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⊇•←±→ ≈•♠↵ ∈±≈→← ∧ ⇓♣∝→±♣…
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♥•…≈↑°→≈↵… ↵→±↑↑ ≥↵″♣ …•↑•°×•″≈↑ •″×↔…•″≠ ←÷≈ ≈″♠•→±″≥≈″←↵× ↑•≈″≈↑∫ ±↑← ±≡ ←÷≈↑≈ ↵°°×•↵←•±″↑ ↵↑⌠

↑↔≥≈ ←÷↵← ←÷≈ …↵←↵ ≡±××±♥ ↵ ∧↵↔↑↑•↵″ …•↑←→•↔←•±″∫ ¬±♥≈♠≈→ •″ ≥↵″♣ ±≡ ←÷≈≥ ←÷≈ ″±→≥↵×•←♣ ↵↑↑↔≥°←•±″

↵″… ≈♠≈″ ↵ ≥±→≈ ≠≈″≈→↵× ↵↑↑↔≥°←•±″ ±≡ ↑♣≥≥≈←→♣ ↵→≈ ″±← ↵°°→±°→•↵←≈∫ ⋅″ ″±″⌠↑°↵←•↵× ↵°°×•↵←•±″↑ ♥÷≈→≈

←÷≈ …↵←↵ ↵→≈ ↔″•⌠≥±…↵× ↵″… °±↑•←•♠≈×♣ ↑∝≈♥≈… ←÷≈ ⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ …•↑←→•↔←•±″ ÷↵↑ ≈♦≈××≈…∫ ⊂÷•↑ °↵°≈→

°→±°±↑≈↑ ↵ ↑°↵←•↵× ×±≠⌠×•″≈↵→ ≥±…≈× ↵↑≈… ±″ ←÷≈ ⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ …•↑←→•↔←•±″∫ ±…≈× °↵→↵≥≈←≈→↑ ↵→≈

estimated using the maximum likelihood method. Local influe″≈ …•↵≠″±↑←•↑ ↵→≈ …≈→•♠≈… ←± ↵↑↑≈↑↑ ←÷≈ ↑≈″⌠
↑•←•♠•←♣ ±≡ ←÷≈ ≈↑←•≥↵←±→↑ ←± °≈→←↔→↵←•±″↑ •″ ←÷≈ →≈↑°±″↑≈ ♠↵→•↵×≈∫ ⇓↑ •××↔↑←→↵←•±″ ←÷≈ °→±°±↑≈…≥±…≈× ↵″… •←↑

…•↵≠″±↑←•↑ ↵→≈ ↔↑≈… ←± ↵″↵×♣↑≈ ↵ →≈↵×⌠♥±→×… ↵≠→•↔×←↔→↵× …↵←↵ ↑≈← ♥÷≈→≈ ←÷≈ ↑°↵←•↵× ♠↵→•↵•×•←♣ ±≡ °÷±↑°÷±→↔↑

½±²½»²¬®¿¬·±² ·² ¬¸» ±·´ · ½±²·¼»®»¼�©¸·½¸ · »¨¬®»³»´§ ·³°±®¬¿²¬ º±® ¿¹®·½«´¬«®¿´ ³¿²¿¹»³»²¬ò

∏≈♣♥±→…↑ ↵↑♣≥≥≈←→• …•↑←→•↔←•±″↑ local influence ↵←λ≈→″ ≥±…≈× ≥↵♦•≥↔≥ ×•∝≈×•÷±±… ≥≈←÷±…↑
±″←≈ ⇑↵→×± ↑•≥↔×↵←•±″ ″±″⌠″±→≥↵×•←♣ ∈ ↑±≡←♥↵→≈ ↑°↵←•↵× …↵←↵ ↵″↵×♣↑•↑

 ⋅″←→±…↔←•±″

⊆°↵←•↵× ↑←↵←•↑←•↵× ≥±…≈×↑ ←↵∝≈ •″←± ↵±↔″← ←÷≈ …≈°≈″…≈″≈ ±≡ ↵ ♠↵→•↵×≈ ±♠≈→ ↑°↵≈ ↔↑•″≠ ≠≈±⌠→≈≡≈→⌠

enced data. These models are essential in many fields; see, fo→ ≈♦↵≥°×≈ ∏→•≠≈  ↵→…•↵ ↵″… ↵→↑÷↵××
 ⊃↵××≈→ ↵″… ∧±←♥↵♣ ð ↵″… •×•←•″± ≈← ↵×∫ ðð∫ ∈≈≈″← ↑←↔…•≈↑ •″×↔…≈ ⇒±→↑↑±• ≈← ↵×∫ ð

⊄→•≈⌠∇°↵ƒ± ≈← ↵×∫ ð ↵″… ∧→ƒ≈≠±ƒ≈♥↑∝• ≈← ↵×∫ ð∫ ⇓×× ←÷≈↑≈ °↵°≈→↑ ≥↵∝≈ ←÷≈ ↵↑↑↔≥°←•±″ ←÷↵← ↵

″±→≥↵× ±→ ∧↵↔↑↑•↵″ …•↑←→•↔←•±″ •↑ ↵°°→±°→•↵←≈ ≡±→ ≥±…≈××•″≠ ←÷≈ ↑°↵←•↵× ♠↵→•↵•×•←♣∫ ¬±♥≈♠≈→ ↑↔÷ ↵″

↵↑↑↔≥°←•±″ •↑ ″±← ↵×♥↵♣↑ ↵°°→±°→•↵←≈∑ ↑≈≈ ⇐↵♠•↑  ↵″… ↵″≠≈ ≈← ↵×∫ ∫ ∇″≈ ↵°°→±↵÷ ←± …≈↵×

♥•←÷ ″±″⌠″±→≥↵×•←♣ •↑ ←± ←→↵″↑≡±→≥ ←÷≈ …↵←↵ ←± ↵÷•≈♠≈ ↵← ×≈↵↑← ↵°°→±♦•≥↵←≈ ″±→≥↵×•←♣∫ ≈♠≈→←÷≈×≈↑↑ ♥÷≈″

♥±→∝•″≠ ♥•←÷ …↵←↵ ←→↵″↑≡±→≥↵←•±″↑ °→±×≈≥↑ ↑↔÷ ↵↑ ←÷≈ …•fficulty of interpreting the results from the
↵″↵×♣↑•↑ ±″ ←÷≈ ±→•≠•″↵× ↑↵×≈ ↵″ ≈ •″←→±…↔≈… •″←± ←÷≈ ≥±…≈××•″≠∑ ↑≈≈ ⇓ƒƒ↵×•″• ↵″… ⇑↵°•←↵″•± ∫

⊃÷≈″ ←÷≈ ″±→≥↵×•←♣ ↵↑↑↔≥°←•±″ •↑ ″±← ♠↵×•… ↵″ ↵×←≈→″↵←•♠≈ ↵°°→±↵÷ •↑ ←± ↵→→♣ ±↔← ←÷≈ ≥±…≈××•″≠ ♥•←÷

±³» ²±²ó²±®³¿´ ¼·¬®·¾«¬·±² ¬± ¾» «·¬¿¾´» º±® ¬¸» ¼¿¬¿ «²¼»® ¿²¿´§·ò Ú±® »¨¿³°´»ô ß«³°½h�¿± »¬ ¿´ò
ð ð ±″…↔←≈… ↵ ≠≈±⌠↑←↵←•↑←•↵× ↑←↔…♣ ↔↑•″≠ ←÷≈ ⊆←↔…≈″←⌠← …•↑←→•↔←•±″ ♥÷•÷ ÷↵↑ ÷≈↵♠•≈→ ←↵•×↑ ←÷↵″

←÷≈ ″±→≥↵× …•↑←→•↔←•±″∫ ⇐≈ ⇒↵↑←•↵″• ≈← ↵×∫ ð ↑←↔…•≈… ↑°↵←•↵× ≥±…≈××•″≠ ↵″… …•↵≠″±↑←•↑ ↵↑≈… ±″ ←÷≈

≡↵≥•×♣ ±≡ ≈××•°←• ↑♣≥≥≈←→• …•↑←→•↔←•±″↑ ♥÷•÷ ÷↵↑ ↵↑ ≥≈≥≈→↑ ←÷≈ ∧↵↔↑↑•↵″ ↵″… ⊆←↔…≈″←⌠← ↵↑≈↑∫ ⊃•←÷

↵×× ±≡ ←÷•↑ ↑↵•… ≈××•°←• ≥±…≈×↑ ↵→≈ ↑←•×× ″±← ↵°°→±°→•↵←≈ •≡ ←÷≈ …↵←↵ ≡±××±♥ ↵ ↑∝≈♥ …•↑←→•↔←•±″∫

∨↵•↵″↵ ∧↵→•↵⌠∠↵°↵″• •≠↔≈× ⇓″≠≈× ⊄→•≈⌠∇°↵ƒ±

∠±↑←≠→↵…↔↵←≈ ∠→±≠→↵≥ •″ ⇓≠→•↔×←↔→↵× ⇔″≠•″≈≈→•″≠ ⊄″•♠≈→↑•…↵…≈ ⇔↑←↵…↔↵× …± ∇≈↑←≈ …± ∠↵→↵″λ↵ ⇑↵↑↵♠≈×⌠∠∈ ⇒→↵ƒ•×∫ ⇔⌠≥↵•× ≡≠↵→•↵⌠

°↵°↵″•◊≠≥↵•×∫±≥ ⇔⌠≥↵•× ≥±°↵ƒ±◊↔″•±≈↑←≈∫→

⊇•←±→ ≈•♠↵

Ú¿½«´¬§ ±º Û²¹·²»»®·²¹ ¿²¼ Í½·»²½»ô Ë²·ª»®·¼¿¼ ß¼±´º± ×¾l¿�²»¦ô Ê·�²¿ ¼»´ Ó¿®ô Ý¸·´»ò Ûó³¿·´æ ª·½¬±®´»·ª¿¿²½¸»¦à¹³¿·´ò½±³

∈±≈→← ∧ ⇓♣∝→±♣…

⇐≈°↵→←≥≈″← ±≡ ⊆←↵←•↑←•↑ ⊄″•♠≈→↑•←♣ ±≡ ≈≈…↑ ≈≈…↑ ⊄∏∫ ⇔⌠≥↵•× →∫≠∫↵♣∝→±♣…◊×≈≈…↑∫↵∫↔∝



 ∨↵•↵″↵ ∧↵→•↵⌠∠↵°↵″• ≈← ↵×∫

⊂÷≈→≈ ÷↵↑ ≈≈″ ×•←←×≈ ♥±→∝ •″ ←÷≈ ×•←≈→↵←↔→≈ ←÷↵← •″♠≈↑←•≠↵←≈↑ ←÷≈ ↔↑≈ ±≡ ↵↑♣≥≥≈←→• …•↑←→•↔←•±″↑ ←± ↵″↵×♣↑≈

↑°↵←•↵× …↵←↵∫ ¬±♥≈♠≈→ •″ ″±″⌠↑°↵←•↵× ↑•←↔↵←•±″↑ ≥↵″♣ …•↑←→•↔←•±″↑ ÷↵♠≈ ≈≈″ °→±°±↑≈… ←± ≥±…≈× °÷≈″±≥⌠

≈″↵ ←÷↵← ≠•♠≈ →•↑≈ ←± ↑∝≈♥ …↵←↵ ↑↔÷ ↵↑ ←÷≈ ⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ⇒⊆ ≈♦°±″≈″←•↵× ≠↵≥≥↵ ×±≠⌠″±→≥↵× ↵″…

⊃≈•↔×× …•↑←→•↔←•±″↑∑ ↑≈≈ √±÷″↑±″ ≈← ↵×∫  ∫ ⋅″ °↵→←•↔×↵→ ←÷≈ ⇒⊆ …•↑←→•↔←•±″ ♥↵↑ °→±°±↑≈… ≡±→

≥±…≈××•″≠ →↵″…±≥ ♠↵→•↵×≈↑ …≈↑→••″≠ °→±≈↑↑≈↑ ±≡ ≡↵←•≠↔≈ ♣ ⇒•→″↵↔≥ ↵″… ⊆↵↔″…≈→↑ ∫ ⇓°°×•↵⌠

←•±″↑ •″ ≈↵→←÷ ↑•≈″≈↑ ±≡ ←÷≈ ⇒⊆ …•↑←→•↔←•±″ ÷↵♠≈ ≈≈″ ±″↑•…≈→≈… ♣ ≡±→ ≈♦↵≥°×≈ ≈•♠↵ ≈← ↵×∫ ðð ðð

ð↵ ∠±…×↵↑∝• ðð ⊇•×↵ ≈← ↵×∫ ðð↵→÷↵″← ≈← ↵×∫ ð ↵″… ⊆↵↔×± ≈← ↵×∫ ð∫⊃÷↵← ≥↵∝≈↑ ←÷•↑

…•↑←→•↔←•±″ ↵←←→↵←•♠≈ ≡±→ ←÷≈ ↵″↵×♣↑•↑ ±≡ ↑∝≈♥ …↵←↵ ↵→≈ •←↑ °→±°≈→←•≈↑ ↵″… •←↑ →≈×↵←•±″↑÷•° ♥•←÷ ←÷≈ ″±→≥↵× …•↑⌠

←→•↔←•±″∑ ↑≈≈ √±÷″↑±″ ≈← ↵×∫  °°∫ ⌠∫ ⋅″ ±″←→↵↑← ←± •←↑ ±→•≠•″↵× ↵°°×•↵←•±″ ←± ≡↵←•≠↔≈ °→±≈↑↑≈↑

Leiva et al. (2015c) justified why the BS distribution is suit↵×≈ ≡±→ ≥±…≈××•″≠ ≈↵→←÷ ↵″… ≈″♠•→±″≥≈″←↵× …↵←↵
↔↑•″≠ ←÷≈±→≈←•↵× ↵→≠↔≥≈″←↑ ↵↑≈… ±″ ←÷≈ ×↵♥ ±≡ °→±°±→←•±″↵te effects. Rieck and Nedelman (1991) defined
↵ →≈×↵←•±″↑÷•° ≈←♥≈≈″ ←÷≈ ⇒⊆ …•↑←→•↔←•±″ ↵″… •←↑ ×±≠↵→•←÷≥• ♠≈→↑•±″ ″↵≥≈… ←÷≈ ×±≠⌠⇒⊆ …•↑←→•↔←•±″∫ ⊂÷≈♣

used this relationship to propose a BS fixed effect model; whe→≈↵↑ ⊇•××≈≠↵↑ ≈← ↵×∫ ð ±″↑•…≈→≈… ↵ ⇒⊆
mixed effect model. A multivariate extension to the BS fixed e≡≡≈← ≥±…≈× ♥↵↑ ↑←↔…•≈… ♣ ↵→÷↵″← ≈← ↵×∫
ð∫ ⇓″ ↵°°→±↵÷ ←± ⇒⊆ ↑°↵←•↵× ≥±…≈××•″≠ ♥↵↑ °→±♠•…≈… ♣ ∪•↵ ≈← ↵×∫ ð ♥÷± °→≈↑≈″←≈… ↵ ≥≈←÷±…±×⌠

±≠♣ ↵↑≈… ±″ ↑≈≥•⌠↵→∝±♠ °→±≈↑↑ ←± °→±…↔≈ ↵ ↑°↵←•±⌠←≈≥°±→↵× ≥±…≈× ≡±→ ←÷≈ ≥±♠≈≥≈″← ±≡ ←±↔→•↑←↑∫ ⊂÷≈

↵↔←÷±→↑ ±″↑•…≈→≈… ↑≈♠≈→↵× …•↑←→•↔←•±″↑ •″×↔…•″≠ ←÷≈ ⇒⊆ ≥±…≈×∫ ⊂± …↵←≈ ÷±♥≈♠≈→ ↑°↵←•↵× ≥±…≈×↑ ↵↑≈…

±″ ←÷≈ ⇒⊆ …•↑←→•↔←•±″ ÷↵♠≈ ″±← ≈≈″ ↑←↔…•≈… •″ °→↵←•↵× ≈♦↵≥°×≈↑∫

The identification of cases that can produce substantial cha″≠≈↑ •″ ←÷≈ ≈↑←•≥↵←≈… °↵→↵≥≈←≈→↑ •↑ ↵″ •≥⌠
°±→←↵″← ↑←≈° •″ ↵″♣ ↑←↵←•↑←•↵× •″♠≈↑←•≠↵←•±″∫ ⊂÷≈ ←↵↑∝ ±≡ …≈←≈←•″≠ °±↑↑•×≈ ↵←♣°•↵× ↵↑≈↑ ↵″ ≈ ↵……→≈↑↑≈…

¾§ »´·³·²¿¬·²¹ ½¿» ±²»ó¾§ó±²» º®±³ ¬¸» ¼¿¬¿ »¬ ¿²¼ ³»¿«®·²¹ ¬¸» »ºº»½¬ ±² »¬·³¿¬»¼ °¿®¿³»¬»® �¬¸·
is known as global influence; see Cook (1987). Another method ≡±→ …≈←≈←•″≠ ↵↑≈↑ ←÷↵← ±↔×… °±←≈″←•↵××♣
be influential was proposed by Cook (1987), which is known as local influence. This method studies the
≈≡≡≈← ±≡ ↑≥↵×× °≈→←↔→↵←•±″↑ •″←→±…↔≈… •″←± ←÷≈ ≥±…≈×↑ ↵″…〉±→ ←÷≈ …↵←↵ ±″ ←÷≈ ≥↵♦•≥↔≥ ×•∝≈×•÷±±… 

≈↑←•≥↵←≈↑∫ ⇐•≡≡≈→≈″← °≈→←↔→↵←•±″ ↑÷≈≥≈↑ ↵→≈ ±≡←≈″ ±″↑•…≈→≈… ←± ≈♠↵×↔↵←≈ ←÷≈ ↑≈″↑•←•♠•←♣ ±≡  ≈↑←•≥↵←≈↑

of the model parameters to such perturbations. The local infl↔≈″≈ ≥≈←÷±… ÷↵↑ ↵← ×≈↵↑← ←♥± ↵…♠↵″←↵≠≈↑ ±♠≈→
the global influence method: it has a lower computational cos← ≈↑°≈•↵××♣ ♥÷≈″ ←÷≈ ″↔≥≈→ ±≡ ↵↑≈↑ •↑ ×↵→≠≈
and it allows us to detect groups of data exerting a joint influ≈″≈∫ ∅÷↔ ≈← ↵×∫ ðð °→±°±↑≈… ↵ ≥≈←÷±…±×±≠♣
≡±→ ÷±±↑•″≠ ↵ °≈→←↔→↵←•±″ ↑÷≈≥≈ ←÷↵← •↑ ↵°°→±°→•↵←≈ ≡±→ ←÷≈ °↵→←•↔×↵→ ≥±…≈× ≈•″≠ ±″↑•…≈→≈…∫ ∧•≥≈″≈ƒ

↵″… ∧↵×≈↵ ð ↵°°×•≈… ←÷≈ ≥≈←÷±… °→±°±↑≈… ♣ ∅÷↔ ≈← ↵×∫ ðð ←± ÷≈←≈→±↑≈…↵↑←• ≥±…≈×↑ ♥•←÷ ≡↔″⌠

←•±″↵× ≥≈↵↑↔→≈≥≈″← ≈→→±→↑∫ ∧↵×≈↵ ≈← ↵×∫ ðð ↵°°×•≈… ←÷≈ ×ocal influence method in the BS fixed effect
≥±…≈× ♥÷≈→≈↵↑ ≈•♠↵ ≈← ↵×∫ ð ð ↵″… •↔ ≈← ↵×∫ ð …≈→•♠≈… …•↵≠″±↑←• ←±±×↑ •″ ↵≈×≈→↵←≈… ×•≡≈

models, in fixed effect models with stochastic restrictions ↵″… •″ ←÷≈ °±↑↑•×♣ ÷≈←≈→±↑∝≈…↵↑←• ×•″≈↵→ ≥±…≈×
♥•←÷ ≈♦↵← →≈↑←→•←•±″↑∫ ⋅″ ↑°↵←•↵× ≥±…≈××•″≠ …•↵≠″±↑←• ←≈÷″•↓↔≈↑ ÷↵♠≈ ≈≈″ …•↑↔↑↑≈… ≡±→ ∧↵↔↑↑•↵″ ≥±…≈×↑

¾§ Ó·´·¬·²± »¬ ¿´ò øîððê÷ ¿²¼ Ë®·¾»óÑ°¿¦± »¬ ¿´ò øîðïî÷ô º±® Í¬«¼»²¬ó¬ ³±¼»´ ¾§ ß«³°½h�¿± »¬ ¿´ò øîðïì÷ô
↵″… ≡±→ ≈××•°←• ≥±…≈×↑ ♣ ⇐≈ ⇒↵↑←•↵″• ≈← ↵×∫ ð∫

⊂÷≈ ≥↵•″ ±∂≈←•♠≈ ±≡ ←÷•↑ °↵°≈→ •↑ ←± …≈♠≈×±° ↵ ↑°↵←•↵× ×±≠⌠×•″≈↵→ ≥±…≈× ↵↑≈… ±″ ←÷≈ ⇒⊆ …•↑←→•↔←•±″

↵″… ←± …≈→•♠≈ •←↑ ±→→≈↑°±″…•″≠ …•↵≠″±↑←•↑∫ ⊂÷•↑ …•↑←→•↔←•±″ ↵″ ≈ ≥±→≈ ↵°°→±°→•↵←≈ ←÷↵″ ←÷≈ ∧↵↔↑↑•↵″

…•↑←→•↔←•±″ •″ ←÷≈ ↵″↵×♣↑•↑ ±≡ ↑°↵←•↵× …↵←↵ ♥•←÷ °±↑•←•♠≈ ↵↑♣≥≥≈←→• ≈÷↵♠•±↔→∫  ≈↑←•≥↵←±→↑ ±≡ ←÷≈ ≥±…≈×

parameters and local influence diagnostic tools are derived ≡±→ ←÷≈ ⇒⊆ ↑°↵←•↵× ≥±…≈×∫ ⇓ ±≥°↔←↵←•±″↵×
≡→↵≥≈♥±→∝ •″ ∈ ±…≈ ±≡ ←÷≈ …≈♠≈×±°≈…≥≈←÷±…±×±≠♣ •↑ ↵♠↵•×↵×≈ ≡→±≥ ←÷≈ ↵↔←÷±→↑ ↔″…≈→ →≈↓↔≈↑←. Specifically,
⊆≈←•±″  °→±♠•…≈↑ ↵ ↵∝≠→±↔″… ±″ ↔″•⌠ ↵″… ≥↔×←•⌠♠↵→•↵←≈ ⇒⊆ ↵″… ×±≠⌠⇒⊆ …•↑←→•↔←•±″↑ ↵″… ±″ ↑°↵←•↵×

≥±…≈××•″≠∫ ⊆≈←•±″  ≡±→≥↔×↵←≈↑ ←÷≈ ⇒⊆ ↑°↵←•↵× ×±≠⌠×•″≈↵→ ≥±…≈× ≈↑←•≥↵←≈↑ •←↑ °↵→↵≥≈←≈→↑ ↔↑•″≠ ←÷≈ 

≥≈←÷±… ↵″… …≈→•♠≈↑ ↵″ ↵°°→±°→•↵←≈ °≈→←↔→↵←•±″ ↑÷≈≥≈ ≡±→ ←÷≈ →≈↑°±″↑≈ ♠↵→•↵×≈ ↔↑•″≠ ←÷≈ ≥≈←÷±…±×±≠♣

°→±°±↑≈… ♣ ∅÷↔ ≈← ↵×∫ ðð∫ ⊆≈←•±″  ±″…↔←↑ ←♥± ±″←≈ ⇑↵→×± ⇑ ↑•≥↔×↵←•±″ ↑←↔…•≈↑ ≡±→ ≈♠↵×↔↵←•″≠

←÷≈ °≈→≡±→≥↵″≈ ±≡ ←÷≈ ±→→≈↑°±″…•″≠ ≈↑←•≥↵←±→↑ ↵″… …•↵≠″±↑←• ←±±×↑∫ ⊆≈←•±″  •××↔↑←→↵←≈↑ ←÷≈ °±←≈″←•↵×

↵°°×•↵←•±″↑ ±≡ ←÷≈ °→±°±↑≈… ≥±…≈× ↵″… •←↑ …•↵≠″±↑←•↑ ♥•←÷ →≈↵×⌠♥±→×… …↵←↵ ≡→±≥ ↵≠→•↔×←↔→↵× ≈″≠•″≈≈→•″≠∫

⊆≈←•±″  …•↑↔↑↑≈↑ ↑±≥≈ ±″×↔↑•±″↑ ↵″… °±↑↑•×≈ ≡↔←↔→≈ ♥±→∝∫ ⇐≈←↵•×≈… ↵×≠≈→↵ •↑ °→≈↑≈″←≈… •″ ↵°°≈″…•≈↑∫



⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ↑°↵←•↵× ≥±…≈××•″≠ ↵″… …•↵≠″±↑←•↑ ↵°°×•≈… ←± ↵≠→•↔×←↔→↵× ≈″≠•″≈≈→•″≠ …↵←↵ 

 ⇒↵∝≠→±↔″…

∫ ⊂÷≈ ⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ …•↑←→•↔←•±″

⋅≡ ↵ →↵″…±≥ ♠↵→•↵×≈ ⊂ ≡±××±♥↑ ↵ ⇒⊆ …•↑←→•↔←•±″ ♥•←÷ ↑÷↵°≈ °↵→↵≥≈←≈→ ↵″… ↑↵×≈ °↵→↵≥≈←≈→  ♥≈ ↔↑≈
←÷≈ ″±←↵←•±″ ⊂ ⇒⊆ . The distribution can be defined by its cumulative distribut•±″ ≡↔″←•±″ ⇑⇐∨
≠•♠≈″ ♣

∨⊂ ←∑  
 ° °

∑ ←  ð ð ð∑ 

♥÷≈→≈   •↑ ←÷≈ ⇑⇐∨ ±≡ ←÷≈ ↑←↵″…↵→… ″±→≥↵× …•↑←→•↔←•±″∫ ⊂÷≈″ ←÷≈ °→±↵•×•←♣ …≈″↑•←♣ ≡↔″←•±″ ∠⇐∨ ±≡
⊂ ±←↵•″≈… ≡→±≥  •↑ ≈♦°→≈↑↑≈… ↵↑

≡⊂ ←∑  




°
 ⌡

↓




 ° °
∑ ←  ð ð ð∑ 

♥÷≈→≈   •↑ ←÷≈ ↑←↵″…↵→… ″±→≥↵× ∠⇐∨∫ ⊂÷↔↑ •″ ←↔→″ ←÷≈ ∠⇐∨ •″  ↵″ ≈ →≈⌠♥→•←←≈″ ↵↑

≡⊂ ←∑  
≈♦° 


°

≈♦°



 
←
⌡
←
←


 ←⌡  ∑ ←  ð ð ð 

⇓×↑± •← ≥↵♣ ≈ ↑↵•… ←÷↵← ↵ ±″←•″↔±↔↑ →↵″…±≥ ♠↵→•↵×≈ ⊂ ÷↵↑ ↵ ⇒⊆ …•↑←→•↔←•±″ ♥•←÷ °↵→↵≥≈←≈→↑ ð ↵″…
ð •≡ ↵″… ±″×♣ •≡ ∅   

° °
ð∑ ∫ ⊆±≥≈ °→±°≈→←•≈↑ ±≡ ←÷≈ ⇒⊆ …•↑←→•↔←•±″ ↵→≈

°→≈↑≈″←≈… ↵↑ ≡±××±♥↑∫ ⋅≡ ⊂ ⇒⊆  ←÷≈″ • ⇔⊂    ⌡  ↵″… ⊇↵→⊂     ⌡  ∑ ••
•≡   ð ←÷≈″ ⊂ ⇒⊆  ♥÷•÷ ≥≈↵″↑ ←÷↵← ←÷≈ ⇒⊆ …•↑←→•↔←•±″ •↑ ×±↑≈… ↔″…≈→ ↑↵×↵→ ≥↔×←•°×•↵←•±″∑
••• ⊂ ⇒⊆   ♥÷•÷ ≥≈↵″↑ ←÷↵← ←÷≈ ⇒⊆ …•↑←→•↔←•±″ •↑ ×±↑≈… ↔″…≈→ →≈•°→±•←♣∑ •♠ ←÷≈ ≥≈…•↵″ ±≡
←÷≈ …•↑←→•↔←•±″ ±≡ ⊂ •↑  ♥÷•÷ ↵″ ≈ …•→≈←×♣ ±←↵•″≈… ♥÷≈″ ↓  ð ≡→±≥ •←↑ ↓↔↵″←•×≈ ≡↔″←•±″ ≠•♠≈″ ♣
←↓∑   ∨ ⊂ ↓∑    ↓⌡

°
 ↓ ⌡   ≡±→ ð  ↓   ♥÷≈→≈ ƒ↓ •↑ ←÷≈ ↑←↵″…↵→…

″±→≥↵× ↓↔↵″←•×≈ ≡↔″←•±″∑ ↵″… ♠ ←÷≈ ⇒⊆ …•↑←→•↔←•±″ •↑ °±↑•←•♠≈×♣ ↑∝≈♥≈… ↵↑ •″→≈↵↑≈↑ ↵″… ↵°°→±♦•≥↵←≈×♣

↑♣≥≥≈←→•↵× ↵→±↔″… ↵↑ ≠±≈↑ ←± ƒ≈→±∑ ↑≈≈ ∨•≠∫ ×≈≡←∫

∫ ⊂÷≈ ×±≠⌠⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ …•↑←→•↔←•±″

⇓ ±″←•″↔±↔↑ →↵″…±≥ ♠↵→•↵×≈ ∩ ÷↵↑ ↵ ×±≠⌠⇒⊆ …•↑←→•↔←•±″ ♥•←÷ ↑÷↵°≈ °↵→↵≥≈←≈→ ð ↵″… ×±↵←•±″
°↵→↵≥≈←≈→  ∈ ♥÷•÷ •↑ …≈″±←≈… ♣ ×±≠⌠⇒⊆  •≡ ↵″… ±″×♣ •≡ ∅   ↑•″÷∩  ð∑ ∫
⊂÷≈″ ←÷≈ ⇑⇐∨ ±≡ ∩ •↑ ≠•♠≈″ ♣

∨∩ ♣∑  

↑•″÷

♣


∑ ⌡ ð 

⇑±″↑≈↓↔≈″←×♣ ≡→±≥  ←÷≈ ∠⇐∨ ±≡ ∩ •↑ ±←↵•″≈… ↵↑

≡∩ ♣∑  
°

±↑÷

♣


≈♦°



↑•″÷

♣


∑ ⌡ ð 

⊆±≥≈ °→±°≈→←•≈↑ ±≡ ←÷≈ ×±≠⌠⇒⊆ …•↑←→•↔←•±″ ↵→≈ °→≈↑≈″←≈… ↵↑ ≡±××±♥↑∫ ⋅≡ ∩ ×±≠⌠⇒⊆  ←÷≈″ • ⊂ 
≈♦°∩  ⇒⊆  ♥÷•÷ ≥≈↵″↑ ←÷↵← ←÷≈ ×±≠⌠⇒⊆ ∠⇐∨ ≠•♠≈″ •″  ↵″ ≈ ±←↵•″≈… ≡→±≥ ←÷≈ ↑←↵″…↵→…
normal PDF or from the BS PDF defined in (3); (ii) E ∩   ∑ ••• ←÷≈→≈ •↑ ″± ×±↑≈… ≡±→≥ ≡±→ ←÷≈
♠↵→•↵″≈ ±≡ ∩  ↔← ↵↑≈… ↔°±″ ↵″ ↵↑♣≥°←±←• ↵°°→±♦•≥↵←•±″ ≡±→ ←÷≈ ≥±≥≈″← ≠≈″≈→↵←•″≠ ≡↔″←•±″ ±≡ ←÷≈
×±≠⌠⇒⊆ …•↑←→•↔←•±″ •← ≡±××±♥↑ ←÷↵← •≡ ÿ ð ←÷≈″ ⊇↵→⊂     ↵″… •≡ ÿ  ←÷≈″ ⊇↵→⊂  
×±≠

°
  ⌡   ×±≠

°
 ∑ •♠ •≡ ∪  ∩ ⌡ … ←÷≈″∪ ×±≠⌠⇒⊆ ⌡ …∑ ↵″… ♠ ←÷≈ ×±≠⌠⇒⊆

…•↑←→•↔←•±″ •↑ ↑♣≥≥≈←→• ↵→±↔″…  ↔″•≥±…↵× ≡±→  ↵″… •≥±…↵× ≡±→ ∑ ↑≈≈ ∨•≠∫ →•≠÷←∫
⋅≡ ↵ →↵″…±≥ ♠≈←±→ ∩  ∩∑    ∑ ∩″

 ≡±××±♥↑ ↵″ ″⌠♠↵→•↵←≈ ×±≠⌠⇒⊆ …•↑←→•↔←•±″ ←÷≈ ″±←↵←•±″ ∩
×±≠⌠⇒⊆″ ∑ ∑  •↑ ↔↑≈…∫ ¬≈→≈ ←÷≈ ♠≈←±→ ±≡ ↑÷↵°≈ °↵→↵≥≈←≈→↑ •↑    ″

 ♥•←÷ •  ð ←÷≈
♠≈←±→ ±≡ ×±↵←•±″ °↵→↵≥≈←≈→↑ •↑    ″

 ♥•←÷ •  ⌡ ≡±→ •  ∑    ∑ ″ ↵″… •↑ ↵″

″ ″ positive definite (non-singular) matrix of scale parameter↑∫ ⊂÷≈ ⇑⇐∨ ±≡ ∩ can be defined from (5) as

∨∩ ♣∑ ∑ ∑   ″



↑•″÷

♣ 


∑    ∑



″

↑•″÷
♣″ ″


∑ ∑ ♣  ∈″∑ 



 ∨↵•↵″↵ ∧↵→•↵⌠∠↵°↵″• ≈← ↵×∫

ð    

♦

↵  ð∫

↵  ∫ð

↵  ∫ð

↵  ∫ð

⌠ ⌠ ⌠ ð   

♣

↵  ð∫

↵  ∫ð

↵  ∫ð

↵  ∫ð

∨•≠∫  ∠⇐∨ ±≡ ×≈≡← ⇒⊆  ↵″… →•≠÷← ×±≠⌠⇒⊆ ð …•↑←→•↔←•±″↑ ≡±→ ←÷≈ •″…•↵←≈… ♠↵×↔≈ ±≡ ←÷≈ ↑÷↵°≈ °↵→↵≥≈←≈→ ∫

♥÷≈→≈ ″ ∑  •↑ ←÷≈ ⇑⇐∨ ±≡ ←÷≈ ″⌠♠↵→•↵←≈ ″±→≥↵× …•↑←→•↔←•±″ ♥•←÷ ≥≈↵″ ♠≈←±→ ≈↓↔↵× ←± ƒ≈→± ↵″… ♠↵→•↵″≈⌠
±♠↵→•↵″≈ ≥↵←→•♦ ∫ ⊂÷≈→≈≡±→≈ ←÷≈ ∠⇐∨ ±≡ ∩ ↵″ ≈ ±←↵•″≈… ≡→±≥  ↵↑

≡∩ ♣∑ ∑ ∑   ″




↑•″÷

♣ 


∑    ∑



″
↑•″÷

♣″ ″


∑

″∩

•



•
±↑÷

♣• •


∑



≡±→ ♣  ∈″ ♥÷≈→≈ ″ ∑  •↑ ←÷≈ ″⌠♠↵→•↵←≈ ″±→≥↵× ∠⇐∨ ♥•←÷ ≥≈↵″ ♠≈←±→ ≈↓↔↵× ←± ƒ≈→± ↵″… ♠↵→•↵″≈⌠
±♠↵→•↵″≈ ≥↵←→•♦ ∫

∫ ⊆°↵←•↵× ≥±…≈×↑

⇑±″↑•…≈→ ↵ ↑←±÷↵↑←• °→±≈↑↑ ≡∩ ↑∑ ↑  ⇐≠, which is defined over a region⇐ ♥•←÷⇐ ∈
 …≈↑→•≈…

♣ ←÷≈ ↑°↵←•↵× ×•″≈↵→ ≥±…≈×

∩ ↑  ↑ ⌡ ↑∑ ↑  ⇐∑ 

♥÷≈→≈   •↑ ↵ ≥≈↵″ ≡↔″←•±″ ↵″…   •↑ ←÷≈ ≥±…≈× ≈→→±→∫ ⊂÷≈↑≈ ≈→→±→↑ ÷↵♠≈ ≥≈↵″ ƒ≈→± ↵″… ±≥≥±″♠↵→•↵″≈
 ♥÷•÷ ≥≈↵″↑ ←÷↵← ⇔∩ ↑  ↑ ↵″… ⊇↵→∩ ↑   ≡±→ ↵×× ↑  ⇐∫
⋅≡ ←÷≈ ↑°↵←•↵× °→±≈↑↑ ≡∩ ↑∑ ↑  ⇐≠ •↑ ↵↑↑↔≥≈… ←± ≈ ↑←↵←•±″↵→♣ ←÷≈″ •←↑ ≥≈↵″ ≡↔″←•±″ •↑ ±″↑←↵″←

←÷↵← •↑ ↑   ≡±→ ↵×× ↑  ⇐∫ ⋅≡ •← •↑ ≡↔→←÷≈→ ↵↑↑↔≥≈… ←± ≈ •↑±←→±°• ←÷≈″ •←↑ ±♠↵→•↵″≈ ≡↔″←•±″ ±″×♣
…≈°≈″…↑ ±″ ←÷≈ …•↑←↵″≈ ≈←♥≈≈″ ↑°↵←•↵× ×±↵←•±″↑ ←÷↵← •↑

⇑±♠∩ ↑•∑ ∩ ↑∂  ⇑↑•∑ ↑∂  ⇑÷•∂∑ ↑•∑ ↑∂  ⇐∑ 

♥÷≈→≈ ÷•∂  ∝↑• ↑∂∝ •↑ ←÷≈ ⇔↔×•…≈↵″ …•↑←↵″≈ ≈←♥≈≈″ ↑• ↵″… ↑∂ ∫

∫ ⇑±♠↵→•↵″≈ ↵″… ♠↵→•±≠→↵≥ ≥±…≈×↑

±♥ ↑↔°°±↑≈ ←÷↵← ″ ≥≈↵↑↔→≈≥≈″←↑ ↵→≈ ±××≈←≈… ↵← ↵ ↑≈← ±≡ ∝″±♥″ ↑°↵←•↵× ×±↵←•±″↑ ↑  ≡↑∑    ∑ ↑″≠
°→±♠•…•″≠ ←÷≈ ″⌠♠↵→•↵←≈ →↵″…±≥ ♠≈←±→ ∩  ∩∑    ∑ ∩″

 ♥÷≈→≈ ∩•  ∩ ↑• ≡±→ •  ∑    ∑ ″∫ ⊂÷≈
±♠↵→•↵″≈ ≈←♥≈≈″ ↵×× °↵•→↑ ±≡ →↵″…±≥ ♠↵→•↵×≈↑ ∩•∑ ∩∂ •↑ …≈←≈→≥•″≈… ♣ ↵″ ″ ″ ↑↵×≈ ≥↵←→•♦  ⊕ •∂ ℘
which must be symmetric and positive-definite, where •∂  ⇑÷•∂ ♥•←÷ ⇑  ≠•♠≈″ •″ ∫ ⊂÷≈″
defines the spatial dependence structure for stationary and •↑±←→±°• °→±≈↑↑≈↑ ♣ ↵ °↵→↵≥≈←≈→ ♠≈←±→  
∑ ∑  ♥÷≈→≈  ð∑  ð ↵→≈ °↵→↵≥≈←≈→↑ ∝″±♥″ ↵↑ ″↔≠≠≈← ≈≡≡≈← ↵″… °↵→←•↵× ↑•×× →≈↑°≈←•♠≈×♣
♥÷≈→≈↵↑  ð •↑ ↵ °↵→↵≥≈←≈→ →≈×↵←≈… ←± ←÷≈ ≈≡≡≈←•♠≈ →↵″≠≈ ±→ ↑°↵←•↵× …≈°≈″…≈″≈ →↵…•↔↑ ↵  ≠∑ ↑≈≈
↵→…•↵ ↵″… ↵→↑÷↵××  ↵″… ⊄→•≈⌠∇°↵ƒ± ≈← ↵×∫ ð∫ ⊂÷≈ ″↔≠≠≈← ≈≡≡≈← •↑ →≈×↵←≈… ←± ↵″ ↵″↵×♣←•↵×

≈→→±→ •″…•↵←•″≠ ↵″ ↔″≈♦°×↵•″≈… ♠↵→•↵•×•←♣ ≡→±≥ ±″≈ °±•″← ±≡ ←÷≈ ↑↵≥°×•″≠ ≠→•… ←± ↵″±←÷≈→∫ ⊂÷•↑ ♠↵→•↵•×•←♣

≥↵♣ ≈ ↵←←→•↔←≈… ←± ≥≈↵↑↔→≈≥≈″← ≈→→±→↑ ±→ ←± ↵ ♠↵→•↵•×•←♣ ″±← ↵°←↔→≈… …↔≈ ←± ←÷≈ ↑↵≥°×•″≠ …•↑←↵″≈ ↔↑≈…∑

↑≈≈ ≡±→ ≈♦↵≥°×≈ ⇑↵≥↵→…≈××↵ ≈← ↵×∫ ∫ ⊂÷≈ ″↔≠≠≈← ≈≡≡≈← ↵″ ↵×↑± ↵← ↵↑ ↵ →≈≠↔×↵←±→♣ ←±±× •″ ↑°↵←•↵×

design for random fields making many designs feasible; see Müller and Stehlı́k (2009, 2010)∫ ⊃≈ ↵↑↑↔≥≈ ↵
°↵→←•↔×↵→ °↵→↵≥≈←→• ≡±→≥ ≡±→ ←÷≈ ↑↵×≈ ≥↵←→•♦ ≠•♠≈″ ♣

 ⋅″ ⌡ ∈∑ ð



⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ↑°↵←•↵× ≥±…≈××•″≠ ↵″… …•↵≠″±↑←•↑ ↵°°×•≈… ←± ↵≠→•↔×←↔→↵× ≈″≠•″≈≈→•″≠ …↵←↵ 

♥÷≈→≈ ⋅″ •↑ ←÷≈ ″ ″ •…≈″←•←♣ ≥↵←→•♦ ↵″…∈  ⊕→•∂ ℘ •↑ ↵″ ″ ″ ↑♣≥≥≈←→• ≥↵←→•♦ ♥•←÷ …•↵≠±″↵× ≈×≈≥≈″←↑
→••   ≡±→ •  ∑    ∑ ″. Specific forms for →•∂ ≠•♠≈″ ♣ →•∂  •∂ ♥•←÷ •  ∂ ↵″…   ð, define the
≥±…≈× ↔↑≈… ←± ≈♦°×↵•″ ←÷≈ ↑°↵←•↵× …≈°≈″…≈″≈ ♥•←÷ ←÷≈ ≥±↑← ±≥≥±″ ≡±→≥↑ ≈•″≠ ←÷±↑≈ ±←↵•″≈… ≡→±≥ ←÷≈

↵←λ≈→″ ↵″… °±♥≈→ ≈♦°±″≈″←•↵× ≡↵≥•×•≈↑∑ ↑≈≈ ⋅↑↵↵∝↑ ↵″… ⊆→•♠↵↑←↵♠↵  ↵″… ⇐•≠≠×≈ ↵″… ∈•≈•→± ðð∫ ⋅″

←÷≈ ≡↵≥•×♣ ±≡ ↵←λ≈→″ ≥±…≈×↑ ♥≈ ÷↵♠≈

→•∂ 




∑ •  ∂∑


   

÷•∂

∏

÷•∂

∑ •  ∂∑



♥÷≈→≈ •↑ ↵ ↑÷↵°≈ °↵→↵≥≈←≈→   •↑ ←÷≈ ↔↑↔↵× ≠↵≥≥↵ ≡↔″←•±″ ↵″… ∏   is the modified Bessel function
±≡ ←÷•→… ∝•″… ±≡ ±→…≈→ ∫ ∨→±≥  ♥≈ ≠≈←

•∂ 





 ⌡ ∑ •  ∂∑


   

÷•∂

∏

÷•∂

∑ •  ∂ 

⋅″ ←÷≈ ≡↵≥•×♣ ±≡ °±♥≈→ ≈♦°±″≈″←•↵× ≥±…≈×↑ ≡±→ •  ∂ ♥≈ ÷↵♠≈ →•∂  ≈♦° ÷•∂° ♥÷≈→≈ ð  ° 
•↑ ↵ ↑÷↵°≈ °↵→↵≥≈←≈→ ♥÷•÷ •≥°×•≈↑

•∂ 




 ⌡ ∑ •  ∂∑

 ≈♦°
÷•∂


°

∑ •  ∂


Although the models in (12) and (13) have no finite range, ←÷≈ ≈≡≡≈←•♠≈ →↵″≠≈ ↵ can be defined as the smallest
…•↑←↵″≈ ≈←♥≈≈″ ←♥± ×±↵←•±″↑ ↑↔÷ ←÷↵← ←÷≈ ±♠↵→•↵″≈ ÷↵↑ …→±°°≈… ←±  ±≡ ←÷≈ ≥↵♦•≥↔≥ ±♠↵→•↵″≈

⇑ð∫ ⊂÷≈ ≈♦°±″≈″←•↵× ↵″… ∧↵↔↑↑•↵″ ≥±…≈×↑ ↵→≈ ≥≈≥≈→↑ ±≡ ←÷≈ °±♥≈→ ≈♦°±″≈″←•↵× ≡↵≥•×♣ ♥÷≈″ °   ↵″…
°   →≈↑°≈←•♠≈×♣ ↵″… ↵×↑± ±≡ ←÷≈ ↵←λ≈→″ ≡↵≥•×♣ ♥÷≈″  ð ↵″… ÿ  →≈↑°≈←•♠≈×♣∫ ⋅″ ↑←↵←•±″↵→♣
°→±≈↑↑≈↑ ≡→±≥ ←÷≈ ±♠↵→•↵″≈ ≡↔″←•±″ ≠•♠≈″ •″  •← •↑ °ossible to define the variogram function by

÷  ⇑ð ⇑÷∑ ÷  ð∑ 

♥÷≈→≈ ⇑ð   ⌡  ↵″… ⇑÷ is specified from C÷•∂  •∂  ≡±→ ÷  ÷•∂  ♥•←÷ ↵ ↑↔•←↵×≈ ≥≈≥≈→ ±≡
←÷≈ ↵←λ≈→″ ±→ °±♥≈→ ≈♦°±″≈″←•↵× ≡↵≥•×•≈↑ ≠•♠≈″ •″  ↵″…  →≈↑°≈←•♠≈×♣∫ ⊂÷≈ °×±← ±≡ °±•″←↑  ÷
±←↵•″≈… ≡→±≥ ←÷≈ ♠↵→•±≠→↵≥ ≡↔″←•±″ ≠•♠≈″ •″  •↑ ↵ ↔↑≈≡↔× ←±±× •″ ↑°↵←•↵× ↑←↵←•↑←•↑∫

∫ ∏→•≠•″≠ •″←≈→°±×↵←•±″

⋅″ ≠≈±⌠↑←↵←•↑←•↵× ↵″↵×♣↑≈↑ ↵ ±≥≥±″×♣ ↔↑≈… ≥≈←÷±… ≡±→ •″←≈→°±×↵←•±″ •↑ ∏→•≠•″≠∑ ↑≈≈ ∏→•≠≈ ∫ ⊂÷≈

∏→•≠•″≠ °→≈…•←•±″ •↑ ≠•♠≈″ ♣ ↵ ×•″≈↵→ ±≥•″↵←•±″ ±≡ ←÷≈ ±↑≈→♠≈… …↵←↵ ♣  ♣∑    ∑ ♣″ defined as

♣↑ð 
″∪

•

• ♣•∑ 

♥÷≈→≈ ♣↑ð •↑ ←÷≈ °→≈…•←≈… ♠↵×↔≈ ↵← ↵ ″≈♥ ×±↵←•±″ ↑ð ↵″…  ″ are weights chosen to define the
≈↑← ×•″≈↵→ ↔″•↵↑≈… °→≈…•←±→∫ ⊂÷•↑ ↵″ ≈ ↵÷•≈♠≈… ♣ ≥•″•≥•ƒ•″≠ ←÷≈ ♠↵→•↵″≈ ±≡ ←÷≈ ≈→→±→ ♥•←÷ →≈↑°≈←

←± ←÷≈ ♥≈•≠÷←↑ ♥÷•×↑← →≈↓↔•→•″≠ ←÷≈ °→≈…•←±→ ←± ≈ ↔″•↵↑≈…∫ ⋅← ≥↵♣ ≈ ↑÷±♥″ ←÷↵← ↔″…≈→ ←÷≈ ↑←↵←•±″↵→•←♣

↵↑↑↔≥°←•±″ ←÷≈ ♠↵×↔≈↑  ″ ↵→≈ ≠•♠≈″ ♣ ←÷≈ ↑±×↔←•±″ ←±   ♥÷≈→≈

⇑ 

ð
⇒⇒⇒◊

⇑↑∑ ↑    ⇑↑∑ ↑″ 
∫∫∫
∫ ∫ ∫

∫∫∫
∫∫∫

⇑↑″∑ ↑    ⇑↑″∑ ↑″ 
     ð


⇑⇑⇑⇓ ∑    ″∑ 

∑  ⇑↑∑ ↑ð∑    ∑⇑↑″∑ ↑ð∑ 
∑

↵″…  •↑ ↵ ↵≠→↵″≠≈ ≥↔×←•°×•≈→ •″←→±…↔≈… ←± ≈″↑↔→≈ ↔″•↵↑≈…″≈↑↑ ♥÷≈″ ≥•″•≥•ƒ•″≠ ←÷≈ ≈→→±→ ♠↵→•↵″≈∫



 ∨↵•↵″↵ ∧↵→•↵⌠∠↵°↵″• ≈← ↵×∫

∫ ⇓↔→↵♣ ≥≈↵↑↔→≈↑

⊂± ↓↔↵″←•≡♣ ←÷≈ ↑•≥•×↵→•←♣ ≈←♥≈≈″ ←♥± ≥↵°↑ ←÷≈ ≠×±↵× ↵↔→↵♣ ∧⇓ ↵″… ∝↵°°↵   •″…≈♦≈↑ ↵″ ≈

↔↑≈…∫ ⇑±″↑•…≈→ ←♥± ≥↵°↑ ±″≈ ↵××≈… ←÷≈ →≈≡≈→≈″≈ ≥↵° ↵″… ←÷≈ ±←÷≈→ ←÷≈ ≥±…≈× ≥↵° ±←÷ …•♠•…≈… •″←± ←÷≈

↑↵≥≈ ≥ ×↵↑↑ …≈″±←≈… ♣• ≡±→ •  ∑    ∑≥∫ ⋅″ ↵……•←•±″ ×≈← •∂  ≡±→ •∑ ∂  ∑    ∑≥ ≈ ←÷≈ ″↔≥≈→ ±≡
pixels (a pixel is defined as a single point in an image; for exa≥°×≈ •″ ±↔→ ↵°°×•↵←•±″ ±≡ ⊆≈←•±″   °•♦≈×
≥ ≈×±″≠•″≠ ←± ×↵↑↑• ±≡ ←÷≈ ≥±…≈× ≥↵° ↵″… ←± ×↵↑↑∂ ±≡ ←÷≈ →≈≡≈→≈″≈ ≥↵° ↵″… ≈ ←÷≈ ←±←↵×
″↔≥≈→ ±≡ °•♦≈×↑ •″ ≈↵÷ ≥↵°∫ ⊂÷≈ ∧⇓ •″…≈♦ •↑ ↵↑≈… ±″ ←÷±↑≈ °•♦≈×↑ ←÷↵← ≈×±″≠ ←± ←÷≈ ↑↵≥≈ ×↵↑↑ •″ ±←÷

maps and is defined as GA  
∠≥
••• ∫ ±…≈× ↵″… →≈≡≈→≈″≈ ≥↵°↑ ÷↵♠≈ ↵″ ↵≈°←↵×≈ ↑•≥•×↵→•←♣ •≡

←÷≈ ∧⇓ •″…≈♦ •↑ ≠→≈↵←≈→ ←÷↵″ ð∫∑ ↑≈≈ ⇓″…≈→↑±″ ≈← ↵×∫ ∫ ⊂÷≈ •″…≈♦ •↑ ↵↑≈… ±″ ↵×× ±≡ ←÷≈ °•♦≈×↑

(those belonging to the same class or not) and is defined as  
∠≥
•••

∠≥
• •• 


∠≥
• ••  ♥÷≈→≈ • 

∠≥
∂•∂ ↵″…  • 

∠≥
∂∂•∫ ±…≈× ↵″… →≈≡≈→≈″≈ ≥↵°↑ ÷↵♠≈ ↵ ×±♥

↑•≥•×↵→•←♣ •≡ ð ↵ ≥≈…•↔≥ ↑•≥•×↵→•←♣ •≡ ð ðð ↵″… ↵ ÷•≠÷ ↑•≥•×↵→•←♣ •≡ ðð∑ ↑≈≈
∏→•°°≈″…±→≡≡ ðð∫

 ⊂÷≈ ⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ↑°↵←•↵× ≥±…≈×

∫ ∨±→≥↔×↵←•±″ ±≡ ←÷≈ ≥±…≈×

≈← ≡⊂ ↑∑ ↑  ⇐≠ be a stochastic process defined over a region ⇐ ♥•←÷ ⇐ ∈
∫ ⊆↔°°±↑≈ ←÷↵← ″

≥≈↵↑↔→≈≥≈″←↑ ⊂  ⊂∑    ∑ ⊂″
 ♥÷≈→≈ ⊂•  ⊂ ↑• ≡±→ •  ∑    ∑ ″ ↵→≈ ±××≈←≈… ↵← ↵ ↑≈← ±≡ ∝″±♥″

↑°↵←•↵× ×±↵←•±″↑ ↑  ≡↑∑    ∑ ↑″≠∫ ⇑±″↑•…≈→ ↵ ↑°↵←•↵× ≥±…≈× ±≡ ←÷≈ ≡±→≥

⊂•  ≈♦° • •∑ •  ∑    ∑ ″ 

⇓↑↑↔≥≈ ↑←↵←•±″↵→•←♣ ↑↔÷ ←÷↵← •  ↑•   ↵″… ←÷≈ ≥±…≈× ≈→→±→ •  ↑• ⇒⊆  ≡±→ • 
∑    ∑ ″∫ ⊂÷≈″ ≈♦°  •↑ ←÷≈ ≥≈…•↵″ ±≡ ←÷≈ ≥±…≈×∫ ±←≈ ←÷↵← ←÷≈ ↑÷↵°≈ °↵→↵≥≈←≈→ •↑ ↵×↑± ↵↑↑↔≥≈… ←± ≈
±″↑←↵″← ↵→±↑↑ ←÷≈ ↑°↵←•↵× ×±↵←•±″↑∑ ↑≈≈ ↵→÷↵″← ≈← ↵×∫ ð∫ ⇓°°×♣•″≠ ↵ ×±≠↵→•←÷≥• ←→↵″↑≡±→≥↵←•±″ ←±

 ↵ ⇒⊆ ↑°↵←•↵× ×±≠⌠×•″≈↵→ ≥±…≈× •↑ ±←↵•″≈… ↵↑

∩•  ×±≠⊂•  ⌡ ×±≠ •  ⌡ •∑ •  ∑    ∑ ″∑ 

♥÷≈→≈ •  ×±≠ • ×±≠⌠⇒⊆ ð ≡±→ •  ∑    ∑ ″. Note that the BS spatial log-linear model defined in
 ÷↵↑ ↵ ↑•≥•×↵→ ≡±→≥ ←± ←÷≈ ≥±…≈× ≠•♠≈″ •″ ∫ ∨±→ ≈↵↑≈ ±≡ ″±←↵←•±″ ←÷≈ ≥±…≈× •″  ↵″ ≈ ♥→•←←≈″ •″

≥↵←→•♦ ≡±→≥ ↵↑

∩  ⌡ ∑ 

♥•←÷ ∩  ∩∑    ∑ ∩″
   ∑    ∑  ↵″…   ∑    ∑ ″

 ≈•″≠ ″  ♠≈←±→↑∫ ¬≈→≈  •↑ ↵
↑←↵←•±″↵→♣ ↑°↵←•↵× ↑←±÷↵↑←• °→±≈↑↑ ♥•←÷ ≥≈↵″ ♠≈←±→ ⇔  ð∫ ⊆↔°°±↑≈ ←÷↵← ←÷≈ ±♠↵→•↵″≈ ≈←♥≈≈″ ↵××
°↵•→↑ ∩•∑ ∩∂ •↑ …≈←≈→≥•″≈… ♣ ←÷≈ ″ ″ ↑↵×≈ ≥↵←→•♦ ↑↵←•↑≡♣•″≠ ←÷≈ ±″…•←•±″↑ ≠•♠≈″ •″ ð ♥÷≈→≈ ←÷≈

≈×≈≥≈″←↑ ±≡∈ ↵″ ≈ ≥±…≈××≈… ♥•←÷ ←÷≈ ↵←λ≈→″ ↑←→↔←↔→≈ ≠•♠≈″ •″ ∫

∫ ∠↵→↵≥≈←≈→ ≈↑←•≥↵←•±″

≈←   ∑ ∑ 

≈ ←÷≈ ♠≈←±→ ±≡ ↔″∝″±♥″ °↵→↵≥≈←≈→↑ ±≡ ←÷≈ ↑°↵←•↵× ≥±…≈× ≡±→≥↔×↵←≈… •″

 ←± ≈ ≈↑←•≥↵←≈…∫ ⊂÷≈″ ←÷≈ ×•∝≈×•÷±±… ≡↔″←•±″ ≡±→  ↵↑≈… ±″ ←÷≈ ±↑≈→♠↵←•±″↑ ♣  ♣∑    ∑ ♣″
 ±≡

∩  ±←↵•″≈… ≡→±≥  •↑ ≠•♠≈″ ♣

      ∑♣  
″ 

″
 ∂ ∂ 

≈♦°


⊇  ⊇

″∩

•

±↑÷
♣•


∑ 

♥÷≈→≈ ⊇  ⊇∑    ∑ ⊇″
 •↑ ↵″ ″  ♠≈←±→ ♥•←÷ ≈×≈≥≈″←↑ ⊇•  ↑•″÷♣•  ≡±→ •  ∑    ∑ ″∫ ⊂÷≈

±→→≈↑°±″…•″≠ ×±≠⌠×•∝≈×•÷±±… ≡↔″←•±″ ≡±→ ±←↵•″≈… ≡→±≥  •↑ ←÷≈″

ℵ  
″


×±≠ 




×±≠ ∂ ∂ ″ ×±≠  


⊇  ⊇ ⌡

″∪

•

×±≠ ±↑÷
♣•


 ð



⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ↑°↵←•↵× ≥±…≈××•″≠ ↵″… …•↵≠″±↑←•↑ ↵°°×•≈… ←± ↵≠→•↔×←↔→↵× ≈″≠•″≈≈→•″≠ …↵←↵ 

The ML method defines the estimator  ±≡ ↵↑ ←÷≈ ♠≈←±→ ♥÷•÷ ≥↵♦•≥•↑≈↑   ±→ ≈↓↔•♠↵×≈″←×♣ ℵ 
±♠≈→ ←÷≈ °↵→↵≥≈←≈→ ↑°↵≈ ±≡ ∫ ⊂÷↔↑

 ↵→≠≥↵♦ ℵ  

⊃÷≈″ ←÷≈ ♠↵×↔≈ •″  •↑ ↵↑↑±•↵←≈… ♥•←÷ ↵ ↑←↵←•±″↵→♣ °±•″← •← ↵″ ≈ ±←↵•″≈… ≡→±≥ ←÷≈ ↑±×↔←•±″ ±≡ ↵

÷±≥±≠≈″≈±↔↑ ↑♣↑←≈≥ ±≡ ≈↓↔↵←•±″↑ →≈↵←≈… ≡→±≥ ←÷≈ ↑±→≈ ♠≈←±→ ↵″… ≠•♠≈″ ♣

◊ℵ 
 ð∑
◊ℵ 

 ð∑
◊ℵ 

◊
 ð∑ 

↑≈≈ …≈←↵•×↑ ±≡ ←÷≈ ↑±→≈ ♠≈←±→ •″ ⇓°°≈″…•♦ ⋅∫ ±←≈ ←÷↵← ″± ↵″↵×♣←•↵× ↑±×↔←•±″ ←± ←÷≈ ↑♣↑←≈≥ ±≡ ≈↓↔↵←•±″↑

≠•♠≈″ •″  ↵″ ≈ ±←↵•″≈…∫ ⊂÷≈″ ←÷≈  ≈↑←•≥↵←±→ ≥↔↑← ≈ ±≥°↔←≈… ♥•←÷ ↵″ •←≈→↵←•♠≈ °→±≈…↔→≈ ←±
↑±×♠≈ ←÷≈ ″±″⌠×•″≈↵→ ↑♣↑←≈≥∫ ¬≈→≈ ←÷≈ ⇒→±♣…≈″⌠∨×≈←÷≈→⌠∧±×…≡↵→⌠⊆÷↵″″± ⇒∨∧⊆ ↓↔↵↑•⌠≈♥←±″ °→±≈…↔→≈

↑≈≈ ±≈…↵× ↵″… ⊃→•≠÷← ∑ ↵″≠≈ ðð ≥↵♣ ≈ ↔↑≈… ←÷→±↔≠÷ ←÷≈ ≡↔″←•±″↑ ±°←•≥ ↵″… ±°←•≥♦

•≥°×≈≥≈″←≈… •″ ←÷≈ ↑±≡←♥↵→≈ ∈∑ ↑≈≈ ♥♥♥∫∈⌠°→±∂≈←∫±→≠ ↵″… ∈⌠⊂≈↵≥ ð∫ ⊂÷≈ ↑•≠″↑ ±≡ ←÷≈ …≈←≈→⌠

≥•″↵″←↑ ±≡ ←÷≈ ¬≈↑↑•↵″ ≥↵←→•♦ ↵″… ±≡ •←↑ ≥•″±→↑ ♥≈→≈ ↵×↑± ÷≈∝≈… ←± ≈″↑↔→≈ ←÷↵← ↵ ♠↵×•… ≥↵♦•≥↔≥ ÷↵… ≈≈″

≡±↔″…∫

⊄″…≈→ ←÷≈ ↔↑↔↵× →≈≠↔×↵→•←♣ ±″…•←•±″↑ ←÷≈  ≈↑←•≥↵←±→  •↑ ±″↑•↑←≈″← ≡±→ ↵″… ÷↵↑ ↵″ ↵↑♣≥°←±←•
″±→≥↵× …•↑←→•↔←•±″∫ ⊂÷≈″ ↵↑ ″ÿ

°
″  

⇐ÿ ð∑√  ∑ 

♥÷≈→≈ √   ×•≥″ÿ ⋅ ″ ♥•←÷ ⋅  ≈•″≠ ←÷≈ ≈♦°≈←≈… ∨•↑÷≈→ •″≡±→≥↵←•±″≥↵←→•♦ ≠•♠≈″ •″ ⇓°°≈″…•♦

⋅⋅⋅ ↵″…
⇐ÿ …≈″±←≈↑ ±″♠≈→≠≈″≈ •″ …•↑←→•↔←•±″∫ Asymptotic confidence intervals (CIs) of a ðð ⊕ ℘

×≈♠≈× ≡±→  ↵″… • ♥•←÷ •  ∑ ∑  ↵″ ≈ ±←↵•″≈… ≡→±≥ ←÷≈ ↵↑♣≥°←±←• ″±→≥↵×•←♣ °→±°≈→←♣ ≠•♠≈″ •″ 
↵↑

⇑⋅ ⊕ ℘ ðð 
÷
 ƒ ⊆⇔∑ ⌡ ƒ ⊆⇔
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3.3 Local influence
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≈ ←÷≈ ×±≠⌠×•∝≈×•÷±±… ≡↔″←•±″ °≈→←↔→≈… ♣ ÿ ↵××≈… ←÷≈ °≈→←↔→≈… ×±≠⌠×•∝≈×•÷±±… ↵″… ÿ ≈ ←÷≈  ≈↑⌠
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ℵ ∂ÿð  ℵ ∫ ⊆↔°°±↑≈ ←÷↵← ℵ ∂ÿ •↑ ←♥•≈ ±″←•″↔±↔↑×♣ …•≡≡≈→≈″←•↵×≈ •″ ↵ ″≈•≠÷±↔→÷±±… ±≡ ∑ÿð∫
±♥ ±≥°↵→•″≠ ←÷≈ °↵→↵≥≈←≈→ ≈↑←•≥↵←≈↑  ↵″… ÿ using local influence, we are able to investigate how the
•″≡≈→≈″≈ •↑ ↵≡≡≈←≈… ♣ ←÷≈ °≈→←↔→↵←•±″∫ ⇑±″↑•…≈→ ←÷≈ ×•∝≈×•÷±±… …•↑°×↵≈≥≈″← ⇐ ≠•♠≈″ ♣
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which is used to assess the influence of the perturbation ÿ∫ ↵→≠≈ ♠↵×↔≈↑ ±≡ ⇐ÿ •″  •″…•↵←≈ ←÷↵← 
↵″… ÿ …•≡≡≈→ ±″↑•…≈→↵×♣ →≈×↵←≈… ←± ←÷≈ ±″←±↔→↑ ±≡ ←÷≈ ″±″⌠°≈→←↔→≈… ×±≠⌠×•∝≈×•÷±±… ≡↔″←•±″ ℵ ∫ ⊂÷≈
method studies the local behaviour of the influence plot ↵ÿ  ÿ∑⇐ÿ ↵→±↔″… ÿð∫ ⇑±±∝ 
↑↔≠≠≈↑←≈… •″♠•≠•×↵←•″≠ ←÷≈ …•→≈←•±″ ±≡ ≥↵♦•≥↔≥ ↔→♠↵←↔→≈ ⇑≥↵♦ ±≡ ←÷≈ ↑↔→≡↵≈ ↵ÿ∫ ∨±→ ⇐ÿ •″ 
⇑≥↵♦  ≥↵♦∂∂…∂∂⇑… ♥÷≈→≈ ⇑…  ∂…⇒…∂ ♥•←÷⇒ ≈•″≠ ↵″ ″ ″≥↵←→•♦ ↵″… … ↵ ↔″•←⌠×≈″≠←÷ …•→≈←•±″
vector. To find ⇑≥↵♦ ↵″… ←÷≈ …•→≈←•±″ ♠≈←±→ …≥↵♦ ♥≈ ″≈≈… ←± ↵×↔×↵←≈ ⇒  ϒℵ   ♥÷≈→≈ ϒℵ •↑
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±←≈ ←÷↵←  ≥↔↑← ≈ ≈♠↵×↔↵←≈… ↵←   ↵″… ÿ  ÿð∫ ⊂÷≈″ …≥↵♦ •↑ ↵ ↔″•←⌠×≈″≠←÷ ≈•≠≈″♠≈←±→ ↵↑↑±•↵←≈…
♥•←÷ ←÷≈ ≥↵♦•≥↔≥ ↵↑±×↔←≈ ≈•≠≈″♠↵×↔≈ ⇑≥↵♦ ±≡ ⇒∫ ⇓ ×↵→≠≈ ↵↑±×↔←≈ ♠↵×↔≈ ±≡ ↵″♣ ≈×≈≥≈″← ±≡ …≥↵♦ →≈♠≈↵×↑
that the case is likely to be influential. Other important dir≈←•±″↑ ±→→≈↑°±″… ←± ←÷≈ ↵″±″•↵× ↵↑•↑ ♠≈←±→↑
…  ≈• ≡±→ •  ∑    ∑ ″ ♥÷≈→≈ ≈• •↑ ↵ ♠≈←±→ •″∈

″ ♥•←÷ ↵ ±″≈  •″ •←↑ •←÷ °±↑•←•±″ ↵″… ƒ≈→±↑ ð •″ ←÷≈ ±←÷≈→
°±↑•←•±″↑∫ ⋅″ ←÷•↑ ↵↑≈ ←÷≈ ↔→♠↵←↔→≈ •↑ ≠•♠≈″ ♣ ⇑•  ∂••∂ ♥÷≈→≈ •• •↑ ←÷≈ •∑ • ≈×≈≥≈″← ±≡ ←÷≈ ≥↵←→•♦⇒
≡±→ •  ∑    ∑ ″∫ ⊂÷≈ °×±← ±≡ ⇑•  ⇑…• ♠≈→↑↔↑ ←÷≈ •″…≈♦ • can also be used to identify influential cases. We
↔↑≈ •″…≈♦ °×±←↑ ±≡ ⇑• ↵″… ∂…≥↵♦• ∂ as diagnostic measures of local influence in Section 5.⇓×←÷±↔≠÷ ←÷≈→≈ •↑ ″±
consensus about a benchmark to determine an influential case ♥≈ ↔↑≈ ↵ ♠↵×↔≈ ↵″↵×±≠±↔↑ ←± ←÷↵← °→±°±↑≈…
♣ ∅÷↔ ↵″… ≈≈ ðð ♥÷•÷ •″…•↵←≈↑ ←÷≈ ↵↑≈ • as influential if ⇑•  ⇑ ⌡ ⊆⇔⇑ ≡±→ •  ∑    ∑ ″
♥÷≈→≈ ⇑ ↵″… ⊆⇔⇑ …≈″±←≈ →≈↑°≈←•♠≈×♣ ←÷≈ ≥≈↵″ ″±→≥↵× ↔→♠↵←↔→≈ ↵″… ←÷≈ ±→→≈↑°±″…•″≠ ↑↵≥°×≈ ⊆⇔∫
⊆•≥•×↵→×♣ •″ ←÷≈ •″…≈♦ °×±← ±≡ ∂…≥↵♦• ∂ ←÷≈ ↵↑≈ • is indicated as influential if ∂…≥↵♦• ∂  ∂…≥↵♦∂⌡⊆⇔∂…≥↵♦∂
≡±→ •  ∑    ∑ ″ ♥÷≈→≈ ∂…≥↵♦∂ ↵″… ⊆⇔∂…≥↵♦∂ …≈″±←≈ →≈↑°≈←•♠≈×♣ ←÷≈ ≥≈↵″ ±≡ ←÷≈ ≈×≈≥≈″←↑ •″ ↵↑±×↔←≈
♠↵×↔≈ ±≡ ←÷≈ ♠≈←±→ …≥↵♦ ↵″… ←÷≈ ±→→≈↑°±″…•″≠ ↑↵≥°×≈ ⊆⇔∫ ⊃≈ ↔↑≈ ←÷≈↑≈ ≈″÷≥↵→∝ ♠↵×↔≈↑ •″ ←÷≈ ↑•≥↔×↵←•±″

↑←↔…♣ ↵″… •″ ←÷≈ ↵≠→•↔×←↔→↵× ↵°°×•↵←•±″ ±″↑•…≈→≈… •″ ⊆≈←•±″↑  ↵″…  →≈↑°≈←•♠≈×♣∫

∫ ⊆≈×≈←•±″ ±≡ ←÷≈ ↵°°→±°→•↵←≈ °≈→←↔→↵←•±″ ↑÷≈≥≈

⊆↔°°±↑≈ ←÷↵← ←÷≈ °≈→←↔→↵←•±″ ±≡ ←÷≈ →≈↑°±″↑≈ ♠↵→•↵×≈ •↑ ±≡ ←÷≈ ≡±→≥ ∩ÿ↑  ∩ ↑ ⌡⇓ÿ ♥÷≈→≈ ⇓
•↑ ↵ ↑♣≥≥≈←→• ↵″… ″±″⌠↑•″≠↔×↵→ ≥↵←→•♦∫ ¬≈″≈ ∩ÿð↑  ∩ ↑ ↵″… ∩ÿ↑•  ∩ ↑• ⌡ ↵•ÿ ♥÷≈→≈ ↵• •↑
←÷≈ •←÷ →±♥ ±≡ ←÷≈ ≥↵←→•♦⇓∫ ⋅″ ←÷•↑ ↵↑≈ ←÷≈ °≈→←↔→≈… ×±≠⌠×•∝≈×•÷±±… ≡↔″←•±″ •↑ ≠•♠≈″ ♣
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   satisfies the condition given in (29). Thus, for the BS spatia× ×±≠⌠×•″≈↵→ ≥±…≈×
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⇐≈←↵•×≈… ↵×≠≈→↵ ±≡ ←÷≈ ↵±♠≈ ≈♦°→≈↑↑•±″↑ •↑ °→≈↑≈″←≈… •″ ⇓°°≈″…•♦ ⊇∫

 ⊆•≥↔×↵←•±″ ↑←↔…♣

⋅″ ←÷•↑ ↑≈←•±″ ♥≈ ±″…↔← ←♥± ⇑ ↑•≥↔×↵←•±″ ↑←↔…•≈↑ ↵↑≈… ±″ ″ ↑↵≥°×•″≠ °±•″←↑ ♣  ♣∑    ∑ ♣″

≠≈″≈→↵←≈… ≡→±≥ ↵ ×±≠⌠⇒⊆ …•↑←→•↔←•±″ ♥•←÷ ↑÷↵°≈ °↵→↵≥≈←≈→  ≡ð∑ ð≠ ↑↵×≈ °↵→↵≥≈←≈→   ↵″…
↑°↵←•↵× ↑←→↔←↔→≈ …≈↑→•≈… ♣ ←÷≈ ↵←λ≈→″ ≥±…≈× ♥•←÷  ð   ≡ð∑ ð≠   ≡ð∑ ð≠ ↵″…
  ≡ð∑ ≠∫ ⊃≈ ±″↑•…≈→ ↵ →≈≠↔×↵→ ≠→•… ♥•←÷ ↵ ≥•″•≥↔≥ …•↑←↵″≈ ≈←♥≈≈″ °±•″←↑ ±≡ ±″≈ ↔″•←∫ ⊃≈
≈♠↵×↔↵←≈ ←÷≈ °≈→≡±→≥↵″≈ ±≡ ←÷≈ ≈↑←•≥↵←±→↑ ±≡ ←÷≈ ≥±…≈× °↵→↵≥≈←≈→↑ ≡±→ ↑≥↵×× ↵″… ×↵→≠≈ ↑↵≥°×≈ ↑•ƒ≈↑∫ ⊂÷≈″

♥≈ ↵↑↑≈↑↑ ←÷≈ °≈→≡±→≥↵″≈ ±≡ ←÷≈ °→±°±↑≈… …•↵≠″±↑←• ≥≈←÷±…ology on the detection of influential cases.

∫ ⊆←↔…♣ ⋅  ≈↑←•≥↵←•±″

To assess the efficiency of the estimator • ≈≥°•→•↵××♣ ♥≈ ↔↑≈ ←÷≈ ↵↑±×↔←≈ →≈×↵←•♠≈ •↵↑ ⇓∈⇒ ↵″… ←÷≈
root mean squared error (RMSE) defined as the square root of th≈ ≥≈↵″ ↑↓↔↵→≈… ≈→→±→ ≠•♠≈″ ♣
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°  ðð ⇑ →≈°×•↵←•±″↑ •″ ≈↵÷ ↵↑≈∫ ⊂↵×≈  …•↑°×↵♣↑ ←÷≈ ≈≥°•→•↵× ⇓∈⇒↑ ↵″… ∈⊆⇔↑ ±≡ ←÷≈ ±→→≈⌠
↑°±″…•″≠  ≈↑←•≥↵←±→↑∫ ±←≈ ←÷↵← ≡±→ ″  ðð ↵×× ←÷≈ ⇓∈⇒↑ ↵→≈ ↑≥↵××∫ ⋅″ °↵→←•↔×↵→ ←÷≈ ⇓∈⇒↑ ±≡ ←÷≈
 ≈↑←•≥↵←±→↑ ±≡ ←÷≈ °↵→↵≥≈←≈→ ↵→≈ ×≈↑↑ ←÷↵″ ð in fifteen of sixteen cases studied, further in ð ±≡
←÷≈↑≈ ↵↑≈↑ ←÷≈ ⇓∈⇒↑ ↵→≈ ×≈↑↑ ←÷↵″ ∫ ∨±→ ←÷≈  ≈↑←•≥↵←±→ ±≡ ←÷≈ °↵→↵≥≈←≈→  ←÷≈ ⇓∈⇒↑ ↵→≈ ×≈↑↑ ←÷↵″



ð ∨↵•↵″↵ ∧↵→•↵⌠∠↵°↵″• ≈← ↵×∫

 •″ °→↵←•↵××♣ ↵×× ↵↑≈↑∫ ∨±→ ←÷≈  ≈↑←•≥↵←±→↑ ±≡ ←÷≈ °↵→↵≥≈←≈→↑ …≈↑→••″≠ ←÷≈ ↑°↵←•↵× ↑←→↔←↔→≈ ←÷≈
⇓∈⇒↑ ↵→≈ ≠→≈↵←≈→ ←÷↵″ ð •″ ↵ ≡≈♥ ↵↑≈↑ ♥•←÷ ↵ ≥↵♦•≥↔≥ ±≡ ∫ ¬±♥≈♠≈→ ≡±→ ″   ←÷•↑ °•←↔→≈ •↑
↓↔•←≈ …•≡≡≈→≈″← ≈↵↔↑≈ ±″×♣ ←÷≈ ⇓∈⇒↑ ±≡ ←÷≈  ≈↑←•≥↵←±→ ±≡ ←÷≈ °↵→↵≥≈←≈→ →≈≥↵•″ ×±♥∫ ∨±→ ←÷≈ ±←÷≈→

°↵→↵≥≈←≈→↑ •″ ♠↵→•±↔↑ ↑≈″↵→•±↑ ←÷≈ ⇓∈⇒↑ ↵→≈ ÷•≠÷∫ ⋅″ ≠≈″≈→↵× ←÷≈ ∈⊆⇔↑ ↵→≈ ↑≥↵×× ≡±→ ←÷≈ ≈↑←•≥↵←±→↑ ±≡

↵″…  ↔← ↵→≈ ≥±…≈→↵←≈ ≡±→ ←÷≈ ↑°↵←•↵× °↵→↵≥≈←≈→↑∫ ⇓↑ ≈♦°≈←≈… ←÷≈ ♠↵×↔≈↑ •″→≈↵↑≈ ≡±→ ″   ±≥°↵→≈…
←± ←÷±↑≈ ≡±→ ″  ðð∫ ⊆↔÷ →≈↑↔×←↑ ↑÷±♥ ←÷≈ ↑≈″↑•←•♠•←♣ ±≡ ←÷≈  ≈↑←•≥↵←±→↑ ±≡ ←÷≈ ⇒⊆ ↑°↵←•↵× ≥±…≈× ←±
↑≥↵×× ↑↵≥°×≈↑∫

∫ Study II: influence diagnostics

⊃≈ ≈♠↵×↔↵←≈ ←÷≈ °≈→≡±→≥↵″≈ ±≡ ←÷≈ ±→→≈↑°±″…•″≠ …•↵≠″±↑←•c tools in detecting influential cases. In
±→…≈→ ←± ↵→→♣ ±↔← ←÷•↑ ≈♠↵×↔↵←•±″ ♥≈ ≠≈″≈→↵←≈ ←♥± …↵←↵ ↑≈←↑ ↔↑•″≠ ↵ →≈↑°±″↑≈ ♠↵→•↵×≈ ↵↑ ≠•♠≈″ •″  ♥•←÷

↑↵×≈ ≥↵←→•♦ ↑←→↔←↔→≈ …≈↑→•≈… ♣ ↵←λ≈→″ ≡↵≥•×♣ ≥±…≈× ±″↑•…≈→•″≠ ←÷≈ ↑÷↵°≈ °↵→↵≥≈←≈→  ≡ð∑ ð≠
↵″… ″  ðð∫ ⇓≡←≈→ ≠≈″≈→↵←•″≠ ≈↵÷ …↵←↵ ↑≈← ♣  ♣∑    ∑ ♣″

 ♥≈ ±″←↵≥•″↵←≈ •←↑ ≥↵♦•≥↔≥ ♠↵×↔≈ ←±

≠≈″≈→↵←≈ ↵″ ±↔←×•≈→∫ ⊂÷•↑ ±″←↵≥•″↵←•±″ •↑ ↑•≥•×↵→ ←± ←÷↵← ↔sed in Ortega et al. (2003) to study the influence
±≡ ↵ °≈→←↔→↵←•±″ •″ ↵″ ≈♦°×↵″↵←±→♣ ♠↵→•↵×≈ ≡±→ ≠≈″≈→↵×•ƒ≈d log-gamma fixed effect models. Specifically, we
±″↑•…≈→ ←÷≈ ±″←↵≥•″↵←•±″

♣≥↵♦  ♣≥↵♦ ⌡ ð
°
♣♣ 

For the first data set (  ð∑ ″  ðð ←÷≈ ±″←↵≥•″↵←≈… ↵↑≈ ↵±→…•″≠ ←±  →≈↑↔×←↑ ←± ≈ ↵↑≈ ∫
∨•≠∫ ×≈≡← ↑÷±♥↑ ←÷≈ ±♦⌠°×±← ≡±→ ←÷•↑ …↵←↵ ↑≈← ♥÷•÷ •…≈″tifies case #59 as an outlier. Fig. 2(right) displays
←÷≈ ±→→≈↑°±″…•″≠≥±…≈× ≥↵° …•♠•…≈… •″←± ↓↔↵→←•×≈↑ ≡→±≥ ♥÷•÷ •← •↑ °±↑↑•×≈ ←± •…≈″←•≡♣ ♥÷≈→≈ ±↔←×•≈→↑ ↵→≈

×±↵←≈…∫ ⇓≡←≈→ ←÷≈ ±″←↵≥•″↵←•±″ ←÷≈ ≈↑←•≥↵←≈↑ ±≡ ←÷≈ °↵→↵≥≈←≈→↑ ±←↵•″≈… ↔↑•″≠ ←÷≈ ⇒∨∧⊆ ≥≈←÷±… ♥•←÷

←÷≈•→ ≈↑←•≥↵←≈… ↵↑♣≥°←±←• ⊆⇔↑ •″ °↵→≈″←÷≈↑•↑ ↵→≈    ð    ð ð∑
  ðð ð∑   ðððð ð ↵″…  ð ð  →≈↑↔×←•″≠ •″ ↵″
≈↑←•≥↵←≈… ↑°↵←•↵× …≈°≈″…≈″≈ →↵…•↔↑ ↵  ð ð ∫ ∨•≠∫  …•↑°×↵♣↑ ←÷≈ •″…≈♦ °×±← ±≡ ⇑• ×≈≡←
↵″… ∂…≥↵♦∂ →•≠÷← ≡±→ ←÷≈ ↑°↵←•↵× ↑←→↔←↔→≈ …≈↑→•≈… ♣ ←÷≈ ↵←λ≈→″ ≡↵≥•×♣ ≥±…≈× ♥•←÷  ð ±″↑•…≈→•″≠
←÷≈ ±″←↵≥•″↵←≈… ↵↑≈ ↵±→…•″≠ ←± ∫ ⊂÷•↑ ↑←↔…♣ ±≡ ×±↵× influence shows that case #59 is detected as
potential influential∫



    ð





 ð



∨•≠∫  ⇒±♦⌠°×±← ×≈≡← ↵″… ≥±…≈× ≥↵° →•≠÷← ±≡ ←÷≈ ↑•≥↔×↵←≈… …↵←↵ ≡±→ ↵←λ≈→″ ≥±…≈× ♥•←÷  ð ∫



⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ↑°↵←•↵× ≥±…≈××•″≠ ↵″… …•↵≠″±↑←•↑ ↵°°×•≈… ←± ↵≠→•↔×←↔→↵× ≈″≠•″≈≈→•″≠ …↵←↵ 

ð ð ð ð ð ðð

•



ð ð ð ð ð ðð

•



  

ð

∨•≠∫  ⋅″…≈♦ °×±←↑ ↔↑•″≠ ×≈≡← ⇑• ♠≈→↑↔↑ • ↵″… →•≠÷← ∂…≥↵♦• ∂ ♠≈→↑↔↑ • ≡±→ ←÷≈ ↑•≥↔×↵←≈… …↵←↵ ≡→±≥ ←÷≈ ↵←λ≈→″ ≥±…≈× ♥•←÷  ð∫

Similarly to the first data set, for the second data set (  ð∑ ″  ðð ←÷≈ ±″←↵≥•″↵←≈… ↵↑≈ ↵⌠
±→…•″≠ ←±  →≈↑↔×←↑ ←± ≈ ↵↑≈ ∫ ∨•≠∫ ×≈≡← ↑÷±♥↑ ←÷≈ ±♦⌠°×±← ≡±→ ←÷•↑ ↑≈±″… …↵←↵ ↑≈← ♥÷≈→≈↵↑

∨•≠∫ →•≠÷← …•↑°×↵♣↑ ←÷≈ ±→→≈↑°±″…•″≠ ≥±…≈× ≥↵° …•♠•…≈… ♣ ↓↔↵→←•×≈↑∫ ⋅″ ←÷•↑ ↑≈±″… …↵←↵ ↑≈← ↵≡←≈→

←÷≈ ±″←↵≥•″↵←•±″ ←÷≈ ≈↑←•≥↵←≈↑ ±≡ ←÷≈ °↵→↵≥≈←≈→↑ ±←↵•″≈… ♥•←÷ ←÷≈ ⇒∨∧⊆ ≥≈←÷±… ♥•←÷ ←÷≈•→ ⊆⇔↑ •″

°↵→≈″←÷≈↑•↑ ↵→≈   ðð ð    ð ð∑   ððð ð∑
  ðððð ð ↵″…   ð ð  °→≈↑≈″←•″≠ ↵″ ≈↑←•≥↵←≈… ≥↵♦•≥↔≥ …•↑←↵″≈
±≡ ↑°↵←•↵× …≈°≈″…≈″≈ ↵  ð ð . Fig. 5 displays the index plots of influence local which,
such as in the first data set, indicate case #59 as potential influential.
⊂÷≈→≈≡±→≈ ←÷≈ °→±°±↑≈… …•↵≠″±↑←• ≥≈←÷±…±×±≠♣ ↑≈≈≥↑ ←± ≈ ≈≡≡≈←•♠≈ ≡±→ …≈←≈←•″≠ ±↔←×♣•″≠ ↵″… °±←≈″⌠

tial influential cases.



    ð





∨•≠∫  ⇒±♦⌠°×±← ×≈≡← ↵″… ≥±…≈× ≥↵° →•≠÷← ±≡ ←÷≈ ↑•≥↔×↵←≈… …↵←↵ ≡±→ ↵←λ≈→″ ≥±…≈× ♥•←÷   ∫

ð ð ð ð ð ðð

•



ð ð ð ð ð ðð

•



 

∨•≠∫  ⋅″…≈♦ °×±←↑ ↔↑•″≠ ×≈≡← ⇑• ♠≈→↑↔↑ • ↵″… →•≠÷← ∂…≥↵♦∂ ♠≈→↑↔↑ • ≡±→ ←÷≈ ↑•≥↔×↵←≈… …↵←↵ ≡±→ ↵←λ≈→″ ≥±…≈× ♥•←÷  ð∫



 ∨↵•↵″↵ ∧↵→•↵⌠∠↵°↵″• ≈← ↵×∫

⊂↵×≈  ⇓∈⇒ •″ ↵″… ∈⊆⇔ ±≡ ←÷≈  ≈↑←•≥↵←±→ ±≡ ←÷≈ •″…•↵←≈… °↵→↵≥≈←≈→ ↵″… ″ ≡→±≥ ↑•≥↔×↵←≈… …↵←↵ ♥•←÷ ←÷≈ ⇒⊆ ↑°↵←•↵× ≥±…≈×∫

∠↵→↵≥≈←≈→ ⊇↵×↔≈ ⇓∈⇒ ∈⊆⇔ ⊇↵×↔≈ ⇓∈⇒ ∈⊆⇔ ⊇↵×↔≈ ⇓∈⇒ ∈⊆⇔ ⊇↵×↔≈ ⇓∈⇒ ∈⊆⇔
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ðð ð ð ðð ðð ð ðð ð ð ðð ðð ððð

 ðð ð ð ðð ð ð ðð  ðð ðð  ð
 ðð  ð ðð ð ð ðð ð ð ðð  ððð
 ðð ð  ðð   ðð  ð ðð ðð ð

ðð ðð ð ðð  ðð ðð ðð ð ðð  ðð
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 ðð ð ðð ðð  ð ðð  ð ðð  ð
 ðð ð ð ðð  ð ðð ð ð ðð  ð
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ðð ð ðð ðð ð ðð ðð  ð ðð ð ðð
ðð ð ð ðð ð ðð ðð ðð ðð ðð ðð ðð

 ðð ð ð ðð ð ð ðð  ð ðð  ð
 ðð ð ð ðð  ð ðð ð ð ðð  ð
 ðð   ðð  ðð ðð  ð ðð ððð ð

ðð ð ð ðð ð ðð ðð ð ð ðð  ðð
ðð ð ð ðð ðð ðð ðð ð ð ðð ð ðð

 ðð ð ð ðð ð ð ðð  ðð ðð ð ð
 ðð  ðð ðð ð ðð ðð  ððð ðð  ð
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ðð ð ð ðð  ð ðð  ð ðð ð ððð
ðð ð ð ðð ð ð ðð ð ð ðð ð ðð

 ðð  ð ðð  ðð ðð  ððð ðð  ðð
 ðð ð ð ðð  ð ðð  ð ðð ð ð
 ðð   ðð  ð ðð  ð ðð  ð

ðð  ð ðð  ðð ðð  ð ðð  ðð
ðð  ð ðð ðð ð ðð  ð ðð ðð ðð

 ðð ð ð ðð ð ð ðð  ðð ðð ðð ð
 ðð ð ð ðð ð ð ðð  ð ðð  ð
 ð   ð  ð ð ð ðð ð  ð

ðð  ð ðð  ðð ðð  ðð ðð ð ðð
ðð ð ð ðð ðð ðð ðð ðð ð ðð ðð ðð

 ðð  ð ðð  ð ðð  ðð ðð  ð
 ðð  ðð ðð ð ðð ðð ð ð ðð ð ð
 ð   ð ðð ðð ð ð ð ð ð ð

ðð  ð ðð ð ðð ðð  ð ðð ð ðð
ðð ð ð ðð ð ð ðð ð ð ðð ðð ðð

 ðð  ð ðð ð ð ðð  ð ðð  ðð
 ðð  ð ðð   ðð  ðð ðð ð ð
 ð   ð  ð ð ððð  ð  ð

 ↔≥≈→•↵× ↵°°×•↵←•±″↑

∫ ⇐≈↑→•°←•±″ ±≡ ←÷≈ ≈♦°≈→•≥≈″←↵× ↵→≈↵ ↵″… ↑←↔…♣ ♠↵→•↵×≈↑

⊂÷≈ ≈♦°≈→•≥≈″←↵× ↑←↔…♣ ♥↵↑ ±″…↔←≈… …↔→•″≠ ←÷≈ →±° ♣≈↵→ ±≡ ð〉ð •″ ↵ ∫ ÷↵ ±≥≥≈→•↵×

↵→≈↵ ±≡ ≠→↵•″ °→±…↔←•±″ ±≡ ⇑↵↑↵♠≈× ↵ ←±♥″ •″ ←÷≈ ♥≈↑←≈→″ →≈≠•±″ ±≡ ←÷≈ ↑←↵←≈ ±≡ ∠↵→↵″λ↵ ⇒→↵ƒ•×∫ ⊂÷≈ ↵→≈↵

÷↵↑ ↵ ≠≈±≠→↵°÷• ×±↵←•±″ ±≡ ↵°°→±♦•≥↵←≈×♣ ∫± ↑±↔←÷〉∫± ♥≈↑← ♥•←÷ ↵″ ↵♠≈→↵≠≈ ↵×←•←↔…≈ ±≡ ð ≥∫

The soil is classified as ∈≈… ¬↵°×±→←±♦ ∇♦•↑±× ♥•←÷ ↵ ×↵♣ ←≈♦←↔→≈∑ ↑≈≈ ⇔⇒∈⇓∠⇓ ðð∫ ⊂÷≈ ×•≥↵←≈ ±≡
←÷≈ →≈≠•±″ •↑ ÷↔≥•… ↑↔←→±°•↵× ∏±≈°°≈″ ×•≥↵←• ←♣°≈ ⇑≡↵ ♥•←÷ ↵″ ↵♠≈→↵≠≈ ↵″″↔↵× ←≈≥°≈→↵←↔→≈ ±≡ ±⇑∫

Soil sampling locations were defined at points forming a regu×↵→ ↑↓↔↵→≈ ×↵←←•≈ ♥•←÷ ↵″ •″←≈→⌠°±•″← …•↑←↵″≈
±≡ ↵±↔← ð≥∫ ⋅″ ↵……•←•±″ ≈♦←→↵ ×±↵←•±″↑ ♥≈→≈ ÷±↑≈″ ↵← →↵″…±≥ ↵→±↑↑ ←÷≈ →≈≠•±″∫ ⊂÷•↑ ×≈↵…↑ ←± ↵ ←±←↵×

±≡ ″  ð ×±↵←•±″↑ ♥÷•÷ ♥≈→≈ ≠≈±⌠→≈≡≈→≈″≈… •″ ⊄⊂ ±±→…•″↵←≈↑ ↔↑•″≠ ↵ ∧∠⊆ …≈♠•≈∫ ⊂± ↵″↵×♣↑≈ ←÷≈
÷≈≥•↵× °→±°≈→←•≈↑ ≡±↔→ ↑±•× ↑↵≥°×≈↑ ♥≈→≈ ±××≈←≈… ↵← …≈°←÷↑ ≡→±≥ ð∫ð ←± ð∫≥ ↵″… ≥•♦≈… ←± °→±…↔≈ ↵

↑•″≠×≈ →≈°→≈↑≈″←↵←•♠≈ ↑↵≥°×≈ ↵← ≈↵÷ ×±↵←•±″∫ ⊂÷≈ ≥•♦≈… ↑±•× ↑↵≥°×≈↑ ♥≈→≈ ↵″↵×♣↑≈… ♣ ←÷≈ ×↵±→↵←±→♣ ±≡ ←÷≈

Ý±±°»®¿¬·ª¿ Ý»²¬®¿´ ¼» Ü»»²ª±´ª·³»²¬± Ì»½²±´l±¹·½± » Û½±²�±³·½± Ô¬¼¿ò øÝ±±¼»¬»½ô Þ®¿¦·´÷ ¬± ¼»¬»®³·²»
←÷≈ ±″≈″←→↵←•±″ ±≡ ≥↵→± ↵″… ≥•→±⌠″↔←→•≈″←↑∫ ∠÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ ♥↵↑ ÷±↑≈″ ↵↑ ←÷≈ ↑←↔…♣ ♠↵→•↵×≈

≈↵↔↑≈ •← ÷↵↑ ↵ °±↑•←•♠≈ ≈≡≡≈← ±″ °×↵″← ≠→±♥←÷ ↵″… ″↔←→•←•±″∫ ∨↔→←÷≈→≥±→≈ •←↑ ↑°↵←•↵× ♠↵→•↵•×•←♣ •↑ ≈♦←→≈≥≈×♣

•≥°±→←↵″← ≡±→ ↵≠→•↔×←↔→↵× ≥↵″↵≠≈≥≈″←∫ ⇓±→…•″≠ ←± ←÷≈ ×assification given by COAMO/COODETEC



⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ↑°↵←•↵× ≥±…≈××•″≠ ↵″… …•↵≠″±↑←•↑ ↵°°×•≈… ←± ↵≠→•↔×←↔→↵× ≈″≠•″≈≈→•″≠ …↵←↵ 

ðð ←÷≈ °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ •″ ×↵♣≈♣ ↑±•× •↑ ±″↑•…≈→≈… ↵↑ ≡±××±♥↑∫ ∨±→ ↑±♣≈↵″ °×↵″←•″≠ •← •↑ •

×±♥ ≡±→ ×≈♠≈×↑ ×≈↑↑ ←÷↵″  ≥≠〉…≥∑ •• ≥≈…•↔≥ ≡±→ ×≈♠≈×↑ ≈←♥≈≈″ ∫ ↵″…  ≥≠〉…≥∑ ••• ÷•≠÷ ≡±→ ×≈♠≈×↑

≈←♥≈≈″ ∫ ↵″…  ≥≠〉…≥∑ ↵″… •♠ ♠≈→♣ ÷•≠÷ ≡±→ ×≈♠≈×↑ ≠→≈↵←≈→ ←÷↵″  ≥≠〉…≥∫ ∨±→ ±→″ °×↵″←•″≠ ←÷≈

°÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ •↑ • ×±♥ ≡±→ ×≈♠≈×↑ ×≈↑↑ ←÷↵″  ≥≠〉…≥∑ •• ≥≈…•↔≥ ≡±→ ×≈♠≈×↑ ≈←♥≈≈″ ∫ ↵″…

∫ ≥≠〉…≥∑ ••• ÷•≠÷ ≡±→ ×≈♠≈×↑ ≈←♥≈≈″ ∫ ↵″…  ≥≠〉…≥∑ ↵″… •♠ ♠≈→♣ ÷•≠÷ ≡±→ ×≈♠≈×↑ ≠→≈↵←≈→ ←÷↵″ 

≥≠〉…≥∫

∫ ⇔♦°×±→↵←±→♣ ↵″… ↑°↵←•↵× …≈°≈″…≈″≈ ↵″↵×♣↑•↑

⊂÷≈ ≈♦°×±→↵←±→♣ …↵←↵ ↵″↵×♣↑•↑ ⇔⇐⇓ ≡±→ ←÷≈ °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ •↑ …•♠•…≈… •″ ←♥± ″±″⌠↑°↵←•↵×

↵″… ↑°↵←•↵×∫ ∨→±≥ ←÷≈ ″±″⌠↑°↵←•↵× °±•″← ±≡ ♠•≈♥ ←÷≈ ↑↵≥°×≈ ≥≈↵″ ±≡ ←÷≈ °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ •″ ←÷≈ ↑±•×

±≡ ←÷≈ ↵→≈↵ ↔″…≈→ ↑←↔…♣ •↑ ∫ ≥≠〉…≥, whereas the corresponding sample coefficients of variatio″ ⇑⊇
↑∝≈♥″≈↑↑ ⇑⊆ ↵″… ∝↔→←±↑•↑ ⇑∏ ↵→≈ ⇑⊇  ð∫  ⇑⊆  ∫ ↵″… ⇑∏  ∫ð∫ ⊂÷≈↑≈ …≈↑→•°←•♠≈

↑←↵←•↑←•↑ •″…•↵←≈ ↵ →≈↵↑±″↵×≈ …≈≠→≈≈ ±≡ ÷±≥±≠≈″≈•←♣ ↵→±↔″… ←÷≈ ≥≈↵″ ↵ °±↑•←•♠≈ ↑∝≈♥″≈↑↑ ↵″… ↵ ÷•≠÷

∝↔→←±↑•↑ ×≈♠≈× ↑↔÷ ↵↑ ♠•↑↔↵×•ƒ≈… •″ ←÷≈ ±♦⌠°×±← ±≡ ∨•≠∫ ×≈≡←∫ ∨→±≥ ←÷•↑ ±♦⌠°×±← ″±←≈ ←÷↵← ≡±↔→ ±↔←×•≈→↑

identified as cases #32, #53, #57 and #59, are detected. ⊂÷≈ •→×≈… °±•″←↑ •″ ∨•≠∫ →•≠÷← •…≈″←•≡♣ ←÷≈↑≈
±↔←×♣•″≠ ↵↑≈↑ ♥÷•÷ ↵→≈ ×±↵←≈… ↵← ←÷≈ ×±♥≈→ °↵→← ±≡ ←÷≈ ↑←↔…•≈… →≈≠•±″∫ ⊂÷≈ ″±″⌠↑°↵←•↵× ⇔⇐⇓ ↑↔°°±→←↑

←÷≈ ↔↑≈ ±≡ ←÷≈ ⇒⊆ …•↑←→•↔←•±″∫ ∨→±≥ ←÷≈ ↑°↵←•↵× °±•″← ±≡ ♠•≈♥ ↵ ↑←↵″…↵→… ↵″↵×♣↑•↑ ±≡ ↑↵≥°×≈ ♠↵→•±≠→↵≥↑

±≥•←←≈… ÷≈→≈ ↔↑•″≠ ←÷≈ …•→≈←•±″↑ ð± ± ð± ↵″… ± ↑÷±♥↑ ←÷↵← ←÷≈ …•→≈←•±″↵× ♠↵→•±≠→↵≥↑ ÷↵♠≈ ↑•≥•×↵→

≈÷↵♠•±↔→ ↔″←•× ↵ …•↑←↵″≈ ±≡ ↵±↔← ðð ≥ •↑ ↵←←↵•″≈…∫ ⊂÷≈→≈≡±→≈ ♥≈ ↵″ ↵↑↑↔≥≈ ←÷↵← ←÷≈→≈ •↑ •↑±←→±°♣ ↔°

↔″←•× ←÷↵← …•↑←↵″≈∫

ðð ðððð ððð ððð

∪ ⇑±±→…

•″ ⌠ ∉

∉ ⌠ ≈…•↵″

≈…•↵″ ⌠ ∉

∉ ⌠ ↵♦

σ 

∇
∇∇

∇

∨•≠∫  ⇒±♦⌠°×±← ×≈≡← ↵″… ≥±…≈× ≥↵° →•≠÷← ±≡ ←÷≈ °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ …↵←↵∫

∫ ∠↵→↵≥≈←≈→ ≈↑←•≥↵←•±″ ↵″… ∏→•≠•″≠

⊂± ÷±±↑≈ ←÷≈ ≈↑← ≥±…≈× ≡±→ …≈↑→••″≠ ←÷≈ ↑°↵←•↵× …≈°≈″…≈″≈ ↑←→↔←↔→≈ ±≡ ←÷≈ °÷±↑°÷±→↔↑ ±″≈″←→↵⌠

←•±″ ←÷≈ →±↑↑⌠♠↵×•…↵←•±″ →•←≈→•±″ ↵″… ←÷≈ ≥↵♦•≥↔≥ ♠↵×↔≈ ±≡ ←÷≈ ×±≠⌠×•∝≈×•÷±±… ≡↔″←•±″ ↵→≈ ±″↑•…≈→≈…∫

±←≈ ←÷↵← ←÷≈ °↵→↵≥≈←≈→ ±→→≈↑°±″…↑ ←± ←÷≈ ±→…≈→ ±≡ ←÷≈ ♠↵→•±≠→↵≥≥±…≈× •″ ←÷≈ ↵←λ≈→″ ≡↵≥•×♣ ♥÷•÷ •← •↑

not estimated to avoid identifiability problems in the estim↵←•±″ ±≡ ±♠↵→•↵″≈ ≥↵←→•♦ °↵→↵≥≈←≈→↑∫ ⊂÷↔↑
several variogram models based on the Matérn family are fitt≈… ↵″… ←÷≈″ ←÷≈ ≥±…≈× ♥•←÷ ←÷≈ ↑≥↵××≈↑←
→±↑↑⌠♠↵×•…↵←•±″ ♠↵×↔≈ •↑ ÷±↑≈″∫ ∇″≈ •↑ …≈←≈→≥•″≈… ←÷≈ ≈↑← ↵←λ≈→″ ≥±…≈× ♥•←÷ °↵→↵≥≈←≈→ •↑ ↔↑≈…

←± ≈↑←•≥↵←≈ by the ML method using a profile likelihood approach. Therefo→≈ ↔↑•″≠ ←÷•↑ →•←≈→•±″ ←÷≈
≈↑← ≥±…≈× ±→→≈↑°±″…↑ ←± ←÷≈ ↵←λ≈→″ ≡↵≥•×♣ ♥•←÷ °↵→↵≥≈←≈→  ∫ ⊂÷≈ ≈↑←•≥↵←≈… ⇒⊆ ≥±…≈× ↵″… ♠↵→•⌠
±≠→↵≥ °↵→↵≥≈←≈→↑ ♥•←÷ ≈↑←•≥↵←≈… ↵↑♣≥°←±←• ⊆⇔ •″ °↵→≈″←÷≈↑•↑ ↵→≈   ð   ððð
  ðð   ðððð   ððððððð ↵″… ↵  ððððððð∑ ↑≈≈
Table 4. Then, we obtain the fitted spatial map shown in Fig. 8(×≈≡← ≡±→ ←÷≈ ↑±•× °÷±↑°÷±→↔↑ ±″≈″←→↵⌠
tion by using the fitted BS spatial model obtained from (16) an… ←÷≈ ±→…•″↵→♣ ∏→•≠•″≠ •″←≈→°±×↵←•±″ …≈⌠
↑→•≈… •″ ∫ ∇↑≈→♠≈ ←÷↵← ←÷•↑ •↑ ±←↵•″≈… ≡→±≥ ←÷≈  ≈↑←imates provided above, the fitted scale matrix



 ∨↵•↵″↵ ∧↵→•↵⌠∠↵°↵″• ≈← ↵×∫

  ð⋅″⌡ððð ∈ ♥•←÷ ∈ ≠•♠≈″ ≡→±≥  ↵″…  . According to the classification provided by
⇑∇⇓∇〉⇑∇∇⇐⇔⊂⇔⇑ ðð ↑≈≈ ⊆↔↑≈←•±″ ∫ ″±←≈ ←÷↵← ←÷≈ °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ •↑ ±″↑•…≈→≈…

♠≈→♣ ÷•≠÷ ≡±→ ±←÷ ↑±♣≈↵″ ↵″… ±→″ °×↵″←•″≠ ♥÷•÷ •↑ ↑↔•←↵×≈ ≡±→ °×↵″←•″≠ ±←÷ →±°↑∫

∫ ±…≈× ↑≈×≈←•±″

⊃≈ ±≥°↵→≈ ←÷≈ ↑°↵←•↵× ⇒⊆ ↵″… ∧↵↔↑↑•↵″ ≥±…≈×↑ ↔↑•″≠ ←÷≈ ⇓∝↵•∝≈ ⇓⋅⇑ ↵″… ⊆÷♥↵→ƒ ⇒↵♣≈↑•↵″ ⇒⋅⇑

•″≡±→≥↵←•±″ →•←≈→•↵∫ ⊂÷≈↑≈ ↵→≈ ≠•♠≈″ ♣ ⇓⋅⇑  ℵ ⌡ … ↵″… ⇒⋅⇑  ℵ ⌡ … ×±≠″ ♥÷≈→≈ ℵ
•↑ ←÷≈ ×±≠⌠×•∝≈×•÷±±… ≡↔″←•±″ ≡±→ ←÷≈ °↵→↵≥≈←≈→ ↵↑↑±•↵←≈… ♥•←÷ ←÷≈ ≥±…≈× ≈♠↵×↔↵←≈… ↵←   … •↑ ←÷≈
…•≥≈″↑•±″ ±≡ ←÷≈ °↵→↵≥≈←≈→ ↑°↵≈ ↵″… ″ ←÷≈ ↑•ƒ≈ ±≡ ←÷≈ …↵←↵ ↑≈←∫ ⇒±←÷ →•←≈→•↵ ↵→≈ ↵↑≈… ±″ ↵ °≈″↵×•ƒ≈…
×±≠⌠×•∝≈×•÷±±… ≡↔″←•±″ ↵↑ ←÷≈ ≥±…≈× ≈±≥≈↑ ≥±→≈ ±≥°×≈♦ ←÷↵← •↑ ♥•←÷ ≥±→≈ °↵→↵≥≈←≈→↑∫ ⊂÷↔↑ ↵ ≥±…≈×

♥÷±↑≈ •″≡±→≥↵←•±″ →•←≈→•±″ ÷↵↑ ↵ ↑≥↵××≈→ ♠↵×↔≈ •↑ ≈←←≈→∑ ↑≈≈ ∨≈→→≈•→↵ ≈← ↵×∫ ð ≈•♠↵ ≈← ↵×∫ ð≈ ↵″…

→≈≡≈→≈″≈↑ ←÷≈→≈•″∫ ⇒≈↑•…≈↑ ←÷≈ ⇓⋅⇑ ↵″… ⇒⋅⇑ •″≡±→≥↵←•±″ →•←≈→•↵ ←÷≈ ⇒↵♣≈↑ ≡↵←±→ ⇒∨ ↵″ ↵×↑± ≈ ↔↑≈… ←±

±≥°↵→≈ ←÷≈ ⇒⊆ ↵″… ∧↵↔↑↑•↵″ ↑°↵←•↵× ≥±…≈×↑∫ ⊂÷≈ ⇒∨ …≈″±←≈… ♣ ⇒ ↵××±♥↑ ↔↑ ←± ±≥°↵→≈  ≥±…≈×
±″↑•…≈→≈… ↵↑ ±→→≈← ←±  ≥±…≈× ←± ≈ ±″←→↵↑←≈… ♥•←÷  ♣  ×±≠⇒ ⇒⋅⇑ ⇒⋅⇑  ♥÷≈→≈
⇒⋅⇑• ↑←↵″…↑ ≡±→ ←÷≈ ⇒⋅⇑ ↵↑↑±•↵←≈… ♥•←÷ ←÷≈ ≥±…≈× • ≡±→ •  ∑ ∫ ⊂÷≈ ⇒∨ °→±♠•…≈↑ ↵″ ±∂≈←•♠≈ ♠↵×↔≈
←± ↓↔↵″←•≡♣ ←÷≈ …≈≠→≈≈ ±≡ ↑↔°≈→•±→•←♣ ±≡ ±″≈ ≥±…≈× ♥•←÷ →≈↑°≈← ←± ↵″±←÷≈→∫ ⇓″ •″←≈→°→≈←↵←•±″ ±≡ ←÷≈ ⇒∨ •↑

…•↑°×↵♣≈… •″ ←÷≈ ⊂↵×≈ ∫ ⊂÷↔↑ ↵±→…•″≠ ←± ⊂↵×≈↑  ↵″…  ♥≈ …≈←≈← ←÷↵← ←÷≈ ⇒⊆ ≥±…≈× •↑ ↑↔°≈→•±→ ←± ←÷≈

∧↵↔↑↑•↵″ ≥±…≈× ♥•←÷ ↵ ♠≈→♣ ↑←→±″≠ ≈♠•…≈″≈ •″ •←↑ ≡↵♠±→ ♥÷≈″ ←÷≈ …↵←↵ ↵→≈ ″±← ←→↵″↑≡±→≥≈… ♣ ←÷≈ ×±≠↵→•←÷≥∫

⊂↵×≈  ⋅″←≈→°→≈←↵←•±″ ±≡  ×±≠⇒ ↵↑↑±•↵←≈… ♥•←÷ ←÷≈ ⇒∨∫

 ×±≠⇒ ⇔♠•…≈″≈ •″ ≡↵♠±→ ±≡ 
 ð ≈≠↵←•♠≈  •↑ ↵≈°←≈…
⊕ð∑  ♥≈↵∝
⊕∑  ∠±↑•←•♠≈
⊕∑ ð ⊆←→±″≠
ð ♠≈→♣ ↑←→±″≠

⊂↵×≈ 

±…≈× ℵ  ⇓⋅⇑ ⇒⋅⇑  ×±≠⇒
⇒⊆ ←→↵″↑≡±→≥≈… …↵←↵    �
∧↵↔↑↑•↵″ ←→↵″↑≡±→≥≈… …↵←↵ ð ð ðð �
⇒⊆    ∫
∧↵↔↑↑•↵″ ððð ðððð ðð �

5.5 Influence diagnostics

To evaluate the effect of atypical cases on the fitted spatial≥↵° ↑÷±♥″ •″ ∨•≠∫ ×≈≡← ♥≈ ↵→→♣ ±↔← ×±↵×
influence diagnostics. By using a response variable perturbation scheme for the detection of influential
↵↑≈↑ °×±←↑ ±≡ ⇑• ♠≈→↑↔↑ • ↵″… ∂…≥↵♦∂ ♠≈→↑↔↑ • ↵→≈ ±″↑•…≈→≈…∫ ⋅← •↑ ×≈↵→ ←± ↑≈≈ ≡→±≥ ∨•≠∫  ←÷↵← ↵↑≈↑ 
#48 and #94 are identified as influential by both techniques. N±←≈ ←÷↵← ←÷≈↑≈ ←÷→≈≈ ↵↑≈↑ ↵→≈ …•≡≡≈→≈″← ≡→±≥
←÷≈ ±↔←×♣•″≠ ↵↑≈↑ …≈←≈←≈… ♣ ←÷≈ ±♦⌠°×±← •″ ∨•≠∫ ×≈≡← ♥÷•÷ •″…•↵←≈↑ ←÷≈ →≈×≈♠↵″≈ ±≡ ↔↑•″≠ ←÷≈ ×±↵×

influence method instead of a simple analysis using the box-p×±←∫
⊂↵×≈  ↑÷±♥↑ ≈↑←•≥↵←≈… ≥±…≈× °↵→↵≥≈←≈→↑ ↵″… ←÷≈ ±→→≈↑°±″…•″≠ ≈↑←•≥↵←≈… ⊆⇔↑ •″ °↵→≈″←÷≈↑•↑ ≡±→ ♠↵→⌠

ious spatial models fitted with the complete data set and subsets of it when the influential cases are removed,
≈•←÷≈→ •″…•♠•…↔↵××♣ ±→ ∂±•″←×♣∫ As usual in the local influence method, once one or more influen←•↵× ↵↑≈↑ ↵→≈
identified, the cases are removed from the data set to investi≠↵←≈ ÷±♥ ←÷≈•→ →≈≥±♠↵× ↵≡≡≈←↑ ←÷≈ ≥±…≈× ↑≈×≈⌠
←•±″ ←÷≈ ≈↑←•≥↵←•±″ ±≡ °↵→↵≥≈←≈→↑ ↵″… ←÷≈ ±″↑←→↔←•±″ ±≡ ≥↵°↑∫ Note that removal of the influential cases
↵↔↑≈↑ …→↵≥↵←• ÷↵″≠≈↑ •″ ←÷≈ ≈↑←•≥↵←≈… ↑°↵←•↵× →↵″≠≈ ↵ ≈↑°≈•↵××♣ ♥÷≈″ ↵↑≈↑  ↵″…  ↵→≈ →≈≥±♠≈…
←±≠≈←÷≈→∫ ⊂÷•↑ •↑ …↔≈ ←± ←÷≈ ±″↑•…≈→↵×≈ ÷↵″≠≈ •″ ←÷≈ ≈↑←•≥↵←≈  ↵″… ↵ ÷↵″≠≈ •″ ←÷≈ ≈↑←•≥↵←≈… ♠↵→•±≠→↵≥



⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ↑°↵←•↵× ≥±…≈××•″≠ ↵″… …•↵≠″±↑←•↑ ↵°°×•≈… ←± ↵≠→•↔×←↔→↵× ≈″≠•″≈≈→•″≠ …↵←↵ 

ð ð ð ð ð ðð

±→…≈≥











ð ð ð ð ð ðð

±→…≈≥






∨•≠∫  ⋅″…≈♦ °×±←↑ ↔↑•″≠ ×≈≡← ⇑• ♠≈→↑↔↑ • ↵″… →•≠÷← ∂…≥↵♦∂ ♠≈→↑↔↑ • ≡±→ °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ …↵←↵∫

≥±…≈× ÷±↑≈″ ←± …≈↑→•≈ ←÷≈ ↑°↵←•↵× ♠↵→•↵•×•←♣∫ ⊂↵×≈  ↵×↑± ↑÷±♥↑ ←÷≈ °⌠♠↵×↔≈↑ ≡±→ ÷♣°±←÷≈↑≈↑ ±≡ ←÷≈ ≡±→≥

¬ð ∂  ð ♠≈→↑↔↑ ¬ ∂  ð ♥÷≈→≈ ∂ •↑ ↵″♣ ±≡ ←÷≈ °↵→↵≥≈←≈→↑ ±≡ ←÷≈ ♠≈←±→   ∑ ∑ 
∫

⊂± ←≈↑← ¬ð ♥≈ ↵″ ↔↑≈ ←÷≈ ←≈↑← ↑←↵←•↑←• ∅  ∂⊆⇔ ∂ ♥÷≈→≈ ∂ •↑ ←÷≈  ≈↑←•≥↵←±→ ±≡ ∂ ↵″… ⊆⇔ ∂
←÷≈ ±→→≈↑°±″…•″≠ ⊆⇔∫ ⊂÷≈ ↵↑♣≥°←±←• …•↑←→•↔←•±″ ±≡ ∅ •↑ ∝″±♥″ ←± ≈ ″±→≥↵×∑ ↑≈≈ →≈↑↔×←↑ …≈←↵•×≈… •″ ∫
∨→±≥ ←÷≈ °⌠♠↵×↔≈↑ ↑÷±♥″ •″ ←÷•↑ ←↵×≈ •← ≡±××±♥↑ ←÷↵← •″ ↵×× ≥±…≈×↑ ←÷≈ ÷♣°±←÷≈↑•↑ ¬ð •↑ →≈∂≈←≈… ↵← ↵ 

significance level for the parameters ↵″…  ♥÷≈→≈↵↑ ¬ð •↑ ″±← →≈∂≈←≈… •″ ←÷≈ ←≈↑←↑ ≡±→ ←÷≈ °↵→↵≥≈←≈→↑
  ↵″… ∫ ±←≈ ←÷↵← ″± •″≡≈→≈″←•↵× ÷↵″≠≈↑ ↵→≈ …≈←≈←≈… ♥÷≈″ →≈≥±♠•″g the influential cases. ∇↑≈→♠≈
←÷↵← •″ ←÷≈ ↵↑≈↑ ♥÷≈″ ←÷≈ °↵→↵≥≈←≈→ ↑°↵≈ •↑ ←÷≈ ↑≈← ±≡ ←÷≈ °±↑•←•♠≈ →≈↵× ″↔≥≈→↑ ♥≈ ↑÷±↔×… →≈↑←→•← ¬ ←±

←÷•↑ ↑≈← ♥÷•÷ ♥↵↑ ±″↑•…≈→≈… ↵±→…•″≠×♣ •″ ←÷≈ ↵×↔×↵←•±″ ±≡ ←÷≈ ±→→≈↑°±″…•″≠ °⌠♠↵×↔≈∫ ±←≈ ↵×↑± ←÷↵←

≡±→ ←÷≈ ↵←λ≈→″ ≥±…≈× ←÷≈ ↑°↵←•↵× …≈°≈″…≈″≈ →↵…•↔↑ ↵ •↑ ↵ ≡↔″←•±″ ±≡  ←÷↵← •↑ ↵   ♥÷≈→≈  •↑ ↵
±″↑←↵″← ←÷↵← …≈°≈″…↑ ±″  ↑± ←÷↵← ↵   ↵″… ←÷≈″ ⊆⇔↵  ⊆⇔∫
∨•≠∫  …•↑°×↵♣↑ ±″←±↔→ ≥↵°↑ ±≡ ←÷≈ ↑±•× °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ ↔↑•″≠ ←÷≈ ⇒⊆ ↑°↵←•↵× ≥±…≈× ↵″… ±→⌠

…•″↵→♣ ∏→•≠•″≠ •″←≈→°±×↵←•±″∫ ⊂÷≈ ≥↵°↑ ♥≈→≈ →≈↵←≈… ↵↑≈… ±″ ←♥± ↑≈″↵→•±↑ • ↔↑•″≠ ←÷≈ ±≥°×≈←≈ …↵←↵

set (reference map) and (ii) removing the influential cases #  ↵″…  •″…•♠•…↔↵××♣ ↵″… ∂±•″←×♣∫ ⊂±
construct the maps, we consider five classes of equal size obt↵•″≈… ♣ …•♠•…•″≠ ←÷≈ →↵″≠≈ ±≡ ≈↑←•≥↵←≈… °÷±↑⌠
phorus concentration into five equal width intervals. ±←≈ ←÷↵← ←÷≈ →≈≥±♠↵× ±≡ ←÷≈ ↵↑≈↑ •″…•♠•…↔↵××♣ …±≈↑
not change the map significantly. However, the joint removal ±≡ ←÷≈ ↵↑≈↑ ↵↔↑≈↑ ↵ …→↵≥↵←• ÷↵″≠≈∫ ⇓ ≥±→≈
±∂≈←•♠≈ ±≥°↵→•↑±″ ±≡ ←÷≈ ≥↵°↑ •↑ ↵→→•≈… ±↔← ↔↑•″≠ ←÷≈ ∧⇓ ↵″… •″…≈♦≈↑∑ ↑≈≈ ⊂↵×≈ ∫ ⊂÷↔↑ ↵±→…•″≠ ←±

Anderson et al. (1976), when the influential cases are remove… •″…•♠•…↔↵××♣ ←÷≈ ≥±…≈× ≥↵°↑ ↵→≈ ↑•≥•×↵→ ←±
←÷≈ →≈≡≈→≈″≈ ≥↵° …•↑°×↵♣≈… •″ ∨•≠∫ →•≠÷←∫ ≈♠≈→←÷≈×≈↑↑ ←÷•↑ …±≈↑ ″±← ±↔→ ♥÷≈″ ←÷≈ ↵↑≈↑ ↵→≈ →≈≥±♠≈…

jointly. Using the classification of Krippendorff (2004) fo→ ←÷≈ •″…≈♦ ″±←≈ ←÷≈ ≡±××±♥•″≠ • ←÷≈ ≥±…≈×
map created removing the influential case #48 has a high simil↵→•←♣ ±≥°↵→≈… ←± ←÷≈ →≈≡≈→≈″≈ ≥↵°∑ ••
←÷≈ ≥↵° →≈↵←≈… →≈≥±♠•″≠ ↵↑≈↑  ↵″…  ÷↵↑ ↵ ≥≈…•↔≥ ↑•≥•×↵→•←♣∑ ↵″… ••• ←÷≈ ±←÷≈→ ≥↵°↑ ÷↵♠≈ ↵ ×±♥

↑•≥•×↵→•←♣ ♥÷•÷ ↑↔≠≠≈↑←↑ ←÷↵← ←÷≈ ↵↑≈↑ ↵→≈ ±″×♣ ∂±•″←×♣ •nfluential.

 ⇑±″×↔↑•±″↑ ↵″… ≡↔←↔→≈ ♥±→∝

⊃≈ ÷↵♠≈ °→±°±↑≈… ↵ ″±♠≈× ↑°↵←•↵× ×±≠⌠×•″≈↵→ ≥±…≈× ↵↑≈… ±″ ←÷≈ ⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ …•↑←→•↔←•±″∫ ⊂÷•↑

•↑ ↵″ ↵×←≈→″↵←•♠≈ ←± ←÷≈ ∧↵↔↑↑•↵″ ↑°↵←•↵× ≥±…≈× ≡±→ …≈↑→••″≠ …↵←↵ ♥•←÷ ↑°↵←•↵× …≈°≈″…≈″♣ ↑←→↔←↔→≈ ↵″…

≥±↑← •≥°±→←↵″←×♣ ♥•←÷ ↵ °±↑•←•♠≈ ↑∝≈♥ …•↑←→•↔←•±″∫ ↵♦•≥↔≥ ×•∝≈×•÷±±… ≈↑←•≥↵←≈↑ ±≡ ←÷≈ ≥±…≈× °↵→↵≥≈←≈→↑

were calculated using an iterative approach. Local influenc≈ …•↵≠″±↑←•↑ ≡±→ ←÷≈ ″≈♥≥±…≈× ♥≈→≈ …≈→•♠≈… ↵″…
±→→≈↑°±″…•″≠ ≈↓↔↵←•±″↑ ≡±→ ←÷≈ ≥±↑← ↵°°→±°→•↵←≈ °≈→←↔→↵←•±″ ±←↵•″≈…∫ ⊃≈ ≈♠↵×↔↵←≈… ←÷≈ °≈→≡±→≥↵″≈ ±≡

←÷≈ ≈↑←•≥↵←•±″ °→±≈…↔→≈ ↵″… …•↵≠″±↑←• ←±±×↑ ♣ ↑•≥↔×↵←•±″∫ ∨±→ ×↵→≠≈ ↑↵≥°×≈↑ ≈↑←•≥↵←•±″ ↵″… …•↵≠″±↑←•↑

÷↵♠≈ ↵ ≠±±… °≈→≡±→≥↵″≈∫ ⊂÷≈ °→±°±↑≈… ↵°°→±↵÷ ♥↵↑ ↵×↑± ↔↑≈… ←± ↵″↵×♣↑≈ →≈↵×⌠♥±→×… ↵≠→•↔×←↔→↵× ≈″≠•⌠

neering data. In this application, influential cases were de←≈←≈… ↵″… ←÷≈•→ →≈≥±♠↵× ↵↔↑≈… ↵ ±″↑•…≈→↵×≈
÷↵″≠≈ •″ ←÷≈ ↑°↵←•↵× …≈°≈″…≈″≈ →↵…•↔↑ ↵″… ±″ ←÷≈ ↑°↵←•↵× ≥↵ps. Importantly, not all these influential cases
would have been identified as traditional outliers.
⊆±≥≈ °±↑↑•×≈ •↑↑↔≈↑ ←± ≈ ↵……→≈↑↑≈… •″ ≡↔←↔→≈ ↑←↔…•≈↑ ↵→≈ ←÷≈ ≡±××±♥•″≠∫ ∨•→↑← ≈↵↔↑≈ ←÷≈ ⇒•→″↵↔≥⌠

⊆↵↔″…≈→↑ …•↑←→•↔←•±″ •↑ ↵↑≈… ±″ ←÷≈ ″±→≥↵× …•↑←→•↔←•±″ ↵ ÷≈↵♠♣⌠←↵•×≈… ♠≈→↑•±″ ↵↑≈… ≡±→ ≈♦↵≥°×≈ ±″ ←÷≈
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↵ ↵° ♥•←÷ ↵×× ←÷≈ ↵↑≈↑  ↵° →≈≥±♠•″≠ ↵↑≈ ∫

 ↵° →≈≥±♠•″≠ ↵↑≈ ∫ … ↵° →≈≥±♠•″≠ ↵↑≈ ∫

≈ ↵° →≈≥±♠•″≠ ↵↑≈↑  ↵″… ∫ ≡ ↵° ≈♦×↔…•″≠ ↵↑≈↑  ↵″… ∫

≠ ↵° ≈♦×↔…•″≠ ↵↑≈↑  ↵″… ∫ ÷ ↵° ≈♦×↔…•″≠ ↵↑≈↑  ↵″…  ↵″… ∫

∨•≠∫  ⊆÷↵…≈… ±″←±↔→ °×±←↑ ↑÷±♥•″≠ ←÷≈ ≈≡≡≈←↑ ±≡ →≈≥±♠•″≠ ←÷≈ •″…•↵←≈… ↵↑≈↑ ≡±→ °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ …↵←↵∫



⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ ↑°↵←•↵× ≥±…≈××•″≠ ↵″… …•↵≠″±↑←•↑ ↵°°×•≈… ←± ↵≠→•↔×←↔→↵× ≈″≠•″≈≈→•″≠ …↵←↵ 

⊂↵×≈   ≈↑←•≥↵←≈↑ ±≡ ←÷≈ •″…•↵←≈… ≥±…≈× °↵→↵≥≈←≈→ ♥•←÷ ≈↑←•≥↵←≈… ↵↑♣≥°←±←• ⊆⇔ •″ °↵→≈″←÷≈↑•↑ ↵″… ⊕°⌠♠↵×↔≈↑ •″ →↵∝≈←↑℘ ↵″…

♠↵×↔≈↑ ±≡ ∧⇓ ↵″… •″…≈♦≈↑ ≡±→ ←÷≈ °÷±↑°÷±→↔↑ ±″≈″←→↵←•±″ …↵←↵ ↑≈← ♥•←÷ •″…•↵←≈… …→±°°≈… ↵↑≈↑∫

⇐→±°°≈… ↵↑≈↑ ±…≈×    ↵ ∧⇓

±″≈ ↵←λ≈→″   ð∫ ∫ð ð∫ ð∫ðð ∫ð ð∫ð ⌠ ⌠

∫ ð∫ð ð∫ ð∫ ð∫ððððð ð∫ððððð

⊕ð∫℘ ⊕ ððð℘ ⊕ð∫℘ ⊕ð∫℘ ⊕ ððð℘ ⊕ ððð℘
 ↵←λ≈→″   ð∫ ∫ ð∫ ð∫ð ð∫ ∫ ð∫ð ð∫

∫ð ð∫ð ∫ð ð∫ ð∫ðððððð ð∫ððððð

⊕ð∫ð℘ ⊕ ððð℘ ⊕ð∫℘ ⊕ð∫℘ ⊕ ððð℘ ⊕ ððð℘
 ↵←λ≈→″   ð∫ ∫ ð∫ ð∫ð ∫ ð∫ð ð∫ ð∫

∫ ð∫ð ð∫ ð∫ ð∫ððððð ð∫ððððð

⊕ð∫℘ ⊕ ððð℘ ⊕ð∫℘ ⊕ð∫℘ ⊕ ððð℘ ⊕ ððð℘
 ↵←λ≈→″   ð∫ ∫ ð∫ ð∫ð ð∫ ∫ ð∫ ð∫

∫ ð∫ð ð∫ ð∫ ð∫ððððð ð∫ðððð

⊕ð∫℘ ⊕ ððð℘ ⊕ð∫℘ ⊕ð∫℘ ⊕ ððð℘ ⊕ ððð℘
  ↵←λ≈→″  ð ð∫ ∫ ð∫ð ð∫ðð ∫ð ∫ ð∫ ð∫

≈♦°±″≈″←•↵× ∫ ð∫ð ð∫ ð∫ ð∫ðððð ð∫ððð

⊕ð∫℘ ⊕ ððð℘ ⊕ð∫℘ ⊕ð∫℘ ⊕ ððð℘ ⊕ ððð℘
  ↵←λ≈→″  ð ð∫ ∫ð ð∫ð ð∫ð ∫ð ∫ ð∫ ð∫

≈♦°±″≈″←•↵× ∫ð ð∫ð ð∫ ð∫ ð∫ððð ð∫ððð

⊕ð∫℘ ⊕ ððð℘ ⊕ð∫ð℘ ⊕ð∫℘ ⊕ ððð℘ ⊕ ððð℘
  ↵←λ≈→″   ð∫ ∫ ð∫ ð∫ð ∫ ∫ ð∫ð ð∫ð

∫ð ð∫ð ð∫ ð∫ ð∫ðððððð ð∫ððððð

⊕ð∫ð℘ ⊕ ððð℘ ⊕ð∫℘ ⊕ð∫℘ ⊕ ððð℘ ⊕ ððð℘
   ↵←λ≈→″  ð ð∫ ∫ ð∫ð ð∫ð ∫ ∫ð ð∫ ð∫

≈♦°±″≈″←•↵× ∫ ð∫ð ð∫ ð∫ ð∫ðððð ð∫ððð

⊕ð∫℘ ⊕ ððð℘ ⊕ð∫℘ ⊕ð∫℘ ⊕ ððð℘ ⊕ ððð℘

⊆←↔…≈″←⌠← …•↑←→•↔←•±″ ↵″ ≈ ±″↑•…≈→≈… ←÷≈→≈♣ →≈…↔•″≠ the influence of atypical data which can have an
↵…♠≈→↑≈ ≈≡≡≈← ±″ ↑°↵←•↵× ≥↵°↑∫ ⊆≈±″… ≈♦°×↵″↵←±→♣ ♠↵→•↵×≈↑ ≥↵♣ ≈ ±″↑•…≈→≈… •″ ←÷≈ ↑°↵←•↵× ≥±…≈××•″≠

♥÷•÷ ↵″ ÷≈×° ←± •≥°→±♠≈ •←↑ °→≈…•←•♠≈ °±♥≈→∫ ⊂÷•→… ±←÷≈→ °≈→←↔→↵←•±″ ↑÷≈≥≈↑ ±↔×… ≈ ±″↑•…≈→≈… ←±

assess the influence of atypical data. Fourth, we could consi…≈→ ≥±→≈ ←÷↵″ ±″≈ →↵″…±≥ ♠↵→•↵×≈ •″ ←÷≈ ↑°↵←•↵×
≥±…≈××•″≠ ♣ ≥≈↵″↑ ±≡ ≥↔×←•♠↵→•↵←≈ ↑←→↔←↔→≈↑ ≡±→ ←÷≈ ⇒•→″↵↔≥⌠⊆↵↔″…≈→↑ …•↑←→•↔←•±″∫ ⊃±→∝ ±″ ←÷≈↑≈ ≡±↔→

•↑↑↔≈↑ •↑ ↔→→≈″←×♣ ↔″…≈→ °→±≠→≈↑↑ ↵″… ♥≈ ÷±°≈ ←± →≈°±→← ↑±≥≈ findings in a future paper.

⇓∝″±♥×≈…≠≈≥≈″←

⊂÷≈ ↵↔←÷±→↑ ←÷↵″∝ ←÷≈ ⇔…•←±→↑ ↵″… ↵″±″♣≥±↔↑ →≈≡≈→≈≈↑ ≡±→ ←÷≈•→ ±″↑←→↔←•♠≈ ±≥≥≈″←↑ ±″ ↵″ ≈↵→×•≈→

♠≈→↑•±″ ±≡ ←÷≈ ≥↵″↔↑→•°← ♥÷•÷ →≈↑↔×←≈… •″ ←÷•↑ •≥°→±♠≈… ♠≈→↑•±″∫ ⊃≈ ↵→≈ ≠→↵←≈≡↔× ←± ⇑↵→±×•″↵ ⇒→•↵″≈ƒ•⌠

≈×÷•±→ ♥÷± ←→↵″↑×↵←≈… ←÷•↑ ♥±→∝ •″←± ⇔″≠×•↑÷ ≡→±≥ •←↑ ±→•≠•″↵× ∠±→←↔≠↔≈↑≈∫ ⊂÷•↑ →≈↑≈↵→÷ ♥±→∝ ♥↵↑

°↵→←•↵××♣ ↑↔°°±→←≈… ♣ ⇑∠↓ ≠→↵″←↑ ≡→±≥ ←÷≈ ⇒→↵ƒ•×•↵″ ≠±♠≈→″≥≈″← ↵″… ♣ ∨∇⇐⇔⇑∩⊂ ð ≠→↵″←

≡→±≥ ←÷≈ ⇑÷•×≈↵″ ≠±♠≈→″≥≈″←∫

∈≈≡≈→≈″≈↑

⇓″…≈→↑±″ √∫ ¬↵→…♣ ⇔∫ ∈±↵÷ √∫ ↵″… ⊃•←≥≈→ ∈∫ ∫ ⇓ ×and use and land cover classification system for use with remo←≈ ↑≈″↑±→
…↵←↵∫ ⊂≈÷″•↵× ∈≈°±→← ∠↵°≈→  ⊄⊆ ∧≈±×±≠•↵× ⊆↔→♠≈♣ ∠→±≡≈↑↑•±″↵× ⊃↵↑÷•″≠←±″ ⊄⊆∫

ß«³°½h�¿±ô Îòô Ë®·¾»óÑ°¿¦±ô Óòô ¿²¼ Ù¿´»¿ô Óò øîðïï÷ò Ô±½al influence for spatial analysis of soil physical propertie↑ ↵″… ↑±♣≈↵″
♣•≈×… ↔↑•″≠ ↑←↔…≈″←⌠← …•↑←→•↔←•±″∫ Î»ª·¬¿ Þ®¿·´»·®¿ ¼» Ý·�»²½·¿ ¼± Í±´±ô íëæïçïé�ïçîêò

ß«³°½h�¿±ô Îòô Ë®·¾»óÑ°¿¦±ô Óòô ¿²¼ Ù¿´»¿ô Óò øîðïì÷ò ß²¿lysis of local influence in geostatistics using student-t di↑←→•↔←•±″∫
√±↔→″↵× ±≡ ⇓°°×•≈… ⊆←↵←•↑←•↑ô ìïæîíîí�îíìïò
⇓ƒƒ↵×•″• ⇓∫ ↵″… ⇑↵°•←↵″•± ⇓∫ ∫ ⊆←↵←•↑←•↵× ↵°°×•↵←•±″↑ ±≡ ←÷≈ ≥↔×←•♠↵→•↵←≈ ↑∝≈♥⌠″±→≥↵× …•↑←→•↔←•±″∫ √±↔→″↵× ±≡ ←÷≈ ∈±♣↵×

⊆←↵←•↑←•↵× ⊆±•≈←♣ ⇒ô êïæëéç�êðîò
⇒•→″↵↔≥ ∅∫ ↵″… ⊆↵↔″…≈→↑ ⊆∫ ∫ ⇓ ″≈♥ ≡↵≥•×♣ ±≡ ×•≡≈ …•↑←→•↔←•±″↑∫ √±↔→″↵× ±≡ ⇓°°×•≈… ∠→±↵•×•←♣ô êæíïç�íîéò
⇒±→↑↑±• √∫ ⇐≈ ⇒↵↑←•↵″• ∨∫ ⊄→•≈⌠∇°↵ƒ± ∫ ↵″… ∧↵×≈↵ ∫ (2011). Local influence of explanatory variables in Gaussia″ ↑°↵←•↵× ×•″≈↵→
≥±…≈×↑∫ ⇑÷•×≈↵″ √±↔→″↵× ±≡ ⊆←↵←•↑←•↑ô îæîç�íèò
⇑↵≥↵→…≈××↵ ⇑∫ ±±→≥↵″ ⊂∫ ±♠↵∝ √∫ ∠↵→∝•″ ⊂∫ ∏↵→×≈″ ⇐∫ ⊂↔→± ∈∫ ↵″… ∏±″±°∝↵ ⇓∫ ∫ ∨•≈×…⌠↑↵×≈ ♠↵→•↵•×•←♣ ±≡ ↑±•×

°→±°≈→←•≈↑ •″ ≈″←→↵× ⋅±♥↵ ↑±•×↑∫ ⊆±•× ⊆•≈″≈ ⊆±•≈←♣ ±≡ ⇓≥≈→•↵ √±↔→″↵×ô ëèæïëðï�ïëïïò
⇑∇⇓∇〉⇑∇∇⇐⇔⊂⇔⇑ ðð∫ ⊆±•× ≡≈→←•×•←♣ ↵″… °×↵″← ″↔←→•←•±″∫ ⊂≈÷″•↵× →≈°±→← ⇑±±°≈→↵←•♠↵ ⇓≠→±°≈↔↵→•↵ ±↔→↵±≈″↑≈

←…↵∫〉⇐≈♠≈×±°≥≈″← ⇑≈″←≈→ ⊂≈÷″±×±≠•↵× ↵″… ⇔±″±≥• ⇑±±°≈→↵←•♠≈ ←…↵∫ ⇑∇⇓∇〉⇑∇∇⇐⇔⊂⇔⇑ ⇑↵↑↵♠≈× ⇒→↵ƒ•×∫
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For the BS log-linear spatial model, the score vector is defin≈… ♣
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Using the log-likelihood function defined in (20), we have
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Score vector used in the local influence method is given by ⊄ÿ  ◊⊇ÿ◊ÿ
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