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BIHARMONIC CURVES IN CONTACT GEOMETRY

HUSEYIN KOCAYIGIT AND H. HILMI HACISALIHOGLU

ABSTRACT. We study biharmonic curves in contact geometry whose mean cur-
vature vector field is in the kernel of Laplacian. We give some results for bi-
harmonic curves in Sasakian 3-space. We also give some characterizations for
Legendre curves in the same space.

1. Introduction and Preliminaries.

Let M be a smooth manifold. A contact form n on M is a 1-form such that
(dn)™ Am # 0. A manifold M together with a contact form is called a contact
manifold [4,10]. The distribution D defined by the Phaffian equation n = 0 is
called the contact structure determined by n. That is,

D={zexM)] n:x(M)—C*(M,R), n(X) =0}
(see, for instance, [4,10]). The maximum dimension of integral submanifold of
D is (dim M —1)/2. An integral submanifold of D of maximum dimension is called
a Legendre submanifold of (M, n) [3].
The reel vector field ¢ (killing vector field) is defined by

77(() =1, dn(<7 ) =0
(see [10]).
On a contact manifold (M, n), there exist an endomorphism field ¢ and a Rie-
mannian metric g satisfying

¢ =—I+n®¢,
9(6X, ¢Y) = g(X, Y) —n(X)n(Y),
dn(X,Y) =29(X, ¢Y),
for all vector fields X and Y on M. The structure tensors ({, ¢, g) is called the
associated almost contact structure of n [10].
A contact manifold (M, n, ¢, ¢, g) is said to be a Sasaki manifold if M satisfies
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(Vxo)Y =g(X, Y)( —n(Y)X

(see [10]).
Since ¢ is a globally defined unit vector field, the contact manifold M admits a
Lorentz metric. In fact let us define A by

h=g—-2n®n.

Then A is a Lorentz metric which satisfies the following formulae:

h(X,¢) = —n(X),
h(¢X, ¢Y) = h(X, Y) +n(X)n(Y),
dn(X,Y) = 2h(X, ¢Y).
We call the Lorentz metric h by associated Lorentz metric of M (see [8], [9]).
Let us define by V the Levi-Civita connection of the Lorentz metric h. Then V
is related to the Levi-Civita connection V7 of g by the following formula:

VxY =V%Y +2(n(X)oY +n(Y)pX).

Now let (M, 7, ¢, ¢, g) be a Sasaki manifold. Then the associated Lorentz metric
h satisfies the following equation (Theorem 3 in [2]):

(Vx)Y = h(X,Y)¢ +n(Y)X,
Vx(=—0¢X.

The reel vector field ¢ is globally defined timelike killing vector field on the
Lorentz manifold (M, h). The resulting manifold (M, n, {, ¢, g) is called a Lorentz-
Sasaki manifold or Sasakian spacetime (see [2], [6]).

Now let M? = (M, n,(, ¢, g) be a contact 3-manifold with an associated metric
g. A curve v = 7(s) : I — M parameterized by the arclength parameter is said to
be a Legendre curve if v is tangent to contact distribution D of M. It is obvious
that v is Legendre if and only if n(v") = 0.

Let v be a Legendre curve on M3. Then we can take a Frenet frame {V;, Va, V3}
so that V; =4/ and V53 = (.

Now we assume that M is a Sasaki manifold. Then the following equality is
defined

(Vx@)Y =g(X, Y)(=n(Y)X, XY €x(M).

The Frenet-Serret formulae of « are given explicitly by
V;Vl 0 K 0 V1

1

ViV | =] =k 0 Va |. (1.1)
V. Vs 0 -1 0 Vs
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The function k is called the curvature of v. Namely, every Legendre curve has
constant torsion 1 (see [1]). In particular, a curve 7 parametrized by the arclength
is said to be a geodecis if K = 0. Note that if kK = 0, then automatically 7 = 0.

More generally a curve with constant curvature and zero torsion is called a (Rie-
mannian) circle. Geodesics are regarded as Riemannian circles of zero curvatures.

A circular helix is a curve whose curvature and torsion are constants. Geodesics
and Riemannian circles are regarded as degenerate helices. Helices which are neither
geodesics nor circles are frequently called proper helices.

Let us denote by A the Laplace-Beltrami operator of v and by H the mean
curvature vector field along ~.

The Frenet-Serret formulae of v imply that the mean curvature vector field H is
given by

H=V.y =V.Vi =kVs, (1.2)
where « is the curvature of .
The Laplace-Beltrami operator of v is defined by

AH = -V”H (1.3)
(see [5], [7]).
Definition 1.1. A unit speed Legendre curve v = I — M? on Sasakian 3-
manifold is said to be biharmonic if AH = 0(i.e., AH = A2y = 0).
Chen and Ishikawa [5] classified biharmonic curves in semi-Euclidean space EJ.
In this paper we shall give the characterizations of biharmonic curves in contact
geometry in terms of curvature.

2. Biharmonic Curves on Sasakian 3-Manifolds with Rimennian Metric.

In this section we give the characterizations for biharmonic curves on Sasakian
3-manifolds. By using the obtained results we give some conditions for these curves
to be helix.

Theorem 2.1. Let v be a unit speed Legendre curve on Sasakian 3-manifold and
let X be a real constant. Then Legendre curve 7y is a circular heliz if and only if the
following differential equation satisfies

AH+)XH =0 (2.1)
where A = —k% — 1.

Proof. By the use of (1.1), (1.2) and (1.3) we get that
AH = 3kK'Vy + (K% + k — K"V — 2K"V3, (2.2)

AH = MV (2.3)
So, the proof follows from (2.1), (2.2) and (2.3). O
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Theorem 2.2. Let vy be a unit speed Legendre curve on Sasakian 3-manifold.

v satisfies the following differential equation

VIV + M V2V + XV, Vi + A3V =0,

where

!
J— K

)\1 — 72;, ) ,

1" 72}{/(,{//
)\2 = K/2 + 1 — Hig,
b
A3 = KK/ "

Proof. By the use of Frenet-Serret formulae (1.1), we have

V2V = —k*Vi + K'Va + V3.

By differentiating (2.5) with respect to arc parameter we obtain

VL = =26k Vi = K2V VL + K" Vo + K/ VL Vo + KV + £V Va.

From the second equation of (1.1) we get

‘/ES = ny‘/g + /fvlv

and from the first equation of (1.1) we have

1
Vo =—-V.Vi.
K
Substituting (2.8) into (2.7) we obtain

1\’ 1
Vi = () VIV + =VEV 4 RV
K K
Differentiating (2.9) gives

1 1\’
V. Vs = ;V’j’Vl +2 < ) V2V + VLV 4+ £V

K

1 "
K+ ()
K

Substituting (2.8) into the third equation of (1.1) we have

!/ 1 !
V'YV‘B = —;v,\/‘/l

Then

(2.5)

(2.6)

(2.10)

(2.11)

Substituting (2.11) into the third equation of (2.10) and doing the regulations

we have

VEVI+ M VEVE 4+ X VIV + A3Vi = 0,

where
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/ 72 2 12
AM=—22 N=k2+1- % pP—— (2.12)
K K
that finishes the proof. O

Corollary 1. Let v be a unit speed Legendre curve on Sasakian 3-manifold. If the
Legendre curve vy is geodesic, then the curve vy is a circular heliz.

Proof. Let v be a geodesic curve. Then V;Vl = 0 which gives that  is constant
i.e., v is a circular helix. (I

Corollary 2. Let v be a unit speed Legendre curve on Sasakian 3-manifold. If the
Legendre curve ~y is a circular heliz, then the differential equation characterizing
the curve v is

VAV + (5° + 1)V, V1 = 0. (2.13)
Proof. The proof follows from (2.4) immediately. O

Theorem 2.3. Let v be a unit speed Legendre curve on Sasakian 3-manifold. Then
v satisfies the following differential equation

VEVa + MVEVa + MV, Vo + Asla = 0, (2.14)
where
" 12
)\1:—,@*,, )\2:—(1+H2), )\3:3,%:%/— r /).
K K

Proof. The proof is obtained immediately by considering the similar way used in
the proof of Theorem 2.1. O

Corollary 3. Let v be a unit speed Legendre curve on Sasakian 3-manifold. If the
Legendre curve ~y is a circular heliz, then the differential equation characterizing
the curve v is

VOV + (52 + 1)V, Vo = 0.
Proof. The proof follows from (2.4) immediately. O
Theorem 2.4. Let v be a unit speed Legendre curve on Sasakian 3-manifold. Then

v satisfies the following differential equation

VEVs + MVE2Vs + AV Vs + AsVs = 0, (2.15)
where

I‘{/

Al =—— = A3, )\2=1+I€2.
K
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Proof. From the third equation of equation (1.1) we have

V2V = =V V5. (2.16)
Substituting the second equation of equation (1.1) into (2.16) we get
V25 = kVi — Vi, (2.17)
Differentiating (2.17) gives
V2Vs = k'Vi + £V, ) — V. Vs, (2.18)
From the third equation of Equation (1.1) we have
V. Vs = V. (2.19)
From the first equation of Equation (1.1) and (2.19) we get
VLV = V. Vi (2.20)
Similarly, from the second equation of Equation (1.1) we have
1 1_,
From (2.16) and (2.21) we obtain
v = 1y~ Lyew (2.22)
1= Vs = Vo Vs :
Then, writing (2.20) and (2.22) in the (2.18) we have (2.15). O

Corollary 4. Let v be a unit speed Legendre curve on Sasakian 3-manifold. If the
Legendre curve 7y is a circular helix, then the differential equation characterizing
the curve vy is

VEVs + (1+ k%) V., V3 =0. (2.23)
Proof. The proof is clear from Theorem 2.4. O

3. Biharmonic Curves on Sasakian 3-Manifolds with Lorentzian Metric.

Let v be a Legendre curve on Sasakian 3-manifold M. Then according to the
Lorentzian metric the Frenet-Serret formulae of « are given explicitly by

Vi Vi 0 x 0 Vi
ViV | =| -k 0 ¢ Vo |, (3.1)
V. Vs 0 -1 0 Vs

where ¢ = F1 is the torsion of v [3]. The Laplacian operator A and the mean
curvature H of v are defined, respectively, by
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A=—eV2, (3.2)
and
H=V.V. (3.3)

Theorem 3.1. Let v be a unit speed Legendre curve on Sasakian 3-manifold and
let X be a real constant. Then Legendre curve vy is a circular heliz if and only if the
following differential equation satisfies

AH = )\H,
then k is a constant and
A=¢e+ K% (3.4)
Proof. By (3.1), (3.2) and (3.3), we get (3.4). The converse statement of Theorem
3.1. is also fine. O

Corollary 5. Let vy be a unit speed Legendre curve on Sasakian 3-manifold (M, g).
Then 7y is a Legendre circular heliz whose Killing vector field is timelike (respectively
spacelike) if and only if AH = AH where A = 1 — k2 (respectively A = 1 + x?2).

Proof. The proof is easily seen by Theorem 3.1. O

Corollary 6. Let v be a unit speed Legendre curve on Sasakian 3-manifold (M, g).
Then ~y is a Legendre biharmonic circular heliz, whose Killing vector field is timelike
(respectively spacelike) if and only if k = £1 (respectively, k = +1) .

Proof. The proof is easily seen by Theorem 5. ]

Theorem 3.2. Let v be a unit speed curve with Lorentzian metric on Sasakian
3-manifold (M, g). Then -y satisfies the following differential equation

VEVI+ M VIV + XV, + A3V =0, (3.5)
where
! "2 _ 2 12
)\1 = —227 )\2 ::‘i2+€— %, )\3 :,‘iK,/.
K K
Proof. We get (3.5) by using (3.1). O

Corollary 7. Let v be a unit speed Legendre curve on Sasakian 3-manifold with
Lorentzian metric. If the Legendre curve 7y is geodesic then the equation character-
izing the curve vy is

ki’ = 0. (3.6)
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Proof. Let v be a geodesic curve. Then the proof is clear from Corollary 1. O

Corollary 8. Let v be a unit speed Legendre curve on Sasakian 3-manifold. If the
Legendre curve v is a circular heliz then the differential equation characterizing the
curve vy 18

VEVL+ (k% + )V, 11 = 0. (3.7)
Proof. By (3.5), we get (3.7). O

Theorem 3.3. Let v be a unit speed curve with Lorentzian metric on Sasakian
3-manifold (M, g). Then -y satisfies the following differential equation

VIV + MVEVa + AV Vo + A3V, = 0, (3.8)
where
1 1 1 2
A= —%, Xo= K24+, Ay =3kK — w
Proof. We get (3.8) by using (3.1). O

Corollary 9. Let v be a unit speed Legendre curve on Sasakian 3-manifold. If the
Legendre curve «y is a circular heliz, then the differential equation characterizing
the curve vy is

VOV + (K2 4+ €) V.,V = 0. (3.9)
Proof. By (3.8), we get (3.9). O

Theorem 3.4. Let v be a unit speed curve with Lorentzian metric on Sasakian
3-manifold (M, g). Then v satisfies the following differential equation

VIV + MVE2Vs + AV Vs + AsVs = 0, (3.10)
where
! !
Alz—i, )\QZKJ2+E, )\3:—i.
K K
Proof. We get (3.10) by using (3.1). O

Corollary 10. Let v be a unit speed Legendre curve on Sasakian 3-manifold. If
the Legendre curve vy is a circular heliz, then the differential equation characterizing
the curve v is

VEVs + (% + )V, Vs = 0. (3.11)
Proof. By (3.10), we get (3.11). O
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Ozet:Bu calismada, contact geometride ortalama egrilik vektor
alani, Laplasyan operatoriiniin ¢ekirdeginde olan biharmonik egrileri
inceleriz. Sasakian 3-uzayinda biharmonic egriler i¢in baz1 sonuglar
veririz. Bununla birlikte, aym1 uzayda Legendre egriler icin bazi
karakterizasyonlar1 veririz.
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