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Abstract

We consider estimating binary response models on an unbalanced panel, where the
outcome of the dependent variable may be missing due to non-random selection, or there
is self selection into a treatment. In the present paper, we first consider estimation of
sample selection models and treatment effects using a fully parametric approach, where
the error distribution is assumed to be normal in both primary and selection equations.
Arbitrary time dependence in errors is permitted. Estimation of both coefficients and
partial effects, as well as tests for selection bias are discussed. Furthermore, we consider
a semiparametric estimator of binary response panel data models with sample selection
that is robust to a variety of error distributions. The estimator employs a control function
approach to account for endogenous selection and permits consistent estimation of scaled
coefficients and relative effects.
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1 Introduction

Empirical researchers have shown growing interest in estimating binary response panel
data models where sample selection and self-selection issues arise. A sample selection
problem is a possibility whenever a panel data set is unbalanced. For example, binary
response models with unbalanced panels arise in labor economics when studying the prob-
ability of worker being employed in a job with benefits with selection occuring due to non-
random self-selection into the labor force. In studies that focus on estimating treatment
effects, complications arise if self-selection into the treatment is not random. Estimation
methods that address the selection problem can be helpful to empirical researchers who
do policy evaluation with binary responses.

The problem of nonrandom selection has received substantial attention in the theo-
retical econometrics literature. Several new methods have been proposed for estimating
selection models using panel data. However, the focus of that literature has been on
linear or partially linear panel data models. For example, Kyriazidou (1997) derives semi-
parametric estimators for the linear panel data model under sample selection when the
explanatory variables are strictly exogenous. Semykina and Wooldridge (2010) show how
to estimate linear unobserved effects panel data models with endogenous explanatory
variables and nonrandom sample selection. In this paper, we consider estimating binary
response panel data models in the presence of nonrandom selection.

We consider two types of selection rules: (i) the selection variable is binary, and (ii) the
selection variable is a corner solution or censored response.! In the binary selection case
we show how to use the Mundlak (1978) device along with pooled maximum likelihood

estimation to obtain simple estimators robust to general forms of dynamic misspecifica-

'In most applications, the selection variable is a corner solution, where some segment of the population
chooses zero. Good examples are hours worked and quantity purchased of a good. In some cases, the
variable is truly censored, especially when observability of y depends on whether an event occurs before
a certain duration. If the duration is censored then the selection variable is properly viewed as censored.
The statistical framework is essentially the same. For brevity, we refer to this case as the censored case.



tion. The setup is easily modified to allow estimation of treatment effects with a binary
treatment.

When the selection variable is censored, we derive both parametric and semiparamet-
ric estimators using a control function approach. In the parametric case, we draw on the
literature that considers estimating binary response models with endogenous explanatory
variables using cross-section data (Blundell and Smith, 1986, Rivers and Vuong, 1986).
In particular, we use a control function approach on the selected sample. The result is an
extension of Wooldridge (1995), who studied linear models, to the binary response case.
Our semiparametric approach is based on the semiparametric control function methods
proposed by Blundell and Powell (2004), extended here to the missing data problem.

In addition to discussing consistent estimation of selection models, we propose the

Lagrange Multiplier test and simple variable addition tests for the selection bias.

2 General Setup

Consider a binary response model

Y = maB+cn+um, (1)

v = 1y, >0], t=1,...,T,

where y}; is a latent variable, y;; is the observed variable, 1[-] is an indicator function that
takes on a value of one if the expression in brackets is true and is zero otherwise, x;; is
a 1 x M vector of time-varying explanatory variables, ¢;; is the unobserved effect, and
uj1 is the idiosyncratic error. In what follows, the observed covariates are assumed to
be strictly exogenous conditional on ¢;;. Specifically, for z; = (21, 9, ..., T;r), assume
that D(yu|zi, ci1) = D(yit|Tit, ci1), where D(+) denotes the distribution. Note that this

assumption does not impose restrictions on how z; and ¢;; may be related.



In addition to estimating the vector of parameters, [, one is often interested in esti-
mating partial effects, where the partial effect is defined as a ceteris paribus effect of an
increase in explanatory variable x; on the expected value of y;. In panel data models,
¢;1 is an unobserved variable that affects y;;, but cannot be consistently estimated on a
usual panel where T is fixed. Therefore, as is common in nonlinear panel data models,
we consider average partial effects (APEs), where an APE is the effect of an increase in
an explanatory variable on the expected value of y;; averaged over the population distri-
bution of the unobserved heterogeneity, ¢;;. The discussion below covers the estimation
of both parameters and APEs.

We introduce incidental truncation by modeling the selection process as

Sy = 20 + Cio + Uiz, (2)

sig = 1[s;, >0, t=1,...,T,

where z; = (24, zy2) has dimension 1 x L (L > M), s}, is a latent variable, and s; is a
selection indicator that equals one when y;; is observed and is zero otherwise. Thus, the
vector of covariates in the selection equation contains z;; and at least one more variable.
Similar to equation (1), assume that D(su|z;, cio) = D(yit|zit, cin), where z; = (241, 22, - - -,
zir). Moreover, assume D(y;|x;, z;, ¢i1) = D(yie| i, i) = D(yit|wir, ci1). A key assumption
is that z; is observed for all ¢ and ¢, even though y;; is observed only when s; = 1.

In some cases, s}, may be partially observable. In particular, in addition to the sign of
sy, the value of s}, may be known when y;; is observed. Examples include hours of work
for a person who selects to be in the labor force (y; may be an indicator for whether the
work contract includes retirement benefits) and the amount of medical expenses borne by

an individual who requires medical treatment (y; may be an indicator equal to one if the



treatment included a particular medical procedure). In such an event, we have

Sip = Zitd + Cia + Uira, (3)

si = max{0,s5}, t=1,...,T.

Partial observability of s}, makes it possible to estimate § and the APEs under fewer
assumptions, as we have more information in a range of strictly positive values for s;;. In
this paper, we discuss two cases: (i) when the selection rule follows equation (3), and (ii)
when the selection rule is binary, as specified in equation (2).

Apart from the selection problem, additional complications result from the presence
of unobserved heterogeneity. Within a random effects framework, where the unobserved
effect is assumed to be independent of z;, leaving it in the error leads to rescaling of
parameters, but relative effects are preserved, as are average partial effects. The problem
arises when z; is not independent of ¢;; and ¢;5. Because independence of z; and unobserved
heterogeneity is rarely a realistic assumption, we employ the correlated random effects

approach proposed by Chamberlain (1980). Specifically, let

cii = m+ Z& + a, (4)

Cio = N2+ Z& + a;o,

where z; = T7! Zthl zit, and a; and a;p are independent of z;. Chamberlain (1980)
proposed this assumption for binary response models with normally distributed errors.
The normality assumption makes the model in (4) particularly attractive, but this model

may also be useful for more general error distributions.



Under (4), the primary and selection equations can be rewritten as

Yie = 1m +zuf+ z:& + vin > 0], (5)

sig = 1lm+2zud+Z& +vie > 0], t=1,...,T,

where v;;1 = a;1 + Uy and vie = a9 + Uie. Alternatively, if selection follows a censored

(or corner solution) response, the system becomes

vir = 1m +zuf+ z:& + vin > 0], (6)

Sit = max{O, T2 + zit5 + zifg + UZ‘tQ], t = 17 PN ,T.

By construction, z; and v;; are independent, which implies that in the case when there
is no selection (y; is always observed) or selection is random with respect to (a1, wi1),
familiar parametric and semiparametric methods can be used to estimate 5 and the APEs.

Before discussing the different scenarios, it is useful to obtain the APEs based on
the equation (1). It is convenient to obtain the APEs using the notion of the average
structural function (ASF), introduced by Blundell and Powell (2004). For the binary-
response models considered in this paper we will only be able to estimate the ASF and
APEs in the case of the parametric model, which assumes normality. Therefore, the
discussion of the ASF below is for the model where errors are assumed to have a joint

normal distribution. The “structural” equation that underlies the estimation is

P(yi = |zit, cin) = ®(xifS + i)

and the ASF is a function of the argument z;:

ASF(z¢) = Ee,, [@(z48 4 ca1)],



so we average out over the distribution of ¢;;. Now, we are not directly modeling the dis-
tribution of ¢;1, but rather the conditional distribution D(c;1|z;). Therefore, the following

expression based on iterated expectations is useful:

ASF(z;) = E, {E[®(z:8+ cin)|z]}

= Ezl [(I)(’r/al + mtﬂa + Eigal)] ) (7>

where 5, = 5/ \/ragl and similarly for the other parameters with an a subscript. This
expression is derived in Papke and Wooldridge (2008).

Equation (7) is the basis for estimating average partial effects. In particular, we can
take derivatives or changes with respect to the elements of x; and then average out the
z;. Note that the scaled parameters provide the directions of the effects and ratios of
the scaled parameters are the same as ratios of the orginal parameters. Because it is the
scaled parameters that appear in the ASF, those are actually more interesting for our
purposes. As it turns out, the unscaled coefficients are not generally identified, anyway,
unless we were to make strong serial independence assumptions and then use a much more
complicated estimation method. Thus, in the next subsection we will drop the a subscript
with the understanding that the coefficients have been implicitly scaled by the variance
of a;1 + i .

A major impediment in estimating 5, and the APEs is that v;; and v;o are likely to
be correlated, which means that selection is related to unobservables affecting y;;. One
way to solve the selection problem is to make parametric assumptions about the joint
distribution of (v, vi2) and use the maximum likelihood estimation. Another possibility
is to use a semiparametric estimator that imposes a linear index restriction as in (5),
but remains agnostic about the specific form of the error distribution. We consider both

approaches.



3 Parametric Model and Estimation

3.1 General Parametric Model

We start by assuming that (vi1,vy2) have a zero mean bivariate normal distribution.
Because of the discussion in the previous section, we normalize the variance of vy, as
Var(viz1) = 1, so we are actually estimating the scaled coefficients in (7). Generally,
Var(vie) = o2, although when s; is binary there is no loss of generality in setting o? = 1

(and we could not identify o2, anyway). Under normality, vy; and vy are linked as

Vi1 = Y2 + €1, t=1,...,T, (8)

where v = p/o, p = Corr(vi1, vi2), and e;; is independent of z; and vys with a normal

distribution. Therefore, we can write

Y = 1m +zufB+ Zi& + yous + ein > 0], 9)

eilzi, Vs~ Normal(0,1—p?), t=1,...,T.

The equations in (9) demonstrate that conditioning on v is irrelevant if selection is
random, that is, p = 0. It is a nonzero correlation between v;; and v;5 that makes the
selection non-ignorable.

A basic but important fact is that because s;; is a deterministic function of z; and

Vir2, it follows that

Yir = 1[m + xuB + Zi&1 + Yo + ein > 0], (10)

eir]zi, Vitay Sit ~ Normal(0,1—p?), t=1,...,T.

Therefore, by including v in (10), we can solve the non-random selection problem. This



is an example of the “control function” approach proposed by Blundell and Smith (1986)
and Rivers and Vuong (1988) for the case of endogenous explanatory variables. Here, we
use the control function to account for the factors responsible for selection.

Due to normality of e;q, it is also true that

P(yie = 1|25, vi2, 5i) = P(yae = 1|25, vir2) = @ (771 +xuf + Z& + 7%:2) 7 (11)

Wiy
which is a probit model with parameters rescaled by a common factor (\/1—7p2)*1. Thus,
if v;o were known, one could estimate 3/ \/1—7p2 rather easily. Of course, v;o is never
known; however, in some cases it can be estimated whenever s;; = 1, and that suffices
to consistently estimate the parameters. Because estimation of (10) is performed on the
selected sample, one only needs to know v;» when y;; is observed, which can be estimated

when selection follows, say, a Tobit model.

3.2 Estimation When Selection Variable Is Censored

We first consider the case where selection follows a Tobit model and all assumptions that

were used for deriving (10) hold. Specifically, make the following assumption:

ASSUMPTION 3.2. (i) y; is determined by equation (1), (ii) s; is determined by
equation (3), (iii) ¢;; and ¢ follow (4), (iv) (v, vie) are independent of z; and have a zero
mean bivariate normal distribution, where vy = a;1 + w1, Ve = @2 + Ui, Var(vyy) = 1,

and Var(v;y) = 2.

Under Assumption 3.2, the scaled parameters

E—,ﬁE—, E—l,and = —
nlp 1—p2 P /—1_p2 glp 1—p2 f)/p 1_p2

can be consistently estimated in two steps:

10



1. Use pooled Tobit to estimate equation

sit = max{0,ne + 210 + Z:l2 + vira }.

For s;; > 0, obtain Vg = Yit — ﬁg — Zitg — Ziég.
2. For s; > 0, estimate (10) by pooled probit, where use 09 in place of vys.

Notice that neither step one nor step two imposes restrictions on the form of serial
dependence in the error terms. The estimator at each step is the partial MLE (either
pooled Tobit or pooled probit), which does not require specifying the full likelihood func-
tion. Hence, the errors in each equation may be arbitrarily serially correlated, and, in
fact, are expected to be serially correlated because, by construction, part of the unob-
served effect remains in the error. Consequently, the estimator of the asymptotic variance
of the second-step estimator should be made robust to serial dependence. Moreover,
standard errors should account for the first-step estimation. A time-specific intercept is
accommodated by including time indicators in the set of covariates at each step.

The two-step estimation procedure focuses on obtaining consistent estimators of 7,
By, &1p, and 7, rather than original parameters in the population model. The estimators

of the original parameters can be obtained as

p=Ap0 - (L+736%) 712 B=5,(1— %)% = B,(1+4;6%) 712, (12)
and so on, where & = V62, and 6% is the estimated variance of v from the Tobit

regression. A consistent estimator of a relative effect for two continous covariates is easily
obtained as £,/ 6,x-

Given the estimates /3 in (12), with similar expressions for 7; and 51, the APEs are
easily obtained. For a single value — that is, not as a function of x; — we can average a

derivative across (x;, z;).

11



Because z;; is observed for all ¢, this APE can be consistently estimated as

N T
— 1 " A~ 2 ~
APE;, = [ﬁ ; ; ¢(h + xS+ Z:&1) | Bre-
To obtain APEs at different values of x;, we use
- | NoT
APE(z;) = NT Z Z P + 2B + 2i&1) | B
i=1 t=1

The APE of a discrete explanatory variable, say ;;,, can be estimated by evaluating

(1)

tm

0)

m, and computing the

the response probability at the two different values, x, ' and :L"E

average difference in probabilities:

N T
1 R Na o2 R oA _ o2
7 S [+ a4 58 — @iy + 2V B+ 26)
=1 t=1
0 — . . .
Ty = (xzth <oy Titm—15 Ty LitmA1s - - - 7x7,tM)7
xz(tl) = (l’m, <o Tigm—1, 30;2; Tit,m+1, - - - ,xitM)-

In the leading case, z;, is a dummy variable and xi,lr)b =1, xﬁﬁi =0.

Standard errors of B and APEs can be obtained using the delta method. However,
because the corresponding variance formulas will be rather complicated, panel bootstrap
can serve as a convenient alternative.

Rather than using a two-step estimation procedure, it is possible to estimate the
parameters in one step by specifying the joint distribution of (y;, si) given z; for each t,

and employing the partial maximum likelihood estimator (partial MLE). Specifically, for

each t, the joint density function is

g o

o salz) = {otrapen — ot o (SN e ()

12



where

w26+ 2(si — nor — 200 — Ziar)
i = 1 5 ) (14)
—p

Gt = Mot + 2i0; + Zios. (15)

The MLE estimates are obtained by taking the logarithm of the conditional joint density,
summing it up over all 7 and ¢, and maximizing with respect to parameters. Notice that it
is not necessary to specify the full likelihood function, f(yi1, ..., Yir, Si1, - - -, Siv|2i), which
would be very complicated because of the serial dependence in errors. Within the partial
MLE framework, it is sufficient to specify f (v, sit|zi), t = 1,...,T. When we used partial
MLE the estimator of the asymptotic variance should be made robust to serial correlation
in the score functions. The advantage of partial MLE over the two-step estimator is that
the variance that accounts for serial dependence is correct and no further adjustments are
needed to obtain valid standard errors for the parameters, and the estimated parameters
would not be scaled by (1 — p?)~*/2. Nevertheless, the asymptotic variances for the APEs

would still be rather complicated, and one might still want to use the panel boostrap to

obtain valid standard errors.

3.3 Estimation When Selection Variable Is Binary

In this section, we consider estimation when the selection rule is binary. It is also assumed

that Var(vys) = 1 and all assumptions used for deriving (10) hold. More formally,

ASSUMPTION 3.3. (i) y; is determined by equation (1), (ii) s; is determined by
equation (2), (iii) ¢;; and ¢ follow (4), (iv) (v, vie) are independent of z; and have
a zero mean bivariate normal distribution, where vy = a;1 + Ui, Vie = Qo + Ujo,

Var(vy1) = Var(vys) = 1.
Under Assumption 3.3, parameters in the model can be consistently estimated by

13



MLE. For each t, the joint density function of (y;, s;;) conditional on z; is

fyits sit|zi) = [Py = s = 1, 2;)P(sie = 1, z;) Y%

X [P(ya = Olsie = 1, 2i) P(sie = 1]2)]" 700 [P(s3 = 0]2,)]" 7>, (16)

where

P(yit = 1|5it = 172’1') = E(yit = 1|3it = 172’1') = E[E(yzt = 1|Uit2a Zi)|5it = 1,2'1']

= B0l = 1.5 = 5 | eoowianan

Pl =0 = 1.5) = g [ 1= 8l (18)
Plsu=102) = oa) (19)
Plou=0l) = 1~ (), (20

where ry = (m + xufS + 261 + pv) (1 — p2)71/2 and ¢ is defined in (15). Thus, the con-

ditional joint likelihood function for unit ¢ in period ¢ is given by

qit YitSit
Lio = Flysul=) = { / @(rm(u)du]

—00

qit (1—yit)sit
— ®(ry)|o(v)dv — D(gyp))] )
x U 11— d(ra)Jo( >d] 11— ®(g)] (21)

Similar to the Tobit case, the partial MLE estimates are obtained by taking the log-
arithm of the conditional joint density function, summing it up over all ¢ and ¢, and
maximizing the resulting sum with respect to parameters. The variance-covariance ma-
trix should be made robust to serial correlation. Some statistical software have built-in
commands that allow to easily implement this estimator in practice.?

Note that equation (7) still holds. Thus, the estimation of APEs discussed in Section

2For example, in Stata this estimation approach can be implemented by pooling the data and esti-
mating the augmented equation that includes time means using “heckprob” command.

14



3.2 is directly applicable here.

The maximum likelihood estimators discussed in this and previous sections can be
made robust to heteroskedasticity by appropriately modifying the joint likelihood func-
tion. This requires specifying error variances and the covariance as functions of (z, z;).
In practice, it is common to use an exponential function (see, for example, Wooldridge
2010). Accounting for heteroskedasticity makes parametric estimators more reliable when

the normality assumption is violated.

3.4 Estimating Treatment Effects

The joint MLE discussed in Section 3.3 can also be used for cases when y; is always
observed, and s; is a binary treatment indicator, so that there is no sample selection
problem, but usual self-selection into the treatment is present. In this case, s;; appears

as an additional explanatory variable:

Yir = Lm + xS+ Z&1 + sy + yvae + €in > 0], (22)

eit1|2i, Vira, Sit ~ Normal(0,1 — pz), t=1,...,T.

Because s;; is endogenous, its individual time means should not be included in Z;.

The conditional joint likelihood function for unit ¢ in period ¢ becomes

[ (%t YitSit
Ly = f(yit, Sitlzi) = / q)(mt)ﬁb(’/)d’/}

- it (1—yit)sit

< | [ - euewa]
- qit it(1=sit)

x |1-— / @(rit)qﬁ(u)dy] ’
S (L—gi)(1=s31)

x |1- / 11— @(rit)]qb(l/)dy} , (23)

15



where ;= (m + @B + Zi& + Ysq + pv) (1 — p2)71/2. Similar to Section 3.3, the estima-
tor is partial MLE. Statistical inference should generally account for serial correlation in
the score functions.® Similar to the discussion above, the estimator can be made robust
to heteroskedasticity.

In most cases where s; is a policy indicator, or “treatment” indicator, the main
interest is in the average treatment effect. This is easily obtained once the pooled MLEs

M1, B, 51, and @/A) are obtained:

ATE= (VD) Y3 [0 (in+wab + 56 +0) —@ (i +oaB+26) ] @4)

=1 t=1

We can also obtain ATEs for different subpopulations by fixing x; at different values
(which means dropping the i subscript in (24)).

Many embellishments are possible. For example, the coefficient on s;; can be allowed
to change with ¢ in an arbitrary way (by including interactions between time period

dummies and s;), and then one could estimate an ATE for different time periods.

3.5 Testing for Selection Bias

Even when the model is parametric, correcting for selection bias may be somewhat chal-
lenging. As discussed in Section 3.2, the two-step estimation under the tobit-type selection
mechanism involves obtaining standard errors that account for the first-stage estimation.
For both censored and binary section models, when parameters are estimated by joint
partial MLE, computational problems may arise. Therefore, it is useful to have a simple

test for selection bias, which would help to identify cases when correction is necessary.

3Some statistical software packages have built-in commands that perform such estimation. For ex-
ample, in Stata estimating treatment effects can be implemented by pooling the data and estimating
the augmented equation (with time averages) using the “biprobit” command. Standard errors robust to
serial dependence can be obtained using “cluster” option.

16



When the selection variable is censored, a simple test for selection bias can be per-
formed by testing Hy : v = 0 after estimating equation (10) using the two-step procedure
outlined in Section 3.2. An attractive feature of the test is that there is no need to cor-
rect for the first-step estimation when computing the test statistic. A standard t-statistic
(Wald statistic) that uses a standard error robust to serial correlation is valid.

When the selection variable is binary, the Lagrange multiplier (score) test can be
used. Let 6 = (m,0,&)) and wy = (1,24, %;). Let 7y be ry evaluated at p = 0 and
parameter estimates 0, which are obtained from the restricted model. The restricted
model is simply a Chamberlain pooled probit estimation using the unbalanced panel. Let
it be q; evaluated at the parameters in the probit estimation at time ¢, (7, St, th), where
iz is given in (15). Using the likelihood function in equation (21) as a starting point, the

Lagrange multiplier (LM) statistic for testing Hy : p = 0 is given by

LM = (iis ),A’”[}} A% (ii&,;) /N, (25)

=1 t=1 =1 t=1

1See Wooldridge (2010), Section 12.6.2 for the detailed derivation of equation (25).

17



where

Oln Lit

_ Yit — (I)(fit)
it = ap_|6:§,p=0

P(7i)[1 — P(r)]
N T dlnL; N T dInL;

A= _l Zi:l thl E ( agaeft Sit, Zi) ’9:5,010 Zi=1 Zt:l E ( azaet
N N T dlnL; dlnL;
Zi:1 thl E ( agapt Sitvzi> ’9:5,,;:0 Zz 1 Zt 1 ( 828pt

th 2 ¢ Tq 3
1 Zz 1275 1 th)(nt Y[i— )¢°(r 0] ztht Zz IZt 1 th)m fl tzb(r ) z/'t)\it

(i) i (26)

= Sit

Sity % |9:9~7p:0

Sit, Zi) |9:é7p:0

2 2

N Tz ) 1 Tz ) A2
Zz 1 Zt 1 Sit D(7¢)[1 t<I>(7" )] AitWit ZZ 1 Zt 15t (7it)[1 t‘p(m)] )\Zt

All AlQ
Al = , 27
A21 A22 ( )
poapa = (28)
Vo Vi
. 1 Y L
B= > (Z Site Y S;t,p> : (29)
=1 t=1 t=1
?(Git)

(30)

Matrix A above is an estimator of the expected value of the negative Hessian matrix
that uses the expected Hessian form. Alternatively, the outer product of scores or usual
Hessian form of the matrix could be used.

Another simple test, which is asymptotically equivalent to the LM test, is a variable

addition test. The test can be performed as follows:

(i) Use probit to estimate the selection equation for each ¢. For each i and ¢, compute
the inverse Mills ratio, Ait. Alternatively, one can use pooled probit to estimate one

set of parameters (although separate time intercepts is usually a must).

(ii) For s; = 1, augment the primary probit equation by M\ir and estimate by pooled

probit. Use the t-test (robust to serial correlation) to test statistical significance of

18



p

it~

Under the null hypothesis the coefficient on S\it is zero, and so estimation of the
parameters in Mt does not affect the v N -asymptotic distribution of the test statistic. In
other words, there is no need to account for the first-step estimation when performing the
test, but there is a need to account for serial correlation.

To show that the variable addition test is asymptotically equivalent to the LM test,

first write the second-step likelihood function for unit ¢ in period ¢ as
Ly = s ®(m + 2B + Zi&1 + v i) [ — @ (1 + B + Z:&y + yAa] 70, (31)

where, to simplify notation, we ignore the fact that \; is estimated at the first step. As
mentioned above, replacing \;; with its consistent estimator will not affect the asymptotic
distribution of the test statistic when the null is true.

Based on (31), the score vector is

Yir — P(wirh + YAir) Wit
wirl + YA : 32
D(wiet) + yAu)[1 — P(winl + Y Air)] o Ait )

Sit = Sit

Summing the score vector over all ¢+ and ¢ and using a mean-value expansion about the

true parameter vector gives

1 A 1 60— 0
—g E Sit = —= E Sit — AVN +o0,(1), 33
VN I t VN I t N —r ) %)

where S;; is the score vector evaluated at the estimated parameter values, (é’ ,4), and A

is the expected value of the negative Hessian matrix.

19



From (33), it follows that

ik I »3 (1)=A'— S
ZZ zt +0p - \/N 1; zt+0p )

i=1 t=1 =

%\H

y="

When testing Hy : 7 = 0, the robust Wald test statistic, is given by

W= (=7 (Vee/N) "3 =) = VNE =)V 'VN(§ =), (35)
where
N ViV,
v=AtpAt=| 1 7| (36)
Vor Vo
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From (34), we can also write the Wald statistic as

(S e (L) (0

i=1 t=1 =1 t=1

which is asymptotically distributed as x?. It is easily seen that under the null of no
selection bias (p = 0, v = 0), the scores and Hessian matrices used in (25) and (40) are the
same when evaluated at true parameter values. Moreover, when the null is true, 5 —- 0,

and v N(0 — 0) and v N (6 — 6) converge in distribution. Therefore, LM — W -+ 0, so
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that the tests are asymptotically equivalent.

4 Semiparametric Estimation When Selection Vari-
able Is Censored

In this section, we consider a semiparametric binary dependent variable model with non-
random selection. The discussion is limited to the case when the selection variable is
censored, as stated in equation (3), so that s; = sf whenever y; is observed. The
unobserved effect is still modeled using the Chamberlain’s device, i.e. (4) is assumed to
hold. A key distinction between the approach of this section and the estimators discussed
in the previous section is that the assumption of joint normality of the error terms in
the selection and primary equations is dropped. Instead, we employ the control function
approach of Blundell and Powell (2004) and derive a consistent estimator of parameters
under relatively weak distributional assumptions.

Assume that the following condition holds:
Uz’t1|2’i, Sig ™~ Uit1|Zia Vg2 ™~ Uz‘t1|vz't2, t=1,...,T. (41>

That is, for each given ¢, the conditional distribution of v;;; given the exogenous and
selection variables is completely described by error v;o. Additionally, we need to change
the notation from the previous sections. Let wy; = (x4, Z;) and where we now drop the
time effects in defining w;;. Now, 6 = (8’,&])’. Then, under condition (41) the conditional

expectation of y;; is given by
E(yit|zia Sit) = P(yit = 1’2’i,’Uz‘t2) = P(_Uitl < witmzia Uit2) = F(witeaviﬂ)- (42)
where F(+,v;9) is the cumulative distribution function of —v;; conditional on vys.
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Similar to the parametric case, one can use a (semiparametric) estimator to obtain
U2 and use it to estimate 6. We will return to this issue when discussing the estimation
procedure. For now, to simplify the presentation, assume that v;s is known.

Assuming that function F'(w;#, vy2) is continuous and monotonic in its first argument,
it can be inverted with respect to its first argument. Denote the inverse function (-, v) =

F7(-,v). Then, define ry; = (wi, vir2), 9(ric) = E(yie|ri), can write

Yg(rit), viro) = wird

or, w[g(/rit)7 UitZ] - wite = 0> (43>

with probability approaching one. The result in (43) implies that for any two observa-
tions, ¢ and j, in a given period ¢, if E(yit|ri) = E(yj|rj:) and vie = vjs, it should be
the case that w;0 = w;0 with probability approaching one. As discussed in Blundell
and Powell (2004), this property permits constructing a matching estimator, where any
two observations with the same (or, in practice, ‘similar’) conditional expectations for
the binary dependent variable in the primary equation and the same error terms in the
selection equation are matched and used to recover the vector of parameters 6, which
satisfies the equality of the indices w;0 and wj6.

Formally, for a non-negative weighting function w;;; = w(ry, ;t), for each ¢ can write

E [wz’jt ((wie — wjt)9)2|9(7’z’t) = g(rjt), vira = thz} =0, (44)
so that
T
D B [wije - (wie — win)0)|g(rie) = g(rje), vie = vjaa]
t=1
=60'>,0 =0, (45)
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where ¥, = ZtT:1 Yoyt = Elwije - (wi — wje)' (W — wji)|g(rie) = g(rje), vz = vjea).
Assuming that in the population 6 is not zero, ¥, must be singular. Moreover, assum-
ing that 6 is a unique solution to the population condition (45), ¥, has only one zero
eigenvalue. A consistent estimator of # can then be obtained by constructing a sample
analog of matrix Y, and finding its eigenvalue that is closest to zero. The estimator of
6 is the eigenvector that corresponds to the smallest eigenvalue. This approach was also
used by Ahn, Ichimura and Powell (2004) in application to general single-index models
with exogenous regressors.

Based on discussion above, estimation of # is performed in two steps:

1. For each t and s; > 0, obtain consistent estimators of the parameters in v;» and

the function g(+).

2. For s; > 0, find the eigenvector of the sample analog of matrix X, that corresponds

to the eigenvalue that is closest to zero.

At step one, v;9 needs to be estimated first. Similar to the Tobit case, because vy is
a true structural error that has to be independent of exogenous variables, it is crucial that
the selection equation is correctly specified. It is also more appropriate to use a general

version of Chamberlain’s correlated random coefficients model of the form:
sy = max{0,ne + 20 + zao1 + - - + ziwlor + v}, t=1,...,T. (46)

If error vyo is continuously distributed with median zero, and its density function is
positive at zero, then parameters in equation (46) can be consistently estimated by the
censored least absolute deviations estimator proposed by Powell (1984). If the error dis-
tribution is also symmetric, then Powell’s symmetrically trimmed least squares estimator
(Powell, 1986) can be used. Under appropriate regularity conditions these estimators

are consistent and v/ N-asymptotically normal for a variety of error distributions. They
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are also robust to heteroskedasticity. Moreover, because selection equation is estimated
separately for each t, {vys}_, may be arbitrarily serially related and can have different
variances.

Alternatively, a nonparametric estimator proposed by Lewbel and Linton (2002) could
be used to estimate the conditional mean of s}, for each ¢, which then could be subtracted
from s; (for s; > 0) to obtain 0. This approach involves obtaining nonparametric
estimators of E(s;|z;) and E{1[s; > 0]|E(su|2)}, followed by integration of a function
of the latter estimator. An important advantage of this estimator is that the conditional
mean of s}, does not have to be linear in parameters. However, estimation is relatively
complicated and is subject to the “curse of dimensionality” problem. Moreover, the esti-
mator has a relatively slow rate of convergence. Therefore, using simpler v/N-consistent
Powell’s estimators may be preferred.

While modeling the unobserved effect as a linear function of exogenous variables in
all time periods — as in equation (46) above — is somewhat restrictive, this approach
has important advantages over other existing estimators of unobserved effects censored
regression models. For example, estimators considered by Honore (1992) and Honore,
Kyriazidou and Powell (2000) require that {u;s}; in equation (3) are either i.i.d. or
strictly stationary conditional on (z;, ¢;2). Importantly, because these estimators use dif-
ferencing to remove c¢;o, it is only possible to estimate c¢;5 + uj2, which are generally
correlated with z;, so that condition (41) necessarily fails.

Once residuals ;9 are obtained, the conditional mean of y; for observations with

s;t > 0 can be estimated for each ¢t using the Nadaraya-Watson kernel regression estimator:

N Tjt—T;
23:1 K (—] o t) Yijt
N Tjt—T;
Zj:l K <ﬁh—gt>

A

git = g(rit) =

t=1,...,T, (47)

for kernel function K(-) and bandwidth hg, such that hy, — 0 and NA) ™ — oo as
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N — oo.
The above estimators of v; and g;; can be used for obtaining a sample analog of matrix

Yt

(48)

U
Il
[M] =
i

i
I\

-1

n
D e (= ) (wie = wy)
2

git — Gjt Uitz — Ujto
Kg (h— Ky T dit + dji » Tig * Tjt,
w w

where d;; = 1[s;; > 0], 7 and 7, are trimming terms that are set to zero for observations

o)
Il Il
|~

e

Wijit

h,

where g;; and/or ;5 are imprecise, and h,, — 0, Nh? — oo as N — occ.
Under appropriate regularity conditions, it can be shown that S is a consistent esti-

mator of ¥y, which is matrix >, that uses a particular weighting function,

Wijt = (fitfjt)1/2 “dyy djt “Tit - Tit = fit - dig - djt *Tit * Tty t=1,...,T, (49)

where fiy = f(git, vi2) is the conditional joint density of g;; and v for a given ¢.
Let ¢ denote the eigenvalue of S that is closest to zero. Then 6 is the eigenvector that

corresponds to eigenvalue ¢ and can be obtained by solving

(S = Clysr)0 =0, (50)

where I/ is the identity matrix of dimension M + L.
Because any multiple of the true parameter vector 6 will satisfy equation (50), it is

convenient to set the first parameter in 6 to unity, so that = (1,a/)’. Correspondingly,
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matrix S can be partitioned as

Sll 512
521 522

>
[
—
ot
—_
~—

Then, using the normalization mentioned above and solving (50) for « gives

Q= —[gzz — CIM+L71]71'§21- (52)

It can be shown that § = (1,d’) is consistent for 6 and v/N-asymptotically normal.
The formal consistency argument and derivation of the asymptotic variance are provided
in the Appendix. As an alternative to using the analytical formula, the asymptotic vari-
ance of & can be estimated using panel bootstrap.

Several points are worth mentioning. In (45), and therefore in (48), matching is
performed within a given period, so that time-specific shocks that are common to all cross-
section units are permitted (although the time-specific intercept cannot be estimated).
Also, errors may be arbitrarily serially related. An alternative approach would be to
match observations for the same cross-section unit ¢ in any two periods, ¢t and s, where
g(ry) = g(ris) and vye = v, as was proposed by Kyriazidou (1997) in application to
linear panel data models with selection. Such an approach would be robust to an arbitrary
form of dependence between exogenous variables and unobserved effect. However, an
important disadvantage of such method is that it requires a strong form of stationarity
and implies that there are no common time-specific shocks to y;;, which rarely holds in
practice. Moreover, for observations where g(r;;) and g(r;s) are similar, it would often be
the case that w;; and w;, would also be similar, which would cause identification problems,
especially in short panels.

A general shortcoming of a semiparametric approach is that it does not permit esti-

mating average partial effects. Because v;s is not known for the part of the population
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with s;; = 0, it is not possible to “integrate out” v, across its entire distribution. There-
fore, the ASF and APEs cannot be estimated. In fact, it appears that in the sample
selection context, partial effects can be identified only for parametric models. However,
the semiparametric approach can be used to estimate relative effects of continuous vari-

ables. Specifically, for continuous explanatory variables

APE;, B4
APE; B,

and we have consistent estimators for the 8; up to a common scale factor. Unfortunately,

relative effects of discrete variables cannot be estimated.

5 Monte Carlo Simulations

This section presents results from limited Monte Carlo experiments that have been con-
ducted to examine the finite-sample properties of proposed estimators. The focus is on
the censored selection variable case where both parametric and semiparametric methods
apply. For the same reason we do not simulate average partial effects. Because parameters
can only be estimated up to scale, relative effects are reported.

Data are generated using equation (6), with z;; = (214, T2i) and zy = (1, T141, T2ir, T3it)-
Model parameters are set at § = (1,0.6)", 6 = (1,0.5,0.8,1.2)", & = (—0.3,—-0.3, —0.3)/,
& = (0.3,0.3,0.3)". Unobserved effects, a;; and a;o, are independent across i and dis-
tributed as Normal(0,0?) with Corr(a;1,an) = 0.25. Idiosyncratic errors, uy; and e,
are independent across 7 and ¢ and distributed as Normal(0, 02); p is either 0.5 or 0. The
total variance of the composite errors is set to unity, whereas o2 /02 is either 0.3 or 0.

Exogenous variables are generated according to the model:

Tyj = bij + €5, J=1,2,3, (53)
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where b;; are independent across i and distributed as Normal(0,07); €; are indepen-
dent across ¢ and ¢ and distributed as Normal(0,0?); 0 + 02 = 1 with ¢7/0? = 0.3;
Corr(b;j, bin) = Corr(by;, a;x) = 0.25 for j = 1,2,3, h # j, k = 1,2. The employed data
generating process results in about 33% of the sample having missing values for y;; in a
given t.

In the semiparametric estimation, the cross-validation criterion was used when se-
lecting the optimal bandwidth for the conditional expectation function g;; and weighting
(joint density) function w;;; (see Li and Racine, 2007, for example). We follow the common
practice and set trimming terms equal to one for all observations.

In addition to comparing performance of the parametric and semiparametric estima-
tors discussed in sections 3 and 4, we consider two commonly used parametric methods
that do not account for selection. Specifically, model (1) is estimated by probit, so that
both selection and unobserved heterogeneity are ignored. We also report results obtained
from a probit regression that includes the time means of exogenous variables, but does
not account for selection. Simulations were performed for N = 500 and 1000, 7" = 3,
using 1000 replications.

Results for the estimated relative effect, Bg / Bl, are reported in Table 1. Under no
unobserved heterogeneity and random selection (62 = 0, &, = 0, p = 0), the computed bias
is small for all estimators, while the root mean squared error is the smallest for the usual
probit estimator. When adding the correlated unobserved effect (02 = 0.3, & = —0.3,
p = 0), the bias in the probit estimator noticeably increases, while there are only minor
changes in the biases of the other four estimators; the root mean squared errors increase
for all estimators. Finally, when both the correlated unobserved heterogeneity and non-
random selection are present, the standard probit estimator has the largest computed
bias, and the probit estimator of a model that includes time means has the second largest
bias.

Both parametric estimators that implement selection correction (two-step and full
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Table 1: Simulation results for 32/31 (B2/B1 = 0.6), uyyy ~ Normal(0,02)

No correction No correction Censored selection  Binary selection = Censored selection
Probit Probit, time means two-step MLE full MLE Semiparametric

€)) 2) ©)) (4) Q)

02=0,61=0,p=0
N=500 Bias 0.0022 0.0025 0.0012 0.0017 -0.0045
RMSE 0.0571 0.0679 0.0722 0.0706 0.0921

02=03,¢64=-03,p=0
N=500 Bias -0.0342 -0.0005 0.0022 0.0025 -0.0011
RMSE 0.0737 0.0721 0.0764 0.0736 0.1144

02=03,& =-03, p=0.5
N=500 Bias -0.0736 -0.0338 0.0014 0.0011 -0.0156
RMSE 0.0990 0.0812 0.0752 0.0732 0.1362

Ug:ovglzovp:()
N=1000 Bias -0.0002 0.0006 0.0009 0.0014 -0.0081
RMSE 0.0394 0.0475 0.0500 0.0488 0.0564

02=03,¢64=-03,p=0
N=1000 Bias -0.0375 -0.0027 0.0012 0.0018 -0.0099
RMSE 0.0587 0.0545 0.0569 0.0550 0.0717

02=03,¢64=-03,p=05
N=1000 Bias -0.0733 -0.0335 0.0027 0.0024 -0.0300
RMSE 0.0863 0.0631 0.0547 0.0531 0.0840

MLE) have small biases under all scenarios. However, the computed bias of the semipara-
metric estimator is higher than that of the parametric correction methods when p = 0.5.
Increasing the sample size from 500 to 1000 decreases root mean squared errors for all
estimators, but does not necessarily help to reduce the bias. Perhaps not surprisingly, the
mean squared errors are larger for the semiparametric estimator. However, if compared to
the other correction procedures, the precision of the semiparametric estimator improves
more substantially when the sample size grows.

To check the properties of the estimators when the error distribution is not normal,
we consider an alternative specification, where wu;;; has chi-square distribution with three
degrees of freedom. The distribution was transformed to have zero mean and variance
equal to Var(u;;) in the normal distribution case. Results from that specification are
presented in Table 2.

As seen in Table 2, results do not change much. Similar to the case where wu;; ~
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Table 2: Simulation results for Bg / Bl (B2/B1 = 0.6), uyy has chi-square distribution

No correction No correction Censored selection  Binary selection = Censored selection
Probit Probit, time means two-step MLE full MLE Semiparametric

€)) 2) ©)) (4) Q)

02=0,61=0,p=0
N=500 Bias 0.0005 0.0004 -0.0011 0.0036 0.0002
RMSE 0.0464 0.0578 0.0606 0.0589 0.0924

02=03,¢64=-03,p=0
N=500 Bias -0.0305 -0.0006 -0.0014 0.0090 -0.0051
RMSE 0.0694 0.0696 0.0721 0.0706 0.1081

02=03,¢ =-03, p=0.5
N=500 Bias -0.0687 -0.0320 0.0011 0.0099 -0.0224
RMSE 0.0939 0.0777 0.0730 0.0718 0.1325

Ug:ovglzovp:()
N=1000 Bias 0.0012 0.0017 0.0009 0.0054 -0.0023
RMSE 0.0319 0.0398 0.0417 0.0409 0.0536

02=03,¢64=-03,p=0
N=1000 Bias -0.0319 -0.0022 -0.0021 0.0068 -0.0065
RMSE 0.0534 0.0473 0.0501 0.0485 0.0630

02=03,¢64=-03,p=05
N=1000 Bias -0.0692 -0.0344 -0.0011 0.0074 -0.0253
RMSE 0.0825 0.0598 0.0511 0.0492 0.0788

Normal(0,0?), both the usual probit estimator and probit estimator of an augmented
equation that includes time means have sizable biases when p = 0.5. The two-step and
full MLE estimators that account for nonrandom selection perform well under all scenar-
ios: both have only small biases and small root mean squared errors. The semiparametric
estimator tends to have larger biases and root mean squared errors than parametric correc-
tion methods, but performs better than the estimators that ignore non-random selection.
Similar to the trends observed in Table 1, mean squared errors of all estimators decrease

when N increases.

6 Conclusion

This paper considers estimation of binary-response panel data models in the presence of
non-random sample selection and self-selection. Parametric estimators proposed in the

paper can be used when the selection variable is either censored or binary. The discussed
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approach permits estimating both coefficients and partial effects, as well as treatment
effects. The considered parametric methods are simple in implementation and perform
well in simulations even when the underlying distributional assumptions do not hold.
Moreover, we discuss tests that provide a simple way of detecting a selection bias.

The paper also proposes a semiparametric estimator that does not impose distribu-
tional assumptions, but can only be used when the selection variable is censored. In
Monte Carlo experiments, this estimator performs reasonably well, although it is less pre-
cise and has a larger computed bias than parametric estimators. The relatively large bias
of the semiparametric estimator may be due to our inability to fully optimize the choice of
bandwidths. In simulations, the optimal bandwidths were selected for the two nonpara-
metric components (conditional expectation function, g;, and weighting function, w;)

separately. Future research could focus on the choice of the optimal bandwidths jointly.

Appendix

In this appendix we discuss asymptotic properties of the semiparametric estimator pro-
posed in Section 4. The argument below is very similar to the one in Blundell and Powell
(2004).

To demonstrate the consistency of the semiparametric estimator, first show that St
is consistent for 3, ¢t = 1,..., T, where X is a particular form of matrix 3! that uses the

weighting matrix specified in equation (49). Using the first-order mean-value expansion,
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for each t we can write:

St = S{+ 8, where (54)
-1
t n l /
S = Zi<j wijr(Wir — wje) (wie — wye), 1=0,1, (55)
2
1 it — g Vit2 — U5
w%t = h—2/§;g (gth gjt) /{,,U ( t2h jt2) d’it . d]t . Tit . Tjt? (56)
1 gi. Vi \ . .
Wiljt = = 51) < hjt Ko < hjt ) (Git — it — it + gjt)

9 (wji, V) - qe (7 — 1)

gl* U? " o
— Iiél) (hjt> Ky < hjt2> gqgl)(wit, Uia) " it (e — Te)

U?jﬂ N
h (Qit - C]jt)(ﬂt - 7Tt) d;t - djt *Tit * Tty (57)

where /{gl)(-) and k! (-) are vectors of first derivatives of functions ry(-) and r,(-), respec-
tively, gq(jl) (+) is the first derivative of function g(-) with respect to vya, ¢ = (1, zi1, - - -, 2i1),
T = (Nat, €21y - -+, O + oty ..., Eor)’, and 7y is the first-step CLAD estimator of .

Similar to Blundell and Bond (2004), the summand in (??) is of order % when the
first four moments of r;; and s; are finite, and ,(-), ky(:), 7ix are bounded. Therefore,
when h, — 0, h2N — oo, it is true that S* = X, + op(1), t=1,...,T.

To show that S? converges in probability to zero, t = 1,...,T, assume that functions
Rg(+), Kul(+), /@E,l)(-), m(,l)(-), gﬁl’(-) are uniformly bounded, and the first two moments of
¢+ exist. Furthermore, when using Powell’s censored least absolute deviations estimator
(Powell, 1984) or symmetrically trimmed censored least squares estimator (Powell, 1986)
to estimate 7, assume that the appropriate regularity conditions hold, and let h® N — oo
as N — oco. This ensures that h*(7 —7) = 0,(1). Moreover, assume that regularity con-

ditions provided in Ahn and Powell (1993) hold. These include smoothness assumptions

for conditional expectation and density functions, the use of higher-order kernel functions,
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and restrictions on the speed with which h, and h,, converge to zero as N — oo. Then,
h;3(Git — giz) uniformly converges to zero.

From above, it follows that under the specified conditions,

Z Z S+ 0,(1) = Zo 4 0,(1). (58)

Moreover, using the law of iterated expectations:

26 = Elfi-dy- djt - Tig * Tje - (Wi — wjt)/(wit - wjt)|git = g, Vitg = V]

= B {sz't - (it it — :U’iu,it,uw,it)} , t=1,....T, (59)

Qi = E[dit : Tit|git =g, Vit2 = U],
Hwit = E[dit * Tt - wit|git =d, vy = UL

Hwwit = E[dit *Tit - w;trit|git = 0,Viu2 = U]- (60)

Furthermore, >¢f = 0 because

]~

T
Z[(Qit,uww,it - /'L;y,it/flw,it]e = [QitE(thwuﬂgit, Uitz) - M;U,itE(witmgita vit2):|
t=1

t=1

[M] =

(Qit,uiu,itgit - Qitﬂiu,itgit) =0, (61)

t=1

where we use the fact that w0 = gy, t =1,...,T.

Finally, we need to specify the identification condition. Regarding the first-step esti-
mation, necessary identification conditions for the censored least absolute deviations esti-
mator and symmetrically trimmed least squares estimator are provided in Powell (1984)
and Powell (1986), respectively. The second part of the identification condition is that

in the population, # is a unique nontrivial solution to ¥y = 0 after the normalization
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6 = (1,’) is imposed. Specifically, assume that matrix 322, which is the lower-right
(M + L —1)x (M + L —1) sub-matrix of matrix ¥y, has full rank. This completes the
consistency argument.

In order to establish v/ N-asymptotic normality, first use the second order mean value

expansion to write

S=8+5+8,= ZS%ZS%ZSQ (62)

where
-1
t n ! /
S = Zi<j wij(Wir — wje) (wie — wye), 1=0,1, (63)
2

1 it — V; v

Wiy = pz e (gth gﬁ) (M> it djy * it~ T, (64)
1 git — g Vita — Uiga \ R

wzljt = 73 Kg < th i Ry < d i ) (git — 9it — Gjt + gjt)

Uity — U N
w2 a2 9y 1)(%) Qit(Wt - 7Tt>

) (M5
()
<Uzt2 - ”ﬂ”) 959 (rje) - qje(Re — m)
()

qit — q]t)(ﬁt - 7Tt)} i - djt * Tt Tity (65)

git — gjt

— (gzt gjt) (1)

s
().
(2
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1 Gijt Vi R
szgt = ﬂ {/-iéz) (hi) Ky ( hjw ) (Git — gi — gjt + gjt>2
95 Vi . . .
- 2“512) (h]t) 2 ( h]t2> 91(;1)(7}'0 “Qie(7e — ) (Git — Git)
9ij Vi . 3 .
+ QKE,Q) 2 Ry I gf;l)(rjt> : th(ﬂt - Wt)(gjt - gjt>
hy, hy,
93 Vi R . .
- 2"?5;1) ( h]t) ﬁg;l) < th2> (qie — th)(Wt — ) (it — Git — gjt + gjt)
93 V3 . ) ) .
+ 2“5(;1) (hﬁ) "fv(Jl) ( hm) [gl(,l)(rn)q,t g§ )( jt)%t} (T — ) (T — ) (qie — q¢)
93 vy . ) . .
+ hw%él) (hﬁ) o ( hyt2> [91(;2) (w})qit — 91(;2) (wjt)th} (T — ) (T — ) (qae — th),
@ ( Yist Vit (1) ()] 2 (1) (]2 . ~ / /
+ Ry h Ky o [gv (wit>] Qit — [gv (wjt>] @t ) (Fe — m) (70 — ™) (qie — Gje)
9i Vi
+ g (th) 1()2) ( thQ) (ta th>(7rt - ﬂ't)(ﬂ-t - ﬂ-t) (qzt QJt) }dzt djt Tit * Tjt (66)

Under assumptions stated in Ahn and Powell (1993), using v/N-consistency of the
first-step estimator 7, and following the same argument as in Blundell and Powell (2004),

it should be the case that
VNS = 0,(1), VNS0 =o0,(1). (67)

Furthermore, when the selection equation is estimated using either Powell’s censored
least absolute deviations estimator or symmetrically trimmed censored least squares esti-

mator, 7 satisfies

VR(GE=7) = —= > mi+o,(1)

where E(m;) = 0, and E(m;m!) exists and is nonsingular.

Then, can show

N
1
VNSO = VNS0 + o0,(1 =75 > (e + en) + 0y(1), (68)
=1

2
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where

o (git; UitZ)

T
Z 2fit9it<9itwit - Mw,it)/ : D gn

t=1

—Fm;(n),

€i1 : [yit - g(wit)]7

€i2

T
F = E Z 2 fir0it(0itWit — fhuw,it)’ (
=1

aw(gm Uit2) 09t 8¢(Qit> Uz‘tz) )
0 g 0 Visa 0 Via it ( )

If the censored least absolute deviations estimator (Powell, 1984) is used as a first-step

estimator of 7, and estimation is performed separately for each ¢, then

mﬂ(?ﬁ)

mi(m) = g
myr(TT)
mel) = [60) A7 g > 0]+ (5 -~ Uona > 0])

Jt = kK [1[(]%71} > O] : qzltqn] ) t= 1, e ,T, (70)

where f;(+) is the density function of error v; in period t.
If m, t=1,...,T, is estimated using the symmetrically trimmed lease squares esti-

mator (Powell, 1986), then

m’it(ﬂ-t) = Cfl : 1[Qit7rt > 0] : qét : (Hlin{sita QQitﬂ't} - Qitﬂ't) )

C

E{l[—qum < viz < qume) - @0}, t=1,....T. (71)
From (61) and (68) it follows that

VNO'SH = 0,(1), (72)
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so that for the subvector & of 6 = (1, /), we obtain
VN(& — o) -5 Normal(0, S5 Vas Sy ), (73)

where Yo is the lower (M + L — 1) x (M + L — 1) diagonal submatrix of ¥y, and Vs, is
the lower (M + L — 1) x (M + L — 1) diagonal submatrix of V,

V = Var(eﬂ + 67;2) = E[(eﬂ + 67;2>(€l‘1 + 61'2)/]. (74)

Note that this is a robust form of the variance that accounts for serial dependence in

the errors.
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