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Abstract

In this paper, using the Mittag-Leffler-type Borel distribution, the authors introduce a new class of bi-Bazilevic functions de-
fined in the open unit disc associated with Legendre polynomials, we find estimates for the general Taylor-Maclaurin coefficients
of the functions in the subclass introduced, and the Fekete-Szego problem is solved.
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1. Introduction, definitions, and preliminaries

Let A denote the class of analytic functions of the form
f(z) =z+ Z azk, zeA={zeC:lzl <1}, (1.1)
k=2

and let § C A consisting on functions that are univalent in A.
The convolution or the Hadamard product of two functions f;,f, € A is denoted by f; *x f, and is
defined as follows:

(ee]
(fixfa)(z) ==z+ ) araaaz® = (faxf1)(2),
k=2

where

0
fi(z) =z+ Z aklizk, i=1,2.
k=2

For 0 <y <1, and f € § is as assumed in (1.1), then
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1. fis said to be starlike of order v if 8* (y) = {f cEA:R (szé(;))) >y, z€ A};

2. fis said to be convex of order vy if X (y) = {f EA:R (1 + fo/’z(zz))) >y, z€ A}.

An analytic function F is subordinate to another analytic function G, written as follows:
F(z) < G(z), (zeA),
provided that there exists an analytic function (that is, Schwarz function) w(z) defined on A with
w(0)=0 and lw(z)] <1, (z e A)

such that (see, for details, [27])
F(z) = G(w(z)), (z € A).

Ma and Minda [26] unified various subclasses of starlike and convex functions for which either of the
functions ) (2)
zf'(z zf"(z
, d
R P

is subordinate to a more general superordinate function. For this purpose, they considered an analytic
function ¢, with

R(d(z)) >0, (zeA), ¢0)=1, and ¢’'(0) >0,

which maps A onto a region starlike with respect to 1 and symmetric with respect to the real axis. The
class of Ma-Minda starlike functions and Ma-Minda convex functions in A consists of functions f € A
satisfying the following subordination condition:

z f'(z) z " (z)
) < d(z), and 1+ z)

< ¢(z),
z € A respectively. Such a function has a series expansion of the following form:
d(z) =1+ciz4+c22+c3z+---, (1 >0, z€A).

1.1. Bi-univalent functions
It is well known that every function f € § has an inverse f~!, defined by

1

ffl(f(z)) =z, (z€eA) and f(fﬁl(w)) =w, <|w < 1o(F); To(f) = 4) ,
where

gw) = Hw) =w—ayw? + (2a3 — az)w’ — (5a3 — 5asaz + ag)wh + - . (1.2)

A function f € A is said to be bi-univalent in A if both f(z) and f~!(z) are univalent in A. Let £ denote

the class of bi-univalent functions in A given by (1.1). Note that the functions fi(z) = é, fa(z) =
1 1 w1
5 log 1—2, f3(z) = —log(1 — z), with their corresponding inverses ffl(w) = H—Lw' f;l(w) = zZWﬁ’

eV —1
fy Yw) = o are elements of L. The class of analytic bi-univalent functions was first introduced by

Lewin [24], where it was proved that |ay| < 1.51. Lately, especially after its revival by Srivastava et al.
[37], there has been triggering interest in the study of the bi-univalent function class X leading to non-
sharp coefficient estimates on the first two Taylor-Maclaurin coefficients |a,| and |as| in (1.1). However,
the coefficient problem for each of the following Taylor-Maclaurin coefficients:

|ak|/ (k € N\{lrz})r
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is still an open problem (see [6-8, 24, 31, 39]). Motivated largely by (and following the work of) Srivastava
et al. [37], many researchers (see, for example, [9, 11, 16, 18, 19, 25, 36]) have recently introduced and
investigated several interesting subclasses of the bi-univalent function class X and they have found non-
sharp estimates on the corresponding first two Taylor-Maclaurin coefficients |a,| and |ag|.

Several authors have discussed various subfamilies of the well-known Bazilevi¢ functions (see, for
details, [10, 35]; see also [1-3, 20, 21, 32, 34, 35, 41]) of type A from various viewpoints such as the
perspective of convexity, inclusion theorems, radius of starlikeness and convexity, boundary rotational
problems, subordination relationships, and so on. It is interesting to note in this connection that the
earlier investigations on the subject do not seem to have addressed the problems involving coefficient
inequalities and coefficient bounds for these subfamilies of Bazilevi¢ type functions especially when the
parameter A is greater than 1 (A € R). Thus, motivated primarily by the recent work of Deniz [11](see
[30, 38]), we introduce here a new subfamily of Bazilevi¢ type functions belonging to the function class X
involving the Borel distribution operator associated with Mittag-Leffler function. For this new subfamily
of Bazilevi¢ type functions, we find estimates on the Taylor-Maclaurin coefficients |ay| and |a3|. Several
closely-related function classes are also considered and relevant connections to earlier known results are
pointed out.

1.2. Mittag-Leffler function and Borel distribution:

The study of operators plays an important rdle in geometric function theory in complex analysis and
its related fields. Many derivative and integral operators can be written in terms of convolution of certain
analytic functions. It is observed that this formalism brings an ease in further mathematical exploration
and also helps to better understand the geometric properties of such operators.

Let E«(z) and E, g (z) be functions defined by

Z)ZKZ_OW' (ze C,R(x)>0)

and

Eop (2) = (¢, p€C, R(x) >0, R(B) >0).

It can be written in other form

Eop (2 —+Zr k e (@BeEC R (o) >0, R(B) >0).

The function E«(z) was introduced by Mittag-Leffler [28] and is, therefore, known as the Mittag-Leffler
function. A more general function E g generalizing E,(z) was introduced by Wiman [42] and defined

by
k

> z
E“'B(Z):];)IW, (Z,CX,BGC,%((X)>O, 9{([3)>0)

Observe that the function E, g contains many well-known functions as its special case, for example,
Ei1(z) = €% Eia(z) = €1, Ep1(2%) = coshz, By (—22) = cosz, Epa(2?) = Mz Ep,(—z2) = sinz

z 7
E4(z) = %[coszl/4 + coshz'/4] , and E;(z) = %[ezl/3

+2e7 27" cos(*[ 1/3)]. The Mlttag -Leffler function
arises naturally in the solution of fractional order differential and integral equations, and especially in
the investigations of fractional generalization of kinetic equation, random walks, Lévy flights, super-
diffusive transport and in the study of complex systems. Several properties of Mittag-Leffler function and
generalized Mittag-Leffler function can be found, e.g., in [4, 5, 14, 15, 17, 22, 33]. Observe that Mittag-
Leffler function Ey g(z) does not belong to the family A. Thus, it is natural to consider the following
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normalization of Mittag-Leffler functions as below:

(1.3)

Eap(z) = 2M(B)Eap(z) =2+ ) =

it holds for complex parameters «, 3 and z € C. In this paper, we shall restrict our attention to the case of
real-valued «, 3 and z € A.

A discrete random variable x is said to have a Borel distribution if it takes the values 1,2,3,... with
the probabilities %, 2)‘3;2)\, 9}‘236;%, ..., respectively, where A is called the parameter.

Very recently, Wanas and Khuttar [40] introduced the Borel distribution (BD) whose probability mass

function is

(pA)°Te
p!

Wanas and Khuttar introduced a series M(A; z) whose coefficients are probabilities of the Borel distribution
(BD)

P(x =p) = , p=1,23....

k—2 —A(k—1)

M(?\;Z):z—kzp\(kil)] ¢
k=2 (

D %, (0<A<1), (1.4)

In [29], the authors defined the Mittag-Leffler-type Borel distribution as follows:

(Ap)? !
Eap (Ap) T (p+B)’

PA o, B;p) = p=0,12,...,

where

Ea,ﬁ(z):kz_ow, (, B€C, R(x)>0, R(B)>0).

Thus by using (1.3) and (1.4) and by convolution operator, we define the Mittag-Leffler-type Borel distri-
bution series as below

%, (0<A<1).

— A(k—1))! [A(k—l)]‘“z e—Ak—1)
(k—

BN« B)(z) :Z+l;2 (k—1)/Eap (A T (x(k—1)+B)

Further, by the convolution operator we define

B o B)f(z) =BA o B)(z) *f(z)
k—1)]F 2 e A1)

Ly A1) )
_z+kZZ (k—1)!Eqp A (k—1)T (a(k—1) +p

axz
)

=z+) ¢oxaxz¥, (apeC R(a) >0, R(B)>0,0<A<1),
k=2

where

A (k=1 (k—1)]F 2 e A1)
(k—

P = (k—=1)!Eqp (A )T (x(k—1)+B)°

(1.5)

1.3. Bi-Bazilevi¢ functions associated with Legendre polynomials

Legendre polynomials, which are exceptional cases of Legendre functions, are familiarized in 1784 by
the French mathematician Legendre (1752-1833). Legendre functions are a vital and important in problems
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including spherical coordinates. As well, the Legendre polynomials, Py (x), (x| < 1), are designated via
the following generating function (see [12, 23]):

G(x,z) = m ZPk . (1.6)

Legendre polynomials are the everywhere regular solutions of Legendrée differential equation that we

can write as follows: )

d d
(1 —xz)@Pk(x) —2xaPk(x) +mPy(x) =0,

where m = k(k+1) and k =0,1,2,.... Taking x = 1 in (1.6) and by using geometric series, we see that
P« (1) =1, so that the Legendre polynomials are normalized. Thus Let G(x, z) denote the class of analytic
functions on A which are normalized by the conditions G(x,0) = 0 and G’(x,0) = 1.

Definition 1.1. Let Py (x) is Legendre polynomials of the first kind of order k =0, 1,2, ..., the recurrence

formula is
2k +1 k

P —
PE AL v

Pri1(x) = Pr_1(x),

with
Po(x) =1 and Pqi(x)=x.

Motivated by the earlier work of Srivastava et al. [38], we define the following subclass of functions
M;\’“’B (8, 0;x) related with Mittag-Leffler-type Borel distribution subordinating with Legendre polyno-
mials as in Definition 1.2. We obtain the estimates on the initial Taylor-Maclaurin coefficients and the
Fekete-Szego inequalities for this subclass of the bi-univalent function class . We also give results for
new function classes of the bi-univalent function class which we introduce here.

Definition 1.2 ([13, 29]). Let the function G(x, z) is given by
Gxz)=14) Pu(x)z*,  (z€A).

For o, € C, R (o) >0, R(B) >0, 0 <A <1, a function f € L given by (1.1) is said to be in the class
M;\’o"ﬁ (8, 0;x) if the following conditions are satisfied:

L= /
s (B (A o, B) f(z)) ..
e < BN o ) fl)i—° ) < G(x,z) cosd+1isind (1.7)
and ) ( ),
s (WO (B B)glw) ..
e ( B (A o, B) gw)I—© ) < G(x,w)cosd+1isind, (1.8)
where -
66( §E> oc>0, and zZ,WE A,

and the function g is given by (1.2).
Remark 1.3. In the Definition 1.2, by taking = 0 we define the following new class.

1. A function f € X given by (1.1) is said to be in the class B B (0;x) if the following conditions are
satisfied:

Zl_G(B (A o, B) f(z )/ wi— ( A\ o, B) (w))/
( [B (A o B) f(z)]1-° >-<G(X,z) and ( B (Ao Bl gw)l© < G(x,w),

where 0 > 0;z,w € A and the function g is given by (1.2). A function f € £ given by (1.1) is said to
be in the class.
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2. Mg’“’ﬁ (5,0;x) = Sg’“’e’ (8;x) if the following conditions are satisfied:

o <z(93 (A o, B) f(2)) > < Glx,2) cos 5+ isin
«, B)f(z)

and

5 (w(B (A o, B) g(w))’

[B (A, o, B) g(w)] ) < G(x,w) cos d +1isin b,

where z,w € A and the function g is given by (1.2).
3. Mé’“’ﬁ (5,1;x) = R}g“’ﬁ (8;x) if the following conditions are satisfied:

etd ((B (A, oc,B)f(z))/) < G(x,z)cosd+1isind

and
et® ((B (A, o, B) g(w)),) < G(x,w)cosd +1isin3,

where z,w € A and the function g is given by (1.2).

2. Coefficient estimates

For our study we restrict our attention to the case of real-valued «, 3 and let
5 e (35”25) 020, 0,B€C R(a) >0, R(P) >0, 0<A<L 1,

unless otherwise stated. We introduce a bound for the initial coefficients of functions in M}Z"“’ﬁ (6,0;x).
The following Lemma will be needed to prove our results.

Lemma 2.1 ([10]). If w(z) =ci1z+ 2432+, ¢ #0is analytic and satisfies [w(z)| < 1 on the unit disk
A, then for each 0 < v <1, W' (0)] < 1and [w(re'®)| < 1 unless w(z) = re'® for some real number §.

Theorem 2.2. Let (z) as assumed in (1.1) and f € Mé’“’ﬁ(é, 0;x). Then

)x@‘coszé
laa| = —, (2.1)
V2 cos8 [(0—1)(0+2)43 +2(0 +2)bs] — (3x2 — 1) (0 +1)% 1043
as] < x| cos & _|_< X COS & )2 2.2)
M=o+ \(o+ 1)) ‘
and
al < 5x2 cos? & N 5x*cos®s Nx3 cos? 5 +(5x3+6x2—x—2)c036
P 2(0+ 1) (0+2)babs  2(c+1)° 0 2(0+1)° (0+3)dids 200+3)s
where

(c0—1)(0—2)(0c+3)
3

b€ (—g,g) , 020 apcC R(x) >0 R(B) >0, 0 <A <1 and the coefficients ¢y are as fixed in
(1.5).

N =5(0+3)ps+2(0—1) (0+3)b2ds +

3
d)ZI
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Proof. 1t follows from (1.7) and (1.8) that

s (2B o B)f(z) N
e ( (B (g\,oc,ﬁ)f( )]10) ) ~< G(x,z) cosd +1isind 2.3)
and gy ( )/
w2z “(BA«B)glw o
¢ ( BN, o, B)g(w)i-c ) < G(x,w)cosd +1isiny, (2.4)

where G(x,z) and G(x, w) are the generating function for Legendre polynomials with the following power
series

1 1
G(x,2) =14+ P1(x)z+Pa(x)22 + P3(x)22 +--- =1+ xz+ 5(3x2—1)z2+§(5x3—3x)z3+~- , (zeA)
and

G(x,w) =1+ P1(x)w+ Pa(x)W? + P3(x)w’ + - - -

1 1
:1+xw+§(3x2—1)w2+§(5x3—3x)w3—|—---, (w € A).

For some analytic u and v such that u(0) = v(0) = 0 and |[u(z)| = ‘ulz+u27.2 + - } <1, viw)| =
‘vlw—l—vzwz 4. | < 1, for all z,w € A. It's well known that [uy| < 1, [vx| < 1 for every k € IN. Now,
equating the coefficients in (2.3) and (2.4), we get

e (0+1)dps ap = uyxcos?, (2.5)
et? ((0—1)2(0+2)d)2 a3+ (0 +2)b3 a3> = Upx cos d + %u%(?)xz —1)cos?, (2.6)
et® ((G+ 3)$pg ag + (0 —1)(0+ 3)Pp2dp3azaz + G 1)(Ug2)(6+ 3) $3 a%)
= xu3 cos & 4 (3x% — 1)ujuy cos & + = ! (5x —3x)uf cos 5, (2.7)
—e®(04+1)d7 ap :lecosé, (2.8)
et? [(2(0 +2)b3+ ((y_l)ZMd)%) a3 — (0 +2)d3 a3} = VyXxCosd + %v%(sz —1)cos?d, (2.9)

and

e (5(0+3)ds + (0—1)(0 +3)dpads] aras — [5(c+3)bs +2(0—1)(0 + 3)padbs+
(0—1)(c—2)(0+3)
6

d)%} a3 — (0+3)daay (2.10)
1
= xv3 €088 + (3x> — 1)vyvy cos § + > (5x3 — 3X)V% cos ),

From (2.5) and (2.8), we find that

we ®xcosd vie P®xcosbd
a = = — , 2.11
2= ot D (o + 1) 210
which implies that
up = —Vv (2.12)

and .
26?0 (04 1)y ap)® = (u? 4v3) x% cos?s.
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Upon adding (2.6) and (2.9), if we make use of (2.11) and (2.12), we obtain

i 1
e® [(0—1)(0+2)d3 +2(0 +2)b3] a5 = (uz + vz)xcos & + §(3x2 —1)cos s (uf +v}),

which yields

(up +v2)x3e 10 cos? §

2 _
a, = 5 - 5 (2.13)
x2cosd [(0—1)(0+2)dp3+2(0+2)dp3] — (3x2—1) (0 +1)" eto P2
Applying Lemma 2.1 for the coefficients u; and vo, we immediately have
‘x@’ cos? &
laa| = —,
V2 cos8 [(0—1)(0+2)43 +2(0 +2)bs] — (3x2 — 1) (0 + 1) 153
which easily yields the bound on |a| as asserted in (2.1).
Next, in order to find the bound on |a3], by subtracting (2.9) from (2.6), we get
et? [2(0 +2)bzaz3 —2(o+ 2)(])3(1%] = (up — vp)x cosd.
It follows from (2.11), (2.12), and (2.14) that
@ = (up —vp)xe *® cos & (u% + \J%))(Ze_ﬁf’zcos2 ) (2.14)
2(0+2)ds3 2(0+1)2¢3

Applying Lemma 2.1, the coefficients uy, vq, up, and v,, we readily get

las| < |x| cos & n xcosd \2
:( .

o+2)d3 (0 +1)d2

Furthermore, from (2.5) and (2.7), (2.10), and (2.14), we find that

5x?u (up —vp)e 2 cos? & 5xuy (u? +v2)e 3t cos® &
Qg =
T 4(0+1) (0+2)bads 4(c+1)° 3
B Nx3ude 3t cos® (3x% —1)(ugup —vivo)e ¥ cos &
2(0+1)° (04 3)p3ds 2(0+3)dy
N x(uz —v3)e *® cos § N (5% — 3x) (u3 —v3)e 1° cos §
2(0+3) by 4(0+3)dy
Applying Lemma 2.1 for the coefficients u; —u3 and v; —v3, we get
] < 5x% cos? & n 5x3 cos® &
P 2(0+1) (0+2)bads  2(0+1)° ¢
_ Nx3 cos® 5 (5%3 + 6x2 —x —2) cos &
2(041)° (0+3) b3y 2(0+3) s '

where
(0—1)(0—2)(0+3) 3
3 P>

This completes the proof of Theorem 2.2. O

N=5(c+3)ps+2(0c—1) (0 +3)bap3 +




S. M. Deeb, G. M. S. Moorthy, A. Alburaikan, J. Math. Computer Sci., 24 (2022), 235-245 243

3. Fekete-Szego inequalities

Due to Zaprawa [43], we will give Fekete-Szego inequalities [az — pazl, where 1 is some real number
for the above function classes Mé’“’ﬁ (5, 0;x) and it looks like the following.

Theorem 3.1. Let f is fixed as in (1.1) and f € M}go"ﬁ (6, 0;x), then

|x| cos & . 1
las — paj| < { (042) b3’ if 0< |h wl < 2(0+2) s’
2|Xh |COS§ lf |h m

where & € (—%,%), 020, ,peC R(x) >0, R(P)>0,0<A<;ueRand

(1—u)x?cosd
x2c0s8 [(0—1)(0+2)h3 +2(0+2)s] — (3x2 — 1) (0+1)" e 3’

h(p) =

further the coefficients ¢y are given by (1.5).

Proof. From (2.13) and (2.14), we obtain

; —1i8
a2 — (1 x3 (Uup+vp)e 0 cos? & x (Up —vy) e cosd
a5 —paz = (1—4) XZCOS5[(671)(G+2)¢§+2[G+2)¢3]7(3x271)(G+1)2ei5q)% + 2(0+2) ¢3 ’

_ (1—pn)x3e 0 cos? & i xe ! COS&
— \ X2cos8[(0—1) (0+2)bF+2(0+2) b3]— (3x2—1) (0 +1)°e¥ b}~ 2 (o + 2) b3

+ (1—p)x3e~ 1 cos? & _ xe” % cosd

XZCOS5[(0'*1)(0‘+2)¢0%+2(0'+2)d)3] (3x2—1)(0+1)%eid p2 2(0+2) b3

So, we have
as — pa% =xe " cosbd [<h(p) + 1) up + (h(p) — 1> vz] (3.1)
2(0c+2) ¢3 2(0+2) 3 ’

where
(1—p)x?cosd

h(w) = 2 cos & [(0_1)(0.+2)¢%+2(0+2)q)3] —(3x2—1) (0'—|—1)2 615(])%-

Then, by taking modulus of (3.1), we conclude that

|x| cos & . 1
|(13 - l—LCl%| < { (0+2) s’ it 0< |h(}l)| = m,
2lxh(p)cosd, if [h(p) > 5 m

Taking p = 1, we have the following corollary.
Corollary 3.2. Let f be assumed in (1.1) and f € M}g“’ﬁ (6, 0;x), then

x| cos &

T (0+2) ¢35

where & € (—%,%) , 020 0,peC, R(x) >0, R(B) >0, 0 <A< 1and the coefficients ¢y are given by
(1.5).

laz — aj|
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4. Concluding remark

Various other fascinating consequences of our general results (which are asserted by Theorems 2.2 and
3.1 and Corollaries stated above) can be derived by aptly specializing the parameters §, o for the classes
Bg’“’ﬁ (0;%); 82’“’6 (8, 0;x) and R;’“’B (8, 0;x) as mentioned in Remark 1.3. The details involved may be left
as an exercise for the interested reader who may also consider exploring the problem of further extending
the work presented here to hold true for such greatly more convolutions operators.
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