
Bias Reduction for Dynamic Nonlinear

Panel Models with Fixed Effects

Jinyong Hahn Guido Kuersteiner
UCLA MIT

April, 2003

Acknowledgment: We are grateful for helpful comments by Gary Chamberlain, Shakeeb Khan, Whit-

ney Newey, and workshop participants of Federal Reserve Board, and Harvard/MIT. The second author

gratefully acknowledges Financial support from NSF Grant SES 0095132.



Abstract

The Þxed effects estimator of panel models can be severely biased because of the well-known inciden-

tal parameter problems. It is shown that such bias can be reduced as T grows with n. We consider

asymptotics where n and T grow at the same rate as an approximation that allows us to compare bias

properties. Under these asymptotics the bias corrected estimators are centered at the truth, whereas the

Þxed effects estimator is not. We also show how our alternative asymptotics is related to the higher order

�large T� asymptotics.



1 Introduction

Panel data, consisting of observations across time for different individual economic agents, allows the

possibility of controlling for unobserved individual heterogeneity. Such heterogeneity can be an important

phenomenon, and failure to control for such heterogeneity can result in misleading inferences. One way

of attempting to deal with the presence of unobserved individual effects in nonlinear models is to treat

each such effect as a separate parameter to be estimated. Unfortunately, such estimators are typically

subject to the incidental parameters problem noted by Neyman and Scott (1948). The estimators of the

parameters of interest will be inconsistent if the number of individuals goes to inÞnity while the number

of time periods is held Þxed. In practical terms, the incidental parameters problem suggests that Þxed

effects estimators may be severely biased.

Hahn and Kuersteiner (2002) recently showed that the bias in a panel AR(1) model can be alleviated

substantially by considering an alternative approximation where the number of individuals (n) and the

number of time series observations (T ) grow to inÞnity at the same rate. Hahn and Newey (2002) showed

how the bias correction can be implemented in a static nonlinear panel data model with Þxed effects

under the same asymptotics. Alternative asymptotics are implicitly based on the intuition that the bias

of Þxed effects estimators should change with the number of time series observations.

To be more precise, let θ denote anR-dimensional parameter of interest, and let θ[T ] denote the limiting

value, as the number of individuals goes to inÞnity, of a Þxed effects estimator bθ of θ. A consequence of
the incidental parameters problem is that typically θ[T ] 6= θ. Note that the bias should be small for large
enough T , i.e., limT→∞ θ[T ] = θ. Suppose that θ(T ) also obeys the relation θ[T ] = θ+T−1β+O

¡
T−2

¢
. If

a reasonably precise estimator bβ of β is available, we would expect that bbθ ≡ bθ−T−1bβ would be less biased
than the Þxed effects estimator bθ. In order to implement this strategy, we need to have a convenient
theoretical characterization of β.

In this paper, we examine asymptotic biases of general dynamic nonlinear panel models with Þxed

effects, and develop methods to remove them. The common intuition in Hahn and Kuersteiner (2002)

and Hahn and Newey (2002) was that, under the alternative asymptotics where both n and T grow

to inÞnity at the same rate,
√
nT
³bθ − θ´ will be centered at √κβ, where κ is the limit of n

T . It was

shown that β can be consistently estimated, which led to a bias corrected estimator. We adopt the

same strategy in this paper, and consider general nonlinear dynamic panel models with Þxed effects.

Our analysis could provide a useful alternative to Honoré and Kyriazidou (2000), who examined some

dynamic binary response model. Their identiÞcation and estimation require conditioning on (possibly

continuous) covariates taking identical values over time, which is not required in our approach. On the

other hand, it is expected that our approach requires reasonably large T to be a good approximation.

In this paper, we also formalize the relationship between the �large n, large T� asymptotics and the

higher order �large T� asymptotics. It is argued that the former is a simpliÞed way of doing the latter,

and the bias correction done under the latter would imply the bias correction under the former. This

relationship provides a useful re-interpretation of the incidental parameters problem as a special case of

higher order asymptotics.

We do not develop any �automatic� method of bias reduction, such as jackknife as in Hahn and Newey

(2002). It is not clear how jackknife could be adapted to the situation where observations are depen-
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dent. Block bootstrap may provide an alternative solution, although we conjecture some modiÞcation is

necessary.1 Lancaster (2002), Woutersen (2002) and Arellano (2000) adopted the same asymptotics, and

developed bias corrected estimator for various panel models with Þxed effects. So far, all of their meth-

ods are conÞned to models with full parametric speciÞcation. We do not yet know the exact relationship

between our approach and theirs, and are yet unable to generalize their methods to dynamic models.

2 Alternative Asymptotics

In this section, we characterize the approximate bias of the Þxed effects estimator for a dynamic nonlinear

panel model. We consider the asymptotic approximation where n and T grow to inÞnity at the same rate.

We show that the Þxed effects estimator is consistent and asymptotically normal, but has an asymptotic

bias. We provide a formula for asymptotic bias under such asymptotics.

Suppose that we are given an estimator such that

³bθ, bα1, . . . , bαn´ = argmax
θ,α1,... ,αn

nX
i=1

TX
t=1

ψ (xit; θ,αi) (1)

for some ψ (·). We assume that ψ is a sensible function that a time-series econometrician would use: If n is
Þxed, and T →∞, we assume that

³bθ, bα1, . . . , bαn´ is consistent for (θ0,α10, . . . ,αn0), where θ0 is a com-
mon parameter of interest, and αi0 is individual speciÞc Þxed effect. This can be justiÞed by assuming a

primitive condition such that, for each η > 0, infi
h
G(i) (θ0,αi0)− sup{(θ,α):|(θ,α)−(θ0,αi0)|>η}G(i) (θ,α)

i
>

0, where

bG(i) (θ,αi) ≡ T−1 TX
t=1

ψ (xit; θ,αi) , G(i) (θ,αi) ≡ E [ψ (xit; θ,αi)]

It can be shown that this condition also implies that
³bθ, bα1, . . . , bαn´ are consistent even when n grows

to inÞnity. See Theorem 1 below.

We use the following notation in the paper:

Ui (xit; θ,αi) ≡ sθ (xit; θ,αi)− ρi0 · sα (xit; θ,αi) ,
Vi (xit; θ,αi) ≡ sα (xit; θ,αi) ,

ρi0 ≡ E [sθα (xit; θ0,αi0)]

E [sαα (xit; θ0,αi0)]
,

sθ (xit; θ,αi) ≡ ∂

∂θ
ψ (xit; θ,αi) ,

sα (xit; θ,αi) ≡ ∂

∂αi
ψ (xit; θ,αi) ,

Ii ≡ −E
·
∂Ui (xit; θ,αi)

∂θ0

¸
.

For simplicity of notation, we will assume dim (θ) = R and dim (α) = 1.

We now assume the following regularity conditions:

1Hahn, Kuersteiner, and Newey (2002) considered the bootstrap in the cross sectional context, and concluded that it

would not work without some modiÞcation such as �truncation�.
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Condition 1 n,T →∞ such that nT → κ, where 0 < κ <∞.

Condition 2 Suppose that, for each i, {xit, t = 1, 2, . . . } is a stationary mixing sequence. Let Ait =
σ (xit, xit−1, xit−2, ...) , Bit = σ (xit, xit+1, xit+2, ...) and αi (m) = supt supA∈Ai

t,B∈Bit+m |P (A ∩B)− P (A)P (B)|.
Assume that supi |αi (m)| ≤ Cam for some a such that 0 < a < 1 and some C > 0. We assume that

{xit, t = 1, 2, 3, ...} are independent across i.

Condition 3 Let ψ (xit,φ) be a function indexed by the parameter φ = (θ,α) ∈ intΦ, where Φ is a

compact, convex subset of Rp and p ≡ dimφ = R + 1. Let ν = (ν1, ..., νk) be a vector of non-negative

integers vi, |v| =
Pk
j=1 vj and D

vψ (xit,φ) = ∂|ν|ψ (xit,φ)
±
(∂φv11 ...∂φ

νk
k ). Assume that there exists a

functionM (xit) such that |Dvψ (xit,φ1)−Dvψ (xit,φ2)| ≤M (xit) kφ1 − φ2k for all φ1,φ2 ∈ Φ and |v| ≤
5. We also assume thatM(xit) satisÞes supφ∈Φ kDvψ (xit,φ)k ≤M(xit) and supiE

h
|M(xit)|10q+12+δ

i
<

∞ for some integer q ≥ p/2 + 2 and for some δ > 0.

Condition 4 Let ΣiT = Var
³
T−1/2

PT
t=1 Ui (xit; θ,αi)

´
and assume that infi infT λiT > 0 where λiT is

the smallest eigenvalue of ΣiT .

Condition 5 infi |E [∂Vi (xit; θ0,αi0)/∂αi]| > 0.

Condition 6 sup kIik <∞ such that limn→∞ n−1
Pn
i=1 Ii = I. We also assume kIk > 0.

It can be shown that, under the alternative asymptotics, the parameters are consistent:

Theorem 1 Assume that Conditions (1),(2) and (3) are satisÞed. Then, bθ, bα1, ..., bαn are consistent.
Proof. See Appendix A.2.

It is shown in Appendix B that a Taylor series expansion leads to

√
nT
³bθ − θ0´ = Ξ1 + 1

2

r
n

T
Ξ2 + op (1) (2)

where

Ξ1 ≡
Ã
1

n

nX
i=1

Ii
!−1Ã

1√
nT

nX
i=1

TX
t=1

Uit

!

Ξ2 ≡ −2
Ã
1

n

nX
i=1

Ii
!−1

1

n

nX
i=1

 PT
t=1 Vit√

TE
h
∂Vi
∂αi

i
 1√

T

TX
t=1

Uαii − E [U
αiαi
i ]

2E
h
∂Vi
∂αi

iVit


+

Ã
1

n

nX
i=1

Ii
!−1

1

n
T

for T deÞned later in equation (30) in Appendix C, and in equation (31) as well. Here,

Uit ≡ Ui (xit; θ0,αi0)

Vit ≡ Vi (xit; θ0,αi0)

Uαii ≡ ∂

∂αi
Ui (xit; θ0,αi0)

Uαiαii ≡ ∂2

∂α2i
Ui (xit; θ0,αi0) .
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It turns out that under our asymptotics where n and T tend to inÞnity jointly, the term Ξ1 determines

the asymptotic distribution of the estimator, while the term Ξ2 turns out to be a pure bias term. These

facts are established in the following two Lemmas.

Lemma 1 Let Conditions (1),(2),(3) and (4) be satisÞed. Then

1√
n
√
T

nX
i=1

TX
t=1

Uit → N (0,Ω)

where Ω = limn n−1
Pn
i=1ΣiT .

Proof. Follows from Lemma (6) in the Appendix.

Lemma 2 Assume that Conditions (1),(2),(3), (4) and (6) hold. Let fV U
α

i =
P∞
l=−∞Cov(Vit, U

αi
it−l)

and fV Vi =
P∞
l=−∞Cov(Vit, Vit−l). Let

fV U
α

= limn−1
nX
i=1

fV U
α

i

E
h
∂Vi(xit;θ,αi)

∂αi

i
and

fV V = limn−1
nX
i=1

E [Uαiαii (xit; θ,αi)]

2
³
E
h
∂Vi(xit;θ,αi)

∂αi

i´2 fV Vi .

DeÞne Ψ ≡ fV Uα − fV V . Then

Ψ = plim
1

n

nX
i=1

 1√
T

TX
t=1

Vit (xit; θ,αi)

E
h
∂Vi(xit;θ,αi)

∂αi

i
 1√

T

TX
t=1

Uαiit (xit; θ,αi)− E [Uαiαii (xit; θ,αi)]

2E
h
∂Vi(xit;θ,αi)

∂αi

i Vit (xit; θ,αi)

 ,
1

n
T = op (1) ,

and

1

2

r
n

T
Ξ2 = −

r
n

T

Ã
1

n

nX
i=1

Ii
!−1

Ψ+ op (1) .

Proof. See Appendix (C).

Using Lemmas (1) and (2) as well as (18) it follows that

Ξ1 → N
¡
0,I−1ΩI−1¢ ,

1

2

r
n

T
Ξ2 = −

r
n

T

Ã
1

n

nX
i=1

Ii
!−1

Ψ+ op (1) .

To summarize, we have the following result regarding the asymptotic distribution of the the estimator �θ.

Theorem 2 Assume that Conditions (1),(2),(3), (4) and (6) hold.
√
nT
³bθ − θ0´→ N

³
β
√
κ,I−1Ω (I0)−1

´
where

β ≡ −I−1Ψ.
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3 Bias Correction

In this section, we consider various methods of estimating β in Theorem 2.

3.1 Case 1

In the fully parametric model, it may be possible to derive an analytic expression for β as a function

b (θ0,α10,α20, . . . ) of (θ0,α10,α20, . . . ). A natural estimator would then be given by b
³bθ, bα1, bα2, . . .´,

which would be consistent for β under some regularity conditions. For example, consider a linear dynamic

panel model with Þxed effects such that

yit = αi + θyit−1 + εit,

where εit ∼ N
¡
0,σ2

¢
are independent over i and t. Note that we can take xit = (yit, yit−1) in this

example. Fixed effects OLS solves

³bθ, bα1, . . . , bαn´ = argmax
θ,α1,... ,αn

nX
i=1

TX
t=1

ψ (xit; θ,αi)

where ψ (xit; θ,αi) = − (yit − αi − θyit−1)2. For this case, it can be shown that

1√
n
√
T

nX
i=1

TX
t=1

Ui (xit; θ,αi)→ N

Ã
0,
4
¡
σ2
¢2

1− θ2
!
,

and

Ψ = 2
σ2

1− θ , I = 2σ2

1− θ2 .

(See Appendix E.) It follows that

β ≡ −I−1Ψ = − (1 + θ) , I−1ΩI−1 =
4(σ2)2

1−θ2³
2σ2

1−θ2
´2 = 1− θ2

and hence

√
nT
³bθ − θ0´→ N

¡−√κ (1 + θ) , 1− θ2¢ ,
a result discussed by Hahn and Kuersteiner (2002). As a consequence, a natural estimator for β is given

by −
³
1 + bθ´.

3.2 Case 2

The estimation strategy discussed in the previous section is infeasible without a tightly speciÞed model

regarding xit. In many cases, we may have to settle with the mixing condition as in Condition 2. We

now develop a feasible estimator that is asymptotically unbiased under these general conditions. Note
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that natural estimators for E
h
∂Vi(xit;θ,αi)

∂αi

i
, bE [Uαiαii ], and Ii are given by

bE [V αii ] ≡ 1

T

TX
t=1

V αiit

³
xit;bθ, bαi´

bE £V θi ¤ ≡ 1

T

TX
t=1

V θit

³
xit;bθ, bαi´

bE [Uαiαii ] ≡ 1

T

TX
t=1

bUαiαii

³
xit;bθ, bαi´

bIi ≡ − 1
T

TX
t=1

bUθi ³xit;bθ, bαi´
where

bUi ³xit;bθ, bαi´ ≡ sθ

³
xit;bθ, bαi´− bE £V θi ¤bE [V αii ]

Vit

³
xit;bθ, bαi´

bUαii ³
xit;bθ, bαi´ ≡ sθαi

³
xit;bθ, bαi´− bE £V θi ¤bE [V αii ]

V αiit

³
xit;bθ, bαi´

bUαiαii

³
xit;bθ, bαi´ ≡ sθαiαi

³
xit;bθ, bαi´− bE £V θi ¤bE [V αii ]

V αiαiit

³
xit;bθ, bαi´

bUθi ³xit;bθ, bαi´ ≡ sθθ

³
xit;bθ, bαi´− bE £V θi ¤bE [V αii ]

V θit

³
xit;bθ, bαi´

In order to estimate the bias parameter β we form the spectral estimates

bfV Uα

i =
mX

l=−m
bΓV Uα

il (3)

where

bΓV Uα

il = T−1
max(T,T+l)X
t=max(1,l)

Vi
³
xit;bθ, bαi´Uαii ³

xit−l;bθ, bαi´0
and

bfV Vi =
mX

l=−m
bΓV Vil (4)

where

bΓV Vil = T−1
max(T,T+l)X
t=max(1,l)

Vi

³
xit;bθ, bαi´Uαii ³

xit−l;bθ, bαi´0 .
The parameter m is a bandwidth parameter that needs to be chosen such that m/T 1/2 → 0 as T →∞.
Note that fV U

α

i and fV Vi are cross-spectra and spectra at zero frequency of the processes Uαi (xit; θ,α)

and Vi (xit; θ,αi) .When such spectral quantities are estimated in the context of constructing conÞdence

regions or test statistics, one needs to guarantee that the estimators are positive deÞnite matrices. This

is typically achieved by choosing appropriate kernel functions as pointed out by Newey and West (1987)
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and Andrews (1991). In the current context of bias correction, positivity of the estimates is of no concern

and the main motivation for using any kernel other than a truncated kernel disappears.

We thus estimate β by

bβ ≡ −Ã 1
n

nX
i=1

bIi!−1 1
n

nX
i=1

 bfV Uα

ibE h∂Vi(xit;θ,αi)∂αi

i − bE [Uαiαii (xit; θ,αi)] bfV Vi
2
³ bE h∂Vi(xit;θ,αi)∂αi

i´2


which is shown to be consistent in the next Theorem.

Theorem 3 Assume that Conditions (1),(2),(3), (4) and (6) hold. Letm,T →∞ such thatm/T 1/2 → 0.

Then,

√
nT

µbbθ − θ¶→ N
¡
0,I−1ΩI−1¢ .

wherebbθ ≡ bθ − 1

T
bβ (5)

4 Higher Order Time Series Asymptotics

We now consider the second order time series asymptotic approximation, where T is assumed to increase

to inÞnity while n is being Þxed. It is argued that the �large n, large T� asymptotics can be understood

as a simpliÞed way of doing the higher order �large T� asymptotics. This provides a new interpretation

of the incidental parameter problem as a higher order bias problem.

It can be shown that an expansion similar to (2) is valid here as well2:

√
nT
³bθ − θ0´ = Ξ1 + 1

2

r
n

T
Ξ2 + op

µ
1√
T

¶
(6)

By an appropriate central limit theorem, it can also be shown that

Ξ1 → N
¡
0,I−1ΩI−1¢

Writing

bθ = θ0 + 1√
T

Ξ1√
n
+
1

T

Ξ2
2
+ op

µ
1

T

¶
we can see that

Ξ2 ≡ lim
T→∞

E [Ξ2]

is the long run bias of order 1
T under �large T� asymptotics. We may therefore want to consider a bias

reduced estimator

bθ − 1

T

bΞ2
2

2This is because practically all the results in Appendices A and B go through even when n is Þxed. Most notably, instead

of the Central Limit theorem we use for the large n, large T case, a Central Limit Theorem for mixing sequences needs to

be used here. The additional arguments needed are routine and therefore not reported.
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where bΞ2 is a consistent estimator for Ξ2 under �large T� asymptotics. In order to develop and analyze
a consistent estimator for Ξ2, it is useful to recall that

Ξ2 ≡ −2
Ã
1

n

nX
i=1

Ii
!−1

1

n

nX
i=1

 PT
t=1 Vit√

TE
h
∂Vi
∂αi

i
 1√

T

TX
t=1

Uαii − E [U
αiαi
i ]

2E
h
∂Vi
∂αi

iVit


+

Ã
1

n

nX
i=1

Ii
!−1

1

n
T

Therefore, we have

Ξ2 = −2
Ã
1

n

nX
i=1

Ii
!−1

1

n

nX
i=1

lim
T→∞

E


 1√

T

TX
t=1

Vit

E
h
∂Vi
∂αi

i
 1√

T

TX
t=1

Uαii − E [U
αiαi
i ]

2E
h
∂Vi
∂αi

iVit


+

Ã
1

n

nX
i=1

Ii
!−1

1

n
lim
T→∞

E [T ] (7)

Note that 1
n limT→∞E [T ] 6= 0 in general under the �large T� asymptotics, although 1

n plimT→∞ T = 0
under the �large n, large T� asymptotics. Therefore, we can see that the asymptotic bias under the �large

n, large T� asymptotics is a simpliÞed version of the higher order bias under the �large T� asymptotics.

This observation suggests that bias correction under �large T� asymptotics would imply bias correction

under the �large n, large T� asymptotics.

In order to understand this implication, consider a bias corrected estimator under the �large T�

asymptotics. It is reasonable to develop separate estimators for the two terms on the RHS of (7).

Because the Þrst term is the term that shows up in the �large n, large T� asymptotics, it is reasonable

to use the bias correction device developed there. For this purpose, we can consider the probability limit

of bβ under �large T� asymptotics. It can be shown that
bβ = −Ã 1

n

nX
i=1

bIi!−1 1
n

nX
i=1

 bfV Uα

ibE h∂Vi(xit;θ,αi)∂αi

i − bE [Uαiαii (xit; θ,αi)] bfV Vi
2 bE h∂Vi(xit;θ,αi)∂αi

i


with bfV Uα

i deÞned in (3) and bfV Vi deÞned in (4) consistently estimates 12 times the Þrst term on the RHS

of (7) under the �large T� asymptotics as well.3 We now consider the second term on the RHS of (7). It

is also useful to note from (31) that T is the sum of several terms of the formÃ
1√
nT

nX
i=1

TX
t=1

kit

!Ã
1

n

nX
i=1

Ii
!−J∗ JY

j=1

Ã
1

n

nX
i=1

E [mi,j ]

E
£
m∗
i,j

¤!Ã 1
n

nX
i=1

Ii
!−1Ã

1√
nT

nX
i=1

TX
t=1

k∗it

!
(8)

for some kit ≡ k (xit, θ0,αi0), kit ≡ k∗ (xit, θ0,αi0), mi,j ≡ mj (xit, θ0,αi0), m∗
i,j ≡ m∗

j (xit, θ0,αi0) such

that E [kit] = 0, E [lit] = 0,
¯̄
E
£
m∗
i,j

¤¯̄
> 0 and for J equal to 1, 2, or 3, and for J∗ equal to 0 or 1.

Writing (8) as

1

nT

nX
i=1

nX
i0=1

TX
t=1

TX
t0=1

kit

Ã 1
n

nX
i=1

Ii
!−J∗ JY

j=1

Ã
1

n

nX
i=1

E [mi,j ]

E
£
m∗
i,j

¤!Ã 1
n

nX
i=1

Ii
!−1k∗i0t0

3This holds because the arguments in Appendix D.3 reduce to the results in Andrews (1991) when T → ∞ and n is

Þxed.
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and noting that observations with i 6= i0 are independent of each other, we can see that the natural

estimator of the limit (as T →∞) of its expectation would take the form

1

nT

nX
i=1

mX
l=−m

max(T,T+l)X
t=max(1,l)

bkit
Ã 1

n

nX
i=1

bIi!−J
∗

JY
j=1

Ã
1

n

nX
i=1

bE [mi,j ]bE £m∗
i,j

¤!Ã 1
n

nX
i=1

bIi!−1
bk∗it−l, (9)

with m/T 1/2 → 0, where

bkit ≡ k
³
xit,bθ, bαi´bk∗it ≡ k∗
³
xit,bθ, bαi´

bE [mi,j ] ≡ T−1
TX
t=1

mj

³
xit,bθ, bαi´

bE £m∗
i,j

¤ ≡ T−1
TX
t=1

m∗
j

³
xit,bθ, bαi´

Let bT denote the sum of such terms. Using again standard arguments from the covariance estimation

literature it follows as before that bT = T + op(1). We then have
bΞ2 = 2bβ +Ã 1

n

nX
i=1

bIi!−1 1
n
bT

and our bias reduced estimator will take the form

bbbθ ≡ bθ − 1

T
bβ − 1

nT

Ã
1

n

nX
i=1

bIi!−1 bT (10)

Note that the only difference between
bbbθ and bbθ is the last term 1

nT

³
1
n

Pn
i=1

bIi´−1 bT . This is not surprising
because this is related to the term that is ignored under �large n, large T� asymptotics.

5 Summary

In this paper, we provided a simple characterization of the asymptotic bias of a Þxed effects estimator for

dynamic nonlinear panel model with Þxed effects. The asymptotic bias was based on the �large n, large

T� asymptotics adopted by, e.g., Hahn and Kuersteiner (2002) and Hahn and Newey (2002). It was shown

that this alternative asymptotic expansions are an alternative way of obtaining a higher order �large T�

asymptotic approximation. A method of reducing bias based on these expansions was developed.

9



Appendix

A Consistency

A.1 General Lemmas

We provide a different version of Lahiri�s (1992) Lemma 5.1 which is stated for bounded zero mean

random variables.

Lemma 3 Assume that {Wt, t = 1, 2, . . . } is a stationary, mixing sequence with E [Wt] = 0 and E
h
|Wt|2r+δ

i
<

∞ for any positive integer r, some δ > 0 and all t. Let At = σ (Wt,Wt−1,Wt−2, ...), Bt = σ (Wt,Wt+1,Wt+2, ...)

and α (m) = supt supA∈At,B∈Bt+m |P (A ∩B)− P (A)P (B)|. Then, for any m such that 1 ≤ m < C(r)n,

E
h
(
Pn
i=1Wi)

2r
i
≤ C (r)E

h
|Wi|2r+δ

i h
nrm2r + n2rα (m)

δ
2r+δ

i
where C (r) is a constant that depends on r.

Proof. The proof is exactly identical to the proof of Lahiri (1992, p.198-200) except that, instead of

using the mixing inequality in Lemma 27.2 of Billingsley (1986), we are using the mixing inequality in

Corollary A.2 of Hall and Heyde (1980). For notation used here, we refer the reader to Lahiri (1992). All

statements in Lahiri (1990) on p. 198 are unchanged and we pick up the proof starting on p. 199. We need

to consider the term
¯̄̄P

3E
hQj

t=1W
αt
it

i¯̄̄
, where (α1, ..,αj) is a j-tuple such that 2r =

Pj
i=1 αi, j > r . Let

A = {t : αt = 1} and let β0 be the number of elements in A. Lahiri (1992) shows that 2 (j − r) ≤ β0 ≤ 2r
which shows that A is non-empty when j > r. The sum

P
3 is as deÞned in Lahiri and extends over all

indices in the setBm = {(i1, ..., ij) : 1 ≤ i1 ≤ ... ≤ ij ≤ n, |it−1 − it| > m, |it − it+1| > m for some t ∈ A}.
Now consider E

hQj
t=1W

αt
it

i
when j > r. Fix τ ∈ A. Then, if 1 < τ < j deÞne Wa =

Qτ−1
t=1 W

αt
it
,

Wb =Wiτ and Wc =
Qj
t=τ+1W

αt
it
as well as b1 =

Pτ−1
t=1 αt and b2 =

Pj
t=τ αt such that¯̄̄

E
hQj

t=1W
αt
it

i¯̄̄
≤ |E [WaWbWc]−E [WaWb]E [Wc]|+ |E [WaWb]| |E [Wc]|

≤ 8
³
E
h
|WaWb|

2r+δ
b1+1

i´ b1+1
2r+δ

³
E
h
|Wc|

2r+δ
b2

i´ b2+1
2r+δ

α (m)
δ

2r+δ

+8 |E [Wc]|
³
E
h
|Wa|

2r+δ
b1

i
E
h
|Wb|2r+δ

i´ b1+1
2r+δ

α (m)
δ+b2
4r+δ

≤ 8E
h
|Wi|2r+δ

i
α (m)

δ
2r+δ + 8E

h
|Wi|2r+δ

i
α (m)

δ+b2
4r+δ , (11)

where the second line follows from Corollary A.2 of Hall and Heyde (1980), and the last line is based on a

repeated application of Hölder�s inequality and makes use of stationarity. If τ = 1, then deÞne Wa =Wi1

and Wb =
Qj
t=τ+1W

αt
it
such that¯̄̄

E
hQj

t=1W
αt
it

i¯̄̄
= |E [WaWb]|

≤ 8
³
E
h
|Wa|2r+δ

i´ 1
2r+δ

³
E
h
|Wb|

2r+δ
2r−1

i´ 2r−1
2r+δ

α (m)
δ

2r+δ

≤ 8E
h
|Wi|2r+δ

i
α (m)

δ
2r+δ

10



by the mixing inequality from Corollary A.2 of Hall and Heyde (1980). A similar argument holds for the

case when τ = j. Since α (m)
δ+b2
4r+δ = o

³
α (m)

δ
4r+δ

´
the second term in (11) can be subsumed into the

constant C(r). The remaining part of Lahiris proof is not affected by the changes made here because it

does not involve mixing arguments.

Lemma 4 Suppose that, for each i, {ξit, t = 1, 2, . . . } is a mixing sequence with E [ξit] = 0 for all i, t. Let
Ait = σ

¡
ξit, ξit−1, ξit−2, ...

¢
, Bit = σ

¡
ξit, ξit+1, ξit+2, ...

¢
and αi (m) = supt supA∈Ai

t,B∈Bit+k |P (A ∩B)− P (A)P (B)|.
Assume that supi |αi (m)| ≤ Cam for some a such that 0 < a < 1 and some 0 < C < ∞. We assume
that {ξit, t = 1, 2, 3, ...} are independent across i. We also assume that n = O (T ). Finally, assume that
E
h
|ξit|6+δ

i
<∞ for some δ > 0. We then have

Pr

·
max
1≤i≤n

¯̄̄̄
1

T

PT
t=1 ξit

¯̄̄̄
> η

¸
= o

¡
T−1

¢
for every η > 0. Now assume that E

h
|ξit|10q+12+δ

i
<∞ for some δ > 0 and some integer q ≥ 1. Then,

Pr

·
max
1≤i≤n

¯̄̄̄
1√
T

PT
t=1 ξit

¯̄̄̄
> ηT

1
10−υ

¸
= o

¡
T−q

¢
for every η > 0 and 0 < υ < (100q + 120)−1.

Proof. By the Markov inequality

Pr

·
max
1≤i≤n

¯̄̄̄
1

T

PT
t=1 ξit

¯̄̄̄
> η

¸
= Pr

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄6
> η6T 6

¸
≤ T−6η−6E

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄6¸

and by a an inequality for the Orlicz norm of a maximum of random variables (van der Vaart and Wellner,

1996, p.96) one obtains

E

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄6¸
≤ nmax

i
E

·¯̄̄PT
t=1 ξit

¯̄̄6¸
.

>From Lemma (3) it follows that

E

·¯̄̄PT
t=1 ξit

¯̄̄6¸
≤ CE

h
|ξit|6+δ

i³
T 3m6 + T 6αi(m)

δ
6+δ

´
for any m such that 1 ≤ m ≤ CT . Choose m = T γ and some γ such that 0 < γ ≤ 1. Then, for γ < 1

4 ,

Pr

·
max
1≤i≤n

¯̄̄̄
1

T

PT
t=1 ξit

¯̄̄̄
> η

¸
≤ nT−6η−6C

³
T 3+6γ + T 6a

δ
6+δT

γ
´

= O(T−2+6γ + TaT
γ

) = o
¡
T−1

¢
.
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For the second part of the Lemma, note that by previous arguments

T q Pr

·
max
1≤i≤n

¯̄̄̄
1√
T

PT
t=1 ξit

¯̄̄̄
> ηT

1
10−υ

¸
= T q Pr

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄
> ηT

3
5−υ

¸
= T q Pr

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄10q+12
> η(10q+12)T (

3
5−υ)(10q+12)

¸
≤ T qT−(

3
5−υ)(10q+12)η−(10p+12)E

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄10q+12¸
= O

h
T−5q−

36
5 +10υq+12υn ·C

³
T 5q+6+γ(10q+12) + T (10q+12)a

δ
10q+12+δT

γ
´i

= O
³
T−

1
5+10υq+12υ+10γq+12γ

´
= o (1)

for γ > 0 sufficiently small.

Lemma 5 Let ξ (xit,φ) a function indexed by the parameter φ ∈ Φ where Φ is a convex subset of Rp

with E [ξ (xit,φ)] = 0 for all i, t and φ ∈ Φ. Assume that there exists a function M (xit) such that

|ξ (xit,φ1)− ξ (xit,φ2)| ≤M (xit) kφ1 − φ2k for all φ1,φ2 ∈ Φ and supφ |ξ (xit,φ)| ≤M(xit). For each i,
let xit be a α-mixing process with exponentially decaying mixing coefficients satisfying supi |αi (m)| ≤ Cam
for some a such that 0 < a < 1 and some 0 < C <∞. Let q denote a positive integer such that q ≥ p+4

2 ,

where p = dimφ. We also assume that E
h
|M (xit)|10q+12+δ

i
<∞ for some δ > 0. Finally, assume that

n = O (T ). We then have

Pr

"
max
i

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit,φi)

¯̄̄̄
¯ > T 1

10−υ
#
= o

¡
T−1

¢
for 0 < υ < (100q + 120)−1. Here, {φi} is an arbitrary nonstochastic sequence in Φ.

Proof. Note that we have

T Pr

"
max
i

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit,φi)

¯̄̄̄
¯ > T 1

10−υ
#
≤ T

nX
i=1

Pr

"¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit,φi)

¯̄̄̄
¯ > T 1

10−υ
#

Adapting an argument in Hall and Horowitz (1996) we chose ε > 0 and divideΦ into subsets Φ1,Φ2, ...ΦM(ε)

such that kφ1 − φ2k < ε√
T
whenever φ1,φ2 are in the same subset Φi. Then

Pr

"
sup
φ∈Φ

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit,φ)

¯̄̄̄
¯ > T 1

10−υ
#
≤
M(ε)X
j=1

Pr

"
sup
φ∈Φj

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit,φ)

¯̄̄̄
¯ > T 1

10−υ
#

Then, for some φj ∈ Φj and any φ ∈ Φj¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit,φ)

¯̄̄̄
¯ ≤

¯̄̄̄
¯ 1√T

TX
t=1

ξ
¡
xit,φj

¢¯̄̄̄¯+ 1√
T

TX
t=1

¯̄
ξ (xit,φ)− ξ

¡
xit,φj

¢¯̄
≤

¯̄̄̄
¯ 1√T

TX
t=1

ξ
¡
xit,φj

¢¯̄̄̄¯+
¯̄̄̄
¯ εT

TX
t=1

(M (xit)−E [M (xit)])

¯̄̄̄
¯+ 2εE [M (xit)]
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such that

Pr

"
sup
φ∈Φj

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit,φ)

¯̄̄̄
¯ > T 1

10−υ
#

≤ Pr

"¯̄̄̄
¯ 1√T

TX
t=1

ξ
¡
xit,φj

¢¯̄̄̄¯ > T
1
10−υ

3

#

+Pr

"
1

T

¯̄̄̄
¯
TX
t=1

(M (xit)−E [M (xit)])

¯̄̄̄
¯ > T

1
10−υ

3

#
.

By Lemma (4), it follows that both terms on the right are of order o (T−q), where the orders are uniform

in i. Since M (ε) = O
¡
T p/2

¢
it follows that

T Pr

"
max
i

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit,φi)

¯̄̄̄
¯ > T 1

10−υ
#
= nT · o ¡T−q¢ ·O ³T p/2´ = o³T 2−q+p/2´ = o (1) .

Lemma 6 Assume that xit satisÞes Condition (2) and let ξ (xit,φ) be a function indexed by the parameter

φ ∈ intΦ where Φ is a convex subset of Rp. For any sequence φi ∈ intΦ assume E [ξ (xit,φi)] = 0.

Moreover supφ kξ (xit,φ)k ≤M(xit) such that E
£
M(xit)

4
¤
<∞. Then

1√
nT

nX
i=1

TX
t=1

ξ (xit,φi)
d→ N

¡
0, fξξ

¢
where fξξ = limn−1

Pn
i=1 f

ξξ
i with fξξi =

P∞
j=−∞E

£
ξ (xit,φi) ξ (xit−j ,φi)

0¤.
Proof. First note that by Condition (2) and the fact that the mixing property is preserved by

measurable transformations of Þnitely many elements xit, ξ (xit,φi) is mixing with exponentially decaying

mixing coefficients. Let p0 ≡ dim (ξ). By the Cramer-Wold theorem it is enough to consider vi,n,T =

`0Σ−1/2nT ZiT = `0Σ−1/2nT
1√
T

PT
t=1 ξ (xit,φi) for all ` ∈ Rp

0
, k`k = 1 where ΣnT =

Pn
i=1Σ

ξξ
iT with Σ

ξξ
iT =

Var
³

1√
T

PT
t=1 ξ (xit,φi)

´
. The Lindeberg-Feller condition requires that for any ε > 0

nX
i=1

E
£
v2i,n,T1 {|vi,n,T | > ε}

¤→ 0.

Let ξit ≡ ξ (xit,φi), and note that

E
£
v2i,n,T1 {|vi,n,T | > ε}

¤
= E

h
kvi,n,T k2 1 {|vi,n,T | > ε}

i
≤ °°`0Σ−1nT `°°2E hkZiTk2 1 {|vi,n,T | > ε}i

≤ ε−2
°°`0Σ−1nT `°°4E hkZiTk4i = ε−2 °°`0Σ−1nT `°°4 T−2 X

t1,..,t4

E
£
ξ0it1ξit2ξ

0
it3ξit4

¤
,

where 1 {|vi,n,T | > ε} ≤ 1
n
kZiTk2 > ε2/

°°`0Σ−1nT `°°2o. Let the j-th element of ξit be denoted by ξj,it
such that

E
£
ξ0it1ξit2ξ

0
it3ξit4

¤
=

pX
j1,j2

E
£
ξj1,it1ξj1,it2ξj2,it3ξj2,it4

¤
=

pX
j1,j2

©
E
£
ξj1,it1ξj1,it2

¤
E
£
ξj2,it3ξj2,it4

¤
+E

£
ξj2,it3ξj1,it2

¤
E
£
ξj1,it1ξj2,it4

¤
+ E

£
ξj2,it3ξj1,it1

¤
E
£
ξj1,it2ξj2,it4

¤
+Cum

¡
ξj1,it1 , ξj1,it2 , ξj2,it3 , ξj2,it4

¢ª
.
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>From Andrews (1991, Lemma 1) it follows that
P
t2,..,t4

supt1 Cum
¡
ξj1,it1 , ξj1,it2 , ξj2,it3 , ξj2,it4

¢
< ∞.

>FromHall and Heyde (1980, Corollary A.2) it follows thatE(
£
ξj1,it1ξj1,it2

¤ ≤ 8E h¯̄ξj1,it1 ¯̄4iE h¯̄ξj1,it2 ¯̄4iα (t1 − t2)1/2
such that T−1

P
t1,t2

E(
£
ξj1,it1ξj1,it2

¤ ≤ c1
PT
l=0 (1− l/T ) (

√
a)
l
< ∞ for all T and some constant

c1 < ∞. >>From `0Σ−1nT ` ≤ maxk λ
−1
k = 1/mink λk with λk eigenvalues of ΣnT and the fact that

mink λk ≥ n infi infT λiT implies that
°°`0Σ−1nT `°°4 ≤ c2n−2 for some constant c2 < ∞. These arguments

show that

E
£
v2i,n,T1 {|vi,n,T | > ε}

¤ ≤ cn−2
uniformly in i, T for some constant c < ∞ such that the Lindeberg-Feller condition is satisÞed. The

result then follows from the fact that

sup
i

°°°ΣξξiT − fξξi °°° ≤ |l|
T

TX
l=−T

°°Cov ¡ξit, ξ0it−l¢°°+ X
|l|≥T+1

°°Cov ¡ξit, ξ0it−l¢°°
≤ 1

T

∞X
l=−∞

|l|°°Cov ¡ξit, ξ0it−l¢°°+ c1 ∞X
|l|≥T+1

(1− |l| /T ) ¡√a¢l → 0 as T →∞.(12)

such that iterated and joint limits are the same such that ΣnT → fξξ.

A.2 Consistency

DeÞnition 1

bG(i) (θ,α) ≡ 1

T

TX
t=1

ψ (xit; θ,α) , G(i) (θ,α) ≡ E [ψ (xit; θ,α)]

Lemma 7 For all η > 0 that

Pr

"
max
1≤i≤n

sup
(θ,α)

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ ≥ η
#
= o

¡
T−1

¢
Proof. Let η > 0 be given. We note that

Pr

"
max
1≤i≤n

sup
(θ,α)

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ ≥ η
#
≤

nX
i=1

Pr

"
sup
(θ,α)

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ ≥ η
#
. (13)

Let ε > 0 be chosen such that 2εmaxiE [M (xit)] <
η
3 . Divide Υ into subsets Υ1,Υ2, . . . ,ΥM(ε) such

that
¯̄
(θ,α)− ¡θ0,α0¢¯̄ < ε whenever (θ,α) and ¡θ0,α0¢ are in the same subset. Let (θj ,αj) denote some

point in Υj for each j. Then,

sup
(θ,α)

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ = max
j
sup
Υj

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ ,
and therefore

Pr

"
sup
(θ,α)

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ > η
#
≤
M(ε)X
j=1

Pr

"
sup
Υj

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ > η
#

(14)
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For (θ,α) ∈ Υj , we have¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ ≤ ¯̄̄ bG(i) (θj ,αj)−G(i) (θj ,αj)¯̄̄+ ε

T

¯̄̄̄
¯
TX
t=1

(M (xit)−E [M (xit)])

¯̄̄̄
¯+ 2εE [M (xit)]

Then,

Pr

"
sup
Υj

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ > η
#

≤ Pr
h¯̄̄ bG(i) (θj ,αj)−G(i) (θj ,αj)¯̄̄ > η

3

i
+Pr

"
1

T

¯̄̄̄
¯
TX
t=1

(M (xit)−E [M (xit)])

¯̄̄̄
¯ > η

3ε

#
= o

¡
T−2

¢
(15)

by Lemma 4. Combining (13), (14), (15), and n = O (T ), we obtain the desired conclusion.

Theorem 4 Pr
h¯̄̄bθ − θ0 ¯̄̄ ≥ ηi = o ¡T−1¢ for every η > 0.

Proof. Let η be given, and let ε ≡ infi
h
G(i) (θ0,αi0)− sup{(θ,α):|(θ,α)−(θ0,αi0)|>η}G(i) (θ,α)

i
> 0.

With probability equal to 1− o ¡ 1T ¢, we have
max

|θ−θ0|>η,α1,... ,αn
n−1

nX
i=1

bG(i) (θ,αi) ≤ max
|(θ,αi)−(θ0,αi0)|>η

n−1
nX
i=1

bG(i) (θ,αi)
< max

|(θ,αi)−(θ0,αi0)|>η
n−1

nX
i=1

G(i) (θ,αi) +
1

3
ε

< n−1
nX
i=1

G(i) (θ0,αi0)− 23ε

< n−1
nX
i=1

bG(i) (θ0,αi0)− 13ε,
where the second and fourth inequalities are based on Lemma 7. Because

max
θ,α1,... ,αn

n−1
nX
i=1

bG(i) (θ,αi) ≥ n−1 nX
i=1

bG(i) (θ0,αi0)
by deÞnition, we can conclude that Pr

h¯̄̄bθ − θ0 ¯̄̄ ≥ ηi = o ¡T−1¢.
Theorem 5 Pr [max1≤i≤n |bαi − αi0| ≥ η] = o ¡T−1¢
Proof. We Þrst prove that

T Pr

·
max
1≤i≤n

sup
α

¯̄̄ bG(i) ³bθ,α´−G(i) (θ0,α)¯̄̄ ≥ η¸ = o (1) (16)

for every η > 0. Note that

max
1≤i≤n

sup
α

¯̄̄ bG(i) ³bθ,α´−G(i) (θ0,α)¯̄̄
≤ max

1≤i≤n
sup
α

¯̄̄ bG(i) ³bθ,α´−G(i) ³bθ,α´¯̄̄+ max
1≤i≤n

sup
α

¯̄̄
G(i)

³bθ,α´−G(i) (θ0,α)¯̄̄
≤ max

1≤i≤n
sup
(θ,α)

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄+ max
1≤i≤n

E [M (xit)] ·
¯̄̄bθ − θ0 ¯̄̄ .

15



Therefore,

T Pr

·
max
1≤i≤n

sup
α

¯̄̄ bG(i) ³bθ,α´−G(i) (θ0,α)¯̄̄ ≥ η¸ ≤ T Pr

"
max
1≤i≤n

sup
(θ,α)

¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ ≥ η

2

#

+T Pr

·¯̄̄bθ − θ0 ¯̄̄ ≥ η

2 (1 +max1≤i≤nE [M (xit)])

¸
= o (1)

by Lemma 7 and Theorem 4.

We now get back to the proof of Theorem 5. It suffices to prove that

T Pr

·
max
1≤i≤n

|bαi − αi0| ≥ η¸ = o (1)
for every η > 0. Let η be given, and let ε ≡ infi

h
G(i) (θ0,αi0)− sup{αi:|αi−αi0|>η}G(i) (θ0,αi)

i
> 0.

Condition on the event
n
max1≤i≤n supα

¯̄̄ bG(i) ³bθ,α´−G(i) (θ0,α)¯̄̄ ≤ 1
3ε
o
, which has a probability equal

to 1− o ¡ 1T ¢ by (16). We then have
max

|αi−αi0|>η
bG(i) ³bθ,αi´ < max

|αi−αi0|>η
G(i) (θ0,αi) +

1

3
ε < G(i) (θ0,αi0)− 23ε <

bG(i) ³bθ,αi0´− 13ε

This is inconsistent with bG(i) ³bθ, bαi´ ≥ bG(i) ³bθ,αi0´, and therefore, |bαi − αi0| ≤ η for every i.
B Expansion

Let

bαi (θ) ≡ argmax
a

TX
t=1

ψ (xit; θ, a)

Notice that bθ can be given an alternative characterization:
bθ ≡ argmax

c

nX
i=1

TX
t=1

ψ (xit; c, bαi (c))
Therefore, we can see that bθ solves

0 =
nX
i=1

TX
t=1

U
³
xit;bθ, bαi ³bθ´´ ,

Let F ≡ (F1, . . . , Fn) denote the collection of (marginal) distribution functions of xit. Let bF ≡³ bF1, . . . , bFn´, where bFi denotes the empirical distribution function for the stratum i. DeÞne F (²) ≡
F + ²

√
T
³ bF − F´ for ² ∈ £0, T−1/2¤. For each Þxed θ and ², let αi (θ, Fi (²)) be the solution to the

estimating equation

0 =

Z
Vi [θ,αi (θ, Fi (²))]dFi (²) ,
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and let θ (F (²)) be the solution to the estimating equation

0 =
nX
i=1

Z
Ui (xit; θ (F (²)) ,αi (θ (Fi (²)) , Fi (²))) dFi (²) ,

By a Taylor series expansion, we have

θ
³ bF´− θ (F ) = 1√

T
θ² (0) +

1

2

µ
1√
T

¶2
θ²² (0) +

1

6

µ
1√
T

¶3
θ²²² (e²) , (17)

where θ² (²) ≡ dθ (F (²))/ d², θ²² (²) ≡ d2θ (F (²))
±
d²2, ..., and e² is somewhere in between 0 and T−1/2.

We therefore have

√
nT
³
θ
³ bF´− θ (F )´ = √nT 1√

T
θ² (0) +

√
nT
1

2

µ
1√
T

¶2
θ²² (0) +

1

6

r
n

T

1√
T
θ²²² (e²) . (18)

Let

hi (·, ²) ≡ Ui (·; θ (F (²)) ,αi (θ (F (²)) , Fi (²))) (19)

The Þrst order condition may be written as

0 =
1

n

nX
i=1

Z
hi (·, ²) dFi (²) (20)

Differentiating repeatedly with respect to ², we obtain

0 =
1

n

nX
i=1

Z
dhi (·, ²)
d²

dFi (²) +
1

n

nX
i=1

Z
hi (·, ²) d∆iT (21)

0 =
1

n

nX
i=1

Z
d2hi (·, ²)
d²2

dFi (²) + 2
1

n

nX
i=1

Z
dhi (·, ²)
d²

d∆iT (22)

0 =
1

n

nX
i=1

Z
d3hi (·, ²)
d²3

dFi (²) + 3
1

n

nX
i=1

Z
d2hi (·, ²)
d²2

d∆iT (23)

where ∆iT ≡
√
T
³ bFi − Fi´.

B.1 θ² (0)

Because

dhi (·, ²)
d²

=
∂hi (·, ²)
∂θ0

∂θ

∂²
+
∂hi (·, ²)
∂αi

∂αi
∂θ0

∂θ

∂²
+
∂hi (·, ²)
∂αi

∂αi
∂²

we may rewrite (21) as

0 =
1

n

nX
i=1

Z µ
∂hi (·, ²)
∂θ0

∂θ

∂²
+
∂hi (·, ²)
∂αi

∂αi
∂θ0

∂θ

∂²
+
∂hi (·, ²)
∂αi

∂αi
∂²

¶
dFi (²)

+
1

n

nX
i=1

Z
hi (·, ²) d∆iT (24)

17



Evaluating at ² = 0, and noting that E [Uαii ] = 0, we obtain

θ² (0) =

Ã
1

n

nX
i=1

Ii
!−1Ã

1

n

nX
i=1

Z
Uid∆iT

!
(25)

We therefore have

√
nT

1√
T
θ² (0) =

Ã
1

n

nX
i=1

Ii
!−1Ã

1√
n
√
T

nX
i=1

TX
t=1

Ui

!
→ N

³
0,I−1Ω (I0)−1

´
B.2 αθi and α

²
i

In the ith stratum, αi (θ, Fi (²)) solves the estimating equationZ
Vi (·; θ,αi (θ, Fi (²))) dFi (²) = 0 (26)

Differentiating the LHS with respect to θ and ², we obtain

0 =

Z
∂Vi (·, θ, ²)

∂θ
dFi (²) +

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶
∂αi (θ, Fi (²))

∂θ
,

0 =

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶
∂αi (θ, Fi (²))

∂²
+

Z
Vi (·, θ, ²) d∆iT .

Observe that

∂αi (θ, Fi (²))

∂θ
= −

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶−1µZ
∂Vi (·, θ, ²)

∂θ
dFi (²)

¶
,

∂αi (θ, Fi (²))

∂²
= −

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶−1µZ
Vi (·, θ, ²) d∆iT

¶
.

Equating these equations to zero and solving for derivatives of αi evaluated at ² = 0 gives

αθi = −E
£
∂Vi
∂θ

¤
E
h
∂Vi
∂αi

i , (27)

α²i = −
PT
t=1 Vit√

TE
h
∂Vi
∂αi

i = −T−1/2PT
t=1 Vit

E
h
∂Vi
∂αi

i , (28)

where αθi ≡ ∂αi(θ,Fi(0))
∂θ , and α²i ≡ ∂αi(θ,Fi(0))

∂² .

B.3 αθθi , α
θ²
i , and α

²²
i

Second order differentiation
³
∂2

∂θ2
, ∂2

∂θ∂² ,
∂2

∂²2

´
of (26) yields

0 =

Z
∂2Vi (·, θ, ²)
∂θ∂θ0

dFi (²) +
∂αi (θ, Fi (²))

∂θ

µZ
∂2Vi (·, θ, ²)
∂αi∂θ

0 dFi (²)

¶
+

µZ
∂2Vi (·, θ, ²)
∂αi∂θ

dFi (²)

¶
∂αi (θ, Fi (²))

∂θ0
+

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶
∂2αi (θ, Fi (²))

∂θ∂θ0

+

µZ
∂2Vi (·, θ, ²)

∂α2i
dFi (²)

¶
∂αi (θ, Fi (²))

∂θ

∂αi (θ, Fi (²))

∂θ0
,
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0 =

µZ
∂2Vi (·, θ, ²)
∂θ∂αi

dFi (²)

¶
∂αi (θ, Fi (²))

∂²
+

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶
∂2αi (θ, Fi (²))

∂θ∂²

+

µZ
∂2Vi (·, θ, ²)

∂α2i
dFi (²)

¶
∂αi (θ, Fi (²))

∂θ

∂αi (θ, Fi (²))

∂²

+

Z
∂Vi (·, θ, ²)

∂θ
d∆iT +

µZ
∂Vi (·, θ, ²)
∂αi

d∆iT

¶
∂αi (θ, Fi (²))

∂θ
,

and

0 =

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶
∂2αi (θ, Fi (²))

∂²2
+

µZ
∂2Vi (·, θ, ²)

∂α2i
dFi (²)

¶µ
∂αi (θ, Fi (²))

∂²

¶2
+2

µZ
∂Vi (·, θ, ²)
∂αi

d∆iT

¶
∂αi (θ, Fi (²))

∂²
.

These three equalities characterizes ∂
2αi(θ,Fi(²))
∂θ∂θ0 , ∂

2αi(θ,Fi(²))
∂θ∂² , and ∂2αi(θ,Fi(²))

∂²2 .

Lemma 8

T Pr

"
max

0≤²≤ 1√
T

¯̄̄bθ (²)− θ0 ¯̄̄ ≥ η# = o (1)
and

T Pr

"
max
1≤i≤n

max
0≤²≤ 1√

T

|bαi (²)− αi0| ≥ η# = o (1)
for every η > 0.

Proof. Only the Þrst assertion is proved. The second assertion can be proved similarly. Let η be

given, and let ε ≡ infi
h
G(i) (θ0,αi0)− sup{(θ,α):|(θ,α)−(θ0,αi0)|>η}G(i) (θ,α)

i
> 0. Recall that

F (²) ≡ F + ²
√
T
³ bF − F´ , ² ∈

·
0,

1√
T

¸
We haveZ

g (·; θ,αi (θ)) dFi (²) =
³
1− ²

√
T
´
G(i) (θ,αi) + ²

√
T bG(i) (θ,αi)

and ¯̄̄̄Z
g (·; θ,αi (θ)) dFi (²)−G(i) (θ,αi)

¯̄̄̄
≤
³
1− ²

√
T
´ ¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ ≤ ¯̄̄ bG(i) (θ,α)−G(i) (θ,α)¯̄̄ .

By Lemma 7, we have

Pr

"
max

0≤²≤ 1√
T

max
1≤i≤n

sup
(θ,α)

¯̄̄̄Z
g (·; θ,αi (θ)) dFi (²)−G(i) (θ,α)

¯̄̄̄
≥ η

#
= o

¡
T−1

¢
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Therefore, for every 0 ≤ ² ≤ 1√
T
with probability equal to 1− o ¡ 1T ¢, we have

max
|θ−θ0|>η,α1,... ,αn

n−1
nX
i=1

Z
g (·; θ,αi (θ)) dFi (²) ≤ max

|(θ,α)−(θ0,αi0)|>η
n−1

nX
i=1

Z
g (·; θ,αi (θ)) dFi (²)

< max
|(θ,α)−(θ0,αi0)|>η

n−1
nX
i=1

G(i) (θ,αi) +
1

3
ε

< n−1
nX
i=1

G(i) (θ0,αi0)− 23ε

< n−1
nX
i=1

Z
g (·; θ0,αi0) dFi (²)− 1

3
ε.

We also have

max
θ,α1,... ,αn

n−1
nX
i=1

Z
g (·; θ,αi) dFi (²) ≥ n−1

nX
i=1

Z
g (·; θ0,αi0) dFi (²)

by deÞnition. It follows that

max
|θ−θ0|>η,α1,... ,αn

n−1
nX
i=1

Z
g (·; θ,αi (θ)) dFi (²) < max

θ,α1,... ,αn
n−1

nX
i=1

Z
g (·; θ,αi) dFi (²)− 1

3
ε

for every 0 ≤ ² ≤ 1√
T
. We therefore obtain that Pr

h
max0≤²≤ 1√

T

¯̄̄bθ (²)− θ0 ¯̄̄ ≥ ηi = o ¡ 1T ¢.
Lemma 9 Suppose that Ki (·; θ (²) ,αi (θ (²) , ²)) is equal to

∂m1+m2ψ (xit; θ (²) ,αi (θ (²) , ²))

∂θm1∂αm2
i

for some m1 +m2 ≤ 1, . . . , 5. Then, for any η > 0, we have

Pr

"
max

0≤²≤ 1√
T

¯̄̄̄
¯ 1n

nX
i=1

Z
Ki (·; θ (²) ,αi (θ (²) , ²)) dFi (²)− 1

n

nX
i=1

E [Ki (xit; θ0,αi0)]

¯̄̄̄
¯ > η

#
= o

¡
T−1

¢

and

Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄̄Z
Ki (·; θ (²) ,αi (θ (²) , ²)) dFi (²)−E [Ki (xit; θ0,αi0)]

¯̄̄̄
> η

#
= o

¡
T−1

¢
.

Also,

Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄̄Z
Ki (·; θ (²) ,αi (θ (²) , ²)) d∆iT

¯̄̄̄
> CT

1
10−υ

#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.
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Proof. Note that we may write°°°°Z Ki (·; θ (²) ,αi (θ (²) , ²)) dFi (²)−
Z
Ki (·; θ (²) ,αi (θ (²) , ²)) dFi

°°°°
≤

°°°°Z Ki (·; θ (²) ,αi (θ (²) , ²)) dFi (²)−
Z
Ki (·; θ (0) ,αi (θ (0) , 0)) dFi (²)

°°°°
+

°°°°Z Ki (·; θ (0) ,αi (θ (0) , 0)) dFi (²)−
Z
Ki (·; θ (0) ,αi (θ (0) , 0)) dFi

°°°°
≤

Z
M(xit) (kθ (²)− θk+ |αi (θ(²), ²)− αi|) d |Fi (²)|

+²
√
T

°°°°Z Ki (·; θ (0) ,αi (θ (0) , 0)) d
³ bFi − Fi´°°°° .

Therefore, we have¯̄̄̄
¯ 1n

nX
i=1

Z
Ki (·; θ (²) ,αi (θ (²) , ²)) dFi (²)− 1

n

nX
i=1

E [Ki (xit; θ0,αi0)]

¯̄̄̄
¯

≤ kθ (²)− θk · 1
n

nX
i=1

Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!

+

Ã
1

n

nX
i=1

(αi (θ (²) , ²)− αi)2
!1/2 1

n

nX
i=1

Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!21/2

+

°°°°° 1n
nX
i=1

Ã
1

T

TX
t=1

Ki (xit; θ (0) ,αi (θ (0) , 0))−E [Ki (xit; θ (0) ,αi (θ (0) , 0))]

!°°°°° ,
the RHS of which can be bounded by using Lemmas 4 and 8 in absolute value by some η > 0 with

probability 1− o ¡T−1¢.
Because ¯̄̄̄Z

Ki (·; θ (²) ,αi (θ (²) , ²)) dFi (²)−E [Ki (xit; θ0,αi0)]

¯̄̄̄
≤ |θ (²)− θ| ·

Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!

+ |αi (θ (²) , ²)− αi| ·
Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!

+

¯̄̄̄
¯ 1T

TX
t=1

M (xit)−E [M (xit)]

¯̄̄̄
¯ ,

we can bound

max
i

max
0≤²≤ 1√

T

¯̄̄̄Z
Ki (·; θ (²) ,αi (θ (²) , ²)) dFi (²)−E [Ki (xit; θ0,αi0)]

¯̄̄̄
in absolute value by some η > 0 with probability 1− o ¡T−1¢.
Using Lemmas 5, we can also show that

max
i

¯̄̄̄Z
Ki (·; θ (²) ,αi (θ (²) , ²)) d∆iT

¯̄̄̄
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can be bounded by in absolute value by CT
1
10−υ for some constant C > 0 and υ such that 0 ≤ υ < 1

160

with probability 1− o ¡T−1¢.
Lemma 10

Pr

"
max
i

max
0≤²≤ 1√

T

¯̄
αθi (²)

¯̄
> C

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤²≤ 1√

T

|α²i (²)| > CT
1
10−υ

#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. >From Appendix B.2, we obtain

∂αi (θ, Fi (²))

∂θ
= −

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶−1µZ
∂Vi (·, θ, ²)

∂θ
dFi (²)

¶
,

∂αi (θ, Fi (²))

∂²
= −

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶−1µZ
Vi (·, θ, ²) d∆iT

¶
.

Using Lemma 9, we can see thatµZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶−1
is uniformly bounded away from zero with probability 1−o ¡T−1¢. We can also see that, with probability
1− o ¡T−1¢,Z

∂Vi (·, θ, ²)
∂θ

dFi (²)

is uniformly bounded by some constant C, andZ
Vi (·, θ, ²) d∆iT

is uniformly bounded by CT
1
10−υ.

Lemma 11

Pr

"
max

0≤²≤ 1√
T

|θ² (²)| > CT 1
10−υ

#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. >From (24), we have

θ² (²) = −
"
1

n

nX
i=1

Z µ
∂hi (·, ²)
∂θ0

+
∂hi (·, ²)
∂αi

∂αi
∂θ0

¶
dFi (²)

#−1
"
1

n

nX
i=1

∂αi
∂²

µZ
∂hi (·, ²)
∂αi

dFi (²)

¶
+
1

n

nX
i=1

Z
hi (·, ²) d∆iT

#
Using Lemmas 9, and 10, we can bound the denominator of θ² (²) by some C > 0, and the numerator by

some CT
1
10−υ with probability 1− o ¡T−1¢.
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Lemma 12

Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄
α
θrθr0
i (²)

¯̄̄
> C

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄
αθr²i (²)

¯̄̄
> CT

1
10−υ

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤²≤ 1√

T

|α²²i (²)| > C
³
T

1
10−υ

´2#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1. Here, αθrθr0i ≡ ∂2αi

∂θr∂θr0
. We similarly deÞne αθr²i .

Proof. >From Appendix B.3, we have

0 =

Z
∂2Vi (·, θ, ²)
∂θ∂θ0

dFi (²) +
∂αi (θ, Fi (²))

∂θ

µZ
∂2Vi (·, θ, ²)
∂αi∂θ

0 dFi (²)

¶
+

µZ
∂2Vi (·, θ, ²)
∂αi∂θ

dFi (²)

¶
∂αi (θ, Fi (²))

∂θ0
+

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶
∂2αi (θ, Fi (²))

∂θ∂θ0

+

µZ
∂2Vi (·, θ, ²)

∂α2i
dFi (²)

¶
∂αi (θ, Fi (²))

∂θ

∂αi (θ, Fi (²))

∂θ0
,

0 =

µZ
∂2Vi (·, θ, ²)
∂θ∂αi

dFi (²)

¶
∂αi (θ, Fi (²))

∂²

+

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶
∂2αi (θ, Fi (²))

∂θ∂²
+

µZ
∂2Vi (·, θ, ²)

∂α2i
dFi (²)

¶
∂αi (θ, Fi (²))

∂θ

∂αi (θ, Fi (²))

∂²

+

Z
∂Vi (·, θ, ²)

∂θ
d∆iT +

µZ
∂Vi (·, θ, ²)
∂αi

d∆iT

¶
∂αi (θ, Fi (²))

∂θ
,

and

0 =

µZ
∂Vi (·, θ, ²)
∂αi

dFi (²)

¶
∂2αi (θ, Fi (²))

∂²2
+

µZ
∂2Vi (·, θ, ²)

∂α2i
dFi (²)

¶µ
∂αi (θ, Fi (²))

∂²

¶2
+2

µZ
∂Vi (·, θ, ²)
∂αi

d∆iT

¶
∂αi (θ, Fi (²))

∂²
.

The result then follows by applying the same argument as in the proof of Lemma 10.

Lemma 13

Pr

"
max

0≤²≤ 1√
T

|θ²² (²)| > C
³
T

1
10−υ

´2#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. The conclusion follows by using the characterization of θ²² (²) in Appendix C, and Lemmas

9, 10, 11, and 12.
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Lemma 14

Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄
α
θrθr0θr00
i (²)

¯̄̄
> C

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄
α
θrθr0 ²
i (²)

¯̄̄
> CT

1
10−υ

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄
αθr²²i (²)

¯̄̄
> C

³
T

1
10−υ

´2#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤²≤ 1√

T

|α²²²i (²)| > C
³
T

1
10−υ

´3#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. It was seen in Appendix B.3 that

0 =

µZ
∂2Vi (·, θ, ²)
∂θr∂αi
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We therefore obtain
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which characterizes ∂
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,
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which characterizes ∂
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which characterizes ∂
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, and
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which characterizes ∂3αi(θ,Fi(²))
∂²3 . Inspecting these derivatives and applying Lemmas 9, 10, and 12, we

obtain the desired result.

Theorem 6

Pr

"
max

0≤²≤ 1√
T

|θ²²² (²)| > C
³
T

1
10−υ

´3#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. >From (23), we have
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Z
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Combining Lemmas 9, 10, 11, 12, and 13, we can bound 1
n
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i=1

R d2hi(·,²)
d²2 d∆iT by C

³
T

1
10−υ

´3
with

probability 1− o ¡T−1¢. It was seen in Appendix C that the r-th component d2h(r)i (·,²)
d²2 of d
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d²2 is equal

to
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.

Using Lemmas 9, 10, 11, 12, and 13 again, we can conclude that 1
n

Pn
i=1

R d3hi(·,²)
d²3 dFi (²) is equal to³

1
n

Pn
i=1

R ∂hi(·,²)
∂θ0 dFi (²)

´
∂3θ
∂²3 plus terms that can all be bounded by

1
n
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T
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with probability 1 − o ¡T−1¢. Because ³ 1nPn
i=1

R ∂hi(·,²)
∂θ0 dFi (²)

´−1
is bounded away from 0 by Lemma

9, we obtain the desired conclusion.

C Proof of Lemma (2)

Note that
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,

where Gi (·, ²) is a R-dimensional column vector such that its r-th element G(r)i (·, ²) is equal to

G(r)i (·, ²) = ∂θ (·, ²)0
∂²

∂2h
(r)
i (·, ²)
∂θ∂θ0

∂θ (·, ²)
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,

and h(r)i (·, ²) denotes the r-th element of hi.
Evaluating each term of (22) at ² = 0, and noting that E [Uαii ] = 0, we obtain
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from which we obtainÃ
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Note that we may rewrite
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Next note that
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These arguments establish that
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Let
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Then, ZiT are independent across i and
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Note that Vitk , U
αi
itk0

are random variables measurable with respect to the Þltration generated by xit. By

Condition (3) sufficient moments exist to apply Corollary A.2 of Hall and Heyde (1980, p.278) as well as

Lemma 1 of Andrews (1991). First note that for any element (j1, j2) we have
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with similar inequalities holding for the remaining second moments. These arguments establish that
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and the same can be established for the remaining terms in Var(ZiT ). By the Markov inequality it follows
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such that 1
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D Proof of Theorem (3)

D.1 Expansion for bαi
Let
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a

Z
ψ
³
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>From the Þrst order condition
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Z
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Using the same arguments as earlier, we are looking for the expansion
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Evaluating at ² = 0 we obtain
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where θ² (0) is deÞned in (25). It also follows that
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Lemma 15 Let Conditions (1),(2),(3) and (4) be satisÞed. Then
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Proof. Note that the last claim follows as a consequence of the Þrst three claims. In order to prove
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By Lemma (9) again, it follows that
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This proves the result for bα²i (²). For bαi(0) the result follows directly from (41) and Lemmas (9) and (11).
For bα²²i (²), the result follows from representation (43) as well as Lemmas (9), (11), and (13).

D.3 Consistent Covariance Matrix Estimation for Dynamic Panel Models

Lemma 16 Let kit = k (xit; θ0,αi0) and bkit = k ³xit;bθ, bαi´ where xit satisÞes Condition (2), kit satisÞes
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To show this we may assume without loss of generality that kit is scalar. The variance can then be

evaluated as

Var (Ki,m)

=
1

T 2
Pm
l1,l2=−m

Pr2
t1,t2=r1

(E [kit1kit−l1kit2kit2−l2 ]−E [kit1kit−l1Ekit2kit2−l2 ])

=
1

T 2
Pm
l1,l2=−m

Pr2
t1,t2=r1

(E [kit1kit2Ekit−l1kit2−l2 ] +E [kit1kit2−l2Ekit2kit−l1 ])

+
1

T 2
Pm
l1,l2=−m

Pr2
t1,t2=r1

Cum(kit1kit−l1kit2kit2−l2)

= O(1)
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by the mixing inequality in Hall and Heyde (1980). This establishes that°°°° 1nPn
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Proof of Theorem (3). We only need to show that bβ − β = op(1). First consider bE [V αii ] =
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In order to establish the result we thus need to apply Lemma (16) to show that
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The result follows by Lemma (16) since inf
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E Linear Dynamic Panel Model with Fixed Effects

It can be shown that
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