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Biorthogonal Multiwavelets on the Interval:
Cubic Hermite Splines

W. Dahmen, B. Han, R.-Q. Jia, and A. Kunoth

Abstract. Starting with Hermite cubic splines as the primal multigenerator, first a
dual multigenerator oR is constructed that consists of continuous functions, has small
support, and is exact of order 2. We then derive multiresolution sequences on the interval
while retaining the polynomial exactness on the primal and dual sides. This guarantees
moment conditions of the corresponding wavelets. The concept of stable completions
[CDP]is then used to construct the corresponding primal and dual multiwavelets on the
interval as follows. An appropriate variation of what is known as a hierarchical basis in
finite element methods is shown to be an initial completion. This is then, in a second step,
projected into the desired complements spanned by compactly supported biorthogonal
multiwavelets. The masks of all multigenerators and multiwavelets are finite so that
decomposition and reconstruction algorithms are simple and efficient. Furthermore, in
addition to the Jackson estimates which follow from the exactness, one can also show
Bernstein inequalities for the primal and dual multiresolutions. Consequently, sequence
norms for the coefficients based on such multiwavelet expansions characterize Sobolev
norms| - [usqo,1p for s € (—0.8249262.5). In particular, the multiwavelets form
Riesz bases for ([0, 1]).

1. Introduction

An important ingredient for extending wavelet concepts to problems defined on bounded
domains is the construction of wavelets on the interval, see, e.g., [D4]. So far, such
constructions have been confined (except for very special cases [SS1]) to wavelets
which result from multiresolution analyses built from a singkenerator Recently,
multiresolution spaces have been intensely investigated which are spanned by a so-
called multigeneratoy that is, integer translates of dilates of a finite number of func-
tions satisfying vector refinement relations, see, e.g., [GHM], [GL], [PS2]. The use of
a multigenerator appears to be attractive since their component functions have rela-
tively small support and in many cases have more favorable symmetry properties. A
particularly interesting case concerns multigenerators consisting of piecéiise

bics. In fact, one can then resort to the powerful tools developed in the spline con-
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text, and local schemes for interpolating function and derivative data are available.
Moreover, the interpolatory nature of the generators suggests convenient ways of ad-
joining different local tensor product bases by isoparametric mappings, thereby ob-
taining multiresolution analyses on more complex geometries. Therefore, we concen-
trate in this paper on the construction of biorthogonal multiwavelets on the interval
[0, 1], generated by special' piecewise Hermite cubics, with the following
properties:

(I) The primal multiresolution consists of spline spaces of degree 3.
(I The primal multigenerator and its derivative satisfy interpolation conditions.
(1) By (1), the biorthogonal spline multiwavelets have two vanishing moments.
(IV) The dual multigenerator is continuous and reproduces linear polynomials.
(V) The primal and dual multigenerators and multiwavelets have compact support
so that decomposition and reconstruction algorithms are simple and fast.
(VI) The multiwavelets form Riesz bases 1o([0, 1]). Discrete norms based on their
expansions characterize Sobolev spdd&g0, 1)) for s € (—0.824926 2.5).

The first important step consists of identifying corresponding biorthogonal multires-
olution spaces defined on all &. Once an appropriate dual multigenerator has been
constructed, we proceed to adapt these multigenerators to the interval, resorting to the
strategy of preserving polynomial exactness on the pramsalell ason the dual side
[DKU1]. Knowing only the biorthogonal generator bases, we will then construct mul-
tiwavelet bases on the interval, all having small support, by projecting certain initial
complement functions into the desired ones. The resulting wavelet bases consist again
of shift-invariant functions supported in the interior of the interval and a finite number
of boundary adapted multiwavelets. We emphasize that the construction automatically
generates shift-invariant multiwavelets &with small support given by the interior
basis functions.

This paper is structured as follows. In Section 2, we collect some facts abatt the
piecewise Hermite cubics that we use as a multigenerator. We then construct in Section 3
a multigenerator dual to this with small support that consists of continuous functions
and reproduces polynomials up to order 2. The first part of the construction of the
primal and dual multiresolutions on the interval in Section 4 follows essentially known
ideas [AHJP], [CDV], [DKUL1]. Near the boundary, one constructs adapted functions
as fixed linear combinations of all translates overlapping the boundary in such a way
that the polynomial exactness is maintained. This has to be done in order to match the
cardinality of the functions on the primal and dual sides. We then perform local changes
of bases on the primal and dual sides to recover the interpolation conditions and the
biorthogonality near the boundary. The transformation matrices are computed explicitly.
In order to derive the multiwavelets and their duals, the concept of stable completions
[CDP] is used in Section 5. A variation of hierarchical bases provides an initial stable
completion. It can be seen that all mask matrices are banded with band width independent
of the refinement level, so that reconstruction and decomposition algorithms are efficient
and fast.

To our knowledge, this is the first construction of multiwavelets on the interval for the
case where simple restriction is not sufficient.
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2. The Primal Multigenerator on R

Consider the functions denotediecewise Hermite cubiaghich are defined by

_ Je+Di-2t+1), te[-1,0],
(2.1) o) = {(1—t)2(2t+l), te0,1],

_ [+ D% te[-1,0]
p2(t) = {(1—t)2t, t €[0,1],

and satisfy
(2.2) @1(k) =80k, @o(K) =80k, @1(K)=0, ¢@2(k)=0 forallk € Z,

see Figure 1, wherg x = 1 fori = k andé; x = 0 otherwisej, k, € Z.

Integer translates @f;, ¢» generate the space @f-continuous piecewise cubic func-
tions onR which interpolate function values and first derivativeg &t Z.

In general, we say that the vector figld R — R?, ¢ = (¢1, ¢2)", constitutes a
multigeneratorif:

(a) the integer translatée (- — k), k € Z} form anL ,-stable basis for the space
S = clos,,(spariyi (- — k), ke Z, i =1,2}),

i.e., forc = {G kliz12 kez € €2({1, 2} x Z), &k = (C1x, C26) ",

2
DY ek =K

(2.3) Yot —k| = ~ licley)-
keZ Lo(R) kez i=1 L2(R)
(b) ¢ satisfies theefinement equation
(2.4) P(X) = ZAk(p(ZX — k), xeR ae,

keZ

with maskA = {Ax}kez, Ak € R2%2,
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Fig. 1. Multigeneratorp = (p1, ¢2)" onR.
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We always mean bg ~ b thata < b andb < a hold, wherea < b says that can be
bounded by a constant multiple bfuniformly in any parameters on which b may
depend, and = b meand < a.

In view of the interpolation conditions, the integer translates ofghé = 1, 2, are
linearly independent and hence stable [JM]. The nestedness of the corresponding spline
spaces therefore ensures that the piecewise Hermite cubics defined in (2.1) constitute
a multigenerator, see also [HSS], [DM]. Multiresolution generated by multigenerators
has already been discussed in [JS]. In particulag i (¢1,...,¢)" is a refinable
vector of compactly supported functionslia(R), and if & is the shift-invariant space
generated byy, ..., ¢, then it was proved in [JS] that the spa&sj € Z, spanned
by the integer translates of (21 - —k),i =1, ..., r, form a multiresolution of»(R).

In the following, we will always denote by the special multigenerator consisting of
the functions (2.1). We now proceed by collecting a few properties of the multigenerator
that will be needed later.

p satisfies the refinement equation (2.4) with mask matrices

10 13
], Ao=|:0 1]’ A1=|:f 411j|’
3 8 T8

see, e.g., [HSS], such that supp= {k € Z: Ax # 0} = {—1,0, 1}. Here boldface
numbers will always denote vectors or matrices with all entries equal to this number. Thus,
 has compact support supp:= Ui2:1 suppyi = [—1, 1]. ThesymbolA(z) relative to
the maskA is defined a#\(z) = ZL_lAk Z¥, z € C\{0}. Note that the normalization
of the maskA differs from the one used in [PS1], [SS2]. Defining thébsymbol®f
A@) by Ac2) = i1 AxieZS, € = 0,1, we know from [DM] thaty = (1,0)7 is
the common left eigenvector &f.(1), e = 0, 1, for the simple eigenvalue 1.

When saying thatp is symmetric we mean that itenember functionsg; are either
symmetric or antisymmetric. Here we have thatx) = ¢1(—X) andp,(X) = —@2(—X),
which we will abbreviate as

(25) A= [_

I NI
I MW

(2.6) P(X) = Jp(—Xx),
using

1
2.7) 3= [0 _ﬂ .

The symmetry of the generators carries over to the mask matrices in the sense
(2.8) A =JA_J, k=-1,...,1

The multigeneratog is normalized such that

Jr 92(x) dx 1
29) /R 00 A [/R p2(x)dx | |0
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3. A Dual Multigenerator on R

Now we will determine a second compactly supported vector figldR — R? of
continuous functions that is refinable with maslkand that isdualto ¢, i.e.,

(3.1) (¢, @(- —K)r = dokl, keZ.

Here for any domair2 ¢ R (f,9)q = [, f(x)g(x) dx, and for any two vectors
X,y € R? the term(x, y)r denotes the X 2 matrix with entrieg;, Yi).

It was observed in [DM] that linear independence of the integer translates of the
¢, = 1,2, is a necessary condition for the existence of a dual vector of compactly
supported functiong. In the recent paper [J], it was shown that linear independence
is also sufficient for the existence of a compactly supported refinable dual vector of
functions inL,(R).

The strategy for the construction @fis to first solve the discrete analog of (3.1). If
@ is the unique solution of

(3.2) Px) =Y A@2x — k), xeR a.e,
keZ

such thatf, @(x) dx = [1, 0], then (3.1) implies

(3.3) D ARy =280m!  forall mez,
keZ

see [DM]. The construction in [SS2] starts from this equation in symbol form. However,
the multigenerator constructed there is not biorthogonal to the Hermite cubic splines
defined in (2.1). Actually, the Hermite cubic splines are biorthogonal to the third (distri-
butional) derivative of the multigenerator constructed in [SS2]. However, the components
of this third derivative are not functions i (R).

Here we choos@ to be the sequence supported{er?, . . ., 2} given by
_7 _5 1 3 ¥
A 64 64 A 2 16 A 32
Aox=1| g aul| Aa=1| g9 37| Ap = 0 15|
128 64 32 32 8
(3.4)
- 1 _3 . _1 5
Ar=| g é‘é} Az=[ &7 Si‘]
32 32 T 128 64

Itis easily verified that this set of matrices satisfies (3.3) witliom (2.5). Further-
more, the mask coefficients, fulfill

(3.5) M = % > A= [é g]

for some|o| < 1. The matriceA_, + Ag + A, andA_; + A; have the common left
eigenvectoy = (1, 0)" for the simple eigenvalue 1.

In order to obtain from the discrete biorthogonality relation (3.3) a dual multigenerator
@, we will employ the concept of subdivision.
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3.1. ExistenceUniguenessand Regularity of
Denote byQjz the bounded linear operator tn(R)? (= Lo(R) x Lo(R)) given by

(3.1.1) Qaif = ZAmf(z. —m), f=(f, f)7 € Lo(R)%.

meZ

Lety” = (y1, Y») # 0 be a left eigenvector d¥1 defined in (3.5) corresponding to the
eigenvalue 1, i.,ey™™ = y'. We say that the (vector) subdivision scheme associated
with A, denoted by&;, converges in L if there exists a vectdre L»(R)? such that for
anyfy € L»(R)? satisfying

y' Y fol-—m) =1,

meZ

the sequencég;fo (= Q;\(Q'Z.\*lfo)) converges td in the L,-norm ask — oo. Then
Qxf = f andf is a solution of the refinement equation (3.2).

Proposition 3.1. The subdivision schemg 8onverges in k.

Proof. Let ¢y(Z) denote the linear space of all finitely supported sequenc&sand
£0(Z)?*2 the linear space of all finitely supported sequences of2matrices. LeFj
be thetransition operatoron £o(Z)%*? defined by

1 - s
(3.1.2) (F;C) = > Z Ax_mCmisAl, keZ, CeltyZ)>.

m,seZ

Let § denote the sequence satisfyisig= 1 and lets,, = 0 for m #£ 0. Employing the
second-order difference operatr define the sequeng€@d)y := —8k_1 + 26k — Sk1.
Furthermore, foi = 1, 2, leté be theith unit vector. Recall from [JRZ2, Theorem 7.1],
that the subdivision schemnfg; converges inL; if and only if p(Fzlw) < 1, where

W is the minimal invariant subspace Bk generated by the matrix-valued sequences
et(eh)T As ande?(e?)Ts, andp(Fzlw) is the spectral radius d¥; restricted tow. By
numerical computation, we obtai(Fz|w) < 1 and, thus, the assertion. [ |

Proposition 3.2. The refinement equatid.2) for the maskA defined in(3.4) has a
unique solutionp satisfying(3.1). Furthermore ¢ is in the Sobolev space SdR)? for
any

(3.1.3) s < 7 = 0.824926

In particular, { consists of continuous functians

Proof. It was pointed out in [DM, Theorem 4.1], (see also [JRZ2, Theorem 8.1]), that
if the refinement maska andA satisfy (3.3) and if the subdivision schemes associated
with A andA are convergent ith.,, then there exists a refinable vectpwhich is the
unique solution of the refinement equation (3.2) with maskand the duality relation
(3.1) holds.
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Let, for a function vectof € L,(R)? := Lp(R) x Lp(R), vp(f) = supv: f €

Wy (R)?} denote the optimal (Sobolev) regularityfoBy the embedding theorem, one

hasvs (f) > vo(f) — % In order to determine, (@), we review some results from

[JRZ2] and [JRZ3]. With the notation from the previous proof we obtain, by [JRZ3,

Theorem 3.4],

(3.1.4) v2(@) = — 310G, (p(Fz V).

whereV is the minimal invariant subspace®f generated bg'(e")T As ande?(e?)" AS.
LetvO := el(e)TAS andV' := F/'.\v0 fori e N. We find thatV is the linear span of

Vv, ..., v8and has dimension 9. By using MAPLE we obtafh= "  h;vi, where

hy — 121393 , = 12707291903433 ,
302231454903657293676544 2361183241434822606848
hy = — 12781989485512689 L= 1509351271768101
18889465931478580854784 147573952589676412928
he = — 129495711992289 (= 403668071727
288230376151711744 281474976710656
he — 2701056849 hy— — 13306731
137438953472 67108864
381
h8 = 5_12
Therefore, the characteristic polynomR{z) of the linear operatoF; under the basis
V0, ..., v8is given byP(z) = 22 — Y2 /hiZ. By numerical computation, we find

that the largest absolute value of the root$6f) is approximately 81867282. Hence

p(Filv) ~ 0.31867282, and thus by (3.1.4)
(3.1.5) v2(@) = —3 10g,(p(Fzlv)) ~ 0.824926= .

It follows thatv. (@) > va(p) — % > 0.32492 Therefore, in particular, the continuity
of ¢ is established. ]

-15
-2

Fig. 2. Multigeneratorp = (@1, ¢2)" onR.
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Clearly we have here that sugip= [—2, 2] is larger than supp. Note thatA is also
symmetric inthe sense of (2.8). From this, it follows that the eptigf the multigenerator
@ is symmetric whilep, is antisymmetric around 0 [JRZ2], see Figure 2.

3.2. Polynomial Exactness

We call the multigeneratop exact of order d(or say thaty hasaccuracy g if all
polynomials of degree at mast- 1 can be written as a linear combination of #hé —k).

As in [DKU1], the exactness will be used in Section 4 to derive multigenerators on the
interval with properties (1)—(IV).

Polynomial exactness of refinable vectors of functions was discussedin [HSS], [JRZ1],
and [P]. In [J, Theorem 4.1], a characterization for the accura@nweés given in a form
slightly different from that of [HSS]. Although the result is not new, it is convenient for
applications. We briefly recall the main facts, specialized to the case at hand. The relations
(3.2.6) and (3.2.9) below could also be derived by hand using polynomial exactness and
biorthogonality. However, just applying the following proposition yields all the desired
relations without tedious calculations:

Proposition 3.3. Letf = (fy, f,)T be a vector of compactly supported distributions
Supposé satisfies the vector refinement equatfos ), , Fif(2- — k), where each
Fxisa2 x 2 complex matrixForm=20,1, 2, ..., set

1 1
(321) Emi=— kXZ:(Zk)mng and  Op = — kXZ:(zk — 1)™Fa_1.
€ €

Let d be a positive integelf there exist vectorgy, € R>form=0,1,...,d — 1such
that

r r
322 Y (-D"2 "y (Em=y] and Y (-D"2"y] On=y/

m=0 m=0
aretrueforr=0,1,...,d —1,and ifyo # 0, thenf has accuracy dMoreoverunder
the conditiony] f(0) = 1, we have

X kM-
(3823 = Zzﬁy,,mf(x—k), xeR, r=01,...,d—1

keZ m=0

Converselyif f is exact of order d and if the shifts of, ff, are linearly independenthen
there exist vectorg,, € R2, m=0, 1, ..., d — 1, satisfyingyo # 0 and the conditions
in (3.2.2).

In fact, the above result remains valid if the sequer(o‘é@ + 2k ))kez, 1 = 1, 2,
are linearly independent fdr = 0 andé = x. Here f denotes as usual the Fourier
transform of f.

Applying the criterion in Proposition 3.3 to the vectpiof Hermite cubic splines, we

obtain
|1 {0 _ |0 10
yO_O’ yi={1| yZ_O’ ys—o.
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Defining the (column) vector

(324)  éu, = / X' (X — k) dx = [IR X g(x — k) dx} €R?
R

Sz X" @2(x — k) dx

one has then, also in view of (3.1), fo=0, ..., 3,
2
(3.2.5) X' =Gy p(x—K) =) D (@woign(x = K,
kezZ keZ i=1

i.e., the Hermite cubics have exactness of odier 4. These results can also be de-
rived from the interpolation properties of the Hermite cubics. Applying the criterion in
Proposition 3.3 to the vectgs of Hermite cubic splines, from (3.2.3), we have

r Lorik™
X'=) Zwypm px—-k, r=0....3

keZ [ m=0
For allk € Z, comparing the above equality with (3.2.5), we obtain

) 1 - K - K ; I
(326) Qg o= [O] s QK1 = |:1] s Ok 2 = [Zk} B QK3 = |:3k2} .

Specifically, forr = 0 andx = 0, it follows from (2.2) and (3.1) that

(3.2.7) /c]o(x)dx: [1i| :/cp(x)dx.
R 0 R

Furthermore, we get:

Proposition 3.4. The dual multigeneratop is exact of orded = 2,i.e., forr =0, 1
one has

(3.2.8) X' =" oy, p(x -k,

keZ

1

§. <=
[ﬂ r=1
15

Proof. We apply the criterion in Proposition 3.3 to the dual vegtowith the mask
given by (3.4). In this case, we have

10 1 0 0o = o -2
Eo=[ 91], oo=|: 37i|, E1=[ 16] 01=[ 8]
0 3 0 -5 -5 0 ® 0

Forr =0, 1, the equations in (3.2.2) become
YoEo=VY{. Y600 =VY{.

where for all ke Z

(3.2.9) Qg = / X p(x —k)ydx =
R

and
21Eo—YgE1=y].  2y]Oo—yjO1=y;.
We find thatyo = [1,0]" andy: = [0, ;z]" satisfy the above equations. More-
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over, ygé(O) = 1. Thus, from Proposition 3.3, by a similar argument as in (3.2.6),
we get (3.2.9). ]

Note that by [JRZ1, Theorem 2.1} does not reproduce polynomials of order 3.

The coefficients (3.2.6), (3.2.9) will be used below to define the multigenerators on
[0, 1]. They can also be computed directly by means of recursion formulas as, e.g., in
[DKU1]. This derivation only uses (3.2.7) and the refinement equations (3.2) or (2.4).

The compact support @, ¢ and the duality condition (3.1) guarantee that the integer
translateqd@i (- — k), k € Z, i = 1, 2} form anL,-stable basis for their spa in the
sense of (2.3) [DKU1] so that we can den@eas multigeneratodual to ¢ or simply
dual multigenerator

To distinguish shift-invariant quantities from analogs defined on an interval, it is
convenient to write for the vector fielgl R — R?

2i2q, (2] . —k
G )] iKeZ

Cg o= 2020021 . k) = | . )
g[j,k] g( ) |:21/292(21 . —k)

In this notation, one can rewrite the refinement equation (2.4) in the form

2%+1
(3.2.10) Prig =22 Z Am-2Pyj+1.m)-
m=2k—1
The spaces
§ = clos,(spar(¢yji- K € Z,i = 1,2})
and

§ = clos,(spari(gy; i- k€ Z,i = 1,2})
are, by the previous results, refinable and, thus, both form a hierarchy of nested spaces
whose closure is dense inp(R) and whose intersection consists only of 0. Hence,
@, @ aremultigeneratorsof the primal anddual multiresolution sequences = {S},
S ={§}, see [JS].
Our next objective is to construct a pair of primal and dual multiresolution sequences
on the interval [01].

4. Multigenerators on [0, 1]

4.1. Boundary Near Functions

The strategy in [DKU1] is to use possibly many translates of the generators supported
inside the interval and, in addition, to build fixed linear combinations of all generators
overlapping the boundaries on the prinaald on the dual sides such that polynomials
up to the order of exactness are reproduced. On one hand, this allows us, in spite of
the different sizes of support, to match the cardinality of the primal and dual multi-
generator bases on the interval. On the other hand, as pointed out below, the resulting
multiresolution spaces inherit the approximation properties of those definRd on

The construction will be carried out on ofigredlevel | = jo. For the minimal level
jo := 3, the modified functions at the left and at the right boundary do not overlap so
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that each end of the interval can be treated separately. It will be seen that for all levels
i > jo the boundary modifications will be the same.

Suppose thap, ¢ form a dual pair of multigenerators as in Section 3 wgjtlirom
Section 2 having support{l, 1] and which is exact of order 4. We first define sets of
indices on the primal and dual sides which have equal cardinality so that their interior
functions are supported in [@]. Since supge = [—2, 2] D suppy, let

(4.1.1) Aj=1{2...2 -2
so that
(4.1.2) supp@y; i C [0, 1], ke A

Note that #A! = 21 — 3 but sincep € R?, every index stands in fact for two functions
(@11, (@215, 1t will be useful to define the corresponding boundary index sets
AL AR

i 2
(4.1.3) A= {1}, A =2 -1,
whose indices will again represent twe frder of exactness @b) boundary functions

each. We then have to define the appropriate index sets on the primahside| , AR,
such that the cardinality of the two sets

(4.1.4) Aj:=AfUAJUAR,  Aj:=AfUAJUAR
is equal, and such thatAﬁ?< =2 (= % order of exactness ap), X € {L, R}, and
suppeyj iy C [0, 1] fork € Aj' . These requirements are satisfied when taking

(4.15) Af:={12}, Aj=1{3...,20-3), Afi={21 —22 —1j,

see Figure 3.
We now define the boundary near functions at the left boundary by
2
(4.1.6) N () =Y b .m0l 0,215 r=0,...,3
m=0

which we assemble for convenience in the boundary vectors

L Mo L UR
(4.1.7) ey = |: v :| Py = |: v :|

A Al AR
—~ —~—
12 3 2 -1

~ ~
AL AT AR
Aj Aj Aj

Fig. 3. Index sets for the interval: each index corresponds to a two-dimensional vector of functions.
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On the dual side, let

1
(4.1.8) i 0 =Y o Pm oy, =01,

m=-1

and, correspondingly,
~L
- U

(4.1.9) Py = [ﬁ"L’O} .

In order to make the most out of symmetry when defining the boundary near functions
at the right interval end, note that, by (2.6),

(4.1.10) Pl =X = Jopj 2 (X,
Prigd =% =@ a X, xeR, keZ,

with J defined in (2.7) and
(4.1.12) alR = — / 2 = x)" @(x —m)dx = J&zi _m»
R
oy = - /R(Zj = X)" (X —m)dX = Jazi m-

Defining, at the right boundary, »i _, 7j 2i _r in an analogous fashion by replacirg
by (1 — x)" andém, by &7 . and finallyom, by aR

J.m,r J.m,r?

2i
(4112) 0y 0= ) @) epm®loy. 1 =0....3,

m=2i-2
and
241
(4113) 7% 0= Y (@fn ) @m®lpy, =01,
m=2i -1

one can then immediately, on account of (4.1.11), (4.1.10),J8né |, establish the
symmetry relations

2i

~T
Y @medem L= Ol
m=2i -2

= njL,r(X)’ r=0,...,3, xel0,1],

(4.1.14) o (1—X)

and
(4.1.15) o (L= %) = 7j7, (%), r=0,1 xel0,1].
We also assemble the functions at the right boundary in the two-dimensional vectors

R R ~R
(4.1.16) Rv ._ | ".2-3 Rv ._ | M2 ~Rv . |Ma-1
o Pi2icz"= |, R[> P21~ R | P2a-1=| R |-
212 ]2 1 2i
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Remark 4.1. By definition, the set

(4.1.17) @/ =@ U D U,
where
(4.1.18) oY = (o k=12,

RV . R,
O = {0 k=21),

still reproduces all polynomials of degree 3 on{. Correspondingly, the set

(4.1.19) d =Y U URRY,

defined as
~L,v ~ ~l,v ~ ~ ~ RV ~
(4120) & = (@), & = (ke Al 7 ={R% )

reproduces by construction all linear polynomials on [0,1].

Inthe sequel, we will use both the interpretatiom?f, etc., as a collection of functions
(4.1.17), or as a (column) vector of functions containing all the functions in its set in the
obvious order.

We have employed here the additional notatioih to indicate that these functions
are still preliminary and will have to be modified.

4.2. Refinability of Boundary Near Functions

We next derive refinement equations for the boundary near functions (4.1.6), (4.1.8). For
their right-end counterparts, one can use symmetry.

Suppose thal, @ form a pair of dual refinable multigenerators, as in Section 3, with
suppd = [—2, 1], and tha® is exact of orded. LetA = {Ay};.__, denote the mask of
0 satisfyingAx ;== 0fork < —x ork > A.

Lemma4.2. Let¢ > A and define

-1
(4.2.1) o= > ag (MTOmlz,. r=0...d-1
m=—A+1
where
(4.2.2) ap (M) = / X" O(x — m) dx.
.r R

Then one has

20—x—1
(4.2.3) By = 2 (ﬁiil,r + Z aé,r(m)TB[m,ml)
m=¢
204+1—2
+ Z /Gé,r(m)-re[j+1,m]’ r :0"‘.’d_1’

m=2(—x
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where
-1

(4.2.4) By, MT =22 " ay (@ Anz
gq=[(m—2)/2]

and | x] ([x]) is the larges(smalles} integer lesggreatel) than or equal to x

To verify the above relations, one can apply arguments following the lines in the proof
of Lemma 3.1 in [DKU1].

4.3. Basis Transformations and Biorthogonalization

Although the construction of the boundary near functions in (4.1.17) and (4.1.19) pre-
serves the exactness of the primal and dual multiresolutions:

A) the functions ind-Y and ®®Y no longer interpolate function values and first
i j g p
derivativ~e§;
(B) <I>jv and®; are not biorthogonal with respect (o -)jo,1;.

Both shortcomings can be remedied by applying linear transformations to the boundary
near functions. _
To tackle (A), first recall thagpy; | is interpolating at 2'k with values

. 1 : )
(4.3.1) <p[j.k](2-lm):(sk,mzlﬂ[o] <p{j,k](2—1m)zak,m23l/zm, k,meZ.

Thus, defineC. € R**# (4 = order of exactness ap) such that the new boundary
functions

(4.3.2) ®f :=CLP"
satisfy
(4.3.3) 1 o
0110 =910 =272 ), (P}0)' (0 =t (.0 (0) = 2972 | .
L —j . —j j/2 1 L \/(o—j . 1(—j 3j/2 0
P27 =@ ) =22 L (e @) =g @) =292
and
=y o 0 | .
$j1(27K) = (4,1 (27K) = ol ke Aj Ul 2 -1,
=y o 0 | .
$j.2(27'K) = (9 )" (277k) = ol ke AjU{0,21}.

Although this choice suggests itself, one could, of course, also d@ljﬁneuch that
¢ 1, p;j.2 interpolate at 2! and 2- 2 instead of at 0 and 2.
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Inserting the conditions (4.3.3), we have on the left-hand side of (4.3.2) thd 4
matrix

1 0
(4.3.4) [®(0). (®[)(0), B[ (27)), (@) (27)] = 22 8 2(;

or Oo
N o O o

0 O

Using the values foé&m from (3.2.6), and (4.3.1), we can explicitly determine

1 01 o0
) ) ) 0 2i 1 2i
Lv L.y L.V o—j Lvyieo=iNT — 2i/2 .
(4.3.5) [©57(0), (P )(0), &7 727, (@)Y @D =215 'y 2))
0 0 1 32)
Thus, we obtain
10 -3 2 1 010
|01 -2 1 4 |01 11
(4.3.6) Ct=100 3 —2/° S =00 1 2
0 0 -1 1 0 013

Note that the transformatid@, is independent of. Furthermore, we obtain

1
2 2 ; 2
Lv ([ = _ R,\/ S _9i/2
(4.3.7) D] <2j> = (1 21) =227,

[0
2 2 i 1

Lvy [ & _ Rvys _ =) _93j/2
12

Denoting for any matrixE by E* the matrix which is obtained by reversing the order of
rows and columns dE, we define correspondingly at the right end of the interval

(4.3.8) off := Crd, Cr:=C},

so thaty; ,i_; = 9"ij2171 i.nterpolates function values and first derivatives at 1 and
Pjo 2= ga].Ffzjf2 at 1— 271, The inverse oCr is determined a€z* = (C[H)*.
Proposition 4.3. The primal functions on the interval defined(#3.2), (4.3.8),

(4.3.9) @) =P U D] U

have the interpolation propertie@.3.3). Moreover except for the value§t.3.7), we
have

) 0 . )
(4.3.10) ¢ (27Tm) = M , keAj, meAjU{012 —1,21}, k#m.
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To achieve (B) biorthogonality, we will apply another linear transformation, now on
the dual boundary functions.

Let ™ denote the identity matrix of siz@. Since changes have only been made to
boundary near functions so that still

(4.3.11) (@i .k Pj.m)0.1] = Skml @, k.me Aj,

we only have to transform locally near the boundary. That is, we €gek R*** such
that the new dual boundary functions

~ ~ =L,
(4.3.12) & :=CL P, Y
satisfy

~L
(4.3.13) (@, &)y =19.

Here we have for simplicity also used the notatifajl""iv for the functions{gb}jlv, @iz}

in order to match the cardinality aijL in (4.3.13).
Inserting (4.3.12) into (4.3.13), it follows that

< SV
(4.3.14) CL= (o], P )[0T1]~

Of course, one has to make sure tﬁm]!t, éjL’v)[o,l] isindeed invertible. In the following,
we explicitly determine this matrix. Observe first that

5 © %) lelz—l Oy 07‘[ m]
(43 ) ( i1 jL,,V)[O.l] = (QOJ-,], 8 1 )
[0.1]

1 ~
Y11 Pl
— (o, Y1 @mo®rim | | @20®rjz
= 1 o " . ,
J > me—1 a;,lso[j.m] 0‘1190[],2] [0,1]
since suppp;; m C [0, oo) for m > 2 and because of biorthogonality

(4316) (SO[j,k], ‘»b[j,m])R = (Sk,ml (2), k, me Z.

Using for the first term on the right-hand side the fact thas exact of order 2 (3.2.8),
we get

2172 o 0@y

- ,071(j.2]
(4.3.17) i1 @000 = Y1 | = - :
i1 Pj.1)0.] Bl iz o 1Pyj.2) 0]

Substituting the definition ap; ; (4.3.2) withC, given by (4.3.6), one obtains for the
first term

2i/2
wam (o[ 2]
[0.1]

, ~ ~ .
Zmzo(a;,o - 30‘11,2 + 20‘11,3) 2/

= B 5 _ ¥ j,m]» .
|: Zﬁho(a;,l - 20411,2 + 0‘;,3) ] < o |:2]/2(')i|>[o,1]

_ Zézo(d;,o - 35‘11,2 + 25‘;,3) 1
- 2 ~T 267 ~T p(-—m), © .
Zm:O(am,l - am,z + O‘m,3) [0,00)
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Table 4.1. Values forfooo (X —mx" dx,r=0,1,m=0,1,2.

r\m

o

1

0

1
| I
1
o P
| |
1
o N
| I

=
—
&l Bleo Kl i
1
—
Gl =
[
—
[N )
[

Using the explicit definition ofp (2.1), we can in turn compute the latter quantities on
the right-hand side, see Table 4.1.

Together with the values fakny,, from (3.2.6), the quantities (4.3.18) are therefore
determined as

2112 7o
(4.3.19) <‘Pj,l’ |:2j/2(.):|) - |:2_5 51:| ’
[0.1] 2 30

For the second term in (4.3.17) we get, accordingly,

aT ¢ i 5
(4.3.20) <<p,-,1, [ 207112 =1,
QA5 19[j,2] 0.1]

Together, (4.3.19) and (4.3.20) yield

wlg; ol
(e

1 3
4.3.21 (eoefy) =|2 %
( ) ‘PJ,l <10],1 [0.1] %2 %O
In the same fashion, we can compute

1 1
4.3.22 - ,vaV) - .
(43.22) (12203 ) 0y = |0 2

Moreover, sincep; , is already an interior function, we get
N 2 (@ =36, +2a] o) N
(4.3.23)(¢j 1. ‘PJ,Z)[o,l] = |: > ° ~n$0 ~n#2 ~Tm’3 (p(-—m), @(- — 2))r
Zmzo(am,l - 2O‘m,z + am,B)
_ |20 —3a5,+2a55| _ [5 12]
G31- 283, +655 | 12O

and

. -4 12
(4.3.24) (pj.2, Pj. 20,11 = |: 4 8]'
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Collecting the results (4.3.21), (4.3.22), (4.3.23), and (4.3.24), we obtain

1 3
1 1
~L,v 5 2 5
CD-L’Q-’ — 12 30 ,
(@ & Dy 1 1 -4 —12
1
oL 4 8

which has determinari_ﬁg6 # 0. By (4.3.14), this yields

R
-9 15 - I

A 4 4

(4.3.25) C=| , & %+
—i 1 "1 @

3 9 7

-2 90 § -3

Corresponding to (4.3.12), we define at the right end of the interval

(4.3.26) & i=Crd,

whereCr is determined such that

~R
(4.3.27) (@R, ®)py =17,
ie.,
~ ~ RV __
(4.3.28) Cr = (O], ¥, V)[o,le

Here éjR’v also denotes the set of functiofd; »i_y, gbf’zjyil}. Note thatCg cannot

be obtained by simply reversing the rows and columnépfsinceci>J-R’v £ (<T>J-L’v)¢

because of the order of the interior functions. Thus, we will detert@igexplicitly by
exploiting symmetry of the boundary near functions.

For the left upper block of® [, cEjR’v)[O,l], one obtains by (4.1.12), (4.3.2), (4.1.14),
and (4.1.10)

r R _ R
(@j,21-2, Prj2i—2)[0.1] = Ti.2-3 7 M2 -2 Prj.2-2]
j,.21=2> j,2l = i - R R ) j, 21—
| =201 2i_3+ 3055 [0.1]

L L
= Ml —) == IB0 (1 — -
= (_—2771!-!3(1 -+ 377]'-,2(1 - d 90[1,2]( ) on

_ URili® A 3
—_— ) ',2 .
| ~2nfs+ 30, ) )

Inserting the definitions we conclude, as in (4.3.23) and (4.3.24),

~ 4 -8
(4.3.29) (pj,2i—2: P[j,2i—2P[0.1] = [_4 12} :
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Similarly, we derive the remainder of the entries so that we obtain we obtain

4 -8 & O

~R, —4 12 1 1

(4.3.30) (@R & oy = s & 11
™ %

5 -12 3 1

which also has determinaég # 0. By (4.3.28), this gives

N © BlP A

(4.3.31) Cr =

|
s 25 5 oo
|

[N EN] |

&l 5~
IR E N -)

Proposition 4.4. The dual functions on the interval defined4#3.12), (4.3.26),

(4.3.32) ® =0 UD LD,
where

=1 ~ I ~ I
(4333) (D] = {‘P[j,k]’ k € AJ } = {(pj,k, k S A] } ,

satisfy together with theb; given in(4.3.9),the biorthogonality conditions
(4.3.34) (@), P)p.y =1

4.4, Refinement Equations

239

In this section, we derive from the previous sections the refinement relations for the
biorthogonal generator®;, ®;. Sinced;, ®; can be interpreted as finite-dimensional
vectors, the representation of such two-scale relatiomsdtrix—vector formsuggests

itself.

According to Lemma 4.2, the first boundary adapted functtb}‘lsiefined in(4.1.17)

satisfy the refinement equation

(4.4.1) (@) = (9,1 M/,
with

MY
(4.4.2) Mjfo = (M 0)'
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Table 4.2. Values of3s,.

5\r 0 1 2 3
1 9 5 11
. 22 82 2V2 2V2
3 13 7 15
a2 T 8v2 22 22

In order to describe the block matrices used in (4.4.2), define according to (4.2.4)
(4.4.3) Br, =27Y%a] A
These values are computed in Table 4.2, the ones for the right-hand side defined as

(,@;?21+1_5,r)T = 2_1/2(&ﬁ21—2,r)TA—1‘J’

follow by symmetrnyz,-Hﬁ,,,r = Bs,. The blockdV{, M};in (4.4.2) are 16 4 matrices
given then by

r 271/2 -
273/2
2_5/2 D R4X4
(4.4.4) MY = 2772 | = [BL} € {RM’
2—1/2&30 2—3/2&&1 2_5/2613.2 2_7/2613.3 L s
271/26[4’0 273/2644’1 275/2664’2 277/26[4’3
L /85,0 65,1 65,2 ﬂ5ﬁ3 .

and
- _~R ~R ~R ~R -
351,21+175,3 Jﬁj,ziﬂfs,z ‘]IBj,ZHLS,l Jﬁj,ziﬂfs,o
-7/2%R -5/2~R -3/2~R -1/2~ R
277 Oin_gz 2 / Qpin_gy 2 / Qg1 2 / Qoiti_g0
-7/2~R -5/2~R -3/2~R -1/2~R
(4.45) MY = 277 Qrj+1_33 27%/ Qoj+1_39 273/ Qoi+1 37 27 Qri+1_30
4. R = 772
2-5/2
273/2
2—1/2
. _BR . R6X4,
- DR R4X4.

Furthermore, the interior blociM jYO)' in (4.4.2) is defined as

1
(4.4.6) (Mj o) = EA;_ZK, meAj,;. keA.

Note that only thesizeof (M; 0)', not its band width nor its entries, depend jon
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Taking the transformation (4.3.2), to recover the interpolation conditions, into account,
then yields that the@; given by (4.3.9) satisfy a refinement equation with

M
. -7
(4.4.7) Mjo = M;.0)' = CIM{C/.
MR

where
(4.4.8) Cj :=diag(C_, I, Cr)
with C, Cr from (4.3.6), (4.3.8), see [DKUL1]. In particuldvl| , M g have the form

C‘TDLCT:| [ BrCH ]
449 M = L L s M — _ R .
( ) L [ BLCI R CRT DRCE

From (4.2.3), we infer that the dual initial functi0ﬁ>§v defined in (4.1.19) satisfy the
refinement equation

(4.4.10) (@) = (@) M.

The structure oM jYO is completely analogous to that Mjfo illustrated in (4.4.2) with

blocks M}, (M;0)', andM}. To give a detailed description of these blocks, define,
according to (4.2.4),

,8; = 27172 Z ag,rAsfzq.
a=[(s-2)/2]
These values are computed in Table 4.3, the ones for the right end of the interval
21-1(s-2)/2] .
BT =27 Y (af ) Agii_om-sd

m=2i -1

follow again by symmetrﬁf&, = B,i+1_g,- The boundary blocks are now given by

2-1/2
273/2 .

~ D R2x2’

(4.4.11) MU :=| Boo Bo1|= [EL} € {R6><2

Bso Bsa - ’

Bao Baa
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Table 4.3
r\m 2 3 4
71 1 7
0 642 22 642
5 3 5
642 1642 642
2253 339 297
1 128. 15,2 32.15/2 128-15/2
151 127 106
64.-15/2 32.15/2 64-15/2
and
- R R _
Jﬁj,zi+1—4,1 Jﬁj,zi+1—4,o
R R
_ Jﬁj,21+1—3,1 \],61"2|+1_3’0 B RGXZ
4.4.12 MY = R R = | =R ’
( ) R IB 2101 IB 24120 Dg € 222,

2-3/2
271/2

Of course, the interior blockV jV_o)' is of the form

~ 1 - ~ -
(4.4.13) (M o) = EAL,ZK, me Al keAj,

where only its size depends prConsidering the transformation which restores biorthog-
onality (4.3.12), we obtain that the final dual multigeneratdysdefined in (4.3.32)
satisfy the refinement equation with

M.
(4.4.14) Mjo:= - = CIM/C[.
(Mj.0)' S
MR
where
(4.4.15) C; :=diagCy, 1, Cr)

with C,_ andCr from (4.3.25) and (4.3.31). Note that sirGe andCr are 4x 4 matrices,
M, MR are now of size 1% 4.
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To simplify notation, we abbreviate
S(®;) 1= spari(p; Wi, ke Aj, i =1,2],

and analogously(®;).
We can now summarize our findings as follows:

Proposition 4.5. The multiresolution spaces are nested
S(@)) C S(@j11).  S(P)) C S(Pj1a),

i.e., the biorthogonal multigenerator®; and &),— given by(4.3.9)and (4.3.32)satisfy
the refinement equations

(4.4.16) of =0/ Mjo, ] =& Mo
with Mj o, |\7IJ-,0 defined in(4.4.7)and (4.4.14).The matrices satisfy
(4.4.17) M oMjo =M Mjo=1.

Furthermore S(®;) and Sci),-) are exact of order d&= 4 andd = 2, respectively

Proof. Equation (4.4.17) follows from the biorthogonality (4.3.34). The remaining
assertions have been confirmed above. ]

Proposition 4.6. ®; and ®; are uniformly stable

(4.4.18) o) kllL.qo.ap- 1®j kIl 0.1 <1, ke A, J=Jo.
Furthermore they are locally finitei.e., setting
Ojk '=SUPPYj k.,  Ojk =SUPPPjx,  KeAj,

one has

(4.4.19)
#k € Aj: ojkNojk # 0}, #K e AjiojNojk #0} <1 forallk e Aj, i > Jo.

Proof. This follows as in the proof of Corollary 3.5 in [DKU1]. [ ]

5. Biorthogonal Multiwavelets on[0, 1]

Given two collectionsd;, ci),- of biorthogonal multigenerators, our goal is now to de-
termine the corresponding collectiovs, \Ifj of biorthogonal multiwavelets. Following
[CDP], this will be accomplished in two steps. First, we identify in Section 5.1 some

tial complement o5(®;) in S(®;.1) similar to the construction dfierarchical basein

a finite element context (see, e.g., [Y]). Then in Section 5.2 we project this complement
into the desired complement while preserving stability and compact support of the basis
functions.
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5.1. An Initial Stable Completion

Denoting by [X, Y] the space of bounded linear operators from a normed linear space
X into the normed linear spadg we have foiM; o from (4.4.7)

(5.1.1) Mj.o € [€2(A)), £2(Aj11)]. IMj.oll = O(D), i = o
see [CDP], where

Mjoll := sup (IMj.oUlleza.)-
uela(Aj), lulleyap=1

Define V; := Aj;1\Aj. Given Mo from (4.4.7), we seek somdl; 1 € [£2(V)),
£2(Aj4+1)] such thatl\7|,- = (Mjo, I\7IJ-,1) € [€2(A; U Vj), £2(Aj4+1)] is invertible and
satisfies

(5.1.2) IMGIL IM7Y =0, j = jo.

We callM j,1 aninitial stable completiomf M; o since itis usually not yet associated with
an appropriate wavelet basis. It is based on the observation that when the generators are
interpolatory, a basis for a complement &(®;) in S(®;1) consists of the functions
which interpolate at the grid points containedAq,;; but not in A, i.e., it roughly
consists of every second function frobj ;.

To construct\v/lj,l, note that

(5.1.3) Vi = Aja\A) = (2, .., 20 )
so that the cardinality of; equals ;1 — #A; = 2J. Let

(514) wj,k = (Pj+1,2k+1—21+17 k S VJ s

see Figure 4 for the indices.
The setl; := {1; . k € V;} satisfies

(5.1.5) (BT =] M),

Aj"'l 12345 6 7 8 9 101112131415

Aj 1 2 3 4 5 6 7

Fig. 4. Index setsAj ;1 andAj for j = jo = 3; the indices with bullets correspond to the right-hand side of
(5.1.4) and represef; .
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with

(5.1.6) M1 = € RAI+xY)

I O
0
I

wherel, 0 € R?*2, 5
In order to confirm thaM; ; defined in (5.1.6) is indeed an initial stable completion,
we need to check (5.1.2), i.e., determine whether

(5.1.7) Mj = (Mjo. Mj 1)

have uniformly bounded inverses. Note that the existend&l-‘df = éj = g;,o) is,
i1

in view of (4.4.16) and (5.1.5), equivalent to treonstruction formula
(5.1.8) o, =0 Gjo+¥Gj1.

We will use the properties of the specific basis (5.1.4) to seéthmdeed exists, consists
also of banded matrices; o, G; 1, and satisfie§G; | = O(1) independently of .

To establish the relation (5.1.8), let us for the moment disregard the boundary blocks
of Mj o since they are of fixed size independentj ofn the interior of the interval, the
#; « satisfy the two-scale relation as on alliRf

1
(5.1.9) Pjk= 7§(A—1¢j +1.2k-1 T Aopjy12k + A1) 112k4+1)

see (3.2.10). Using the identity for the complement functions (5.1.4) yields

1 v .
Pk = E(Afl¢j,k—l+21 + Aopj 1.2k + A1 ki2i)

and upon eliminatingp; ;1 »

(5.1.10) Pitiok = Aal(\/é%,k - (A—ﬂz’j,kfuzi + A112’j,k+zi))a
which is as well as (5.1.5) of the form (5.1.8). Recall also from (5.1.4)¢haf 5.1 =

¥, 121 With this, we conclude that at least the interior part&p§, G; 1 must have the
form

0 Al 0 T
0 0 A
. 0 o0 Al
(5.1.11) (Gjo)' =2 P
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and

(1 —(A' AT _
~(ATADT 1 —(AMALY)T

¢ —(A'ADT I

(5.1.12) (Gj1)':= (A A

—(AgA_DT
—A'ADT 1]

These matrices clearly have band width independeit of

In order now to take the boundary effects into account, defipe- gj’o) of size
j1
#Aj41 asin (5.1.11), (5.1.12) by continuing their block pattern. Then

v v NL
(5.1.13) MJGJ‘ = I = Nj,
Nr

and the size oN| , Ng, 10 x 10, is independent of. Now we can calculate

1 05 025
1 -075 125
05 025 05 -0.25
-0.75 -0.25 075 -0.25
N — 0.5 05 1 -05 25
L= 3 2 1 -3 4
5 4 —4 8
6 5 -6 8
4 325 -4 575 1
i —525 —4.25 525 —7.75 1]

and similarlyNg. We can check thdtl, andNg are nonsingular. Fof = jo = 3, we
display the nonzero pattern bl and its inverse in Figure 5.
Setting

(5.1.14) G := GjN;*
yields
M; G = |

by (5.1.13). Thus, we have proved the following result:

Proposition 5.1. The matri>d\7lj,1 defined in(5.1.6)is a stable completion & o, i.€.,
M; = (M;0, M; 1) is invertible and satisfie(5.1.2).
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Fig. 5. Nonzero pattern of transformation mathbg and its inversedgl.

5.2. Biorthogonal Multiwavelets of0, 1]
We can now apply Corollary 3.1 from [CDP] to obtain

Corollary 5.2.  The matrix
(5.2.1) Mj1 = (I — MMM
is also a stable completion M o, i.e.,

Mj = (Mj 0, Mj 1)

has a uniformly bounded inversendG; = MJ-*l has the form

(5.2.2) Gj = (MI‘))

Grg)”
Moreoverthe collections of primal and dual multiwavelets
(5.2.3) =M 0L, =Gy,
form biorthogonal systems
(5.2.4) ¥, U =1, (¥, @)o.11 = (@), ¥))o.17 = O.
Relation (5.2.4) implies that the collections

v=0o,ul Jy., U=d,u( ¥,
i=jo

i=Jo
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are bhiorthogonal,

(5.2.5) (W), ). = 8., i =Jjo—1,

where we have seb;_; 1= ¢,k ande;,_y = @, With Vjo_1 = Aj,.
Defining

(5.2.6) Lj =—MoMj 1.

it can be seen that the new complement functigng are obtained by updating the

initial complement functionﬁ;j,k by a linear combination of the coarse generaigg.
In fact, by (5.2.1) and (4.4.16),

T T T £ T T T
ie.,

(5.2.7) Vi =+ Z(Lj)Lk(Pj.h ke V.

leAj

Thus, by construction, thé; naturally have local support in the sense that

diam(suppy; ) ~ diam(suppip; ) ~ 271, kev,,

sinceL ; is banded.

The nonzero pattern of the refinement matrigks, M 3,0 and its completionM s 5,

é;l is depicted in Figures 6 and 7, respectively. The exact data can be found in the
Appendix.

Of course, for any other levgl > 3, M; andG; can immediately be assembled by
simply extending the stationary interior part accordingly while retaining the boundary
blocks.

Note that the correctness of the mask coefficients of the biorthogonal wawe)ebs
can be confirmed by checkid;G; = I.

5.3. Jackson and Bernstein Estimatéorm Equivalences

Sinced;, <T>,- are biorthogonal (4.3.34) and exact of order 4 and 2, respectively, Propo-
sitions 4.5 and 4.6, combined with [DKU1, Lemma 2.1], yield

Corollary 5.3. One has

(5.3.1) Uig\f/ v — v llLq0) < 278 vl Hso.a))» v e H3([0, 1)),
] ]
where
d=4, V=89,
(5.3.2) SS{&:Z, Vi = S(@)).
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Using the fact tha consists of2! piecewise cubic polynomials, one can show that
(5.3.3) y i=sups: g e H3®)} = 3.
Recalling thaty = 0.824926 (3.1.3), the following fact follows from [D3].

Corollary 5.4. The inverse estimate

(5.3.4) i lmsqo.ap < 2 vl v € Vs
holds where
-2 V. = S(d;
(5.3.5) s<|V=2 Sl
7 =0.824926 V, = S(d)).

Combining Corollaries 5.3 and 5.4 with [D2, Theorem 4.2], provides the following
main result:

Theorem 5.5. One has for any € H3([0, 1]) the norm equivalences

(o]
(536) ” (Uv (bjo)[o,l] ”gz(AJ'O) + Z 225J ” (U, \I‘] )[0,1] ”i(vl)
i=io
N{uw}@ﬂy se[0.3),
IVlIE-sqoapy» S € (—0.8249260).

Here for s < 0, H5([0, 1]) means the duafH ~5([0, 1]))* of H~5([0, 1)), relative to
(5 ILa(0,12) -

In particular, the primal and dual multiwavelets form Riesz basek g0, 1]).

6. Visualization of the Functions

Finally, we visualize the function®;, ®;, ¥j, ¥j for j = jo = 3. Note that the

two functions iny3 g, Or the two components i, 15, respectively, look very similar.
Therefore, we have added Figure 12 to clarify the distinction of these functions. (The
functions have been normalized to satisfy,)3s(0) = (1,)38(0) and (¥1)315(1) =

(¥1)z15(D).)
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7. Appendix

We display here the positions and the nonzero entries of the matvigeand Gs.
M3 =
(1,1) 7.07106781186547501 (3,1) 3.535533905932734681 (4,1) —5.30330085889911601
(5,1) 7.071067811865488€1 (6,1) 1.59099025766973560 (7,1) 3.53553390593274860
(8,1) 4.24264068711929300  (9,1) 2.82842712474619560 (10,1) —3.71231060122938%)0
(2,2) 3.53553390593273701 (3,2) 8.83883476483181862 (4,2) —8.8388347648318712
(5,2) 2.65165042944955781 (6,2) 6.18718433538231661 (7,2) 1.41421356237310860
(8,2) 1.76776695296637%60 (9,2) 1.14904851942814360 (10,2) —1.502601910021419600
(3,3) 3.53553390593274181 (4,3) 5.30330085889911061 (6, 3) —1.59099025766973500
(7,3) —2.828427124746195600  (8,3) —4.242640687119293%00 (9, 3) —2.474873734152923600
(10,3)  3.181980515339470€0 (3,4) —8.83883476483185002 (4,4) —8.838834764831854)2
(5,4) 7.95495128834865501 (6,4) 1.32582521472477%60 (7,4) 2.82842712474619160
(8,4) 2.82842712474619360 (9,4) 2.12132034355964860 (10, 4) —2.82842712474619%6€00
(9,5) 3.53553390593273761 (10,5) 5.30330085889910661 (11,5) 7.07106781186547561
(13,5) 3.53553390593273761 (14,5) —5.3033008588991066)1 (9,6) —8.838834764831843&2
(10, 6) —8.83883476483184302 (12,6) 3.53553390593273761 (13,6) 8.83883476483184362
(14, 6) —8.83883476483184302 (13,7) 3.53553390593273761 (14,7) 5.30330085889910661
(15,7) 7.07106781186547561 (17,7) 3.53553390593273761 (18,7) —5.303300858899106601
(13,8) —8.8388347648318432 (14,8) —8.838834764831843d2 (16,8) 3.53553390593273761
(17,8) 8.83883476483184302 (18, 8) —8.838834764831843d)2 (17,9) 3.53553390593273761
(18,9) 5.30330085889910661 (19,9) 7.07106781186547561 (21,9) 3.53553390593273761
(22,9) —5.303300858899106€01 (17, 10) —8.838834764831843602 (18, 10) —8.8388347648318436)2
(20,10)  3.53553390593273761 (21,10) 8.83883476483184382 (22,10) —8.838834764831843)2
(21,11) 2.12132034355964860 (22,11) 2.828427124746194@0 (23,11) 2.8284271247461940
(24, 11) —2.82842712474619%00 (25,11) 7.95495128834865581 (26, 11) —1.32582521472477700
(27,11) —8.83883476483187702 (28, 11) —8.83883476483185002 (21, 12) —2.474873734152921)0
(22,12) —3.18198051533947600 (23, 12) —2.828427124746195000 (24,12) 4.242640687119294@0
(26,12) 1.59099025766973560 (27,12) 5.303300858899116@1 (28,12) 3.535533905932741e1
(21,13)  1.14904851942814860 (22,13) 1.50260191002141060 (23,13) 1.41421356237310060
(24,13) —1.76776695296637500 (25,13) 2.651650429449559@1 (26, 13) —6.1871843353823166)1
(27,13) —8.83883476483193202 (28,13) 8.838834764831816@2 (29,13) 3.535533905932737@1
(21,14) 2.82842712474619560 (22,14) 3.71231060122938#@0 (23,14) 3.535533905932743@0
(24, 14) —4.24264068711929%400 (25,14) 7.071067811865483@1 (26, 14) —1.590990257669735600
(27,14) —5.30330085889911901 (28, 14)  3.535533905932732@1 (30,14) 7.07106781186547561
(1,15) 8.69726562499999360 (2,15) —1.90678710937499801 (3, 15) —3.6833801269531166)0
(4,15) —4.811737060546865600 (5, 15) —4.51019287109375601 (6,15) 3.57083129882803860
(7,15)  7.42187499999829561 (8, 15) —2.30273437500021%00 (9, 15) —2.04589843750088801
(10,15) 1.904296875016342082 (1,16) 3.34830729166666660 (2, 16) —6.979492187499997460
(3,16) —1.438476562499997€00 (4, 16) —2.056762695312496600 (5, 16) —1.841634114583353e)1
(6, 16) 1.46032714843746000 (7,16) 3.04687499999921861 (8, 16) —9.453125000001013)1
(9, 16) —8.398437500004536602 (10,16) 7.812500000078160@3 (1,17) 6.25000000000003562
(2,17)  2.98828124999999961 (3,17) 3.67431640624997662 (4,17) —2.73559570312500701
(5,17)  4.197998046875016€1 (6, 17) —3.625488281249556602 (7,17) —2.499999999999916601
(8,17)  7.73437500000010+01 (9,17) 6.83593750000071162 (10,17) —5.859375000009326€03
(1,18) —5.494791666666665€01 (2, 18) 1.25195312500000080 (3, 18) 1.71752929687499561
(4,18) 2.72583007812499461 (5,18) —9.281412760416624€02 (6,18) 7.91137695312506661
(7,18) —9.37499999999875702 (8,18)  2.89062500000016461 (9, 18) 2.53906250000077762
(10, 18) —1.95312500001287903 (1,19)  3.28124999999999961 (2, 19) —8.847656249999999601
(3,19) —1.14868164062499601 (4,19) —8.679199218749953)2 (5,19) 1.09497070312499461
(6,19) —3.112792968750511D2 (7,19) —2.50000000000010401 (8, 19) —7.734375000000122601
(9,19) 3.63281249999993861 (11,19) —2.4999999999999991 (12,19)  7.734374999999999e1
(13,19)  6.83593750000000002 (14, 19) —5.859375000000000603 (1, 20) —1.223958333333333)1
(2,20) 3.300781249999999€01 (3,20) 4.28466796874998662 (4,20) 3.23486328124998262
(5,20) —4.073079427083309€02 (6,20) 1.18408203125018962 (7,20)  9.37500000000038962
(8,20) 2.89062500000004861 (10,20) 7.148437499999960@1 (11,20) —9.3749999999999996)2
(12,20)  2.89062499999999961 (13,20) 2.539062499999999@2 (14, 20) —1.953125000000000603
(9,21) 6.835937500000000€2 (10,21) 5.85937500000000083 (11,21) —2.499999999999999)1
(12,21) —7.7343749999999991 (13,21) 3.632812500000001@1 (15, 21) —2.499999999999999&)1
(16,21) 7.73437499999999961 (9, 22) —2.539062499999999602 (10, 22) —1.953125000000000603
(11,22) 9.37499999999999962 (12,22) 2.890624999999999%e1 (14,22) 7.148437500000000€1
(15, 22) —9.374999999999999)2 (16,22) 2.890624999999999@1 (21,23) 6.83593750000000082
(22, 23) —5.859375000000000603 (13, 24) —2.539062499999999602 (14, 24) —1.95312500000000003
(15,24)  9.37499999999999962 (16,24) 2.890624999999999%@1 (18,24)  7.14843750000000081
(19, 24) —9.37499999999999902 (20,24) 2.890624999999999e1 (21,24) 2.53906249999999982
(22, 24) —1.95312500000000003 (17,25) 6.835937500000000@2 (18,25) 5.859375000000000€3
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(19, 25) —2.499999999999999601
(23, 25) —2.500000000000104€01

(20, 25) —7.734374999999999601

(21, 25)

3.632812499999942e1

(26,25)  3.11279296875051162
(29, 25) —8.8476562499999996)1
(18, 26) —1.953125000000000603
(22,26)  7.14843749999996061
(25,26)  4.07307942708328062
(28, 26) —4.2846679687499882
(21,27)  6.83593750000062762
(24, 27) —7.734375000000093601
(27,27) —2.735595703125012601
(30,27)  6.25000000000003562
(23,28)  9.37499999999862362
(26,28)  7.91137695312507461
(29, 28) —1.251953125000006€00
(22,29) —7.812500000081712603
(25,29) —1.841634114583415@1
(28,29) —1.438476562499997%600
(21, 30) —2.0458984375007466)1
(24,30)  2.30273437500020660
(27,30) —4.811737060546847%600
(30,30)  8.69726562499999360
Gz =
(1,1) —1.08855774400632%01
(4,1) —7.734325686210864€00
(2,2)  2.25694121448253301
(16,2)  1.00000000000000960
(3,3) —4.78816252026124800
(16,3) —8.8888888888888751
(1,4) —8.96036874284828G600
(4,4) —5.569846969776066600
(17,4) —2.222222222222180@)1
(2,5) —8.45213574387044801
(17,5)  1.00000000000000960
(3,6) —2.260347848714816601
(1,7) 8.83883476483184401
(4,7)  1.02751454141170260
(15,7) —4.074074074074056601
(18,7) —4.444444444444450@1
(1,8) —6.113527379008691)1
(4,8) —6.214805694022389€)1
(15,8)  4.44444444444442301
(19,8) —2.499999999999986e1
(2,9)  2.50249509279301660
(5,9) 3.53553390593273761
(1,10)  1.73093847477956961
(4,10) 2.08541257732751361
(20,10)  1.00000000000000860
(3,11) —5.17900474501865703
(7,11) —7.733980419227862602
(20, 11) —7.5000000000000086)1
(1,12) —7.2736244418928706)2
(4,12) —8.76978136823159462
(8,12)  3.42504847137233961
(21,12) —2.5000000000000006)1
(6,13)  2.18761160429588360
(21,13)  1.00000000000000860
(7,14)  1.32582521472477661
(5,15) —7.733980419227862602
(9, 15) —7.733980419227862602
(22, 15) —7.5000000000000006)1
(5,16)  5.52427172801990262
(9,16) —5.524271728019902602
(22,16)  2.50000000000000081
(7,17)  3.53553390593273761
(10, 17) —2.18761160429588%400
(8,18) —8.1759221574694556)1
(24,18)  1.00000000000000860

(24,25)  7.73437500000012201
(27, 25) —8.6791992187498566)2
(30,25)  3.281249999999999@1
(19,26)  9.374999999999999@2

(23, 26) —9.375000000000400€02

(26,26) 1.18408203125018982
(29, 26) —3.300781249999999601
(22,27)  5.859375000008771@3
(25,27)  4.197998046875018@e1
(28,27) 3.67431640624997862

(21, 28) —2.539062500000666€2
(24,28)  2.890625000000164e1
(27, 28) —2.725830078124982601
(30,28) 5.49479166666666561
(23,29) 3.04687499999921861
(26, 29) —1.46032714843746%00
(29, 29) —6.979492187499996600
(22,30) —1.904296875016342€02
(25,30) —4.510192871093919601
(28, 30) —3.683380126953118600

(2,1) 5.39320838127262661
(15,1)  1.00000000000000680
(3,2) 2.39085876828928060
(1,3) 1.18661356717867461
(4,3)  6.05322074597780760
(17, 3) —2.592592592592584€01
(2,4)  4.22441059041681961
(15,4)  1.77777777777777860
(18,4)  3.33333333333337261
(3,5) 4.68182028949686901
(1,6)  7.77080889741466261
(4,6) 6.06288822150184361
(2,7) —4.176349426383048€600
(5,7) —7.733980419227862602
(16,7) 8.88888838888888661
(19, 7) —5.0000000000000096)1
(2,8) 2.99415527658678660
(5,8) —5.524271728019902602
(16, 8) —9.999999999999998e)1
(20,8)  2.50000000000000361
(3,9) 2.34781548440845862
(6,9) —2.18761160429588%€00
(2,10) —9.33601922035363561
(5,10)  1.32582521472477661
(1,11)  1.02199026968368261
(4,11)  1.23260312931444161
(8,11)  4.80611640337731561
(21, 11) —5.000000000000000601
(2,12)  3.92223292689413081
(6,12)  1.32582521472477660
(19,12)  2.50000000000000081
(22,12)  2.50000000000000081
(7,13)  3.53553390593273761

(5, 14) —1.325825214724776€)1
(8,14) —8.1759221574694556)1
(6,15) —4.80611640337731501

(10,15) 4.806116403377315el
(23, 15) —5.000000000000000601

(6,16) 3.42504847137233961
(10,16)  3.425048471372339%@1

(23, 16) —2.500000000000000601

(8,17) 2.187611604295884£60
(23,17)  1.000000000000000@0
(9,18) 1.32582521472477661

(7,19) —7.7339804192278626)2

(25, 25)
(28, 25)
(17, 26)
(20, 26)
(24, 26)
(27, 26)
(30, 26)
(23, 27)
(26, 27)
(29, 27)
(22, 28)
(25, 28)
(28, 28)
(21, 29)
(24, 29)
(27, 29)
(30, 29)
(23, 30)
(26, 30)
(29, 30)

1.094970703124986@1
—1.148681640624996601
—2.539062499999999¢02

2.890624999999999e1

2.890625000000046€1
—3.234863281249945)2
1.223958333333333e1
—2.49999999999992301

3.62548828124958662

2.988281249999999@1
—1.95312500001376703

9.281412760416502682
—1.71752929687499601
—8.3984375000037306)2

9.45312500000088881
—2.05676269531248800

3.34830729166666580

7.421874999998224@1
—3.5708312988280406)0
—1.90678710937499801

31
(1,2
4,2)
(2,3)
(15, 3)
(18, 3)
(3,4)
(16, 4)
(1,5)
(4,5)
(2,6)
(18, 6)
(3,7)
6,7)
17,7)
(20,7)
(3,8)
(6,8)
(17, 8)
(1,9
(4,9)
(19, 9)
(3, 10)
(6, 10)
(2, 11)
(5, 11)
(19, 11)
(22,11)
(3, 12)
(7. 12)
(20, 12)
(5, 13)
(8, 13)
(6, 14)
(22, 14)
(7, 15)
(21, 15)
(24, 15)
(8, 16)
(21, 16)

5.88714732715420860
—4.73522158286772560
—3.082543624235105600
—5.08619697998792261
—5.9259259259259306)1
4.44444444444444601
4.53957029250035460
—2.66666666666666860
—8.8388347648318932
1.08966259835192660
—3.54105817766075%€00
1.00000000000000960
—1.7125242356861701
4.80611640337731561
—7.407407407407409601
7.49999999999999361
1.11406146515068081
3.42504847137233961
4.44444444444445481
—4.6403882515367176)1
—5.593325124620151)1
1.00000000000000960
—8.7467635693648433
—8.1759221574694556)1
—5.5104610486998536)1
8.61786389571104861
—5.0000000000000006)1
7.50000000000000081
3.68284781867993563
—5.5242717280199026)2
2.50000000000000081
3.53553390593273761
—2.187611604295881€00
—8.1759221574694556)1
1.00000000000000080
8.61786389571104861
—5.000000000000000601
7.50000000000000081
1.32582521472477660
2.50000000000000081
(24,16)  2.50000000000000081
(9,17)  3.53553390593273761
(7,18) —1.3258252147247761
(10, 18) —8.1759221574694556)1
(8,19) —4.806116403377315)1
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(9,19) 8.61786389571104861 (11,19) 1.232603129314441@1 (12,19) —5.17900474501865%603
(13,19) —5.51046104869985301 (14,19) 1.021990269683682@1 (23, 19) —5.000000000000000601
(24,19) —7.50000000000000001 (25, 19) —5.000000000000000601 (26,19)  7.50000000000000081
(7,20)  5.52427172801990202 (8,20) 3.42504847137233961 (10,20) 1.32582521472477680

(11,20) 8.76978136823159482 (12,20) —3.682847818679935603 (13, 20) —3.9222329268941306)1

(14,20)  7.27362444189287062 (23,20) 2.50000000000000081 (24,20) 2.5000000000000060@1

(25, 20) —2.500000000000000601 (26,20) 2.500000000000000@1 (9,21) 3.53553390593273761

(10,21)  2.18761160429588:680 (11,21) —5.59332512462015%1 (12,21)  2.34781548440845882

(13,21)  2.50249509279301660 (14,21) —4.64038825153671701 (25,21) 1.000000000000000@0

(9,22) —1.32582521472477601 (10, 22) —8.175922157469455601 (11, 22) —2.08541257732751301

(12,22) 8.74676356936484363 (13,22) 9.336019220353635@1 (14,22) —1.730938474779569601

(26,22) 1.00000000000000060 (9, 23) —7.733980419227862602 (10, 23) —4.806116403377315e)1

(11,23)  1.02751454141170260 (12, 23) —1.71252423568617601 (13, 23) —4.176349426383046600

(14,23) 8.83883476483184301 (25, 23) —5.00000000000001301 (26, 23) —7.499999999999983601

(27, 23) —7.407407407407403€01 (28,23)  4.444444444444446@1 (29,23) 8.8888888888889031

(30, 23) —4.07407407407408701 (9, 24) 5.52427172801990262 (10,24) 3.425048471372339@1

(11,24)  6.21480569402238961 (12, 24) —1.114061465150680601 (13, 24) —2.99415527658678%e)0

(14,24)  6.11352737900869101 (25,24)  2.499999999999989@1 (26,24)  2.500000000000019@1

(27,24) —4.444444444444445@01 (29,24)  1.00000000000000280 (30, 24) —4.444444444444462601

(11,25) 1.08966259835192660 (12,25) 4.68182028949686881 (13,25) —8.4521357438704481

(14, 25) —8.8388347648318932 (27,25) 1.000000000000000@0 (11, 26) —6.06288822150184301

(12,26) 2.26034784871481061 (13,26) 3.54105817766075880 (14,26) —7.770808897414662e)1

(28,26)  1.00000000000000080 (11,27) —5.56984696977606600 (12,27)  4.539570292500355@0

(13,27)  4.22441059041681901 (14, 27) —8.96036874284828%400 (27, 27) —2.22222222222220401

(28, 27) —3.33333333333335501 (29, 27) —2.66666666666667000 (30,27) 1.777777777777781@0

(11,28)  6.05322074597780%60 (12, 28) —4.788162520261248600 (13, 28) —5.0861969799879226)1

(14,28)  1.18661356717867601 (27, 28) —2.592592592592600601 (28, 28) —4.4444444444444526)1

(29, 28) —8.88888888888891201 (30, 28) —5.92592592592590801 (11, 29) —3.082543624235105600

(12,29)  2.39085876828928p60 (13,29) 2.25694121448253p@1 (14,29) —4.735221582867724600

(29,29) 1.00000000000000960 (11,30) —7.734325686210864€00 (12,30) 5.88714732715420860

(13,30) 5.39320838127262661 (14,30) —1.08855774400632%1 (30,30) 1.00000000000000080
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