplied by arbitrary rational coefficients which do not affect
the transcendentality. Having constructed the ansatz in this way, we can now constrain its
coefficients by the iterative data: we evaluate the ansatz (a linear combination of binomial
nested harmonic sums) at several integer values of n and match the result to the data ob-
tained from the numerical procedure for the corresponding n. Equating the coefficients in
front of each unique product of transcendental constants in these two expressions, we get a
linear system for the rational coefficients of the ansatz. Solving it we obtain a surprisingly
simple expression

1672 3274

JNNLO =32 (S14 —S32—S122 —S221 —2S23) — TS?’ - T5S1 . (4.16)

The result (4.16) for the intercept function for arbitrary n can be compared with the other
known quantities. First of them is the NNLO BFKL Pomeron eigenvalue for the conformal
spin n = 0 calculated in [23]. Taking in this eigenvalue A = 0 and comparing it with (4.16)
for n = 0 we see perfect agreement. Second, for non-zero conformal spins the formulas for
the Pomeron trajectories were found in [27], from which we can extract the intercept for
given n. We also checked that the result of that work coincides with our result (4.16) for
several first non-negative conformal spins n, thus representing an independent confirmation
of the correctness of our calculation.

The same procedure can be repeated in the NNNLO. The values of the NNNLO in-
tercept for several first odd values of the conformal spin n are given in the appendix D.
Again, as for NNLO, an ansatz in a form of a linear combination of binomial harmonic
sums with transcendental coefficients of uniform transcendentality 7 can be constructed
and we attempted to fit it to the iterative data. However, we found that the basis of bino-
mial harmonic sums is insufficient to fit the data. This signals that reciprocity understood
as parity under n to —n seems to be broken down in this case. The reasons for this are
unclear and will be the subject of further work. However, we managed to fit the certain
part of the NNNLO data.

For each odd n we calculated (see appendix D for several first conformal spins n)
the value of the NNNLO intercept is a linear combination of the transcendental constants
consisting of 7, (3, (5 and (7 with rational coefficients and a rational number (see the file
intercept_values_Nodd.mx with the data for the odd conformal spins from n = 1 to
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n = 91 in the arXiv submission of this paper). Let us restrict ourselves to the values of
the conformal spin in our data equal to n = 4k + 1 with £ = 0,1,...,22. In these points
the values of the intercept functions are given by

) 2 A 6 2
jnnnro(dk + 1) = % nvro + T inNLo + T i NNLo + 7T2CSJJ7rVJ\C/3NLO+
+ CSjjg\?NNLo + C5j]<\?NNLo + j]]r\%\'/NLO ) (4-17)

where all coefficients in front of the transcendental constants on the r.h.s. of (4.17) are
rational functions of k. Each coefficient in the r.h.s. of (4.17) is conjectured to be a linear
combination with rational coefficients of the binomial harmonic sums with the transcenden-
tality, supplementing the transcendentality of the corresponding coefficient to 7. We were
able to fit all the contributions except for jf\?N NLo and J3% v o> Which, as other harmonic
sums, take rational values at the points n = 4k + 1 for integer k > 0. However, we found
that the term jf\? NN Lo cannot be fitted with the ansatz consisting of the binomial harmonic
sums (4.14). This motivated us to try to fit this contribution with the nested harmonic
sums (4.10). This appeared to be really the case and we managed to fit this part with the
ordinary harmonic sums, which means that the reciprocity, i.e. the symmetry n — —n in
the asymptotic expansion, is violated. For the last, rational contribution j3% v, we also
found that it is not described by the binomial harmonic sums. Unfortunately, fitting this
contribution with the ordinary harmonic sums did not lead us to completely fixing this
contribution due to the lack of data. Therefore combining the obtained results we write
down the non-rational part of the answer for the points n = 4k + 1, which is the sum of
the terms in the r.h.s. of (4.17) except for j3% N /0

INNNLO(4k+1) = (4.18)
3272 1674 5676
=——3 (3S1,4_382,3_83,2+Sl,1,3_281,2,2+SQ,2,1_83,1,1)4‘?(483_82,1)‘1’1735814‘

32712¢3

+ S1,1+224¢5S1,1 —128(3(S-3,1+25_22—551,_3—15513—452 _9—1255 5—

—15831—45_211+251,—21+851,1,—2+125112+1251 21+1255 1 1+5S_4+9S54) .

One can find the full values of the NNNLO intercept function including the rational terms
for the conformal spins n = 4k +1 from 1 to 89 in the arXiv submission of this paper in the
file named intercept_values_Nodd.mx. As the part of the harmonic sum consisting of
the nested harmonic sums of the transcendentality 7, which constitutes the rational part at
the points n = 4k 4 1, was not fitted we are unable to write an expression for the NNNLO
intercept working for all conformal spins leaving this task for future studies.

Let us briefly summarize the results of the present section. In the first subsection apply-
ing the QSC iterative algorithm we found the values of the intercept up to NNNLO order in
the coupling constant in the certain range of odd values of the conformal spin. In the second
subsection we saw that the LO and NLO intercept functions satisfy the reciprocity symme-
try, which allowed us to rewrite them in terms of the binomial harmonic sums and using the
ansatz in terms of these sums in the NNLO order, fix the answer for the NNLO intercept for
arbitrary conformal spin. In the NNNLO order the reciprocity breaks down, nevertheless,
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for the conformal spins n = 4k + 1 we managed to describe the non-rational part of the
NNNLO intercept function in terms of binomial and ordinary nested harmonic sums.

5 Near-BPS all loop expansion

In this section we are going to analyze the QSC equations near the BPS point A =0, 51 =
—1 and Sy = 1. It appears that it is possible to calculate two non-perturbative quatities in
this point by the methods of QSC. Another BPS-point Sy = 0, S1 = 0 was analyzed in de-
tail in [21, 68, 69]. In this section we follow closely the Near-BPS expansion method by [21].

5.1 Slope of the intercept near the BPS point

A particularly important role in BFKL computations is played by the intercept function
j(n) = 8(0,n)+1, where S = S; and n = Sa. As we mentioned above, the point A =0, n =
1 is BPS, by which we mean that it is fixed for any ‘t Hooft coupling. The group-theoretical
argument explaining this phenomenon should be based on the shortening condition. From
the QSC perspective the BPS points are the points where A*A, = 0 simultaneously for all
a=1,...,4. In this subsection we study small deviations from this BPS point and calculate
the slope of j(n) with respect to n in the point n = 1 in all orders in the coupling constant g.

5.1.1 LO solution

The fact that at the BPS point A*A, = 0 usually leads to more powerful condition P, =
P = 0, which is known to lead to considerable simplifications [21] (see also [70] for a
similar simplification in the TBA equations). Based on that we also expect that in our
situation the Q-system simplifies a lot near the BPS point. Let us show that, indeed, Q,;
takes a very simple form for So =1, A = 0.
Recall that the functions Q,; satisfy the equation
Q-i-

ali

-0, =P.Q:. (5.1)

Let us look at how the right and left hand sides of the equation (5.1) behave as Sy ap-
proaches 1. Scaling of P, and Q; can be deduced from their leading coefficients A, and B;.
For the convenience of the calculations we perform the rescaling of the P-functions. The
H-symmetry (2.8) and its particular case rescaling symmetry (2.10) explained in [17] allow
us to set some of the coefficients from (3.1) to some fixed values. To describe them we
introduce a scaling parameter v = /Sy — 1, which is real for So > 1. For the coefficients
of the P-functions we obtain

Ay = (V,y,—‘ig,éjl) , c31=0, A= (Al,AZ,—I/,I/) , Al=0. (5.2)

For the Q-functions in their turn

Bi - (_]3171/;_:837_V> ) BZ - (_V7B27_V7_]34> . (53)
v 14 14 14
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As follows from the AA-, BB-relations (2.17), (5.2) and (5.3) in the small v limit

A, = <y, v, 1%01'1/, 1 ; 9iu> +0 (1/3) , B; = <—1 i 0@'1/, v, %Hiu, —1/) +0 (1/3) .

Notice that then from (2.17), (5.2) and (5.3) we derive that A% and B all scale as v and
are given by the formulas

a 1-60. 1+0. i 1+0 . 1-0.
A? = (-211/,211/,—1/, 1/) +0 (1/3) , B'= <—V,—2ZV,—V,—2W> +0 (V3) )
(5.5)
where
05 0y
0= 3% | s ~ Om - (56)
Sp=1

is the slope-to-intercept function, which is the quantity of interest in the present subsection.
This means that the right-hand side in (5.50) is small and the functions Q,; are i-periodic
in the LO. Since they are also analytic in the upper half plane, they are analytic everywhere.
Recall that the asymptotics of Q,; are given by

Qalj ~ *iiflaBj - U_M“+Mj
—Ma + Mj

, U —00. (5.7)
After plugging the global charges into the expressions (2.51) for M, and M; taken at the
BPS point A =0, S; = —1 and S3 = 0 we see that all components of Q,; are either zero
or scale like constants at infinity in the LO. Constant at infinity entire function is constant
everywhere, so in the LO
0010
1000
ali 0100 ( ) ( )

0001

When A = 0 and So = n is arbitrary, the left-right symmetry is restored, which
simplifies the solution a lot. Despite the normalizations (5.2) and (5.3) differ from (2.52)
and (2.53) by a rescaling symmetry one can see that the left-right symmetry is restored
(which is also confirmed by the weak coupling data for arbitrary A and S from ap-
pendix B). At this point the symmetry (2.54) takes the form

P = Xabea QZ = 77”an (59)
where x® and 5 are given by (2.55) and x® is the same matrix as for the left-right

symmetric states as in [16, 17]. As we consider the case when both spins S; and Sy are
not integer, let us recall the gluing matrix for this case (2.96) taking into account the
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hermiticity of the gluing matrix

Ql _ 1\4-111(31 + ]\4-112(32 + (M113 + M213€27ru + M§3e—2ﬂ'u) Q3
+ (M114 + M214627ru + M314€—27ru) Q47
Q* = M{*Qu, (5.10)
Q?) — (M113 + M213€27ru + M§36—27ru) Ql —G—Mngg + M§4Q4a
Q4 — (M114 + M214627ru + M§46727ru) Ql + MEAQ?, + M{l4Q4

and keeping in mind that M1, M3 and M are real.

As now we have the matrix 7 from (2.55), which relates the Q-functions with lower
and upper indices, it is possible to obtain an additional constraint on the gluing matrix.
Plugging this relation into the first gluing condition (2.29) we derive

Qi = nix MM, Q7 (5.11)

which after comparison with the second gluing condition from (2.29) leads us to (M ~t);; =
Nie M klmj, and after multiplication of the both sides by (M®)™/ we obtain an additional
constraint for the gluing matrix

it M (MY = 67 . (5.12)

Substitution of (2.82) into (5.12) leads us to the following equations

Nik My (M3 3)™ = 0, (5.13)
Uikalnlm(Mé,:a)mj + mkMé“,’smm(Mf)mj =0, (5.14)
it ME D (ME)™ - 11 M3 01 (ME)™ 4 e M 0,0 (M) ™ = 57 (5.15)

It should be noted that the first equation (5.13) is satisfied for the gluing matrix (2.96)
(the same as in (5.10)).

To start solving the constraint (5.12) order by order in v we use the following expansion
of the gluing matrix, which is motivated by the scaling of the Q-functions (5.4) and (5.5)

—+o00
M (u) = Z M (R)id (u),ﬂk . (5.16)
k=0
where
M® () = MM 4 ey p (P g2 (5.17)

In the LO in v the constraints (2.83), if we take into account (5.4) and S = —1+6(n—
1)+ O((n — 1)?), lead us to

M2(0)31 _ _M2(0)13’ M2(0)41 _ M2(0)14’ (5.18)
M?Eo):sl _ _M§0)137 M§0)41 _ MéO)M.
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Together with the hermiticity of the gluing matrix (5.18) means that M2(03) B are pure

imaginary, while M2(03) ' are real. In addition, from (2.88) in the LO in v we obtain
0)13 0)13 0)14 0)14
MO = O O = (O (5.19)

Now we have to apply the constraint (5.12) in the LO in v. Substitution of (5.18)
and (5.19) into (5.14) allows us to fix

M1(0)33 _ M1(0)44 _0, M1(0)12 _ M1(0)34 _ 1(0)437 (5.20)
given that M2(0)13 and M2(0)14 are non-zero. Combination of (5.15), (5.18), (5.19) and (5.20)
makes it possible for us to derive the solution

M2 g3 g 0L 018 01 (o)1 (5.21)

Also there exists a solution with the opposite sign of M1(0)12 and M1(0)34, but as we will see
below, it is not relevant for us. Summarizing (5.18), (5.19), (5.20) and (5.21), we are able
to write down the solution

Ml(o)n 1 M1(0)13 M1(0)14

y -1 0 0 0
M0 — +

—M1(0)13 0 0 1
MO% o 1 0

0010 0010

0000 0000

+ 2]\42(0)13 cosh(2mu) + 2M2(0)14 sinh(27u) (5.22)
—-1000 1000
0000 0000
where Ml(o)11 and M1(02) 1 are real and MI(OQ) 13 are pure imaginary.

Let us start solving these equations in the LO. We have already found Q,; and thus
0l = —~(Qu) ™ (5.23)

As the scaling of the P- and Q-functions is determined by the scaling (5.4) and (5.5) of the
leading coefficient at large u, we are left with the following expansions of these quantities
in the small v limit

+oo +oo +oo ) +oo .
P, = v Z P((lk)y% . Po= VZ p(k)a, 2k . Qi=v Z ng)y% . Qi=v Z Q(k)zl/% .
k=0 k=0 k=0 k=0

(5.24)
Then, the correspondence between Q- and P-functions (2.5) and (2.6) in the LO taking
into account (5.8) looks as follows

QEO) — _P(0)2 — _Péo) — Q(0)2’ (525)
Qéo) — 7P(0)3 — Péo) — 7Q(0)1 ’
Q§0) — _pO1 _ PiO) — Q4
QE;O) — _p4 _ _Pgﬁ) _ Q(0>3.
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First of all let us substitute (5.25) into the gluing conditions (5.10) written in the LO with
the gluing matrix (5.22) and use the conjugacy properties of the P-functions (2.3)

awl
Ay
S
I

( —Pgo) n (M1(0)13 n 2M2(0)13 cosh(27ru)> P:()’O) 7 (5.26)
P — ( MO 4o p 01 sinh(27ru)) P+ PY - MO P

+ <M1(0)13 + 2M2(0)13 cosh(27ru)) PELO) ,

According to (3.1) we see that in the LO Péo) is simply a constant. Furthermore the
constant is fixed by the leading coefficient (5.4) in the large u asymptotics

PO = (1490). (5.27)

i
2

To find the solutions of the other equations from (5.26) we have to introduce the
following notations for the expansion of the hyperbolic functions

cosh(2mu) = cosh’ +1y + cosh? ,  sinh(27u) = sinhY +sinh® , (5.28)
where
+o0o
coshl = Z Lo (4mg)z*?*(u), sinh% = Z Loj_1(4mg)a™ =D (y,) . (5.29)
k=1 k=1

In what follows we will usually omit the superscript with the variable w if the context does

not imply the usage of coshi and sinhy with different arguments and the expression 4mg

in the argument of the generalized Bessel function for the sake of conciseness.
Substituting P3 from (5.27) into the first equation of (5.26), we have

P 4 pl0 = (Ml(o)l?’ + oM 1y 4+ 200" (coshy + cosh,)) % 1+6).  (5.30)

We need to find the solution for Pgo) as power series in x with the leading asymptotic
A1/(gx)?, where A; is given by (5.4). Expanding the right-hand side as power series in
it is easy to see that the unique solution is

(0)13 (0)13 (0)13 {
M = —2M. I M. = 31
1 2 0> 2 (1+9)9212 (53)
and b

0 cosh_

Substituting again P3 from (5.27) and P; from (5.32) into the fourth equation of (5.26),
we have

PO p® = <M1(0)14 + MO (sinh, + sinh,)) i(1+6), (5.33)
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from which and (5.4) together with the oddity of Py it follows that M(”™ = 0 and the
(0)
1S

solution for P

p© _ 1 5 O (x - 1) — (14 60)iM{ " sinh_ . (5.34)
Xz

Now let us substitute (5.27), (5.32), (5.34), and (5.31) into the second equation of (5.26).
It gives the following equation

M(O) + 1;2 (:): - i) (coshy 4 cosh_) +

+ 2M2(0)14 (sinhy cosh_ —sinh_ coshy ) . (5.35)

1550) B P(QO) 1 1+6 0

As the Lh.s. of (5.35) does not contain the even powers of = for the r.h.s. we have
MO =, (5.36)

The equation (5.35) takes the form
(0)14

~0 @ 1-01 . .
Pg ) Pg ) = 15090 9227[2 (sinh; cosh_ — coshy sinh_) |
(5.37)

which still depends on the unknown coefficient MQ(O) 14, which we will fix in the next section,

1
( - x> (coshy +cosh_) +

but going to the next order.

So far, starting from the gluing conditions for non-integer conformal spin n (5.10) we
managed to solve the constraints on it in the LO getting (5.22) and then, using the connec-
tion between the Q- and P-functions in the LO formulated the system of equations (5.26)
for the P-functions in the LO. Then from this system we found all the P-functions in the
LO except for Py for which we derived the equation (5.37), still containing one unknown
constant. In the next subsection using this equation we are going to show how to find the
slope-to-intercept function.

5.1.2 Result for the slope-to-intercept function

From now on let us consider the equations (2.1) for the Q,); functions in the NLO. We
start with Qg3

)+ )= _ p(0)(0) _
Q3\3 _Q3|3 =P3'Q3" =

_p0p® _ 1 ‘; 0, (1;91 <u - 29) — (14 0)iM{OH sinh> . (5.38)
X

As Qg?; = 0, then Q:(,’B should not contain logu in its large u asymptotic, which can only
appear from the expansion of non-integer powers Au* ~ A + AXlogu + .... Thus, in the
large u expansion of the r.h.s. of (5.38) the coefficient in front of 1/u (which would produce

logu in Q3‘3) has to be equal to 0, which is guaranteed by
1-6g
M(0)14 - -9 ‘
2 1465 (5-39)
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The substitution of (5.39) into (5.37) gives

. 1- 1 1
Pgo)—Pgo) _ 0 < <;U - x> (coshy +cosh_) —

=170 \un (sinhy cosh_ — coshy Sinh_)> .

(5.40)
We do not need to solve completely (5.40), because only the first coefficient of the expansion

gli1y

of P9 in the powers of x is sufficient to find the slope-to-intercept function

1-6 2 I 1
PO — 2T 14 N (DRI =4 5.41
2 1+9( +1112k:1( ) lilksa gm+ (5-41)

Remembering the leading coefficient of the large u asymptotic of Po from (5.4) we obtain

the equation
+oo

1-¢ 2 i
- |14+ — —1)*I.1 =1. 42
1+9< +1112;( ) kk+1> (5.42)

The previous equation (5.42) fixes #, which is now equal to

L,

0(g) =1+ e ) (5.43)

> (=D)FI Ty

k=1
and constitutes our result for the slope-to-intercept function.
The weak coupling expansion of the obtained result (5.43) is given by

272 4 2876 878
0g)=——¢*+ —g* - —¢°+ —*+0(4"9) . 5.44
(9) 39+ 59 135g+4059+(9) (5.44)

Since the slope-to-intercept function by definition is the derivative of the intercept function
with respect to the conformal spin n at n = 1 we can immediately compare the first few
coefficients in the weak coupling expansion (5.43) with the derivative of (4.11) and (4.16).
This will also show that these expressions provide the formulas compatible with our analytic
continuation in n away from the integer values. To find the derivatives of the binomial
harmonic sums with respect to the argument we apply the SuppPackage used in [23], which
expresses the nested harmonic sums (4.10) in terms of the n-functions (4.6) and allows to
find the derivatives of these sums. The derivatives of the intercept function (4.11) and (4.16)
can be calculated and we find that they are in full agreement with (5.44)

dj 2% 5 Ant . 287C 8
49 _ 2 AT O 5.45
an, 39+ 59 9°+0(g°) , (5.45)
confirming our result (5.43).
In the next section we compute the strong coupling expansion of our result for the

slope-to-intercept function. As we will see the calculation is less straightforward than at
weak coupling, even thought the result is still quite simple.
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5.1.3 Strong coupling expansion of the slope-to-intercept function

To obtain the strong coupling expansion of the slope-to-intercept function (5.43) first we
calculate the following expansion at strong coupling

I,(4mg) Iy+1(4mg) 1 2 L o4 3 2
=1—— (K +k—2) + -~ (K" + 2k — 4k* — 5k +6) — 5.46
T (4mg) o (47g) az (B k= 2) o0 (K +6) (5.46)
1 6 5 4 3 2
STy (4k° + 12k° — 26k* — 72k° + 67k* + 105k — 90) +
+ 500 (% +4k™ — 10k° — 44k° + 35k" + 148K® — T1k* — 153k + 90)
— ———— (16k'% 4 80k — 240k® — 1440k" + 1128K°
1920X5/2 ( - * *
1
+8760k° — 2140k" — 20720k> + 3261k? + 15345k — 4050) + O (/\3> :
where
A = (4mg)?. (5.47)

If we just sum the series (5.46) multiplying it by (—1)*, it appears to be divergent. However,
simple (-regularization gives the right result, as we verified numerically with high precision.
Namely, multiplying this expression by k% and understanding the result as the limit § — 0,
we get the following answer

& (~1)* (4 g) I (4g)

—  L4rg)lz(47g)
1 3 3 9 9 2331 1
- - _ _ — — . A4
2 4(4mg)  4(4mg)?  32(4mg)3 * 8(4mg)* + 512(4mg)> <96> (5.48)

Then, substituting (5.48) into the expression for the slope-to-intercept function (5.43), we
obtain the strong coupling expansion for it

3 3 9 9 711 1
0= —1 - - - " 10 =]. 5.49
T2 TN 32 an 1asn2 T <A3> (5.49)

This expansion (5.49) will be useful for us in the section 6 when we are able to compare
it with the derivative of our formula for the strong coupling expansion of the intercept
function for arbitrary conformal spin n taken at the point n = 1, which is based on
intensive numerical analysis.

5.2 Curvature function near the BPS point

As it was mentioned above in the subsection 5.1 we are considering the expansion in the
vicinity of the BPS point A = 0, S = —1 and S = 1. In the previous subsection we
expanded in the powers of So — 1, however, to find the curvature we keep Sy = 1 and
expand in the powers of A. The scheme of solving the QSC equations in this case is similar
but with one difference. Since the function S(A, 1) is an even function of A we have to
expand to the NLO order in A to get a non-trivial result.

As in the previous section we will utilize a simplification in the Q,; function to solve
the Q-system explicitly.
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5.2.1 LO solution

Recall that the functions Q,; satisfy the equation

+
Qa|i

- Q= PuQ;. (5.50)

Let us look at how the right and left hand sides of the equation behave as A approaches
0. Behaviour of P, and Q; can be deduced from their leading coefficients A, and B;.
Analogously to the case of the slope-to-intercept function the H-symmetry (2.8) and its
particular case rescaling symmetry (2.10) explained in [17] allow us to set some of the
coefficients from (3.1) to some fixed values. To describe them we introduce a scaling
parameter € = VA , which is real for A > 0. For the coefficients of the P-functions we obtain

A; A A, A
A, = <6,€,—3,4> , e31=0, A= (1,2,—e,e> . A =0. (5.51)

€ €

For the Q-functions in their turn

B B , B B
Bi = <_1; €, _737 _6> ) B'= <_6’ 727 -6 _4> . (552)
€ €

€

As follows from the AA-, BB-relations (2.17), (5.51) and (5.52) in the small € limit

1 1—- 1— 1
A, = <e,e, %ie, 2aie> +0 (63) , Bi= <2aie,e, —J;aie,—e> +0 (63) ,  (5.53)

where

_ 95
T A | aso

Sp=1

(5.54)

Note that due to the parity symmetry A — —A we expect &« = 0, which will be the
consistency check of our calculation. We only get a non-trivial result in the NLO order.

Then from (2.17), (5.51) and (5.52) we derive that A® and B’ all scale as ¢ and are
given by the formulas

o (l1+a. 1—a, 3 i 1+a. l—a, 3
A = ( 5 1€, — 5 ze,—e,e)+(’)(e ) , B' = <—e,—2ze,—e,— 5 ze>—|—(9(e ) .
(5.55)
This means that the right-hand side in (5.1) is small and the functions Q,; are i-periodic
in the LO in e. Since they are also analytic in the upper half plane, they are analytic
everywhere. Recall that the asymptotics of Q,; are given by

Qulj ~ —imu_M”Mf , U —00. (5.56)
— a _l’_ J

After plugging the global charges into the expressions (2.51) for M and M we see that all
components of Q,; are either zero in the LO or scale like constants at infinity. Constant
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at infinity entire function is constant everywhere, so again in the LO

0010

Q 1000 + O(e) (5.57)
ali = € .
| 0100

0001

the result is the same as in the case of the slope-to-intercept function.

As in the case of the slope-to-intercept function we can exploit the symmetry between
the P- and Q-functions with lower and upper indices. Since A is different from 0 we remem-
ber the symmetry (2.54). Despite the normalizations (5.51) and (5.52) differ from (2.52)
and (2.53) by a rescaling one can see that the symmetry (2.54) takes the form (which is
also confirmed by the weak coupling data for arbitrary A and Sy from appendix B)

Pa(Aa U) = X(cleb(_Av u) ) Qz(Aa u) = néjQJ(_Aa u) ) (558)

where we set €(—A) = v/—A = iv/A = ie choosing the branch of the square root with the
cut going from 0 to 400 and

000 —i 0i 0 0
00i0 ) i00 0
X2 = ‘ . nd = - (5.59)
0i00 00 0 —i
00 0 00 —i 0

Usage of (5.58) and the substitution of (5.53) and (5.55) leads us to the equality
a=0 (5.60)

as it should be. Substituting « from (5.60) into (5.53) and (5.55) we obtain A’s and B’s
in the LO

e i€ a e i€
A, = <e,e,2,2> +(’)(63), A% = (2,—2,—e,e> —1—(9(63), (5.61)

1€ 7€ : 1€ 1€
Bi = <2767 _57 _6) + O (63) ) B/L = (_67 _57 -6 _2> + O (63) :

As we consider the case when the spin 5] is not integer and the spin Sy is integer, we
can use the gluing conditions (3.10) from the section 3, which were also mentioned in the
section 2, thus

Q' = M"Qu + MPQy + (M{® + Mye*™ + M3 e™™) Qs (5.62)
Q* = M*Qu,

QS — (M113 + M213€27ru + M§3e—27ru) Ql "‘MEBQLS + M§4Q4,

Q' = M'Qs,

keeping in mind that M{! and M;3 are real.
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As now we have the matrix 7. from (2.55), which relates the Q-functions with lower and
upper indices with A replaced by —A, it is possible to obtain an additional constraint on the
gluing matrix. Plugging the relation (5.58) into the first gluing condition (2.29) we derive

Qi(—A,u) = (ne) it MM (A, u) (7)1, Q7 (— A, w) (5.63)

which after comparison with the second gluing condition from (2.29) leads us to
(M_t)i?(—A,u) = (Me)iM* (A, u)(n);; and after multiplication of the both sides by
(M")™I(—A,u) we obtain an additional constraint for the gluing matrix

() ik MEL (A 1) (Te) i (M)™ (= A, ) = 6] . (5.64)

Substitution of (2.82) into (5.64) leads us to the following equations

(ne)ik M5 (A) (Te)um (M5 )™ (—A) =0, (5.65)
(nc»kM{“(A)(ﬁchm(Ms,g)mj(—A)+(nc>sz 5(A)(e)um(M)™ (=A) =0, (5.66)
(nc)ikM{d(A)(ﬁc)lm(Mij(_A>+(nc)zk ( )(77) (M3)m](_A)+ (5'67)

()it M (L) ()i (M) ™ (—2) = 6.

It should be noted that the first equation (5.65) is satisfied for the gluing matrix (5.62)
(the same as in (5.10)).

To start solving the constraint (5.64) order by order in e analogously to the case of
the slope-to-intercept function we use the following expansion of the gluing matrix, which
is motivated by the scaling of the Q-functions (5.53) and (5.55)

MY (u Z M®)( (5.68)
where

MBI () = MY 4 P e g P e (5.69)

In the LO in € the constraints (2.83), if we take into account (5.53) and S(A,1) =
—1+v(9)A? + O(A%), where v(g) is the curvature function, lead us to

M2(0)31 _ —M2(0)13, (5.70)

which together with the hermiticity of the gluing matrix (2.32) means that M2(03) 13 are pure

imaginary. In addition, from (2.88) in the LO in € we obtain
MO = A0 (5.71)

Now we have to apply the constraint (5.64) in the LO in e. Substitution of (5.70)
and (5.71) into (5.66) allows us to fix

M1(0)12 _ —M1(0)34, (5.72)
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given that ]\42(0)13 is non-zero. Combination of (5.15), (5.70), (5.71) and (5.72) allows us
to fix the following elements of the gluing matrix on the LO

‘M1(0)12‘ —1, Ml(o)n _ M1(0)33 —0, M1(0)31 _ _M1(0)13‘ (5.73)
In the LO after some calculations we obtain under the assumptions that M2(0)13 is not
zero the solution which is
0 M1(0)12 M1(0)13 + 2M2(0)13 cosh(2mu) 0
—(0)12
O _ B 0 0 0 ’
_M1(0)13 - 2M2(0)13 cosh(2mu) 0 0 —MI(O)12
0 0 — (o 0
(5.74)

)

(0)13 . .
where M; 5 are pure imaginary.
Let us start solving these equations in the LO. We have already found Q,; and thus
QU = — (Quu) " . (5.75)

As the scaling of the P- and Q-functions is determined by the scaling (5.53) and (5.55)
of the leading coefficient at large u, we are left with the following expansions of these
quantities in the small € limit

—+00 —+00 —+00 ' —+o00 '
P, — engk)€2k7 Po — EZP(k)a€2k’ Q, = ez Q@(k)e%’ Q' = EZ Q(k)zEQk'
k=0 k=0 k=0 k=0

(5.76)
Then, the correspondence between Q- and P-functions (2.5) and (2.6) in the LO taking
into account (5.57) looks as follows

ng) — _pO2 _ Péo) _ _Q(o)27 (5.77)
ng) — _pO3 _ PgO) — Q1
ng) — _pO1 _ _PL(IO) — Q1
QE;O) — _pO)4 _ _Pg(J) — QO3

First of all we substitute (5.77) to the gluing conditions (5.62) written in the LO with the
gluing matrix (5.74) and take into account the conjugacy properties of the P-functions (2.3)

PO — _p012pl0) _ (Ml(o)13 + oM cosh(27ru)) P (5.78)
1550) = _Ml(o)lngo) — <M1(0)13 + 2M2(0)13 cosh(27ru)) Pflo) ,

PO _ j7012p0)

PO _ y(012pO)

Let us consider the third equation from (5.78). According to (3.1) the Lh.s. contains
only the non-negative powers of Zhukovsky variable x(u), whereas the r.h.s. has only the
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non-positive powers of x(u). Therefore Péo) is given only by the constant term from its
expansion in the powers of z(u) and taking into account the scaling of the P-functions (5.61)
we see that in the LO

MO (5.79)

and
P =, (5.80)

Substituting P3 from (5.80) and M1(0)12 from (5.79) into the first equation of (5.78),
we have
f’go) + Pgo) = - (M1(0)13 + 2M2(0)13[0 + 2M2(0)13 (coshy +cosh,)) % . (5.81)
After inserting the z-expansion of Pgo) from (3.1), we see that the Lh.s. of (5.81) contains
all even powers of x(u) except for 2V, thus the same term in the x-expansion of the r.h.s.
of (5.81) has to vanish
MO = _ap {01, (5.82)

and then we obtain
1350) + Pgo) = —MQ(O)13 (coshy +cosh_)i. (5.83)

Of course, the solution of (5.81) is defined modulo the solution of the homogeneous equation
((5.81) with zero r.h.s.), but as the solution to this equation has to contain the positive
powers of x(u) it cannot contribute to PEO). Therefore recalling the expansion (3.1) it
follows that the solution for Pgo) is

P = —in (9 cosh_ . (5.84)

(0)

As we know the leading coefficient of P then, remembering (5.61), we obtain

2013 _ K '
2 9212 (5 85)
and write down the solution .
pl0) = = 5.86
1 92]'2 ( )
Considering the fourth equation from (5.78) with the substituted (5.79)
= (0 0
P —p? (5.87)

we see that in accordance with the expansion (3.1) the r.h.s. has the odd powers of z(u)
less or equal to 1 and the Lh.s. has the odd powers of x(u) greater or equal to —1. This
means that PELO) contains only the terms with z(u) and 1/z(u) and the only combination

satisfying (5.87) is

: 1
P = %g (a: + x) . (5.88)
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Now let us substitute (5.80), (5.86) and (5.88) into the second equation of (5.78). It
gives the following expression

- ) 1
Pgo) + Pgo) = — <M1(0)13 + 2M2(0)13IO + 2M2(0)13 (coshy + COSh_)) %g (x + a:) . (5.89)

Remembering (5.82) and (5.85) we obtain

- 1 1
Pgo) + Pgo) = (m + ) (coshy 4 cosh_) . (5.90)
g2 T

Analogously to the equation (5.81) for Py, the solution to (5.90) for Péo) may potentially
include the solution of the homogeneous equation. However, this solution of (5.90) with
the zero r.h.s. inevitably has positive powers of z(u) in it, thus it cannot contribute to Pgo).

Then, from (5.90) we can extract the LO solution for Pgo)

Péo) = gz <x + i) cosh_ . (5.91)

To summarize this part, we started from the gluing conditions for integer conformal

spin n (5.62) and we managed to solve the constraints on it in the LO getting (5.74) and

then, using the connection between the Q- and P-functions in the LO formulated the

system of equations (5.78) for the P-functions in the LO. Then from this system we found

all the P-functions. In what follows using these functions we are going to show how to find
the NLO solution.

5.2.2 NLO solution

Since the function S(A,n) is even, we have to consider the next-to-leading order. Our
strategy is to find the P-functions in the NLO order and extract the quantity of interest
— the curvature function — from the leading coefficients of these functions. Indeed,
from (5.51) and (2.17) we derive

i (g - 172> e3> +0(&) (5.92)

where

(5.93)

is the curvature function.
We begin by finding the correction to Qg‘?. The equation (5.50), taking into ac-
count (2.5) and the scaling (5.76) and expanding it in the NLO, takes the form

o~ o) = PGB 5o

ali ali
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As the functions P((IO) were completely fixed in the previous calculations we are able to
(1)
ali

to the one presented in [21]. We have to find an UHPA solution to the equation of the form

F0(u) = f(u) = h(u), (5.95)

determine all Q"7 up to a constant. In solving (5.94) we are going to act in a way similar

where the r.h.s. has one cut on the real axis and it can be represented as a series in the
Zhukovsky variable x(u), whose powers are bounded from above. To build the solution of
such an equation let us rewrite the r.h.s. in the following form

h(u) = hpoi(u) + h_(u), (5.96)

where hpoi(u) is a polynomial in w and h_(u) is a series in the Zhukovsky variable x(u)
starting from the power not greater than z~'(u). Since h(u) is a series in x(u) bounded
from above, we can always rewrite %(u) with a > 0 as

2% = <x + 1) L (5.97)

x(l

where 2%+ 1/2% is a polynomial in u. Thus, using (5.97) we are able to replace any positive
power of z(u) in h(u) with the difference of polynomial in u and the negative power of x(u)
which justifies the form (5.96).

The UHPA solution of (5.95) is given by

f(u) =% (hpot) () + (Ty - h) (u—1) + ¢, (5.98)
where X (hpor) (u) is the solution of
;OJ{(U) - fpol(u) = hpol(u) (599)
subject to the condition
3 (hpot) <2> =0 (5.100)
and (I'y - h—) (u) is the solution of
() — fu(u) = ho(u) (5.101)
and c is a constant. The operator I'y; is determined by

29

Ty - B (u) = 74 %iw(o)(—i(u — o)+ 1)h), (5.102)
—2g

where the integration contour around the cut goes clockwise. Also we determine the oper-

ator I'p which we will use to obtain the LHPA solution

— i) (i(u — v) + 1)h(v). (5.103)
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It is not hard to check that

(Lo -h-)(u+i) = Ty - h-)(u)
(I'p-h-)(u+1i)—(I'p-h-)(u)

(u+1), (5.104)
(u) .

Rewriting the r.h.s. of (5.94) in the form (5.96) we can find the solution of it

h_
h_

ali ali

Qi* (Q(”*)pol + (Q“ﬂ*) s (5.105)

where (Q(1)+)p01 and (Q(ngr)U are given in appendix E by the formulas (E.2) and (E.3)

respective(i;. Using the ea'uation (3.5), it is possible to fix the coefficients c,); in terms of
the curvature function « (5.93) and the NLO coefficient cﬂ of the z-series of the function
P, (see the formula (E.4) in the appendix E).
In what follows we will also need the complex conjugated function Q((llh), for which we
have the equation
Q<1>+ QS@_ Qb‘l ip) (5.106)
Conjugating the solution (5.105) and noting that this operation transforms the UHPA part
of it with the kernel I'yy into the LHPA one with the kernel I'p we get the solution of the
previous equation (5.106)
leh) (Qa\z )pol + (szlh)_) + Ca|z ) (5107)
where the functions (Q((ll‘i)*)pol and (lell)f) p are given by the formulas (E.6) and (E.7)
respectively (see appendix E).
To proceed we are to solve the equations for the gluing matrix in the NLO in A. The
constraints (2.83) in the NLO in € lead us to the following equalities

M2(1)31 _ 7M2(1)13’ Mél)fﬂl _ 7M§1)13 B 2@'7TM§0)13, (5.108)
whereas the constraint (2.88) gives
MY = A (O (5.109)

where the elements of the LO gluing matrix M (9% (u) are known to us. After this it remains
to solve the constraints (5.66) and (5.67) in the NLO order. The solution can be compactly
described by the formula

. 1)12 1)34
i (2" — )
2921,

M2(1)13 _ (5.110)
while the other matrix elements of Mz(%)ij are determined by the relations (5.108)
(11 5 (D12 4 (1)33 . (1)34
and (5.109) holds and M; ", M7, M, together with M, are real.
To proceed let us slightly rewrite the gluing conditions expressing the Q-functions in

terms of the P-functions as
P, =Q/ ;M7 Q, P (5.111)
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The same equation (5.111) written in the NLO

P — _Q(?HM(O)”Qé?}_ixgePgl)+ (5.112)

alt

+ (Q“”M“W o)) + QLM a0 Qgt?—) ixt PO + Q) Wi g iy e

ali al e -

Recalling the LO gluing matrix (5.74) we are able to rewrite (5.112) in the following way

2
= 75 (coshy +cosh_) Péﬁ +Ri2, (5.113)

where

Ry = (QI MO0l 4 QU M@ )™ ) i P + Q) MM Q) inde P ().
(5.114)
In finding the solution of (5.113) we follow the same method as in [21]. Let us briefly
sketch its main points. One can notice that the equations for the P-functions in the

NLO (5.113) have one of the two forms
F(u)+ F(u) = G(u) and F(u) — F(u) = G(u), (5.115)

where F'(u) is a power series in Zhukovsky variable x(u) and the function G(u) can be
represented as Laurent series in Zhukovsky variable z(u) in the vicinity of the point z(u) =
0. As it can be seen, the equations (5.115) are self-consistent only if, respectively, the
conditions

Gu)—Gu) =0 and G(u)+ G(u) =0 (5.116)

are satisfied. As it was explained in [17], the unique solutions to the equations (5.115) on
the classes of functions non-growing and decaying at infinity are respectively

2g 2g
Fu)=(H-G)(u) = f dvH (u,v)G(v) and F(u) = (K - G) (u) = ?{ dvK (u,v)G(v),
—2g —2g
(5.117)
where the integral kernels are given by
1 Ju?2—4¢%2 1 1 1
H(u,v) = K(u,v) = P (5.118)

_m1/02_4g2u—’07

It should be noted that if the asymptotic of F'(u) is not specified to be non-growing of
decaying respectively the solutions of (5.115) may include the zero-modes, i.e. the solutions
of the homogeneous equations (5.115) with zero r.h.s.

With the usage of the integral kernels H (u, v) defined in (5.118) first the 3rd and 4th
equations of (5.113) are solved, then the obtained Pgl) and Pil) are substituted into the
1st and 2nd equations of (5.113), which are solved by utilizing the integral kernel K (u,v)
and we derive the answer for Pgl) and Pgl). But before starting to solve (5.113) we are to

— 49 —



check the validity of the conditions (5.116) in the case in question. First of all, from the
form of the 3rd and 4th equations in (5.113) it follows that the equations

Ryy—R3u=0 (5.119)

are satisfied exactly and do not fix any constants in the r.h.s. of (5.113). But from the 1st
and 2nd equations of (5.113) we obtain

21
Ry 2+ Rio+ —— 7L (coshy +cosh_) R34 =0, (5.120)

which is solved fixing Ml(l)13 in terms of Ml(l)12 and Ml(l)34 together with Ml(l)11 and
M1(1)33. One can find the details of this calculation and the values of these constants in
appendix F. Therefore we checked that the r.h.s. of (5.113) satisfy (5.116) and we can

apply (5.117).
As Pgl) has the constant asymptotic at infinity, the unique solution for Pgl)
Pl = H. R, (5.121)

and contains the constants Ml(l) cg and the curvature function 7(g) defined in (5.93),

which we have to fix. With the usage of (5.51) and (5.92) we can express Ml(l)12 and cgji

in terms of

is given by

mi2_ 1 1Hy (u (F . cosh’i) (u)) B 1Hy ((F . vcoshqi) (u))
MV = 29— - + o T , (5.122)
w_ (L 1 i i (u (T - cosh”) (w)) il ((I'-vecosh?) (u))
“1= <612 * 3> togg eI PErA ’

where the integral kernel I' is defined as

(I h(v) (u) = (Ty - h(v)) (u) + (Tp - h(v)) () (5.123)
and Hy is the k-th coefficient in the large u expansion of the convolution of the integral
kernel H (u,v) with the function on which it acts.

The asymptotic of Pfll)(u) is growing as u, then the solution (5.117) with the kernel
H (u,v) is not unique and we have to add the solution of the homogeneous equation (zero-
mode) to it. To find this zero-mode we first notice that according to the asymptotic of
Pil) (u) it can include only the powers z(u) and 1/x(u) and thus it is proportional to z(u) —
1/xz(u). The coefficient in front of this zero-mode is determined by the coefficients (5.92),

then Pfll) is equal to
Pl = ( ’ 7) ig (x - 1) +H-Ry (5.124)
24 2 x
(1)34

and contains the constants M, and v, which are not fixed yet.
To proceed with the solution of the 3rd and 4th equations of (5.113) we take each
equation and subtract the same equation conjugated

R — Ry

P _pl = 22[ (cosh, +cosh_) (R3 _ 2P§,1)> DL (5.125)
= (1) 1 _ { (1) Ry — Ry
P, - P, ——E(costh—Fcosh_) (R4—2P4 )+T
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As both the functions Pgl)(u) and Pél)(u) have the decaying at infinity asymptotics, the
solutions of (5.125) are uniquely determined by the formula (5.117) with the kernel K (u, v).
Calculating R3 with the usage of (5.121) and (5.122), we find the solution for Pgl)

1 i 1 Ri— Ry
Pg ) = —EK- ((coshJr +cosh_) (R3 - 2P§ )>) + K - — (5.126)
Doing the same for R4 with the usage of (5.124), we find the solution for Pgl)
1 i 1 Ry — Ry
Pé ) = —EK- ((cosh+ + cosh_) <R4 - QPE1 )>) + K- — (5.127)
From (5.92) we conclude that
AV =4V —o, (5.128)
which leads to fixing the following constants
7 iHy ((I'-vcosh? ) (u) —u (I - cosh? ) (u
a3 T o (( )(2 ( ) (W)
6 g°1s
21 K. h* (T"- h? — h” (I" - cosh?
N iKj (cosh® (T - vcos _);2 wcosh® (I - cosh”) (u)) ’ (5.129)
2

where K}, is the k-th coefficient in the large u expansion of the convolution of the kernel
K (u,v) with the function on which it acts.

To sum up, we managed to solve the constraints for the gluing matrix in the NLO,
which allowed us to write down the system of equations for the P-functions in the
NLO (5.112). In the NLO some Q-functions contain infinite series of cuts, which led us to
the usage of the integral kernels (5.102), (5.103) and (5.118). After finding the P-functions
in the NLO by solving the system for them we are ready to fix the curvature function by
utilizing the values of the coefficients found in the previous calculations.

5.2.3 Result for the curvature function
To obtain the curvature function, we have to remember that cfﬁ from (5.122) determines

the coefficient in front of 1/z in Pfll). Comparing this coefficient found from (5.124) with

the usage of (5.129) and the one from (5.122) we find the answer

(g) = iHo ((T-vcosh? ) (u) —u (T -cosh? ) (u)) N iHy (u(T-veosh”) (u) — (T-v?cosh? ) (u)) N

2621, 4g%15
N iHs ((T-vcosh? ) (w)—u(I-cosh? ) (u)) N ik (cosh™ ((T-veosh” ) (u) —u(I-cosh” ) (u)))
49215 9l '

(5.130)
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By expanding the integral kernels (5.118) at large u we can rewrite the curvature function
in a more concise form

29

v(g) = 47?54[22 j{ dv(vcosh? (I"-wcosh®) (v) — v? cosh” (T cosh® ) (v))+ (5.131)
—2g
29
1 v3 (' cosh® ) (v) — 202 (I - wcosh™ ) (v) + v (T - u? cosh® )
T orgl }'{ dv ( P > :
—2g v
where 2 ) . 1
(T - h(v)) (u) = f Q%au log - [S?U__”z)t ]1]h(v) . (5.132)
—2g

After obtaining (5.131) we can compare it with the other known results. In the first two
orders we know the BFKL Pomeron eigenvalues for arbitrary conformal spin including
n = 1, therefore we are able to calculate the curvature from these eigenvalues in these two
first orders. Comparing with the weak coupling expansion of the formula (5.131) for the
curvature function

272 1674 2272 287 8t
7(9):24392+<—3C3—35C5> 94+< C5+504C7>g +<—135C3 —C5—
13678 66876 1127%
567r2<76930<9)98+<2835 (3+ 150 G- <7+5087r2g9+93720<11> 107 (5.133)
754710 140278 7376 46187r
<42525 (3— 67 G5— 15 Cr+ C9—129697T2C11—1234233C13>912+O( )

we find that the first two terms of the expansion (5.133) coincide with the values obtained
from the BFKL Pomeron eigenvalues, which represents a check of our result. Having
computed the weak coupling expansion (5.133), in the next part we analyze the other
interesting limit, i.e. the strong coupling expansion, which is a separate computational
task in the case of the curvature function.

5.2.4 Strong coupling expansion of the curvature function

For the calculation of the strong coupling expansion of the curvature function (5.131) we
utilize the same method as the one used in [21]. Let us briefly sketch the scheme of this
calculation. The curvature function can be represented in the following form

I (i(u—v)+1)
d dvF ( ) Oy 1 5.134
7{ “7{ o) Qo8 T iy .
—2g —2g
Integrating by parts (5.134) and changing the integration variables to x, and x, respec-
tively, we obtain

= 7{ i, 7{ oG (20, T0) log pr(%?u__vifff) : (5.135)
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where the integrals go over the unit circle and G(x, ) is a polynomial in the variables x,,,
Ty, 1/xy, 1/x,, cosh”, cosh” and sinh”. Then, expanding cosh_ and sinh_ in a series in
the Zhukovsky variable z, we can represent (5.135) as an infinite series in the coefficients
of the BES dressing phase [71-74], which admits the large g expansion in the form of
asymptotic series [71].

Using the computed series we calculated the numerical value of the curvature function
for a number of points in the range 5 < g < 40 and obtained the first coefficients of the
strong coupling expansion of the curvature function with high precision by fitting the data
with inverse powers of g. The first several coefficients appear to be simple rational numbers.
In the 6th coefficient it was expected to have (-function, which we managed to fit utilizing
the EZFace [75] webpage. As in the case of the slope-to-slope function [21], usage of the
exact value fit in the order 1/¢* increases accuracy of the fit in the next order 1/¢gF*!,
which represents a non-trivial check of the validity of the used method.

Application of the numerical method described above yields us the large g expansion
of the curvature function

TToNZ T AN 16M32 16M2 (5.136)

2265 | (440G 765\ 1 (207360¢; 22545\ 1, (1
25677/ 64 64 )23 2048 2048 ) AT/2 Ao

where A is given by (5.47). Together with the curvature function (5.131) and its weak
coupling expansion (5.133) the formula (5.136), containing the strong coupling expansion
of this function, concludes the list of the results of the present section.

6 Intercept function at strong coupling

The other interesting limit of the intercept function besides the small coupling limit con-
sidered in the section 4 is the strong coupling one. For n = 0 case the intercept function
in the strong coupling limit was analyzed in [41, 76-78] and then extended to the next
orders by the QSC method in [21]. As we have already the numerical data for the intercept
for the different values of conformal spin n, then using the numerical algorithm described
in the section 3 and assuming that the coefficients are some simple rational numbers and
extrapolating the high precision numerical data by the inverse powers of A'/2 we extract

10 25 175 1

_ e -y —2
5(0.3) = =3+ 75— 5 + 3 qep TOA. (6.1)
B 4 6 91 L
5(0,1) = —1,
2 1 11 L
$(0,0) =0- 55—y + 7532 T OO,

where \ is given by (5.47) and the result for n = 0 is taken from [21]. We see that the
leading term is linear in n, sub-leading is quadratic and so on. This pattern is quite typical
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at strong coupling (see for example [31]). Assuming this polynomial pattern from the above
data (6.1) we get

n—1n+2)(2n -1 n—1)(n+2)(Tm?>—-9n—1 1
RUABI R AD I ADIE )+0<A2>’ 62)

which we can cross-check with our slope-to-intercept function (5.49) by differentiating it
at n = 1! Comparison with (5.49) shows us complete agreement. We also verified our
result numerically by taking n = 1.5 and fitting the data with inverse powers of /2 we
reproduced precisely the coefficnets from (6.2).

7 Conclusions and future directions

BFKL regime is traditionally one of the “hard” problems of high energy theoretical physics.
QSC method allowed to make progress in this direction when the traditional perturbative
methods become too complex to make one’s way through. In our paper we extended the
area of applications of QSC even further, adding an additional parameter — conformal spin
n. Importantly, we can deal with the situation when conformal spin takes an arbitrary real
value. QSC can now handle the situation when all three global charges corresponding to
AdSs — 51,52 and A are non-integer. This required us to allow four components (or
two independent if we take into account the hermiticity) of the gluing matrix to have
exponential asymptotics. Gluing conditions are thus the main ingredient of the analytical
continuation of QSC presented in this paper.

The knowledge of the gluing matrix allows us to implement an efficient numerical
algorithm which solves the Pomeron eigenvalue problem numerically for any values of A, n
and at any ‘t Hooft coupling g, limited only by the computing time.'? Our Mathematica
implementation of this method is attached to this arXiv submission.

As an illustration of our method we have computed two all-loop quantities — slope of
BFKL intercept at A = 0 with respect to n around n = 1 and curvature of the length-2
operator trajectory in the vicinity of the point A =0 and n = 1. We generated analytical
perturbative and numerical data using the iterative procedures described in [23], which we
had to modify to take into account exponential asymptotics for non-integer global charges.
The iterative perturbative data allowed us to fix the NNLO intercept in terms of binomial
harmonic sums and partially fix the NNNLO BFKL intercept in terms of binomial and
ordinary nested harmonic sums.

Several further directions of work come to mind immediately. First, the basis of nested
harmonic sums seems to describe well the perturbative expansion of BFKL eigenvalue and
in particular its intercept. Since the iterative procedure can be used to arbitrary high

12With reasonable starting points, our method converges in several iterations, each taking around 1
minute on a laptop, producing precision of 20 digits. It is also easy to get much higher precision by
changing parameters in the beginning of the notebook code_for_arxiv.nb. We also provide a few starting
points with this submission, which can be used to generate new data. More data can be provided by request.
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order in g and for arbitrary odd n, it is just a question of time and computational power
to fix BFKL eigenvalues at higher orders. The first task would be to find a closed analytic
expression for the NNNLO BFKL Pomeron eigenvalue for arbitrary n and A. Since as we
saw the reciprocity in this order is broken, it is an interesting open problem to understand
the nature of this.

The second direction one can pursue is exploring the neighbourhood of the BPS point
n =1, A =0. After computing the slope of intercept with respect to n, one can compute
the next order (n — 1)2. The computation should be similar in spirit of the computation
of S correction to the twist operator anomalous dimension [21].

Furthermore, one should study in a similar way the Odderon spectrum, which is ex-
pected to correspond to the length parameter to be taken L = 3. Most of the steps de-
scribed in this paper should be applicable for arbitrary L and it would be very interesting
to reproduce previously known perturbative results and extend them to finite coupling.

Finally, there are indications [79] that the structure constants can be also governed by
the QSC Q-functions, which were evaluated in this paper in various regimes. So it would
be interesting to compare and extend to finite coupling the results on the triple Pomeron
vertex [80].

Acknowledgments

We thank I. Balitsky, B. Basso, M. Bershtein, S. Caron-Huot, V. Kazakov, G. Korchemsky,
A. Leonidov, F. Levkovich-Maslyuk and C.-I. Tan for discussions and useful comments
during our work. The research of M.A. has received funding from the People Programme
(Marie Curie Actions) of the European Union’s Seventh Framework Programme FP7/2007-
2013/ under REA Grant Agreement No 317089 (GATIS) and from the European Research
Council (Programme “Ideas” ERC-2012-AdG 320769 AdS-CFT-solvable). Also M.A. is
grateful to Prof. Ilmar Gahramanov for his kind hospitality during the visit to the Mimar
Sinan Giizel Sanatlar Universitesi in Istanbul, Turkey, where part of this work was done.
N.G. wishes to thank STFC for support from Consolidated grant number ST /J002798/1.

A Details of QSC construction

To show that the matrix Qg = Q;‘ZC{,‘ QP is i-periodic let us apply the conjugated equa-
tion (2.15) and the same equation for Q% which is valid now in the whole complex plane
as we know the functions Q; and Q' on the sheet with the short cuts. We have
Qz++ _ QZ — _PaQngQbU_ + Q;ﬁCngQj =
= —Q;P, Q" - Q,,P'Q =-QQ +QQ =0. (A1)
To show that the matrix @z(u) = (—1)of! Q;‘i(—u) Qb= (u) is i-periodic let us apply the

equation (2.15) with u replaced by —u and the same equation for 04" which is valid now
in the whole complex plane as we know the functions Q;(—u) and Q’(u) on the sheet with
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the short cuts. We have
07" — 0] = —(=1)"M"Pu(~0)Qi(—u) QY (u) + (=1)* Q (—u)P* (u)Q (u) =
= —Qi(—u)Py(u) QW (u) — O (—u)P*(—u)Q (u) =
= —Qi(—u)Q (u) + Qi(—u)Q’ (u) = 0. (A.2)

B Weak coupling solution of the QSC for length-2 operators with
nonzero S, = n

In this appendix we consider BFKL limit of the QSC with non-zero conformal spin. Let
us first of all briefly remind what BFKL limit is. We are going to study the regime when
at the same time the coupling constant ¢ — 0 and one of the spins S; = S — —1 while
keeping the ratio g?/(S + 1) finite. LO BFKL in this limit corresponds to resumming all
the contributions of the form (¢g2/(S+1))*, NLO BFKL — to the contributions of the form
(S+1)(g%/(S+1))* and so on. However, in the present subsection we take the second spin
(conformal spin) So = n # 0 and there appear some differences from the BFKL regime
with zero conformal spin.

In order to find the BFKL kernel eigenvalue we are going to utilize the old fashioned
method of Pu-system. The Pu-system consists of the functions P,(u), P*(u), which we
introduced before and of an antisymmetric matrix pqp(u) (see [16, 17] for the detailed
description). They satisfy the following equations

fiah — tab = PPy — PP, P, = uaP’, (B.1)
Iaab . Mab — Paf)b . be)a f)a — Mabe
P,P* =0, papp” = 0. fiab = gy 5 AT = ptE

Before proceeding we are going to introduce a couple of new notations. Our notation for
the BFKL scaling parameter is w = S 4 1. It is also convenient to introduce the notation
A = g% /w.

To start solving the Pu-system in the BFKL regime we have to determine the scaling
of the P- and p-functions in the limit w — 0. In what follows we are going to use the
arguments from [22], where the left-right symmetric case with zero conformal spin was
considered. First, we assume that the scaling of the P-functions coincides with the scaling
of their leading coefficients in the large u asymptotics. Thus as from (2.17) for the length-2
state in question in the BFKL limit A,A% = O(w") for a = 1,...,4 these functions can be

chosen to scale as w°

“+o0 “+o00
P, =) PPuk, Pr=> Pk, (B.2)
k=0 k=0

Second, because the asymptotic of the function Pp(u) is the same as in the left-right
symmetric case, for Sy = n # 0 the argument from [22] about the scaling of the p-functions

is applicable and they scale as w2
+o00 X 00
Hap = D iy wh 2t =3 k2, (B.3)
k=0 k=0
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Additionally, as all the P-functions for the length-2 states being considered possess the
certain parity from the Pu-system equations (B.1) we can conclude that the functions
u;fb(u) have the certain parity, which will be specified below.

Finally, we are to determine the asymptotics of the p-functions for the case of non-
integer S1 = S for non-zero S9 = n. Let us restrict ourselves from now on in this section
to the case of integer conformal spin So = n. The p-functions with the lower indices are
given by the formula from [17] combined with (2.44) from the section 2

[ N T DA
Hab = §Qab|ijw = §Qab\ijM . (B.4)
Substituting the matrices (3.10) and (2.72), which are applicable to the case of integer
conformal spin, into (B.4), we are able to determine the asymptotics of the w-functions.
Taking into account also the antisymmetry of w = M ’kﬁf from (2.50) we find that they are

w" ~ (const,egﬂm,6_2““”,6_2”‘“|,e_2”‘“|,const> . (B.5)

Using (B.5) we see that the leading asymptotics of the u-functions with the lower indices
at u — £oo are

S—1

- -5
:U‘abN(u yu =, u u

—S+1’ u

—S—l—l’ —S+2’ u—S+3)627r\u\ ’ (BG)
while the p-functions with the upper indices have the same asymptotics but in the reverse
order.

In addition, we know that the P-functions have only one cut on one of the sheets,
therefore they can be written as a series in the Zhukovsky variable. The parametrization of
the P-functions for the case J; = 2 and Jo = J3 = 0 is already known to us and can be taken
from the formula (3.1). Utilizing the P-functions rescaling (2.10) we can set the coefficients
A; =1, Ay =1, A3 = —1 and A* = 1. Then, we are also allowed to apply the certain
H-transformation of the P-functions, which do not alter their asymptotics and parity

P, — (hp)i Py, P*— (hg'), P, (B.7)
where
1 000
0100
(hp)s = : (B.8)
(6751 010
0 (D) 01

As (B.8) has two parameters then, applying this transformation, we can set the coefficients
c3,1 and c®1 to zero. Thus, we arrive to the formulas

1 = C1,k 1 RSN
_ ; 1 Al /A
Py = Awz2 - Z 22k+2° P =AVAvw (x + x> + Z 22k—1" (B.9)
_ k=1
Py, = 1 + f 627’}“ P2 — AQ + —i_zoo ﬂ
= T 2k+1 - 2k
Awz =@ 2 ©
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= C3 k 1 = Cg’k
Py =A3+ ) — P = £y
3 3 — 22k’ A — 22k+10

“+oo
c4,k

+oo
o e ]. 047]9 4 . 1
Pa = Ayl (w * 1‘) * ; g2k=1" P = Awz? + — x2k+2

The scaling of P-functions (B.2) suggests that the coefficients should have the expansions

6 I

VED) TS el VER)"T S etk .10
Cmn = ( w) ey wt, ™M = ( w) ch’m w” . .
k=0

n,m
k=0

In what follows for the sake of convenience we change the numeration of the u-functions
to pi2 = p1, p13 = P2, pia = {3, H23 = M4, pog = p5 and pzq = pe and the same for p
with the upper indices. Having set the scaling and the expansions of P- and p-functions
in the scaling parameter together with their asymptotics we are able to proceed with the
solution of the Pu-system order by order in the scaling parameter.

B.1 LO solution

In the present part we will find the LO solution of the Pu-system in the BFKL regime.
Taking into account that P scale as 1/w?, in the LO in w we obtain for the P-functions
from (B.9) and (B.10)

(1)
0 1 0 1 0 0 0 0 €41
P =, Py =-. P — A0 PY = APut 0 (BAD)
1,1(1) 1 1
PO — A10),, 4 P@2 — 4200) pO3__—- pO4_ —
Au ) ) U ) u2 ?
where we implied ¢41 = W (cz(aw - O(wQ)), = (Aw1)3/2 ("' Mw 4 O(w?)) and
. N2 2 . 2 N2
Lo (a=n?=1) ((a+n)-9) o (@+n?=1) ((a-n)?-2)
3 » L4 T :
32 96
(B.12)
Let us now examine the p-functions in the vicinity of the point S = —1. In the LO,
when S = —1, p-functions with the lower indices at © — oo have the asymptotics
(uh H2, 13, 4, U5, /1’6) ~ (uoa U,l, U2, U2, U3, u4)€27r|u\ . (B13)

To find the p-functions with the lower indices in the LO analogously to the left-right
symmetric case we notice that Pg?% and P34 are singular, while f’LQ and P34 are regular
at u = 0. This can be guaranteed if ,ug;) are regular at © = 0 and have a zero of sufficient
order at this point. Therefore, as in the left-right symmetric case we can assume that in
the LO the only solution which contributes in ,ugl))) is the one with the asymptotics (B.13).

Consequently, we conjecture /Lg,))) to possess the form of a polynomial times some i-periodic
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factor. As for the length-2 operators the functions u:b have the certain parity, we are led
to the ansatz

% = Plubs, " = P(u)bau, (B.14)
T = Plu)(bs1u® + bsa) i = Plu)(baau? + bay),
MéO)Jr = P(u)(bs1u® + b5 2u) MéOH = P(u)(bo,1u" + bg 2u” + be 3) -

where P(u) is an i-periodic function. Let us first determine only the polynomial part of the
solution. Plugging the ansatz (B.14) into the equations ,u:lf = g + PapipcP¢ — PppiqoPC
we fix all the coefficients besides b1,; and M) = —cgj{. The latter equality automatically
leads to the validity of the requirement

PP — (B.15)

in the LO.

Now let us return to the general solution. Because in the leading order the equations
for p’s are homogeneous, the solution is determined up to some i-periodic function. This
periodic function grows not faster than e21%l, then the most general ansatz for it is

Bl’1€27ru + 31726—27ru + B173 . (B16)

Also we have to remember about the requirements of analyticity, i.e. that the following

expressions have no cuts

P-P - fi

P+P, ————  u+p, —HE B.17
Vu? — 4Aw gk Vu? — 4Aw ( )
The constraints (B.17) lead us to the results
A
Bio=Bi1, Big=-2Bi, cfﬂ = —;—6 ((A2 —1)°—2(A%+1)n? + n4> . (B.18)

With these conditions (B.18) the parity requirement for u* is automatically satisfied.
Summarizing the obtained results and setting By = —Bj/4, all the requirements give

us the unique solution (up to a multiplicative constant) given by

u§0)+ = By cosh?(mu), (B.19)
ugo)Jr _ _Blli(i ((A2 _ 1)2 —9 (A2 +1) n? + n4) u cosh?(mu)
M§0)+ _ HE;OH _ —Blé ((A2 — 1)2 —2 (A% +1)n* + n4) (4u® + 1) cosh?(rru)
ué0)+ _ _31%2 ((A2 _ 1)2 —2(A%+1)n*+ n4> u (4u® + 1) cosh?(u) ,
1 2 2
pg'" =B 49152 <(A2 —1)"=2(A%+1)n*+ ”4) (4u? = 3) (4u® + 1) cosh?(mu) .

Having obtained the LO solution given by (B.11), (B.19) and (B.12) we are able to
proceed with finding the NLO solution of the Pu-system together with the coefficient By,
which will be done in the next subsection.
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B.2 NLO solution

Now it remains to fix the coefficient B; and find the P-functions in the next order in w.

To do this we need to calculate P. First, we have to understand, which coefficients it is

1

necessary to find in order to calculate P in the NLO order w" using the scaling or the

P- (B.2) and P-functions (w?2)

1(2) 1,1(1) 1,2(0)

m_ 2A (D1 _ A1(1) chl c + Ac
Py = Pl =4

T Ut ——+ = :

(0)
1+cy5) Aw
Pgl) -~ 4 < 2;)2) FOW?), PW2= 420 4 420y 4 O(w?), (B.20)
u u

1 1 *1+C3’2(0) A

P = 4 P(1)3:( = ) ’
@ M (0)
W _ 4, a1 CantAc e 2A

Notice, that we already know Cﬁ(lg = —c1() given by (B.18) and Agl), Afll), AN 42()

AP =2 (A4 Antn?-3), AP = (A 43An4n7+5), (B2

1) _ b a2 9 o) _ a2 2
A 3 (A* = 3An+n*+5), A 4(A An+n® —3).

Thus, we have to find cgg, cﬁ, cg, B2 L2

9 and ¢>2(0), Comparing the P-functions
calculated from the LO result and the ones found with the equation P, = tapP? we can

fix some unknown coefficients. On the one hand we get

Py = A2w? (w?+0 (") + 0 (w™), (B.22)
P, = A21u}2 (c§0§u3 +0 (u5)> +0 (wh),
P3 = AQIwQ (cg03u4 +0 (u6)) +0O (w),
P, = A21w2 (e + 0 (7)) + 0 (w™)
On the other hand
P, = —%i ((A )2 - 1) sinh?(ru) + O (w™) (B.23)
P, = —%i (& =n)” = 1) usinb(mu) + O (w™") |
Py _%%8 ((a—m?—1)" ((a+m)? 1) wsink(ru) + O (") |
P, = —%ﬁ ((A )2 1)2 <(A +n)? - 1) u(u? + 1) sinh?(ru) + O (w™?) .
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The result is the following

43 (0)
B = , Coy =1, (B.24)
' w2 <(A —n)? - 1) A2 2
cz(l?%:(), 64(8279276 ((A2—1)2—2(A2+1)n2+n4) .

Thus, the final answer for the LO p-functions is

: 2
0+  4i  cosh®(mu)
e CA TN (B.25)
o+ _ 1 2 _ 2
B = e ((A +n) 1) ucosh?®(mu) ,
O+ _ 0+ _ 2 2 2
By S HE = g5 <(A +n)° — 1) (4u” + 1) cosh®(mu)
o+_ 1 2 _ 2 2
P = 48722 <(A +n) 1) u (4U + 1) cosh”(mu) ,
o+ _ N2 2 1\? 2 2 2
Ho = 712088242 <(A n) 1) ((A+”) 1> (4u” = 3) (4u” + 1) cosh®(7u) .
Using the equation
pap™ = 55, (B.26)

we are able to determine the u-functions with upper indices in the LO up to a multiplication
constant. Then, inserting them into Ppu-system equations, we fix this constant obtaining

WO = (=) (3= = 1)’ (4 =) (0 4 1) contma),
M(0)2+ _ 487%./&2 ((A _ n)2 _ 1> U (4u2 + 1) cosh2(7ru) , (B.27)
p(03+ = 04+ — _327321\2 ((A _ n)2 _ 1) (4u2 + 1) cosh?(mu) ,

p(05+ — 47T;A2 ((A —n)* - 1) u cosh?(mu)

06+ _ 4i  cosh?(mu)

AT (A +n)? -1

and some other coefficients in the P-functions with upper indices

c1200) — 9% ((A2 —n?)’ —2(AZ 4 n?) + 1) , 320 = (B.28)

We are able even to go further and calculate completely the p-functions in the NLO
and partly fix the expansion coefficients in the P-functions in the NNLO order. Let us
now fix the other coefficients in the NLO order in w. To find the unknown coefficient

cfl), we have to build an ansatz for ;1 in the NLO. The asymptotics of the NLO p are

{u® u3, u?, u', u’} log u. First we introduce a new function

Wo(u) = (; + Zu) + 0 (; - zu) + 2. (B.29)
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This function has the infinite series of poles in the points % +1iZ. As the case of general in-
teger conformal spin n has to be consistent with the known left-right symmetric case n = 0,
it is natural to assume that the ansatz for the NLO pu-function is essentially the same as for
n = 0, but relaxing the requirement that us is equal to 4. So, we use the following ansatz

T = (B1Wo(u) + by) cosh?(mu) + K7 , (B-30)
Mfl = (BouWg(u) + bayu) cosh?(mu) + Kou,
ST = (Ba(4u® 4+ 1)Wo(u) + byru® + baa) cosh®(mu) + Kz (4u? + 1),
uiDF = (Ba(du® + 1)Wo(u) + bayu® + byg) cosh?(mu) + Ky(4u? + 1),
pT = (Bsu(4u? + 1)Wo(u) + bs1u® + bsgu) cosh? (mu) + Kyu(4u? + 1),
MélH = (Bg(4u? — 3)(4u”® + 1) (u) + beru® + beau? + bgz) cosh? (mu)+
+ K5(4u? — 3)(4u® +1).

Substituting this ansatz (B.14) into the Pu-system equations, first, we get the unknown
coeflicient

= (A2 - 1)(2(A2—1)A 1) (B.31)

and obtain y with the lower indices in the NLO order

e 1 ((_zmm 166 (A (A -n? 1) +3>> Coshz(m&')

Mo = a—ne—1 722 372A2 A
ung =((A+n)*—1) <<—m — 3% + 27r2A2((Au+n)2 - 1)> cosh?(mu) + ;2) ;
aOF (At -1) ((— U )00 r e tl)-6
N 167r2A2%1(i—:-1n)2 - 1)> cosh’ (mu) + 4§X 1) ’
(= i = S
T2 A2 (A E4S)Z2t11))?(2+n)2 - 1>> cosh () + 4@ 1) !
i = ((A+n)2-1) <<— - (47:)26:21/32\11 . (4:;;2; 2 o E?fj nl))2 1)
+6w2A2((Ai(3;L22j 11))(?2 a2 —1) ) cosh® (mu) + %) ’
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i(4u?— u? U
Mél)-i— _ ((A+n)2—1)2 ((A_n)z_ 1) << (4 Qi)g)’gléﬂ-Qj{zl) \IJ( )

i(m* (4u® =3) +36) (4w’ +1) i (4u—3) (4u>+1) .

" 921672 A G1A4r2AZ (A —m)2=1) ) <O (T

i (4u? - 3) (4u*+1)

a 6144A ) (B.32)

The p-functions with the upper indices in the NLO are given by the formula
1
,u(l)ab(n,u) = Xac,u((:d)(—n,u)xdb. (B.33)

where the matrix x is given by (2.55). Usage of the equation P, = LapP? allows to
partially fix the P-functions in the NNLO order. They are written in the formulas below

242 2 A9 - 1)
()  mA % (2)17_z(A 4+n 3) c .
Pl - 3u4 uﬁ ) P - 48 u + Ao (B34)
(g (OO s
—id (@) 288 - 2 —+
2 (@ 47 1) (371
—"_ )
96ud
242 )
2 (7N 3 AN 1 %
P, _< 3 (A_”)2—1>u3+u5’
p@2 _ i (A% +n?—11) iA? <(A +n)? - 1) ((A —n)*+ 1)
R 16 - 32u4 )
p@ _ (824 n?—11) A ((a+n?-1) (A -n?-1)
S 16 - 32U4 )
242 :
(2)3 _ _7T A 4A i_ %
’ < 3 " ((A + n)2 — 1) ud w
] (3)
(2 _ (A% 4n®=3)
heo 48 ut Au +
24— (51+7%) ((A+n) -1
cin (oo (PO ) e Y1
5iA2 ((A +n)? — 1) ((A _n)?— 1)
- 96u5 )
272 2
T A
P N 3U4 u6 :

Also, from the obtained results one can notice that the P- and p-functions possess the
following symmetry

P%(n,u) = XPy(—n,u), u®(n,u) = xXea(—n,u)x?. (B.35)
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where the matrix x is given by (2.55). In what follows we will assume that this symmetry
is present in all orders of the perturbative expansion.
B.3 Passing to Qw-system

To proceed we need to use the system which is dual to Ppu-system — Quw-system. The
equations of this system look as follows [16, 17]

@ij — wig = QiQj — Q;Qi Qi = wi; Q7 (B.36)
oV —w’ = Q'Y - Q'Q, Q' =wiqy,
QiQ' =0, wije’™ =0}, wyy = Wiy

We assume the scaling of the w-functions is the same as in the case n = 0 considered
in [22], which is motivated by the fact that the case of general n has to be consistent with

the known case of n = 0. Thus, the function w'? scales as w2, w'?, W', W?? and w3* scale
as wY and w?* scales as w?. For the lower indices we have wqy as w_2, w12, W14, woz and

w34 as w? and w3 as w?. Let us remind the connection between p- and w-functions

1 g 1 g
lu’(jb = §QQb|iij+7 /Lab—‘_ = igabmwg . (B37)

With the obtained P- and p-functions in the LO and NLO we can extract the functions
Qup|13 and Qab124 ipy the LO and NLO as well. Let us proceed with further calculations
taking Q513 only as the actions with Q124 are completely the same but with the exchange
n— —n.

One of the QQ-relations says

Qu19%3 — Qa3 L1 = Qap|13 (B.38)

and it allows to express Qg; and Qy; in terms of Qyy, Qg and Qupp13. Using this fact
and the equation
ol -9 . =-P,POf (B.39)

ali ali ali

we are able to derive the following second order Baxter equation for Q;; in the LO

1 1 - A—-n)?-3
<u2 n 4> ol + <u2 + 4> o+ <—2u2 + (Z)> ol =0.  (B.40)

Then, utilizing

we obtain the second order Baxter equation
__ A—-n)?—1
Q'+ Q%)+ (—2 n (u)> Q% =0, (B.42)

where an additional index 3 appears because the Baxter equation for Q3 is the same.
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Repeating analogous calculations with Q%24 we get the similar equation for Q2 and
Q* in the LO

Q24+ | Q24— | (_2 n (A+4n)22—1> Q24 — . (B.A43)
U
As we know the P-functions completely in the LO and NLO orders the equations (B.42)
and (B.43) are known to us up to NLO order and will be used below.

It was said in the section 2 that we should find the solutions to the Baxter equation
with pure asymptotics. Let us consider n = 0 in (B.42) and (B.43) for simplicity (we
always can restore them by shifting A — A —n for the lower indices or A — A 4+ n for the
upper indices). The Baxter equation

2

g+ (-2 — =0 B.44
q+q+(+4u2>q (B.44)

is known to have two independent solutions, which are UHPA

1-A 1+A

ar(A,u) = 2iusF (2, +T 1+ius1,2; 1) , (B.45)

A, —

arr(A,u) = —icoth(mu)qr (A, u) + LWAU) .

COS 35

We found two solutions 1 and q2 with the pure asymptotics uw S and u— T respectively

A A A, —
ql(A,u):—tanLqI(A,u)—i—qH(A,u): —icoth(ﬂu)—tanL qI(A,u)—i—L’Au),
2 2 cos T~
A A A, —
q2(A,u) =tan %qI(A,u) +aqr(Au)= (—icoth(wu) + tan 7r2> qr(Au)+ L;AU) )
COST
(B.46)

Then, the solutions of (B.42) and (B.43) with the pure asumptotics can be expressed as
follows

Qﬁ?g),(u) =q12(A —n,u), (B.47)
QW24 (u) = qo.1(A +n,u).

Let us now turn back to the gluing conditions for the integer conformal spin (3.10)
and write down two of them containing only the Q-functions from (B.47) in the LO in the
scaling parameter w

Q? = M""qQ, (B.48)
Q4 _ M1(0)34Q3.

To find M1(0)12 and MI(O)34 we can use the continuity of the functions Q? and Q* on the
cut Q?(0) = Q%(0) and Q*(0) = Q*(0). The result is

AO12 _ (034 _

: B.49
! ! cos A=) (A +n)? -1 (B.49)
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In terms of the Q-functions with the pure asymptotics, we derive the following gluing
conditions in the LO

w(A+n) 9
cos =5— (A —=n)* =1 _ ()
. B.50
cos "A-1 (A )2 — 1 Qi) (B.50)

Q(0)2,4 (u) _

B.4 LO BFKL eigenvalue

Here we will obtain the LO BFKL eigenvalue in a way similar to [22]. To begin with, let
us write down the Baxter equation for Q> in the NLO

QUzH+ 4 Q24— <_2 N (A+”>22—1> Q24 —
4du

. . 2 2
— ' QOzar+ ' Q24— T T AA+n)”— 1)Q(0)2’4. (B.51)

2(u+1) 2(u — 1) 2ut
From one side from the Baxter equation (B.51) it follows that
(1)j '
QW) _ 1L oWy, j—2.4. (B.52)

Q) (u)  2u
On the other side, we can apply the following trick to find the singular part of Q/ in the

NLO
QY +Q Q-
‘] = 2 —_
Q 5 + W IR Vu? —4Aw. (B.53)

For Q? we obtain

w(A4n)

Q- Q’ 1 (Q(O)Q(U) _cosTH = (A-n)?—1

Wk —dhw  2u cos A= (A +n)2—1

2
Combining (B.54) and the previously obtained results (B.47), we get

§°>(u)> +O(w). (B.54)

Q2w — (iQ(O)?(O)(\IJ(A )+ U(A—n)A O(u0)> 0t OWD),  (BSS)
where 1 A 1 A
T(A) =) <2 - 2) +p <2 + 2> —24(1). (B.56)

Thus, comparing two independent results (B.52) and (B.55), we have the relation
—2(0(A+n)+¥Y(A—-n)A=1. (B.57)
After some calculations, we obtain for the integer n

1 1
ﬂzi(\IJ(A—l—n)—i—\IJ(A—n))—F(’)(w):

_ (H”Q_A) _ (M;A> +20(1) + O(w). (B.3Y)

Rewriting the result in terms of the usual expansion parameters, we obtain the well-known
LO BFKL kernel eigenvalue for nonzero integer conformal spin n [5]

S = —1—4g (1/} <1+”2_A> + 1) (H”;A> — 2¢(1)> +0(gh). (B.59)
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C NLO BFKL eigenvalue in terms of nested harmonic sums

In this appendix we show how to rewrite the NNLO BFKL Pomeron eigenvalue given
in [2, 3] in terms of nested harmonic sums. In the notations of the present work we have

S(A,n) = —1+ ¢*xro(A,n) + g*xnro(A,n) + O(g5), (C.1)

where the LO BFKL Pomeron eigenvalue is known in terms of the harmonic sums

xro(A,n) = —4 (51 (1_§+n — 1) + 5 (1_§+n - 1>) . (C.2)

Upon identification with the notations of [2, 3] of the BFKL Pomeron eigenvalues
xro,NLo(A,n) = 4xi12(n, (1 + A)/2) we write down the original expression, which reads
as

7)== [ 28(01.2) + 20001 =) + 2 m2)-

I n 7 n
—6G—y" (y+5) v (1—7+2)], (C.3)
where v = (1 + A)/2 and
S (_1)k+1 ! !
P = —_— 1) — 1 4
1) = 3 g VD~ ) ()
1
_1\k+1/pr / _
+ (=D (B (k:+n+1)+ﬁ(k+1))+7k+7+n/2 (V(k+n+1)—yk+1))
and .
' _1 (2 +1 N EAY I Oo(_l)k+1
6(z)—4[w< . ) w(Q)]—kZO(Hk)z. (C.5)
Let us consider the following function
b0 =3 (gt o+ 1) - w1) (©6)
x) = 2 e x . :
We can express it in terms of harmonic sums
~ 5
B(x) = Sz~ 1)+ 2C(3). (1)
Then we use the following identity for ®(0, )" which can be found in [41]
3
~ - ™
(0, — P(0,1 =20(— 29(1 —_— .
(0.=2) + 80,1 +) = 28(=x) + 281+ 2) + 57— (©8)
Taking into account the relation
™
=-5_ - S 4(—x—1) —2log2 .
7 = —S-al@) = Soa(-a = 1) - 21og2, (©9)

13In our notations ®(0,x) coicides with ®(z) from [41].
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we obtain the following equation

‘I’(O, —x) + ‘I)(O, 1+ 1‘) = 25_271(33) + 25_271(—.%' — 1)+

+2003) - ”22(5_1(:3) b S a(—z—1)+2l0g2).  (C.10)
Thus, the NLO BFKL Pomeron eigenvalue
xnzo(A,n) = ~2@ (nff) —2<1>< HQA) 2)xz0(A,n)+
+6d$+¢”<r+n ) ¢W<1+n+A> (C.11)
for n =0
wiio(@,0) =20 (0.255) <22 (0,252 ) - 26C)xso(8. 0+
+6«$+¢W<1;A)+w”(L;A> (C.12)
can be rewritten as follows
xNzo(A,0) = Fy (1_2A> + F <1+2A> , (C.13)
where

Fy(z) = —gC(3)+7r2 log 2+7;)251(1‘—1)+7T25_1(J)—1)4—253(%‘—1)—45_2’1(1'—1). (C.14)

Using these results, we are able to rewrite the NLO BFKL Pomeron eigenvalue for non-zero
conformal spin in the following way

1 1-A 1+A
Wwi0(n,8) = 5 (o0, Am)xwso0 A=)+ (155 )+, (F52) - (€1s)
After some calculations, we derive
Ru(3) + Bn(1 = 7) = 20(n,7) +20(n, 1 =7) = ® (0,7 + 2 ) = (C.16)
n n n
—® (O,’y—§> —cb(0,1—~y+§) —@(0,1—7—§> .

To proceed we rewrite ®(n,~) in the following way

ny o 1 "B XX ’k+1) X Bk+1)
o(n, :—5/< +*> T _ant 2. o _—at D
( 7) Y 2 zjlp_,-)/_Q ;p_7_2 = Zk+fy+2

b= 2

Then, after simple calculations, we obtain the result
n
_ / n 1 _
Rn(v) = =26 (74‘ 5) Zm =
p=1
2

=5l g ) o) (e s (-5 ) e

To sum up, substituting into (C.15) the expressions from (C.12) with (C.14) and (C.18),
we are able to write the NLO BFKL Pomeron eigenvalue with non-zero conformal spin in
terms of nested harmonic sums.
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D Values of the NNNLO intercept

Using the iterative procedure we managed to calculate the values of NNNLO intercept for

a set of values of the conformal spin n. They are written below

Jnspo(1)=0,

327t 32072
nopo(3) = —128C2 + (; —64772> Gt ( 37T . 704) C5+2208¢,

54476 3274 12872

)

(D.1)

189 3 3
56m%  4xt
jnaro(5) = (4872 —864) C3+ 1008C; + 4—7; + % 1272 42832,
. 704G 16976 97672 327t 32072 15536
Jnspo(7)=— 3 + 9 9 + 3 G+ 3 "9 C5+
299276 847672 644wt 5440444
2208 — —
220867+ e T g 81 2187 '
oro(9) = 25007° 196750 CJr17500@,+1407r6 95774_291275772+76123175
INSLOW) =\ o7 81 3 9 81 54 5832 17496
ro(11) = 4384(§+ 157729 330767r2+327r4 ot 3207% 573836 Gt
JN3LO - 15 45 225 3 5 3 225 °
1863276 95989204372  1458537*  20803468134991
+2208(7 + + — —
2835 18225000 20250 5467500000

E Solution of the NLO finite difference equation for Q,;

Rewriting the equation (5.94) in the form (5.96) we have

icosh_ ucosh? __iucosh_ . cosh?.

29212 912 29212 g'13
iucosh_ u? cosh? i i(u2 cosh_ —g? 12) ucosh?

Q(1)+ - Q(l}— _ 2921 gi12 2 29215 9112
ali ali 1 iu cosh u __dcosh_

4 29215 4 2921
_u i + i(u2 cosh— —9212) u? __ducosh_

4 2 29215 4 2921

The parts of the solution are given by

0
(Q(m) _ 0 0 2
ali pol w 0 iu2+
u u?
2 8
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and

cosh” — g§§2 v (cosh’i ) > _ycosh?. g§§2 (coshqi) 2
. 2 2 2 2 2 2
(QOH) _ i Iy - v cosh”. —QQ}QU (coshﬁ) —v* cosh”. 92}21’ (coshﬁ) (E3)
adi Ju 2¢°I 0 v cosh”. 0 — cosh”.
0 v? cosh?” 0 —uv cosh”

where we used the fact that (I'yy - const) = 0.

Using the large u expansion of the kernel I'y, it is possible to fix the coefficients c,;

7 T
0 0 is — T 0
sy 0 —1 0
Cali = 1 3 4 in g% 4 ig2 g (1) 4o 0 (E.4)
8 1774 24, T 12 21 7T 18
ig?la g g (1) i i 1 _im
241, iz t3G1 18 1 0 27 14
Rewriting equation (5.106) in the form (5.96) we have
i cosh_ ucosh? ju cosh_ cosh?
29215 I T 2¢%D g3
iu cosh_ u? cosh? i i(u2 cosh_ 79212) ucosh?
Q(1)+ B Q(l)— _ 2921 9112 2 29215 gi12 . (E5)
ali ali 1 iu cosh _ _u _icosh_
4 2921 4 2¢2%1>
u i i(u2 cosh— —9212) _u? __ducosh_
4 2 2921 4 29215
Parts of the solution are as follows
0 0 0 0
u
~(1)— 0 0 -~y 0
(Qt(z\z) ) ol = iu wu? : u (EG)
p —Z 0 ] + ] 0
iu? u u u? U
—% "sas1nts
and
v 21 v\2 v 21 v\2
cosh?” 25V (cosh,) ) —v cosh?. — 75 (cosh,) ;
. vo_2i 2 v a2 vo_ 2 v
(Q(P,) _ 12 .. v cosh?” 25V (cosh_) v< cosh” gQIQU(cosh_) E7)
oo 29°I 0 v cosh? 0 — cosh”
0 v2 cosh” 0 —uv cosh”

where we used the fact that I'p (const) = 0.

F Fixing the constants M1(1)13, Ml(l)11 and M1(1)33.

Let us rewrite the equation (5.120) once more introducing a new designation for the Lh.s.
of (5.114)

~ 1
Z1ig=Rig+ Rig+ —
9212

(coshy +cosh_) R34 =0, (F.1)
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where R,, a = 1,...,4 are given by (5.114). After the substitution of the P-functions,
Q-functions with two indices and the gluing matrix we see that the integral kernels 'y and
I'p in (F.1) combine into the difference

29

Ty 1)) = (T B)(w) = § d”.(

2me \v —u

+ 7 coth(m(u — U))> h(v) . (F.2)
—2g

As we are dealing in (F.1) with the functions h(v) being the series in x(v) with negative
powers, the first integral in (F.2) with the kernel 1/(u — v) can be taken by using the
residue theorem and we obtain
29
dv
(Ty -h)(w) — (Tp - h)(u) = h(u) + i coth(m(u —v))h(v) . (F.3)
—2g
Rewriting coth(27(u—v)) = (2™ +e2™)/(e*™—e?™) and changing the integration variable
from v to Zhukovsky variable z(v), we are able to derive relatively compact expressions for
Zl and Z2

1 1
Zi=— 21 " sinh(2mu) — i MY i 4 22; (6 (a2 () s m) 1y, (P
2
i . i . )
Zo = Tbusmh(%“) <zM() +TIO( <M1(1)12M1(1)34)+7T))u+2M1(1)11+T2,
where
in dx, 2™ 4 2™ 1 1 1 1
Ty =——— e e N N ——— F.5
! g2I2 7{ 2mi e2mu — g2mv <x xv> <$ xv> <xv xu> % (F.5)

|lzo|=1
x (1o + cosh” — sinh(27u)) cosh? ,
oo T ]{ dz, ™ +e2™ (5 1 1 L1y,
2 gl? 2mi e2mu — e2mv \ TV g2 Y, Ty  Tu
Ty |=1

x (Io(1— La,x2) 4 cosh” —(1 — a2 )smh(27ru)) cosh? |

where the integration contour goes clockwise. To calculate the integrals (F.5) we utilize
the following trick. If in both integrals we make the inversion of the integration variable
x, this does not change their value. Thus, taking the half-sum of T and 772 with z,
replaced by 1/z, leaves the integrals intact, but gives us the integrands which are much
simpler to work with

LT dz, 1 1 1 1
=T S gy — — S Y (R F.6
! 29212 j{ 2mi <$v xv) <:cu xv> <£Uv :nu> x (F-6)

=1

X (cosh’ — cosh”) (sinh(27u) + sinh(27v)) ,

T j{ dvy (o LN/ LN(L L1\
2 2913 2mi \' Y a2 Y, Ty  Tu

|zo|=1

x (cosh!, —cosh”) (sinh(27u) + sinh(27v)) .
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Calculation of the integrals (F.6) leads us to the result

. . +o0
17T 1T
T = sinh(27u) + —5u »  ITop(Iogy1 — lon—1), (F.7)
921y gl2 ;
i ir X
TQ = —TU sinh(27ru) -~ Z IQk(IZIH»S + IQk+1 — ng,1 — ngfg) .
g Iy QIQ el

After the substitution of (F.7) into (F.4), we manage to fix the following coefficients of the
gluing matrix in the NLO

MO _gé—(}z (z <M1(1)12 _ M1(1)34) +7r) ’ (F.8)

+00
1)11 i
MM = 2Ly ZI%(IQHS + Topsr = Iog—1 — I2-3)
k=1

+oo
s
M = 2L > Iok(Togi1 = Top 1) -
k=1

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

[6]

[7]

8]

N. Gromov, F. Levkovich-Maslyuk and G. Sizov, Quantum spectral curve and the numerical
solution of the spectral problem in AdSs/CFT,, JHEP 06 (2016) 036 [arXiv:1504.06640]
[INSPIRE].

A.V. Kotikov and L.N. Lipatov, DGLAP and BFKL evolution equations in the N =4
supersymmetric gauge theory, in 35" Annual Winter School on Nuclear and Particle
Physics, Repino, Russia, 19-25 February 2001 [hep-ph/0112346] [INSPIRE].

A.V. Kotikov and L.N. Lipatov, DGLAP and BFKL equations in the N = 4 supersymmetric
gauge theory, Nucl. Phys. B 661 (2003) 19 [Erratum ibid. B 685 (2004) 405]
[hep-ph/0208220] [INSPIRE].

L.N. Lipatov, Asymptotic behavior of multicolor QCD at high energies in connection with
exactly solvable spin models, JETP Lett. 59 (1994) 596 [Pisma Zh. Eksp. Teor. Fiz. 59
(1994) 571] [hep-th/9311037] [INSPIRE].

A.V. Kotikov and L.N. Lipatov, NLO corrections to the BEKL equation in QCD and in
supersymmetric gauge theories, Nucl. Phys. B 582 (2000) 19 [hep-ph/0004008] [NSPIRE].

0. Kepka, C. Marquet and C. Royon, Gaps between jets in hadronic collisions, Phys. Rev. D
83 (2011) 034036 [arXiv:1012.3849] [INSPIRE].

J. Bartels, High-energy behavior in a non-Abelian gauge theory (II), Nucl. Phys. B 175
(1980) 365 [INSPIRE].

J. Kwiecinski and M. Praszalowicz, Three gluon integral equation and odd c¢ singlet Regge
singularities in QCD, Phys. Lett. B 94 (1980) 413 [INSPIRE].

79 -


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP06(2016)036
https://arxiv.org/abs/1504.06640
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.06640
https://arxiv.org/abs/hep-ph/0112346
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0112346
https://doi.org/10.1016/S0550-3213(03)00264-5
https://arxiv.org/abs/hep-ph/0208220
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0208220
https://arxiv.org/abs/hep-th/9311037
https://inspirehep.net/search?p=find+EPRINT+hep-th/9311037
https://doi.org/10.1016/S0550-3213(00)00329-1
https://arxiv.org/abs/hep-ph/0004008
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0004008
https://doi.org/10.1103/PhysRevD.83.034036
https://doi.org/10.1103/PhysRevD.83.034036
https://arxiv.org/abs/1012.3849
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.3849
https://doi.org/10.1016/0550-3213(80)90019-X
https://doi.org/10.1016/0550-3213(80)90019-X
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B175,365%22
https://doi.org/10.1016/0370-2693(80)90909-0
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B94,413%22

[9] L.D. Faddeev and G.P. Korchemsky, High-energy QCD as a completely integrable model,
Phys. Lett. B 342 (1995) 311 [hep-th/9404173] [INSPIRE].

[10] V.M. Braun, S.E. Derkachov and A.N. Manashov, Integrability of three particle evolution
equations in QCD, Phys. Rev. Lett. 81 (1998) 2020 [hep-ph/9805225] [INSPIRE].

[11] A.V. Belitsky, G.P. Korchemsky and D. Mueller, Integrability in Yang-Mills theory on the
light cone beyond leading order, Phys. Rev. Lett. 94 (2005) 151603 [hep-th/0412054]
[INSPIRE].

[12] A.V. Belitsky, G.P. Korchemsky and D. Mueller, Integrability of two-loop dilatation operator
in gauge theories, Nucl. Phys. B 735 (2006) 17 [hep-th/0509121] [INSPIRE].

[13] A.V. Belitsky, G.P. Korchemsky and D. Mueller, Towards Baxter equation in supersymmetric
Yang-Mills theories, Nucl. Phys. B 768 (2007) 116 [hep-th/0605291] [INSPIRE].

[14] J.A. Minahan and K. Zarembo, The Bethe ansatz for N = 4 super-Yang-Mills, JHEP 03
(2003) 013 [hep-th/0212208] [INSPIRE].

[15] N. Beisert et al., Review of AdS/CFT integrability: an overview, Lett. Math. Phys. 99 (2012)
3 [arXiv:1012.3982] [INSPIRE].

[16] N. Gromov, V. Kazakov, S. Leurent and D. Volin, Quantum spectral curve for planar N = 4
super-Yang-Mills theory, Phys. Rev. Lett. 112 (2014) 011602 [arXiv:1305.1939] INSPIRE].

[17] N. Gromov, V. Kazakov, S. Leurent and D. Volin, Quantum spectral curve for arbitrary
state/operator in AdSs/CFT,, JHEP 09 (2015) 187 [arXiv:1405.4857] [INSPIRE].

[18] N. Gromov, Introduction to the spectrum of N =4 SYM and the quantum spectral curve,
arXiv:1708.03648 [INSPIRE].

[19] V. Kazakov, Quantum spectral curve of y-twisted N = 4 SYM theory and fishnet CFT,
arXiv:1802.02160 [INSPIRE].

[20] A.V. Kotikov, L.N. Lipatov, A. Rej, M. Staudacher and V.N. Velizhanin, Dressing and
wrapping, J. Stat. Mech. 0710 (2007) P10003 [arXiv:0704.3586] [INSPIRE].

[21] N. Gromov, F. Levkovich-Maslyuk, G. Sizov and S. Valatka, Quantum spectral curve at
work: from small spin to strong coupling in N =4 SYM, JHEP 07 (2014) 156
[arXiv:1402.0871] [INSPIRE].

[22] M. Alfimov, N. Gromov and V. Kazakov, QCD pomeron from AdS/CFT quantum spectral
curve, JHEP 07 (2015) 164 [arXiv:1408.2530] [INSPIRE].

[23] N. Gromov, F. Levkovich-Maslyuk and G. Sizov, Pomeron eigenvalue at three loops in N = 4
supersymmetric Yang-Mills theory, Phys. Rev. Lett. 115 (2015) 251601 [arXiv:1507.04010]
[INSPIRE].

[24] N. Gromov and V. Kazakov, Analytic continuation in spin of the Baxter equation solutions
for twist-2 operators, unpublished.

[25] R.A. Janik, Twist-two operators and the BFKL regime — nonstandard solutions of the
Baazter equation, JHEP 11 (2013) 153 [arXiv:1309.2844] InSPIRE].

[26] M. Alfimov, QCD pomeron with conformal spin from AdS/CFT quantum spectral curve, in
GATIS training event, DESY, Hamburg, Germany, 29 February 2016.

[27] S. Caron-Huot and M. Herranen, High-energy evolution to three loops, JHEP 02 (2018) 058
[arXiv:1604.07417] [INSPIRE].

- 73 —


https://doi.org/10.1016/0370-2693(94)01363-H
https://arxiv.org/abs/hep-th/9404173
https://inspirehep.net/search?p=find+EPRINT+hep-th/9404173
https://doi.org/10.1103/PhysRevLett.81.2020
https://arxiv.org/abs/hep-ph/9805225
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9805225
https://doi.org/10.1103/PhysRevLett.94.151603
https://arxiv.org/abs/hep-th/0412054
https://inspirehep.net/search?p=find+EPRINT+hep-th/0412054
https://doi.org/10.1016/j.nuclphysb.2005.11.015
https://arxiv.org/abs/hep-th/0509121
https://inspirehep.net/search?p=find+EPRINT+hep-th/0509121
https://doi.org/10.1016/j.nuclphysb.2007.01.024
https://arxiv.org/abs/hep-th/0605291
https://inspirehep.net/search?p=find+EPRINT+hep-th/0605291
https://doi.org/10.1088/1126-6708/2003/03/013
https://doi.org/10.1088/1126-6708/2003/03/013
https://arxiv.org/abs/hep-th/0212208
https://inspirehep.net/search?p=find+EPRINT+hep-th/0212208
https://doi.org/10.1007/s11005-011-0529-2
https://doi.org/10.1007/s11005-011-0529-2
https://arxiv.org/abs/1012.3982
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.3982
https://doi.org/10.1103/PhysRevLett.112.011602
https://arxiv.org/abs/1305.1939
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.1939
https://doi.org/10.1007/JHEP09(2015)187
https://arxiv.org/abs/1405.4857
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.4857
https://arxiv.org/abs/1708.03648
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.03648
https://arxiv.org/abs/1802.02160
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.02160
https://doi.org/10.1088/1742-5468/2007/10/P10003
https://arxiv.org/abs/0704.3586
https://inspirehep.net/search?p=find+EPRINT+arXiv:0704.3586
https://doi.org/10.1007/JHEP07(2014)156
https://arxiv.org/abs/1402.0871
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.0871
https://doi.org/10.1007/JHEP07(2015)164
https://arxiv.org/abs/1408.2530
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.2530
https://doi.org/10.1103/PhysRevLett.115.251601
https://arxiv.org/abs/1507.04010
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.04010
https://doi.org/10.1007/JHEP11(2013)153
https://arxiv.org/abs/1309.2844
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.2844
https://indico.desy.de/indico/event/8491/contribution/3/material/slides/0.pdf
https://doi.org/10.1007/JHEP02(2018)058
https://arxiv.org/abs/1604.07417
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.07417

[28]

[29]

[30]

[31]

32]

[33]

[34]

C. Marboe and D. Volin, Quantum spectral curve as a tool for a perturbative quantum field
theory, Nucl. Phys. B 899 (2015) 810 [arXiv:1411.4758] INSPIRE].

C. Marboe, V. Velizhanin and D. Volin, Siz-loop anomalous dimension of twist-two operators
in planar N =4 SYM theory, JHEP 07 (2015) 084 [arXiv:1412.4762] INSPIRE].

C. Marboe and D. Volin, The full spectrum of AdSs/CFTy I: representation theory and
one-loop Q-system, J. Phys. A 51 (2018) 165401 [arXiv:1701.03704] [INSPIRE].

N. Gromov, V. Kazakov, G. Korchemsky, S. Negro and G. Sizov, Integrability of conformal
fishnet theory, JHEP 01 (2018) 095 [arXiv:1706.04167] [INSPIRE].

N. Gromov and F. Levkovich-Maslyuk, Quark-anti-quark potential in N =4 SYM, JHEP 12
(2016) 122 [arXiv:1601.05679] [INSPIRE].

M. Beccaria and G. Macorini, Quantum folded string in S° and the Komnishi multiplet at
strong coupling, JHEP 10 (2011) 040 [arXiv:1108.3480] [INSPIRE].

R.C. Brower, M.S. Costa, M. Djuri¢, T. Raben and C.-1. Tan, Strong coupling expansion for
the conformal pomeron/odderon trajectories, JHEP 02 (2015) 104 [arXiv:1409.2730]
[INSPIRE].

N. Gromov and F. Levkovich-Maslyuk, Quantum spectral curve for a cusped Wilson line in
N =4 SYM, JHEP 04 (2016) 134 [arXiv:1510.02098] [INSPIRE].

A. Hegediis and J. Konczer, Strong coupling results in the AdSs/CFT, correspondence from
the numerical solution of the quantum spectral curve, JHEP 08 (2016) 061
[arXiv:1604.02346] [iNSPIRE].

S. Leurent and D. Volin, Multiple zeta functions and double wrapping in planar N =4 SYM,
Nucl. Phys. B 875 (2013) 757 [arXiv:1302.1135] [INSPIRE].

L. Anselmetti, D. Bombardelli, A. Cavaglia and R. Tateo, 12 loops and triple wrapping in
ABJM theory from integrability, JHEP 10 (2015) 117 [arXiv:1506.09089] [INSPIRE].

R.N. Lee and A.I. Onishchenko, ABJM quantum spectral curve and Mellin transform, JHEP
05 (2018) 179 [arXiv:1712.00412] [INSPIRE].

C. Duhr, Mathematical aspects of scattering amplitudes, in Proceedings, Theoretical Advanced
Study Institute in Elementary Particle Physics: journeys through the precision frontier —
amplitudes for colliders (TASI 2014), Boulder, CO, U.S.A., 2-27 June 2014, World Scientific,
Singapore, (2015), pg. 419 [arXiv:1411.7538] [INSPIRE].

M.S. Costa, V. Goncalves and J. Penedones, Conformal Regge theory, JHEP 12 (2012) 091
[arXiv:1209.4355] [INSPIRE].

A.V. Kotikov and V.N. Velizhanin, Analytic continuation of the Mellin moments of deep
inelastic structure functions, hep-ph/0501274 [INSPIRE].

D.I. Kazakov and A.V. Kotikov, Total as correction to deep inelastic scattering cross-section
ratio, R = o /ot in QCD. Calculation of longitudinal structure function, Nucl. Phys. B 307
(1988) 721 [Erratum ibid. B 345 (1990) 299] [INSPIRE].

C. Lopez and F.J. Yndurain, Behavior at x = 0,1, sum rules and parametrizations for
structure functions beyond the leading order, Nucl. Phys. B 183 (1981) 157 [InSPIRE].

A.V. Kotikov, L.N. Lipatov, A.I. Onishchenko and V.N. Velizhanin, Three loop universal
anomalous dimension of the Wilson operators in N =4 SUSY Yang-Mills model, Phys. Lett.
B 595 (2004) 521 [Erratum ibid. B 632 (2006) 754] [hep-th/0404092] [INSPIRE].

— 74—


https://doi.org/10.1016/j.nuclphysb.2015.08.021
https://arxiv.org/abs/1411.4758
https://inspirehep.net/search?p=find+EPRINT+arXiv:1411.4758
https://doi.org/10.1007/JHEP07(2015)084
https://arxiv.org/abs/1412.4762
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.4762
https://doi.org/10.1088/1751-8121/aab34a
https://arxiv.org/abs/1701.03704
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.03704
https://doi.org/10.1007/JHEP01(2018)095
https://arxiv.org/abs/1706.04167
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.04167
https://doi.org/10.1007/JHEP12(2016)122
https://doi.org/10.1007/JHEP12(2016)122
https://arxiv.org/abs/1601.05679
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.05679
https://doi.org/10.1007/JHEP10(2011)040
https://arxiv.org/abs/1108.3480
https://inspirehep.net/search?p=find+EPRINT+arXiv:1108.3480
https://doi.org/10.1007/JHEP02(2015)104
https://arxiv.org/abs/1409.2730
https://inspirehep.net/search?p=find+EPRINT+arXiv:1409.2730
https://doi.org/10.1007/JHEP04(2016)134
https://arxiv.org/abs/1510.02098
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.02098
https://doi.org/10.1007/JHEP08(2016)061
https://arxiv.org/abs/1604.02346
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.02346
https://doi.org/10.1016/j.nuclphysb.2013.07.020
https://arxiv.org/abs/1302.1135
https://inspirehep.net/search?p=find+EPRINT+arXiv:1302.1135
https://doi.org/10.1007/JHEP10(2015)117
https://arxiv.org/abs/1506.09089
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.09089
https://doi.org/10.1007/JHEP05(2018)179
https://doi.org/10.1007/JHEP05(2018)179
https://arxiv.org/abs/1712.00412
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.00412
https://doi.org/10.1142/9789814678766_0010
https://arxiv.org/abs/1411.7538
https://inspirehep.net/search?p=find+EPRINT+arXiv:1411.7538
https://doi.org/10.1007/JHEP12(2012)091
https://arxiv.org/abs/1209.4355
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.4355
https://arxiv.org/abs/hep-ph/0501274
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0501274
https://doi.org/10.1016/0550-3213(88)90106-X
https://doi.org/10.1016/0550-3213(88)90106-X
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B307,721%22
https://doi.org/10.1016/0550-3213(81)90551-4
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B183,157%22
https://doi.org/10.1016/j.physletb.2004.05.078
https://doi.org/10.1016/j.physletb.2004.05.078
https://arxiv.org/abs/hep-th/0404092
https://inspirehep.net/search?p=find+EPRINT+hep-th/0404092

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[61]

[62]

[63]

J. Blumlein, Structural relations of harmonic sums and Mellin transforms up to weight
w =5, Comput. Phys. Commun. 180 (2009) 2218 [arXiv:0901.3106] INSPIRE].

J. Ablinger, A computer algebra toolbox for harmonic sums related to particle physics,
diploma thesis, Linz U., Linz, Austria, (2009) [arXiv:1011.1176] [INSPIRE].

J. Ablinger, Computer algebra algorithms for special functions in particle physics, Ph.D.
thesis, Linz U., Linz, Austria, (2012) [arXiv:1305.0687| [INSPIRE].

J. Ablinger, J. Bliimlein and C. Schneider, Analytic and algorithmic aspects of generalized
harmonic sums and polylogarithms, J. Math. Phys. 54 (2013) 082301 [arXiv:1302.0378]
[INSPIRE].

J. Ablinger, J. Blumlein and C. Schneider, Harmonic sums and polylogarithms generated by
cyclotomic polynomials, J. Math. Phys. 52 (2011) 102301 [arXiv:1105.6063] [INSPIRE].

E. Remiddi and J.A.M. Vermaseren, Harmonic polylogarithms, Int. J. Mod. Phys. A 15
(2000) 725 [hep-ph/9905237] [INSPIRE].

J.AM. Vermaseren, Harmonic sums, Mellin transforms and integrals, Int. J. Mod. Phys. A
14 (1999) 2037 [hep-ph/9806280] [INSPIRE].

Yu. L. Dokshitzer, G. Marchesini and G.P. Salam, Rewvisiting parton evolution and the large-x
limit, Phys. Lett. B 634 (2006) 504 [hep-ph/0511302] [InSPIRE].

Yu. L. Dokshitzer and G. Marchesini, N = 4 SUSY Yang-Mills: three loops made simple(r),
Phys. Lett. B 646 (2007) 189 [hep-th/0612248] [INSPIRE].

B. Basso and G.P. Korchemsky, Anomalous dimensions of high-spin operators beyond the
leading order, Nucl. Phys. B 775 (2007) 1 [hep-th/0612247] [INSPIRE].

L.F. Alday, A. Bissi and T. Lukowski, Large spin systematics in CFT, JHEP 11 (2015) 101
[arXiv:1502.07707] [NSPIRE].

V.N. Gribov and L.N. Lipatov, Deep inelastic ep scattering in perturbation theory, Sov. J.
Nucl. Phys. 15 (1972) 438 [Yad. Fiz. 15 (1972) 781] [INSPIRE].

V.N. Gribov and L.N. Lipatov, ete™ pair annihilation and deep inelastic ep scattering in
perturbation theory, Sov. J. Nucl. Phys. 15 (1972) 675 [Yad. Fiz. 15 (1972) 1218] [nSPIRE].

M. Beccaria, Yu. L. Dokshitzer and G. Marchesini, Twist 3 of the sl(2) sector of N =4 SYM
and reciprocity respecting evolution, Phys. Lett. B 652 (2007) 194 [arXiv:0705.2639]
[INSPIRE].

M. Beccaria, V. Forini, T. Lukowski and S. Zieme, Twist-three at five loops, Bethe ansatz
and wrapping, JHEP 03 (2009) 129 [arXiv:0901.4864] [INSPIRE].

M. Beccaria and V. Forini, Four loop reciprocity of twist two operators in N =4 SYM, JHEP
03 (2009) 111 [arXiv:0901.1256] [INSPIRE].

T. Lukowski, A. Rej and V.N. Velizhanin, Five-loop anomalous dimension of twist-two
operators, Nucl. Phys. B 831 (2010) 105 [arXiv:0912.1624] INSPIRE].

V.N. Velizhanin, Siz-loop anomalous dimension of twist-three operators in N =4 SYM,
JHEP 11 (2010) 129 [arXiv:1003.4717] [INSPIRE].

V.N. Velizhanin, Vanishing of the four-loop charge renormalization function in N =4 SYM
theory, Phys. Lett. B 696 (2011) 560 [arXiv:1008.2198] [INSPIRE].

— 75 —


https://doi.org/10.1016/j.cpc.2009.07.004
https://arxiv.org/abs/0901.3106
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.3106
https://arxiv.org/abs/1011.1176
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.1176
https://arxiv.org/abs/1305.0687
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.0687
https://doi.org/10.1063/1.4811117
https://arxiv.org/abs/1302.0378
https://inspirehep.net/search?p=find+EPRINT+arXiv:1302.0378
https://doi.org/10.1063/1.3629472
https://arxiv.org/abs/1105.6063
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.6063
https://doi.org/10.1142/S0217751X00000367
https://doi.org/10.1142/S0217751X00000367
https://arxiv.org/abs/hep-ph/9905237
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9905237
https://doi.org/10.1142/S0217751X99001032
https://doi.org/10.1142/S0217751X99001032
https://arxiv.org/abs/hep-ph/9806280
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9806280
https://doi.org/10.1016/j.physletb.2006.02.023
https://arxiv.org/abs/hep-ph/0511302
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0511302
https://doi.org/10.1016/j.physletb.2007.01.016
https://arxiv.org/abs/hep-th/0612248
https://inspirehep.net/search?p=find+EPRINT+hep-th/0612248
https://doi.org/10.1016/j.nuclphysb.2007.03.044
https://arxiv.org/abs/hep-th/0612247
https://inspirehep.net/search?p=find+EPRINT+hep-th/0612247
https://doi.org/10.1007/JHEP11(2015)101
https://arxiv.org/abs/1502.07707
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.07707
https://inspirehep.net/search?p=find+J+%22Sov.J.Nucl.Phys.,15,438%22
https://inspirehep.net/search?p=find+J+%22Sov.J.Nucl.Phys.,15,675%22
https://doi.org/10.1016/j.physletb.2007.07.016
https://arxiv.org/abs/0705.2639
https://inspirehep.net/search?p=find+EPRINT+arXiv:0705.2639
https://doi.org/10.1088/1126-6708/2009/03/129
https://arxiv.org/abs/0901.4864
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.4864
https://doi.org/10.1088/1126-6708/2009/03/111
https://doi.org/10.1088/1126-6708/2009/03/111
https://arxiv.org/abs/0901.1256
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.1256
https://doi.org/10.1016/j.nuclphysb.2010.01.008
https://arxiv.org/abs/0912.1624
https://inspirehep.net/search?p=find+EPRINT+arXiv:0912.1624
https://doi.org/10.1007/JHEP11(2010)129
https://arxiv.org/abs/1003.4717
https://inspirehep.net/search?p=find+EPRINT+arXiv:1003.4717
https://doi.org/10.1016/j.physletb.2011.01.019
https://arxiv.org/abs/1008.2198
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.2198

[65]

[66]

V.N. Velizhanin, Double-logs, Gribov-Lipatov reciprocity and wrapping, JHEP 08 (2011) 092
[arXiv:1104.4100] [INSPIRE].

V.N. Velizhanin, Twist-2 at five loops: wrapping corrections without wrapping computations,
JHEP 06 (2014) 108 [arXiv:1311.6953] [INSPIRE].

C. Marboe and V. Velizhanin, Twist-2 at seven loops in planar N = 4 SYM theory: full
result and analytic properties, JHEP 11 (2016) 013 [arXiv:1607.06047] [INSPIRE].

B. Basso, An exact slope for AdS/CFT, arXiv:1109.3154 [InSPIRE].

N. Gromov, On the derivation of the exact slope function, JHEP 02 (2013) 055
[arXiv:1205.0018] [INSPIRE].

N. Gromov and A. Sever, Analytic solution of bremsstrahlung TBA, JHEP 11 (2012) 075
[arXiv:1207.5489] [INSPIRE].

N. Beisert, B. Eden and M. Staudacher, Transcendentality and crossing, J. Stat. Mech. 0701
(2007) P01021 [hep-th/0610251] [INSPIRE].

N. Dorey, D.M. Hofman and J.M. Maldacena, On the singularities of the magnon S-matriz,
Phys. Rev. D 76 (2007) 025011 [hep-th/0703104] [INSPIRE].

N. Beisert, R. Hernandez and E. Lopez, A crossing-symmetric phase for AdSs x S° strings,
JHEP 11 (2006) 070 [hep-th/0609044] [nSPIRE].

P. Vieira and D. Volin, Review of AdS/CFT integrability, chapter II1.3: the dressing factor,
Lett. Math. Phys. 99 (2012) 231 [arXiv:1012.3992] [INSPIRE].

EZ-Face: an interface for evaluation of Fuler sums webpage,
http://wayback.cecm.sfu.ca/projects/EZFace/.

A.V. Kotikov and L.N. Lipatov, Pomeron in the N = 4 supersymmetric gauge model at
strong couplings, Nucl. Phys. B 874 (2013) 889 [arXiv:1301.0882] INSPIRE].

R.C. Brower, M. Costa, M. Djuric, T. Raben and C.-I. Tan, Conformal pomeron and odderon
in strong coupling, in International workshop on low X physics, Eilat, Israel, 30 May—4 June
2013 [arXiv:1312.1419] [INSPIRE].

R.A. Janik and P. Laskos-Grabowski, Approaching the BFKL pomeron via integrable
classical solutions, JHEP 01 (2014) 074 [arXiv:1311.2302] [INSPIRE].

A. Cavaglia, N. Gromov and F. Levkovich-Maslyuk, Quantum spectral curve and structure
constants in N =4 SYM: cusps in the ladder limit, arXiv:1802.04237 [INSPIRE].

J. Bartels, M.G. Ryskin and G.P. Vacca, On the triple pomeron vertex in perturbative QCD,
Eur. Phys. J. C 27 (2003) 101 [hep-ph/0207173] [iINSPIRE].

— 76 —


https://doi.org/10.1007/JHEP08(2011)092
https://arxiv.org/abs/1104.4100
https://inspirehep.net/search?p=find+EPRINT+arXiv:1104.4100
https://doi.org/10.1007/JHEP06(2014)108
https://arxiv.org/abs/1311.6953
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.6953
https://doi.org/10.1007/JHEP11(2016)013
https://arxiv.org/abs/1607.06047
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.06047
https://arxiv.org/abs/1109.3154
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.3154
https://doi.org/10.1007/JHEP02(2013)055
https://arxiv.org/abs/1205.0018
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.0018
https://doi.org/10.1007/JHEP11(2012)075
https://arxiv.org/abs/1207.5489
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.5489
https://doi.org/10.1088/1742-5468/2007/01/P01021
https://doi.org/10.1088/1742-5468/2007/01/P01021
https://arxiv.org/abs/hep-th/0610251
https://inspirehep.net/search?p=find+EPRINT+hep-th/0610251
https://doi.org/10.1103/PhysRevD.76.025011
https://arxiv.org/abs/hep-th/0703104
https://inspirehep.net/search?p=find+EPRINT+hep-th/0703104
https://doi.org/10.1088/1126-6708/2006/11/070
https://arxiv.org/abs/hep-th/0609044
https://inspirehep.net/search?p=find+EPRINT+hep-th/0609044
https://doi.org/10.1007/s11005-011-0482-0
https://arxiv.org/abs/1012.3992
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.3992
http://wayback.cecm.sfu.ca/projects/EZFace/
https://doi.org/10.1016/j.nuclphysb.2013.06.018
https://arxiv.org/abs/1301.0882
https://inspirehep.net/search?p=find+EPRINT+arXiv:1301.0882
https://arxiv.org/abs/1312.1419
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.1419
https://doi.org/10.1007/JHEP01(2014)074
https://arxiv.org/abs/1311.2302
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.2302
https://arxiv.org/abs/1802.04237
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.04237
https://doi.org/10.1140/epjc/s2002-01089-x
https://arxiv.org/abs/hep-ph/0207173
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0207173

	Introduction
	Description of the QSC based framework
	Algebraic part of the construction
	Analytic part of the construction
	Complex conjugation symmetry
	Parity symmetry
	Constraining the gluing matrix
	Integer S(1) and S(2)
	Non-integer S(1) and S(2)


	Numerical solution
	Weak coupling expansion
	Description of the iterative procedure
	Multiloop expansion of the intercept function for arbitrary conformal spin

	Near-BPS all loop expansion
	Slope of the intercept near the BPS point
	LO solution
	Result for the slope-to-intercept function
	Strong coupling expansion of the slope-to-intercept function

	Curvature function near the BPS point
	LO solution
	NLO solution
	Result for the curvature function
	Strong coupling expansion of the curvature function


	Intercept function at strong coupling
	Conclusions and future directions
	Details of QSC construction
	Weak coupling solution of the QSC for length-2 operators with nonzero S(2)=n
	LO solution
	NLO solution
	Passing to Q omega-system
	LO BFKL eigenvalue

	NLO BFKL eigenvalue in terms of nested harmonic sums
	Values of the NNNLO intercept
	Solution of the NLO finite difference equation for Q(a|i)
	Fixing the constants M(1)**((1)13), M(1)**((1)11) and M(1)**((1)33).

