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Summary. - This paper cow, tissues the ~tuthor's excursior~s i~,to the arithmetic o/1)oly~wmials 
over finite /ields. For monie polynomials A, B ~ G~[q, x] where I) is a 1)rime, q = 1S and 
d ~ 1: The divisor B o/ A is a bi-unit~ry divisor o/ A 1)rovided 1 is the greatest common 
unitary divisor of the 1)oly~wmials B and A/B,  and we say that A is bi-unitary perfect (bm.p.) 
over G~(q) provided A equals tl~e su.m g**(A) o[ tl~e distinct bi-unitary divisors o/ A in 
GE[q, x]. A diversity o] b.u.1), polynomials over Gff(q) is loused, some o/ which are neither 
perfect nor unitary per]ect. Eor p > 2 we can only conjecture a characterization o] the b.u.1). 
1)olyno~~ials which sl)Ht i~ GF[1), xJ, so seceral open questions remain. Examples of non- 
splitting b.u.1), polynomials over GE(p) are given ]o'~' p = 2, 3, 5 which, in turn, allow the 
construction o/ such examples over GF(p r for tl~ese 1). 

1. - I n t r o d u c t i o n  a n d  n o t a t i o n .  

This paper  continues the author ' s  excursions into the ar i thmetic  of polynomials 
over finite fields [1]-[6]. As before, we are concerned with monie polynomials A, B; 
C e G E [ q , x ]  where p is a prime, q _=p~Z and d > l .  Whereas a divisor C of A is a 
un i ta ry  divisor of A provided 1 = (C, A /C)  [2], a divisor B o! A is called a bi-unitary 

divisor of A provided 1 is the greatest  common uni ta ry  divisor of the polynomiMs B 
and A / B .  Accordingly, we say tha t  A is hi-unitary perJect (b.u.p.) over G~(q) 

provided A equals the sum a**(A) of the dist inct  bi-unita.ry divisors of A in GF[q, x]. 

The rat ional  integer concept is due to CHARLES 1:~. WALL~ who found the first three 
un i ta ry  perfect  numbers  6, 60, 90 to be the only bi-uni tary  perfect  numbers  [9]. 
In  contrast  we find a var ie ty  of b.u.p, polynomiMs even over GE(p) ,  some of which 
are nei ther  perfect  [1], [3], [6] nor uni tary  perfect  [2]-[5]. At  present,  for p > 2 
we can only conjecture a characterizat ion (w 3) of the non-perfect  b.u.p, polynomials 

which split in GF[p,  x], so several questions remain open. Examples  of non-spli t t ing 
b.u.p, polynomials over GF(p)  are given for p = 2, 3, 5 (w 4) which, in turn,  Mlow 
the construct ion of such examples over GF(p  a) for these primes. 

(*)Entrata in Redazione il 2 novembre 1985. 
(**) Written while a Visiting Professor at The University of Tennessee-Knoxville. 
[ndirizzo dell'A.: Tennessee Technological University, Cookeville, Tennessee 38505, USA. 
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2.  - P r e l i m i n a r y  re su l t s .  

Evident ly ,  the function ~** is multiplieative and degree-preserving, and for a 
pr ime (monie irreducible) polynomial  P we have 

= (1 q- P-+~)(1 + 2o + ... + p . - ~ ) .  

Thus the fundamenta l  identities for a** on powers of pr ime polynomials are given by  

(1) ~**(P~+~) = ~(P~+~) - 
" P - - 1  ' 

1 P ~ - - I  (2) ~*:"(/~,~) = (/?o+~§ !)q(JP,~-~) -= (P',~+~ + ) ~ Z - f ,  

where ~r is the sum of the divisors funct ion (studied initially over GF[2, x] by  
CA~ADAu [8]). Next ,  observe tha t  a polynomial  A is b.u.p, if and only if a * * ( A ) -  
- - A ~ 0 .  

T~noRE)~ 1. - If  the polynomial  A is b.u.p, over GF(p~), then  at  least p distinct 
prime polynomia]s in GtZ[pd, x] divide A. 

PROOF. - Consider the canonical decomposition of A as the  product  of positive 

powers of distinct primes, A = I~ p~(O. The admissible summands of a * * ( A ) -  A 
i = 1  

having max imum degree are monic ~nd number  at  most  n, hence n>~p. [] 

COrOLLArY. -- If  the polynomial  A is b.u.p, and splits over GF(p), then  
(x~- x)IA. 

One ca, n prove our next  result  (as we have its analogs for perfect  and uni ta ry  
perfect  polynomials [3; Theorem 7]) using another  basic fac t :  I f  A(x) e GF[q, x] 

has canonical decomposition A(x) = ~ (Pi(x)) ~(~ then  for any b ~ GF(q) the poly- 

nomial  Ab(x)-~ A(x--b)  has canonical decomposition A~(x)= (Qi(x)) ~('0 where 
i = 1  

Q~(x) = P~(x-b) .  For  those d>~l such tha t  the primes P~(x) over  GF(p) remain 
irreducible over Gf(pe), one can use Theorem 2 to const.ruct examples of b.u.p. 
polynomials over GF(p ~) from those already known over GF(p). Noreover ,  with 
no restriction except d > 1, Theorem 2 can be applied to obtain relat ively prime 
b.u.p, polynomials over GF(p e) which, in ~curn, yield their  product  as ye t  another  
b.u.p, polynomial  over G~(pe). (Recall t ha t  a** is mult.iplicative.) 

T~rEORE~ 2. -- If  the polynomial  A(x) is b.u.p, over GF(q), then  Ab(x) = A(x -- b) 
is b.u.p, over GF(q) for each b ~ GF(q). 
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3. - Sp l i t t ing  b i - u n i t a r y  perfect  p o l y n o m i a l s .  

Hereaf te r ,  we wri te  A -+ B to deno te  a**(A) = B. Thus  f rom (2) we have  

(a) 1-[ (~z, - i ) 2 ~ - §  
~i=o \ i = o  U = O  09 

I n  view of the  Corol lary  to  T heo rem 1, we begin our  s t u d y  of b.u.p,  spl i t t ing 

po lynomia l s  over  GF(p) b y  focusing on (3) via  a**(x 2~) and  t.he f~etor izat ions  of 

x*;~l .  I n  this  con tex t  we see t h a t  n m u s t  h a v e  the  f o r m  n = Np ~, since ( x -  i p - -  i 

does no t  split  in GF[p, x] otherwise.  (E.g.,  see the  proofs  of Theorems  3, 4 in [1].) 

Accordingly~ we m a k e  this a s sumpt ion  on n hereaf ter ,  and  have  

(~) [ I  (x - i) ~ ' ~  -~ 
i = 0 ' = 0 

~ - - 1  p--i 

the  equa l i ty  on the  r igh t  ho ld ing  since the  a r g u m e n t  of G is per fec t  [1; Theo rem 5]. 

Tunonn:+v~ 3. - The  po lynomia l  (x 2 -  x ) ~ =  x2~(x-  1) 2,~ is b.u.p,  over  GF(2) if 
and  on ly  if n = 1. 

P~ooF.  - The  condi t ion  n = 1 is c lear ly sufficient. F o r  the  converse,  i nvoke  (4) 

wi th  h r -= 1 and  no te  t h a t  ( x -  i )~+ lq  - 1 does no t  split  over  Gta(2) unless 2eq - 1 
is a power  of 2. i 

F o r  odd  p r imes  p,  t he  cases p - -  17 3 (meal 4) ~Jre d is t inguished b u t  overlap.  

T n - ~ o ~  4. - The po lynomia l  A = l-[ ( x -  i)"n = (x~-- x) 2~ is b.u.p,  over  GF(p)  
ii and  on ly  if e i ther  ~ o  

i) n - - p - - l ;  

ii) n =-- 0 (mod 2) a nd  n(n q- 1 ) i ( p - -  1); or 

iii) p ~ l  (meal r n _ = l  (rood 2) and  2 n ( n + l ) l ( p - - 1 ) .  

PgooF .  - The  resul t  holds  for  p = 2 b y  Theo rem 3, t hus  let p > 2. F o r  the  

necessi ty,  a s sume A is b.u.p,  over  GF(p), so t h a t  (4) holds wi th  n - - - - N p  ~ and  
NI(  p -  1). Consider,  f r o m  (2), 

x ~ ' ' ~ -  i. _-- (,,~,,~ .~1~_ ~.) ( ~ x  1)~ ~ 
x - - 1  x - - 1  
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~nd let  g ( x ) =  x x ~ < ~  - 1. T h e n  g(x) spli ts  in G~[p, x] since A is b .u .p .  Case 1. 
L e t  p ~ 3 (rood ~). The  Legendre  s y m b o l  ( ( - -  1)/p) = - -  ! a n d  g(m) splits in GF[p, m], 

hence  N =: 0 (mod 2). I f  g(m) has  r e p e a t e d  roots  in GF(Ip), t h e n  g(x)~ GF[p, re'l, 
f r o m  which  N = 1 9 -  1 a n d  d = 0. I f  g(x) has  d i s t inc t  roo ts  in GE(io), t h e n  d = 0 
a n d  ( N + I ) I ( p - l ) ,  so t h a t  n (n - [ -1 )=N(h  ~ - [ - 1 ) l ( p - 1 )  since (iV, i v + ] ) = 1 .  

Case 2. L e t  p ~ 1 (mod  ~). E x c e p t  for  (~ ( ( - -  1)/.1)) = - -  1 impl ies  N ~_ 0 (rood 2) 5 

t he  necess i ty  a r g u m e n t s  in t h e  p reced ing  case hold.  Thus  a s sume  t h e  a l t e r n a t i v e :  

n = N p  ~, NI(  p - -  1) und  n ~= 1 (rood 2). Thm~ g(x) ~ GF[p, x~], so g(m) has  d i s t inc t  

roo t s  in GF(p) .  Since g(x) spli ts  in G F[p, x], t h e n  d = 0 and  n(n + 1 ) I ( /9 - -1 )  as 
before.  Thus  m -~('+~1- 1 ~ (x ~'+1- 1)(m ~+~ -~ 1) has  2(n + 1) d i s t inc t  roo ts  in GF(p)*. 
These  roots  cons t i t u t e  a subg roup  o~ GF(p)* ,  so 2(n ~ - 1 ) 1 ( p - - 1  ). Since 
(n, 2(n q- 1)) = 1 and  n(n  -[- 1)l(p - -  1), t h e n  2n(n + 1)I(p - -  1). 

F o r  t he  converse ,  t he  c~ses p ~ 1, 3 (mod  4) are  a rgued  s imu l t aneous ly .  F i r s t ,  

for  n = p - -  1 we  ha,re  f r o m  (4), 

,.1 (F  ) 
i = 0 t 0 

( ~ ] .  p-- 1 p - - 1  

( * -  i)'-') - FI ( x -  0 " - "  �9 
i = 0 

n+l 

t h a t  x "+~ -:'- 1 = 1-I ( m -  
J = l  

y)--i 

I-[ [(~ - i)"-" + 1] = 
i = O  

aj). Thus  

I~--I ~- ' 1  t%-i-1 ~--i 9--1 

FI 1-[ ( ~ - ~ ' ~ , - i ) - -  lq H ( x - a , - i ) - -  H ( ~ - i ) o , ~ ,  
i = O  j = l  j = l i = 0  i = 0  

p--I ~2~I P--I ~)--i 

i = 0 i - - . i =  0 

F o r  n ~- 0 (mod  2) a n d  n(n + 1)1(/) - -  1), we rc-exa.mine the  f ac to r  g(x) = x ~+1 + 1 

of cr**(x2"). Since n is even,  t h e n  g ( - - : 0  = 1 - - x ~ + ~ ;  and  since (n % 1)1( / ) - -1) ,  
g ( - - x )  spli ts  ove r  GF(p)* .  Moreover ,  for  each  a e G/~(p)*, a = / = -  a. H e n c e  g(m) 

n + l  

spli ts  and  has  n @ 1 d is t inc t  roo ts  in GF(p)* ,  say  x,,+~ -~- 1 = H (x - a~), a j~  oF( / ) )* .  
Thus  ~ = o 

P--I ~)--I n + l  n+l ~--i 

I ]  [ ( ~ -  i)~+~+ ~] = H [ I  ( ~ -  ~ - o  = ~ 1-I [ ~ -  (a, + ~:)] = 
4,=0 i =  0 J = l  ."=1 i=O  

so t h s t  

2~--I i0--i P'--I P--I 

4,=0 i=O  

n g l  ~ - - i  l~--I 

-- FI I-I ( ~ - o  = 1FI (x-~)~+1 
j = l  ~=0  i = 0  

[] 

W h e n  n ~ l  (mod  2) a n d  2n(n+l) t (p- -1) ,  the  fac ts  t h a t  2 ( n + 1 ) ] ( p - - 1 )  and  
GF(p)* is cyclic i m p l y  t h a t  x 2/~+1)- 1 splits ove r  GF(io)* wi th  d is t inc t  roo ts  aj such 
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TgEORE~ 5. - The polynomiM A = : e~ (x -  1)z is b.u.p,  over  G_F(2) if and  only 

if ei ther (i) ~ = / 3  = 2 ~ -  1 ~nd n > 0  (iu which ease A is perfect) ;  or (ii) ~ = fl ----- 2. 

PROOF. - I t  W~S establ ished in [8] t h a t  a**(x 2"+~) = ~(x 2,+~) does not  split over  
L i = 2 ~ -  1. Suppose A is b.u.p,  over  GF(2) and ~, ~ have  mixed GF(2) unless 2n-~ 

parit ies.  By  Theorem 2 we can assume A = x~',+~(x - 1) ~-~, in which case m = 1 

~.s noted  in the  proof of Theorem 3. Thus for every d > 0  we have  A = x2~-~(x - 1) ~-> 

--~x~(x - 1)-~-~r A, so t h a t  A is not  b.u.p. The equMity of the  exponents  =, fl 

hav ing  the  same pa r i t y  is covered b y  Theorem 3 and  [8]. [] 

At  present ,  for p > 2 we can only conjecture and par t ia l ly  establish a. charac- 

ter izat ion of M1 b.u.p, polynomials  which split over  GF(p).  The results of this 
pape r  and  [i], [6] establish all aspects of the  Conjecture except  the necessity for 

the  equal i ty  of the  exponents  z(i) when p > 2. For  completeness and comparison,  

we res ta te  the  known perfect ion [1], [2], [6]~ [8] of spli t t ing polynomiMs over G/~'(p): 

=o--1 

FACT. - Le t  A = l~ ( x -  i)~(~ GF[p, x]. 
i = 0 

1) The polynomiM A is perfect  over GF(p)  if and  only if ~(0) . . . . .  ~(p --  1) 

----Np " -  I for some 271(P-  1) and some n > 0 .  

2) The po lynomia l  A is un i t a ry  perfect  over  Gig(p) if and  only if ~(0) - -  - -  

= ~(p --  1) = 27p~ for some n > O  where either p = 2 and N = 1 or else 

( p - -  1) /N ~ 0 (rood 2). 

i)--I 

CONJECTURE. - The polynmnia l  A = V[ ( , -  1) ~(':) is b.u.p,  over  GF(p) if and 

only if ~(0) - -  - -  ~.(p --  1) and  one of the  following conditions holds: 

i) ~ ( 0 ) = N p  ~ - 1 - ~ 1  (rood 2), N i ( p - l )  and n > 0  (in which ease A is 

perfect)  ; 

ii) ~ ( 0 )  = 2 ( p - -  1); 

iii) ~ ( 0 ) = 2 N ,  B r ~ 0  (rood 2) and 2 7 ( N q - 1 ) I ( p - 1 ) ;  or 

iv) p ---= 1 (rood 4), a(0) = 227, 27 ~ i (rood 2) and  22Y(27 ~ 1)[(p --  1). 

Recalling WALL'S result  [9] t h a t  6, 60, 90 are the  only b.u.p,  numbers ,  note  the  

Conjecture implies t h a t  the  n u m b e r  SNPBU_P(p)  of spli t t ing non-perfect  b.u.p.  

polynomiMs over  GE(p) satisfies 0 < S N P B U P ( p ) <  c~, in contras t  to S P ( p ) =  

= S U P ( p )  - -  ~ which the  F a c t  demonstra tes .  I n  this connection we are reminded 
of the  equivalence relat ions which ca~ be defined on the  sets of spli t t ing perfect  
polynomiMs [6] and un i t a ry  perfect  polynomials  [3]. 

Partial Proo] el the Conjecture ( a ( 0 ) -  - - ~ ( p -  1) whenever each ~ ( i ) =  2n(i) 
a~td either min {n(i)} = 1, or m a x  {n(i)} = p -- 1 and each n(i) =_- 0 (meal 2)). Suppose 

1 = rain {n(i)} < m a x  {n(i)}. F r o m  (1) arid (2), the  admissible summands  A; of 
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a**(A)-  A h a v i n g  m ~ x i m u m  degree are  the  monic  po lynomia l s  g iven  b y  

A~ = ( x -  ])~,,/~)-, 1-[ ( x -  i)~'('), n(D > 1. 

B y  our  supposi t ion  these A~ n u m b e r  fewer  than  p, so a**(A) --  A :/: 0 and  A is no t  

b.u.p.  
N o w  assume 2 < r a i n  {n(i)} < m a x  {n(i)} = p --  ] wi th  each n(i) ~ 0 (rood 2). 

Then  n(i)[n(i) 4- 1] I (P - -  1) wheneve r  n(i) < p --  1. B y  Theo rem 2 we can assume 

w.l.o.g, t h a t  n(0) = p - -  1, so t h a t  x~(~-~)lA. (I.e., x'~lA b u t  x,,+~lA.) W e  will ~rgue 

on the  va lue  of n(1), but. digress t empora r i ly .  

F r o m  (2), wheneve r  n ( i ) ~ - p -  1 we h~ve 

p - - 1  

(5) ( x -  i)-~(~-,-~ ( x -  i 4- 1)~ [-[ ( x -  z). 
1=2  

To detai l  t he  fac to r iza t ion  of a**( [x - -  i]~(~)) when  n(i) ~ 0 (rood 2) and  n(i)[n(i) 4- 
4- 11( p -  1), let  H,~ be the  subgroup  of GF(p)* of order  m, ml( p -  1). F r o m  our  

a r g u m e n t s  (proof of Theorem 4) on the  fac tor iza t ions  of g(x) = x "+~ 4- 1 and  g(--  x) = 

= (1 --  x)(x ~+~- 1) / (x - -  1) for  n even, we h a v e  

x~+1__1 
x - -  1 - 1]  ( ~ - ~ ) ,  

ceHn+ z 
c r  

and 

(6) x-+t + 1 = (1 + x) [ I  (x + e) = IV[ (x + c ) .  
C~Hn+l c~Hn+ I 

c-~1 

~,Vhen n is even  then  --1 ~ Hn,  so that 

x~ ' - - l - -  I-I ( x - - b ) =  [I (x 4- b). (7) x - -  1- - b~o b~H. 

Thus  f r o m  (2), (6), (7) a n d  the  fac t  t h a t  H~,~ H,,+I = 1, for  n(i) oven  and  n(i)[n(i) 4- 
4- 1][(p - -  1) we h~vo 

(8) (x - -  i)2,,(~) _~ [(x - -  i),(~)+14- 1] ' t  - -  i - -  ~ - -  

= ( x -  i 4- 1 7  [ [  ( x -  i 4- e ) .  

c ~ - - 1 , 1  

Continuing,  let k - -  I{i: n(i) < p -- 1}1. Firs t ,  assume n(1) < p --  1. T h e n  t he  fac- 

to r  x is no t  c on t r i bu t e d  to  a**(A) v ia  (5), and  x "~ is con t r i bu t ed  v ia  (8) when  i -~ 1. 
Thus  if A is b.u.p. ,  precisely x ~(~-1)-2~- x ~-~ m u s t  be con t r i bu t ed  to  a**(A) via  (8) 
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w i t h  i ~= 1. I . e . ,  t h e r e  m u s t  e x i s t  p r e c i s e l y  2p -- ~ e l e m e n t s  i in  G~(p) * w i t h  n( i )  < 

p - -  1 ~ d  s a t i s f y i n g  

(9) i e H~(i)W H~(i)+~-- {--  :l, 1} . 

S i n c e n ( 1 ) < p - - : l ,  t h e n k - - l > ~ 2 p - - 4  so t h a t  k > ~ 2 ( p - - 1 ) - - l .  B u t  0 < k < p - - 1 ,  

h e n c e  k < 2 k < 2 ( p - - 1 ) .  T h u s  k = 2 ( p - - l / - - l < p - - 1  so ~ h a t  p < 2 ,  a c o n t r a d i c -  

t i o n .  :Now a s s u m e  n ( 1 ) =  p -  1. T h e n  t h e  f a c t o r  x ~) is c o n t r i b u t e d  t o  a**(A) v i ~  

(5), a n d  x is n o t  c o n t r i b u t e d  t o  a**(A)  ~ia. (8) fo r  i = 1. T h u s  if  A is b . u . p . ,  p r e c i s e l y  

TA~I.E. - ~o~.splitting bi.unitary per]ect polynomials. 

p deg Complete Factorization 

2 9 x3(1 § x)4(1 §  §  2) 
12 xS(1 § x)5(1 + x § x~) 2 
12 x4(1 § x)~(1 § x § x~) "~ 
15 x~(1 § X)5(1 § x ~ x~) ~ 
16 x6(1 ~- x)~(1 § x § x~) ~ 
19 xT(1 + x)~(1 § x ~ 5 x ~) 
24 x~(1 § x)~ § x a § xt) 2 
25 xT(1 § x)~~ § x § x~)~(1 § x ~ § x ~) 
29 xT(1 § x )~( l  § x § x~)~(1 § x 4- xS)(1 § X 2 § x ~) 
32 X~(l -~ x)~(1 § x § x3)'~(1 § x ~ § x~) ~ 
24 xS(1 §  §  ~ §  x~)(1 § x § x ~ §  x 3 §  ~) 
29 xS(1 §  § x ~§ § 2 4 7  x ~ §  x ~ §  ~) 
30 x s(1 -~x)~~ § 2 4 7  x~)~(1 § x ~ §  x~)(1 §  + X  ~ §  ~ +  x ~) 
34 xs(1 +x) l~ (1  + x + x ~ ) ~ ( 1  + x §  §  2 §  §  ~ §  ~) 
37 xs(1 § x)~(1 § x § x~)~(1 § x ~ § x~)~(1 § x § x '~ § x ~ § x ~) 
34 x~(1 § x)9(1 § x a § x~)~(1 § x ~- x ~ § x ~ § Xa) ~ 
35 xg(1 § x)~~ § x + x~)~(1 § x ~ + x~)(1 + x + x 2 + x ~ + x~) ~ 
39 x~(1 § x)~e(1 § x § x:)~(1 § x § x~)(t § x z § x3)(1 § x § x z § x ~ § xa) ~ 

3 15 
12 
14 
22 
20 
26 
34 

42 xg(1 § x)13(1 + x § x3)2(1 § x 2 + x8)2(1 + x + x 2 § x 3 § x4) ~ 
47 xl~"(1 -J- x)la(1 § x + x2)2(1 _L x § X3)s(1 § x 2 § xa) 3 
62 X~(1 + x)la(1 § x + xi)2(1 § x + x S ) 4 ( l §  x 2 § x3)4(1 + x ~ § x 4) 

(I §  ~ + x  ~ + x  4) 
40 x14(1 § x)14(1 § x § x3)2(t § x 2 § x3) ~ 

x(1 + x)4(2 + x)~(1 + x2)(2 + 2x § x ~-) 
x~(1 § x)2(2 § x)~(1 § x2)(2 + x § x'~)(2 § 2x + x 2) 
x~(l + x)4(2 § x)~(1 + x 2) 
x3(1 + x)~(2 + x)7(1 § x2)~(2 § x § x2)(2 + 2x + x ~) 
x3(1 + x)5(2 + x)G(1 + x~)~(2 + 2x § x ~) 
X4(1 + x)S(2 + x)~(2 + 2x + x2)(1 § 2x + x ~ + x3)(1 + 2x § x 2 + x 4) 
x~(1 + x)9(2 + x)5(1 + x2)(1 + x § 2x 2 + x~)(1 + 2x + x ~ +  x 8) 
(1 + 2 x + x  ~ § 2 4 7  2 §  3 §  4) 

5 40 X4(1 § x)~(2 § x)4(3 § x)4(4 § x)4(1 § x § x2)(1 § 4x § x2)(2 § x 2) 
(2 § X 4- x2)(2 § 4x § ~2)(3 § x2)(3 § 2X + x~)(3 § 3x § x~)(4 § 2x § x 2) 
(4 § 3X § x ~) 
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x-~(,'-~)-~'= x ,'-2 m u s t  be  c o n t r i b u t e d  to  a**(A) v i a  (8), (9) w i t h  i ~  1. H e n c e  t h e  

a b s u r d i t y  t h a t  GF(p)* cow,rains p - -  2 d i s t i n c t  eleme~-~ts i w i t h  - -  1 r i # 1. 

4. - Non-splitting bi-unitary perfect polynomials over Gt~(g). 

T h e  n o n - s p l i t t i n g  b .u .p ,  po lymomig l s  g i v e n  in  t h e  T a b l e  l o r  p ~ 2, 3, 5 were  

h g n d - c u l c u l a t e d ,  us ing  a n  (( a l g o r i t h m  ~> l ike  t h a t  d e s c r i b e d  in [3; p. 298] a n d  com- 

p u t e r - g e n e r u t e d  f~c to r i z a t i on  t a b l e s  [7] o b t a i n e d  ove r  t e u  y e a r s  ago.  F o r  b r e v i t y ,  

t h e  T~ble  does  n o t  i n c l u d e  a n y  t r a n s l a t e s  over  GF(p) e x c e p t  s e l f - t r a n s l a t e s ;  f r om 

t h e s e  exumples ,  o the r s  can  be  o b t a i n e d  b y  us ing  T h e o r e m  2. The  p e c u l i a r i t i e s  of 

t h e  (( a l g o r i t h m  )) [3] p r e c l u d e  a n y  c la ims  for  c omp le t e ne s s  of t h e  Tgble .  H o w e v e r ,  

we  h a v e  p u r s u e d  e x a m p l e s  A (<up to  t h e  f o r m  ~) (x~--x)dlA where  d < 1 5 ,  9, 5 for  

p = 2, 3, 5 r e s p e c t i v e l y ,  s u b j e c t  to  A h a v i n g  ~ p r i m e  f a c t o r  of even  m u l t i p l i c i t y .  
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