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Abstract

We show that the voltage response of a dc SQUID can be substantially linearized by the

introduction of a nonlinear inductance. The inductance tuning allows us to achieve response

linearity close to 120 dB. Such a nonlinear inductance can be easily formed using Josephson

junction inductance. The additional junction and main inductance form a single-junction

SQUID and hence the device can be called a bi-SQUID. To obtain high dynamic range

commensurate to the high response linearity, one can use a serial array of nonlinear inductance

dc SQUIDs. Experimental studies of a single bi-SQUID and serial arrays of bi-SQUIDs are

reported and discussed.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

DC SQUIDs are known and widely used as extremely sensitive

amplifiers, but showing only limited linearity voltage response.

In conventional low-frequency SQUID systems, improved

linearity and dynamic range are obtained by using an external

feedback loop which has limited bandwidth. For cases where

a SQUID-based system requires a very broad bandwidth,

linearization via external feedback is not feasible. A solution

may be found by using Josephson junction array structures,

which could provide the increase in dynamic range with

number of elements N as well as highly linear voltage response

due to special design of the structures [1, 2].

In this paper, we present a modified dc SQUID capable

of providing highly linear voltage response. As for dynamic

range, one may use a serial array of the SQUIDs to increase

it up to a value comparable with the response linearity. The

thermal noise voltage VF across the serial array of N SQUIDs

is proportional to the square root of N , while the voltage

response amplitude Vmax(�) and the transfer factor B =

∂V/∂� are both proportional to N . This means that the

dynamic range D = Vmax(�)/VF increases as N1/2.

2. Bi-SQUID

We modified a conventional dc SQUID (see figure 1(a))

by adding a nonlinear inductive element shunting the linear

inductance of the loop coupling RF magnetic flux into the

SQUID. The nonlinear inductive element is a Josephson

junction that remains in its superconductive state during

operation (figure 1(b)). This nonlinear element modifies the

nonlinear transfer function of the SQUID to produce a higher-

linearity transfer function, thus increasing the utility of the

device as a linear amplifier. The nonlinear small-signal shunt

inductance is the Josephson junction inductance

LJ = �0

(

2π Ic3

√

1 − i 2
)−1

(1)

where i = Ish/Ic3 is the normalized current passing through

the shunt junction. The effective loop inductance is a parallel

combination of the main inductance L and the Josephson

inductance LJ. The additional junction and main inductance

form a single-junction SQUID. In such a way, the modified

dc SQUID can be called a bi-SQUID. Figure 2 shows the

voltage response of both the conventional dc SQUID (dashed

line) and the bi-SQUID (solid line) with normalized inductance

l = 2π Ic L/�0 = 1 at bias current Ib = 2Ic, and Ic3 = 1.15Ic.

This shows a triangular transfer function, where the triangle

edges are quite straight. Such a device implementation makes

use of a Josephson junction as a nonlinear inductive element

that can largely compensate the nonlinearity associated with

the conventional SQUID transfer function.

3. Voltage response linearity

The dc SQUID, modified by adding a Josephson junction

shunting the loop inductance, provides extremely high
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Figure 1. Bi-SQUID (a) and the shunt Josephson junction phase
versus applied magnetic flux (b). Normalized inductance l = 1, bias
current Ib = 2Ic, Ic3 = 0.85Ic.

Figure 2. Voltage response of conventional dc SQUID (dashed line)
and bi-SQUID (solid line) with normalized inductance l = 1 at bias
current Ib = 2Ic and Ic3 = 1.1Ic.

linearity with the proper selection of parameters. This is

somewhat surprising, since a Josephson junction is a nonlinear

inductance. However, the junction nonlinearity is able to

compensate the nonlinearity of the device in order to achieve

an improved linearity close to 120 dB for significant loop

inductances (which are necessary to achieve large coupling to

external signals). One can note that other Josephson nonlinear

reactance that functions in a similar way would have a similar

effect on reducing the transfer function nonlinearity of more

complex Josephson systems.

The linearity dependence on the shunt junction Ic3 on

critical current at different inductances of the bi-SQUID loop

is shown in figure 3. The linearity is calculated using a single-

tone sinusoidal flux input (of amplitude A/Amax = 0.2, where

Amax corresponds to the flux amplitude �0/4), and measuring

the total harmonic distortion in dB. This result shows that

the linearity is sharply peaked for each value of l, but with

different optimized values of Ic3. Very large values of linearity

as high as ∼120 dB are achievable. Figure 4 shows how the

linearity parameter varies as a function of the signal amplitude

for other parameters fixed. The linearity decreases as the signal

approaches the maximum value.

A serial array of bi-SQUIDs can be implemented to

increase the dynamic range up to a value comparable with

the response linearity. Moreover, one can build up a serial

SQIF [3, 4] providing a unique voltage response with a single

triangular dip at zero applied magnetic flux.

Figure 3. Dependence of the bi-SQUID voltage response linearity on
critical current of the shunt junction for several fixed values of
normalized loop inductance l at bias current Ib = 2Ic.

Figure 4. Dependence of the response linearity on amplitude of
output signal.

4. Analytical theory

Figure 5 shows a schematic diagram of a symmetric bi-SQUID.

In the frame of the RSJ model of an overdamped Josephson

junction, at Ic1 = Ic2 = Ic one can write the following simple

equations in terms of standard normalized values:

ib = i1 + i2, i1 + i3 = i4, i2 = i3 + i5

i4 = sin ϕ1 + ϕ̇1, i5 = sin ϕ2 + ϕ̇2,

i3 = ic3 sin ϕ3 + ϕ̇3,

ϕ1 +
l

2
i1 = ϕe + ϕ2 +

l

2
i2,

ϕ1 + ϕ3 = ϕ2, ϕ̇1 + ϕ̇3 = ϕ̇2,

where ic3 = Ic3/Ic is the normalized critical current of the third

junction, and dots denote time differentiation with normalized

time τ = ωCt , ωC = 2π
�0

VC, Vc = Ic RN —characteristic

voltage.
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Figure 5. Schematic diagram of a bi-SQUID. ‘P’ is an external phase
source ϕe.

The set of equations can be reduced to two equations:

2ϕ̇1 − ϕ̇2 =
ib

2
+

(ϕe + ϕ2 − ϕ1)

l
+ ic3 sin(ϕ2 − ϕ1) − sin ϕ1

(2a)

2ϕ̇2 − ϕ̇1 =
ib

2
−

(ϕe + ϕ2 − ϕ1)

l
− ic3 sin(ϕ2 − ϕ1) + sin ϕ2.

(2b)

It is more convenient to use the sum phase θ = ϕ2 +ϕ1 and the

differential phase ψ = ϕ2 − ϕ1 instead of Josephson phases ϕ1

and ϕ2. In this case, equations (2a) and (2b) can be rewritten

as follows:

θ̇ = ib − 2 sin
θ

2
cos

ψ

2
, (3)

3ψ̇ = −2
ϕe + ψ

l
− 2ic3 sin ψ − 2 sin

ψ

2
cos

θ

2
. (4)

In the resistive state, the sum phase θ is the running one

while the differential phase ψ is a bounded function which may

be represented as a sum of the slow-varying (signal) phase

ψ̄ depending on applied magnetic flux ϕe and the oscillating

phase ψ̃ . It is impossible to derive a general analytical solution

of the equation set (3)–(4), but in the case of small parameter

value one can use a method of successive approximations for

solving equations. Such a step-by-step method was applied

in [5] to analysis of a dc SQUID with a small inductive

parameter l ≪ 1.

In the case of a bi-SQUID, one can consider the oscillating

phase difference ψ̃ as a small term. Due to the shunt

junction, the term ψ̃ remains small at quite practical inductance

parameter l ∼ 1 (this fact is proved by numerical simulations).

Therefore, we may use series distributions for θ and ψ as

follows:

θ = θ0 + θ1 + . . . , ψ = ψ0 + ψ1 + . . . .

To a first approximation corresponding to θ ≈ θ0, ψ ≈ ψ̄ ≈

ψ0 when the small term ψ̃ is neglected, equation (3) converts

to the one for a single Josephson junction with critical current

value ic = cos(ψ0/2) under current biasing i = ib/2:

θ̇0

2
=

ib

2
−

(

cos
ψ0

2

)

sin
θ0

2
. (5)

This equation has the well known analytical solution for

θ0(τ ), θ̇0(τ ) [6]; in the resistive state, time-averaging of the

Figure 6. (a) Voltage dependence v(ψ0) given by equation (6) at
ib ≡ Ib/Ic = 2; (b) phase dependence −ϕe(ψ0) given by equation (7)
at lic3 ≡ 2π L Ic3/�0 = 1.5.

oscillating voltage v(τ ) = 1
2
θ̇0(τ ) results in a hyperbolic I –

V curve, that in our case can be written as follows:

v =
1

2
〈θ̇0〉 =

√

i 2
b

4
− cos2

(

ψ0

2

)

. (6)

Next, we do time-averaging of equation (4) and then come to

the ‘phase’ equation

lic3 sin(ψ0) + ψ0 = −ϕe, (7)

because 〈ψ̇〉 = 0, and equation (5) determines 〈cos θ0

2
〉 = 0. In

fact,
〈

cos
θ0

2

〉

=
1

T

∫ 2π

0

cos
θ0

2

dτ

dθ0

dθ0

=
1

T

∫ 2π

0

cos
θ0

2

dθ0
(

ib − 2 cos
(

ψ0

2

)

sin
(

θ0

2

))

= −
1

T cos(ψ0/2)
ln

(∣

∣

∣

∣

ib − 2 cos

(

ψ0

2

)

sin

(

θ0

2

)∣

∣

∣

∣

)∣

∣

∣

∣

2π

0

= 0.

The first term in (7) setting a nonlinear relation between

applied magnetic flux and differential phase ψ0 is just the term

responsible for linearization of the bi-SQUID transfer function

v(ϕe).

The obtained equation set (6)–(7) gives the voltage

response (transfer function) of the bi-SQUID v(ϕe) as

an implicit function. One can tabulate both functional

dependences v(ψ) and ϕe(ψ) and then plot the voltage

response v(ϕe). Figure 6 shows both voltage dependence

v(ψ0) at i b ≡ Ib/Ic = 2 and phase dependence ϕe(ψ0) at

3
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Figure 7. Voltage response v(ϕe) given by both voltage and phase
dependences v(ψ0) and ϕe(ψ0) at ib ≡ Ib/Ic = 2 for
lic3 ≡ 2π L Ic3/�0 = 0.58 (a) and 1.5 (b).

lic3 ≡ 2π L Ic3/�0 = 1.5. By varying the parameter lic3, one

can substantially change the shape of the phase dependence.

Figure 7 presents voltage response v(ϕe) resulting from the

voltage and phase dependences at different magnitudes of

parameter lic3. At small magnitudes of this parameter, the

voltage response shape is close to the dependence v(ψ0)

shown in figure 6(a). As the parameter lic3 increases, the

transfer function linearity increases and the voltage response

approaches a triangular shape as shown in figure 7(a). Further,

at lic3 > 1, the phase dependence ϕe(ψ0) becomes a multi-

valued function, and a hysteresis loop appears in the voltage

response (figure 7(b)).

Despite the fact that the developed analytical theory is

strictly valid at strong inequality ψ̃ ≪ π/2 and in the case of

weak inequality equations (6)–(7) should be considered only

as a first approximation, the obtained theoretical results are in

a good agreement with the results of numerical simulations of

the bi-SQUID at inductive parameter l of about 1 and even

at higher values. The numerical simulations were performed

using PSCAN (Personal Superconductor Circuit Analyzer)

simulation software [7].

5. Experimental study

We designed, fabricated and tested a single bi-SQUID, serial

arrays of bi-SQUIDs and a prototype of an active electrically

small antenna based on a bi-SQUID array. Integrated circuits

were fabricated using a 4.5 kA cm−2 Nb HYPRES process [8].

Figure 8. (a) Equivalent circuit of bi-SQUID with control stripline
for magnetic flux application. (b) Equivalent circuit of the bi-SQUID
cells implemented in a prototype of an active electrically small
antenna.

Figure 9. Microphotograph of serial array of 12 bi-SQUIDs.

The layout design was done before the completion of

numerical simulations aimed at the optimization of circuit

parameters, in particular before obtaining results presented

in figure 3. Therefore, the critical currents of all Josephson

junctions in bi-SQUIDs were chosen to be equal (Ic1 = Ic2 =

Ic3 = Ic), while the optimal shunting junction critical current

should be somewhat less for the implemented inductance

parameter l = 1.4.

Figure 8(a) shows a schematic diagram of the bi-SQUID

for both the fabricated single bi-SQUID and the serial array

of bi-SQUIDs. To apply magnetic flux, we used a control

stripline coupled magnetically with an additional transformer

loop. This loop with high inductance Lex is connected in

parallel to inductance L in and therefore practically does not

change the interferometer inductance. A microphotograph

of the fabricated serial array of 12 bi-SQUIDs is shown in

figure 9.

Voltage response of bi-SQUID measured by automated

setup OCTOPUX [9] is shown in figure 10. The applied bias

current was slightly more than the critical current 2Ic of the bi-

SQUID. The shunt junction critical current is not of the optimal

value at the implemented inductance parameter. As a result, the

observed voltage response is not perfectly linear, although it

shows a clear triangular shape. The measured transfer function

coincides closely with the one calculated using the PSCAN

simulator. As for the small hysteresis at the flux value close

to ±�0/2, it indicates that the effective inductance parameter

of a single-junction SQUID l∗ ≡ lic3 ≡ 2π L Ic3/�0 is

4
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Figure 10. (a) Voltage response of bi-SQUID with equal critical
currents of all junctions and inductive parameter l = 1.4. The
response was measured by OCTOPUX. The applied bias current was
slightly more than the SQUID critical current 2Ic. (b) Top part of the
measured voltage response and the fit curve (solid line) calculated
using the PSCAN routine. The fitting parameters are as follows:
l = 1.4, lp = 0.3, βc = 0.2, where βc is the McCumber parameter,
and lp is the parasitic inductance connected in series with shunt
junction. The instable part of the top loop is shown by dash line.

more than unity and hence the static phase diagram becomes

hysteretic. Figure 10(b) shows the top part of the measured

voltage response and the fit curve (solid line) calculated using

PSCAN. The fitting parameters are as follows: l = 1.4,

lp = 0.3, βc = 0.2, where βc is the McCumber parameter

and lp is the parasitic inductance connected in series with a

shunt junction. The dashed line shows an instable part of the

hysteretic loop.

The voltage response of the array measured by OCTOPUX

is presented in figure 11(a). The applied bias current

was slightly more than the critical current of the array.

The hysteresis manifestations on top sections of the voltage

response are smoothed due to spread in the array cell

parameters and noise. The voltage response linearity of

both the bi-SQUID and the bi-SQUID serial array can be

additionally improved by means of differential connection of

two identical bi-SQUIDs or serial arrays oppositely frustrated

(figure 12). This improvement results from cancellation of

even harmonics of the individual responses. Figure 11(b)

shows the voltage response of the differential scheme of two

serial arrays of 12 bi-SQUIDs frustrated by nearly half a flux

quantum. The arrays are biased at about 10% above their

critical currents. The increase in the bias current decreases

both the array response amplitude and the response linearity.

Figure 11. (a) Voltage response of a serial array of 12 bi-SQUIDs
with equal critical currents of all Josephson junctions and inductive
parameter l = 1.4. Hysteresis manifestations on tops of the response
are smoothed due to spread in the array cell parameters and noise.
(b) Voltage response of the differential scheme of two serial arrays of
12 bi-SQUIDs frustrated oppositely by nearly half a flux quantum as
well as the source responses of the arrays biased about 10% above
their critical current.

Figure 12. The differential connection of bi-SQUIDs or bi-SQUID
serial arrays oppositely frustrated can be used for additional
improvement of voltage response linearity.

Despite this fact, the differential response shows a good

linearity within a substantially wide range.

Figure 13 shows a microphotograph of the fabricated

prototype of an active electrically small antenna based on a

serial array of 12 bi-SQUIDs. Each bi-SQUID is equipped

with a large superconducting loop (see the equivalent scheme

of such a bi-SQUID in figure 8(b)) to sense the magnetic

component B of an incident electromagnetic wave. To perform

an initial test of such an antenna, a large-size strip coil was

integrated on the fabricated chip to excite a low-frequency or

dc magnetic field. Figure 14 shows the voltage response of the

antenna prototype with 50 � load. The applied bias current

is slightly more than the critical current of the circuit. The

antenna voltage response to a spatial magnetic field is just the

same as the one observed for array of bi-SQUIDs with a control

current strip line. This fact confirms the validity of our design.

The performance of such an antenna can be substantially

increased by combining with a flux concentrator.
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Figure 13. Microphotograph of the fabricated prototype of an active
electrically small antenna based on a serial array of 12 bi-SQUIDs
each equipped with a large superconducting loop to sense the
magnetic component B of an incident electromagnetic wave. A
large-size strip coil is introduced in the chip to excite a
low-frequency or dc magnetic field.

Figure 14. Voltage response of the antenna prototype with a 50 �

load. The graph is shown versus the strip coil control current exciting
low-frequency magnetic field.

6. Conclusion

We have proposed a so-called bi-SQUID in order to achieve

a highly linear voltage response with linearity parameter

as high as 120 dB for significant loop inductance allowing

large coupling to external signals. The device exploits a

Josephson junction as a nonlinear inductive element, which

can largely compensate the nonlinearity of the conventional

SQUID transfer function.

Theoretically, one can increase the dynamic range by

using a serial array of such SQUID elements and determining

the number of elements by balancing the required signal

amplitude with the required amplifier linearity.

One should note the peak-like dependence of the linearity

parameter on the shunt junction critical current. This

indicates certain limitations of allowable technological spread

in Josephson junction parameters for practical implementations

of a highly linear serial array of bi-SQUIDs.

We designed, fabricated and tested a single bi-SQUID,

serial arrays of bi-SQUIDs and a prototype of an active

electrically small antenna based on a bi-SQUID array. The

obtained experimental data are in good correspondence with

results of numerical simulations and can be qualitatively

described with the analytical theory developed.
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