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Abstract

We prove the existence of domain walls for the Bénard-Rayleigh convection problem.
Our approach relies upon a spatial dynamics formulation of the hydrodynamic problem, a
center manifold reduction, and a normal form analysis of a reduced system. Domain walls
are constructed as heteroclinic orbits of this reduced system.

Running head: Domain walls for the Bénard-Rayleigh convection problem
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1 Introduction

In fluid mechanics, the Bénard-Rayleigh convection problem is concerned with the flow of a vis-
cous fluid filling the region between two horizontal planes and heated from below. The governing
equations are the Navier-Stokes equations in the Boussinesq approximation completed with an
energy conservation equation (see the system (2.1)-(2.3)). Each of the two horizontal planar
boundaries may be a rigid plane or a free boundary, hence leading to different possible types of
boundary conditions: rigid-rigid, free-free, and free-rigid (see (2.5), (8.1), and (8.2)). Together
with these boundary conditions, the equations are invariant under horizontal translations and
rotations. In the cases of rigid-rigid and free-free boundary conditions, they have an additional
vertical reflection symmetry. In dimensionless variables, the different physical parameters are
reduced to two parameters which are the Rayleigh number R and the Prandtl number P (see
(2.4)). We refer to [13, Vol. II] for a very complete discussion and bibliography on this problem,
and in particular on the various geometries and boundary conditions.

The Bénard-Rayleigh convection is one of the most studied, both analytically and experimen-
tally, and perhaps best underdstood, pattern-forming system. In the hydrodynamic problem, the
difference of temperature between the two horizontal planes modifies the fluid density, tending to
place the lighter fluid below the heavier one. Having an opposite effect, gravity induces, through



the Archimedian force, an instability of the simple “conduction regime” leading to a “convec-
tive regime”. While the fluid is at rest and the temperature depends linearly on the vertical
coordinate in the conduction regime, various steady regular patterns, such as rolls, hexagons, or
squares, are formed in the convective regime. The fluid viscosity prevents this instability up to
a certain level, and there is a critical value of the temperature difference, below which nothing
happens and above which a steady convective regime bifurcates. In dimensionless variables, this
bifurcation occurs at a critical value of the Rayleigh number R.. The numerical value of R,
depends on the chosen boundary conditions and for the ones mentioned above it has already
been computed in the forties by Pellew and Southwell [21]. Starting from the sixties, there
has been extensive study of regular convective patterns and numerous mathematical existence
results have been obtained. Without being exhaustive, we refer to the first works by Yudovich
et al [26, 29, 30, 31], Rabinowitz [22], Gortler et al [7]; see also [15, 24], the monograph [16] for
further references, and the recent work [2] on existence of quasipatterns.

The simplest, and perhaps most frequently observed, patterns are convective rolls aligned
along a certain direction (see Figure 1.1 (a)-(b)). However, in many circumstances such a
pattern is only experimentally observed in a part of the apparatus, while the rolls take another
direction in another part of the apparatus. The connection between the two regimes is quite
sharp, occuring along a plane, and the two regimes of rolls make a definite angle between them
(see Figure 1.1 (¢) and [11, 17, 4, 1] for experimental evidences not all on pure Bénard-Rayleigh
convection). These line defects are referred to as domain walls or grain boundaries.

(a)

¥

(b) (c

Figure 1.1: In cartesian coordiantes (z,y, z), schematic plots of two-dimensional rolls (periodic in y and
constant in z), rotated rolls, and domain walls. (a) Level lines in the (y, z)-plane of two-dimensional rolls.
(b) Level lines in the (z,y)-plane of two-dimensional rolls (dashed lines) and rolls rotated by an angle
a (solid lines). (c) Level lines in the (z,y)-plane of symmetric domain walls constructed as heteroclinic
connections between rolls rotated by opposite angles +a.

The aim of this paper is to prove mathematically that domain walls are indeed solutions of the
Navier-Stokes-Boussinesq equations (2.1)-(2.3). Despite constant interest over the years, there
is so far no existence result for these fluid dynamics equations. Many works gave temptative
justifications of the existence of such patterns using formally derived amplitude equations (see
[20, 19, 6] and the references therein). Beyond amplitude equations, the only mathematical
results have been obtained for the Swift-Hohenberg equation, a toy model which exhibits many



of the properties of the Bénard-Rayleigh convection problem [10, 25] (see also [18]). The domain
walls constructed in [10] are symmetric, connecting rolls rotated by opposite angles +a, for
a € (0,7/3). This result has been extended to arbitrary angles o € (0,7/2) in [25]. We point
out that there are no such results for domain walls which are not symmetric.

For the existence proof we use the same spatial dynamics approach as in [10]. The starting
point of this analysis is a formulation of the steady problem as an infinite-dimensional dynam-
ical system, in which one of the horizontal variables is taken as evolutionary variable. This
idea goes back to the work of Kirchgéssner [14], and since then it has been extensively used
to prove the existence of nonlinear waves and patterns in many concrete problems arising in
applied sciences, and in particular in fluid mechanics (see for instance [8] and the references
therein). This infinite-dimensional dynamical system is typically ill-posed, but of interest are
its small bounded solutions. An efficient way of finding these solutions is with the help of
center-manifold techniques which reduce the infinite-dimensional system to a locally equivalent
finite-dimensional dynamical system. An important property of this reduced system is that it
preserves the symmetries of the original problem. Then normal forms and dynamical systems
methods can be employed to construct bounded solutions of this reduced system.

We construct the domain walls as steady solutions of the Navier-Stokes-Boussinesq equations
which are periodic in the horizontal coordinate y. In our spatial dynamics formulation, we take
as evolutionary variable the horizontal coordinate x and the boundary conditions, including the
periodicity in ¥, determine the choice of the associated phase space and domain of definition
of operators. The rolls which are periodic in y and independent on x are then equilibria of
the infinite-dimensional dynamical system, and through horizontal rotations we obtain a family
of relative equilibria. Domain walls are found as heteroclinic orbits of the infinite-dimensional
dynamical system connecting two symmetric relative equilibria.

We expect domain walls to bifurcate in the convective regime, at the same critical value R,
of the Rayleigh number as the rolls. In the bifurcation problem, we take the Rayleigh number R
as bifurcation parameter, fix the Prandtl number P and also fix the wavenumber k, in y of the
solutions. We choose k, = k. cos a, where k. is the wavenumber of the rolls bifurcating at R. in
the classical convection problem and « is a rotation angle. Then k, represents the wavenumber
in y of the bifurcating rolls rotated by the angle a.

The nature of the bifurcation is determined by the purely imaginary spectrum of the operator
obtained by linearizing the dynamical system at the state of rest. Here, this operator has purely
point spectrum and the number of its purely imaginary eigenvalues depends on the value of the
rotation angle a. We restrict to the simplest situation in which « € (0,7/3). Then the linear
operator possesses two pairs of conjugated purely imaginary eigenvalues +ik., +ik,, where
+ik. are algebraically double and geometrically simple, and ¢k, are algebraically quadruple
and geometrically double. In addition, 0 is a simple eigenvalue due to an invariance of our spatial
dynamics formulation. Except for this latter eigenvalue, the other purely imaginary eigenvalues
are of the same type as those found for the Swift-Hohenberg equation in [10]. Upon increasing
the angle « in the interval (7w/3,7/2), the number of purely imaginary eigenvalues increases,
and there are infinitely many eigenvalues when o = 7 /2. For the Swift-Hohenberg equation,



this case has been considered in [25].

The next step of our analysis is a center manifold reduction. The dimension of the reduced
system being equal to the sum of the algebraic multiplicities of the purely imaginary above,
we obtain here a reduced system of dimension 13. Due to the absence of the eigenvalue 0,
the dimension of this reduced system was equal to 12 for the Swift-Hohenberg equation [10].
However, this additional dimension is easily eliminated, and then in the cases of rigid-rigid and
free-free boundary conditions we use the reflection in the vertical coordinate to further eliminate
4 dimensions. This additional symmetry has not been used in [10]. The resulting system is 8-
dimensional and the question of existence of domain walls consists now in the construction of a
heteroclinic orbit for this system.

In contrast to the Swift-Hohenberg equation where the leading order terms of the reduced
system have been computed explicitely, here the Navier-Stokes-Boussinesq equations are far too
complicated to compute all these terms. We therefore need to replace the partial normal form
analysis used in [10] by a full normal analysis for general 8-dimensional vector fields. To simplify
this analysis, we restrict to terms of cubic order and take advantage of the symmetries of the
original problem which are inherited by the reduced system, and then by the normal form.

The remaining part of the existence proof is based on the arguments from [10]. An appropri-
ate change of variables allows us to identify a leading order system, for which the existence of a
heteroclinic solution has been proved in [27]. Based on a variational method [23], this existence
result requires that the quotient g of two coefficients in the cubic normal form is larger than 1.
In [10] this quotient was equal to 2 and it was easily computed. Here, g depends on the angle «
and the Prandtl number P through complicated formulas. We prove that its value in the limit
a — 0 is also equal to 2, but for arbitrary angles and Prandtl numbers, we can only determine
its numerical values using the package Maple. It turns out that indeed the condition g > 1 holds
for all angles « € (0,7/3) and all positive Prandtl numbers P, for both rigid-rigid and free-free
boundary conditions. The final step consists in showing that this heteroclinic orbit found for
the leading order system persists for the full system. We extend the persistence result in [10]
from the case g = 2 to values g € (1,4 + \/ﬁ), and use a Maple computation to determine the
angles a and the Prandtl numbers P for which this property holds (see Figures 6.1 and 8.1). The
persistence of the heteroclinic orbit for g > 4 + /13 remains an open problem. We summarize
our main result in the next theorem.

Theorem 1. Consider the Navier-Stokes-Boussinesq system (2.1)-(2.3) with either rigid-rigid
boundary conditions (2.5) or free-free boundary conditions (8.1). Denote by R. the critical
Rayleigh number at which convective rolls with wavenumbers k. bifurcate from the conduction
state. For any angle o € (0,7/3), there exists a nonnegative value Py(a) such that, for Prandtl
numbers P > Pi(a) and Rayleigh numbers R = R. + €, with € > 0 sufficiently small, the
system possesses a symmetric domain wall connecting two rotated rolls which are the rotations
by opposite angles £(a + O(€)) of a roll with wavenumber k. + O(e).

In our presentation we focus on the case of rigid-rigid boundary conditions, and then discuss
the differences which occur in the cases of free-free and rigid-free boundary conditions in the last
section of the paper. In Section 2 we present the hydrodynamic problem and recall the classical



bifurcation results for convective rolls. The spatial dynamics formulation is given in Section 3
and the bifurcation problem is analyzed in Section 4. The center manifold reduction is done in
Section 5 and the normal form analysis in Section 6. The existence of the heteroclinic connection
is proved in Section 7. Some technical results, including the lengthy computation of the two
coefficients of the normal form needed in the existence proof, are given in Appendices A.1 and
B.

Acknowledgments. M.H. was partially supported by the EUR EIPHI program (Contract No.
ANR-17-EURE-0002).

2 The classical Bénard-Rayleigh convection

The governing equations of the Bénard-Rayleigh convection consist of the Navier-Stokes system
completed with an equation for energy conservation. We consider the Boussinesq approximation
in which the dependency of the fluid density p on the temperature 7T is given by the relationship

p=po(l—~(T-Tp)),

where « is the (constant) volume expansion coefficient. In cartesian coordinates (z,v,2) € R3,
after rescaling variables, the fluid occupies the domain R? x (0, 1) in which the particle velocity
V = (V,, V},, V,), the deviation of the temperature from the conduction profile 6, and the pressure
p satisfy the system

RYV2AV +0e, — P H(V-V)V-Vp = 0, (2.1)
RVENO+V, —(V-V)) = 0, (2.2)
V-V = 0. (2.3)

Here e, = (0,0,1), and the dimensionless constants R and P are the Rayleigh and the Prandtl
numbers, respectively, defined as

3 _
R ~vgd?(Ty Tl)7 P 37 (2.4)
VKR K

where v is the kinematic viscosity, x the thermal diffusivity, g the gravitational constant, and d
the distance between the planes. For notational simplicity, we set

u:Rl/Z.

This system is a version of the formulation derived in [16] in which V and 6 are rescaled by
R'Y/2 and R, respectively. The equations (2.1)-(2.3) are completed by boundary conditions, and
we consider here the case of “rigid-rigid” boundary conditions:

Vl]:=01 =0, 0|.=01 =0. (2.5)

With these boundary conditions, the equations (2.1)-(2.3) are invariant under horizontal trans-
lations and rotations, and have a reflection symmetry in each of the three coordinates (x,y, 2).
These symmetries play an important role in our analysis.



In the classical approach, the system (2.1)-(2.3) is written in the form
L,u+ B(u,u) =0, (2.6)

where u = (V,0) lies in a suitable function space of divergence free velocity fields V and the
pressure term in (2.1) is eliminated via a projection on the divergence free vector field (see,
for instance, [8, Chapter 5]). Then L,u is the linear part and B(u, u) is the nonlinear part,
quadratic in (V, 0), of the equations (2.1) and (2.2). The Prandtl number P which only appears
in the quadratic part is kept fixed, and the square root p of the Rayleigh number is taken as
bifurcation parameter. We recall below some of the basic results which are used later in the

paper.

2.1 Two-dimensional convection

The simple classical convection problem restricts to velocity fields V. = (0,V,, V.) which are
two-dimensional and functions which are independent of « and periodic in y. The corresponding
function space for the system (2.6) is

%:{uG{O}X(LfM(Q))Z;; V-V=0,V,=0o0nz=0,1},

where 2 = R x (0, 1) and the subscript per means that the functions are 27 /k-periodic in y, for
some fixed k& > 0. The boundary conditions (2.5) are included in the domain D of the linear
operator L, by taking

D={uc{0} x (H},(Q)*; V- V=0, V,=V.=60=00n2=0,1}.

In this setting, the linear operator L, is selfadjoint with compact resolvent and the quadratic
operator B in (2.6) is symmetric and bounded from D to H.

As a consequence of the invariance of the equations (2.1)-(2.3) under horizontal translations
and reflections, the system (2.6) is O(2)-equivariant: both its linear and quadratic parts commute
with the one-parameter family of linear maps (7,)qer/2x7 and the discrete symmetry Sy defined
through

Tau(y7 z) = u(y + a/k7 Z)? SQu(y7 z) = (07 —Vy, Vz, 6)<_y7 Z),

for any u € H, and satisfying
T4S2 = SoT_ 4, To=Tor =1L
An additional equivariance, under the action of the symmetry S3 defined through
Szu(y, z) = (0,Vy, =Vz, =0)(y,1 - 2),

which commutes with 7, and S, is obtained from the invariance of the equations (2.1)-(2.3)
under vertical reflections z — 1 — z.

Instabilities and bifurcations are determined by the kernel of L,. Elements in the kernel of
L, are found by looking for solutions of the form e?*¥Ti(z) for the linear equation

L,u=0, (2.7)



and the boundary conditions V;, =V, =6 =0 on z = 0,1. A direct computation (see also [3])
gives

x|

0
o . D
eVt (2) = kv VV , (2.8)

0

where D = d/dz denotes the derivative with respect to z, and the functions V' = V(z) and
0 = 0(z) are real-valued solutions of the boundary value problem

(D? — k*)?V = uk*9, V=DV =0in2z=0,1, (2.9)
(D? —k*0 = —uV, 6=0in2z=0,1. (2.10)

Yudovich [29] showed that, for any fixed k£ > 0, there is a countable sequence of parameter
values po(k) < p1(k) < pe(k) < ... for which the boundary value problem (2.9)-(2.10) has a
unique, up to a multiplicative constant, nontrivial solution (V, ), and that the function V' is
positive for 1 = po(k). The functions p;(k) are analytic in k£ and in an analogous case Yudovich
[28] showed that they tend to oo as k tends to 0 or co. Of particular interest for the classical
bifurcation problem, and also in our context, is the global minimum of py(k). Combining
analytical arguments and numerical calculations, Pellew and Southwell [21] computed a unique
global minimum p. = pg(k.), for some k = k., but a complete analytical proof of this property
is not available, so far. They also showed that the positive function V' is symmetric with respect
to z = 1/2. In Appendix B.5, we use the symbolic package Maple, to compute the numerical
values

ke~ 3.116, pe =~ 41.325, uj(ke) ~ 6.265, (2.11)

which are consistent with the ones found in [21], and the function V' (see Figure B.1).
Going back to the kernel of L, as expected by the general theory of O(2)-equivariant systems,
for = po(k) and any k > 0 the kernel of L, () is two-dimensional and spanned by the vectors

€o = eMy(2), & = e M (2),
satisfying
Tabo = €""&o,  S2860 = &0, S3€0 = —&o.

Since the operator has compact resolvent, this shows that 0 is an isolated double semi-simple
eigenvalue of L, (), and it turns out that all other eigenvalues are negative. This property is
a key ingredient in the proof of existence of rolls, which bifurcate from the trivial solution at
p = po(k), for any fixed k£ > 0, in a steady bifurcation with O(2) symmetry.

2.2 Existence of rolls

We briefly recall below the bifurcation analysis showing the existence of convective rolls. This
type of proof was first made by Yudovich [30].



The O(2) symmetry of the system (2.6) allows to restrict the existence proof to solutions u
which are invariant under the action of Sg, and then the one-parameter family of linear maps
(Ta)acr /277 give the non-symmetric solutions. Using the Lyapunov-Schmidt method, symmetric
rolls can be constructed as convergent series in D,

u=cu; + eus + ug + 0(64),

for any fixed £ > 0 and
p = po(k) + epn + s + O(1).

Inserting these expansions into (2.6), at orders ¢, €2 and ¢ we find the equalities

L0u1 = 07 (2.12)
Lous + p1Lyug + B(ul, u1) =0, (2.13)
Lous + p1Lius + (N2Ll + ,ung)ul + 2B(u1, UQ) =0, (2.14)
in which
d 1 d?

Lo =Lk, Li= 2

dp Wlumoy T2 = 5 Lulumpoy

By successively solving these equations we can compute the leading order terms in the expansions
of u and pu.

First, the equality (2.12) implies that u; belongs to the kernel of L. Due to the restriction
to symmetric solutions, the kernel of Ly is now one-dimensional, and we take

u; = & + &o. (2.15)
Next, by taking the L?-scalar product of the equality (2.13) with uy, we find
p1(Liur,up) = —(B(ug,ur), uy),

since Lg is selfadjoint and uy belongs to its kernel. A direct computation gives

(Liug, up) = 2Re(L1&p, &o) = Z;MQ((DQ —kHV(D* =KV + ;(I!D9ll2+kzll9ll2) >0, (2.16)
and a remarkable property of the Navier-Stokes equations is that
(B(u,u),u) =0, (2.17)
for any real-valued u € D. Consequently, 11 = 0 and then us is a symmetric solution of

L[)ng = —B(ul, 111).

Without loss of generality, us may be chosen orthogonal to uj.
Finally, by taking the scalar product of the equality (2.14) with u;, we find

,u2<L1u1, u1> = —<2B(u1, UQ), u1>.



Writing the equality (2.17) for u = uj + tug and taking the term linear in ¢ we find
(2B(u1,u2),u1) + (B(ui,u1), uz) =0,

hence

iy — (B(ui,u1),u)  (Loug,up)
(Liug, uy) (Liug, u)

The sign of uo determines the type of the bifurcation. We have (Ljuj,u;) > 0 by (2.16), and
(Loug, ug) < 0, since Ly is a nonpositive selfadjoint operator, and uy is orthogonal to its kernel.
Consequently, po > 0, implying that rolls bifurcate supercritically, for u > uo(k), and any fixed
k > 0 (see Figure 2.1(a)). Fixing k, for any pu > po(k), sufficiently close to po(k), we find a

o
ol ) __
vl

(a) (b)

Figure 2.1: (a) Graph of uo(k). Two-dimensional rolls bifurcate in the shaded region situated above the
curve po(k). For pu > p. sufficiently close to p., two-dimensional rolls exist for wavenumbers k € (kq, ko)
with g = po(k1) = po(k2). (b) Plot of the wavenumbers k, = kcosa in y of the rolls rotated by angles
a € (0,7/2), for k = kq, ke, ko. For p > p. sufficiently close to p.., rotated rolls exist in the shaded region.
In the bifurcation analysis we fix k, = k. cos a, for some a € (0,7/3).

circle of rolls 7,(uy, ), a € R/2nZ, in which uy, , and 7, (uy, ) are invariant under the action of
So and exchanged by the action of Ss.

3 Spatial dynamics

The starting point of our analysis is a formulation of the system (2.1)-(2.3) as a dynamical
system in which the evolutionary variable is the horizontal spatial coordinate x.
Set V = (V,, V), where V| = (V},,V.), and consider the new variables

W =119,V —pe,, ¢ = 0.0, (3.1)

in which we write W = (W,, W), and W = (W,, W,). Using the equation (2.3) we obtain the
formula for the pressure,

p=—p ViV —W,. (3.2)



Then we write the system (2.1)-(2.3) in the form
0,U =L,U+B,(U,U), (3.3)
in which U is the 8-components vector
U= Vg, Vi, We, W1, 0, 9),
and the operators £, and B, are linear and quadratic, respectively, defined by

-V, -V
pWy
—n ALY,
WALV — e, — IV (VL VL) = VW,
¢
A0 —uV,

0
0
P H(VL- V)V = Va(VL- V1))
PH((VL - V)V + uVa W)
0
p((VL-V10)0+ Vi)

We look for solutions of (3.3) which are periodic in y and satisfy the boundary conditions

B,.(U,U) =

(2.5). For such solutions we have

d
/deydz:—/VL-VLdydz:—/ n-V, ds=0,
dz Jq Q 09

which implies that the flux
Flx) = / Ve dydz
Q

is constant. Equivalently, this property implies that the dynamical system (3.3) leaves invariant
the subspace orthogonal to the vector ¥y = (1,0,0,0,0,0,0,0). We restrict to this subspace,
hence fixing the constant flux to 0. Including this property and the boundary conditions (2.5)
in the definition of the phase space X’ of the dynamical system (3.3), we take

X = {U € (HY (@) % (L2 () x HL () x L2, () ;

per per per

V,=V, =0=0o0n2z=0,1, and /deydz:O}.
Q

As in Section 2, 2 = R x (0, 1) and the subscript per means that the functions are 2m/ky-periodic
in y, for some fixed k, > 0. (In order to distinguish between periodicity in « and y, we add the

10



subscript y in the notation of the wavenumber k.) The phase space X" is a closed subspace of
the Hilbert space

X = (Hper (0)° % (Lper () X Hipen () % Ly, (40),

per per per per

so that it is a Hilbert space endowed with the usual scalar product of X. Accordingly, we define
the domain of definition Z of the linear operator £,, by

2= {U € XN (B2 (Q)° x (Hop ()P x HZ () x Hir ()

per per

VJ_-VJ_:WJ_:gb:Oonz:O,l},

so that £, is closed and its domain Z is dense and compactly embedded in X'. In particular, this
latter property implies that £, has purely point spectrum which consists of isolated eigenvalues
with finite algebraic multiplicity.

The dynamical system (3.3) inherits the symmetries of the original system (2.1)-(2.5). As
for the two-dimensional convection, horizontal translations y — y + a/k, along the y direction
give a one-parameter family of linear maps (74 )ser /27 defined on X through

TaU(y7 Z) = U(y + a/kya Z)a (34)
and which commute with £, and B),. The reflection 2 — —x now gives a reversibility symmetry
SlU(y7 Z) = (_‘/CC; VJ_7 Waﬂ _WJ_v 97 _d))(ya Z),

for U € X, which anti-commutes with £, and B,,, and the reflections y — —y and z — 1 — 2
give the symmetries

S2U(y7 Z) = (V:m _Vy7 Vza Wzv _Wya WZa 07 ¢)(_y7 Z),
S3U(y7 Z) = (VZ’7 ‘/?yu _V27 Wl‘a Wy7 _W2’7 _97 _¢)(y7 1- Z)7

for U € X, which both commute with £, and B,,. Notice that
TaS2 = SoT_q, T0=Tor =1,

so that the system (3.3) is O(2)-equivariant, and that Sz commutes with 7.

In addition to these symmetries inherited from the original system (2.1) -(2.5), the dynamical
system (3.3) has a specific invariance due to the new variable W = (W,, W, ) in (3.1). While W
satisfies the same boundary conditions as V| , included in the domain of definition Z of the linear
operator, there are no such conditions for W, because the pressure p in the definition of W, is
only defined up to a constant. As a consequence, the dynamical system is invariant upon adding
any constant to W, i.e., the vector field is invariant under the action of the one-parameter
family of maps (T})per, defined on X' through

T,U =U +bypy, o = (0,0,0,1,0,0,0,0)". (3.5)

This invariance introduces the vector ¢ in the kernel of £,, (see Lemma 4.2).
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4 The bifurcation problem

As for the two-dimensional convection, we fix the Prandtl number P and take the square root
w of the Rayleigh number as bifurcation parameter.

4.1 Domain walls as heteroclinic orbits

The equilibria U € Z of the dynamical system (3.3) can be found as solutions u € D of the
two-dimensional problem in Section 2, through the projection

u=1U = (V,,V.,0). (4.1)

In particular, for any k, = k > 0 fixed, the rolls in Section 2 give a circle of equilibria 7, (U} u)’
for a € R/27Z, which bifurcate for u > po(k) sufficiently close to po(k), belong to D, and satisfy

* * Y Tx *x *
SlUk,u - SQUk,u - Uk,w S3Uk,u = Tr Yk

Due to the rotation invariance of the three-dimensional problem (2.6), horizontally rotated
rolls are solutions of (2.6) and relative equilibria of the dynamical system (3.3). For any angle
o € R/2nZ, we find the rotated rolls Rq (U}, ), where the horizontal rotation R acts on the
4-components vector u = IIU through

Rou(z,y,2) = (Ra(Va, V), V2, 0)(R_a(2,y), 2), (4.2)

in which
Ra(z,y) = (xcosa — ysina, xsina + y cos a).

(We do not need here the more complicated representation formula for the 8-components vector
U.) For the dynamical system (3.3), a rotated roll Ro (U} ,) is a 27/k sin a-periodic solution in
the phase-space & with k, = k cos a. While for the angles o = 0 and o = 7 the rotated rolls are
equilibria in the phase-space X with k, = k, for the orthogonal angles o = 7/2 and o = 37/2,
they are 2m/k-periodic solutions, for any k, > 0. Upon rotation, rolls loose their reversibility
and the horizontal reflection invariance, the actions of S; and S5 on a roll rotated by an angle
« gives the same roll but rotated by a different angle,

Sl’RaUZ,M = ’R,QUZW S2RaUZ,M = ’R,T,aUz#.

In particular, we can restrict to rotations with angles a € [0, 7/2].

We construct the domain walls as reversible heteroclinic solutions connecting two rotated
rolls, ’R,aUz# at © = —oo and R_ U} . at @ = oo. In contrast to rolls which bifurcate at
p = po(k), for any fixed k > 0, domain walls bifurcate at the minimum p. = po(ke). For p > .
sufficiently close to p. , the dynamical system (3.3) has the two-parameter family of rotated
rolls Rq(Uy, ) for angles a € R/2nZ and wavenumbers ky € (ki cosa, kpcosa) in y, where
= po(k1) = po(ke) (see Figure 2.1). In the bifurcation problem, we will suitably fix k, and
take p, close to p., as bifurcation parameter. The next step of our analysis is to determine the

purely imaginary eigenvalues of the linear operator £, .
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4.2 Connection with the classical linear problem
Solutions U = (V,, V., W,, W,0,¢) € Z of the eigenvalue problem
L,U =iwU, (4.3)

are linear combinations of vectors of the form U, ,(y, z) = ei"kyyﬁwvn(z), with n € Z, due to
periodicity in y. Projecting with II given by (4.1), we obtain a solution

Uy n (.T, Y, Z) = ei(wx+nkyy) Hﬁw,n(z)v

of the three-dimensional classical problem (2.6), and rotating by a suitable angle o we find a
solution e™*¥1iy(z) of the linear equation (2.7), with

K =w® +n’k;. (4.4)
The angle « is determined by the equalities
w=ksina, nk, =kcosa, (4.5)

and we have the relationship
MU, ,(2) = R_qUg(2).

Consequently, for a given k, > 0, the eigenvectors U, ,, associated with purely imaginary eigen-
values v = iw of L, are obtained by rotating with R_, the elements in the kernel of L, given
by (2.8), through the relationship (4.5) and

U, . (y, z) = e™YIIU,, ,(2) = €Y R _,15(2). (4.6)

This holds for all eigenvectors U, , such that IIU,, # 0. We obtain in this way all purely
imaginary eigenvalues of £, with associated eigenvectors U such that IIU # 0. Using the
properties of the kernel of £, in Section 2.1, we obtain the following result, for @ = po(k).

Lemma 4.1. Assume that ky and k are positive integers. Then the linear operator L, ) has
the complex conjugated purely imaginary eigenvalues

Fiwn(k), wn(k) = /k? —n2kZ >0, (4.7)

for any integer 0 < n < k/ky, and the following properties hold.*

(i) Forn =0, wy(k) =k and the complex conjugated eigenvalues ik are geometrically simple
with associated eigenvector of the form

Uso(y, 2) = Upo(2),

for the eigenvalue ik and the complex conjugated vector for the eigenvalue —ik.

1t k/ky, € N, then the linear operator has an additional eigenvalue 0 which is geometrically triple. This
situation is excluded from our bifurcation analysis.

13



(i1) For 0 < n < k/ky, the complex conjugated eigenvalues +iwy (k) are geometrically double
with associated eigenvectors of the form

an(k)ctn(y’ Z) = eiinkywan(k),:tn(z)v
for the eigenvalue iw, (k) and the complex conjugated vectors for the eigenvalue —iwy, (k).

(iii) The vectors ﬁ;%o(z) and ﬁwl(k),:tl(z) are given by >

#DVi “E DV
0 :i:l]%DVk
Vi Vi
. —— L D%V, . ——t_(D? - k2)DV;,
U 2) = o (k)k2 Uw 2) = o (k)k Y
k,0(2) 0 Lk),+1(2) qcﬁzo(d]i)(lig DV,
ik w1 (k)
1 Holh) Y uol(k) Vi
o (k)2 (D2 - kQ)ZVk W(D2 — kQ)QVk
uo(zk)k (D2 — k)z)QVk ;ngj(lk()kk)Q (D2 _ k,Z)QVk

where the function Vi is a real-valued solution of the boundary value problem

(D% — k2)*Vi, + po(k)* K2V =0, Vi =DVi= (D> —k*)?Vo =0inz=0,1.  (4.8)

Proof. First, notice that for eigenvectors U with ITU = 0, the eigenvalue problem (4.3) is
reduced to the system
uWi, =0
0 = wW,
-V.W, =0
o = 0

for the variables (W, W, ,¢). The only nontrivial solution of this system is (W, 0,0,0), with
W, a constant function, when w = 0. This implies that 0 is an eigenvalue of £,, with associated
eigenvector g given by (3.5), and that all other eigenvalues have associated eigenvectors U
with IIU # 0. In particular, nonzero purely imaginary eigenvalues of £, and their associated
eigenvectors are all determined from the properties of the kernel of the operator L, in Section 2.1
through the equalites (4.4), (4.5), and (4.6).

For = pg(k), we obtain the eigenvalues given by (4.7). The uniqueness, up to a multipica-
tive constant, of the element in the kernel of L ) given by (2.8), implies that the eigenvalues
+ik, for n = 0, are geometrically simple, and since opposite numbers +n give the same pair of
eigenvalues tiw,(k), for n # 0, these eigenvalues are geometrically double. Finally, the equali-
ties (4.6) and (2.8), allow to compute the projections IIUy, ¢ and HU,,, (k),+n of the eigenvectors
and the remaining components (W, ¢) are find from (3.1) and (3.2). We obtain the formulas in
(7i1), which completes the proof of the lemma. [

2For our purposes, we do not need the explicit formulas for n > 1.
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4.3 The center spectrum of L,

Lemma 4.1 shows that the linear operator £, has the purely imaginary eigenvalues

iy k2 — n2k2,

for positive integers n such that 0 < n < k./ky. Upon decreasing k,, the number of pairs
of eigenvalues increases. Counted with geometric multiplicities, for k, > k., there is one pair
of purely imaginary eigenvalues with n = 0, for k. > k, > k./2 there are three pairs with
n = 0,£1, and more generally for k./N > k, > k./(N + 1) there are 2N + 1 pairs with
n = 0,£1,...,£N. For the construction of domain walls we need at least one pair of purely
imaginary eigenvalues with opposite Fourier modes £n # 0. We restrict here to the simplest
situation when k. > k, > k./2 and L, has six purely imaginary eigenvalues with Fourier modes
n=0,=x1.
For notational convenience, we set

ky = kccosa, k; = kesina

and take o € (0,7/3). In the following lemma we give a complete description of the purely
imaginary spectrum of the linear operator £, .

Lemma 4.2. Assume that ky = k.cosa with o € (0,7/3). Then the center spectrum o.(L,,)
of the linear operator L, consists of five eigenvalues,

oc(Ly.) =10, tike, tiky}, ky =kesine, (4.9)
with the following properties.

(i) The eigenvalue 0 is simple with associated eigenvector @ given by (3.5), which is invariant
under the actions of S1, S, S3, and 7,.

(i) The complex conjugated eigenvalues ik, are algebraically double and geometrically simple
with associated generalized eigenvectors of the form

CO = 60(2)7 v = \I’O(z)a

for the eigenvalue ik, and the complex conjugated vectors for the eigenvalue —ik., such
that
(ﬁuc - ikC)CO =0, (Euc - Z'kc)‘I'O = o,

and

Si¢o =Co, S260=2¢C0, S3l0=—Co, Talo = o
S1¥y =T, S¥)=,, S3¥5=-T,, 7,¥ =",
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(iii) The complex conjugated eigenvalues +ik, are algebraically quadruple and geometrically

double with associated generalized eigenvectors of the form
Co = eTRVUL(2), Tp=eTRVTy(2),

for the eigenvalue ik, and the compler conjugated vectors for the eigenvalue —ik,, such
that

(Ellc - “%:)C:I: = 07 (Euc - Zkaﬁ)‘I’ﬂ: - Cﬂ:u

and

Si¢L =0, Soly=C_, S3Ci=-Cp, Taly =€y,
S1¢- =y, Sal =Chy Ssl=—C, Tl =e

S\ W, =-W_, S¥ =¥, S3¥,=-¥, 7,0, ="V,
S =¥, S¥ =0, S =T 7,0 =¥ .

Proof. The result in Lemma 4.1 shows that +ik. and +ik, are purely imaginary eigenvalues
of £,. and the first part of its proof implies that 0 is an eigenvalue of £, . Since p. is the
unique global minimum of pg(k), there are no other eigenvalues with zero real part. This
proves the property (4.9). Furthermore, the eigenvalue 0 is geometrically simple, with associated
eigenvector g given by (3.5), and the eigenvalues +ik. and +ik, have geometric multiplicities
one and two, respectively. The associated eigenvectors (g and {1 are computed from the formulas
in Lemma 4.1, by taking n = 0 and n = =£1, respectively, for k = k. and k, = k.cosa. We

obtain
Co=Uo(z), Cx=eMVUL(2),
where
DbV tgne py
0 +igapy
V \%
1 3 1 2 2 2
. ——=D°V . —5—(D* — kZcos® a)DV
UO(Z) = 'ucka > Ui(z) = kc#C:FsinacoscaDV !
He
ke ik sin
He He
(D2 = 2PV (D2 - )PV
(D2 = B2V e (D2 2)2Y

and the function V is a real-valued solution of the boundary value problem
(D? — k23V 4+ 142k*V =0, V=DV =(D*-k}*V=0in2=0,1. (4.10)

This boundary value problem being equivalent to (2.9)-(2.10) for u = p., the function V' is
positive and symmetric with respect to z = 1/2. The latter property and the explicit formulas

above imply the symmetry properties of {p and {4 in (ii) and (iii).
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Next, the algebraic multiplicity of the eigenvalue 0 is directly determined by solving the

equation
L1 = @o.
Up to an element in the kernel of £, , we find
t
o1 = (%2(1 _ z),o,o,o,o,o,o,o) .

Since @1 ¢ X, this proves that the eigenvalue 0 is algebraically simple. The invariance of ¢q
under the actions of S1, Sy, S3, and 7, is easily checked, which completes the proof of part (7).

For the algebraic multiplicities of the nonzero eigenvalues +ik. and +ik,, we use their con-
tinuation as eigenvalues of L, (), for k close to k.. The latter eigenvalues are the geometrically
simple eigenvalues ik and the geometrically double eigenvalues +iw; (k) in Lemma 4.1. In Ap-
pendix A.2 we prove that their algebraic multiplicities are equal to their geometric multiplicities.
Then a standard continuation argument implies that the eigenvalues +ik. and +ik, of £, are
algebraically double and quadruple, respectively.

Finally, we compute the generalized eigenvectors Wy and W, associated with the eigenvalues
ik, and ik,, respectively, from the eigenvectors associated with the eigenvalues ik and iwq (k) of
Lok given in Lemma 4.1. Differentiating the eigenvalue problems

Lo Uko = kUgo, L) Uy (k)41 = 1w1(k) Uy, (), 415

with respect to k at k = k., and using the properties

k. 1
ME)(kC) =0, Wi(kC) = =

. 9
2 2 Sl &
N

we obtain the equalities

4 d .
(Eltc - ch) (dek,O‘kkc> = ZCO7

) d
(Lpe — ikz) (dewl(k),ﬂ‘k:kC) =

Consequently, the generalized eigenvectors are given by

[ d . d
‘I’O = —1 <dek70}k=kc> 5 \Ili = —181mn o« (CZk:Uwﬂk),:l:l) ’k:kg’ (411)

In particular, they have the same form

i G-

sin o

Uy = ‘/1}0(2), v, = €iikyy\/:[\’:|:(z),

as the eigenvectors UE’O and le(lf\)il given in Lemma 4.1. Furthermore, since the function V4
in the expressions of Uy o(z) and Uy, () +1(2) is symmetric with respect to z = 1/2, just as the
function V' in (4.10), the eigenvectors Uy g and U, 1) +1 have the same symmetry properties
as the eigenvectors {p and {1, respectively. Together with the formulas (4.11), this implies that
W, and ¥4 have the symmetry properties given in (ii) and (44i), and completes the proof of the
lemma. |
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5 Reduction of the nonlinear problem

The next step of our analysis is the center manifold reduction. Using the symmetries of the
system (3.3), we identify an eight-dimensional invariant submanifold of the center manifold,
which contains the heteroclinic orbits of (3.3) corresponding to domain walls.

5.1 Center manifold reduction
We set € = 1 — e and write the dynamical system (3.3) in the form
0,U=L, U+R(U,e), (5.1)
where
R(U,¢) = (ﬁu - Euc)U + Bu(U>U)7

is a smooth map from Z x (—p., 00) into X, and
R(0,6) =0, DyR(0,0) = 0.

In particular, R satisfies the hypotheses of the center manifold theorem (see [8, Section 2.3.1]).
We also have to check two hypotheses on the linear operator £, . The first one requires that
the center spectrum of £, consists of finitely many purely imaginary eigenvalues with finite
algebraic multiplicity and the result in Lemma 4.2 shows that this hypothesis holds. The second
one is the estimate on the norm of resolvent of £, obtained by taking yu = p. in the lemma
below.

Lemma 5.1. For any pu > 0, there exist positive constants C, and w,, such that

Cu

(£ = i)l oy < Wl (5.2)
for any real number w, with |w| > w,.
Proof. We write £, = A, + B,,, where
V.-V 0
uWy 0
~1
—uALV, 0
AU = , B,U=
. —pTIAV IV (VL V) = VW, : —be,
¢ 0
—AJ_H _Mvz

Since the operator B, is bounded in X, the resolvent equality
(L —iw) ™ = [+ (A — iw) " Bu) (A — iw)

implies that it is enough to prove the result for A,. The action of A, on the components
(V, W) and (6, ¢) of U being decoupled, the operator is diagonal, A, = diag(AEt, AY), where
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Aff acting on (V, W) is a Stokes operator and A} acting on (6, ) is a Laplace operator. The
estimate (5.2) has been proved for the Stokes operator Aﬁt in [12, Appendix 2], and it is easily
obtained for the Laplace operator Aj’. This implies the result for A, and completes the proof
of the lemma. |

Denote by X, the spectral subspace associated with the center spectrum of £, , by P. the
corresponding spectral projection, and set Z, = (I-P.)Z. Applying the center manifold theorem
[8, Section 2.3.1], for any arbitrary, but fixed, k > 3, there exists a map ® € C*(X. x R, Z,),
with

®(0,e) =0, Dy®(0,0)=0, (5.3)

and a neighborhood U; x Uz of (0,0) in Z x R such that for any ¢ € U, the manifold
M.(e) ={U.+ @®(U.¢); U, € A }, (5.4)
has the following properties:

(i) Mc(e) is locally invariant, i.e., if U is a solution of (5.1) satisfying U(0) € M.(e) NU; and
U(z) € U for all x € [0, L], then U(z) € M.(¢) for all z € [0, L];

(ii) M¢(e) contains the set of bounded solutions of (5.1) staying in i) for all x € R, i.e., if U
is a solution of (5.1) satisfying U(z) € U, for all x € R, then U(0) € M.(¢);

(iii) the invariant dynamics on the center manifold is determined by the reduced system

dU
c=¢
dx He

de
XCUC + PR(Uc + @(Ue,¢),€) =) f(Ue,e), (5.5)

where

f(0,€) =0, DUcf(an) = E#c

X'

(iv) the reduced system (5.5) inherits the symmetries of (5.1), i.e., the reduced vector field
f(-,¢e) anti-commutes with S;, commutes with Sy, S3, and 7,, and is invariant under the
action of Tj.

An immediate consequence of these properties is that the heteroclinic solutions of (5.1)
representing domain walls belong to the center manifold M. (¢), for sufficiently small ¢, and can
be constructed as solutions of the reduced system (5.5).

5.2 Reduced system
According to Lemma 4.2, the center space X, has dimension 13 and we can write
U, = wpo+ AoCo+ BoWo+ A1 ¢+ B ¥, +A (. +B ¥_ (5.6)
+AoCo+ BoWo+ Ay + BL¥ L + A (- +B-¥_,
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where w € R and X = (Ag, By, Ay, By, A_, B_) € C® Then the reduced system (5.5) takes the
form

dw —

e h(w, X, X, ), (5.7)
dX —
%:F(vaaXa‘g% (58)

in which h is real-valued and F' = (fo, 90, f+, 9+, f—,g—) has six complex-valued components.
This system is completed by the complex conjugated equation of (5.8) for X. Notice that the
symmetries of the reduced system act on these variables through

S1(w, Ao, Bo, Ay, By, A, B_) = (w, Ag, —Bo, A_,—B_, A}, -By),
o(w, Ay, Bo, Ay, By, A_, B_) = (w, Ay, Bo, A_, B_, Ay, By),
Ss(w, Ao, Bo, A1, By, A_, B_) = (w,—Ag, —Bo, — Ay, By, —A_,—B_),
T(w, Ay, By, Ay, By, A_,B_) = (

Ty(w, Ao, Bo, A, By, A_, B_) = (w+b, Ag, By, Ay, By, A_, B_).

92}

w, Ag, Bg, €Ay, e By, e “A_,e"“B_),

Using the last three symmetries above, we obtain the following result.

Lemma 5.2. For any e sufficiently small, the reduced system (5.7)-(5.8) has the following

properties:
(i) the reduced vector field (h, F') does not depend on w;

(ii) the components (fo,g0) of F are odd functions in the variables (Ao, Bo, Ao, Bo) and even
functions in the variables (Ay, By, Ay, By, A_,B_,A_ ,B_);

(iii) the components (f+,g+,f—,9-) of F are even functions in the variables (Ao, Bo, Ao, Bo)
and odd functions in the variables (Ay, B, Ay, By, A_,B_,A_ B_).

Proof. Due to the invariance of the reduced system (5.7)- (5.8) under the action of T}, the
vector field (h, F') satisfies

(h, F)(w+b,X,X,¢) = (h, F)(w, X, X, ¢),

for any real number b. This implies that (h, F') does not depend on w and proves (7).
Next, the vector field F, which only depends on X and X, commutes with the symmetries

7, and S37,; acting on these components through
TW(AO7 By, A-H B+7 A—7 B—) = (A()? By, _A+7 _B+7 _A—a _B—)7
S3TTF(A07B07A+7B+7A—7B—) = (_A07_B07A+7B+7A—7B—)'

The first equality implies the parity properties of the components ( fo, go, f+, 9+, f—, g—) of F in
the variables (A, B, Ay, By,A_,B_,A_, B_) and the second one implies the parity properties
in the variables (Ag, Bo, Ag, Bo). This proves the properties (i) and (7i4). [ |
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An immediate consequence of the first property in the lemma above being that the two
equations (5.7) and (5.8) are decoupled, we can first solve (5.8) for X, and then integrate (5.7)
to determine w. We therefore restrict our existence analysis to the equation

dX -
— =F(X,X 5.9
dx ( ? 75)7 ( )

which together with the complex conjugate equation for X form a 12-dimensional system. For
this system, the parity properties of the vector field F' in Lemma 5.2, imply that there exist two
invariant subspaces:

EO = {(X’X)’ X € CG ; (A+7B+5A73B7) = 0}5
which is 4-dimensional, and
By = {(X,X), X €C%; (Ao, Bo) = 0},

which is 8-dimensional. Each of these subspaces give an invariant submanifold of the center
manifold. Solutions in the submanifold associated with Ej are invariant under the action of 7,
and solutions in the submanifold associated with F4 are invariant under the action of Ss7,. It
is not difficult to check that by restricting to Ey we obtain solutions of the full dynamical system
(3.3) which do not depend on y, whereas by restricting to E+ we find truly three-dimensional
solutions. For the construction of domain walls we restrict to the subspace F.

6 Normal form analysis

We write the reduced system (5.9) restricted to the invariant 8-dimensional subspace Ey in the
from i
— =G,Y,¢), 6.1
7~ e Y.e) (6.1)

in which Y = (A, B, A_, B_) € C*. Taking into account the properties of the reduced system
(5.5), the formula (5.6), and the choice for the generalized eigenvectors in Lemma 4.2, we find

G(0,0,e) =0, DyG(0,0,0) = Ly, DyG(0,0,0) =0,

where Lg is a Jordan matrix acting on Y through

Lo = . (6.2)

Using a general normal form theorem for parameter-dependent vector fields in the presence of
symmetries (e.g., see [8, Chapter 3]), we determine a normal form of the system (6.1) up to
cubic order.
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6.1 Cubic normal form of the reduced system

The following result is valid for any system of the form (6.1) which has a linear part as in (6.2)
and the symmetries Sy , So, S3, and 7, given in Section 5.2.

Lemma 6.1. For any k > 3, there exist neighborhoods V1 and Vo of 0 in C* and R, respectively,
such that for any € € Vs, there is a polynomial Ps : C* x C1 — C* of degree 3 in the variables
(Y,Y), such that for Y € Vi, the polynomial change of variable

Y =7+ P.(2,7), (6.3)

transforms the equation (6.1) into the normal form

dz — _
%:L[)Z—FN(Z,Z,g)—FP(Z,Z,g), (64)

with the following properties:
(i) the map p belongs to C*(Vy x V1 x Vo, C*), and

p(2,Z,e) = Ol Z]| + el Z)1° + |1 Z1);

(ii) both N(-,-,€) and p(-,-,€) anti-commute with Sy and commute with Sy, Ss, and T4, for
any € € Va;

(iii) the four components (Ny, My, N_,M_) of N are of the form

Ny =iA, Py + A R,
M, =iB,P, + B_.R, + A, Q4 +iA_S,
N_=iA P —A.R;
M_=iB_P.—Bi{Ri+A_Q_- —iA;S;

i which

Py = Boe + prAL Ay +if2(AyBr — AL By) + B3A-A_ +ifu(A-B_ —

P_ = foe + B3 A+ Ay +iBy(A4 By — Ay By) + f1A-A_ +ifa(A_B- —
Q. = boe + b Ay Ay +ibo(A, By — A; By )+ byA A +iby(A_B- —
Q= boe + by Ay A; +iby(A By — AT By) + A A +iby(A B —
Ry =v5(AyB- — A_By), S} =c5(A+B- — A_By),

B.)
B.)

\_/

A
A

A_B_

A-B-)

where (A4, By, A_, B_) are the four components of Z and the coefficients B;, b;, 75 and
cs are all real.
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Proof. The existence of the polynomial P. and the first two properties in Lemma 6.1 follow
from the general normal form theorems in [8, Sections 3.2.1, 3.3.1, and 3.3.2]. In addition,
N(-,-,¢) is an odd polynomial of degree 3 such that N(0,0,¢) = 0 and the identity

DyN(Z,Z,e)LyZ + DzN(Z, Z,e)L{Z = LyN(Z, Z ¢), (6.5)
in which L} is the adjoint of Lg, holds for any Z € C* and ¢ € V5. We write
N(Z,Z,e) = N1(Z,Z)e + N3(Z, Z),

where N1 and N3 denote the linear and cubic terms, respectively, of IV . It is now straightforward
to check that the linear part Nj has the form in Lemma 6.1 (4i7), and it remains to check the
cubic terms Nj.

We set N3 = (Ny, M, N_, M_). Then the identity (6.5) becomes

(D* +iky)N_ =0, (D*+iky)M_=N_,
in which
0 0 0

— kA =" 4 (A —ik,B_)——

« . 0 .
D = —kaA+7aA+ + (A+ — kaB_F)iaBJr 8A7 E)Bi

B S )
ey AT 4 (A + ik By) e + iy A2 4 (A + iky B ).
koA oo T (At ik By ) = ke d-pa= + (A ke Bo) e

Due to the equivariance of the normal form under the action of the symmetry Sso, it is enough
to determine (N4, M, ), the components (N_, M_) being obtained by switching the indices +
and — in the expressions of (N4, M, ).

Cubic monomials are of the form

AV AL BB AT A BB
with nonnegative exponents such that
P+t a4ty s tpo+go+ro+s- =3 (6.6)
We claim that the cubic monomials in Ny and M, also satisfy
Pe—artre—sitp —q 7 —s =1 (6.7)
Indeed, for any monomial as above we have
Dt (A A BB AN AT BB ) =
—iky (py —qp +14 — sS4 +p_ —q- +r_ —s ) A ATT BB AP AZ BT B
g AL BT B AP A BB
oy AP AL B B T AP AT BB
b AR A BT B AP P AT B B

ts ADFALT BB AP AT BB
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implying that the subspace of monomials for which the sum in the left hand side of (6.7) is
constant is invariant under the action of D*. Ordering the monomials by decreasing exponents
Dy G4y T+, S+, P—, q—, 7—, and s_, this action is represented by a lower triangular matrix with
equal elements on the diagonal given by

—iky (p+ —q+ + 14 =S4+ P —q-+T_ —5_).
Consequently, the polynomials Ny and My, which belong to the kernel and generalized kernel
of D, + ik, respectively, belong to the subspace for which (6.7) holds. This proves the claim.
Furthermore, the commutativity of N3 and 7, implies that monomials in (N, M) also satisfy

Pr—q++re—sp—p-tg —r-+s =1 (6.8)

Collecting all possible monomials in (N4, M) for which the conditions (6.6)-(6.8) hold, we
compute:

(D* +ik,) (AT AL) =0,
(D* + ik, ) (A2 By) = (D* + ik, ) (A1 Ay By) = AT AL,
(D* +ik;)(AyByBy) = A1By + A A By, (D" +ik,)(A1BY) = 24, A, By,
(D* +ik,)(B1By) = 2Ay By By + A, B3,
and
(D* + iky) (AL A_A_) =0,
(D* +iky) (AL A_B_) = (D* +ik,) (AL A_B_) = (D* + ik, )(By A_A_) = A, A A~
(D* +ik.)(A,B_.B_)=A,A B_+A,A B_,
(D* + ik,)(ByA_.B_) = A,A_B_+B,A_A_,
(D* + iky)(ByA_B_) = AL A_B_ +B+A A,
( 2)( B_)=

Since Ny and M, are necessarily linear combinations of these 14 monomials, the equalities
above imply that they are of the form

Ny = AyPy(uy,uz,uz,ug) + A_Ry (us),
M, = B+ﬁ+(u1, ug, Uz, uy) + B_ﬁ+(U5) + A+©+(u1,uQ,U3,U4) + A_§+(u5),
with Er, §+, @+, §+ linear in their arguments, which are the quadratic expressions
w = Ay Ay, up=i(A1By —AyBy), uz=A_A_,
uy =i(A_B_ —A_B_), wus=(A.B_—A_B,).

This proves the expressions of N; and M in (ii). Finally, taking into account the action of
the reversibility Sy, it is straightforward to check that the coefficients 3;, b;, 75, and c5 are real.
|
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6.2 Leading order system

We further transform the normal form (6.4) by taking new variables
T =e|Y2x,  Ai(z) = P|V204(F), Bil(z) = e*Tle|Dy(). (6.9)
We obtain the first order system,

C' = Dy + [+ (Cy, Ds, O, Dy, eXha/lI? 1|12 o),

D', = (bosign(e) + 01|C1[* + b3|C-[*) C1 + G4 (Cx, D, C, Do, 6iikm§/|€|l/27 el'/2,e),

C' = D_+ f_(Cy, Dy, Cx, Dy, =Rt/ [g]1/2 ),

D’ = (bosign(e) + bs|C|> + b1|C_|?)) C— +§—(Cs, Da, Oy, Do, eXha®/1E12 (2172 o),
where f., Gy, f_, g are of order O(le|"?(|Cx| + |D+])) and C*-functions in their arguments.

Solving the first and the third equations for (D, D_), we rewrite this system as a second order
system

C" = (bosign(e) + bi|Cy|? + b3|C_[?) C + hy(Cy, O, O, O, X/ 112 o) (6.10)
C" = (bosign(e) + b3|C | + bi|C_*)) C- + h_(Cx,C, Cx, CF, eEikeB/IEl? (e[1/2 &) (6.11)

in which h and h_ are of order O(|e|"/2(|C| + |C’|)) and C*-functions in their arguments.
Notice that both systems inherit the symmetries of the normal form (6.4).

Lemma 6.2. The coefficients by, b1, and bs in the system (6.10)-(6.11) have the following
properties:

(i) bo < 0 and by > 0, for any Prandtl number P and any angle o € (0,7/3);

(ii) for any Prandtl number P, there exists an angle o, (P) € (0,7/3] such that by < bg < 3by,
for any o € (0, ax(P)).

Proof. We compute the coefficient by from the eigenvalues of the matrix obtained by linearizing
the normal form (6.4) at Z = 0. The eigenvalues of this matrix are the continuation of the
eigenvalues ik, of £, as eigenvalues of £, for u = p. + ¢ and sufficiently small €. Since p. =
to(ke) is a minimum of pg(k), for € > 0, there exist k1 < k. < ko such that u = uo(k1) = po(k2)
and the operator £, has the purely imaginary eigenvalues +iw; (k1) and +iw; (k2) in Lemma 4.1.
Computing the eigenvalues of the normal form (6.4) we obtain the relationship

iwr (k1) = i <k — \/—boe + O(a)) . (6.12)

Since the eigenvalues are purely imaginary, this proves that by < 0.
As a consequence of the existence of rolls we have that bgb; < 0. Indeed, for any pu > p.
sufficiently close to p., the rotated roll R_Q(Uzm u) in Section 4.1 is a solution of the dynamical
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system (3.3) and belongs to the center submanifold associated with the subspace Ey. From the
classical result in Section 2.2, we obtain that

Roa(Uj, ) (,y, 2) = /2Bt Thilgr (z) 4 e erhu)gn () 1 O(e),

with € = p— p. > 0 and some complex-valued function u*(z) which can be determined from the
expression of &y in Section 2.1. Taking into account the center manifold reduction, the normal
transformation, and the change of variables (6.9), we conclude that the system (6.10)-(6.11)
has a nontrivial equilibrium (¢ ,0) when € = 0. Since sign(e) > 0, this implies that bob; < 0.
Consequently, we have that by > 0.

Finally, the result in the second part of the lemma is an immediate consequence of the
property (B.12) proved in Appendix B.4, which shows that the limit as «a tends to 0 of the
quotient b3 /by is equal to 2. |

The existence proof in the next section requires that the quotient

=5 (6.13)

g
takes values in the interval (1,4++/13). The lemma above shows that this property holds at least
for small angles a € (0, . (P)), for some a(P) € (0,7/3], and any positive Prandtl number P.
In Appendix B.5 we use the package Maple to compute symbolically the quotient g. It turns out
that the inequality g > 1 holds for any Prandtl number P > 0 and any angle o € (0,7/3), and
that the inequality g < 4 + /13 holds in a region of the (c, P)-plane which includes all positive
values of the Prandtl number P, for sufficiently small angles o < v, with a, &~ 7/9.112, and
all angles a € (0,7/3), for sufficiently large Prandtl numbers P > P,, with P, ~ 0.126 (see
Figure 6.1).

0.47

031 g<4++v13

0.14

.
0 0.25 0.50 0.75 1

O =sina

Figure 6.1: In the (0, P)-plane, with © = sin? &, Maple plot of the curve along which g = 4 + /13, for
© € (0,1). The inequality g < 4 + /13 holds in the shaded regions, whereas the inequality g > 1 holds
everywhere. Domain walls are constructed in the shaded region situated to the left of the vertical line
O = sin’(7/3) = 0.75.
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Remark 6.3. Replacing the formula for wy (k1) in Lemma 4.1 and the equality € = po(k1) — pic
into (6.12), we obtain

ky —wi(k1) = kesina — (/k3 — k2 cos? v = \/—bo\/,uo(kl) — tie + O(po(k1) — pe),

from which we can determine the value of by,

2 . 0.319

bp = — ~ < 0.
0 118 (ke) sin? o sin? o

7 Existence of domain walls

Following the approach developped in [10] for the reduced system obtained in the case of the
Swift-Hohenberg equation, we construct a reversible heteroclinic solution for the system (6.10)-
(6.11), which then corresponds to a symmetric domain wall for the Bénard-Rayleigh problem.
We start by constructing a heteroclinic solution for the leading order system (¢ = 0) and then
using the implicit function theorem we show that it persists for the full system. In contrast
to the reduced system in [10] which was 12-dimensional, we only have to consider here the 8-
dimensional subsystem (6.10)-(6.11). This simplifies parts of the proofs. A second difference is
that here the quotient g may take different values depending on the Prandtl number P and the
angle o (see Figure 6.1), whereas g = 2 in [10]. It turns out that the property of the leading
order heteroclinic in Lemma 7.1 below, which was easily checked in [10], is enough to make the
arguments work. However, this property requires that the quotient g belongs to the interval
(1,4 + +/13), which restricts our existence result to the values of the Prandtl number P and the
angle « indicated in Figure 6.1. We recall below the main steps and refer to [10] for the details

of proofs.
We assume ¢ > 0, so that rolls exist. For convenience, we rescale variables and coordinates
by taking
b |12 _
7= lbl'?E Cu@) = |2 Ca(@),

and, after dropping the tilde, we obtain the system
CL = (—1+[C1[2 +g|C_1*) O + by (Cx, O, O, CF keIl 1e1/2) - (7.1)
O = (=14 9|4 +]C_) C- + h_(Cy, Ok, Cx, O /0l [e112), - (7.9)
with g given by (6.13). The nonautonomous terms h and h_ are of order O(|e|"/2(|Cx|+|C%|)

and C*-functions in their arguments, due to the assumption ¢ > 0.

7.1 Leading order heteroclinic

Consider the leading order system

O = (14|04 +glC-?) Cs, (7.3)
C! = (-1 +g|C+f +|C-]*) C-, (7.4)
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obtained by setting ¢ = 0 in (7.1)-(7.2). Under the assumption that g > 1 3, it has been shown
in [27] that the system (7.3)-(7.4) possesses a heteroclinic orbit (C7%,C*). The two components
C% and C* are smooth real-valued functions defined on R and have the following properties:

——00

i) lim (C1(2),C% (@) = (1,0) and Tim (€% (2),C" (2) = (0, 1);
(i) Ci(x)=Ci(-x), Vzek;
(i1i) Ci(z)*+C*(2)? < 1and C%(z) + C*(z) = min(1,2/\/g+1), VzecR;
1
(iv) (CY(x))*+ (C¥(x))* = 3 (Ch(2)® +C* (z)* — 1)2 + (g —1)C%(2)*C* (z)?, VzeR.
The latter property is a consequence of the Hamiltonian structure of the system (7.3)-(7.4), which

was one of the key ingredients in the existence proof in [27]. In addition to these properties, we
need the following result.

Lemma 7.1. Assume that g € (1,4 + V/13). Then the heteroclinic solution (C%,C*) of the
system (7.3)-(7.4) satisfies the inequality

3C*(x) + gC*(z) > 1, Yz eR. (7.5)

Proof. For g € (3/2,4 + +/13) the property (7.5) is an immediate consequence of the second
inequality in the property (iii) above. We set

folw) = 30 (2) + 9O (2) — 1,

so that f, is a smooth function defined on R and f; is positive for any g € (3/2,4 + v/13).
Assuming that there exists g € (1, 3/2] such that (7.5) does not hold, since f, has positive limits
at x = +o0,

lim fy(z) =2, xlglolo folz)=9g—1>0,

T—r—00

and since the property holds for any g € (3/2,4 + v/13), there exists g € (1,3/2] and z. € R
such that

fola) =0, fo(2s) =0, fg(2.) >0, (7.6)

i.e., f4 vanishes at a local minimum x..
For notational simplicity, we set

U=CP(x), V=02%), X=(C(x))? Y=(C(x.))>
Then the two equalities in (7.6) imply,
3U+¢gV =1, 9UX = ¢*VY,

and from the property (iv) above we find that

1
X+Y:§(U+V—1)2+(g—1)UV.

3Tt turns out that this condition is necessary and sufficient.
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Consequently, we can write V, X, Y as functions of U,

1
V= (1-30)
- LA =3U)((5¢° = 9)U? +6(1 — 9)U — (9 = 1)°)
2 9(3(g —3)U — g) ’
y _ 2U(Bg* —9)U? +6(1 - g)U = (9 = 1)°)
2 9*(3(g = 3)U —g) ’

and then compute

g (@) = 2BX 4+gY +3U(-14+U+gV)+gV(-14+gU+V)
(18(g — 1)(g* = NU? + (129(9 — ¢°) — 27(3 + ¢*))U*
+2g(g° + 69 — 99U + (9 — 1)(g - 3)) /(9(g — 3(9 = 3)U)).

For g € (1,3/2) and U € (0,1) we find that f{'(z.) < 0, which proves the result. [ |

This result allows us to transfer the arguments used in [10] in the case g = 2 to more general
values g € (1,4 +v/13). In particular, we find that C{ and C* have the asymptotic behavior

Ct(x) =1 — BoeY?* + 0(eV2H%) | C* (2) = eV 1% 4+ O(eVITTH0) o, >0, B, >0,
as r — —oo, for some § > 0, and
Ch (1) = e V917 £ O(eVITIH07) - 0% () = 1 — Boe V22 4+ O(e V2D (7.7)
as r — OQ.

7.2 Persistence of the heteroclinic

A key step of the persistance proof is the analysis of the operator obtained by linearizing the
system (7.3)-(7.4), together with the complex conjugated equations, at (C7,C*), i.e., the linear
operator L, acting on Cy, C_ through

G Cl — (142032 4 gC*?) Cy — C2Cy — gCLCx(C- + C)
Nes )\ O (14902 4 2072) O — CF2C- — gCrLCE (O + C) )

In the space of exponentially decaying functions

X, ={(Cy,0-,C4,Co) e (L)'}, Li= {f :R—C; /Re2"""”|f(l‘)|2 < OO} 7
for some 1 > 0, L, is a closed operator with dense domain

Yo ={(Cy,C-,C,C) e (H)'}, Hy={f:R—=C; f.f,f" €Ly}
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We are interested in the properties of its restriction to the invariant subspace of reversible
functions

X, = {(Cy,C_,C,Co) e Xy 5 Cy(x) = C_(—x), z € R}

Due to Lemma 7.1, the properties found in [10, Lemma 4.1] remain valid for g € (1,4 4+ v/13).
We have the following result.

Lemma 7.2. Assume that g € (1,4 4+ /13). For any n > 0 sufficiently small, the operator L.
acting in Xy is Fredholm with index —1. The kernel of L is trivial, and the one-dimensional
kernel of its L?-adjoint is spanned by (iCct,—iC*, -iCy,iC*).

The remaining arguments, which rely upon the implicit function theorem, are the same as
in the proof of [10, Theorem 2]. Since the operator L, in Lemma 7.2 is injective with index —1,
and not bijective, we need an additional parameter to conclude. We introduce this parameter
by considering the periodic solutions ((1 — 9%)1/2¢0 0), for small 0, of the leading order normal
form. Their orbits surround the equilibrium (1,0), and persist as periodic orbits

P.y(z) = ((1 _g2)1/2i0e o) FO@EY?), (7.8)

of the full system (7.1)-(7.2). While the equilibrium (1,0) corresponds to the rotated rolls
Ra(Uj ) in Section 4.1 with wavenumbers k = k. , these periodic orbits correspond to the
rolls with wavenumbers k close to k.. These solutions are not reversible, so that the reversibility
symmetry S; generates a second family of periodic orbits

Q.(z) = (S1Peg)(—1) = (o, (1- 92)1/%@'%) +O(eM?),

From [10, Theorem 2] we obtain the following result, which completes the persistence proof and
implies the result in Theorem 1.

Theorem 2. Assume that g € (1,44++/13). For any e sufficiently small, there exists = 0( /),
0(0) = 0, such that the system (7.1)-(7.2) possesses a heteroclinic orbit C. connecting the periodic
orbit P.g, as x — 00, to Qg 9, as x — —oo.

8 Discussion

This approach can also be used for other boundary conditions, when one, or both, of the rigid
boundaries is replaced by a free boundary. It turns out that the arguments remain the same
when both boundaries are free, but a major difference occurs in the case of one rigid and one
free boundaries. We briefly discuss these two cases below.

8.1 Free-free boundary conditions

In the case of two free boundaries, the rigid-rigid boundary conditions (2.5) are replaced by the
“free-free” boundary conditions

0:Velz=01 = 0:Vy|2=01 =0, Vi|:=01 = 0].=0,1 =0, (8.1)
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the horizontal components (V,,V,) of the velocity field V satisfying now Neumann boundary
conditions along the vertical axis z, instead of Dirichlet boundary conditions. The equations in
the system (2.1)-(2.3) are the same, and with these boundary conditions the system has exactly
the same symmetries as in the case of rigid-rigid boundary conditions.

In the classical two-dimensional convection, the existence of rolls is shown as in Section 2.2.
The sequence of parameter values po(k) < p1(k) < p2(k) < ... has the same properties as in
Section 2.1, the difference being that in the boundary value problem (2.9)-(2.10) the equality
DV = 0 is replaced by D?V = 0. This changes the formula for po(k), which is now explicit (see

21]), 1
polk) = o (k° +x2)%2,

from which we easily obtain the numerical values

— = ——7°.
V2 fe 2

Furthermore, the solution V' of the boundary value problem (2.9)-(2.10) is now explicit,

ke =

V(z) = sin(mz).

In our approach, we replace the spaces X and Z in the spatial dynamics formulation (3.3)
by

X = {U € (Hh ()% 5 (L2 (Q)° X Hjpp () x L0y ()

per per per

V,=60=0o0nz=0,1, and /deydzzo},
Q

and
Z={UeXn(Hy (2) x (Hy, () X Hpep () X Hpe, () 5

8?,‘/33:83Vy:WZ:¢:Oonz:O,1}.

The equations in (3.3) and the symmetries 7,, Sy, S2, S3, and T} in Section 3 do not change,
and the results and arguments in Sections 4-7, including the existence result in Theorem 2,
remain valid. The only differences are at the computational level, in the different boundary
value problems involving the component V, of the velocity field, the equality DV, = 0 being
replaced by D?V, = 0 (these are the boundary value problems for V and v in the proof of
Lemma 4.2 and the boundary value problems for V;;z; in the computation of the coefficients by
and b3 in Appendix B).

The explicit formulas for 19(k) and for the solution V' of the boundary value problem (2.9)-
(2.10) given above, make the computation of the quotient g in Section B.5 much simpler in this
case. From (B.24) and (B.20) we compute

2 . 2 , 3 .
o(z) = ~3.2 sin(2rz), Ri(z) = —3—(1 — 0)sin(27z), Ra(z) = —37°(1 — O)sin(27z),

2 T
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where © = sin? o, and by solving the boundary values problems (B.21) and (B.22), in which the
boundary conditions are changed as explained above, we find

1 27
Vo= i) te=r(Fe-serer). j-12

Finally, using (B.17)-(B.19) and (B.16) we obtain that

)= 18\/%28 —9 <(@ +2)* + g@ P~ +30(0 + 2)7>2> .

In particular,

9v/3 72
8 9y
so that the denominator of g in (B.15) does not depend on P~!. This implies that the quotient

b31(1) =0, b31(0) =

g is a quadratic polynomial in P~!, whereas it was a bounded rational function in the case
of rigid-rigid boundary conditions, hence taking arbitrarily large values for sufficiently small
Prandt] numbers P, for any fixed angle o. Consequently, the inequality g < 4 + v/13 can only
hold in this case for not too small Prandtl numbers P > P, («) > 0, for any fixed angle a. Since
the result in Lemma 6.2 remains valid, we necessarily have P,(0) = 0. A Maple computation of
the quotient g gives the plot of the curve P, () in Figure 8.1, and also shows that the inequality
g > 1 holds for any Prandtl number P > 0 and any angle o € (0,7/3), just as in the case of
rigid-rigid boundary conditions. Whether the persistence proof in Section 7.2 can be extended

0.4

03 g<4++v13
P o2

0.1

‘

0 0.25 0.50 0.75 1
2

O =sin“ «

Figure 8.1: In the (©,P)-plane, with © = sin?« € (0,1), Maple plot of the curve along which g =
4 + /13, in the case of free-free boundary conditions. The inequality g < 4 + /13 holds in the shaded
regions, whereas the inequality g > 1 holds everywhere. Domain walls are constructed in the shaded
region situated to the left of the vertical line © = sin?(7/3) = 0.75.

to values g > 4 + v/13 remains an open question.
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8.2 Rigid-free boundary conditions

In the case of one rigid and one free boundaries, the boundary conditions (2.5) are replaced by
the “rigid-free” boundary conditions

Vx’z:ﬂ = Vy|z:0 = 07 az‘/r|z:1 = asz’zzl = Oa ‘/2’22071 = 6|z:071 = 07 (82)

and, as in the previous case, the equations (2.1)-(2.3) remain the same. In contrast to the rigid-
rigid and free-free boundary conditions, these rigid-free boundary conditions are asymmetric
and the system looses its reflection symmetry in the vertical coordinate z. As an immediate
consequence, in the spatial dynamics formulation, the system (3.3) is not equivariant under the
action of the symmetry S3 anymore. While the spectral properties of the linear operator £, in
Section 4 and the center manifold reduction in Section 5 remain valid, the parity properties of
the reduced vector field in Lemma 5.2 do not hold. Consequently, in this case we do not have
an invariant 8-dimensional center submanifold, and we have to treat the full 12-dimensional
reduced system. This leads to two additionnal difficulties.

First, the normal form analysis in Section 6 becomes more complicated since it has to be
done for 12-dimensional vector fields instead of 8-dimensional vector fields. As a result, we
expect that the system replacing (6.10)-(6.11) will be a system of three second order ODEs, and
that to leading order it will be of the form:

CY = (aosign(e) + a1|Co|? + az(|C1* + |C_?)) Co, (8.3)
C! = (bosign(e) + as|Co|* + b1|C4|* + bs|C_|*) Cyy, (84)
C” = (bosign(e) + as|Co|* + bs|C|* + bi|C_|?) C_. (8.5)

This system is similar to the one found in [10] for the Swift-Hohenberg equation, and assuming
that bosign(e) < 0 and b3/by > 1, it has the heteroclinic solution (0,C%,C*), where (C%,C*) is
the leading order heteroclinic in Section 7.1.

Next, the persistance proof from [10], which has been done for particular values of the
coefficients in the leading order system, has to be extended to more general systems of the
form (8.3)-(8.5). We expect that this will lead to additional conditions, to be determined, on
the coefficients in the system (8.3)-(8.5). Checking these conditions will require a computation
similar to the one in Appendix B, but longer. This case will make the object of future work.

A Some properties of linear operators

A.1 Adjoint operator

Denote by (-, ) the scalar product in (L2,(€2))® and consider the closed subspace
Ho={U = (Vo, Vi, W, W1, 0,9) € (L2,,.(2))%; /QV,,: dydz =0} C (L2,,.(Q))®,

which is the closure in (L2,,(£2))® of both X and the domain of definition Z of the operator £,,.

per

We compute the adjoint £}, of £, from the scalar product (£,U,U’), for U € Z, and choose
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U’ € H, such that U — (£,U,U’) is a linear continuous form on Hy. We obtain the linear

operator
—pH (AL W, — (AL W)

ViVe—p AW —p 'V I(VL - W) — pde,
Vi W
LU = LWy ’
puVy
_Wz - ALQZ)
0

where
(ALW,) = / AL W,(y, =) dy d=.
Q

The operator £}, is closed in the space X" defined by

Xt = {U € (L2,(2))% x (HY, Q) x L2,.(Q) x H., () ;

per per per per

We=W, =¢=00n2=0,1, and /deydz:()},
Q

with domain
2" = {U € X" 1 (HYy (0)* x (HZ,(Q))* x HL, () x HZ,(Q)

Vi=V, - W, =60=00n2z=0,1}.

The adjoint operator £}, has the same center spectrum as the operator £,. For our purposes
we need to compute its kernel, an eigenvector associated with the eigenvalue —ik of E:‘LO (k) and
one of the eigenvectors associated with the eigenvalue —ik; of Lj, .
The kernel of £7, is easily computed by solving the equation £;,U = 0, and we find that it is
spanned by the vector
@i = (0,0,0,2(1 - 2),0,0,0,0,)".

We use this vector in the computation of the coefficients of the cubic normal form in Appendix B.

Next, for u = uo(k), the operator E:‘LO( k) has the geometrically simple eigenvalues +ik, just as
the operator £, ). In Appendix A.2 we need the expression of an eigenvector ‘I’Z,o associated
with the eigenvalue —ik. A direct calculation gives

—uo(}g) == (D3Vj, — (D*V},))
0

ik
1o (k) Vi
* Tk T, % _lDVk

‘I’k,O(ya z) = ‘I’k,o(z)7 k,O(z) = F ) (A1)
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where

D) = | DVile) dy

Vi is the solution of the boundary value problem (4.8), and ¢y is the unique solution of the
boundary value problem
(D? = k)¢ = Vi, kl2=01 = 0.

Finally, in the computations in Appendix B we also need an eigenvector associated with the
eigenvalue —ik; of £y, which is of the form

v = \ilfr (z)ethvy,

We obtain that

- #Clkg (D% — k2 cos® a) DV
_mflo/:(;osaDV
~ —e DV
—=eDV
-V
—ikc(sin )¢
¢

where V' is the solution of the boundary value problem (4.10), and ¢ is the unique solution of

the boundary value problem
(D* k) =V, ¢|.=01 =0.

Notice that the function ¢ is related to the function # in the boundary value problem (2.9)-(2.10),
taken at k = k., through the equality 8 = —pu.¢.

A.2 Algebraic multiplicities of +ik and +iw; (k)

For ky = k. cos a with o € (0,7/3) and k # k., sufficiently close to k., consider the geometrically
simple eigenvalues +ik and the geometrically double eigenvalues F-iw; (k) of the operator L,
found in Lemma 4.1. We show that their algebraic multiplicities are equal to their geometric
multiplicities, or equivalently, that their index is equal to 1. We prove the result for the eigenvalue
ik, the arguments being the same for the eigenvalue iw (k).
Assuming that the index of the eigenvalue ik is larger than 1, there exists a vector ¥y, o such
that
(Lo — k) ¥r0 = Upp. (A.2)

Differentiating the eigenvalue problem

L) Uk = ikUg,
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with respect to k leads to the equality

. d . 0
(ﬁuo(k) — Zk) (dek,0> = (Z — M6(k}) @ﬁu{ﬂ—uo(k)> Uk,0~

Since pg(k) # 0 for k # ke, this identity and (A.2) imply that there is a solution ®j ¢ of the
linear equation

. 0
(Looky = 1F)Pro = 75“}u:uo(k)U’f70' (A.3)

O
As a consequence, the vector in the right hand side of the above equation is orthogonal to the
kernel of the adjoint operator (ﬁx*m(k) + ik). In particular, it is orthogonal to the eigenvector
U} o computed in Appendix A.1 and given by (A.1). A direct computation gives the term in

the right hand side of (A.3),

ik
to (k) ‘gk
0 ~ s DV
— ug(k)k
o Erlumpoy Oro = | 100 ’

2 2
u%(k)D Vi
0

_Vk

and taking its L2-scalar product with the vector Wy, given by (A.1) we obtain

1

gaie DMV + 2R IDVAI? + RAIVAIR) + D6l + K] > 0
0

The positivity of the scalar product contradicts the solvability condition for the equation (A.3),
and proves that the index of the eigenvalue ik is equal to 1.

B Coefflicients of the cubic normal form

B.1 General formulas

For the computation of the coefficients by and b3, we follow the method in [8, Section 3.4.1]. We
restrict to the 8-dimensional center manifold

My(e) ={U.+®(U,.e); U.€ E.}.

Recall that solutions on this submanifold are invariant under the action of Ss7,. Combining
the transformations from the center manifold reduction in Section 5.1 and the normal form in
Lemma 6.1, we write

U = Ao+ B, + A ¢ +B Y+ A+ B0, + A +B_W_
+$(A+7B+>A77B*>A7+7B7+>I7K75)7

w
(=)



in which Z = (A4, By, A_, B_) satisfies the normal form (6.4). Substituting U given by this
formula in the dynamical system (3.3), and using the expressions of the derivatives of Ay, By,
A_, B_ given by the normal form in Lemma 6.1, we obtain an equality for the variables A,
By, A_, B_ and their complex conjugates. We find the coefficients of the normal form, and in
particular b; and bg, by identifying the coefficients of suitably chosen monomials in this equality.

We denote by ®,.4,, the coeflicient of the monomial A:LAiJrSAt_Iu in the expansion of o
Identifying successively the coefficients of the monomials Aiﬂ, AL A_A_, and then Ai, AL AL
ALA_ ALA_ A_A_, we find the equalities

’Lﬂchr + bllIIJr = ([,#C — ik‘x)q)gloo + QBuc(‘i’Qooo,ﬁ) + 28;1,0(@1100’ C+)a

iB3C+ + b3W = (L, — iky)Pro11 + 2By, (P1010, ¢ ) + 2B, (P1oo1,¢—) + 2B, (Pooi1, {+),

and

(Lpe = 2ikz)®2000 = =By (C+C+), (B
Lye®i100 = =28, ¢+, Ch), (B
(Lpse = 2ikz) ®1r010 = —2B,. (¢, ¢-), (B.
(B
(B

Eucq)l()Ol = —2Buc(c+>C—)a
L. Poo11 = =28, (¢, ¢).

We determine the coefficients b1 and bg by taking the scalar product of the first two equali-
ties above with the vector W7 in the kernel of the adjoint operator (£, — ik;)* computed in
Appendix A.1,

b (W, ) = (2B, (®2000,C1) + 2B (®1100, 1), UL, (B.6)
b3(W W) = (2B, (®1010,¢-) + 2B (1001, ¢-) + 2B, (Poor1, ¢+), ), (B.7)

where ®2000, P1100, 1010 , P1oo1, and Pgo11 are solutions of the linear equations (B.1)-(B.5).
In the equations (B.1) and (B.3), the linear operator (£, — 2ik;) is invertible, except in the
case « = /6 when 2k, = k.. Nervertheless, we only have to solve the equations in the subspace
of vectors which are invariant under the action of S37, and the restriction of (£, — ik.) to
this subspace is invertible, since its two-dimensional kernel is spanned by (o and ¢y which do
not belong to this subspace. Consequently, ®9999 and ®1g19 are uniquely determined. In the
equations (B.2), (B.4) and (B.5), the linear operator £, has a one-dimensional kernel spanned
by the vector ¢g in Lemma 4.2 (7), and the kernel of its adjoint is spanned by the vector ¢f in
Appendix A.1. The solvability condition is easily checked in all cases, so that we can solve these
equations up to an element in the kernel of £,,. The choice of this element in the kernel does
not influence the result from (B.6)-(B.7), since B, is invariant upon adding a multiple of .
Without going into the detailed computations, in the next two sections we give the results
for the different quantities in the right hand sides of (B.6) and (B.7). For the vectors ®,s,
we do not compute explicitly the component W, because it is not needed in the computation

of B,..
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Remark B.1. In this way we can also compute the coefficient by. By identifying the coefficients
of the terms €A, and then taking the scalar product with ¥ we obtain

b0<‘Il+7 ‘Ilj-> = <[’(1)C+a ‘I’j—>a

in which LY is the derivative with respect to p of the operator L, in (A.3) taken at p = p.. A

direct computation gives

\ 1
bo(W 1, W) = 252 (ID?VI* + 2KZ[ DV? + kIIVII?) + 1 D] + k2]l 6] > 0, (B.8)

and implies that (¥, W% ) <0, since by < 0. We point out that it is not obvious to determine
the sign of this scalar product directly from the explicit formulas of ¥ and ¥ .

B.2 Computation of b,

For the first term in the right hand side of (B.6) we obtain, successively, 4

03
tsma p=1 (Y D2V — (DV)?)
B (Ct+,C+) = e p-1 (VD — (DV)?) vy,
0
& (V(D? = k2)2DV — DV(D* — k2)V)
zlsgi%DVmoo
%Dvmoo
Va000
Wa000
_sinacosa pyp

He

2ik, si
i Zsmav2000
C

02000

2k
Pop00 = ey,

2ikc (sin Oé) 92000
in which

L p-1p (VD?V — (DV)?),

——_(D? — 4k%)? —
( <) Vaooo 202

(D? — 4k2)*Vaooo + 42k Vaooo = 2ucP~ ' D(D? — 4k7) (VD?V — (DV)?)
+4pe (V(D? = k2)*DV — DV(D? — k2)*V),

and Voo satisfies the boundary conditions

Vaooo = DVagoo = (D? — 4k2)*Vagoo = 0in 2 = 0, 1,

4In a column vector, the notation 0; means that 0 appears on k consecutive rows.
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03
isine D=1 (D(V DVagoo) — 2(D2V)Vaooo)
tgea p=1 (D(V DVaooo) — 2(D?V)Vagoo)
3P~ (V. DVagoo + 2(DV) Vaooo)

2B, (®2000,C4) = ethvy,

0
¢(Boz)
with
1
¢(Bo2) — 512 (DVagoo(D? — k2)*V + 2Vagoo(D? — k2)2DV) + pue (202000 DV + V D20oo)

and the scalar product

— 1
(2B, (®2000, C+), ¥4) = 572 P~ (Vaooo, D ((DV)? = VD?*V)) + pe{Ba000, 9DV — VDo)
1
+ﬁ<V2000, ¢(D* — k2)°DV — (D)(D* — k2)*V).

C

Using the equation for ¢, we find
6(D? = K2)2DV — (Dg)(D? — K22V =0,

so that the last term in the right hand side of this scalar product vanishes.
For the second term the calculations are simpler. Here we find

05
_ 4P~V DV
2B,,.(¢+,¢4) = 0 ;
=D (V(D* - k2)*V)
03
Wiio00 9
D00 = 0, , D*01100 = ﬁD (V(D?* = k2)*V),
01100 ¢
0
07 .
2B, (®1100,C+) = ethvy,
g eV DO1100

and the scalar product

(2B, (®1100,C+), W) = pe(DO1100, V B).
Summing up, we obtain
1
2k2
+1c ({02000, 9DV — VD) + (Db1100, V) -

Notice that the right hand side in this equality does not depend on the angle «. For our purposes

b1<lIl+7 ‘Ilj-> =

P~ (Vagoo, D ((DV)? — VD?V))

we do not need to compute the scalar product (¥, ¥*).
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B.3 Computation of bs

Similarly, for the first term in the right hand side of (B.7) we find

03
2isha p=1 (cos(20) (DV)? + VD?V)
2B 0
pe(Gs6-) = 4P~ Y(cos? a)V DV ’
0

Z (V(D? = k2)’DV + cos(2a) DV (D? — k2)*V)

2kc slnaDVlOlO
0

Vioto

Wio1o
P1010 = 0 )

21k si
7 Tusmozvvl(no
C

f1010

2z'k:c(sin 04)01010

in which

2
(D? — 4k? sin? a)01010 = —pcVioio + — 2 (V(D? = k2)*DV + cos(2a) DV (D* — k2)*V) , (B.9)

01010 = —ﬁp 'D (cos(2a)(DV)? + VD?*V) + 4P~ ! cos® a(VDV)

1

W(D 4k2 sin Oé) ‘/1010,
C

(D2 — 4]€2 Sin2 Ot)3V1010 + 4k3u3(sin2 Oé)Vlolo = (Sin2 Q)Gmlo,
where

Giowo = 8puc (V(D? = k2)>DV + cos(2a) DV (D? — k2)*V)
+4u P~ (D? — 4k?2 sin® &) D (cos(2a)(DV)? + VD?V)
—16k2 Pt cos® a(D? — 4k%sin ) (VDV),

and V19 satisfies the boundary conditions

V1010 = D‘/IOIO = (D2 — 4/{2 sin2 a)2V1010 =0in z = 0, 1.
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Next, we write

03
Wi
(1)
_ W. ;
2B,,.(®1010,6-) = Z21) e,
0
sy
where we find
(1) _ isina . 2 _ . piype
W 2i P (DVDViowo = 2(D*V)View) + 5P ™'V D*Viono,
1Cosa___
Wb = SEEPT(2(DV)Viw + (DV)DViow)
1
wh = 573—1 (3VDVigio + 2(1 + 2sin® @) (DV)Viguo)
1 1
oM = ﬁleo(lﬁ —k2)%DV + T (DVigio)(D? = k2)*V +
c C

+te (VDO1o10 + 2 sin® a(DV)1010) ,

and we have the formula for the scalar product

(28, (®1010,€), #5) = 1 (sin @)W + (cosa)W(D, DV) = (W, V) + (6D, ).

C
Notice that the dependence on « of the right hand side in this equality is through sin? o, only,
so that we can write the scalar product as a function of sin? o,

<2BMC((I)1010, C,), ‘I’i> = b31 (sin2 Oé), (BlO)
and the function bs;(-), which does not depend on «, can be determined from the above formulas.
For the second term in the right hand side of (B.7) we obtain successively,
04
2“,;%77_1 (VD?V — cos(2a)(DV)?)
2B, (¢4,¢-) = 4P~ (sin®)aV DV kv,
0

Z (V(D? = k2)’DV — cos(2a) DV (D? — k2)?V)

0
i
2k cos o D‘/lOOl
Vioo1

®1001 = W 2k
1001 = 1001 € )

0
01001

0
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with
1 :
01001 = — kgple (VD?V — cos(2a)(DV)?) + 4P~ ' sin® o(VDV)

1
——— (D? — 4k? cos? 0)*V;
+ 4p.k? cos? a( e cos” ) Vioor,
(D 4]422 Ccos a) Vioo1 + 4k‘ COS aVigor = (COS2 Oé)G1001,

where

Gioot = 8pue (V(D? — k2)>DV — cos(2a) DV (D? — k2)%V)
+4p P~ (D? — 4k cos® a) D (VD?*V — cos(2a)(DV)?)
—16k2p, P~ (sin” o) (D? — 4k? cos® a)(VDV),

and Vjgo1 satisfies the boundary conditions
‘/1001 = DV1001 = (D2 - 4k3 COS2 04)2‘/1001 =0in 2z = 0, 1.

As for the previous term, we write

03
@
(2)
W, 4
2B,,.(®1001,6-) = Wz) ey,
0
»?
where
isino
W = = =P (DVDVieor + 2(D*V)Vieor)
1CosQ i -
Wf) = oL P~ ((DV)DVigor — 2(D*V)Vigor ) + m? 'V D*Vigor,
1
WZ(Q) = 5’])_1 (3VDV1001 + 2(1 =+ 2C052 Oé)(DV)VIOOI) )
1
p? = 2 —Vigo1(D? — k2)2DV 4 — 202 (DV1001)(D2 — kv

+Lle (VD91001 + 2 COS2 Oz(DV)QlOOl) s

and obtain the formula for the scalar product

(28, (®1001,¢ ), #5) = 1 (sin @)W + (cosa)W ), DV) = (W, V) + (6, 6).

C
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Comparing this formula with the one obtained for (2B, (®1010,{—), ¥* ), we find that
(2B, (®1001,¢-), ) = bg1(cos® a), (B.11)

where b3; is the function defined in (B.10).
Finally, for the last term we obtain

QBNc(C—vci) = QBMc(C-Ha)a

which implies that ®gg11 is equal to the vector #1199 computed in the previous section, so that

(2B, (®oo11,6+), ) = (2B, (P1100,C+), L) = pe(DO1100, V P).

Summing up, we have
b3<\I/+, ‘I’j_> = b31(SiH2 Oé) + 531((3082 Oé) + /LC<D01100, V¢>,

with b3; determined by (B.10).

B.4 The limit o = 0

We show that

lim <Z‘°’> =2. (B.12)

a—0 1

Taking the limit @ — 0 in the computation of the scalar product in (B.10), and using the equality
(B.9), we find

lim Vigio =0,  lim 61010 = G110,

a—0 a—0

and then

iig}]@guc(‘i’lom, ¢-), W) = puc(DOi100, V),

or, equivalently
b31(0) = (2B, (®1100,C+), P ).

Similarly, we take the limit & — 0 in the computation of the scalar product in (B.11) and find
lim Vigor = 2Va000,  1im 81001 = 262000-
a—0 a—0

Then
C{%@BMC(‘I’MOL ¢),¥%) = 2(2B,, (P00, ¢+ ), L),

or, equivalently
b31(1) = 2(2B8,.,(®2000, (1), P ).

Summarizing, we have
b3 (W4, B ) = bsy (sin’ @) + bs1(cos® a) + b31(0), (B.13)
. 1
bi(¥y, ¥L) = 5b51(1) + b51(0), (B.14)

which proves (B.12).
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B.5 Symbolic computation of the quotient bz /b,
According to (B.13)-(B.14), we have

bfg B b31(SiH2 a) + bgl(C082 Oé) + b31 (O)
by 031(1) + b31(0) 7

(B.15)

with b3; determined by (B.10). We set © = sin® a. Using the formulas leading to (B.10), we
write

b31(©) = A31(0) + B31(0)P~1 + C31(0)P2, (B.16)
in which we obtain
A31(8) = 2u((D? - 4k20)°Vi, Ry), (B.17)
B31(©) = 4430 ((Vi,Ry) + (Va, Ry)), (B.18)
On(0) = ~H2(D? —aie)s, ), (B.19)

Cc

where
Ri =VD¢+ (1-20)pDV, Ry = (D?>—-4k2(1—0))(VDV)—-40(DV)(D*V), (B.20)
and Vi, V5 are the unique solutions of the boundary value problems

(D? — 4k20)°Vi + 4k2u20 Vi = Ry,

B.21
Vi =DV, = (D? - 4k?0)?V; =0in 2z = 0,1, (B.21)

and
(D? — 4k20)%V; + 4k21i20 Va = Ry,

R . . (B.22)
Vy = (D? — 4k20)V, = (D% — 4k20)DVy = 0 in 2 = 0, 1,

respectively. With the help of the symbolic package Maple we compute, successively,
(7) the numerical values of k. and p;
() the functions V' and ¢ defined for z € [0, 1];
(i) the functions Ry, Ra, Vi, Va defined for z € [0, 1] and © € [0, 1];
(iv) A31(0), Bs31(0), C51(0), b31(0), and finally g, for © € [0,1] and P > 0;

The main result of our Maple computation is the plot in Figure 6.1, showing the region in the
(0, P)-plane where g = b3/b1 belongs to the interval (1,4 + v/13).
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(1) We obtain the numerical values of k. and p. from the plot of the graph of pg(k) in the
(k, n)-plane. The function (k) is determined from the boundary value problem (2.9)-(2.10), by
looking for nontrivial solutions (V,8), with V a real-valued, symmetric with respect to z = 1/2,
and positive function. Substituting 6 given by (2.9) into (2.10), we obtain a boundary value
problem written for V' alone,

(D* = E*)*V + 1?k*V =0, V=DV =(D*-k)*V=0in2=0,1.

For k = k. and p = p. this is precisely the boundary value problem (4.10).
Real-valued and symmetric with respect to z = 1/2 solutions of this 6th-order ordinary
differential equations are of the form

V(z) = Aj cosh(211¢) + Az cosh(212¢) + Ag cosh(23(),

in which Aj, A, and As are real numbers, we set ( = z — 1/2, so that the function V is an
even function in ¢, and +ly, +ls, +l3 are the six solutions, perhaps complex, of the algebraic

equation
(202 = ¥*)° + 12k = 0.
Consequently,
1 1/2 )
lj = 5 (k’l2 - Wj(u2k2)1/3) y J = 1’2737
where
. e 1 V3
Wy = wy=——=+4+1—, w3=—=—1—
1 ; 2 9 9 3 9 9
are the three complex roots of w?® = 1. Due to the symmetry in z, it is enough to check

the boundary conditions in z = 1, or equivalently, ( = 1/2. We obtain a system of three
homogeneours linear equations for A = (Aj, Ag, A3),

MA =0, (B.23)
in which the 3 x 3 matrix M is given by
cosh(ly) cosh(ls) cosh(l3)
M = ll sinh(ll) lQ Sinh(lg) 13 Sinh(lg)

((211)2 — k2)* cosh(l)  ((269)% — k2)* cosh(la) ((213)2 — k2)* cosh(ls)
The condition that the determinant of the matrix M vanishes,
det(M) = [y tanh(ly) + wsly tanh(lz) + wsls tanh(lz) = 0,

insures the existence of a nontrivial solution V' of the boundary value problem and implicitely
relates p and k. Then uo(k) is the smallest p for which this equality holds, and an implicit Maple
plot gives the result in Figure B.1 (left plot), from which we deduce the values of k. and p. in
(2.11). This type of calculation has been done in [21] where the authors obtained similar values
(without any help from a numerical software, just by using numerical tables for trigonometric

functions).
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Figure B.1: Maple plots of the graphs of ug(k) (left plot) and the function V' with 4; = 1 (right plot).

(13) For the function V, we take k = k. and p = p. and choose the solution of linear system
(B.23) with A; = 1. We determine the values of A2 and A3 by solving the first two equations
(see Figure B.1 for a plot of V).

Next, we compute ¢ from the boundary value problem

(D* - k)p=V, ¢=0inz=0,1. (B.24)
The right hand side of the differential equation being a trigonometric polynomial, we look for a
particular solution of the same form and find

o(z) = — (cosh(201¢) 4+ w3 Ay cosh(212¢) + we Az cosh(213()) .

1
(k2ug)'/®

The boundary conditions being satisfied by this particular solution, the function ¢ above is the
unique solution of the boundary value problem (B.24).

(731) Inserting the formulas for V and ¢ into (B.20), we obtain that R; and Rz are trigonometric
polynomials of the form

Rj(z) = Z [Rjlpg+ sinh(2Apg+C),  j=1,2,
pg+

in which Apg+ = [, £l; and 1 < p < ¢ < 3. Then we compute V; and V3 by solving the boundary
value problems (B.21)-(B.22),

vi=vP v =12,

in which Vj(p )is a particular solution of the non homogeneous differential equation and V}W is
a solution of the homogeneous differential equation chosen such that the boundary conditions

hold. While Vj(p ), J = 1,2, are trigonometric polynomial of the same form as R;,

V(@) =3 [V gt sinh(28p2C),  j = 1,2,
pqt
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in which

Rj|pg+ :
[Vj(p)]pqi _ [ J]pQ3 . j=1,2,
64 (A2, — k20©)" + 4k220
the solutions Vj(h), 7 = 1,2, of the homogeneous equation are trigonometric polynomials of the
form
3
v (@) =3 v, sinh(2h,.0), j=1,2,
r=1
where

1 1/2
he =3 (4k§@ . wr(4k3u3@)1/3> . r=1,2,3.

From the boundary conditions for Vi and Vs, we obtain two nonhomogeneous linear systems of
three equations for the coefficients [Vl(h)]r, r=1,2,3, and [Vg(h)]r, r =1,2,3, respectively. We
obtain the values of these coefficients by solving these linear systems.

(7v) Inserting the formulas for Vi, Vo, Ry, and Rs, obtained as above, into (B.17)-(B.19) we
compute A31(0), B31(0), C51(0), and then from (B.16) and (B.15) we obtain b3 (©) and b3 /by,
respectively, which are functions of © € [0,1] and P > 0.
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