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Birational Canonical Transformations and
Classical Solutions of the Sixth Painlevé Equation

HUMIHIKO WATANABE

Abstract. Two topics on the sixth Painlevé equation are treated in this paper. In
Section 1, a simple construction of a group of birational canonical transformations
of the sixth equation isomorphic to the affine Weyl group of D4 root system is
given by exploiting an affine Weyl group symmetry of the Hamiltonian structure
of the sixth equation defined on the defining variety of the equation. In the rest
of this paper (Sections 2-4), based on Umemura’s theory on algebraic differential
equations, all one-parameter families of classical solutions of the sixth equation
are determined, and the irreducibility of the sixth equation is proved. The latter is
a rigorous proof of what Painlevé asserted in C. R. Acad. Sci. Paris 143 (1906),
1111-1117.

Mathematics Subject Classification (1991): 34A34 (primary), 34A05, 34A20,
34A26 (secondary).

0. - Introduction

In this paper we give a simple construction of a group of birational canonical
transformations of the sixth Painlevé equation isomorphic to the affine Weyl
group of Dy root system, and determine all one-parameter families of classical
solutions of the sixth Painlevé equation. Especially, the latter includes the proof
of the irreducibility of the generic solutions of the equation, which is a rigorous
proof of what Painlevé asserted in [5].

‘In general, one understands by the sixth Painlevé equation the following

one:
dzq_1<1+ 1 N 1)<dq)2 <1+ 1 N l)dq
) di2 " 2\qg q-1 g—1t)\dt t t—1 g—t) dt
q(g — (g —1) [ ¢ -1 1t — 1)}
LA A S — 8 .
ce-12 [“TPEtre o Ty

This equation (1) does not, however, seem to be suitable for our purpose be-
cause it is hard to explain geometric and/or algebraic properties of the sixth
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Painlevé equation by means of this form (1). Okamoto gave a Hamiltonian
system with a polynomial Hamiltonian equivalent to (1) in connection with
the isomonodromic deformation of a second order Fuchsian differential equa-
tion ([3]), and developed a theory of birational canonical transformations and
tau functions of the sixth Painlevé equation from the view point of the
Hamiltonian structure ([4]). According to his theory, various properties of
the sixth Painlevé equation are written by means of such a Hamiltonian system
more systematically than by means of only the original single equation (1).
Moreover, Okamoto [2] constructed a seven-dimensional phase space bundle £
(see Section 1) over the space of time and parameters of the sixth Painlevé
equation on which the Hamiltonian foliation of the sixth equation is naturally
defined. The space E, which we would like to call the defining variety, inherits
a lot of properties of the Hamiltonian structure of the sixth Painlevé equation.
For example, starting from the space E, one can recover the Hamiltonian struc-
ture of the sixth Painlevé equation on E under a natural assumption ([6]). In
this paper, therefore, we understand by the sixth Painlevé equation the pair
of the variety E and the Hamiltonian structure of the sixth Painlevé equation
defined on E (see Section 1).

The content of this paper is as follows. In Section 1, after reviewing
the defining variety and the definition of the sixth equation defined on E, we
explain how to construct the group B of birational canonical transformations of
the sixth equation isomorphic to the affine Weyl group of the D4 root system.

In [4] Okamoto constructed such transformations by exploiting the symmetry of a
second order differential equation which is satisfied by a Hamiltonian function
of the sixth Painlevé equation. His calculation in construction seems to be
complicated, and it is not explicitly specified where such birational canonical
transformations are considered. In this paper we take the position that birational
canonical transformations of the sixth Painlevé equation should be considered
on the defining variety E. This easily leads us to a simpler construction of
them. In fact, we explicitly write out birational canonical transformations of E
corresponding to generators of the affine Weyl group of D4 root system W,,
which acts on the space of parameters of the sixth Painlevé equation, by taking
into consideration an affine Weyl group symmetry of the Hamiltonian structure
on E (Theorem 1.1). By an elementary property of the Coxeter system, we also
see that the group B generated by such birational canonical transformations is
isomorphic to the affine Weyl group W, (Corollary 1.2). Our method releases us
from complicated calculations, and clarifies the geometric meaning of birational
canonical transformations of the sixth Painlevé equation. Moreover, there seem
to be applications of our method to the other Painlevé equations and the Garnier
systems, etc. (e.g. [13], [14]).

Sections 2-4 deal with the determination of classical solutions and the
irreducibility of the sixth Painlevé equation. In Section 2 we first prepare some
materials relating to the parameter space C* of the sixth Painlevé equation:
hyperplanes invariant under the action of the group W, and fundamental regions
for the group W,. Next we state the main theorem concerning the determination
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of one-parameter families of classical solutions and the irreducibility of the
equation (Theorem 2.1). Since the notion of classical function in the sense
of Umemura (e.g. [8]) is invariant under birational transformations, thanks to
the action of the group B on the parameter space of the sixth equation, we
can reduce the main theorem to Theorem 2.2 where all one-parameter families
within a fundamental region I" of the parameter space for W, are determined.
We see that all the classical solutions come from the hypergeometric differential
equation of Gauss (Remark 2.2).

Sections 3 and 4 are devoted to the proof of Theorem 2.2. Our proof here
as well as those for the other Painlevé equations ([10], [11], [12]) is based
on Umemura’s theory on algebraic differential equations ([7], [8], [9]). In his
theory Umemura introduced an algebraic criterion for the irreducibility of a given
ordinary differential equation, which is called the condition (J) (see Section 3).
In Proposition 3.1, we establish a necessary condition of the parameters of
the sixth equation under which the condition (J) fails. This condition is crucial
because all results concerning the irreducibility and the determination of classical
solutions follow from Proposition 3.1. In the proof of Proposition 3.1, as was
done in the other Painlevé equations, we investigate the equation X(@)F = GF
in detail, where X (a) is the Hamiltonian vector field corresponding to the sixth
equation, and F and G are polynomials in the canonical variables ¢ and p with
coefficients in a differential overfield K of C(¢) the field of rational functions
in one variable. We introduce two gradings to the polynomial ring K[gq, p}, and
decompose F in two ways with respect to such gradings: F = F,, +---+ Fp =
F,+---+F,,, where m is a non-negative integer, and n and n’ are integers such
that n > n’. We determine the explicit forms of the polynomials F,,, F,_i, F,
and G by Lemmas 3.2-3.6, and obtain the desired condition by equating two
equivalent expressions of a coefficient p in G. As a corollary of Proposition
3.1 (Corollary 3.7), we prove that, for all vectors in the fundamental region I”
but not on the hyperplanes invariant under the action of the group W,, there
exists no one-parameter family of classical solutions of the sixth equation. In
Section 4 we determine all X (a)-invariant principal ideals of K[gq, p] for all
vectors a on the intersection of the region I and the invariant hyperplanes
(Propositions 4.1-4.8). Thus the results in Sections 3 and 4 complete the proof
of Theorem 2.2.

1. — Defining variety and birational canonical transformations

We review the defining variety of the sixth Painlevé equation constructed
by Okamoto [2], and define the sixth Painlevé equation on it. Let P! denote
the complex projective line, and let ¢+ and s be inhomogeneous coordinates of
P! with the condition

0 ts = 1.
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We set B = P! — {t =0,1,00}, and regard ¢t or s as coordinates of B. Let
Uy, Ui, Uy, Uiz, Us, Uy be copies of the product space C* x B x C? with
corresponding coordinate systems (a;, a2, as,aq;t; qi, pi) i =0,1,2,3,4, 00).
With a brief notation @ = (ay, a2, a3, as) € C*, we also write (a;¢; g, p;) =
(ay, ay, as, as; t; q;, p;). The rule of patching the six spaces is as follows:

(i) on Uy N U,

2 90900 = 1,

(3) qoPo + oo Poo = a3 — 23
(i) on Uy N Uy,

“ qopo + q1p1 = az + as,
&) pop1 =1;

(iii) on Uy N U3,

(6) (o — Dpo+ q2p2 = a3 — as,
(7 pop2 =15

@iv) on Uy N Us,

8) (qo—t)po+q3ps=1—a —ay,
)] pops = 1;

(v) on Uy N Uy,

(10) dooPoo + qaps = a1 — az,
(11) PocPs = 1.

We denote by E the seven-dimensional open variety thus obtained. The variety
E has been first constructed by Okamoto [2], p.37-49. The above conditions
(i)-(v) are taken from Shioda and Takano [6]. Obviously, the variety E has a
natural fibration 7 : E — C* x B.

We next define the sixth Painlevé equation on E. To this end, we give
polynomial functions H; on open sets U; (i =0, 1,2, 3,4, oo) by the following
equations (see [4]):

t(t — 1)Ho = qo(go — 1)(go — t)p§ — (a3 + aa)(qo — 1)(qo — 1) Po
— (az — a4)qo(go — 1) po
+ (a1 + a2)qo(go — D) po + (a3 — a2)(az — a1)(qo — 1);

5(s = D) Hoo = goo(goo — 1{(geo — )P — (@1 — @2)(goo — (oo — 5) Poo
— (a3 — 114)6100(6100 - S)poo + (a1 + a2)9o0 (g0 — l)poo
+ (a2 — az)(az + a4)(goo — S);
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t(t —DH, = —(q1p1 —as — a1)(q1p1 — a4 — a2)(q1p1 — a4 — a3) p1
—t(q1p1 — as)* — (q1p1 — a1 — as)(q1p1 — az — a3) — tqu;
t(t — V)YHy = —(q2p2 +as — a1)(q2p2 + a4 — a2)(q2p2 + a4 — a3) p2
+ (1 — £)(q2p2 + as)* + (q2p2 — a1 + as)(q2p2 — a2 — a3)
— (1 —=1t)q;

t(t — 1)Hz = —(q3p3+ai+az— 1)(gaps + a2 + a3 — 1)(q3p3 + a3 +a; — 1)p3
+t(gsps+ar+ay— D(gspst+az—as— 1)
+ @ — D(gsps +ar+a— D(g3ps +az+as — 1) — 1t — 1)gs;

s(s = 1)Hy = —(qaps — as — a1)(qaps — a1 + a3)(qaps — a1 + a2) pa
— (qaps — @1)* — s(qaps — a1 — as)(qaps + a2 + az) — sqa.

Then we have the following relations:
(1) on Uy N Uy,

(12) Hy = —t*Hp + (a3 — a2)(a1 + ax)t;
(ii) on Uy N Uy,

aa—aa+aa alr — a anr — a.
(13) Ho:H1+ 143 t1_41 3 4_(1 3)t(2 4);

(iii) on Uy N Uy,

aaz —azas +aras (a3 —ar)(ax +as)
t t—1 ’

(14) Hy=H, +

@iv) on Uy N Us,

(15) Hy=H;+ —;
pP3

(v) on Uy NUy,

a% ajay + araq + a1as

(16) o = Hy —
S s—1

Let d be the exterior differential with respect to the variables ¢, ¢;, p; (i =
0,1,2,3,4,00). Thus we have da; =0 (i = 1, 2, 3,4). From (1)-(16), we have
the following:

(i) on Uy N Uy,

{amn dpoAdgy —dHo Adt = dpeo Ndgos — dHoo A ds;
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(it) on Uy N Uy,

(18) dpo Adgo —dHy Andt =dpy Adq) —dHy A dt;
(iii) on Uy N U,,

(19) dpo Andqo —dHy Adt =dpy Adqgy —dHy A dt,
(iv) on Uy N Us,

(20) dpo ndqgy — dHy Adt =dps Adqgs — dHs A dt;
(v) on Uy N Uy,

2D dpoo NdGoo —dHoo Ads =dps ANdgys — dHy A ds.

These conditions (17)-(21) mean that the foliations F; in U; (i = 0,1, 2, 3, 4, o¢)
defined by the Hamiltonian systems

dg; 9H,
1y di; api’

dpi  0H,

dt, — dg’

are mutually compatible. Here t, = ¢ if i =0,1,2,3, and t;, = 5 if i = 4, 0.
Therefore the six foliations determine a unique foliation F of codimension 2
in E such that the restriction of F to each U; coincides with the foliation ;.
In [2] the following properties are shown concerning the variety E and the
foliation F:

(i) the foliation F in E has no singularity except those of the first class (for
the definition, see [2]);

(ii) the variety E is maximal with respect to inclusion among seven-dimensional
complex smooth varieties possessing the property (i).

We call the system S; the sixth Painlevé equation defined on U;. By the sixth
Painlevé equation defined on E we mean the collection of all the sixth Painlevé
equations defined on trivial affine open subbundles of E. Thus we can identify
the foliation F with the set of solutions of the sixth Painlevé equation defined
on E, and a leaf of F with a solution of the sixth Painlevé equation defined
on E. We call E the defining variety of the sixth Painlevé equation, or the
Painlevé-Okamoto variety of sixth kind. In fact, Shioda and Takano [6] show
that the foliation F is a unique holomorphic Hamiltonian foliation in E. Let &
be the natural projection E — C* x B. Following Okamoto, we call each fibre
7~ a; 1) ((a;t) € C* x B) the space of initial conditions of the sixth Painlevé
equation for (a;f) € C* x B.
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Let Vi, V3, V4 be again copies of C*x B x C? with corresponding coordinate
systems (a; t; Q;, P;) (i = 1,3,4). The rule of patching Ug, Vi, V3, Vi is as
follows (see [4]):

(i) on Uy N Vy,
(22) (Q1—t)(go—1) =t —1),
(23) (@1 =P+ (qo —)po = a3 — ay;

(i) on Uy N V3,

(24) 03q0 =1,
(25) Q3P; +qopo = a3 — az;
(iii) on Uy N'Vy,

(26) (Qa—Digo—-D=1-1,
27 (Qa — DPs+ (g0 — Dpo = a3 — as.

The variety thus obtained is obviously identified with the union UpU U in E.
In the following we identify V;, V3, V4 with affine open subbundles of E. We
represent the sixth Painlevé equation on each open set V;. Let K; (i =1,3,4)
be polynomial functions on V; given by the following equations:

1t — DK = 01(Q1 — )(Q1 — ) PE — (a3 — ag)(Q1 — )(Qy — 1) Py
—(a3+a) (@1 — P+ (1 —a +a)01(01 — D P
+ (a3 —az)(azs + a1 — 1)(Q — 1);

1t — VK3 = 03(Q3 — D)(Q3 — )P} — (a1 — a2)(Q3 — 1)(Q3 — 1) Ps
—(l—a —a)03(Q3—Ps+(1+as—a3)03(0z — 1) P
— (a3 —ax)(az +as)(Q3 — t);

t(t— DKy = Q4(Qs — 1)(Qs — )P} — (1 —ay — a2)(Qa — )(Qu — ) P4
— (a1 —a)Q4(Qs — )Py + (1 —as —a3)04(Qs — D Py
+ (a3 — a)(ag — az)(Q4 — 1).

Then we have the following relations:
(1) on UgN Vl,

( 1) +a3—a2
t(t_l)% q0 Po t(t—l)qo

n (a3 —a)(as —ai +1) (a3 —ar)(ar +as)
t r—1 '

Ky = Hy —
(28)
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(11) on Uy N Vs,

1 1
(29) K3 = Hy — ~90Po + (a3 —az)(as —a; + 1);;
(iii) on Uy N Vg,

(30)  K4=Hp—

(go — Dpo + (a3 — ax)(1 —a; — ay)

tt—1 t—1'
Moreover we have:
(i) on UpN V4,
31D dpondgo—dHoAdt =dPy AdQ1 —dKy Adt;
(ii) on Uy N V3,
(32) dpondgy —dHoNdt =dP3; AdQ3 —dKs Adt;
@iii) on Uy N V,,
33 dpondgy—dHondt =dPyAdQq —dKy Adt.

Thus we see that the sixth Painlevé equation defined on V; is also represented
as the Hamiltonian system

dQ; _9K;

dt 9P’
T dP; _ 3K;

dt — 980Q;

Now we construct a group of birational canonical transformations of E
isomorphic to the affine Weyl group of Dy root system. To this end, let s; (i =
1,2,3,4,5) be affine transformations of C* defined by s;(a) = (a2, a1, a3, as),
s2(a) = (a1, a3, az,a4), s3(a) = (a1, a2, as, a3), s4(a) = (a1, a2, —a4, —a3) and
ss(@) = (—ap+ 1, —a; + 1, a3, as) for a = (a1, az, a3, az) € C*. We have s? = 1
(i=1,2,3,4,5), sis; = sj8 (i, j #2) and (5285:)% = (5:52)°> = 1 (i #2), where
1 denotes the identity transformation of C*. Let W, be the subgroup generated
by these five transformations in the group of all affine transformations. We see
that W, is isomorphic to the affine Weyl group of D4 root system, and the
pair (W,, {s1, 52, 53, 54, 85}) is a Coxeter system (cf. [15], Corollary 2.4). We
prove the following theorem concerning the construction of birational canonical
transformations of the sixth Painlevé equation (cf. [4], Theorem 1.).
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THEOREM 1.1. If g € W, then there exists a birational canonical transforma-
tion y of E such that the following diagram (34) is commutative:

E ' E

(34) m | |m
Cct —— 4,
4

where 1| represents the natural projection E — C*.

Proor. Since the group W, is generated by s; (i = 1,2,3,4,5), it is
sufficient to construct birational canonical transformations o; (i = 1,2, 3,4, 5)
of E such that the diagram (34) is commutative for y = o; and g = s;.

(i) Construction of ;. Since si(a) = (ay, a1, a3, as), the Hamiltonian Hy is
invariant under s5;. Thus we have the locally trivial birational canonical trans-
formation oy of Uy:

o1(a; £; go, po; Hy) = (s1(a); ¢; qo, po; Ho).

If extending the domain of definition of oy to Uy by (2), (3) and (12), we
have on Uy

“—@ g (a1— ar)(a1 + az))_

doo §

01(8; §; Goo, Poos Hoo) = (sl(a); 83 Goos Poo —

In a way, the birational canonical transformation o; on UyU Uy, is extended to
the whole space E. We omit the detail.

(i) Construction of o3. Since s3(a) = (a1, as, a4, a3), the Hamiltonian Ky
is invariant under s;. Thus we have the locally trivial birational canonical
transformation o3 of Vy:

o3(a; t; Qa, Py; K4) = (s3(a); t; Qa, Pa; K4).

If extending the domain of definition of o3 to Uy by (26), (27) and (30), we
have on U,

az —ay (a3 — ag)(a1+ a2)
o3(a; t; qo, po; Ho) = (S3(a); t; qo, po — ;s Ho — ! Z).
qo0 — 1 t—1
By (2), (3) and (12), we have on Uy,
as—a (a3 — ag)(a; + az)
03(@; 8 Goos Poos Hoo) = <S3(a); 85 qoos Poo — 2 Ho — 3 )
Goo— 1 s—1
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By the similar way the birational canonical transformation o3 of UgUUxUVy =
Up U Uy is extended to the whole space E. We omit the detail.

(iii) Construction of o4. Since s4(a) = (a1, ap, —a4, —az), the Hamiltonian H,
is invariant under s4. Thus we have the locally trivial birational canonical
transformation o4 of Uy:

04(a; S} Goos Poos Hoo) = (54(a); 85 goo, Poo; Hoo).

If extending the domain of definition of o4 to Up by (2), (3) and (12), we have
on Uo

az+asg (a3 + as)(ay + az))
’ HO - t .

o4(a; t; qo, po; Hp) = <S4(a); t; qo, po —

By the similar way, the birational canonical transformation o4 of Uy U Uy is
extended to the whole space £. We omit the detail.

(iv) Construction of os. Since ss(a) = (1 — ap, 1 — ay, as, as), the Hamiltonian
K, is invariant under ss. Thus we have the locally trivial birational canonical
transformation o5 of Vj:

os(a; t; Q1, Pr1; K1) = (s5(a); t; @, Pi; Kv).

If extending the domain of definition of o5 to Uy by (22), (23) and (28), we
have on U

1—(11—612
os(a; t; qo. po; Ho)= | s5(a); 1; qo, po— ot
l—a;—a l-a3—a4y 1—az+a
Hy— —— 2+ (01+az—1)( S 2 4)).
qgo—t t t—1

By (2), (3) and (12), we have on Uy

l—al—(lz
05(a; 5; Goos Poo; Hoo) = | 55(@); 85 Goo, Poo — ————;
oo — S8
1—a;—a l—ai+a 1—asz+a
Hoo——l—2+(a1+a2—1)< 2 4))
Goo—S$ s s—1

By the similar way, the birational canonical transformation o5 of UgUU,UV; =
Up U Uy i1s extended to the whole space E. We omit the detail.

(v) Construction of o3. Since s(a) = (ay, a3, a», a4), the Hamiltonian H;
is invariant under s;. Thus we have the locally trivial birational canonical
transformation o, of U;:

ox(a; t; q1, p1; H) = (s2(@); 85 g1, p1; Hy).
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If extending the domain of definition of oy to Uy by (4), (5) and (13), we have
on Uy

as —az

02(a; t; qo, po; Ho) = (Sz(a); g0 — » Pos

(a1 +as)ar —az) (a1 —as)(ar — aa))
t—1 + t )

Hy +

By (2), (3) and (12), we have on Uy,

as —ax
02(a; 55 Goos Poos Hoo) = | 52(@); 85 oo — s Poos
o0
ar» —az)lay +a a, —az)(a; +a
Hoo+(2 3)s(2 3)+(2 s31(11 4)).

By the similar way the birational canonical transformation o, of Uy U Uy U Uy
is extended to the whole space £. We omit the detail. Theorem 1.1 is thus
proved.

CoroLLARY 1.2 (cf. [4], Remark 3.2). Let B be the subgroup of bira-
tional canonical transformations of E generated by the five transformations o;
(i =1,2,3,4,5) in the proof of the theorem. Then B is isomorphic to the group
W,, and therefore to the affine Weyl group of D4 root system.

Proor. Obviously, we have a homomorphism B 5 y — g € W, by the
diagram (34). Conversely, we have oiz =1 =123,4,5), g0/ = 0gjo;
(i,j # 2) and (0;02)° = (020;)> = 1 (i # 2), where 1 denotes the identity
transformation of E. Since the pair (W,, {51, 52, 53, 54, §5}) is a Coxeter system,
by the universality (cf. [1], Chap. IV, Section 1), we have another homo-
morphism W, 5 g — y € B. Obviously, these homomorphisms are mutually
reciprocal.

Remark 1.1. We find various notations for the parameters of the sixth
Painlevé equation in the literature. For example Okamoto [4] denotes a param-
eter of the equation (or, the Hamiltonian) by b = (b1, b2, b3, bs). The following
shows the relation between our notation a = (a;, as, as, as) and Okamoto’s b:

ay = —by, ap =—b3, a3z =b|, ag=b,.

2. — Classical solutions and irreducibility

First, we consider the parameter space of the sixth Painlevé equation C*,
and review some results about it ( for the details, see [15]). We fix the usual
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hermitian inner product (alb) = aiby + axby + azby + asby for two vectors
a = (a1, az, az, as) and b = (b1, by, b3, by) in C*, where b denotes the complex
conjugate of a complex number b. Let R be the collection of the follow-
ing 24 vectors: (*1,+1,0,0), (£1,0,+1,0), (£1,0,0,%1), (0, £1, X1, 0),
0, £1,0, £1), (0,0, +£1, +1); the set R is the root system of type Ds. For
« € R and k € Z (the set of integers), let H,; be the complex hyperplane of
C* defined by H,; = {a € C* | (ale) = k}. We define ten subsets M, P, Py,
P,, L, Ly, Ly, D, D; and D, of C* by the following:

M: union of all H,;’s for « € R and k € Z;

P: union of all intersections H,; N Hp; for o, 8 € R which are linearly
independent (or equivalently, (¢|f) # %2), and for k,l € Z;

Py: union of all intersections H,; N Hg; for o, B € R such that (¢|B) =0,
and for k,!l € Z;

P,: union of all intersections H,; N Hg; for o, B € R such that (@|B) = —1,
and for k,! € Z;

L: union of all intersections Hy; N Hg; N H,,, for a, B,y € R which are
linearly independent, and for k,[, m € Z;

Ly: union of all intersections Hyx N Hg; N H, ,, for «, B,y € R such that
(@]B) = (Bly) = (y|la) =0, and for k,l,m € Z;

L;: union of all intersections H,x N Hg; N H, ,, for a, B,y € R such that
(¢|B) =0 and (B|y) = (y|e) = —1, and for k,l,m € Z;

D: union of all intersections H, ;N Hg;NH, , N Hs, for a, B, y,8 € R which
are linearly independent, and for k,l,m,n € Z;

D;: union of all intersections H,x N Hg; N H, », N H;, for a, B,y,8 € R such
that (x|B) = (Bly) = (vle) = (@]6) = (B|8) = (¥16) =0, and for k,l,m,n € Z
such that k+/+m+n=1 mod 2;

D5: union of all intersections H, N Hg; N H, , N H;, for a, B,y,8 € R such
that (¢|B) = (Bly) = (yle) = («]8) = (B18) = (y18) =0, and for k, I, m,n € Z
such that k +[+m+n =0 mod 2.

Obviously, wehave M D P DL DD, P> PUP,, LD L1ULy, DD D;UD,
and D; N D, = . Moreover, by [15], Proposition 1.2, we have (i) P, 2 P
and Py ¢ P; (i) P=PiUPy; (iii) Ly B Ly and Ly & Ly; (iv) L = L; U Ly;
(v) D = D; U D,. By [15], Proposition 1.3, we see that these ten subsets are
invariant under the action of the group W,.

Let ; : E — C* be the natural projection, and let F(a) be the restriction
of the foliation F to the fibre n| @) (a € C*. By a one-parameter family of
solutions of F(a) we mean the collection of leaves of F(a) which are defined
on each open set nl_l(a) NU; (i =0,1,2,3,4,00) in Jrl_l(a) by a common
non-trivial single algebraic equation in at least one variable ¢; or p;. By a
classical solution of F(a), we mean a leaf of F(a) which are parametrized by
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a classical solution (in the sense of Umemura, for example see [8]) of the sixth
Painlevé equation defined on each open set U; Nm| 1(a) in m; 1(a). The rest of
this paper is devoted to the proof of the following:

THEOREM 2.1. (i) Fora € M buta & P, there exists a one-parameter family of
classical solutions of F(a).
(ii) Fora € P buta € L, there exist two one-parameter families of classical solutions
of F(a).
(iii) For a € L but a € D, there exist three one-parameter families of classical
solutions of F(a).
(iv) For a € D, there exist four one-parameter families of classical solutions of
Fla).
(v) Let a be a leaf of F (a) (a € C*) defined by a transcendental solution of the sixth
Painlevé equation different from those in (i)-(iv). Then a does not belong to any
one-parameter family of F(a), and does not define any classical solution of the sixth
Fainlevé equation.

REMARK 2.1. Assertion (v) implies the irreducibility of the sixth Painlevé
equation (cf. [5]). :

We consider reduction of the proof of the theorem. First, observing the
forms of the systems S; (i =1, 2, 3, 4), we see that there exists no one-parameter
family of solutions on E defined by py =0 or pp =0 or p3 =0 or ps =0.
Therefore it is sufficient to prove the theorem on the open subset UyUU,,. We
write the systems Sp and Sy, explicitly:

oHy
ap
=2q(q — D(g — )p + (a1 + a2 — 2a3)q’
+ Qast —ay —a; + a3 +as)q — (a3 + aq)t,

(t(t—l)‘;—(f =t(t—-1)

So
1t — 1)2—‘;’ =—t(t — 1)%?
= —3¢"p* + 2(1 + 1)gp* — tp* — 2(a1 + ar — 2a3)qp
. — QRast —a; —ay + a3 +as)p — (a3 — ax)(as — ay),
(s(s — 1)% = (s - 1)38%
=20(0 — 1)(Q —5)P + (2a, — a3 + as) 0?
+ (a1 —az + a3 — as)s — 2a2]Q — (a1 — ap)s,
Soo 4

dP 9H,
s(s — 1)_d_s— = —s(s — 1)—86"’
=-30%P?+2(1+5)QP> —sP?>—2Q2a; — a3+ as) QP

\ — (a1 —ax + a3 — ay)s — 2a3| P — (a2 — a3)(az + aa).
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Here we set
g =4qo, P=po. @=4qo, P= P,

and always adopt this notation in the following. There seems to be no possibility
of confusion of the variable P with the subset P of C*. When we emphasize
the dependence on the vector @ € C* of the systems Sy and Se,, we also write
So(a) and So.(a). By the argument of the proof of Theorem 1.1, we can regard
the group B in Corollary 1.2 as a group of birational canonical transformations
of the subbundle Uy U Uy of E. Since, by definition (e.g. [8]), the notion
of classical function is invariant under birational transformations, and since the
group B acts naturally on C* the parameter space of the systems Sy and Seo,
we may restrict the parameter a of the systems Sy and So to a fundamental
region of C* for the group W, isomorphic to B. We adopt as a fundamental
region the collection, denoted I", of all vectors a = (a1, a2, a3, as) € C* subject
to the following conditions (see [15], Corollary 2.5):

(1) R(a1 —az2) = 0;

(i) R(az —a3) > 0;

(i) R(az —ag) = 0;

(iv) R(az +aq4) = 0;

(v) Rlar+a2) £ L

(vi) (a1 —az) > 0 if R(a; —ap) = 0;

(vii) J(ag —az) = 0 if R(ay —a3) =0;
(viii) S(a3 —aq) > 0 if R(az —as) =0;
(ix) S(a3 +as) > 0 if R(az +as) =0;

(x) (a1 +a2) <0 if R(ay +ap) = 1.

Here we denote by R(a) and J(a) the real and imaginary parts of a complex
number a, respectively. Therefore, to prove Theorem 2.1, it is sufficient to
prove the following:

THEOREM 2.2. () Fora; = (a1, az, az, as) € C* such that ay = ay, there exists
a one-parameter family of classical solutions of S (a1). It consists of the solutions
of the form (0, P) where P satisfies the Riccati equation

dP
M s-D——= —sP% — [(a3 — ag)s — 2a2]P — (a2 — a3)(az + as).

(ii) For ay = (a1, az, as, as) € C* such that a; = as, there exists a one-parameter
SJamily of classical solutions of So(az). It consists of the solutions of the form (q, 0)
where q satisfies the Riccati equation

d
%) tt — 1)d—‘f = (a1 — a3)q® + Qast — ay + ap)q — (a3 + ag)t.
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(iil) For as = (ay, a», a3, as) € C* such that az = ay, there exists a one-parameter
Sfamily of classical solutions of So(as). It consists of the solutions of the form (1, p)
where p satisfies the Riccati equation

d
(3) 1@t - 1)d—l: = (t — 1)p* + (=2a3t —a; — ay + 2a3) p — (a3 — az) (a3 — ay).

(iv) Foras = (a1, az, as, as) € C* such that a; = —ay, there exists a one-parameter
Jamily of classical solutions of So(as). It consists of the solutions of the form (0, p)
where p satisfies the Riccati equation

d
@ - 1>d—’t’ = —1p? — Qast —ay — ax)p — (a3 — az)(as — ay).

(v)Foras = (ay, az, as, as) € C* suchthata;+ay = |, there exists a one-parameter
Sfamily of classical solutions of Sy(as). It consists of the solutions of the form (t, p)
where p satisfies the Riccati equation

d
) t(t—l)d—lt) = —t(t—1)p*+(Qas—2)t+1—as—as) p— (a3 —ar)(a+a—1).

(vi) Fora € I, let (g, p) (or (Q, P)) be a transcendental solution of the system
So(@) (or S (a)) different from those in (i)-(v). Then none of the functions q, p,
Q, P is classical, and the transcendence degree of C(t,q, p) (C(s, Q, P)) over
C(t) = C(s) equals two.

The assertions (i)-(v) are obvious. The proof of the assertion (vi) consists
of the following two parts:

(a) to determine the condition of the parameter a € C* where the Hamiltonian
vector field X(a) (which will be defined in Section 3) does not satisfy the
algebraic condition (J) of Umemura (Proposition 3.1 and Corollary 3.7);

(b) to determine X (a)-invariant principal ideals for @ € I" (Propositions 4.1-4.8).

Once these steps have been established, Theorem 2.2 follows immediately from
Umemura’s theory summarized in [10], Section 1 (see also [7], [8], [9D).

ReMARK 2.2. The Riccati equations (1)-(5) come from the hypergeometric
differential equation of Gauss. For example, in (5), if setting p = (du/dt)/u,
then we have the equation for u

t(t l)dzu [(2 Dt+1—a ]du + ( Yaz + Du=0
—D— —[(2a3 — —a3 —ay]— + (a3 —ax)(as +ax — =0.
a2 3 3 dal 3—a))las +az u

Similarly, the equations (1), (3) and (4) are also transformed to the hyperge-
ometric equation. In (2), we introduce a new variable g by g = (a; — a3)g.
Then g satisfies the following Riccati equation

dg _ _
(t — 1)5% = G + Qast — ay + a)g — (a3 + as) (a1 — ax)t,

which is also transformed to the hypergeometric equation.
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3. — Necessary condition for the existence of invariant ideals

Let K be an ordinary differential overfield of C(¢), and let K{q, p] be the
polynomial ring over K in two variables ¢ and p. We consider the following
derivation on Klgq, pl:

X@ =10~ 1)% +12¢°p — 201 +1)¢”p +21qp + (a1 + a2 — 2a3)q”
+ Qast —a) —ay + a3 +as)g — (a3 + a4)t]58‘;
+[-3¢°p* +2(1 + N)gp® — tp* — 2(a1 + az — 2a3)qp
— Qast —a1 —ay+ a3 +as)p — (a2 — a3)(ar — aa)]é%,
where @ = (a), az, as, as) € C*. We call this the Hamiltonian vector field of

the system Sp (Section 2). From now on we fix the vector a € C?4. In [10],
Section 1, Umemura introduced the condition (J) for X (a):

(J) For any ordinary differential field extension K/C(¢), there exists no prin-
cipal ideal I of K{gq, p] such that 0 C I C K|[q, p] and X(@)! C I.

Here we consider the following cases for the parameter a = (ay, a2, a3, as) € c*:
Case 1.

1) a= (%,%,0,0);

Case 2.

) aj—ay#0

and

3) a — a3 =0,

Case 3.

@) (a1 — ay)(ay — as)(ay — a3) #0.

All cases are exhausted in these three. In fact, assume a # (3, 3,0, 0). Then we
have a; —a; #0 or a3 —as # 0 or as+ayg # 0 or a; +ay # 1. By considering
the sixth Painlevé equation on an appropriate open set among the four Uy, Vi,
V3 and V4, we may assume a; — ap # 0. Since the system Sp has a symmetry
with respect to the transformation s; (Section 1), if (@ —a3)(a; —a3) =0 and
ay —as # 0, we may assume a; —a3 # 0. The Cases 1 and 2 will be treated in
the next section. Here we assume the Case 3. We show the following crucial
result:
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ProrosITION 3.1. Assume the Case 3. If the derivation X (a) does not satisfy
the condition (J) for a vector a = (a1, a2, a3, as) € C* with the condition (4), then
there exist non-negative integers a, b, i, j and k such that

&) i+j+k=>1
and
(6) a(az—a3)+b(a—a3) +i(as+as)+ jlaz—ag) +k(1 —a; —az) =0.

Proor. The proof is accomplished in seven steps.

Step 1. By hypothesis there exists an X (a)-invariant principal ideal / properly
between the zero-ideal and K[gq, p]. Let F € Klg, p] be a generator of I:
I = (F). Then we have

@) F¢kK
and
®) X@F =GF

with some G € Kl|gq, p].

To investigate the equality (8), we introduce the following two gradings in
the polynomial ring Kl{gq, pl.

In the first grading we define the weight of a monomial y¢'p/ (0 # y € K)
in K{q, p] as j. Let R; be the K-linear subspace of K[q, p] generated over
K by all the monomials of weight d. We have R; = K[q]- p? for every non-
negative integer d. Thus K|[q, p] becomes a graded ring: Klgq, pl = Gu>o0R4,
Rs Ry € Ry, . We define three derivations X;’s (i = —1,0,1) by

] ]
X1 =2g(q— D@ —t)p— +[-3¢* +2(1 +)g — t1p*—,
dq ap
d
Xo=t@—-1)—
0o =1( )at
d
+ (a1 + a2 — 2a3)g* + Qast — a1 —ar + a3 + as)g — (a3 + 04)t]5;
d
—[2(a; + a2 — 2a3)qg + 2a3t —a; —ay + a3 + a4]P3—’5,
d
X_1=—(a2—a3)(ay —03)5—-
D

Then we see that X(a) = X| + Xo + X_; and that each X; maps R; to Ry+;.

In the second grading we define the weight of a monomial yg‘p/ (0 # y €
K) in K[q, p] as i — j. Let R} be the K-linear subspace of K[g, p] generated
over K by all the monomials of weight d. We have R, = K[gp] - q% and
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R, = K[gp] - p? for every non-negative integer d. Thus K|q, p] has another
grading structure: K[g, p] = @ oo<d<ooRy, Ry~ R, C R} +a- We define three
derivations X[’s (i = —1,0, 1) by

d
Xi=[Rqp+a +a— 2a3]q25;
d
—[3¢°p* + 2(a1 + a; — 2a3)qp + (a2 — a3)(a; — a3)]%,
, 3 9
Xog=1t(t— 1)5 +[-2(1 +t)gp + 2a3t —a; — az + a3 +a4]‘1£
d
+[2(1 +1t)gp — Qast —a; —ax + a3 + a4)1p5,

X | =[2tqp — (a3 +a4)t]-a— - tpzi-
aq ap

Then we see that X(a) = X} + X3+ X, and that each X; maps R, to R)_;.
We determine the form of the polynomial G in (8). Since the highest part
X1 of X(a) is of weight one with respect to the first grading, the polynomial
G belongs to the direct sum Ry @ R;. Namely we have G = g p + go with
some g1, go € K[g]. Moreover, since the highest part X] of X(a) is also of
weight one with respect to the second grading, the polynomial G belongs to
the direct sum R’ ;| @ R, ® R]. Therefore we see that the polynomial g; is of
degree at most two in g and the polynomial go is of degree at most one in gq.

Namely we have

) G=0g*+ug+v)p+pqg+o

with some A, u, v, p,0 € K.

We decompose the polynomial F with respect to the first grading of
Klg, pl. Then there exist a non-negative integer m and a unique collection
of m + 1 homogeneous polynomials F; € Ry (0 < d < m) such that

(10) F=F,+---+F
and
(11) F.¢K.

We can surely assume the condition (11) because of (7). Substituting (9) and
(10) into (8), we have

X1+ Xo+X_1)(Fu+--+Fo) = {(g* + uq +v)p + pq + 0 }(F + - - - + Fo).

Comparing the homogeneous parts of both sides of the equality, we have a
system of m 4 3 equations equivalent to (8):

(12);  X1Fy= (\g> +uq +v)pFs+ (pq + o) Fay) — XoFur1 — X_1Fip2
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where d is an integer such that —2 <d <m, and F, s = Fq1 = F_; =
F_,=0.

On the other hand, we decompose F with respect to the second grading
of K[q, p]. Then there exist two integers n and n’ with n > n’, and a unique
collection of n —n’ + 1 homogeneous polynomials F; € R, (n’ <d < n) such
that

(13) F=F,+---+F,
and
(14) ' F,F, #0.

Substituting (9) and (13) into (8), we have
X1+ Xo+X_)(Fy+---+F,) = {(Aqp+p)q +(ugp~+0) +vp}(F,+- - -+ F,).

Comparing the homogeneous parts of both sides of the equality, we have a
system of n — n’ + 3 equations equivalent to (8):

(15)4 XllFé = (AQP+P)‘IF4/+(MQP+°')F(§+1 +VPF:;+2 _X(/)Fé+1 _X/—1F5+2

where d is an integer such that ' —2<d <n,and F, , =F,,, =F, | =
F, =0

/_2 .

! Thus we have obtained the two systems (12); and (15); equivalent to (8).
In the following we investigate them exclusively.

ReMaRrk 3.1. The gradings above come from the Newton polygon of the
derivation X (a), which is described in the following figure:

Fig. 1.
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Here an integral point (j,i) # (0,0) in R? represents the derivation in
X (a) of the form uq*!p/(3/3q) + vq' p/+1(8/9p) (u, v € K); the point (0, 0)
represents that of the form (r — 1)(9/9¢t) + uq(3/9q) + vp(3/9p) (u,v € K)
(cf. [10], [11], [12D).

Step 2. To investigate the systems (12); and (15); we need the lemmas
below (Lemmas 3.2-3.6).

LEMMA 3.2. Let d be a non-negative integer and e be a positive integer. Let A
be a polynomialin Ry, andlet )/, ' and V' be elements of K. If v/ +(d —21+2)t #0
for every integer | such that 1 <1 < e and if A satisfies a congruence

(16) X\A= g+ g +v)pA mod g°,

then A =0 mod g°.

LEMMA 3.3. Letd, e, A, A, i/, and V' be as above. If ) + ' +Vv +(d -2l +
2)(1 —t) # O for every integer | suchthat 1 <1 < e, and if A satisfies a congruence
(17 X1A=@Mg>+u'qg+v)pA mod (g - 1),

then A=0 mod (g — 1)°.

LEMMA 3.4. Letd, e, A, X, ', and V' be as above. If N't? + 't +v' + (d —
21 + 2)t(t — 1) # O for every integer | such that 1 <1 < e, and if A satisfies a
congruence

(18) XiA=Wg*+uqg+v)pA mod (g — 1),

then A =0 mod (g —t)°.

ProoF oF LEMMA 3.2. We denote by K[T] the polynomial ring in one
variable T over K. Let ¢y be the K-algebra morphism of K[g, p] onto K[T]
defined by @o(g) = 0 and @o(p) = (1 —£)T. Then the following diagram is
commutative:

Klg, p) —2> KI[T]

(19) Xll lt(r—l)TzadT

Klg, p] — KIT].
)

The kernel of the morphism ¢ is a principal ideal generated by gq. Since
X1(q) =29(q — 1)(g — t)p, it is an X;-invariant ideal. Now we show A =0
mod ¢! by induction on [ (1 <I <e). We set A = Bp? with some B € Ry. If
we apply ¢o to both sides of (16), we have

Po(X1A) = po(Xq”> + 1'q + V)eo(pA).
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This is equivalent to
d
1t - l)Tzﬁ%(A) =1'(1 —)Tgo(A)

by the diagram (19). Since @o(A) = @o(B)(1 —£)?T?, it follows that
—dt(l _ t)d+1(p()(B)Td+1 — vl(l _ t)d+1¢0(B)Td+1’

that is,
' +dt)ee(B) =0,
Since V' +dt # 0 by hypothesis, we have ¢y(B) = 0 and hence A =0 mod g.

This proves the case I = 1. Assume that A =0 mod ¢'~! for / > 2. We show

A=0 mod ¢q'. We set A= Cq'~!p? with some C € Ry. If we substitute this

expression into (16) and divide both sides of the resulting congruence by g,

then we obtain
X1(CpY) =[(WV-24+2)qg* +H{p'+2(-D(1+1)}g+v' —2(—1)t] pCp® mod ¢+,
If we apply ¢o to this congruence, we have
(V' +dr —2( — 1)t}go(C) = 0.
Since v’ + dt — 2(I — 1)t # O by hypothesis, we have @o(C) = 0 and hence

A=0 mod g'. Thus Lemma 3.2 is proved.

PrOOF oF LEMMA 3.3. Let ¢, be the K-algebra morphism of K[q, p] onto
KI[T] defined by ¢1(g) = 1 and ¢;(p) = tT. Then the following diagram is
commutative:

Klg, p) — KIT]

(20) Xll lt(t—l)Tza‘iT
K[g, p] T K[T].

The kernel of the morphism ¢; is a principal ideal generated by ¢ — 1. Since
X1(g—1) =2q9(g—1)(g—1)p, it is an X;-invariant ideal. By the same argument
as in the proof of Lemma 3.2, we can show A =0 mod (g — 1)* by induction
on!l (1 <l <e). So we omit the rest of the proof of Lemma 3.3.

ProoF oF LEMMA 3.4. Let ¢, be the K-algebra morphism of K[q, p] onto
K[T] defined by ¢,(g) =t and ¢,(p) = —T. Then the following diagram is
commutative:

Klg, pl —2— KI[T]

1) Xll l’("l)TZHdT
Klg, pl - KI[T].
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The kernel of the morphism ¢, is a principal ideal generated by g —t. Since
Xi1(g—1t) =2g(g—1)(g—1t)p, it is an X,-invariant ideal. By the same argument
as in the proof of Lemma 3.2, we can show A =0 mod (g —t)! by induction
on/ (1 <l <e). So we omit the rest of the proof of this lemma.

RemARK 3.2. The commutative diagrams (19), (20) and (21) are obtained
in the following way (cf. [10]). Assume that there exists a homogeneous
K -algebra morphism @ such that the following diagram is commutative:

Klg, p] —— KIT]

2.d

Klg, pl — K[T].

Here the polynomial ring K|[q, p] is regarded as the graded ring Klg, p] =
@a>0R4, and K[T] as the usual graded ring K[T] = eadzoK-Td. Then we can
set @(g) = a and @ (p) = BT with o, 8 € K (B # 0). By the commutative
diagram, we have a system of algebraic equations:

ale — D —0p =0,
{(=3a® +2(1 +)a —t}B = 1.

All the solutions of this system are («, 8) = (0, —%), (1, ) and (¢, —ml_—l)),

v -1
which define the expected morphisms ¢y, ¢; and ¢, respectively.

LemMMA 3.5. Let d be an integer and e be a positive integer. Let A be a
polynomialin Ry, and let )" and p’ be elements of K. Furthermore, let the derivation
X1, depending on the vector a = (a1, a2, a3, as), be considered under the condition
(a1 —a)(az —ax) #0. If (a3 — ax))) + p' + (I = 1 —d)(a1 — az) # O for every
integer | such that 1 <1 < e and if A satisfies a congruence

(22) X1A=Mgp+p)9A mod (gp — a3 + a2)°,

then A =0 mod (gp — az + az)°.

LeMMA 3.6. Letd, e, A, A and p’ be as above, and let the derivation X| be
considered under the condition (ay — a1)(az —ay) # 0. If (az —ap)A + o' + (1 —
1 — d)(a; — a1) # O for every integer | such that 1 <1 < e and if A satisfies a
congruence

(23) X1A=(gp+p)9A mod (gp — a3+ a1)’,

then A =0 mod (gp —as + a;)°.
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PrOOF OF LEMMA 3.5. We denote by K[7, T~!] the Laurent polynomial ring
in one variable T over K. Let i, be the K-algebra morphism of K|[g, p] onto
K[T, T~'] defined by ¥, (q) = (a1—a2)~'T and ¥.(p) = (az—az)(a;—ax)T .
The definition is well-defined by the hypothesis (a; — a)(as — a2) # 0. Then
the following diagram is commutative:

¥ _
Klg, p) —— K[T,T™']

(24) x| |24

Klg, pl — KIT,T7'].
¥+

The kernel of the morphism . is a principal ideal generated by gp — a3 + as.
Since X|(qp — a3z + a2) = —(qp — az + az)(gp — az + ay)q, it is X|-invariant
ideal. We show A = 0 mod (gp — a3 + a2)' by induction on I (1 <[ < e).
Here we need to consider two cases: (a) d > 0; (b) d < 0. Assume the case
(a). Then we set A = Bq? with some B € Rj. If we apply ¥, to both sides
of (22), we have

Vi (X1A) = ¥ (Vqp + oY1 (qA).

This is equivalent to

d
Tzﬁm(A) =y (AMgp + p)¥+(qA)

by the commutative diagram (24). Since ¥, (A) = ¥4 (B)(a; — ay)™ TY, it
follows that
[(a3 —a)A' + p' —d(a) — @)Y (B) = 0.

Since (a3 —ax)A' + p’ —d(a; — az) # 0 by hypothesis, we have ¥ (B) =0 and
hence A =0 mod (gp — as + a3). This proves the case [ = 1. Assume that
A=0 mod (gp—az+az)"! for I > 2. We show A =0 mod (gp —as +ar)".
We set A = C(gp — a3z + az)l_lqd with some C € Rj. If we substitute
this expression into (22) and divide both sides of the resulting congruence by
(gp — a3 + a)'~!, then we obtain

X1(Cq*) = [ +1=gp+p'~(a3—a)(—1D]gCq* mod (gp—az+ar) """,
If we apply v, to this congruence, then we have

[(a3 —a)A + o'+ (I — 1 —d)(a; — a)]¥4(C) = 0.
Since (a3 —ax))A + o' + (I — 1 —d)(a; — az) # 0 by hypothesis, we have
¥, (C) =0 and hence A =0 mod (gp —az+az)’. In the case (b) (i.e. d <0),

the discussion is similar to the case (a) by setting A = Bp~¢ with B € R}. So
we omit the detail. Lemma 3.5 is proved.
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PrOOF OF LEMMA 3.6. Let y_ be the K-algebra morphism of K|[q, p] onto
K[T, T~'] defined by ¥_(q) = (a1—a2) ' T and ¥_(p) = (@3—a1)(@1—ax)T .
The definition is well-defined by the hypothesis (a; — ai)(as — a;) # 0. Then
the following diagram is commutative:

Kig. pl —=> K[I.T]

25) x| |-#

Klg, pl - K[T, T7'.
The kernel of the morphism _ is a principal ideal generated by gp — a3 +a;.
Since Xi(gp — a3 +a1) = —(qp — as + a2)(gp — a3 + a1)q, it is X|-invariant
ideal. The rest of the proof is similar to the corresponding part of the proof

of Lemma 3.5. In fact, we can show A =0 mod (gp — a3 +a;)' by induction
onl (1 <l <e). So we omit the detail.

REMARK 3.3. The commutative diagrams (24) and (25) are also obtained by
the same argument as in Remark 3.2. In fact we can determine all homogeneous
K -algebra morphisms ¥ such that the following diagram is commutative:

Klg, pl —%— KI[T, T
| e
Kigq, pl — KI[T, T™1.

Here the polynomial ring K|[q, p]} is regarded as the graded ring K|q, p] =
®4cz R}, and the Laurent polynomial ring K[T, T~!] as the usual graded ring
KIT, T7'] = @uezK - T7.

Step 3. We return to the proof of the proposition. Consider the equation
(12)m X1F,, = (Ag* + g + v)pF.
Because of (11), it follows from Lemmas 3.2-3.4 that the three elements of K

1
i= E(W_l -+ m),

j= %{(k+u+1’)(1 -0~ +m}

and

1
k= E{()uz +ut+ e =D+ m)
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are non-negative integers. From these we have

(26) A=2i+4+2j+4+2k—3m,

V1)) nw=2m—2i —2k—-tQ2i +2j—2m),
and

(28) v =2i —mt.

Using Lemmas 3.2-3.4 again, we see that there exists a non-zero element ¢ €
Ro = K|q] such that

(29) Fn=cq'(q— 1) (g —t)*p.

Substituting (29) into (12),,, we have X;c = 0, and therefore ¢ € K. By (11)
we also see

(30) i+j+k+m=>1

Step 4. We first show that the integer n in (13) is a non-negative integer.

In fact, otherwise, since n’ < rn < —1, the polynomial F = F, +---F,, is

divisible by the monomial p™. Namely there exists a polynomial F’ such that

ptF' and F = F'p™". Substituting F = F'p~™" into the equality (8), we have
(X@F)p™" —nF'p™ ' X(@p=GFp™".

Since p { F’, it follows that the polynomial X (a)p is divisible by p, and so
(ay — a3)(a; — a3) = 0. This contradicts the hypothesis (4), and therefore we
have n > 0.

Consider the equation

(15), X\F, = (A\gp + p)qF,.

Because of (11), it follows from Lemmas 3.5 and 3.6 that the elements
a=—(a—a) @ —a)r— (@ —a) 'p+n

and
b=(a—a) N as~aDi+(@—a) ' p+n

are non-negative integers. From these we have

@3n A=2n—a->
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and
(32) p=(a—n)as—a)+ (b —n)az —ap).

Using Lemmas 3.5 and 3.6 again, we see that there exists a non-zero element
¢’ € Ry = K[gp] such that

(33) Fy =c'(gp — a3+ a)*(qp — a3 + a))’q".
Substituting (33) into (15),, we have X ¢’ = 0. Since ¢’ is a polynomial in gp
over K and Xj(gp) # 0, we have ¢’ € K.

Step 5. By the same argument as in [10], Subsection 2.5, we find the
generic figure of the Newton polygon of the polynomial F:

v B
A
C
o D U
Fig. 2.

Here an integral point (#, v) in R? represents a monomial yq®p* (y € K).
In the figure the Cartesian coordinates of the vertices O, A, B, C, D are
©0,0), ©O,n), (a+b,a+b+n)=(m,i+ j+k), (m,i), (m—i,0), respectively.
The coefficient of each monomial out of the pentagon OABCD is equal to
zero. The side AB represents the polynomial F,. The side BC represents the
polynomial F,,. It is also easy to see that the side CD represents the polynomial
c"(gp —as —ag)' p™ (¢ € K). Since the monomials cg’t/t*p™ in F,, and

c'qot™ patt in F. represent the same vertex B, we have the equalities
(34) i+j+k=a+b+n,

(33) m=a+bh,

(36) c=c (#0).

Similarly we have the equality at the vertex C:

(37) " = (-1 (=pke.
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In particular we see that the two expressions of A, (26) and (31), are equal
to each other via (34) and (35). A polynomial ¢~!F is X(a)-invariant and
generates the ideal I = (F) introduced at the beginning of Step 1. And so we
may assume ¢ = 1. It follows from (29), (33) and (36) that

(38) Fn=4q'(q— 1) (q—0"p",
and
(39) F,=(qp — a3 + a)*(gp — a3 + a1)’q".

From (30), (34), and (35), we have
(40 i+jt+k=a+b+n>1.

This is the desired relation (5).

Step 6. Consider the equation
(12)m-1 X1 Fpy = 0"+ ug +v)pFn 1+ (pg + ) Fp — XoFp.
Substituting (38) into (12),,—;, we have

X1 Fp_t =(Ag* + 1q + V) pFp_y

+(pqg +0)q' (g — 1)/ (g — 1) p"
+ilas +adtg g —1I(g—0)p”
+jaz—a)(1— g’ (g — 1" g =) p”

(1) +k(l—ar—a)tt = Dg'(g — 1)/ (g —)* ' p™
+{i+j+k—-2m)Q2as —a; —ar)q
+2(m —i— jast — k(a; + ap)t
+G+k—m)a +a;—a3—as)
+ j(az —as)lq' (g — D (q — ) p™,

where A, w, v and p are given by (26), (27), (28), (31) and (32). We assume
m > 1 in this step, and treat the remaining case m = 0 in Step 7. Since X is
a derivation, we have

X1(q(q — (g — )Fn_1) = 23¢" —2(1 + 1)q +tlq(g — 1)(q — ) pFr_,

42)
+q(q—1)(g — )X Fp_;.
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Eliminating X; F,,—; from (41) and (42), we have

Xi1(g(q — 1)(g — ) Fn—1)
=[(A+6)g* + (u—4—4t)g+v+21lp-q(g — 1)(g — ) Fpy
+(pg +0)g' (g — 1)/ (g — ) p”
+i(as +atq' (g — 1/t g — )}t p”
(43) + j(az —a)(1 — g (g — 1)/ (g — )t p™
+k(l—ay —a)tt — Dg't (g — 1)/ (g — ) p”
+{(i +j +k—2m)Q2a; —ay — ax)q
+2(m —i— jlasgt —k(ay +a)t + (@ +k —m)(ay 4+ ay — a3 — aq)
+ j(as — anlg't (g — 1)/ g — !t pm.

Applying Lemmas 3.2-3.4 to the homogeneous polynomial A = g(g — 1)(g —
t)F,,—1, we see that there exists an element B € Ry = K|[q] such that

(44) q(q —1)(q — t)Fn_1 = Bg' (g — 1)/ (g — t)kp™~ .

Substituting (44) into (43) and dividing the resulting equation by g‘(g — 1)/ (g —
t)*p™, we have an equation for B:

L(B) = (pq +0)q(q —1)(g —1t)+i(as+astig—1(g—1)
+jlas —a)(A1 —t)g(qg —t) + k(1 —a; —a)t(t — )g(g — 1)
+ {(+Jj+k—2m)(2a3 — a1— az)q + 2(m—i— j)ast —k(a; +a»)t
+ (@ +k—m)(a +ax—a3—a4) + jlas —as)lq(q — 1)(g —1).

(45)

Here we set L(B) = p~!X(B) — [3¢> — 2(1 + t)g + t]1B = 2g9(q — 1)(g —
t)(0B/dq) — [3q2 —2(1+1)g + t]B. The operator L defines a K-linear endo-
morphism of the K-linear space Ry. We have the following formulae:

(46) L) =-3¢*>+2(1+1)g —1,
A7) L(q) = —¢° +1q,
(48) L(gh = ¢* =201 + 1)g® + 314

Moreover, if A is a polynomial in Ry of degree d > 3, then L(A) is a polynomial
in Ry of degree d + 2. Let V; be the three-dimensional K-linear subspace of
Ry generated by the three monomials 1, g, g2, i.e., the K-linear subspace of
Ry consisting of all the polynomials in ¢ of degree at most two. Let V) be the
three-dimensional K-linear subspace of Ry generated by the three polynomials
—3¢2+2(00+1)g —t, —q® +1q, ¢* —2(1 +1)g° + 3tq*. By (46), (47) and (48),
we see that the restriction of L to Vj induces a K-linear isomorphism of Vj
onto Vi. Thus, if there exists a solution B of the equation (45), then B must
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be a polynomial in g of degree at most two and the right hand side of (45)
must belong to the K-linear space V). If we set

(49) B=x4+yq+1z29° (x,y,z € K),
then we have
(50) L(B) = z¢* — {2(1 + )z + y}q’ + 3¢tz — x)g” + {ty + 2(1 + 1)x}g — tx.
Substituting (50) into (45), we have the following:
29" — 21+ Oz + y}g® + 30tz — X)g* + {ty + 2(1 + x}g — 1x
={p+ G+ j+k—2m)Qa; —a1 —a)lg*
+[-(A+p+o+{-G+j)das—a —a)
+2m3as3 — ay — ap) — 2kasz}t + (i + k)(2a; + 2a; — 3a3 — ay)
+ jlay +ax —az — as) + m(—3a; — 3az + S5a3 + a4)]q3
+lpt — 1+ 1o + {k+2G + j — mas}t®
(51) +{2i(—a) — a2 + 3a3 + a4)
+ j(—a; —az+2a3+2a4) + k(Baz +as — 1)
+mQ3ay + 3a; — Taz — ag)t
+(m—i—k)a +a — a3 —ax)lg®
+ [0t + {—i(3as + as) — j(a3 + as) — k + 2mas}t®
+{i(a1 + a2 —2a3 — 2a4) + k(1 — a3 — as)
—m(ar +az — a3 — a)ltlg +ias + a)t>.
Comparing the coefficients of powers of ¢ in both sides of (51), we have the
following system of equations (52)-(56) for x, y, z, p, o
(52) z—p=0+j+k—-2m)Q2a3 —a - a),
(83) 2(1+t)z—y+ (1 +Dp—o
={—(@ + j)@az — a; — az) + 2m(3a3 — a1 — az) — 2kas}t
+ (i +k)Qay +2a; — 3a3 —as) + j(a1 +a; — a3 — ay)
+ m(—=3a; — 3a + 5a;3 + a4),
(54) 3tz—3x—pt+ (1 +1t)o
= {k+2G + j —ma3}t’ + {2i(—a1 — a2 + 3a3 + as)
+ j(—a; —az +2a3 + 2a4) + k(3a3 + as — 1)
+mQBa; + 3a; — Taz — ag)}t
+(m—i—k)a+ay—as—as),
(55) ty+2(1 +t)x — ot
= (~i(3as + as) — j(as +aq) — k + 2mas}t®
+ {ilay +ar — 2a3 — 2a4) + k(1 — a3z — aq)
—m(a; + a; — az — aylt,
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(56) —tx = i(az + ag)t’.
From them, we have
&X)) x = —i(as +ay)t,

(58) y={ilaz+as) + jlaz —alt +i(az +as) + k(1 — a1 — az),
(59 z=—i(az +aq) — jlaz — ag) — k(1 —a; — a3),
(60) p=i(ar +az —3az —a4) + jla1 + az — 3a3 +aq)
+ kQay +2a; — 2a3; — 1) — 2m(a; + ay — 2a3),
(61) o= 2ias +2jas + k —2ma3)t —i{a; +ay; —az — ag)
— k(ay +h2 —az—ayg)+m(ay +a; —az — as).
Then the two expressions of p, (32) and (60), must coincide with each other:
p=(a—n)as—ay)+ (b—n)a—a)
=i{ay1 +ay —3a3 —aqg) + jla; + a; — 3a3 + a4)
+kQay +2a; —2a3 — 1) —2m(a; + az — 2a3).
By substituting (34) and (35) into this equality, we have
a(ay —a3) +bay —az) +i(as +a4) + jlaz —as) + k(1 —a; —az) =0.
Thus we have the desired condition (6). Finally, we determine the form of
Fu—1. Substituting (57), (58) and (59) into (49), we have
B = —i(asz + ag)t
(62) + [{i(as +aq4) + jas —aylt +ilaz +as) + k(1 —a; — a2)lq
—{i(as +as) + j(as — as) + k(1 — a1 — ax)}q*.
From (44) and (62), we have

Froi = —i(as +agtq' (g — 1)/ g - ' pm!
+ [{i(az +aq4) + j(az —an)}t
(63) +i(as+as) + k(1 —a1—a)lg' (g — Y/ (g — )" p"!
—{i(as +aq) + jlas —aq)
+k(l —a1 —a)lg™t (g — 1/ (g - pnh
Step 7. Here we consider the case m = 0. From (35), (34) and (32), we
have a=b=0,i+j+k=nand p=(G+ j+k)(a +a — 2a3). Thus the
equality (41) is turned to
O0={o —2(+ jlast — k(a1 +a)t + ( +k)a1 +ay — a3 — ay)
+jlas —as)lq(q — 1)(g — 1)
+iaz +at(q —1)(g — 1) + jlaz —as)(1 —t)q(g — 1)
+ k(1 —a; —ax)t(t — Dg(g — 1).
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Then we have

(64) ias+ay)=jla—a)=k(l1—a —a)=0

and

(65) 0 =2(i + jlast + k(a1 + ax)t — (i +k)(a1 +az — a3 — as) — j(a3 — as).

The relation (64) with @ = b = 0 is a special case of the relation (6), and (65)
is a special case of (61). Thus Proposition 3.1 is completely proved.

COROLLARY 3.7. Let the notation be as in Sections 1-2. The vector a in Propo-
sition 3.1 does not belong to the set (I' U s;(I")) — M.

Proor. It is sufficient to prove that, for arbitrary non-negative integers
a,b,i, j and k such that a + b+ i+ j + k > 1, the complex hyperplane
(66) a(ax —a3) +blay —a3) +i(a3+ag) +j@a —ay) +k(1—a —ax) =0

does not intersect (I"Us; (")) — M. Assume the contrary. Then there exist non-
negative integers a, b, i, j, k and a vector a = (ay, az, a3, a4) € ('Usiy(I"))—M
such that a +b+i+ j+ k =1 and the relation (66) holds. Since the relation
(66) has a symmetry with respect to the transformation s; (Section 1), we may
assume that @ € I' — M. The relation (66) is equivalent to the following two
relations:

(67) aR(ay—asz)+bNR(a; —az)+iR(as+ag)+ jR(azs—as) +kR(l—a;—ay) =0
and
(68) al¥(ay —as)+b3I(a; —az) +iI(as+as) + jI3(azs —as) + kI(—a; —az) = 0.

The rest of the proof is an analogy of the proof of [12], Corollary 2.6. So we
omit the detail.

4. — Determination of invariant ideals

Corollary 3.7 leads us to determine all the non-trivial X (a)-invariant prin-
cipal ideals of K|[q, p] for a € I’ N M. This includes the consideration for the
Cases 1 and 2 at the beginning of Section 3. We first prove:
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PROPOSITION 4.1. (i) Let a; be a vectorin ' N {a € C* | a3 + a4 = 0} and
not in P (Section 2). For every positive integer i, a principal ideal (q') is X (a;)-
invariant. Conversely, if I is an X (a1)-invariant principal ideal properly between
the zero-ideal and K |q, p], then there exists a positive integer i such that I = (q*).

(i) Let ay be a vectorin ' N {a € C* | a3 — as = 0} and not in P. For every
positive integer j, a principal ideal ((q — 1)7) is X (a2)-invariant. Conversely, if I
is an X (ap)-invariant principal ideal properly between the zero-ideal and K |q, p],
then there exists a positive integer j such that I = ((q — 1)7).

(i) Let a3 be a vector in ' N {a € C* | a; + ay = 1} and not in P. For every
positive integer k, a principal ideal ((g — t)¥) is X (a3)-invariant. Conversely, if I
is an X (a3)-invariant principal ideal properly between the zero-ideal and K [q, pl,
then there exists a positive integer k such that I = ((q — t)*).

ProoE. Since the three assertions are proved in the same way, we prove
only the assertion (i) and omit the proofs of the others. The first half of (i)
is obvious. We show the second half. To this end, the notation being as in
Proposition 3.1, it is sufficient to prove that the X(a,)-invariant polynomial
F is equal to ¢' with some positive integer i. We set a; = (ay, a2, as, as).
By hypothesis the vector a; satisfies the condition (4) in Section 3. Since
a3 +as =0, it follows from (6) in Proposition 3.1 that

a(az —a3z) + b(ai1 —a3) + jlaz —ay) + k(1 —a; —az) =0,
which is equivalent to the following pair of equalities:

{am(az —a3) +bR(a; —a3) + jR(as —ay) +kRA —a; —ax) =0,
a3(a; — a3) + b¥(a) — a3) + jI(as — ag) + kI(—a; —ap) = 0.

Sinceay e 'N{aeC*|as+a;=0}anda; g P, wehavea=b=j=k=0
by the same argument as in the proof of Corollary 3.7. Thus we have i > 1
from (5) in Section 3, and m = 0 from (35) in Section 3. Therefore it follows
from (10) and (38) in Section 3 that F = Fy = ¢'.

ReMARK 4.1. Fora € 'N{a € C* | ay —a; = 0} and a ¢ P, there
exists no non-trivial X (@)-invariant principal ideal. However, taking X(a) for the
Hamiltonian vector field of the sixth Painlevé equation defined on V3 (Section 2),
we find a X (a)-invariant principal ideal (Q}) with a positive integer N of
K[Q3, Ps]. This implies that the system Sp(a) has a unique one-parameter
family of classical solutions defined by g = qp = o0c.

PROPOSITION 4.2. (i) Let ay be a vectorin T'N{a € C* | a3 —as = 1 —
a; — ay; = 0} and not in L (Section 2). For arbitrary non-negative integers j
and k such that j + k > 1, a principal ideal ((g — 1)/ (q — %) is X (as)-invariant.
Conversely, if I is an X (a4)-invariant principal ideal properly between the zero-ideal
and K[q, pl, then there exist non-negative integers j and k such that j +k > 1 and

I=(g-1i@g-nb.
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(ii) Let as be avectorin ' N{a € C*|as +as =1 —a; —ap =0} and not in L.
For arbitrary non-negative integers i and k such that i + k > 1, a principal ideal
(qi(q —bis X (as)-invariant. Conversely, if 1 is an X (as)-invariant principal
ideal properly between the zero-ideal and Klq, p), then there exist non-negative
integers i and k such thati +k > 1 and I = (¢*(q — 1)*).

(iii) Let ag be a vectorin ' N{a € C* | a3 + a4 = a3 — a4 = 0} and not in L.
For arbitrary non-negative integers i and j such thati + j > 1, a principal ideal
(' (g — 1)) is X (ag)-invariant. Conversely, if I is an X (ag)-invariant principal
ideal properly between the zero-ideal and K|[q, p], then there exist non-negative
integers i and j such thati + j > land I = (q'(q — 1)7).

ProoF. Since the three assertions are proved in the same way, we prove
only the assertion (i) and omit the proofs of the others. The first half of (i)
is obvious. We show the second half. To this end, the notation being as in
Proposition 3.1, it is sufficient to prove that the X(a4)-invariant polynomial F
is equal to (g — 1)/(g — t)* with some non-negative integers j and k such that
Jj+k=>1. We set ay = (a1, a3, a3, a4). By hypothesis the vector a4 satisfies
the condition (4) in Section 3. Since a3 —ay = 1—a; —ay =0, it follows from
(6) in Proposition 3.1 that

a(a; —as) +bla; —a3) +i(az +ay) =0,
which is equivalent to the following pair of equalities:

{am(az —a3) + bR —a3) +iR(az +aq) =0,
aJ(az — az) + b3(ay ~ az) +iJ(az +a4) = 0.

Since as e 'N{a e C* | a3 —as =1—a;—ay =0} and a4 & L, we
have a = b = i = 0 by the same argument as in the proof of Corollary
3.7. Thus we have j + k > 1 from (5) in Section 3, and m = 0 from
(35) in Section 3. Therefore it follows from (10) and (38) in Section 3 that
F="Fy=(q-1V(q-nk

REMARK 42. Forae I'N{aeC*|aj—ay=1—a; —a, =0}, we find a
X (@)-invariant principal ideal (Qé” (03 — DM)with some non-negative integers
M and N such that M + N > 1 of K[Q3, P3]. By the same argument we can
find all the invariant ideals on Uy or V; or V3 or Vs forae 'N P, buta & L.

PROPOSITION 4.3. Letar beavectorin ' N{a € C* | a3 + a4 = a3 —as =
1 —a; — a; = 0} and not in D (Section 2). For arbitrary non-negative integers i, j
and k such thati + j +k > 1, a principal ideal (¢ (q — 1)/ (g — t)*) is X (a7)-
invariant. Conversely, if I is an X (a7)-invariant principal ideal properly between
the zero-ideal and Klq, p), then there exist non-negative integers i, j and k such
thati + j+k>1land I = (g'(g — 1)/ (g — 1)*).
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Proor. The first half is obvious. We show the second half. To this end,
the notation being as in Proposition 3.1, it is sufficient to prove that the X (a7)-
invariant polynomial F is equal to ¢'(q — 1)/ (¢ — t)* with some non-negative
integers i, j and k such that i + j +k > 1. We set a; = (a1, a2, as, as).
By hypothesis the vector a; satisfies the condition (4) in Section 3. Since
aztas=a3—ays=1—a; —a; =0, it follows from (6) in Proposition 3.1 that

a(ay — a3) +b(ay —a3) =0,

which is equivalent to the following pair of equalities:
af(ay — a3) + bR(a; —a3) =0,
{ a(ay — az) + bI(a; — a3) = 0.

Sinceas e 'N{aeC*|azs+as=a3s—as=1—a; —a; =0} and a; ¢ D, we
have a = b = 0 by the same argument as in the proof of Corollary 3.7. Thus
we have m = 0 from (35) in Section 3. Therefore it follows from (10) and
(38) in Section 3 that F = Fy = q'(q — 1)/ (g — t)* with (5) in Section 3.

REMARK 4.3. By the same argument as in Remark 4.2, we can determine
all the invariant ideals on Uy or V; or V3 or Vy forae I'NL; buta ¢ D.

The rest of this section concerns the consideration of the remaining Cases
1 and 2 at the beginning of Section 3. We first prove:

PROPOSITION 4.4. Let ag be a vectorin I’ N{a € C* | ay — a3 = 0} and
not in P. For every positive integer m, a principal ideal (p™) is X (ag)-invariant.
Conversely, if I is an X (ag)-invariant principal ideal properly between the zero-ideal
and K|q, pl, then there exists a positive integer m such that I = (p™).

Proor. The first half is obvious. We show the second half. To this end,
the notation being as in Proposition 3.1, it is sufficient to prove that the X (as)-
invariant polynomial F is equal to p™ with some positive integer m. We set
ag = (ay, ay,as,as). Although a, = a3, we can use the results obtained in
Steps 3 and 6 of the proof of Proposition 3.1 without assuming (31) and (32)
in Section 3. From Step 3, we have

(1 Fn=4q'(q—1)Y(q—tp"
with
2 i+j+k>1.

(Since ¢ € K in (29) in Section 3, we may assume ¢ = 1.) Here we claim
that m > 1. Otherwise, we have m = 0 and i + j + k > 1 from (2). Since
F,_1 = F_; =0, the equation (41) in Section 3 with a; = a3 is turned to
0=(pq +0)g' (g — 1) (g — ) +i(as +antq' (g — 1) (g — 1)f

+jlaz —a)(1 =g’ (g — 1Y (g — 1)

+ k(1 —ay —a)t(t — g’ (g — 1)/ (g — ¥

+{( +Jj +k)as —a1)g — 2 + jlast — k(a1 + ax)t + (i +k)(a; — as)

+j(as —an)lq' (g — 1) (g — )",
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from which it follows immediately that
i(az +a4) = jlaz —ag) =k(l —a; —az) =0.
Since ag € P, we have (a3 + as)(az — as)(1 — a; — ay) # 0. Thus we have
i = j =k =0, which contradicts i + j +k > 1.
We determine the form of the polynomial F, (n € Z) in (13) in Section 3.
We need the following:

SUBLEMMA 1. Let e be a positive integer, and A be a polynomial in R),, and
let \' be an element of K. Let X be the derivation introduced in the proof of
Proposition 3.1, and assume thata; —a3; =0anda; —a3 #0. If A +1—-1#0
for every integer | such that 1 <1 < e and if A satisfies a congruence

(3) X!A=MNq*pA mod (gp — a3 +a1)’,

then A =0 mod (gp — as + ay)°.

PrROOF OF SUBLEMMA 1. We denote by K7, T-!1 the Laurent polynomial
ring in one variable T over K. By hypothesis, the derivation X] is given by

d 0
X = (2qp+a1 —a3)g’— — (3qp + 2a1 — 2a3)qp—.
dq ap

Let ¢ be the K-algebra morphism of K[gq, p] onto K[T,T~'] defined by
Yi(g) = (a3 — a;))~'T and ¥ (p) = (a3 — a;)’T~". Then the following diagram

1S commutative:

Klg. p] —X> K[T,T7Y]

J I3
Klg, pl — K[T, T .
The kernel of the morphism v is a principal ideal generated by gp + a; — as.
Since X|(gp + a1 —a3) = —(gp +a; —a3)q*p, it is X|-invariant. By the same

argument as in the proof of Lemma 3.2, we can show A =0 mod (gp+a;—as)
by induction on ! (1 <[ < e). So we omit the rest of the proof.

Now we consider the equation (15), in Section 3

4) X\F, =(\gp+ p)qF,.
We set
5) F, = Aq"p®

with non-negative integers u# and v and A € R; such that gp { A. Then we
have

(6) n=u-—uv.
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Substituting (5) into (4) and dividing the resulting equation by g“p*, we have
@) X{A ={(A—2u+3v)gp + p + Qv —u)(a1 — az)}qA.

Since gp|X]A and gp { A, we have

®) p = (u—2v)(a; — a3),

and the equatio;l (7) is turned to

) XA = (» —2u +3v)q*pA.

Here we claim that » = —(A — 2u + 3v) is a non-negative integer. In fact,
otherwise, we would have (A —2u +3v)+1—1#0 for every integer [ > 1. It
would follow from Sublemma 1 that A =0 mod (gp+a;—as)¢ for every integer
e > 1 and therefore F, = 0. This contradicts (14) in Section 3. Therefore b is
a non-negative integer. Thus we have

(10) A=—b+2u—-3v.

If b > 1, we have (A —2u + 3v) + 1 — 1 # 0 for every integer / such that
1 <1 < b. 1t follows from Sublemma 1 that A = 0 mod (gp + a; — az)b.
Therefore there exists a non-zero element ¢ € Ry, such that

(11) A=c(gp+a —a3)’.

Substituting (11) into (9), we have X](c) =0, and therefore ¢ € K. From (11)
and (5), we have

(12) F, = c(gp + a1 — a3)°q"p".

Since the Newton polygon of F is given in Step 4 in the proof of Proposotion
3.1, by comparing (1) and (12), we have

(13) c=1,
(14) b+u=i+j+k,
(15) b+v=m.

Here, the two expressions of A, (26) in Section 3 and (10), are equal to each
other via (14) and (15). On the other hand, we have two expressions of p.
Namely, from (60) in Section 3, using a; — a3 = 0, we have

(16) p=ila1 —2a3 —a4) + j(ay — 2a3 + as) + k(2a; — 1) — 2m(a; — a3).
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Equating (8) and (16), and eliminating # and v by (14) and (15), we have
i(as+a4) + jlaz —aq) + k(1 —a; —a3) + b(a; —a3) =0.

Since ag € I'N{a € C* | a3 — a3 =0} and ag ¢ P, by the same argument as in
the proof of Corollary 3.7, we have i = j = k = b = 0, and therefore u =0
and m = v = —n from (6), (14) and (15). Consequently it follows from (1),
(8), (10), (12) that

(17) Fn = p™,

(18) p = —2m(a; — a3),
(19) A= —3m,

(20) F., =p"

Moreover, from (27), (28), (61), (63) in Section 3% we have

21 n=2m(+1),

(22) v = —mt,

(23) o = —2mast + m(a; — as),
(24) Fu_1=0.

Since X_; =0, and since (12); in Section 3 is turned to
X1F; = (Aq> + uq + vIpFs + (pq + 0)Fas1 — XoFyy1,

the proposition follows immediately from
SUBLEMMA 2. Let d be an integer such that 0 < d < m, and A be a polynomial
in Ry. If A satisfies an equation

X1A = (A\g> + pug +v)pA

with (19), (21) and (22), then A = 0.

In fact, since v+ (d -2l + 2t =(—m+d — 2l +2)t # 0 for every [ > 1,
it follows from Lemma 3.2 that A =0 mod ¢° for every integer ¢ > 1. Thus
we have A = 0. Proposition 4.4 is proved.

REMARK 4.4. In order to prove Sublemma 2, we may use Lemmas 3.3 or
3.4 instead of Lemma 3.2.
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PROPOSITION 4.5. (i) Letag be avectorin I'N{a € C* | a, —a3 = az +a4 = 0}
and not in L. For arbitrary non-negative integers i and m such thati +m > 1, a
principal ideal (q' p™) is X (aq)-invariant. Conversely, if I is an X (ag)-invariant
principal ideal properly between the zero-ideal and Klq, p), then there exist non-

negative integers i and m such thati +m > 1 and I = (¢' p™).

(il) Let a9 be a vectorin ' N{a € C* | ay — a3 = a3 — as = 0} and not in L.
For arbitrary non-negative integers j and m such that j +m > 1, a principal ideal
((g — )Y p™) is X (ay0)-invariant. Conversely, if I is an X (ayo)-invariant principal
ideal properly between the zero-ideal and K|q, p), then there exist non-negative
integers j and m such that j +m > 1l and I = ((q — 1)/ p™).

(iii) Let a1y be avectorin ' N{a € C* |ay —az =1 —a; —a, = 0} and not in L.
For arbitrary non-negative integers k and m such that k +m > 1, a principal ideal
((g — )k p™) is X (a11)-invariant. Conversely, if I is an X (ay1)-invariant principal
ideal properly between the zero-ideal and Klq, p], then there exist non-negative
integers k and m such thatk +m > 1 and I = ((q — t)*p™).

Proor. Since the three assertions are proved in the same way, we prove
only the assertion (i) and omit the proofs of the others. The first half of (i)
is obvious. We show the second half. To this end, the notation being as in
Proposition 3.1, it is sufficient to prove that the X (ag)-invariant polynomial F is
equal to g’ p™ with some non-negative integers i and m such that i +m > 1. We
set ag = (ay, a2, as, a4). By the same reason as in the proof of Proposition 4.4,
we have (1) and (2). Let us show i +m > 1. Otherwise, we have i = m =0
and j+k > 1 from (2). Since F,,_; = F_; =0, the equation (41) in Section 3
with a — a3 = a3z + a4 =0 is turned to

0=(pq +0)g— 1 (qg—f+jla—anl-1)g—1)Y""g-t
+ k(1 —ay —a)e(t — 1)(g — 1) (g —)*!
+{(j+k)as —ai)g —2jast —k(a; + apt + k(ar — as)
+ jlas —an}g — Di(g - )F,

from which it follows immediately that
Jjas—a4) =k(1 —a;—a) =0.

Since a9 € L, we have (a3 —as)(1 —a; —a) # 0. Thus we have j =k =0,
which is a contradiction.

Since a; — a3 = 0 and a; — a3 # 0, we can develop an argument similar
to that in the proof of Proposition 4.4. Therefore we may use (6), (8), (10),
(12)-(15). Moreover we have two expressions of p. Namely, from (60) in
Section 3, using a; — asz = a3 + a4 = 0, we have

(25) p=ilay —a3)+ jla1 —2a3 +a4) + kQLa; — 1) — 2m(a; — a3).
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Equating (8) and (25), and eliminating # and v by (14) and (15), we have
jlas —aq) + k(1 —ay —as) + bla; —az) =0.

Since ag € 'N{a € C* | ay — a3 = a3 +a4 = 0} and a9 ¢ L, by the same
argument as in the proof of Corollary 3.7, we have j = k = b = 0, and
therefore « =i, v=m and n =i — m from (6), (14) and (15). Consequently,
it follows from (1), (8), (10), (12) that

(26) Fn=4q'p",

@7 p = (i —2m)(as — a3),
(28) A =2 —3m,

29) F_,=4p"

Moreover, from (27), (28), (61), (63) in Section 3, we have

(30) p= (2m —2i)(1 +1),

31) v=(2i—mt,

(32) o = Qiaz — 2mas)t —i(ay — as) +m(a; — ay),
(33) Fn_1 =0.

Thus the proposition follows immediately from
SUBLEMMA. Letd be an integer suchthat0 < d < m, and let A be a polynomial
in Ry. If A satisfies an equation

X1A = (A\g” + ug +v)pA

with (28), (30) and (31), then A = 0.

In fact, since A+ pu+v+d—-21+2)A—-t)=m—-d+20-2)¢—1)#0
for every [ > 1, it follows from Lemma 3.3 that A =0 mod (g — 1)° for every
e > 1. Thus we have A = 0. Proposition 4.5 is proved.

REMARK 4.5. By the same argument as in Remark 4.1, forae I'N{a €
C*|ay;—a3 =a;—a, =0} but a ¢ L, we find an X(@)-invariant principal ideal
(Q¥ PNy with M+ N > 1 of K[Q3, P3].

REMARK 4.6. In order to prove Sublemma, we may use Lemma 3.4 instead
of Lemma 3.3. However, we cannot use Lemma 3.2.
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PROPOSITION 4.6. (i) Letay be avectorin T N{a € C* |ay —a3 = a3 —ay =
1 —a; —ay = 0} and not in D. For arbitrary non-negative integers j,k and
m such that j + k +m > 1, a principal ideal ((q — 1)/ (g — t)*p™) is X (a2)-
invariant. Conversely, if I is an X (a1y)-invariant principal ideal properly between
the zero-ideal and K|q, p), then there exist non-negative integers j, k and m such
that j+k+m>land I = ((q — 1)/ (g — t)kp™).

(ii) Letayz beavectorin ' N{a e C* |ay —azs = a3 +as = 1 —a; —ap = 0} and
not in D. For arbitrary non-negative integers i, k and m such thati + k +m > 1,
a principal ideal (q* (g — t)* p™) is X (a13)-invariant. Conversely, if I is an X (a13)-
invariant principal ideal properly between the zero-ideal and Klq, p), then there
existnon-negative integersi, k andm such thati+k+m > land Il = (¢'(q —1)k ™).

(iii) Let ay4 be a vectorin I'N{a € C* | ay— a3z = a3 +as = a3 —as = O} and not in
D. Forarbitrary non-negative integersi, j andm suchthati+ j+m > 1, aprincipal
ideal (q'(q — 1) p™) is X (a14)-invariant. Conversely, if I is an X (a14)-invariant
principal ideal properly between the zero-ideal and K [q, p), then there exist non-
negative integers i, j and m such thati + j +m > land I = (g'(q — 1)/ p™).

Proor. Since the three assertions are proved in the same way, we prove
only the assertion (iii), and omit the proofs of the others. The first half of (iii)
is obvious. We show the second half. To this end, the notation being as in
Proposition 3.1, it is sufficient to prove that the X (aj4)-invariant polynomial F
is equal to g'(q — 1)/ p™ with some non-negative integers i, j and m such that
i+j+m=>1. We set aj4 = (a1, az, as, as). By the same reason as in the proof
of Proposition 4.4, we have (1) and (2). Let us show i+ j+m > 1. Otherwise,
we have i = j =m =0 and k£ > 1 from (2). Since F,,_1 = F_; = 0, the
equation (41) in Section 3 with ay —a3 = a3 + a4 = a3 — a4 = 0 is turned to

0=(pq +0)g — ) + k(1 —a; —a)t(t — )(g — )*"
+ {k(az — a1)g — k(a1 + ax)t + k(a1 — as)}(g — 1),
from which it follows immediately that
k(l —day — a2) =0.

Since a4 ¢ D, we have 1 —a; —ay # 0, and therefore k = 0. This is a
contradiction.

Since a; — a3 = 0 and a; — a3 # 0, we can develop an argument similar
to that in the proof of Proposition 4.4. Therefore we may use (6), (8), (10),
(12)-(15). Moreover we have two expressions of p. Namely, from (60) in
Section 3, using a» — a3z = a3 + a4 = a3 —aq = 0, we have

(34) p =ila1 —a3) + jla1 —a3) + k(2ay — 1) — 2m(a; — a3).
Equating (8) and (34), and eliminating u and v by (14) and (15), we have

k(l —a — 03) +b(a1 - a3) =0.
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Since a4 € Fﬁ{a € (C4 | a—ay=a3+ a4 =a3 —aq4 = 0} and ai4q ¢ D,
by the same argument as in the proof of Corollary 3.7, we have k = b = 0,
and therefore u =i+ j, v=m and n =i + j — m from (6), (14) and (15).
Consequently, it follows from (1), (8), (10), (12) that

(35) Fn=4q'(q—1)/p",

(36) p=(+j—2m)a — a3),
(37) A =23+ j)—3m,

(38) Flyjom=q"p".

Moreover, from (27), (28), (61), (63) in Section 3, we have

(39) p=2m—2i —t(2 +2j — 2m),
(40) v = (2i —mt,

(41) o = (m —i)ay,

(42) Fn_1=0.

Thus the proposition follows immediately from

SUBLEMMA. Letd be an integer suchthat0 < d < m, and let A be a polynomial
in Ry. If A satisfies an equation

X14 = (A\g* + ug + v)pA

with (37), (39) and (40), then A = 0.

In fact, since At2+ut+v+(d—21+2)t(t—1) = (—m+d —2+2)(t*—1) # 0
for every [ > 1, it follows from Lemma 3.4 that A =0 mod (g — )¢ for every
e > 1. Thus we have A = 0. Proposition 4.6 is proved.

REMARK 4.7. We can determine all the invariant ideals on Uy or V; or V3
or Vo forae I'NL, but ag D. See Remarks 4.2 and 4.3.

ReEmARK 4.8. We can use neither Lemma 3.2 nor Lemma 3.3 instead of
Lemma 3.4 to prove Sublemma.

ProposITION 4.7. For arbitrary non-negative integers i, j, k and m such that
i+j+k+m > 1, aprincipalideal (¢ (g9 —1)/ (g —1t)*p™) is X (1, 0, 0, 0)-invariant.
Conversely, if I is an X (1, 0, 0, 0)-invariant principal ideal properly between the
zero-ideal and K |q, pl, then there exist non-negative integers i, j, k and m such that
i+j+k+m>1andl = (q'(q— 1) (g —t)p™).
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Proor. The first half is obvious. We show the second half. To this end, the
notation being as in Proposition 3.1, it is sufficient to prove that the X (1, 0, 0, 0)-
invariant polynomial F is equal to g’(g — 1)/ (g —t)* p™ with some non-negative
integers i, j, k and m such that i 4+ j +k+m > 1. By the same reason as in the
proof of Proposition 4.4, we have (1) and (2). Substituting (a1, az, a3, a4) =
(1,0,0,0) into (60), (61), (63) in Section 3, we have

(43) p=i+j+k—2m,
(44) o=kt—i—k+m,
(45) Fn_1=0.

On the other hand, since ay —a3 = 0 and a; —a3 = 1 # 0, we can develop
an argument similar to that in the proof of Proposition 4.4. Therefore we may
use (6), (8), (10), (12)-(15). Equating (8) and (43), and eliminating # and v
by (14) and (15), we have b = 0, and therefore

(46) F,; =qi+j+kpm
from (12) and (13), where
47) n=i+j+k—m.

Let # be an integer such that 0 < h < j + k. We first show

i\ [k L
@), Fé-h=( > () (e)<—1>d<_t>e)
0<d<j,0<e<k,d+e=h

SSHVZEDK,

We have already proved the case 2 = 0 by (46). Assume that & > 1, and that
F,_,., and F,_, , are given by (48),_, and (48),_;. The polynomial F,_,
satisfies the equation (15),_, in Section 3:

X\ F,_, = (gp+ p)qF,_, + (ugp +0)F,_,.,

49)
+vpFy o — XoF, oy — XL Fy

Here A, u and v are given by (26), (27), (28) in Section 3, and p and o are
given by (43) and (44). Moreover X}, X, and X’ | are given by

3 3
X = (2qp + Dg*— — (3qp +2)qp—.
dq ap

b} d d
Xo=tt—D— -2 +t)gp +1lg— + 20 + t)gp + 11p—,
a1 3q ap

d a
X | =2qp— —tp*—.
-1 qpaq p ap



THE SIXTH PAINLEVE EQUATION 421
Thus the equation (49) is turned to
X\F,_,=(qp+p)qF,_,

(50 —h@gp+) Y (2) C) (1Y (pyeqi itk pm.

=07 ), VRE2K,

We set

JY [k it idk—
Enn=F, — > ( d) <e> (=D (=r)cq it pm,
0<d<j,0<e<k,d+e=h

=G ) VZERR,

Eliminating F,_, from this expression and (50), we have an equation for E,_;:
(51) X\ En_t = (Aqp + p)q En-n-

Here we claim that E,_, =0 (1 < h < j 4+ k). In fact, otherwise, there exist
non-negative integers x and y, and a polynomial A € R such that

(52) Enpn=Aq"p’,
(53) qpt A,
(54) x—y=n-—h.

Substituting (52) into (51) and dividing the resulting equation by g* p¥, we have
(55) X{A={(h—2x+3y)qp + p — x + 2y}qA.

Since gp|XjA and gp t A, we have

(56) p=x-—2y.

From (43), (47), (54) and (56), we have

(57) x=i+j+k—2h,

(58) y=m—h.
On the other hand, by (56), the equation (55) is turned to
X'A = (A —2x +3y)¢*pA.

Since (A —2x+3y)+l—-1=h+1—-1>1%#0 for every I > 1 by (26) in
Section 3, (57) and (58), it follows from Sublemma 1 of Proposition 4.4 that
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A =0 mod (gp + 1)° for every integer e > 1, that is, A = 0. This contradicts
(53), and therefore we have E,_, = 0. Thus (48), holds for every integer h
such that 0 < h < j+ k.

Next we show

(59 Fipy=0

for every integer h > 1. We proceed again by induction on 4. The polynomial
F/_, satisfies the equation (15);_,,—; in Section 3:

X\ F/_p_y = (qp+ p)qF|_,,_; + (ngp + 0)F_,

©0 +VPF iy = XoF = X\ Fi_pyy-
Here F;_,, and F/_, | are given by

61) Fl_,=(Di(=tkg'p”

and

(62) Fl iy = G0  + R(=1) (=) g p™

by (48),. Substituting (61) and (62) into (60), we have
X/l Fil—m—l = (Agp + p)qu/—-m—l'

By the same argument as in the preceding paragraph, we have F;_, _, =0, i.e.,
(59)1. The polynomial F/_,,_, satisfies the equation (15);_,,— in Section 3:

X\ F}__y=(qp+p)qF,_, o+ (ngp+0)F,_,_,

63
©3) . + vail—m - Xé)Fi,—m—l - Xl—lFt'/—m'

Substituting (59); and (61) into (63), we have
X,l Fi/—m—2 = (Agp + p)qu/_m_z-

Thus we have F/_,,_, = 0 again. By the same argument we have (59), for every
integer h > 1. From (48), and (59),, we have F=F, + F, ;+---+ F/_, =
g'(g — 1)/ (g — t)*p™. Proposition 4.7 is thus proved.

REMARK 4.9. We can determine all the invariant ideals on Uy or V| or V3

or V4 fora=(0,0,0,0) or (%, % % —%) or (%, % %, %). See Remarks 4.2 and
4.3.

PrOPOSITION 4.8. For arbitrary non-negative integers i, j and k such that
i +j+k > 1, aprincipal ideal (¢'(q — 1)/ (g — t)¥) is X(%, %, 0, 0)-invariant.
Conversely, if I is an X (%, %, 0, 0)-invariant principal ideal properly between the

zero-ideal and K|q, p}, then there exist non-negative integers i, j and k such that
i+j+k=landI = (q'(q — 1)/ (g —1").
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Proor. The first half is obvious. For the second half, the notation being
as in Proposition 3.1, it is sufficient to prove that the X(%, %, 0, 0)-invariant
polynomial F is equal to g’(q — 1)/(g — t)* with some non-negative integers
i,j and k such that i + j +k > 1. We set (3,3,0,0) = (a1,a2, a3, a4).
Although a; = a;, we can use the results obtained in Steps 3 and 6 of the
proof of Proposition 3.1 without assuming (31) and (32) in Section 3. From
Step 3 we have

(64) Fn=q'(q—1i(g—np"
with
(65) i+j+k+m=>1.

From (60) in Section 3, we have

(66) p=i+j+k—-2m.

On the other hand, the polynomial F, satisfies the equation (15), in Section 3:
(67) X\F, = (Aqp + p)qF,.

Here A is given by (26) in Section 3, and the derivation X] by

3 1\ o
X =(@qp+g*— — (3q2p2 +2gp + —) —.
aq 4/ op

Note that

1 2
(68) Xi(@gp) = - (qp + 5) q.

Since (ar — az)(a; — a3) = ‘IT # 0, the integer n is non-negative. Therefore we
may set

1 a
(69) F,=A (qp + 5) q"

with a non-negative integer @ and a polynomial A € R; such that gp + % 1 A.
Substituting (69) into (67) and dividing the resulting equation by (¢p + %)“q",
we have

1
XjA= {(a —2n+4+A)gp + Ea —n+,0}qA.
Since (gp + %)ZIA by (67), it follows immediately that

(70) a—2n+1=0,
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1
(71) Ea—-n—l-p:O,
and
(72) AcKk.

From (70) and (71), we have
(73) A=2p.

Substituting (26) in Section 3 and (66) into (73), we have m = 0. It follows
from (64) and (65) that F = Fy = q'(q — 1)/(g —)* and i + j +k > 1.
Considering the Newton polygon of F, we have a = 0 and therefore F, = ¢"
with n =i + j 4+ k. Proposition 4.8 is proved.

ReEMARK 4.10. There exists a one-parameter family of classical solutions
at (%, % 0,0) defined by ¢ = oco. In fact, take the derivation X’(%, % 0,0)
introduced in Remark 4.1. By the same argument, we see that the X (%, % 0, 0)-
invariant principal ideals of K[Q3, P3] are of the form (Q%(Q3— DM (Q;-1)V).

RemMARK 4.11. From Proposition 4.8, it follows that the solution of E.
Picard (e.g. [4], Example 3.1) is not classical in the sense of Umemura.
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