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Abstract

We consider a general class of first-order nonlinear delay-differential equations (DDESs) with reflectional symmetry, and
study completely the bifurcations of the trivial equilibrium under some generic conditions on the Taylor coefficients of
the DDE. Our analysis reveals a Hopf bifurcation curve terminating on a pitchfork bifurcation line at a codimension two
Takens—Bogdanov point in parameter space. We compute the normal form coefficients of the reduced vector field on the
centre manifold in terms of the Taylor coefficients of the original DDE, and in contrast to many previous bifurcation analyses
of DDEs, we also compute the unfolding parameters in terms of these coefficients. For application purposes, this is important
since one can now identify the possible asymptotic dynamics of the DDE near the bifurcation points by computing quantities
which depend explicitly on the Taylor coefficients of the original DDE. We illustrate these results using simple model systems
relevant to the areas of neural networks and atmospheric physics, and show that the results agree with numerical simulations.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, we consider the following DDE

d
g F O =S0x@), x(t = 9)), (1.2)

wheres > 0 is the delay, and is an arbitrary smooth function which has reflectional symmetry in the following
sense;f(—a, —b) = — f (a, b) for all reala andb. The reflectional symmetry of in (1.1)implies thatf (0, 0) =
0, i.e. the origin is an equilibrium solution. In this paper, we will be interested in the bifurcations of this trivial
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equilibrium. Specifically, we focus on the Taylor expansio&qf (1.1)around(0, 0), which yields, after a rescaling
of time

%x(t):x(t) + ax(t—1) + y1x ()3 + yax (1)2x(t — 7) + yax(Dx(t — )% + yax(t — )3+ O(Ix|®), (1.2)

wherer = D1 f(0, 0)3, = D2f(0,0)/D1f(0, 0), y1 = D111 (0, 0)/6D1 (0, 0), y2 = D112/ (0, 0)/2D1 f (0, 0),
y3 = D122/ (0, 0)/2D1 f (0, 0), andys = D222/ (0, 0)/6D; £ (0, 0). Inour notation, Rf (0, 0) denotes the first-order
partial derivative of the functiory with respect to itsth argumenti = 1, 2), evaluated at0, 0), with similar
notation used for higher order partial derivatives. Here we have assumed that the Taylor coeffigiéhtOp
is positive in order to achieve a coefficient of 1 for th@) term in (1.2). We will see that in this case codi-
mension one bifurcation curves can intersect, leading to a codimension two bifurcation point. The case where
D1f(0,0) < 0 can be studied without any added difficulty. However, it is a somewhat simpler case in the
sense that the codimension one bifurcation curves do not intef$jedt has in fact been previously treated
(see e.g[2,14)).

Eqg. (1.2)encompasses a wide variety of possible physical situations. For example, the case

dx

dr
corresponds to the equation of motion of a particle in an overdamped bistable symmetric potential known as the
“standard quartic” potential, with an additional linear force due to its motion in the past. The motion in the absence
of delayed feedback has two coexisting fixed points, separated by the unstable origin. Whether this delayed force
is restoring or not (with respect to the origin) may depend on its magnitude and sign, which in turn will depend
on the full dynamics of the system. In particular, we will see that our bifurcation analysis of such a system reveals
parameter regions where the origin is stabilized by this delayed force.

The fact that the origin is unstable even without delayed feedback is a distinguishing feature of the DDE class
equation (1.2) This is in contrast with work on e.g. neural circuits and networks with [@,22] or more
[6,8,9,15,26—-28{elays. Our particular interest in this class of DDEs stems from their relevance to coupled bistable
detector array$13,20]. Such arrays can use noise and coupling to synchronize transitions between states to the
fluctuations of small input signals, thereby amplifying these signals. We are currently extending the coupling of
such elements to include delayed feedback. This connectivity is suggested in particular by neural circuitry involved
in signal detection and processing (see gy .and references therein). In this context, it is known that bistable
systems are also a good approximation to the dynamics of certain ndiédrdif In particular, they have recently
been shown to be powerful building blocks for neural networks performing associative memorfl &isksirther,
there has also been a recent study of combined bistability and delay and noise in the context of a simple neuror
model[23].

Thus, inspired by research on bistable systems and on neural dynamics and information processing, we have
been developing versions of such neural networks and detector arrays that include delayed feedback. It has becomr
crucial, in this context, to understand the basic dynamics of bistability with feedback. We also anticipate that the
dynamics studied here will be of relevance to studies of chemical reactions with global delayed feedbd&} (see
and references therein).

Specific instances diq. (1.2)have also found applications in atmospheric physics, namely as early heuristic
models of the EI Nifio/southern oscillation (ENSO) phenomdtd@#]; this “delayed oscillator” approach to ENSO
is summarized irBection 5as a preamble to the examples chosen to illustrate our analytical results. Such models
had only been analyzed using linear stability analysis as well as numerical analysis; their full bifurcation analysis
had not been done, and in particular, the presence of a codimension two bifurcation point had escaped earliel
numerical analyses. Although current models of ENSO are more sophisticated, our analysis of these earlier models

=x—x>4ax(t—1) (1.3)
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improves our understanding of the dynamical complexity that the delayed oscillator picture may hold in this and
other contexts.

The paper is organized as follows. In the next section, we will study the linearized stability of the trivial equilibrium
of (1.2), and show that in théx, v)-parameter space, there are two codimension one bifurcation curves: a Hopf
bifurcation curve and a pitchfork curve. The Hopf curve terminates at the pitchfork curve in a point where the
characteristic equation has a double zero root. This corresponds to a codimension two Takens—Bogdanov bifurcation
of the trivial equilibrium. InSection 3 we briefly review the theory of centre manifold reduction for parameter
dependent DDEs, and then perform centre manifold reductions for both the Hopf and the pitchfork bifurcations in
(1.2). In particular, we compute both the first Liapunov coefficient of the Hopf bifurcation, and the coefficient of the
cubic term in the pitchfork normal form in terms of the coefficiemts andy;, 1 <i < 4, of (1.2). In Section 4
we study the Takens—Bogdanov bifurcation fbr2). Because of the reflectional symmetryofn (1.1), the centre
manifold equations will also have reflectional symmetry. It is well-known that generically, there are two distinct
topological types (normal forms) for this bifurcation. As a by-product of our analysis, we will give conditions on the
coefficientsy;, 1 < i < 4, of(1.2)which determine which type of Takens—Bogdanov bifurcation will occ(t ih).
Thus, provided these generic conditions are satisfied, our analysis completely describes the local bifurcations of the
trivial equilibrium solution in(1.1), regardless of the fifth and higher order termg(in2). Finally, in Section 5we
will illustrate our results with some numerical integrations of certain models which fall into the class of equations
described by1.1). A conclusion follows inSection 6

2. Linear stability analysis

In this section, we locate the region of stability of the equilibrium solutiér) = 0 of Eq. (1.2) Linearizing
(1.2) near this equilibrium solution we obtain

%x(t) =x(@)+ax(t —1). (2.2)

Substitution of the ansatz(r) = € into (2.1), wherex is a complex parameter, gives the characteristic equation
r=1+ae™. (2.2)
Using Theorem A.5 of18] we find that all roots of2.2) have negative real parts if and only if
T <1, a < —1, ot > —¢ Sing — T Cose, (2.3)

where¢ is the root oft = ttan¢, 0 < ¢ < 7w, and¢ = /2 if © = 0. Sincer must be positive (for the physically
interesting case), the region defined(By3)is illustrated as the hatched regiorFig. 1 On the top and right-hand
boundaries of the hatched regionkig. 1, Eq. (2.2)has a finite number of solutions with zero real part, and all
other solutions have negative real part. Therefore, bifurcations occur for parameter values on these two curves. The
top boundary curve is characterized by setting iw in (2.2). After separating real and imaginary party?2),

we obtain

1= —acoswr, w = —aSinwr. (2.4)
Squaring both equations and adding, we get

w=+vVa2 1. (2.5)
The right-hand boundary curve is characterized by seitirg0 in (2.2). This substitution gives

a=-1 (2.6)
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1.5 .

('1,1)

-10 =5 0
(0

Fig. 1. Stability diagram for the equilibrium solutiariz) = 0 of (1.2). Hatched area corresponds to the stability region.

We see that the right boundary lime= —1 in Fig. 1is a line where the characteristic equation has a single zero
root. Because of the reflectional symmetry(df2), this line corresponds to a pitchfork bifurcation curve. The top
boundary curve iifrig. 1is a curve where the characteristic equation has purely imaginary complex conjugate roots
(i.e. it is a Hopf bifurcation curve). At the poirit, ) = (—1, 1) where these two curves me&,2) has a double

zero root, i.e(2.1) has two linearly independent solutiong) = 1 andx(¢) = ¢. This point thus corresponds to a
Takens—Bogdanov bifurcation.

3. Centre manifold reduction for DDEs

In this section, we briefly summarize the theory for centre manifold reductions of DDEs with parameters (see e.g.
[11,12,17,18), and then apply these results to compute normal forms for both the Hopf and pitchfork bifurcations
of the trivial equilibrium in(1.2). We will perform a similar analysis for the Takens—Bogdanov bifurcation in the
next section.

We first let X d=efC([—z, 0], R™*P), ¢ > 0 denote the space of continuous functions from the interval 0]
into R1*7. Consider the following autonomous DDE

d
300 = Ly + F(y), t=0, (3.1)

wherey,(0) = [x(t + 6), u1(t +6), ..., up(t +0]T € X, -1 <0 < 0,L£: X — R7 is a bounded linear
operator, andF € C"(X,RYP), r > 1 is some smooth nonlinearity wit(0) = 0 and DF (0) = 0. Note that
(3.1)should be viewed as a suspended system where plagameters are included as dynamic variables with trivial
dynamics. For our purposes, the dimensjoof the parameter space for the suspended system will equal 1 or 2,
depending on the bifurcation under study. The linearizatioBf(3.1)about the trivial equilibrium is given by

d
YO =Ly, 120 3.2)
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Since’ is a bounded linear operator frokhto R+ it follows from Riesz’s theorem that can be represented by
a Riemann-Stieltjes integral

0
Lo = [ [dn@®)]p©), ¢ € X, (3.3)

wheren(0), —t <6 < 0,isa(l+ p) x (1+ p) matrix whose elements are of bounded variation.
We may then rewrit&g. (3.2)in the following form

d 0
a0=1 [dn@)]y@ +6), t=>0. (3.4)

DefineX’ = C([0, ], RA*+P*) whereR(+P* is a space of row vectors. The transpos€of (3.4)is

d 0
G0==[ ya-o@). 120 =vex. 35)

-7

For¢ € X andy € X’, the following bilinear form is defined

0 6
(¥, ¢) =¥ (0)¢(0) —/ /0 Y —0)dn@)]¢ &) dé. (3.6)

In the definition of the bilinear form as stated above, the integral oyé&)ds performed last (with integration
limits —t to 0).

Since(3.1) hasp components with trivial dynamics, then the characteristic equation correspondiiog (8.2)
always hay eigenvalues on the imaginary axis (at the origin). Thus, at a bifurcation, this characteristic equation
hasm + p eigenvalues (counting multiplicity) on the imaginary axis and we will assume that all other eigenvalues
have negative real parts. Then there existsman-(p)-dimensional centre subspafec X for Eq. (3.4)which
is invariant under the semi-flow f@B.2). We will denote a basis foP by the (1 + p) x (m + p) matrix @; the
columns of® are the basis vectors. There is a corresponding-(p)-dimensional subspad®’ of X’ of solutions
to the transposeequation (3.5)We will denote a basis faP’ by the(m + p) x (1+ p) matrix¥’. Hale and Lunel
[18] have shown that then + p) x (m + p) matrix (¥, @) is always non-singular. We then define a new bdsis
for P’ by w = (¥', &)~ 1w’ so that(¥, ®) = I. The space& can be split as

X=P&O,

where Q is infinite-dimensional and invariant under the semi-flow @:2). It can then be shown using integral
manifold techniquegl8] that there exists am + p)-dimensional centre manifolt¥ » for Eq. (3.1)given by

Mp={peX:¢p=dz+h(z, F), zinaneighbourhood of zero "7},
whereh(z, F) € Q for eachz and is ac”~1 function ofz. The flow on this centre manifold is given by
v =@z(t) + h(z(t), F),

andz satisfies the ordinary differential equation

%z =Bz+ ¥ (0)F(Pz + h(z, F)), (3.7)

where the(m + p) x (m + p) matrix B satisfies the relation

d
— & = dB. 3.8
w0 (38)
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The flow of Eq. (3.7)approximates well the long term behaviour of the flow of the full nonlinear syésethnear
the origin. This is the framework in which we will study the bifurcations of the trivial equilibriurfiit).

3.1. Pitchfork bifurcation

We have seen in the previous section that the trivial equilibriunif&) undergoes a pitchfork bifurcation when
a = —1 andt # 1. Thus, in this section, we treatas a bifurcation parameter neaf, and we assume thatis
fixed and not equal to 1. We thus hawe= 1 andp = 1. Using the formalism of the previous subsection, we may
rewrite Eq. (1.2)in the following form

d
GO =30 —x( = 1)+ px(t = ) + y1x (O + y2x ()3t = 1) + yax()x(r — 1)
d
+yax(t — 1) + O(x[?), =0 (3.9)

where we have set = u — 1. Linearizing(3.9) at the trivial equilibrium, we get the following

d ) =x@) —x(—1) d t=0 (3.10)

dtx =X X T), dt'u = 0. .
A basis for the centre subspace of the linear syg&iD)is

10

o~(59)

the bilinear form(3.6) for this problem is given by

0
et = w000 - [ wero (g o)oed (3.11)

-7

and the matrix

00
#=(s o)
satisfies relatior{3.8). Write z = [z1, u]" for the coordinates on the centre manifold. Finally, we note that the
nonlinear terms irf3.9) can be written as

F([v1, v2]") = [12(00v1(—7) + y101(0)® + y201(0)?v1(—7) + y3v1(0)v1(—7)?
+yav1(—1)3 + O(jv[?), 0]". (3.12)

Retaining up to first-order terms ji, and up to third-order terms overall, we get the following equations on the
centre manifold

d 1

—z1=——[uz1+ 1+ r2+ y3 + vazil, (3.13)
dr 1-71

d

—u=0. 3.14
at (3.14)

Note that 1— 7 is non-zero if and only it # 1. Thus, the above reduction breaks down (as expected) at this point
which, as we will see, is in fact a Takens—Bogdanov point. Generically, the cubic coeffigienty, + y3 + ya)
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is non-zero, and thu8.13)is a normal form for a pitchfork bifurcation. In terms of the original model parameters,
Eq. (3.13)becomes

d —
dtzl_ 1-7

[(@+Dz1+ (1 + v2 + y3+ ya)z3l. (3.15)
3.2. Hopf bifurcation

We now suppose thditrg, 7o) is a point on the top boundary curvekig. 1 In this caseEq. (2.2)has a pair of
purely imaginary roots, and all other roots have negative real parts. We r&gritd.2)as

d
35O =30 +aox(t — 70) + px(t = 70) + y1x (1) 4 y2x(1)%x (1 — 10) + yax (1)x(r — 10)?

d
tyax(t — )+ O(x ), ) =0, (3.16)
where we have set = i + ap. The linearization of this equation at the trivial equilibrium is
d d
Ex(t) = x(t) + agx(t — 10), au(r) =0. (3.17)

A basis for the centre subspace of the linear syg&iv)is

& — sin(wgf) cos(wgf) O
- 0 0 1)’

wherewg = /a(z) — 1 by (2.5). The bilinear form(3.6) reduces to

0 10
(¥, ¢) = ¥ (0)¢(0) +ap ¥ (& + 10) (0 0) ¢ (&) dg, (3.18)
v
and we let
3[(1 — 70) sin(wof) + woto COS(wo)] O b1(6) O
v = (0T, 0) 10T =i | I[-worosin(wod) + (1 — o) cos(wod)] 0 |E'| b20) 0
0 k1 0 1

be a basis for the transposed systerts. (3.17)wherex = 4/((1 — 10)% + (wo10)?). It can easily be checked
that the matrix

0 —wy O
B=|lw 0 O
0 0 O

satisfies relatiorf3.8). Write z = [z1, z2, [,L]T for the coordinates on the centre manifold. The nonlinear terms in
(3.16)are given by

F([v1, v2]") = [v2(0)v1(—10) + y101(0)® + 1201(0)%v1(—70) + Y3v1(0)v1(—70)% + Yav1(—70)°
+0O(jv|®), 0]". (3.19)

Substituting the above results irfm. (3.7)and truncating, we get the following ordinary differential equations on
the centre manifold
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d ) .
g %1 = Twoz2 + b1(0)[ 11 (— Sin(woT0)z1 + COS(w0T0)22) + Y123 + Y225(— SiN(woT0)z1 + COS(woT0)22)
+y322(— Sin(woT0)z1 + COS(w0T0)22)? + Ya(— SiN(woT0)z1 + COS(w0T0)22)°], (3.20)
d . .
4,22 = @071 + ba(O)[ (= sin(@oT0)21 + COS(@oT0)z2) + Y125 + 1225(— Sin(wot0)z1 + COS(woT0)z2)
+y322(— SiN(wo0)z1 + €COS(w070)22)% + Ya(— Sin (woT0)z1 + COS(wW0T0)22)°], (3.21)
d
—u =0. 3.22
at (3.22)
Now consider the linear part (ifx1, z2)) of Egs. (3.20) and (3.21)
d
—z7 =Rz, 3.23
0’ z (3.23)
where

/ ( ~b1(O)usin(woto)  —wo + b1(0)p cOS(wot0) )
wo — b2(0) 1 sin(woto) b2(0)j cos(wo10)

and where we have redefineduch that. = [z1, z2]". By a linear change of variables inthe matrixB’ can be
brought into the following Jordan normal form

B — 1 —C2
c2 c1 )’
where, e.g., to first-order in

c1 = 51(b2(0) c0S(wot0) — b1(0) SN (wo10)). (3.24)

After a further (nonlinear) change of variables the equations on the centre manifold can be brought into normal
form and truncated at third-order to give

d

0= (@ +a@E+d)n — (2 +bEE+5), (3.25)

d

2= (c2 +b(z5 + 23)z1 + (c1 + a(zf + 23)z2. (3.26)
wherea andb are constants. In polar coordinates these equations simplify further and become

d

ar =c1r + ar3, (3.27)

d, + br? (3.28)

—U =C . .

dr 2

The first Liapunov coefficient can be computed and is given by

() = 1 3 _ 3wy, (w0, 3), (1 30 1
A2+ o |M\27 2 ) TP T2 Ty 2m) TP\2T 2 TR

74 (30210 = Ziﬂ +0(u), (3.29)
o

where the constants), 7g, andwq are such thaEqgs. (2.4)are satisfied.
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Egs. (3.25) and (3.26re a normal form for the standard Hopf bifurcation provided that the first Liapunov
coefficienta(0) and the eigenvalue crossing spekd/du|,—o are both finite and non-zero. We immediately
see that this breaks down (as expected) at the geintrg) = (—1, 1), which will be shown below to be a
Takens—Bogdanov point. A straightforward computation reveals that fae@lkg) # (—1, 1) on the Hopf curve,
we havedc1/dul,—0 > 0, so the crossing condition is always satisfied. However, the coefficientan be zero
at isolated points on the Hopf curve away from the Takens—Bogdanov point. The exact places where this occurs
will depend on the values of the coefficiemis 1 < i < 4. At such points(3.25) and (3.26&re no longer a normal
form for the Hopf bifurcation (fifth-order terms are required).

4, Takens-Bogdanov bifurcation
In this section, we will compute a centre manifold/normal form reductidf @)near the pointe, ) = (-1, 1),
and show that the trivial equilibrium undergoes a Takens—Bogdanov bifurcation at this point. Since this singularity

has codimension 2, we perform the centre manifold suspension with both parameters. By rescaling time in units of
the delay we may rewriteq. (1.2)in the following form

d
GO =x(0) = x( =D+ plx(®) = x(t = D] + A+ p)[uax(t = 1 + y1x (1) + yax(t)%x(r — 1)

d d
Hrax(x(t =D+ yax(t =D+ O(x P, Lm0 =0, —ua() =0, (4.2)
where we have set = u1 — 1 andt = w2 + 1. Linearizing(4.1) yields
d d d
Ex(t) =x(t)—x(—1), E“l(t) =0, au«z(t) =0. 4.2)

A basis for the centre subspace of the linear sygte®) is

S

I
o o r
~ o O

6 0
0 1
0 o0
the bilinear form(3.6) reduces to

1 00

0
<w,¢>=w(0>¢<0>—/lw(s+1> 0 0 O]¢(&)deE, (4.3)
N 0 00

and it can easily be checked that the matrix

01 00

0 00O
B =

0 0 0O

0 0 0O

satisfies relatior(3.8). We write z = [z1, z2, 11, u2]' for the coordinates on the centre manifold. Finally, we
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note that the nonlinear terms (4.1) are given by

F([v1, v2, v3]") = [13(0) (v1(0) — v1(—1)) 4+ (L + v3(0)) (V2(0)v1(—1) + y1v1(0)2 + y2v1(0)?v1(—1)
+y3v1(0)v1(—=1)? + yav1(—=1)% 4+ O(Jv[®)), 0, 0] . (4.9

Retaining up to first-order terms jny and 2, and up to third-order terms overall, we get the following truncated
equations on the centre manifold

%zl =z2+ %[Mzzz + n1(z1 —z2) + alzf + azz%zz + aszlzg + a4z§], (4.5)
Ezz = 2[u2z2 + pn1(z1 — 22) + alzi’ + azz%zz + agzlz§ + a4z§’], Em =0, iuz =0, (4.6)
dr dr dr
where

ar=y1+y2+vs+va, (4.7)
az = —y2 — 2y3 — 3ya, (4.8)
az = y3 + 3ya, (4.9)
as = —ya. (4.10)

Egs. (4.5) and (4.6an be simplified by a near-identity transformation to normal form, given to third-order by

d d 2
ga=@ 2= 2 |:M2Z2 + 11 <Z1 - ézz) + (a1 + a2)z2z2 + a1z§:| . (4.11)

In terms of the original parameteisgs. (4.11become

d
dr

dr 3 3

It is well-known [25] that the normal forms for the Takens—Bogdanov singularity with reflectional symmetry are
determined to cubic order and are given by

d d

—z1 = —zx=az+bZ 4.13
g 1= g 2 =aa+baz, (4.13)
whena andb are both non-zero. The following two-parameter family then provides a versal unfoldiijg. {&)

[16, Section 7.3]

d 4o 10
—2z2 = (u + 2)z1 + (—— + 2t — —) 2+ 21— v3 — 2y z2z2 + 2(n1 + v2 + ys + ya)ss. (4.12)

d d

=2 2= Birz1 + B2z2 + aZ + bz, (4.14)
Thus, comparing4.12) and (4.14we can immediately read off the relations between the original DDE parameters
o, T,y,i =1,...,4 and the parametef, B2, a andb in the versal unfolding4.14) of the Takens—Bogdanov

singularity with reflectional symmetry.

Note that up to reflections and a reversal of time, there are precisely two topological normal fa@ristin
These can be chosen to be the cases withu (%) 0,5 < 0, and (2)a < 0,b < 0. However, in our case time
reversals are not possible since we are dealing with a DDE. Thus, we must also consider the two cages Where
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N

(a) (b)

Fig. 2. Unfolding of both topological cases of the Takens—Bogdanov bifurcation with reflectional symmetry. All possible dynamics near the
Takens—Bogdanov point (the origin in this figure) are summarized. In (a) wezhave, b < 0 and in (b) we have < 0,5 < 0inEq. (4.14)

However, it is easy to see that these are obtained from the two standard cases by merely reversing the direction of
the flow, reflecting the phase space across the vertical axis, and reflecting the parameter space @gragisthe
We now consider each topological case individually.

Case 1l a > 0. Inthis case all possible dynamics near the Takens—Bogdanov point are summaFizp®an
for the casé < O (reverse the direction of the arrows, reflect the phase space across the vertical axis and reflect
the parameter space across fheaxis for the casé > 0). To first-order, the equation of the diagonal line in the
second quadrant [46, Section 7.3]

pr= 12 (4.15)

The lineB; = 0 is a pitchfork bifurcation line and the lif&» = 0 (81 < 0) is a Hopf bifurcation line for the trivial
equilibrium point.

Case 2 a < 0. In this case all possible dynamics near the Takens—Bogdanov point are summaFize@ im
for the casé < O (reverse the direction of the arrows, reflect the phase space across the vertical axis and reflect the
parameter space across fheaxis for the casé > 0). To first-order, the equations of the diagonal lines (from top
to bottom) arg16, Section 7.3]

B2 = B1 (Hopf bifurcation from non-trivial equilibrig

4
B2 = % (Line C : homoclinic connection of the trivial equilibrium

B2 =cB1 (LineS : saddle-node of periodic orbits (4.16)

wherec ~ 0.752. Furthermore, the ling; = 0 is a pitchfork bifurcation line and the lin& = 0 (81 < 0) is a
Hopf bifurcation line for the trivial equilibrium point.
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Thus, we have shown that if the cubic coefficieptsl < i < 4, in (1.2) satisfy the generic conditions

i+ve+ys+ya#0 and y1 —y3—2p4 #0,

then the Takens—Bogdanov bifurcatior(in2)is non-degenerate, and the dynamicé&lo®?) near the trivial equilib-
rium and near the pointy, 7) = (—1, 1) is reduced to one of the phase diagramBigf 2, with a possible reversal
of the arrows, regardless of the fifth- and higher order terms.

5. Applications

This section is devoted to the study of specific exampleSgf(1.2)along with comparisons with humerical
simulations. The simulations were done using a fixed-step fourth-order Runge—Kutta method with linear interpo-
lation for the required two midpoint evaluations of the delayed variable. A range of time steps were used to ensure
the accuracy of our simulations. In all cases, constant initial functions were used.

5.1. Example 1

The first case we study is that of a simple standard bistable system with delayed linear feedback. As mentioned
in Section 1 such equations have received attention in the context of the ENSO phenomenon, where they serve as
a simple heuristic model known as the delayed action oscil[ad]r It is also being investigated in the context of
neural networks with intrinsic bistable elements. It has the form

%x(z‘) =x(t) +ax(t —1) —x(1)°, (5.1)

wherea, T € R, with ¢ > 0. Note that this model is a special cas€&qf (1.2)with (y1, y2, v3, ya) = (=1,0, 0, 0).
In the context of ENSO, the dependent variablepresents the sea surface temperature (SST) anomaly. The first
term on the right-hand side represents unstable ocean—atmosphere perturbations, while the third term represents tt
nonlinear effects that limit its growth (e.g. advective processes in the ocean and moist processes in the atmosphere
A side effect of the unstable ocean—atmosphere perturbations is the generation of oceanic waves. The delaye
feedback term represents the effect of these oceanic waves (i.e., westward propagating Rossby waves on the oce:
thermocline that, after reflecting from the western boundary, become eastward propagating Kelvin waves that
re-enter the coupled ocean—atmosphere system after a time delay equal to their transit time).

Using the results oBection 4 we find that near the poirit, 7) = (—1, 1) in parameter spacsuation (5.1)s
well approximated near the trivial equilibrium by the centre manifold equations

%zl = 22, %zz = (200 +2)z1 + (—4?0[ + 2t — %0> 72— 2z§zz - ZZi’ (5.2)
In fact, based on numerical simulations, it appears that its global behaviour is well approximated by these equations
also. We see that the coefficient&gs. (5.2)are such that they fall into Case 2 of the Takens—Bogdanov classification
(seeFig. 2b). Fig. 2b predicts that in Region 4 we should see multistability. Ustag. (4.16)we see that the line
B2 = 9B1/10 lies in Region 4. In terms of the original parameters this line becamesA7a /30 + 77/30. The
point («, T) = (—19/20, 647/600) lies on this line (and in Region 4) and is close to the Takens—Bogdanov point.
We therefore expect to see multistability in the DDE for these parameter values. Indeed, we see this multistability
in Fig. 3; both the limit cycle and the non-trivial equilibria are stable.

As another example, consider the padiat ) = (—10/9, 9/10). This point lies in Region 1 dfig. 2b. Here we
expect to see only a stable trivial equilibrium in the DDE and, in fact, we see thigirl. Our approach using a
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0.08-
0.04
0.00- @ @
-0.04 1
-0.081
T T T T T T
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Fig. 3. Multistability: numerical simulation of5.1) with («, t) = (—19/20, 647/600). These parameter values fall in Region 4Fdf. 2 b,
where the DDE exhibits multistability. The vertical axistignd the horizontal axis is.

suspended system which includes the parameters as dynamic variables has enabled us to locate precisely where il
parameter space the features describdeldn2 b occur. It also enables us to relate the physical parameters in the
model to the unfolding parameterski. (4.14)

5.2. Example 2

In Battisti and Hirst[1], the authors analyse a simple coupled ocean—atmosphere model. They argue that the
essential physics in this model can be described by a linear delayed oscillator (the Suarez and Schopf model without
the cubic nonlinearity). The authors identify the important nonlinearity in the full coupled model and derive the
leading order nonlinear analog model for ENSO, which takes the form of a nonlinear DDE

%x(t) = x(1) +ax(t — 1) — e[x — rx(t — )], (5.3)

0.08
0.04-
o.oo—- @
-o.04—-

-0.08

: T : .
-0.2 -0.1 0.0 0.1 0.2

Fig. 4. Numerical simulation db.1)with (o, ) = (—10/9, 9/10). These parameter values fall in Region Iaf. 2b. In this region the DDE
has only a stable trivial equilibrium. The vertical axistiand the horizontal axis is.



144 B.F. Redmond et al./Physica D 166 (2002) 131-146
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-0.15 -0.10 -0.05 0.00 0.05 010 0.15

Fig. 5. Stable limit cycle: numerical simulation (&.3) with («, t) = (—20/19, 553/570). These parameter values fall in Region 3. 2a,
where the DDE has a stable limit cycle. The vertical axis &d the horizontal axis is.

wherex represents the SST anomalyandr are positive real parameters, andndr are defined as above. Again,
this model is a special case Bfy. (1.2)with (y1, y2, ¥3, ya) = (—e, 3er, —3er?, er®). Although similar in form
to the Suarez and Schopf model, the Battisti and Hirst model represents a different balance in the fundamental
processes.
Once again, the results &ection 4show that near the poirite, ) = (—1, 1) in parameter spadeq. (5.3)is
well approximated near the trivial equilibrium by the centre manifold equations

d
dr

%zz = 2a+2)z1+ (—%“Jrzr - %) 22+ (—e +3er? — 2er) 322 4 (—e 4+ 3er— 3er? + er)z.  (5.4)
It can easily be shown that regardless of the value of the paramieté&rg. (5.3) the coefficient of the%zz termin

Egs. (5.4)will be negative for all values of, and that the coefficient of tl@ term inEgs. (5.4)will be negative

if » < 1 and will be positive ifr > 1. To summarize, if > 1 then the dynamics near the TB point are described

in Fig. 2a, and ifr < 1 then the dynamics near the TB point are describefign 2 b. In [1], the authors use a
value ofr that is less than 1. Their model therefore falls into Case 2 of the Takens—Bogdanov classification, but it
is interesting to note that it can fall into Case 1 if we allow for a value of 1 (perhaps by choosing a different
ocean “box” geometry). To illustrate this case we(etr) = (1, 3/2), then the long term dynamics of this DDE

near the Takens—Bogdanov point are summarizéddn2 a. In Region 3 ofig. 2a we see that there is a stable

limit cycle encircling the trivial equilibrium point. This limit cycle was found in the DDE for parameter values in
Region 3 (se€ig. 5.

6. Conclusion
We have performed a bifurcation analysis of a class of first-order nonlinear DDEs with reflectional symmetry.

Our results reveal the presence of a Takens—Bogdanov bifurcation point which acts as an organizing centre aroun
the origin. Our results are also original in that they also provide the unfolding of this bifurcation in terms of the
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-6 -4 -2 0 2 4 6
Fig. 6. Chaotic solution to the DDE? Numerical simulatiorf@fL) with («, t) = (—1.65, 0.705). The vertical axis i, and the horizontal axis
isx.

parameters of the original DDE. This was made possible due to our centre manifold analysis of the suspended DDE,
i.e. of the DDE augmented with the (trivial) parameter dynamics.

Future work will address versions &f. (1.2)with multiple delays. It will also look into the origin of chaotic
behaviour that we have found numerically. Specifically, consider the following DDE which is again a special case
of Eq. (L.2)with (y1, y2, v3, ya) = (0, —=2,1,0)

%x(t) = x(t) +ax(t — 1) — 2x(1)%x(t — 7) + x()x(t — 7)%. (6.1)

Sincey1 —y3 —2ya = —l andy1 + y2+ y3+ ya = —1, we fall into Case 2 of the Takens—Bogdanov classification
(seeFig. 2b). It can easily be verified witkq. (3.29)that near the Takens—Bogdanov point the Hopf bifurcation is
supercritical (i.e., the coefficientin Eq. (3.28)is negative). Far from this point, however, the criticality may change.
In fact, the Hopf coefficient is positive ifa < —1.65 approximately. Near the point where the Hopf coefficient
is null the DDE exhibits what seems to be chaotic behaviour. For example, et = (—1.65, 0.705). Fig. 6is a
numerical simulation of the DDE with these parameter values.

This “chaotic” example shows that our analysis does not provide us with the full dynamical picture of this
important class of DDEs and serves to remind us that there remains much to be studied. However, the analysis of
this global behaviour is well beyond the scope of this paper.
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