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Abstract: In this paper, a discrete Leslie-Gower predator-prey system with Michaelis-Menten type har-
vesting is studied. Conditions on the existence and stability of fixed points are obtained. It is shown that
the system can undergo fold bifurcation, flip bifurcation, and Neimark-Sacker bifurcation by using the
center manifold theorem and bifurcation theory. Numerical simulations are presented to illustrate the main
theoretical results. Compared to the continuous analog, the discrete system here possesses much richer
dynamical behaviors including orbits of period-16, 21, 35, 49, 54, invariant cycles, cascades of period-
doubling bifurcation in orbits of period-2, 4, 8, and chaotic sets.
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1 Introduction

Due to its universal existence and importance, the predation relationship between predator and prey is one
of the dominant themes in ecology. Since the pioneering works of Lotka and Volterra, their classical models
(called Lotka-Volterra predator-prey models) have been reasonably modified to incorporate real biological
backgrounds. Among these modifications are Leslie-Gower models, which have been extensively studied
(see, for example, [1–4] and the references cited therein). In such models, the environmental carrying
capacity of the predator species is determined by the abundance of the prey species. A general Leslie-
Gower predator-prey model can be written as follows:
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where x and y are the densities of the prey and predator, respectively;ϕ is a functional response, and all the
parameters are positive constants.

As we know, humans need to exploit natural resources to satisfy their own needs. To ensure the
sustainable development of the ecosystem and to maximize economic benefits, harvesting models have
therefore attracted the attention of many scholars [1,5–20]. The study of harvesting models can provide
suggestions to relevant government agencies on the development of policies to regulate and discipline.
Among different forms of harvesting are the constant harvesting and linear harvesting proposed by May
et al. [5]. In constant harvesting, the harvest rate is independent of the number of the harvested population,
which is not practical. In linear harvesting [7,9–15,19], the harvest rate is proportional to the size of the
harvested species, and it has the expression =h qEx. Note that when E or x tends to infinity and the other
one is fixed, ( )h x would tend to infinity. Obviously, this is against the fact that the harvesting capacity and
the size of species are limited in reality. To overcome the drawbacks of these two harvesting forms,

Clark and Mangel [6] proposed nonlinear harvesting, i.e., Michaelis-Menten type harvesting ( ) =

+

h x qEx
mE nx .

If → ∞E , then →h qx
m , the linear harvesting and while if → ∞x , then →h qE

n , the constant harvesting.

Therefore, nonlinear harvesting is much more realistic, and it has attracted the attention of many
researchers (to name a few, see [1,8,11,12,14,16–18,20]).

The aforementioned works mainly focus on continuous predator-prey systems and obtained results
include stability, bifurcation, limit cycles, and so on [21–25]. However, when species have nonoverlapping
generations or their sizes are too small, discrete models described by difference equations are more appro-
priate than continuous-time ones. Over the past few decades, dynamic behaviors of discrete predator-prey
systems have been widely studied, some of which can be found in [26–40] and the references cited therein.
All these investigations have demonstrated that discrete systems tend to have more complex dynamic
behaviors than continuous ones. In particular, He and Lai [28] studied a discrete Lotka-Volterra pre-
dator-prey system of Leslie-Gower with Holling type II functional response, whereas Ren et al. [41] pro-
posed a system with Crowley-Martin functional response. In [36], Zhao and Yan investigated the aforemen-
tioned system with a modified Holling-Tanner functional response. In addition, many scholars have
consideredaddingharvesting terms to these systems [42–45]. For example,HuandCao [42] studied adiscrete
system of Holling type II functional response and Leslie type with constant-yield prey harvesting; Zhu et al.
[44] proposed a discreteMay type cooperativemodel incorporatingMichaelis-Menten type harvesting. These
papers mainly investigated the dynamical behaviors of bifurcation and chaos of the systems.

The aforementioned discussion motivates us to study a discrete Leslie-Gower predator-prey model with
nonlinear harvesting. Precisely, the model is based on the following continuous Leslie-Gower predator-prey
model with Michaelis-Menten type prey-harvesting and linear functional response proposed by Gupta
et al. [46],
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(1.1)

where x and y denote the densities of prey and predator at time t, respectively, and r, K , α, q, E,m, n, s, and
h are all positive constants. Here, r is the intrinsic growth rate of the prey and K represents the carrying
capacity of the prey in the absence of predators; α is the maximum predation rate of the predator and s is the
intrinsic grow rate of the predator; q stands for the harvesting coefficient and E is the harvesting effort of the
prey species; h represents the number of prey required to provide one predator at equilibrium when y
equals to x

h
.

For the sake of simplicity, we first rescale system (1.1) by introducing

= = =x x
K

y h
K

y t rt¯ , ¯ , ¯ .
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Dropping the bars, system (1.1) becomes
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where =b αK
hr , =c mE

nK , =e qE
rnK , and =p s

r are positive constants. Then applying the forward Euler scheme to

system (1.2) yields the model to be studied in this paper,
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where δ is the step size. The aim of this paper is to study the dynamical behaviors of system (1.3) including
the stability of fixed points and bifurcation phenomena.

The rest of the paper is arranged as follows. We first study the existence and stability of fixed points in
Section 2. Then, in Section 3, we show that system (1.3) can undergo fold bifurcation, flip bifurcation, and
Neimark-Sacker bifurcation under appropriate conditions on parameter values. The feasibility of the main
theoretic results is illustrated with numerical simulations in Section 4. The paper ends with a brief
conclusion.

2 The existence and stability of fixed points

2.1 The existence of fixed points

We start with the existence of fixed points of system (1.3). Note that fixed points of (1.3) are solutions of
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First, we consider boundary fixed points, that is, ≠x 0 and =y 0. It follows easily from (2.1) that
x satisfies

( )+ − + − =x c x e c1 0.2 (2.2)

Let Δ1 denotes the discriminant, namely,

( )= + −c eΔ 1 4 .1
2 (2.3)

A necessary condition on the existence of boundary fixed points is ≥Δ 01 , i.e., ( )+ ≥c e1 42 . In this case,
the roots of (2.2) can be written as follows:

=

− −

=

− +

x
c

x
c1 Δ

2
,

1 Δ
2

.1
1

2
1 (2.4)

Specifically, when =Δ 01 , x1, and x2 collide, and we denote it as

=

−x c1
2

.3 (2.5)
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Taking into consideration of seeking positive solutions of (2.2), we easily obtain the following result on the
existence of boundary fixed points of (1.3).

Theorem 2.1. The following statements on the boundary fixed points of (1.3) hold.
(1) If >e c, <c 1, and ( )+ >c e1 42 , then there are two boundary fixed points ( )E x , 01 1 and ( )E x , 02 2 ;
(2) There is only the boundary fixed point ( )E x , 03 3 if <c 1 and ( )+ =c e1 42 ;
(3) There is only the boundary fixed point ( )E x , 02 2 if either <e c or = <e c 1.

Here, x1 and x2 are given in (2.4), and x3 is given in (2.5).

Now, we consider positive fixed points, which satisfy

⎧
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x by e
c x

y x

1 0, (2.6)

by (2.1). Substituting =y x into the first equation of system (2.6) produces

( ) ( )+ + + − + − =b x bc c x e c1 1 0.2 (2.7)

Similarly as for the discussion of boundary fixed points, let

[ ( ) ] ( )= + + − +c b e bΔ 1 1 4 1 .2
2

Then we require ≥Δ 02 or [ ( ) ] ( )+ + ≥ +c b e b1 1 4 12 . Under this condition, when >Δ 02 , equation (2.7) has
two solutions,
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and when =Δ 02 , it has a unique root,

⎛
⎝
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+

−

∗x
b

c1
2
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1

.3 (2.9)

Simple calculations give the existence of positive fixed points of (1.3), which is summarized below.

Theorem 2.2. The following statements are valid for the positive fixed points of (1.3).
(1) If >e c, >

+

cb
1

1 , and [ ( ) ] ( )+ + > +c b e b1 1 4 12 , there are two positive fixed points ( )∗ ∗ ∗E x y,1 1 1

and ( )∗ ∗ ∗E x y,2 2 2 ;

(2) If >

+

cb
1

1 and [ ( ) ] ( )+ + = +c b e b1 1 4 12 , there is only one positive fixed point ( )∗ ∗ ∗E x y,3 3 3 ;

(3) If either ( =e c and >

+

cb
1

1 ) or <e c, there is only one positive fixed point ( )∗ ∗ ∗E x y,2 2 2 .

Here, ∗xi are given in (2.8) or (2.9), and =

∗ ∗y xi i , =i 1, 2, 3.

2.2 The stability of fixed points

In this section, we study the (local) stability of the fixed points obtained earlier. Denote the Jacobian matrix
of system (1.3) evaluated at a fixed point ( )E x y, by ( )J E , where

⎜ ⎟( ) ⎛
⎝

⎞
⎠

=J E J J
J J
11 12

21 22
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with
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We write the characteristic equation of ( )J E as ( ) = + + =F λ λ Bλ C 02 . E can be classified according to the
two roots λ1 and λ2 of ( )F λ as follows (see, for example, [47, pp. 27]).

Definition 2.1. The fixed point E is called
(1) a sink if ∣ ∣ <λ 11 and ∣ ∣ <λ 12 , and it is locally asymptotically stable;
(2) a source if ∣ ∣ >λ 11 and ∣ ∣ >λ 12 , and it is unstable;
(3) a saddle if either (∣ ∣ >λ 11 and ∣ ∣ <λ 12 ) or (∣ ∣ <λ 11 and ∣ ∣ >λ 12 );
(4) nonhyperbolic if either ∣ ∣ =λ 11 or ∣ ∣ =λ 12 .

The following result gives sufficient and necessary conditions on the moduli of λ1 and λ2 with respect
to 1 in the case of ( ) >F 1 0.

Lemma 2.1. [47, Lemma 2] Assume that ( ) >F 1 0. Then
(1) ∣ ∣ <λ 11 and ∣ ∣ <λ 12 if and only if ( )− >F 1 0 and <C 1;
(2) ∣ ∣ >λ 11 and ∣ ∣ >λ 12 if and only if ( )− >F 1 0 and >C 1;
(3) (∣ ∣ >λ 11 and ∣ ∣ <λ 12 ) or (∣ ∣ <λ 11 and ∣ ∣ >λ 12 ) if and only if ( )− <F 1 0;
(4) = −λ 11 and ∣ ∣ ≠λ 12 if and only if ( )− =F 1 0 and ≠B 0, 2;
(5) λ1 and λ2 are conjugate complex roots and ∣ ∣ ∣ ∣= =λ λ 11 2 if and only if − <B C4 02 and =C 1.

We mention that ( ) >F 1 0 and ( )− =F 1 0 imply that ≠B 0. Therefore, ≠B 0 is redundant in statement
4 of the aforementioned lemma, which will be dropped in the coming discussion.

Similarly, we have the following result for the case of ( ) <F 1 0.

Lemma 2.2. Assume that ( ) <F 1 0. Then
(1) ∣ ∣ >λ 11 and ∣ ∣ >λ 12 if and only if ( )− <F 1 0;
(2) (∣ ∣ >λ 11 and ∣ ∣ <λ 12 ) or (∣ ∣ <λ 11 and ∣ ∣ >λ 12 ) if and only if ( )− >F 1 0;
(3) = −λ 11 and ∣ ∣ ≠λ 12 if and only if ( )− =F 1 0.

Proof. Note that ( )F λ as a quadratic with the leading coefficient being positive. When ( ) <F 1 0, we know
that ( ) =F λ 0 has two real distinct roots λ1 and λ2 on the two sides of 1. Without loss of generality,
say < <λ λ11 2. Then the results follow immediately from the intermediate value theorem. □

Theorem 2.3. Under the conditions on the existence of boundary fixed points of (1.3) in Theorem 2.1,
(1) ( )E x , 01 1 is always a source and it is unstable;
(2) ( )E x , 02 2 is

(a) a saddle if ( )
<

+δ c x
x

2
Δ

2

1 2
;

(b) a source if ( )
>

+δ c x
x

2
Δ

2

1 2
;

(c) nonhyperbolic if ( )
=

+δ c x
x

2
Δ

2

1 2
;

(3) ( )E x , 03 3 is always nonhyperbolic.
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Proof. At a boundary fixed point Ei ( =i 1, 2, 3), the Jacobian matrix reduces to
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Δ
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1
2

1 1 1
1

1

or ( )+ <c x e1
2 . It follows that >λ 11 . According to Definition 2.1, E1 is a source and it is unstable when

it exists.

(ii) It follows from =
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2

1 Δ
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2 Δ

2 1
1 , and hence, <λ 11 .
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Therefore, if ( )
<

+δ c x
x

2
Δ

2

1 2
holds, then ∣ ∣ <λ 11 , and hence, E2 is a saddle. This proves (ii)(a). In a similar

way, we can prove (ii)(b) and (ii)(c).
(iii) It is easy to obtain that ( )+ =c x e3

2 since =Δ 01 . Hence, the eigenvalues of ( )J E3 are =λ 11 and
= + >λ δp1 12 . According to Definition 2.1, ( )E x , 03 3 is always nonhyperbolic.

This completes the proof. □

Now, the characteristic equation of the Jacobian matrix J of system (1.3) at each positive fixed point
∗Ei ( =i 1, 2, 3) is

( ) ( ) ( )≜ − + + + + =F λ λ Gδ λ Gδ Hpδ2 1 0,2 2

where
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Thus,

( ) ( )= − = + +F Hpδ F Gδ Hpδ1 , 1 4 2 .2 2

We use Lemmas 2.1 and 2.2 to investigate the stability of the positive fixed points one by one.

Theorem 2.4. Assume that >e c, >

+

cb
1

1 , and [ ( ) ] ( )+ + > +c b e b1 1 4 12 . Then the positive fixed point ∗E1 in
Theorem 2.2 is

(1) a saddle if < <

− + −δ0 G G Hp
Hp

42
;

(2) a source if >

− + −δ G G Hp
Hp

42
;

(3) nonhyperbolic if =

− + −δ G G Hp
Hp

42
.

Proof. We first determine the sign of ( )F 1 , or equivalently the sign of H . In fact, since ( )∗ ∗ ∗E x y,1 1 1 satisfies
(2.7), we obtain

( ) ⎡
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b x c b1 1 1 1 2 1 1 1 .1 1
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x y cb b1 1
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2 , we have ( ) = <

∗
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H x 0x
c x1

Δ2 1

1
, and hence, ( ) <F 1 0.
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As ( ) <

∗H x 01 , ( )− =F 1 0 as a quadratic equation of δ has a negative solution − − −G G Hp
Hp

42
and a positive

solution − + −G G Hp
Hp

42
. If < <

− + −δ0 G G Hp
Hp

42
then ( )− >F 1 0. By Lemma 2.2(ii), ∗E1 is a saddle. This proves (i).

(ii) and (iii) can be proved similarly by using Lemma 2.2(i) and (iii), respectively. □

For the positive fixed point ( )∗ ∗ ∗E x y,2 2 2 , a similar calculation as for ( )∗H x1 will produce ( ) = >

∗

+

∗

∗

H x 0x
c x2

Δ2 2

2
,

and hence, ( ) >F 1 0. With the assistance of Lemma 2.1, we easily obtain

Theorem 2.5. Suppose one of the following three conditions holds,

(1) >e c, >
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1

1 , and [ ( ) ] ( )+ + > +c b e b1 1 4 12 ;

(2) =e c and >

+

cb
1

1 ;

(3) <e c.

Then the positive fixed point ∗E2 of system (1.3) is
(1) a sink if one of the following conditions holds,

(a) − ≤ <Hp G2 0 and < < −δ0 G
Hp ;

(b) < −G Hp2 and < <

− − −δ0 G G Hp
Hp

42
;

(2) a source if one of the following conditions holds,

(a) − ≤ <Hp G2 0 and > −δ G
Hp ;

(b) < −G Hp2 and >

− + −δ G G Hp
Hp

42
;

(c) ≥G 0;

(3) a saddle if < −G Hp2 and < <

− − − − + −δG G Hp
Hp

G G Hp
Hp

4 42 2
;

(4) nonhyperbolic if one of the following conditions holds:

(a) < −G Hp2 , =

− ± −δ G G Hp
Hp

42
, and ≠ −δ G

4 ;

(b) − < <Hp G2 0 and = −δ G
Hp .

Finally, from Theorem 2.2, the positive fixed point ∗E3 exists when [ ( ) ] ( )+ + = +c b e b1 1 4 12

and >

+

cb
1

1 . It follows that ( ) =F 1 0, and hence,

Theorem 2.6. When [ ( ) ] ( )+ + = +c b e b1 1 4 12 and >

+

cb
1

1 , the positive fixed point ∗E3 of (1.3) is always
nonhyperbolic.

3 Bifurcation analysis

In this section, we analyze different bifurcation types at fixed points of system (1.3) by using the center
manifold theorem [48] and bifurcation theory [49,50]. We begin with the fold bifurcation.

3.1 Fold bifurcation

Recall from Theorem 2.2.2 that if

[ ( ) ]
( )

=

+ +

+ +

>

∗e c b
b b

c1 1
4 1

, 1
1

,
2

(3.1)
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then system (1.3) only has one positive fixed point ( )∗ ∗ ∗E x y,3 3 3 and the eigenvalues of the Jacobian matrix
( )∗J E3 are =λ 11 and = +λ Gδ12 . Suppose that

( )( ) ( )( )
≠

+ +
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∗ ∗
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3
(3.2)

Then, ∣ ∣ ≠λ 12 .
Let = −
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3

3 12
3

2 13

1 3 11
3

13
3

33
3

We choose

⎛

⎝
⎜
⎜

( ) ⎞

⎠
⎟
⎟

=

− −

−T
a a λ a λ b

λ
a b b

0 1 0
0

,1

2 1 2 2 2 3

2

2 1 1

which is invertible. Then with the transformation

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=

u
η
v

T
x
η
y

˜

˜
,1 1

we transform (3.3) into

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝

⎜
⎜

( )

( )

⎞

⎠

⎟
⎟

→ +

x
η
y λ

x
η
y

ϕ x y η

ψ x y η

˜

˜

1 1 0
0 1 0
0 0

˜

˜

˜, ˜,
0

˜, ˜,
,1

2

1
1

1

(3.4)

where

( ) ( )
( ) ( )

( )
( )

( )
( )

((∣ ∣ ∣ ∣ ∣ ∣) )

( ) ( )
( )

( )
( )

( )
( )

((∣ ∣ ∣ ∣ ∣ ∣) )

( ) ( )
( )

=

+ −

−

+

−

+

+ −

−

+

−

−

+ + +

=

− −

−

−

−

+

− −

−

+

−

−

+ + +

= − + + −

= −

= +

ϕ x y η a b b b λ
a λ b

u a
a λ

uη a b b b λ
a λ b

uv

b b λ
a λ b

v O u v η

ψ x y η b a λ a b
λ b

u a
λ

uη b a λ a b
λ b

uv

b a λ
λ b

v O u v η

u a a λ x a η λ b y
η λ η
v a b x b y

˜, ˜,
1 1 1

1
,

˜, ˜,
1 1 1

1
,

˜ ˜,
1 ,

˜ ˜.

1
11 1 11 3 2

2 2 1

2 12

2 2

13 1 13 3 2

2 2 1

33 3 2

2 2 1

2 3

1
11 1 2 11 1

2 1

2 12

2

13 1 2 13 1

2 1

33 1 2

2 1

2 3

2 1 2 2 1 2 3

2 1

2 1 1
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By the center manifold theory, in a small neighborhood of =η 01 , there exists a center manifold ( )W 0c

of (3.4) at the fixed point ( ) ( )=x y˜, ˜ 0, 0 , which can be represented as follows:

�( ) {( ) ∣ ( ) ( ) ( ) }= ∈ = = =W x y η y h x η h Dh0 ˜, ˜, ˜ ˜, , 0, 0 0, 0, 0 0 ,c
1

3
1

where x̃ and η1 are sufficiently small. Assume that the expression of h is

( ) ((∣ ∣ ∣ ∣) )= + + + +h x η m x m xη m η O x η˜, ˜ ˜ ˜ ,1 1
2

2 1 3 1
2

1
3 (3.5)

which must satisfy

( ( ( ) ) ) ( ) ( ( ) )+ + = +h x η ϕ x h x η η η λ h x η ψ x h x η η˜ ˜, ˜, , , ˜, ˜, ˜, , .1 1 1 1 2 1 1 1 (3.6)

Substituting (3.5) into (3.6) and comparing the coefficients of terms like x η˜k l
1 in the resultant, we obtain

( )
( )

{( )[( ) ] }

( )⎡
⎣⎢

( )
( )

⎤
⎦⎥

( ) [( ) ]
( )

[( ) ]
( )

=

−

−

− − − + − +

= −

− −

−

−

−

−

+

− −

−

−

−

=

− −

−

−

−

−

+

−

m a a λ
b λ

a λ a λ b a b b b a b b b

m a a λ a λ b a b
b λ

a a a λ
λ

a a λ b a b
λ

m
λ

m a a λ b a b
b λ

a a
λ

m m
λ

1
,

2
1 1 1

2
1

,

1 1 1
.

1
2
2

1 2

1 2
2 1 2 1 2 11 11 1 13 1 13 1

2
33 1

2

2 2
2

1 2
1 2 11 11 1

1 2
2

12 2 1 2

2

2
2

1 2 13 13 1

2
2

1

2

3
2
2

1 2 11 11 1

1 2
2

12 2

2

1 2

2

Therefore, the map (3.4) restricted to the center manifold can be written as follows:

((∣ ∣ ∣ ∣) )→ + + + + + +F x x η k x k xη k η O x η: ˜ ˜ ˜ ˜ ˜ ,1 1 1
2

2 1 3 1
2

1
3

where

( )⎧
⎨⎩

( )⎡
⎣⎢

( )
( )

⎤
⎦⎥

( )
( )

⎫
⎬⎭

( )

( )⎡
⎣⎢

( )
( )

⎤
⎦⎥

( )
( )

( )
( )

= − −

+ −

−

+

+ −

−

+

−

−

= −

+ −

−

+ +

+ −

−

=

+ −

−

+

k a a λ a λ a b b b λ
a λ b

a b b b λ
a λ

a b b b λ
λ

k a λ a a b a b b λ
a λ b

a a a b a b b λ
a λ

k a a b a b b λ
a λ b

a

1 1 1
,

2 2
1 1

,

1
.

1 2
2

1 2 1 2
11 1 11 3 2

2 2 1

13 1 13 3 2

2 2

2 1 33 3 2

2

2 1 2
2
2

11 1 2
2

11 3 2

2 2 1
12

2
2

13 1 2
2

13 3 2

2 2

3
2
2

11 1 2
2

11 3 2

2 2 1
12

(3.7)

Since ( ) =F 0, 0 01 , ( ) =

∂

∂

0, 0 1F
x̃

1 , ( ) =

∂

∂

0, 0 1F
η

1

1
, ( ) =

∂

∂

k0, 0 2F
x̃ 1
2 1

2 , and ( ) =

∂

∂

k0, 0F
xη˜ 2
2 1

1
, we obtain the following

result.

Theorem 3.1. In addition to (3.1) and (3.2), suppose that ≠k 01 or ≠k 02 . Then system (1.3) undergoes a fold
bifurcation at ∗E3 , where k1 and k2 are given by (3.7).Moreover, the fixed points ∗E1 and ∗E2 bifurcate from ∗E3 for

<

∗e e , coalesce at ∗E3 for =

∗e e , and disappear for >

∗e e .

3.2 Flip bifurcation

Next we discuss the flip bifurcations of system (1.3).
Let

⎧
⎨⎩

( )∣ ( ) ⎫
⎬⎭

= =

+

>F c e δ δ c x
x

c e, , 2
Δ

, , 0 ,A
2

1 2

where x2 and Δ1 are given by (2.3) and (2.4), respectively. System (1.3) can undergo flip bifurcation at the
boundary fixed point ( )E x , 02 2 when parameters belong to FA. Since a center manifold of system (1.3) at E2 is

=y 0 and system (1.3) restricted to it is the logistic model:

( ) ⎛
⎝

⎞
⎠

→ = + − −

+

x f x x δx x e
c x

1 .
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Its nontrivial fixed point is =

− +x c
2

1 Δ
2

1 . It is easy to see that

∣ ⎡
⎣⎢ ( )

⎤
⎦⎥

′ = + − +

+

<f δx e
c x

1 1 0x 2
2

22

when parameters vary in a small neighborhood of FA. Thus, flip bifurcation can occur (see Figure 2). In this
case, the predator species becomes extinct, and the prey species undergoes the flip bifurcation to chaos by
choosing the appropriate value of the bifurcation parameter δ.

Since ∗E1 is always unstable, we now focus on flip bifurcation at ∗E2 due to the biological significance.
Here, we choose δ as the bifurcation parameter.

From Theorem 2.5(iv(a)), we can easily obtain that one of the eigenvalues of ( )∗J E2 is −1 and the other
one is neither 1 nor −1. We rewrite the conditions in Theorem 2.5(iv(a)) as the following two sets:

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

( ) ⎛
⎝

[ ( ) ] ( )⎞
⎠

⎛
⎝

⎞
⎠

⎫

⎬

⎪
⎪
⎪

⎭

⎪
⎪
⎪

=

( ) > =

− − −

< − ≠ −

( ) > >

+

> + + > +

=

+

> <

F b c e p δ

b c e p δ
G G Hp

Hp
G Hp δ

G

e c
b

c c b e b

e c
b

c e c

, , , ,

i , , , 0,
4

, 2 , 4 ,

ii 0, 1
1

and 1 1 4 1 ,

or and 1
1

, or

B1

2

2

and

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

( ) ⎛
⎝

[ ( ) ] ( )⎞
⎠

⎛
⎝

⎞
⎠

⎫

⎬

⎪
⎪
⎪

⎭

⎪
⎪
⎪

=

( ) > =

− + −

< − ≠ −

( ) > >

+

> + + > +

=

+

> <

F b c e p δ

b c e p δ
G G Hp

Hp
G Hp δ

G

e c
b

c c b e b

e c
b

c e c

, , , ,

i , , , 0,
4

, 2 , 4 ,

ii 0, 1
1

and 1 1 4 1 ,

or and 1
1

, or

.B2

2

2

We shall see that flip bifurcation may undergo when parameters belong to FB1 or FB2. We only provide the
detail on discussing parameters belonging to FB1 and omit that for FB2 as it is similar.

Take parameter values ( )b c e p δ, , , , 1 arbitrarily from FB1. Then system (1.3) with these parameter values
becomes

⎧

⎨
⎪

⎩
⎪

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

→ + − − −

+

→ + −

x x δ x x by e
c x

y y δ py y
x

1 ,

1 .

1

1

(3.8)

The map (3.8) has a positive fixed point ∗E2 , whose eigenvalues are = −λ 11 and = +λ Gδ32 1 with ∣ ∣ ≠λ 12
by Theorem 2.5. We consider a perturbation of (3.8) as follows:

⎧

⎨
⎪

⎩
⎪

( ) ⎡
⎣

⎤
⎦

( ) ⎛
⎝

⎞
⎠

→ + + − − −

+

→ + + −

∗

∗

x x δ δ x x by e
c x

y y δ δ py y
x

1 ,

1 ,

1

1

(3.9)

where ∣ ∣ ≪

∗δ 1, which is a small perturbation parameter.
Let = −

∗u x x2 and = −

∗v y y2 , which transform the fixed point ∗E2 of map (3.9) into the origin.
Moreover, (3.9) is transformed into

⎛

⎝

⎜
⎜

((∣ ∣ ∣ ∣ ∣ ∣) )

((∣ ∣ ∣ ∣ ∣ ∣) )

⎞

⎠

⎟
⎟

( )
→

+ + + + + + + + + + +

+ + + + + + +

+ + + + + + + +

∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

u
v

c u c v c u c uv c u c uδ c vδ c u δ c uvδ O u v δ
d u d v d u d uv d v d u d u v d uv

d uδ d vδ d u δ d uvδ d v δ O u v δ
,

1 2 11
2

12 111
3

13 23 113
2

123
4

1 2 11
2

12 22
2

111
3

112
2

122
2

13 23 113
2

123 223
2 4

(3.10)
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where

⎡
⎣⎢ ( )

⎤
⎦⎥

⎡
⎣⎢ ( )

⎤
⎦⎥

( )
⎡
⎣⎢ ( )

⎤
⎦⎥

( )

( ) ( )

= +

+

− = − =

+

−

= − = −

+

=

+

−

= − =

+

− = −

= = − = = −

= = = =

−

= − = = = − =

∗

∗

∗

∗

∗

∗

∗

∗

∗

∗

∗ ∗ ∗

∗ ∗

c δ x e
c x

c δ bx c δ ec
c x

c δ b c δ ec
c x

c x e
c x

c bx c ec
c x

c b

d δ p d δ p d d δ p
x

d δ p
x

d d δ p
x

d δ p
x

d d p d d p
x

d p
x

1 1 , , 1 ,

, , 1 ,

, 1, ,

, 1 , ,

2 , , 2 ,

, , 2 .

1 1 2
2

2 2 1 2 11 1
2

3

12 1 111
1

2
4 13 2

2
2

23 2 113
2

3 123

1 1 2 1 11 22
1

2

12
1

2
111 122

1

2
2 112

1

2
2

13 23 113 223
2

123
2

(3.11)

With the transformation

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( )
= =

− − −

u
v T x

y T
c c

c λ c
˜
˜ , where 1 ,2 2

2 2

1 2 1

the map (3.10) becomes

⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

( )
( )

⎞
⎠

→

−

+

∗

∗

x
y λ

x
y

f x y δ
g x y δ

˜
˜

1 0
0

˜
˜

˜, ˜,
˜, ˜,

,
2

(3.12)

where

( ) [ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

((∣ ∣ ∣ ∣ ∣ ∣) )

( ) [ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

[ ( ) ]
( )

((∣ ∣ ∣ ∣ ∣ ∣) )

( )
( ) ( )

=

− −

+

+

− −

+

−

+

+

− −

+

+

− −

+

+

− −

+

−

+

−

+

+

− −

+

+

− −

+

−

+

+ + +

=

+ +

+

+

+ +

+

+

+

+

+ +

+

+

+ +

+

+

+ +

+

+

+

+

+

+

+ +

+

+

+ +

+

+

+

+ + +

= +

= − − + +

∗ ∗

∗

∗ ∗ ∗

∗

∗ ∗

∗

∗ ∗ ∗ ∗

f x y δ c λ c c d
c λ

u c λ c c d
c λ

uv d
λ

v c λ c c d
c λ

uδ

c λ c c d
c λ

vδ c λ c c d
c λ

u d
λ

u v

d
λ

uv c λ c c d
c λ

u δ c λ c c d
c λ

uvδ d
λ

v δ

O u v δ

g x y δ c c c d
c λ

u c c c d
c λ

uv d
λ

v c c c d
c λ

uδ

c c c d
c λ

vδ c c c d
c λ

u d
λ

u v d
λ

uv

c c c d
c λ

u δ c c c d
c λ

uvδ d
λ

v δ O u v δ

u c x y
v c x λ c y

˜, ˜,
1 1 1 1

1 1 1

1 1 1 1
,

˜, ˜, 1
1

1
1 1

1
1

1
1

1
1 1 1

1
1

1
1 1

,

˜ ˜ ,
1 ˜ ˜.

11 2 1 2 11

2 2

2 12 2 1 2 12

2 2

22

2

2 13 2 1 2 13

2 2

23 2 1 2 23

2 2

111 2 1 2 111

2 2

3 112

2

2

122

2

2 113 2 1 2 113

2 2

2 123 2 1 2 123

2 2

223

2

2

4

11 1 2 11

2 2

2 12 1 2 12

2 2

22

2

2 13 1 2 13

2 2

23 1 2 23

2 2

111 1 2 111

2 2

3 112

2

2 122

2

2

113 1 2 113

2 2

2 123 1 2 123

2 2

223

2

2 4

2

1 2 1

Now we arrive at determining the center manifold ( )W 0c of (3.12) at the fixed point ( ) ( )=x y˜, ˜ 0, 0
in a small neighborhood of =

∗δ 0, which is expressed as follows:

�( ) {( ) ∣ ( ) ( ) ( ) }= ∈ = = =

∗ ∗W x y δ y h x δ h Dh0 ˜, ˜, ˜ ˜, , 0, 0 0, 0, 0 0c 3

for x̃ and ∗δ sufficiently small. The function h must satisfy

( ( ( ) ) ) ( ) ( ( ) )− + = +

∗ ∗ ∗ ∗ ∗ ∗h x f x h x δ δ δ λ h x δ g x h x δ δ˜ ˜, ˜, , , ˜, ˜, ˜, , .2 (3.13)

We write h as follows:

( ) ((∣ ∣ ∣ ∣) )= + + * + +

∗ ∗ ∗h x δ n x n xδ n δ O x δ˜, ˜ ˜ ˜ .1
2

2 3
2 3 (3.14)
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Substituting (3.14) into (3.13) and comparing the corresponding coefficients of the left and right sides of the
resultant, we can obtain

[ ( ) ] ( )[( )( ) ]

( )[ ( ) ] [ ( ) ]
( )

=

+ + + + − + −

−

=

+ + + − + +

+

=

n c c c c d c d c c c d
λ

n c c c c d c c c c d
c λ

n

1 1 1
1

,

1 1 1
1

,

0.

1
2 11 1 2 11 1 22 12 1 2 12

2
2

2
1 23 1 2 23 2 13 1 2 13

2 2
2

3

Therefore, the restricted map of (3.12) on the center manifold ( )W 0c is

((∣ ∣ ∣ ∣) )→ − + + + + * + + +

∗ ∗ ∗F x x h x h xδ h x δ h xδ h x O x δ: ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ,2 1
2

2 3
2

4
2

5
3 4 (3.15)

where

{ [ ( ) ] ( )[ ( ) ] ( ) }

( )
{ [ ( ) ] ( )[ ( ) ]}

{ [ ( ) ] ( )[ ( ) ]}

( )
{ [ ( ) ] ( )[ ( ) ]}

{ ( )( ) [ ( ) ] ( )[ ( ) ] ( ) }

( )
{ [ ( ) ] ( )[ ( ) ]}

{ [ ( ) ] ( )[ ( ) ]

[ ( ) ] ( ) ( )( ) ( ) }

=

+

− − − + − − − +

=

+

− − − + − −

=

+

− − + − − − −

+

+

− − + − − −

+

+

+ − + − − − + − − − +

=

+

− − + − − −

=

+

− − + − − − −

+ − − + + + + − − +

h
λ

c c λ c c d c c λ c c d d c

h
c λ

c c λ c c d c c λ c c d

h n
λ

c c λ c c d λ c c λ c c d

n
c λ

c c λ c c d λ c c λ c c d

λ
n d c λ c c c λ c c d c c λ c c d d c

h n
c λ

c c λ c c d λ c c λ c c d

h
λ

c n c λ c c d n λ c c λ c c d

c c λ c c d c d c n d c λ c d c c

1
1

1 1 ,

1
1

1 ,

1
2 1 2

1
1

1
2 1 1 1 ,

1
,

1
1

2 1 2

1 2 1 1 .

1
2

2 11 2 1 2 11 1 12 2 1 2 12 22 1
2

2
2 2

2 13 2 1 2 13 1 23 2 1 2 23

3
2

2
2 11 2 1 2 11 2 1 12 2 1 2 12

1

2 2
2 13 2 1 2 13 2 1 23 2 1 2 23

2
2 22 1 2 1 2 113 2 1 2 113 1 123 2 1 2 123 223 1

2

4
2

2 2
2 13 2 1 2 13 2 1 23 2 1 2 23

5
2

2 1 11 2 1 2 11 1 2 1 12 2 1 2 12

2
2

111 2 1 2 111 2
2

112 1 1 22 1 2 1 122 2 1
2

In order for map (3.15) to undergo a flip bifurcation, we require that the two discriminatory quantities α1 and
α2 are not zero, where

⎜ ⎟⎛
⎝

⎞
⎠ ( )

=

∂

∂ ∂

+

∂

∂

∂

∂

=

∗ ∗

α F
x δ

F
δ

F
x

h
˜

1
2 ˜1

2
2 2

2
2
2

0,0
2

and

⎜ ⎟⎜ ⎟
⎛

⎝
⎛
⎝

⎞
⎠

⎞

⎠ ( )

=

∂

∂

+

∂

∂

= +α F
x

F
x

h h1
6 ˜

1
2 ˜

.2
3

2
3

2
2
2

2

0,0

5 1
2

In summary, from the aforementioned discussion and theory in [49,50], we have arrived at the
following result.

Theorem 3.2. If ≠α 01 and ≠α 02 , then system (1.3) undergoes a flip bifurcation at the fixed point ( )∗ ∗ ∗E x y,2 2 2
when the parameter δ varies in a small neighborhood of δ1.Moreover, if >α 02 (resp., <α 02 ), then the period-
2 orbits that bifurcate from ( )∗ ∗ ∗E x y,2 2 2 are stable (resp., unstable).

3.3 Neimark-Sacker bifurcation

In the remaining of this section, we consider Neimark-Sacker bifurcation.
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Since ( ) <

∗H x 01 , the characteristic equation of ( )∗J E1 cannot have two conjugate complex roots on the
unit circle. From Theorem 2.5(iv(b)), we can obtain that the eigenvalues of ( )∗J E2 are a pair of conjugate
complex numbers with moduli 1. The condition there can be written as follows:

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

( ) ⎛
⎝

[ ( ) ] ( )⎞
⎠

⎛
⎝

⎞
⎠

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

=

( ) > = − − < <

( ) > >

+

> + + > +

=

+

> <

H b c e p δ

b c e p δ G
Hp

Hp G

e c
b

c c b e b

e c
b

c e c

, , , ,

i , , , 0, , 2 0,

ii 0, 1
1

and 1 1 4 1

or and 1
1

, or

.B
2

It is possible that Neimark-Sacker bifurcation can occur at the positive fixed point ∗E2 when parameter
values belong to HB.

As before, take ( )b c e p δ, , , , 2 arbitrarily from HB. We have = −δ G
Hp . Choosing δ as a bifurcation para-

meter, we consider the following perturbation of (1.3),

⎧

⎨
⎪

⎩
⎪

( ) ⎛
⎝

⎞
⎠

( ) ⎛
⎝

⎞
⎠

→ + + − − −

+

→ + + −

x x δ δ x x by e
c x

y y δ δ py y
x

¯ 1 ,

¯ 1 ,

2

2

(3.16)

where ∣ ∣ ≪δ̄ 1, which is a small perturbation parameter. Letting = −

∗u x x2 and = −

∗v y y2 , we rewrite (3.16)
as follows:

⎛

⎝

⎜
⎜

((∣ ∣ ∣ ∣) )

((∣ ∣ ∣ ∣) )

⎞

⎠

⎟
⎟

( )
→

+ + + + + +

+ + + +

+ + + + +

u
v

c u c v c u c uv c u O u v
d u d v d u d uv d v

d u d u v d uv O u v
,

1 2 11
2

12 111
3 4

1 2 11
2

12 22
2

111
3

112
2

122
2 4

(3.17)

where c1, c2, c11, c12, c111, d1, d2, d11, d12, d22, d111, d112, and d122 are given in (3.11) with replacing δ1 with δ1
for +δ δ̄2 .

Note that the characteristic equation associated with the linearization of system (3.17) at ( ) ( )=u v, 0, 0
is given as follows:

( ) ( )+ + =λ P δ λ Q δ¯ ¯ 0,2 (3.18)

where

( ) ( )
( ) ( ) ( )

= − − +

= + + + +

P δ G δ δ
Q δ G δ δ Hp δ δ

¯ 2 ¯ ,
¯ 1 ¯ ¯ .

2

2 2
2

Since ( ) ∈b c e p δ H, , , , B2 , the eigenvalues are a pair of complex conjugate numbers λ and λ̄ with moduli 1
by Theorem 2.5(iv(b)), where

( ) ( ) ( ) ( ) ( )
= − ± − = +

+

±

+

−λ λ P δ i Q δ P δ G δ δ i δ δ Hp G, ¯ ¯
2 2

4 ¯ ¯ 1
¯

2
¯

2
4 .2 2 2 2

Then

∣ ∣ ( ) ∣ ∣
= = = − >

=

λ Q δ l λ
δ

G¯ , d
d ¯ 2

0.
δ̄ 0

In addition, it is required that when =δ̄ 0, ≠λ 1m , and ≠λ̄ 1m ( =m 1, 2, 3, 4), which is equivalent to
( ) ≠ −P 0 2, 0, 1, 2. Note that ( ) ∈b c e p δ H, , , , B2 . Thus, ( ) ≠ −P 0 2, 2. It suffices to require that ( ) ≠P 0 0, 1,

which lead to

≠G Hp Hp2 , 3 .2 (3.19)

Therefore, the eigenvalues λ and λ̄ of (3.18) do not lie in the intersection of the unit circle with the
coordinate axes when =δ̄ 0 and (3.19) holds.
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Next, we derive the normal form of (3.17) at =δ̄ 0.
Let =δ̄ 0, = +μ 1 Gδ

2
2 , = −ω Hp G4δ

2
22 , and

⎛
⎝

⎞
⎠

=

− −

T c
μ c ω

0 .3
2

1

With the transformation

⎛
⎝

⎞
⎠

( )
=

u
v T x

y
˜
˜ ,3

and we transform the map (3.17) into
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⎝

⎞
⎠

⎛
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−
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, (3.20)

where
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((∣ ∣ ∣ ∣) )

( )

= + + + +

=

− −

+

− −

− +

− −

− −

+ +

=

= − −

f x y c
c

u c
c

uv c
c

u O x y

g x y c μ c c d
c ω

u c μ c c d
c ω

uv d
ω

v c μ c c d
c ω

u d
ω

u v d
ω

uv

O x y
u c x
v μ c x ωy

˜ ˜, ˜ ˜ ˜ ,

˜ ˜, ˜

˜ ˜ ,
˜,

˜ ˜.

11

2

2 12

2
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2
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2
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2
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2
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4

2

1

Straightforward computations give
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[ ( )]

= + −

= − =

= = = =
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f c ω f

f c c f f f
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xxx xxy xyy yyy
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xy

yy

xxx
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xyy yyy

˜ ˜ 2 11 12 1
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2

2 111 1 2 111 2 112 1 122 1
2

˜ ˜ ˜ 2 2 112 122 1
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In order for map (3.20) to undergo Neimark-Sacker bifurcation, we require that the following discrimi-
natory quantity is not zero [49,50],

⎜ ⎟
⎡

⎣
⎢

⎛

⎝

( ) ⎞

⎠
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2
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2
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1
16

˜ ˜ ˜ ˜ i ˜ ˜ ˜ ˜ .

xx yy xy xx yy xy

xx yy xx yy

xx yy xy xx yy xy

xxx xyy xxy yyy xxx xyy xxy yyy

20 ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜

11 ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜

02 ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜
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The following result follows directly from the aformentioned analysis and the theory in [49,50].

Theorem 3.3. Suppose (3.19) holds and ≠α 0. Then system (1.3) undergoes Neimark-Sacker bifurcation at the
positive fixed point ∗E2 when the parameter δ varies in a small neighborhood of δ2. Moreover, if <α 0 (resp.,

>α 0), then an attracting (resp., repelling) invariant closed curve bifurcates from the fixed point for >δ δ2
(resp., <δ δ2).

4 Numerical simulations

The purpose of this section is to present bifurcation diagrams and phase portraits of system (1.3) to confirm
the feasibility of the main theoretical results and to show the complex dynamical behaviors through
numerical simulations.

Example 4.1. (Fold bifurcation at the positive fixed point ∗E3 ). We choose e as the bifurcation parameter.
With

[ ]∈ = = = =e b c p δ0, 0.3 , 0.1, 0.05, 1.5, 1, (4.1)

one obtain the bifurcation value ≈

∗e 0.253 and system (1.3) has only one positive fixed point ( )∗E 0.43, 0.433 .
It is easy to verify (3.1) and (3.2). In addition, the eigenvalues of ( )∗J E3 are =λ 11 and = −λ 0.4572 . Note that

= ≠k 1.363 01 . Thus, all the conditions of Theorem 3.1 hold, and hence, fold bifurcation occurs at ∗E3 . Figure 1
agrees with Theorem 3.1 very well. Moreover, we see that when <

∗e e , ∗E1 is unstable, while ∗E2 is stable.

Example 4.2. (Flip bifurcation at a boundary fixed point E2). Take =c 0.045 and =e 0.048. Then
( )+ = > =c e1 1.09 4 0.1922 . On the basis of Theorem 2.1 and (2.4), we know that system (1.3) has the
boundary fixed points ( )E 0.003, 01 and ( )E 0.95, 02 . One can check that flip bifurcation emerges from the
fixed point ( )E 0.95, 02 at =δ 2.21 and ( ) ( )= ∈c e δ F, , 0.045, 0.048, 2.21 A (see Figure 2).

Example 4.3. (Flip bifurcation at the positive fixed point ∗E2 ). This time, we choose

[ ]∈ = = = =δ b c e p0.8, 1.5 , 0.1, 0.45, 0.4, 2. (4.2)

According to Theorem 2.2(iv) and (2.8), system (1.3) has only one positive fixed point ∗E2 . After simple
calculations, we can verify that flip bifurcation emerges from ( )∗E 0.54, 0.542 at =δ 1.03 with = −α 1.931 ,

=α 37.492 , and ( ) ( )= ∈b c e p δ F, , , , 0.1, 0.45, 0.4, 2, 1.03 B2. Figure 3 shows the feasibility of Theorem 3.2.

Figure 1: Fold bifurcation diagram of system (1.3) in the ( )e x, plane where parameters are given in (4.1) and the initial value is
( )0.5, 0.2 . The dash curve corresponds to the unstable fixed point E1

∗, and the solid curve corresponds to the stable fixed point
E2

∗. The fold bifurcation value is e 0.253≈

∗ .
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Figure 2: Bifurcation diagram of the logistic model x x δx x1 − − e
c x( )

→ +

+

with [ ]δ 1, 3.5∈ .

(a) (b)

Figure 3: Flip bifurcation diagram of system (1.3) with parameters given in (4.2) and the initial value ( )0.3, 0.4 . (a) In the ( )δ x,
plane and (b) in the ( )δ y, plane.

Figure 4: Phase portraits for various values of δ corresponding to Figure 3. (a) δ 0.9= , (b) δ 1.03= , (c) δ 1.037= , (d) δ 1.26= ,
(e) δ 1.31= , and (f) δ 1.35= .
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We can observe that the fixed point is stable for <δ 1.03. When δ reaches 1.03, with the increase of δ,
first, two points with a period-2 cycle bifurcated, then from there points with period-4 and period-8
bifurcated in sequence. The phase portraits associated with Figure 3 are displayed in Figure 4. For

( )∈δ 1.03, 1.312 , there are orbits of periods 2, 4, and 8. When =δ 1.35, we can see chaotic sets in Figure 4(f).

Example 4.4. (Neimark-Sacker bifurcation at ∗E2 ) We choose the bifurcation parameters and the other
parameters as follows:

[ ]∈ = = = =δ b c e p0, 4.5 , 2, 0.2, 0.18, 0.0859. (4.3)

Obviously, <e c. It follows from Theorem 2.2(iv) and (2.8) that system (1.3) has only one positive fixed point
( )∗E 0.17, 0.172 . By simple calculation, we can obtain that the bifurcation parameter is =δ 1.36, and the

eigenvalues of ( )∗J E2 are ± i0.98 0.21 . Moreover, we have = >l 0.017 0, = −α 0.21, and ( ) =b c e p δ, , , ,
( ) ∈ H2, 0.2, 0.18, 2, 0.0859 B. By Theorem 3.3, Neimark-Sacker bifurcation can undergo at ∗E2 with =δ 1.36,
which is demonstrated in Figure 5. We can observe from Figure 5(a) and (c) that the fixed point ∗E2 of system
(1.3) goes from stable to chaotic as δ increases. The phase portraits associated with Figure 5(a) and (c) are
displayed in Figure 6, which clearly shows how a smooth invariant circle bifurcates from the stable fixed
point ( )∗E 0.17, 0.172 . From Figure 6, we see that there are orbits of period-16, 21, 35, 49, 54, invariant cycles,
and chaotic sets.

Figure 5: Neimark-Sacker bifurcation of (1.3) at E2
∗, where the values of parameters are give in (4.3), and the initial value is

( )0.15, 0.1 . Note that the local amplifications are for [ ]δ 4, 4.38∈ . (a) In δ x, plane, (b) local amplification of (a), (c) in ( )δ y,
plane, and (d) local amplification of (c).
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5 Conclusion

In this paper, a discrete Leslie-Gower predator-prey system with Michaelis-Menten type harvesting has
been proposed and analyzed. Conditions on the existence and stability of fixed points are given. We
obtained that all the boundary fixed points are unstable when they exist, and while for positive fixed
points, only ∗E2 is locally stable within the appropriate parameter range, and the others are all unstable.
It is proven that the fixed points of system (1.3) possess fold bifurcation, flip bifurcation, and Neimark-
Sacker bifurcation by using the center manifold theorem and bifurcation theory. Numerical simulations are
performed to support the main theoretic results. Example 4.1 illustrates that the number of fixed points
changes from two to one to none as the bifurcation parameter e changes through fold bifurcation (see
Figure 1). Example 4.2 indicates that flip bifurcation occurs at the boundary fixed point E2, and in other
words, the predator becomes extinct while the prey experiences the flip bifurcation from stable to chaotic
(see Figure 2). Examples 4.3 and 4.4 from numerical simulations show that choosing the integral step size δ
as the bifurcation parameter, system (1.3) undergoes a flip bifurcation at the positive fixed point ∗E2 , which
includes orbits of period-2, 4, 8 (see Figure 4), and a Neimark-Sacker bifurcation, which includes orbits of
period-16, 21, 35, 49, 54, invariant cycles, and chaotic sets (see Figure 6). These results reveal that the
integral step size δ plays a vital role in the stability of the system (1.3). It reminds us that it is necessary to
clarify the integral step size assumed in advance when dealing with numerical solutions or approximate
solutions of the original continuous predator-prey system with the Holling and Leslie type functional
responses.

Figure 6: Phase portraits for various values ofδ corresponding to Figure 5. (a)δ 1.24= , (b)δ 1.34= , (c)δ 1.48= , (d)δ 1.9436= ,
(e) δ 2.30= , (f) δ 2.4121= , (g) δ 2.6339= , (h) δ 2.7073= , (i) δ 3.32= , (j) δ 3.40= , (k) δ 3.818= , (l) δ 3.82= , (m) δ 4.12= , (n)
δ 4.24= , (o) δ 4.35= .
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The continuous version of this system has been investigated by Gupta et al. [46]. They explored the
local stability, saddle-node bifurcation, limit cycle, and Hopf bifurcation. In our work, we exhibited various
bifurcations specific to discrete systems, including fold bifurcation, flip bifurcation, and Neimark-Sacker
bifurcation. This tells us that the discrete system has much richer dynamical behaviors than the continuous
analog has.

At the end of the paper, we would like to mention that a referee pointed out it may be a good idea to
study the dynamic behaviors of the discrete fast-slow system, and recently, we read the papers [51–54]
about the continuous slow-fast system; however, it seems that we could not do some research immediately
on this direction, and we will leave this for future study.

Acknowledgements: The authors would like to thank anonymous referees for carefully reading the paper,
and for bring our attention to the slow-fast system.

Funding information: This work was supported by the Natural Science Foundation of Fujian Province
(2020J01499).

Author contributions: All authors contributed equally to the writing of this paper. All authors read and
approved the final manuscript.

Conflict of interest: The authors declare that there is no conflict of interests.

Data availability statement: Data sharing not applicable to this article as no datasets were generated or
analyzed during the current study.

References

[1] D. P. Hu and H. J. Cao, Stability and bifurcation analysis in a predator-prey system with Michaelis-Menten type predator
harvesting, Nonlinear Anal. Real World Appl. 33 (2017), 58–82.

[2] C. R. Zhu and K. Lei, Bifurcations analysis of Leslie-Gower predator-prey models with nonlinear predator-harvesting,
Discrete Contin. Dyn. Syst. Ser. S 10 (2017), 1187–1206.

[3] S. B. Yu, Effect of predator mutual interference on an autonomous Leslie-Gower predator-prey model, IAENG Int. J. Appl.
Math. 49 (2019), 229–233.

[4] Q. Yue, Dynamics of a modified Leslie-Gower predator-prey model with Holling-type II schemes and a prey refuge,
SpringerPlus. 5 (2016), no. 1, 1–12.

[5] R. M. May, J. R. Beddington, C. W. Clark, S. J. Holt, and R. M. Laws, Management of multispecies fisheries, Science 205
(1979), no. 4403, 267–277.

[6] C. W. Clark and M. Mangel, Aggregation and fishery dynamics: a theoretical study of schooling and the purse seine tuna
fisheries, Fish. Bull. 77 (1979), no. 2, 317–337.

[7] N. Zhang, Y. Kao, F. Chen, B. Xie, and S. Li, On a predator-prey system interaction under fluctuating water level with
nonselective harvesting, Open Math. 18 (2020), no. 1, 458–475.

[8] Z. Zhu, F. Chen, L. Lai, and Z. Li, Dynamic behaviors of a discrete May type cooperative system incorporating Michaelis-
Menten type harvesting, IAENG Int. J. Appl. Math. 50 (2020), 1–10.

[9] X. D. Xie, F. D. Chen, and Y. L. Xue, Note on the stability property of a cooperative system incorporating harvesting, Discrete
Dyn. Nat. Soc. 2014 (2014), Article ID 327823.

[10] F. D. Chen, H. L. Wu, and X. D. Xie, Global attractivity of a discrete cooperative system incorporating harvesting, Adv.
Differential Equations 2016 (2016), no. 1, 268.

[11] F. Chen, Q. Zhou, and S. Lin, Global stability of symbiotic medel of commensalism and parasitism with harvesting in
commensal populations, WSEAS Trans. Math. 21 (2022), 424–432.

[12] Q. Zhou, S. Lin, F. Chen, and R. U. Wu, Positive periodic solution of a discrete Lotka-Volterra commensal symbiosis model
with Michaelis-Menten type harvesting, WSEAS Trans. Math. 21 (2022), 515–523.

[13] J. Chen, Y. Chen, Z. Zhu, and F. Chen, Stability and bifurcation of a discrete predator-prey system with Allee effect and other
food resource for the predators, J. Appl. Math. Comput. 2022 (2022), 1–10.

626  Jialin Chen et al.



[14] X. Yu, Z. Zhu, and F. Chen, Dynamic behaviors of a single species stage structure model with Michaelis-Menten-type
juvenile population harvesting, Math. 8 (2020), 1281.

[15] Q. F. Lin, Dynamic behaviors of a commensal symbiosis model with non-monotonic functional response and non-selective
harvesting in a partial closure, Commun. Math. Biol. Neurosci. 2018 (2018), Article ID 4.

[16] Y. Liu, L. Zhao, X. Y. Huang, and H. Deng, Stability and bifurcation analysis of two species amensalism model with
Michaelis-Menten type harvesting and a cover for the first species, Adv. Differential Equations 2018 (2018), no. 1, 295.

[17] X. Yu, Z. Zhu, L. Lai, and F. Chen, Stability and bifurcation analysis in a single-species stage structure system with
Michaelis-Menten-type harvesting, Adv. Differential Equations 2020 (2020), 238.

[18] B. G. Chen, The influence of commensalism on a Lotka-Volterra commensal symbiosis model with Michaelis-Menten type
harvesting, Adv. Differential Equations 2019 (2019), no. 1, 43.

[19] X. Y. Huang, F. D. Chen, X. D. Xie, and L. Zhao, Extinction of a two species competitive stage-structured system with the
effect of toxic substance and harvesting, Open Math. 17 (2019), no. 1, 856–873.

[20] Y. Liu, X. Y. Guan, X. D. Xie, and Q. F. Lin, On the existence and stability of positive periodic solution of a nonautonomous
commensal symbiosis model with Michaelis-Menten type harvesting, Commun. Math. Biol. Neurosci. 2019 (2019),
Article ID 2.

[21] C. Liu, Q. L. Zhang, Y. Zhang, and X. D. Duan, Bifurcation and control in a differential-algebraic harvested prey-predator
model with stage structure for predator, Int. J. Bifurcation and Chaos 18 (2008), no. 10, 3159–3168.

[22] G. J. Peng, Y. L. Jiang, and C. P. Li, Bifurcations of a Holling-type II predator-prey system with constant rate harvesting, Int.
J. Bifurcation and Chaos 19 (2009), no. 8, 2499–2514.

[23] R. K. Roy and B. Roy, Analysis of prey-predator three species fishery model with harvesting including prey refuge and
migration, Int. J. Bifurcation and Chaos, 26 (2016), no. 2, 1650022.

[24] M. M. Haque and S. Sarwardi, Dynamics of a harvested prey-predator model with prey refuge dependent on both species,
Int. J. Bifurcation and Chaos, 28 (2018), no. 12, 1830040.

[25] C. X. Huang, H. Zhang, J. D. Cao, and H. J. Hu, Stability and hopf bifurcation of a delayed prey-predator model with disease
in the predator, Int. J. Bifurcation and Chaos 29 (2019), no. 7, 1950091.

[26] X. L. Liu and D. M. Xiao, Bifurcations in a discrete time Lotka-Volterra predator-prey system, Discrete Contin. Dyn. Syst.
Ser. B 6 (2006), no. 3, 559.

[27] X. L. Liu and D. M. Xiao, Complex dynamic behaviors of a discrete-time predator-prey system, Chaos Solitons Fractals 32
(2007), no. 1, 80–94.

[28] Z. M. He and X. Lai, Bifurcation and chaotic behavior of a discrete-time predator-prey system, Nonlinear Anal. Real World
Appl. 12 (2011), no. 1, 403–417.

[29] B. G. Chen, Global attractivity of a discrete competition model, Adv. Differential Equations 2016 (2016), 273.
[30] L. F. Cheng and H. J. Cao, Bifurcation analysis of a discrete-time ratio-dependent predator-prey model with allee effect,

Commun. Nonlinear Sci. Numer. Simul. 38 (2016), 288–302.
[31] Q. Q. Cui, Q. Zhang, Z. P. Qiu, and Z. Y. Hu, Complex dynamics of a discrete-time predator-prey system with Holling IV

functional response, Chaos Solitons Fractals 87 (2016), 158–171.
[32] T. S. Huang and H. Y. Zhang, Bifurcation, chaos and pattern formation in a space-and time-discrete predator-prey system,

Chaos Solitons Fractals 91 (2016), 92–107.
[33] S. M. Salman, A. M. Yousef, and A. A. Elsadany, Stability, bifurcation analysis and chaos control of a discrete predator-prey

system with square root functional response, Chaos Solitons Fractals, 93 (2016), 20–31.
[34] R. Banerjee, P. Das, and D. Mukherjee, Stability and permanence of a discrete-time two-prey one-predator system with

Holling type-III functional response, Chaos Solitons Fractals 117 (2018), 240–248.
[35] J. C. Huang, S. H. Liu, S. G. Ruan, and D. M. Xiao, Bifurcations in a discrete predator-prey model with nonmonotonic

functional response, J. Math. Anal. Appl. 464 (2018), no. 1, 201–230.
[36] J. L. Zhao and Y. Yan, Stability and bifurcation analysis of a discrete predator-prey system with modified Holling-Tanner

functional response, Adv. Differential Equations 2018 (2018), no. 1, 1–18.
[37] S. S. Rana, Bifurcations and chaos control in a discrete-time predator-prey system of Leslie type, J. Appl. Anal. Comput. 9

(2019), no. 1, 31–44.
[38] P. K. Santra, G. S. Mahapatra, and G. R. Phaijoo, Bifurcation and chaos of a discrete predator-prey model with Crowley-

Martin functional response incorporating proportional prey refuge, Math. Probl. Eng. 2020 (2020), Article ID 5309814.
[39] A. Singh and P. Deolia, Dynamical analysis and chaos control in discrete-time prey-predator model, Commun. Nonlinear

Sci. Numer. Simul. 90 (2020), 105313.
[40] J. L. Chen, X. Q. He, and F. D. Chen, The influence of fear effect to a discrete-time predator-prey system with predator has

other food resource, Mathematics, 9 (2021), no. 8, 865.
[41] J. L. Ren, L. P. Yu, and S. Siegmund, Bifurcations and chaos in a discrete predator-prey model with Crowley-Martin

functional response, Nonlinear Dynam. 90 (2017), no. 1, 19–41.
[42] D. P. Hu and H. J. Cao, Bifurcation and chaos in a discrete-time predator-prey system of Holling and Leslie type, Commun.

Nonlinear Sci. Numer. Simul. 22 (2015), 702–715.
[43] M. B. Ajaz, U. Saeed, Q. Din, I. Ali, and M. I. Siddiqui, Bifurcation analysis and chaos control in discrete-time modified

Leslie-Gower prey harvesting model, Adv. Differential Equations 2020 (2020), 45.

Bifurcation and chaos in a discrete predator-prey system  627



[44] Z. L. Zhu, F. D. Chen, L. Y. Lai, and Z. Li, Dynamic behaviors of a discrete may type cooperative system incorporating
Michaelis-Menten type harvesting, Int. J. Appl. Math. 50 (2020), no. 3, 1–10.

[45] A. Singh and P. Malik, Bifurcations in a modified Leslie-Gower predator-prey discrete model with Michaelis-Menten prey
harvesting, J. Appl. Math. Comput. 67 (2021), no. 1, 1–32.

[46] R. P. Gupta, M. Banerjee, and P. Chandra, Bifurcation analysis and control of Leslie-Gower predator-prey model with
Michaelis-Menten type prey-harvesting, Differ. Equ. Dyn. Sys. 20 (2012), no. 3, 339–366.

[47] G. Y. Chen and Z. D. Teng, On the stability in a discrete two-species competition system, J. Appl. Math. Comput. 38 (2012),
no. 1, 25–39.

[48] D. C. Liaw, Application of center manifold reduction to nonlinear system stabilization, Appl. Math. Comput. 91 (1998),
243–258.

[49] S. Wiggins, Introduction to Applied Nonlinear Dynamical Systems and Chaos, Springer Science and Business Media,
Berlin, Germany, 2003.

[50] C. Robinson, Dynamical Systems: Stability, Symbolic Dynamics, and Chaos, CRC Press, 1998.
[51] L. Zhao and J. Shen, Relaxation oscillations in a slow-fast predator-prey model with weak Allee effect and Holling-IV

functional response, Commun. Nonlinear. Sci. Numer. Simul. 112 (2022), 106517.
[52] C. Li and H. Zhu, Canard cycles for predator-prey systems with Holling types of functional response, J. Differential

Equations 254 (2013), no. 2, 879–910.
[53] R. Huzak, Predator-prey systems with small predatoras death rate, Electronic J. Qual. Theory Differ. Equ. 86 (2018), 1–16.
[54] M. Krupa and P. Szmolyan, Extending geometric singular perturbation theory to nonhyperbolic points-fold and canard

points in two dimensions, SIAM J. Math. Anal. 33 (2001), no. 2, 286–314.

628  Jialin Chen et al.


	1 Introduction
	2 The existence and stability of fixed points
	2.1 The existence of fixed points
	2.2 The stability of fixed points

	3 Bifurcation analysis
	3.1 Fold bifurcation
	3.2 Flip bifurcation
	3.3 Neimark-Sacker bifurcation

	4 Numerical simulations
	5 Conclusion
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


