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Abstract: We have investigated Bianchi type-V universe filled with matter and 

modified holographic Ricci dark energy in a scalar-tensor theory proposed by Saez-

Ballester (Phys. Lett. A., 113, 467, 1986). To get a determinate solution, we have used (i) 

hybrid expansion law (Akarsu et al. JCAP, 01, 022, 2014), (ii) varying deceleration 

parameter (Mishra et al. Int. J. Theor. Phys.  52, 2546, 2013) and (iii) linearly varying 

deceleration parameter (Akarsu and Dereli, Int. J. Theor. Phys. 51, 612, 2012). The 

various physical and geometrical aspects of the models are also discussed. 

Key words: Bianchi type-V metric, Saez-Ballester theory, Hybrid expansion law, 

varying deceleration parameter, holographic dark energy.  

1. Introduction 

The present day universe is in a state of accelerated expansion which has been 

confirmed by the recent cosmological observations [1,2]. The data also suggests that the 

universe is dominated by two dark components containing dark matter and dark energy. 

Dark matter, a matter without pressure, is mainly used to explain galactic curves and 

structure formation of the universe while dark energy, an exotic energy with negative 

pressure, is used to explain the present cosmic accelerated expansions. The study of dark 

energy models in some significant modified theories of gravitation is one of the 

approaches to explain early inflation and late time acceleration of the universe.  

In recent years, holographic dark energy (HDE) models have received considerable 

attention to describe dark energy cosmological models. According to the holographic 

principle, the number of degrees of freedom in a bounded system should be finite and is 

related to the area of its boundary [3]. It is argued that this model may solve the 
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cosmological constant problem and some other issues. Several aspects of holographic 

dark energy have been investigated by Cohen et al. [4] and Hsu [5], Gao et al. [6] have 

proposed a HDE model, where the future event horizon is replaced by the inverse of the 

Ricci scalar curvature, and thismodel is named as “Ricci dark energy model” (RDE), that 

is, a holographic Ricci dark energy model, whose length scale is the inverse of the Ricci 

curvature scalar, i.e. 2

1−

≈ RL . Granda and Oliveros [7] suggested a new holographic 

Ricci dark energy model. Later, Chen and Jing [8] modified this model by assuming the 

density of dark energy contains the Hubble parameter H, the first order and the second 

order derivatives (i.e., HH &&& and ).The expression of the energy density of dark energy is 

given by 

2

32

1

1 333 HHHH ηηηρ ++= −
Λ

&&&          (1) 

where 321 and, ηηη are three arbitrary dimensionless parameters. Recently, Sarkar [9], 

Adhav et al. [10], Kiran et al. [11,12], Umadevi and Ramesh [13] have investigated 

minimally interacting and interacting holographic dark energy Bianchi models in general 

relativity and in scalar-tensor theories of gravitation. Very recently, Kiran et al. [14] and 

Reddy et al. [15] have discussed Bianchi type minimally interacting holographic dark 

energy models using linearly varying deceleration parameter proposed by Akarsu and 

Dereli [16]. Das and Sultana [17,18] have studied Bianchi type anisotropic modified 

holographic Ricci dark energy cosmological models. Rahman and Ansari [19] have 

investigated interacting holographic polytropic gas model of dark energy with hybrid 

expansion law in Bianchi type-VI0 space time while Rahman and Ansari [20] have 

studied interacting generalized ghost polytropic gas model of dark energy with a specific 

Hubble parameter in LRS Bianchi type-II space time. 

 Inspired by above investigations in this paper, we investigate anisotropic Bianchi 

type-V models in the presence of anisotropic modified holographic Ricci dark energy.     

The plan of this paper is the following: In section 2, we obtain the field equations of 

Saez-Ballester theory in the presence of matter and modified holographic Ricci dark 
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energy in Bianchi type-V space time. By solving the field equations using various 

average scale factors, we present the modified holographic Ricci dark energy model in 

section 3. In section 4, we compute the physical and kinematical parameters of the model 

and discuss their physical significance. The last section contains some concluding 

remarks. 

2. Metric and field equations 

We consider a spatially homogeneous Bianchi type-V metrics of the form 

2222222222 dzeCdyeBdxAdtds xx −− −−−=                                       (2) 

where A,B,C are functions of cosmic time t. 

Saez-Ballester [21] field equations for combined scalar and tensor fields in the presence 

of dark matter and holographic dark energy are given by 

,

, , ,

1 1
( )

2 2

n k

ij ij i j ij k ij ijR g R w g T Tϕ ϕ ϕ ϕφ  − − − = − + 
                                (3)   

where ijR is the Ricci tensor, R is the Ricci scalar, w and n arbitrary dimensionless 

constants and 8 1G cπ = =  in the relativistic units. 

The energy momentum tensor for matter and the dark energy are defined as 

( )



− 

=

+ =

ij i j

ij j

M

i j i

T u u

T p u u g pλ λ λ

ρ

ρ                                           (4) 

The energy momentum tensor of dark energy can be parameterized as 

[1, , ( ), ( )]= − − + − +
ij y z

T diag λ λ λ λω ω δ ω δ ρ                       (4a) 

where =
pλ

λ
λ

ω
ρ

  is the equation of state (EoS) parameter of dark energy and ,M λρ ρ  are the 

energy densities of matter and the dark energy and pλ is the pressure of the dark energy. 

Here skewness parameters andy zδ δ  are the deviations from  λω  along zy and  directions 

respectively. 
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 The scalar field ϕ satisfies the following equation 

, 1 ,

; ,2 0n i n k

i knϕ ϕ ϕϕ ϕ −+ =
                       (5) 

Also, the energy conservation equation is 

; ; 0ij ij

j jT T+ =
 .                             (6)                                      

In a commoving coordinate system, Saez-Ballester field equations (3) for the metric (2) 

with the help of Eq. (4) can be, explicitly, written as 

λλρωϕϕ −=−−++ 2

2 2

11
&

&&&&&&
nw

ABC

CB

C

C

B

B
,                        (7) 

 λλ ρδωϕϕ )(
2

11 2

2 y

nw
AAC

CA

C

C

A

A
+−=−−++ &

&&&&&&

,                    (8) 

λλ ρδωϕϕ )(
2

11 2

2 z

nw
AAB

BA

B

B

A

A
+−=−−++ &

&&&&&&

,                        (9) 

λρρϕϕ +=+−++ M

nw
ACA

AC

BC

CB

AB

BA 2

2 2

11
&

&&&&&&

,                     (10) 

.0
2

=−+
A

A

C

C

B

B &&&

                                                   (11) 

2

0
2

A B C n

A B C

ϕ
ϕ ϕ

ϕ
 

+ + + + = 
 

& && &
&& &

                        (12) 

Also energy conservation equation (6) is given by 

( ) 0
   

+ + + + + + + + =   
   

& & && &
& &

M M y z

A B C B C
p

A B C B C
λ λ λ λρ ρ ρ ρ δ δ ρ              (13) 

Here over head denotes differentiation with respect to cosmic time t. 

3. Solutions and the models 

Integration of Eq. (11) yields 

BCkA 1

2 =               (14)  
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where k1 is a constant of integration which can be chosen as unity without loss of  

generality, so that we have 

BCA =2               (15) 

Now Eqs. (7)-(12) are a system of five independent equations in nine unknowns 

ϕρδδρω λλ and,,,,,,, MzyCBA . Hence to find a determinate solution we use the 

following physically plausible conditions: 

(i) The shear scholar is proportional to scalar expansion so that we have [22] 

k
CB =              (16)  

(ii) The energy density of modified holographic Ricci dark energy given by Eq. (1) [8]. 

     

   (iii) An ansatz for the average scale factor a(t) of the universe. 

  

Here we obtain three models choosing different ansatz for the average scale factor 

of the universe. 

Model-1: Following Akarsu et al. [23], we consider an ansatz for the average scale 

factor as 

  
t

etaABCta 21

0
3

1

)()(
αα==                            (17) 

where 1α and 2α  are non-negative constants and 0a  is the present value of the scale factor. 

Eq. (17) is known as hybrid expansion law which is a combination of power law and an 

exponential function. It can be seen that 02 =α  yields power law cosmology 

while 01 =α gives exponential law cosmology. Thus, the power-law and exponential law 

cosmologies are the special cases of hybrid expansion law cosmology. This choice of 

average scale factor gives a timedependent deceleration parameter. The solution gives 

inflation and radiation dominance era with subsequent transition from deceleration to 

acceleration. Recently, Shri Ram & Chandel [24] and Santhi et al. [25] have studied 

Bianchi dark energy cosmological models with hybrid expansion law. 

Using equations (15), (16) and (17) we obtain the scale factors as 
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1

2

0

1

2

0

0

)(

)(

21

21

21

+

+

=

=

=

kt

k

k

t

t

etaC

etaB

etaA

αα

αα

αα

         (18) 

From Eqs. (12) and (18), we have the scalar field as 

  ( ) 0

3

00
2

2

21

2

2
ψϕϕ αα +

+
=

−
+

∫ dteta
n t

n

    (18a) 

Using Eq. (18) in Eq. (2) we obtain the following model: 

221

4

0

221

4

0

22

0

22
)()()( 212121 dzeetadyeetadxetadtds

xktxk

k

tt −+−+ −−−= αααααα

 (19) 

Physical discussion of the model 

Equation (25) describes the modified holographic Ricci dark energy model in Bianchi 

type-V space time in the frame work of Saez-Ballester scalar-tensor theory of gravitation 

with the following physical and kinematical parameters which are very important for 

physical discussion of the model. 

Spatial volume is 

3

0

3 )( 21 t
etaaV
αα==                    (20) 

The average Hubble’s parameter is 

 2
1 α

α
+==

ta

a
H

&

             (21) 

The scalar expansion is 

 






 +== 2
133 α

α
θ

t
H                      (22) 

The shear scalar is 
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22

2
1

222

2

1

1

3

1









+
−








 +=














−−−








+








+









k

k
α

t

α

AC

CA

CB

BC

AB

BA

C

C

B

B

A

A
=σ

&&&&&&&&&

                  (23) 

 

The average anisotropy parameter is 

 2

3

1

2

1

1

3

2

3

1









+
−

=








 −
∆ ∑

=

k

k

H

HH
=

i

i

                                                    (24) 

The deceleration parameter is 

 

2

21

1

2

)(
1

t

a

aa
q

αα
α
+

+−=

−=
&

&&

            (25) 

From Eqs. (1) and (21), we have the energy density of modified holographic Ricci dark 

energy as 










+
+−







 +=
)(3

2
3

21

2

31

2

12
2

1
1

tttt αα
ηααη

α
α

ηρλ          (26) 

From Eqs. (7) and (18) the EoS parameter of modified holographic Ricci dark energy can 

be found as 

 










+
+−







 +

++






 +
+

−
=

)(3

2
3

)(2)(

1

)1(

42

21

2

31

2

12
2

1
1

6

0

0

2

0

2

2
1

2

2

2

1

2121

tttt

eta

w

etatk

k

t tt

αα
ηααη

α
α

η

ϕ
α

αα

ω
αααα

λ       (27) 

From Eqs. (8), (9), (18), (26) and (27), we get the skewness parameters as 
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+
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 +
+

−−

=

)(3

2
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)1(

2

)1(

)343(

21

2

31

2

12
2

1
1

2

1

2

2
1

2

2

tttt

tk

k

tk

kk

y

αα
ηααη

α
α

η

α
α

α

δ
         (28) 










+
+−







 +








 +
+

−+
−

+
−

=

)(3

2
3

)1(

)1)(13(

)1(

)1(2

21

2

31

2

12
2

1
1

2

2
1

22

1

tttt

tk

kk

tk

k

z

αα
ηααη

α
α

η

α
αα

δ
         (29) 

From Eqs. (10), (18) and (26), we have the energy density of matter as 










+
+−








+−+−








+

+

++
=

)(3

2
3

)(2)(

3

)1(

)14(2

21

2

31

2

12

2

1

16

0

0

2

0

2

2

1

2

2

2121 tttteta

w

etatk

kk
ttM αα

ηααη
α

α
η

ϕ
α

α
ρ

αααα

     

(30) 

Now we shall discuss the physical significance of the above parameters. It is 

observed that the spatial volume V at t=0 vanish.  The average Hubble parameter H, 

expansion scalar θ , and the shear scalar 2σ  all diverge at t=0. Hence the model has a 

point type singularity. As time increase H, θ  2σ and ϕ   decrease. Fig-1 shows the 

behavior of the deceleration parameter versus cosmic time in this model. It can be 

observed that the model is varying from early decelerated (q>0) phase to present 

accelerating (q<0) phase. It can, also, be observed that at ∞→t , 1−=q and 0=
dt

dH
 

which implies the greatest value of Hubble parameter H and fastest rate of expansion of 

the universe.  Also, zyM δδρρλ and,, diverse at t=0 and decrease as the universe 

expands. The behavior of EoS parameter of this model is depicted in Fig. 2. It is observed 

that the EoS parameter is always varying in quintessence region ( 1−>λω ) in this model.   

      It can be seen that 0
2

2

≠
θ
σ

 and the average anisotropy parameter 0≠∆  except at 

k=1. This implies that our model is anisotropic at all times except when k=1. It may be 

mentioned here that in the case of Sarkar [26] the universe approaches isotropy at late 
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times and in the case of Sarkar [27] it remains anisotropic throughout its evolution. Also 

when k=1, we have 02 =σ . Hence our model in this case becomes shear free. 

Model-2: We assume the average scale factor suggested by Mishra et al. [28, 29],  

  ntta

1

)][sinh()( α=                       (31) 

 This yields a time dependent deceleration parameter. Also, recently, Reddy et al. [30] 

have discussed Bianchi type-III dark energy model in f(R,T) gravity with a variable 

deceleration parameter. 

Using equations (15), (16) and (31) we obtain the scale factors as 

)1(

2

)1(

2

1

)][sinh(

)][sinh(

)][sinh(

+

+

=

=

=

kn

kn

k

n

tC

tB

tA

α

α

α

                 (32) 

From Eqs. (12) and (32), we have the scalar field as 

)(cosh

)][sinh(

)3(2

)2( 3

3

12

2

t

t

n

nn

n
n

αα
αϕ

ϕ

−
+

−
+

=       (32a) 

Using Eq. (32) in Eq. (2) we obtain the following model: 

22)1(

4

22)1(

4

2

2

22 )][sinh()][sinh()][sinh( dzetdyetdxtdtds xknxkn

k

n −+−+ −−−= ααα
 (33) 

Physical discussion of the model 

Equation (33) describes the modified holographic Ricci dark energy model in Bianchi 

type-V space time in the frame work of Saez-Ballester scalar-tensor theory of gravitation 

with the following physical and kinematical parameters which are very important for 

physical discussion of the model. 
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Spatial volume is 

ntV

3

)][sinh(α=                      (34) 

The average Hubble’s parameter is 

 t
na

a
H α

α
coth==

&
                     (35) 

The scalar expansion is 

 t
n

H α
α

θ coth
3

3 ==                       (36) 

The shear scalar is 

22

2 coth
1

1
















+
−

t
nk

k
=σ α

α
                                (37) 

The average anisotropy parameter is 

                                  

2

1

1

3

2








+
−

∆
k

k
=                                                                      (38) 

The deceleration parameter is 

 ( )2sec1 thnq α+−=                       (39) 

From Eqs. (1) and (35), we have the energy density of modified holographic Ricci dark 

energy as 
















 −+= th
n

t
n

α
η

ηα
η

αρλ
22

3

2

2

12 csc2coth3          (40) 

From Eqs. (7) and (32) the EoS parameter of modified holographic Ricci dark energy can 

be found as 

 
















 −+

++
+

−

=

th
n

t
n

t

w

t

t
kn

k
th

n
nn

α
η

ηα
η

α

α

ϕ

α
α

α
α

α

ωλ
22

3

2

2

12

6

0

2

2

22

22
2

2

csc2coth3

)(sinh2)(sinh

1
coth

)1(

4
csc

2

      (41) 
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From Eqs. (8), (9), (32), (40) and (41), we get the skewness parameters as 

 
















 −+

+
−
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th
n

t
n

th
kn

k
t

kn
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α
η

ηα
η

α

α
α

α
α

δ
22

3

2

2

12

2
2

2

22
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csc2coth3

csc
)1(

2
coth

)1(

)343(

        (42) 
















 −+

+
−+

−
+

−

=

th
n

t
n

t
kn

kk
th

kn

k

z

α
η

ηα
η

α

α
α

α
α

δ
22

3

2

2

12

2

22

2
2

2

csc2coth3

coth
)1(

)1)(13(
csc

)1(

)1(

        (43) 

From Eqs. (10), (32) and (40), we have the energy density of matter as 
















 −+−+−
+

++
= th

n
t

n
t

w

t

t
kn

kk

nn

M α
η

ηα
η

α
α

ϕ

α
α

α
ρ 22

3

2

2

12

6

0

2

2

22

22

csc2coth3

)(sinh2)(sinh

3
coth

)1(

)14(2

     

(44) 

It can be observed from the above results the behavior of the physical and 

kinematical parameters is quite similar to the behavior of the parameters of the         

Model-1. Also, the behavior of deceleration parameter and EoS parameter for this model 

is depicted in Figs. 1 and 2. This model, also, is always varying in quintessence region      

( 1−>λω ) and attains a constant value in that region.  

Model-3: The linearly varying deceleration parameter ([16]) after taking suitable choice 

of integrating constants, leads to 

2
arctan 1

( )

lt
h

m ma t e

 − 
 =                       (45) 

where 0, 0l m> ≥ for simplicity. The reason for considering the solution for 

0 and 0l m> >  is not only for simplicity but also for compatibility with the observed 

universe. Here 0l >  means we are dealing with increasing acceleration ( 0= − <&q l ). 
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Recently, Reddy et al. [15] have investigated cosmological models with a linearly 

varying deceleration parameter in alternative theories of gravitation. 

Using equations (15), (16) and (45) we obtain the scale factors as 

2
arctan 1

4
arctan 1

( 1)

4
arctan 1

( 1)

lt
h

m m

k lt
h

m k m

lt
h

m k m

A e

B e

C e

 − 
 

 − +  

 − +  

=

=

=

                     (46) 

From Eqs. (12) and (46), we have the scalar field as 

62 arctan 1
2 222

2

( 2)
( 2 )

12

ltn h
m mn

l t lmt e
l

ϕ
ϕ ψ

−  + − 
 +

= − +                          (46a) 

Using Eq. (46) in Eq. (2) we obtain the following model: 

22
1arctan

)1(

8

22
1arctan

)1(

8

2
1arctan

8

22 dzeedyeedxedtds xm

lt
h

kmxm

lt
h

km

k

m

lt
h

m −







 −
+−








 −
+








 −

−−−=
 (47) 

Physical discussion of the model 

Equation (47) describes the modified holographic Ricci dark energy model in Bianchi 

type-V space time in the frame work of Saez-Ballester scalar-tensor theory of gravitation 

with the following physical and kinematical parameters which are very important for 

physical discussion of the model. 

Spatial volume is 

6
arctan 1

lt
h

m mV e

 − 
 =                                   (48) 

The average Hubble parameter is 

 
( )

2

2

a m
H

a lt m lt
= =

−

&
                                   (49) 

The scalar expansion is 
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( )

6
3

2

m
H

lt m lt
θ = =

−
                                  (50) 

The shear scalar is 

2222

22
2

)2()1(

)1(4

ltmtkl

mk
=σ

−+
−

                    (51) 

The average anisotropy parameter is 

 

2

1

1

3

2








+
−

∆
k

k
=                                   (52) 

The deceleration parameter is 

 1−+−= mltq                        (53) 

From Eqs. (1) and (49), we have the energy density of modified holographic Ricci dark 

energy as 










−
−+−−−

=
22

22

321

)2(

))(()(22
6

ltmt

mltmmlt ηηη
ρλ          (54) 

From Eqs. (7) and (46) the EoS parameter of modified holographic Ricci dark energy can 

be found as 










−
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 −
−
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 −
−

+
−+

−+−+−

=

22

22

321

0

222

22

)2(

))(()(22
6

1arctan
12

exp
2

1arctan
4

exp
)2()1(

16)1(16)1)((8

ltmt

mltmmlt

m

lt
h

m

w

m

lt
h

mltmkt

kkkltm

ηηη

ϕ

ωλ
(55) 

From Eqs. (8), (9), (46), (54) and (55), we get the skewness parameters as 

 ( )))(()(22)1(

)1(12)(8
22

321 mltmmltk

kmlt
y −+−−−+

−+−
=

ηηη
δ

        (56) 

( )
( )))(()(22)1(

)1(12)(4
22

321 mltmmltk

kltm
z −+−−−+

−−−
=

ηηη
δ

        (57) 

From Eqs. (10), (46) and (54), we have the energy density of matter as 
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(58) 

The spatial volume exhibits an exponential increase with cosmic time which implies 

inflation.  The parameters H, θ  and,,2

λρρσ M ϕ   diverse at initial epoch and they all 

decrease as time increases. Also at k=1, 0=∆  and 02 =σ  which imply that this model is 

isotropic and shear free for this value of k. Also the skewness parameters  zy δδ and  are 

constant at t=0 and they vanish as ∞→t . The deceleration parameter and the EoS 

parameter of this model are plotted in Figs. 1 and 2. It can be observed this model is also 

evolving from early decelerated (q>0) phase to present accelerating (q<0) phase. It can 

be seen that the model in this case always, remains in the phantom region ( 1−<λω ).  

 

Fig.1:Plot of deceleration parameter versus time. 
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Fig.2: Plots of EoS parameter versus time. 

 

4. Conclusions 

In this paper, we have investigated spatially homogeneous and anisotropic 

modified holographic Ricci dark energy Bianchi type-V cosmological models in  

Saez-Ballester [21] scalar-tensor theory of gravitation.We have obtained three 

different models using hybrid expansion law of average scale factor [23], varying 

deceleration parameters [28,16]. The entire above three models exhibit a 

smoothtransition of the universe from the decelerated phase to the accelerating 

phase. It can be seen that at the initial epoch the spatial volume of the models 

vanish showing that there exists a point type singularity at t=0. We have found all 

the physical and kinematical parameters corresponding to each modeland it is 

observed that they all diverse at the initial epoch. It can be seen that in all the 

models spatial volume becomes infinite as         t → ∞ while Hubble’s parameter H 

is constant for the model (19). Hence, in this particular case, the universe expands 

forever with constant rate. We have also studied the behavior of EoS parameter in 
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the models. It is interesting to observe that the models with hybrid expansion law 

and with varying deceleration parameter always vary in the quintessence region 

while the model with linearly varying deceleration parameter varies in phantom 

region. This may be due to the fact that we are considering scalar field models. It 

may also be noted that the Saez-Ballester scalar field ϕ  goes to infinity as t→∞  

whereas it becomes zero when t=0. 
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