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Abstract.

General relativity has passed all solar system experiments and neutron star based
tests, such as binary pulsar observations, with flying colors. A more exotic arena for
testing general relativity is in systems that contain one or more black holes. Black holes
are the most compact objects in the universe, providing probes of the strongest-possible
gravitational fields. We are motivated to study strong-field gravity since many theories
give large deviations from general relativity only at large field strengths, while recovering
the weak-field behavior. In this article, we review how one can probe general relativity
and various alternative theories of gravity by using electromagnetic waves from a black
hole with an accretion disk, and gravitational waves from black hole binaries. We first
review model-independent ways of testing gravity with electromagnetic/gravitational
waves from a black hole system. We then focus on selected examples of theories that
extend general relativity in rather simple ways. Some important characteristics of
general relativity include (but are not limited to) (i) only tensor gravitational degrees
of freedom, (ii) the graviton is massless, (iii) no quadratic or higher curvatures in the
action, and (iv) the theory is 4 dimensional. Altering a characteristic leads to a different
extension of general relativity: (i) scalar-tensor theories, (ii) massive gravity theories,
(iii) quadratic gravity, and (iv) theories with large extra dimensions. Within each theory,
we describe black hole solutions, their properties, and current and projected constraints
on each theory using black hole-based tests of gravity. We close this review by listing
some of the open problems in model-independent tests and within each specific theory.
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1. Introduction

This past year, 2015, was the centennial anniversary of Einstein proposing general

relativity (GR). So far, GR has passed all tests of gravity with flying colors. Such tests

include solar system experiments [1,2], binary pulsar observations [3,4] and table-top

experiments [5]. These tests are restricted to either weak-field, nondynamical or mildly

dynamical situations. Precise tests of gravity in the strong-field/dynamical regime are

necessary to probe certain alternative theories of gravity that can show a large deviation

only in such a regime. Black holes (BHs) offer an excellent testbed to probe strong-field

gravity due to their large internal gravity. BH based tests of gravity have advantages

over neutron star (NS) based tests since the latter in general have large systematic errors

due to uncertainties in nuclear physics (though see e.g. [6, 7] that discusses how one can

in principle project out such uncertainties and perform strong field tests of gravity with

NSs).

1.1. Observations

One can either use gravitational wave (GW) [8,9] or electromagnetic wave (EMW) [10,11]

observations to probe strong-field gravity with BHs.

1.1.1. GWs Regarding the former, the gravitational waveform of an inspiraling compact

binary depends on the binary’s binding energy and the energy flux carried out to infinity.

In alternative theories of gravity, BH solutions are in general different from the Kerr

one,∗ which modifies the binding energy of a binary system relative to GR. Furthermore,

the additional gravitational degrees of freedom (e.g. a scalar field) also affect the binding

energy, and generate additional radiation, which modifies the energy flux, and in turn,

the binary’s evolution. One can either pick a specific theory and calculate the correction

to the waveform from GR [13–43], or consider a parameterized waveform that captures

deviations from GR in the waveform in a generic way [44–64]. One then carries out a

matched filtering analysis, in which one takes a correlation between the GW signal and

the theoretical template, to see how well one can constrain non-GR theories with future

GW interferometers. One can also carry out a Bayesian model selection analysis to see

whether a hypothetical observation favors GR or a specific non-GR model [61].

Another interesting way of testing GR through GWs is to probe properties of

a BH spacetime directly. In particular, Kerr BHs enjoy the no-hair property where

higher order multipole moments are completely determined by the first two, namely the

BH mass and spin angular momentum [65–71]. After a merger, one can use the BH

ringdown frequencies and damping times of different modes to check the consistency

of the no-hair relation and constrain possible non-GR effects [72–90]. One can also

carry out such no-hair tests with GWs from binary inspirals, such as extreme mass ratio

∗ Though many theories exist in which the Kerr BH is also a solution to the modified field equations [12].
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inspirals (EMRIs) [88, 91–103]. The BH ringdown also allows us to probe the "firewall"

effect [104,105].
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Figure 1. (Color online) Noise spectral density Sn(f) of various GW interferometers.
Adv. LIGO and ET are the second- and third-generation ground-based detectors
respectively. All the other detectors are the space-borne ones. This figure is taken
from [21].

Let us now describe various GW interferometers that are considered in this review.

Figure 1 presents the sensitivity curve of these detectors. Currently, Adv. LIGO is in

operation, and other second-generation ground-based interferometers, such as Adv. Virgo

or KAGRA, will come online shortly. These detectors have armlengths of 3–4km

and their best sensitivities at around 100–1000Hz. The third-generation ground-based

interferometer, Einstein Telescope (ET), is an underground and cryogenic detector with

armlengths of 10km, and may be realized in the second half of the 2020–2030 decade. ET

roughly has a sensitivity that is one order of magnitude better than second-generation

ones. Regarding space missions, eLISA was proposed for the theme of the “Gravitational

Wave Universe” for the Cosmic Vision L3 mission of the European Space Agency. The

base configuration has one mother and two daughter spacecrafts separated by 106km,

and eLISA is aimed to be launched in 2034. It has its best sensitivity at around 1 mHz.

DECIGO is similar to eLISA, but has four triangular constellations in total, with two

of them forming a star-of-David. DECIGO has its best sensitivity at around 0.1–1Hz,

armlengths of 103km, and is aimed to be launched in the 2030s.

Astrophysical environment around BH binaries, such as accretion disks, another

SMBH, magnetic fields, non-vanishing charges, etc., is unlikely to spoil strong-field tests

of GR. Although thin disks around EMRIs for eLISA [104–110] and circumbinary disks

around stellar-mass and intermediate-mass BH binaries for DECIGO [111] may have

detectable effects, event rates are estimated to be rather small. Other non-astrophysical

effects, such as cosmological constant, are also small [104, 105]. Mismodelling of the

waveform due to unknown self-force effects [112,113] might be problematic for testing

GR with EMRIs and intermediate-mass ratio inspirals.
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1.1.2. EMWs Regarding EMW observations, one can use X-ray continuum spectra [114–

122] and Fe Kα line emissions [118–120,123–128] that have been used to measure BH

spins in GR. Since these spectra depend strongly on the inner edge of the accretion disks,

which are usually taken to be the innermost stable circular orbit (ISCO), such spectra

can also be used to probe deviations from the Kerr BH. One can also use BH shadow

observations at (sub-)millimeter wavelengths using very long baseline interferometry

(VLBI) [119,129–145]. The size and shape of the shadow depends not only on the BH

spin and inclination, but also on possible deviations from the Kerr solution. Although

systematic errors are quite large, one can in principle use quasi-periodic oscillation (QPO)

frequencies to probe the BH spacetime [119,146–149]. We note that although EMW tests

can, in principle, probe deviations from the Kerr spacetime, this does not always mean

that such tests can probe modified theories of gravity as there are many theories that

allow the Kerr BH as a solution to the modified field equations (see the footnote above).

On the other hand, GW tests can probe non-GR effects under the Kerr background

since the perturbation is in general modified from the GR one in alternative theories of

gravity, including those that admit the Kerr solution [150].

Regarding detector facilities, the continuum spectra, iron lines and QPOs have

already been observed by X-ray missions, including RXTE, Chandra, NuSTAR, ASCA,

Suzaku, XMM-Newton and Beppo-SAX. Future X-ray missions include Astro-H, LOFT

and Athena. Astro-H is planned to be launched in 2016, while other two are aimed in

the 2020s. Regarding (sub-)millimeter telescopes, Event Horizon Telescope is suitable

for detecting BH shadows. It combines existing and planned (sub-)millimeter facilities

into a high-sensitivity and high-angular-resolution telescope over the next decade.

Systematics on EMW observations for testing GR are more problematic than those

in GW observations. One major origin is the correct modeling of the accretion disk.

Other systematics are due to uncertainties in e.g. emissivities, hardening factors due to

deviations from blackbody radiation and inclinations. QPOs also suffer from knowing

the correct model a priori.

1.2. Alternative Theories of Gravity

In this article, we first describe model-independent ways of testing GR using GW

and EMW observations as mentioned above. We then focus on testing four specific

alternative theories of gravity as selected examples that extend one or more of the

important characteristics of GR∗, namely (i) gravity has tensor degrees of freedom, (ii)

the graviton is massless, (iii) no higher order curvature terms in the action, and (iv) a 4

dimensional theory.

The first example that we consider is scalar-tensor theories [162]. These theories are

one of the most well-studied alternative theories of gravity and one of the simplest

extensions of GR, namely introducing scalar gravitational degrees of freedom via

∗ BHs can be useful for probing theories other than those mentioned in this review, e.g. Einstein-Æther
theory [151–155] and string axiverse [156–161].
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scalar fields. Such theories are motivated from the low energy effective theory of

string theory [163,164], the late-time accelerated expansion of the Universe [165], and

inflation [166]. As in GR, the no-hair theorems also apply to BHs in the Jordan-Brans-

Dicke type of scalar-tensor theories. Namely, stationary, asymptotically flat BHs with

a single real scalar field in vacuum are the same as the Kerr one and do not possess

scalar hairs [167–172]. A similar theorem holds for more generic scalar-tensor theories

and f(R) theories [171], and in shift-symmetric Horndeski theories [173] modulo some

exceptions [174–178]. Proposed constraints on scalar-tensor theories with GWs from

BH/NS binaries have been derived in [13, 15–23, 179], while late inspiral and merger

simulations of compact binaries in these theories were performed in [24, 25, 180–184].

Strong constraints on scalar-tensor theories have already been placed from binary pulsar

observations [4, 185–189] and solar system experiments [188, 190, 191]. Future BH/pulsar

observations may allow us to further constrain such theories [192].

The second example is massive gravity theories, which are another well-motivated

extension of GR, adding a finite mass to the graviton. At the linear level, such an

extension was originally proposed by Fierz and Pauli [193], though it suffers from

pathologies such as the van Dam-Veltman-Zakharov (vDVZ) discontinuity [194,195] and

the Boulware-Deser ghost modes [196]. Recently, massive graviton theories have been

generalized in a nonlinear way so that the theories are ghost free to all orders [197–199].

The mass of the graviton has been constrained by observations of orbits of planets in

the solar system [200]. Weaker bounds on Fierz-Pauli type theory were derived from

binary pulsar observations [201]. Stronger but less robust bounds were also derived

from tidal interactions between galaxies [202], weak lensing [203] and galactic velocity

dispersion [204]. The dispersion relation of the massive graviton modifies the phase of the

gravitational waveform of compact binaries [26]. Projected constraints on the mass of the

graviton with future GW interferometers have been derived in [16–21,26–31,33,47,50].

If one measures both GW signals and their EM counterparts, one can also constrain the

graviton mass from the difference in the arrival time of gravitons and photons [205–207].

Our third example is quadratic gravity, which introduces generic quadratic curvature

terms to the Einstein-Hilbert action that are coupled to dynamical scalar fields [176].

Such a theory includes well-known theories motivated from string theory, such as Einstein-

dilaton-Gauss-Bonnet (EdGB) theory [208, 209] and dynamical Chern-Simons (dCS)

gravity [210–212]. BHs play a crucial role in constraining quadratic gravity. Regarding

EdGB gravity, BHs possess a scalar hair [38, 174–176,178] while ordinary stars such as

NSs do not [38] in the so-called decoupled limit where the scalar field linearly couples

to the Gauss-Bonnet density in the action. This means that binary pulsar observations

with two NSs cannot place stringent constraints on this theory due to the absence of

the scalar dipole radiation, while BH binaries allow us to place strong constraints on

the theory with future radio and GW observations [38, 213, 214]. Regarding dCS gravity,

spherically symmetric solutions are the same as in GR due to parity considerations.

Therefore, one needs to consider spinning compact objects in order to place meaningful

constraints on the theory. Since BHs generally spin faster than NSs, BHs in general place
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stronger constraints on dCS gravity than NSs. For example, future GW interferometers,

such as Adv. LIGO, may place constraints that are six orders of magnitude stronger

than the current solar system and table-top experiments [39].

Our fourth example is a large extra dimension model, in particular the braneworld

model proposed by Randall and Sundrum [215] (RS-II model), in which we live on a

4-dimensional brane with a positive tension and the bulk is anti-de Sitter (AdS) spacetime.

The size of the extra dimension is characterized by the AdS curvature length ℓ. Gravity

is localized on the brane and the gravitational potential acquires a correction that is

proportional to ℓ2 [215,216], which has been constrained from table-top experiments [217].

Emparan et al. [218] and Tanaka [219] applied the anti-de Sitter/conformal field theory

(AdS/CFT) correspondence to brane-localized BHs, where the correspondence states that

the gravity in the AdS5×S5 spacetime can be interpreted as the four-dimensional N = 4

U(N) super Yang-Mills theory on the AdS boundary [220,221]. They proposed that such

brane-localized BHs effectively lose their mass classically due to the universal acceleration

in the bulk away from the brane [222] and the Gregory-Laflamme instability [222]. On

the CFT side, such an effect can be understood as an enhanced Hawking radiation due

to the large number of degrees of freedom in CFT [221]. Such an enhanced Hawking

radiation has been constrained from astrophysical BH observations, in particular, the

orbital decay rate of low-mass X-ray binaries (LMXBs)∗ with BHs [223,224]. Proposed

constraints with GW observations on the size of extra dimension are derived in [42,43].

Notice that BHs are crucial to probe such an effect since it is absent for ordinary stars

like NSs.

Since static brane-localized BH solutions have now been constructed numerically

in [225, 226], the correctness of the conjecture proposed in [218, 219] is unclear.

Nevertheless, we cover this theory in this review for the following reasons: (i) the

conjecture itself is interesting and may stimulate other work in the context of the

AdS/CFT correspondence; (ii) the gravitational waveform for BH binaries with the mass

loss effect can have other applications, such as to varying G theories [227] and to the

BH binary system with dark energy accretion [228,229]; and (iii) the RS-II model serves

as an interesting example to see how GWs in higher-dimensional theories are modified

from those in GR.

1.3. Organizations

The organization of this article is as follows. In Sec. 2, we review how one can carry out

model-independent tests of GR with BHs. We first explain bumpy BH spacetimes that

parameterize deviations away from the Kerr spacetime in a generic manner. We then

summarize how to perform model-independent tests using GWs and EMWs from a system

that contains at least one BH. We then turn to the four specific types of modifications

∗ A LMXB consists of a NS or a BH as a primary and a companion being e.g. a post-main sequence star.
Gas from the companion fills its Roche lobe and accretes onto the primary. X-rays are emitted from the
accretion disk around the primary, and in the case of an NS primary, also from the NS surface.
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discussed above. In Secs. 3–6, we review (respectively) scalar-tensor theories, massive

gravity theories, quadratic gravity, and extra dimension theories. In each section, we

describe BH solutions within each theory and their properties. Then, we explain current

and projected constraints with GWs and EMWs in each theory. We conclude in Sec. 7

by giving some of the open questions related to testing GR with BHs generically, in the

specific theories we have discussed, and in theories beyond the scope of this review. We

mostly use geometrical units with c = 1 = G.

2. Theory-independent tests of GR with BHs

Scientists give many names to their approaches to experimentally testing a physical

theory X, but in essence there are just two methods. First, there are the theory-specific

tests, and second, there are the theory-independent tests. There are advantages and

disadvantages to each approach. Theory-specific tests (sometimes called “external” tests)

naturally require specific alternative physical theories Yi which compete with X at giving

a more faithful mathematical description of nature. Meanwhile, theory-independent tests

(sometimes called “internal” or “null” tests) focus on whether or not observations agree

with the predictions of theory X, without regard to specific alternatives.

The advantage of a theory-specific test is that it is straightforward to quantify

whether theory X or Yi is a more faithful description of nature. This quantification

comes from Bayesian model comparison [61]. Model comparison is easy to understand:

it quantifies the degree of belief you should place in theory X over theory Yi, given some

prior beliefs, and observational/experimental data whose signatures may be computed in

each theory. The disadvantage is that you need to have a specific calculation in each

theory under consideration, of e.g. the spectrum of an accretion disk, or the precession

of an orbit, or a gravitational waveform. Each theory Yi is different and thus requires

unique calculations which can not be reused for theory Yj 6=i.

This same argument is an advantage for theory-independent tests. In theory-

independent tests, one tries to parametrize just enough of the physics to create parametric

tests of some experiment or observation. Examples are to parametrize the spacetime

metric (the parameterized post-Newtonian or PPN formalism [1,2, 230]), parametrize

orbital post-Keplerian (PK) parameters [3, 231–233], parametrize perturbations about

the FLRW space (the parameterized post-Friedmann (PPF) framework [234–236]),

or parametrize a gravitational waveform (the parameterized post-Einstein or PPE

framework [9, 46]). However, it is difficult to create a parametrization that is sufficiently

general that it captures the signatures of all alternative theories. For example, the

original PPE framework failed to capture the GW signature in dCS gravity, where the

leading deformation from GR is sourced by spin effects. Similarly, many bumpy BH

spacetimes (which we discuss in Sec. 2.1) fail to capture BH solutions in deformations of

GR.

In this Section we turn our attention to theory-independent tests of GR with BHs.

In Sec. 2.1 we will discuss parametrizing the spacetime around a BH. In Sec. 2.2 we
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will focus on parameterized gravitational wave tests, including the parameterized post-

Einstein framework. In Sec. 2.3 we will discuss a quasi-theory-independent framework

for parametrizing scalar theories which deform away from GR. In Sec. 2.4 we will discuss

electromagnetic observations of BHs which can be used for theory-independent and

theory-specific tests.

2.1. Bumpy BHs

One of the most astounding predictions of classical GR is that of BHs—regions of

spacetime where gravity is so strong that light, matter, and any information which

enters may never exit. This is perhaps the most non-Newtonian phenomenon in general

relativity, and exists because GR is nonlinear (while Newtonian gravity is linear).∗
Nonlinearity is essential because a gravitational field may become so strong that gravity

itself gravitates—thus a BH consists of nothing besides gravity. In fact, though real

astrophysical BHs are formed from the collapse of a massive star, once a BH forms, it

very rapidly settles down [238] to the unique vacuum solution in GR: the Kerr metric.

The BH has no “memory” of any light, matter, or information that falls in, save for

the total mass M and spin angular momentum S. BHs in GR are thus very simple,

forming a two-parameter family of spacetimes, with all of the (Geroch-Hansen) multipole

moments given by the simple formula [70,239,240]

Mℓ + iSℓ =M(ia)ℓ , (1)

where a ≡ S/M , −M ≤ a ≤M is the Kerr spin parameter.

An obvious theory-independent test of GR is to ask: Are real astrophysical BHs

described by the Kerr metric? This is sometimes called the Kerr hypothesis.

One may pose several analogous theory-independent questions in different contexts

of testing GR. As mentioned above, the parameterized post-Newtonian, post-Keplerian,

and parameterized post-Einstein frameworks are such examples. Let us look at the weak-

field limit of GR, where tests of GR are addressed by the parameterized post-Newtonian

(PPN) formalism [1,2]. There, the metric may be parameterized in standard harmonic

coordinates via [1]

g00 = −1 + 2U − 2βU2 + . . . (2)

gjk = (1 + 2γU)δjk + . . . (3)

where U is the potential sourced by mass density, and β, γ are two of the ten PPN

parameters. PPN is specially tailored to the weak-field regime where the metric is close to

the flat Minkowski metric. PPN is perturbative, and in order for it to be applicable, the

potential U ∼ GM/rc2 must be small compared to 1. This condition is obviously violated

in extreme spacetimes such as those harboring NSs and BHs, which have dimensionless

compactnesses M⋆/R⋆ ∼ 0.1− 1.

∗ Michell and Laplace developed a black-hole-like concept that predates Maxwell theory, treating light as
corpuscular [237].
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Therefore a different approach is needed to formulate a null test of the Kerr

hypothesis. The approach we discuss here is to parametrize BH metrics or deviations

away from the Kerr metric. To parametrize the weak-field metric up to 1PN order

requires only 10 numbers, the PPN parameters (γ, β, ξ, α1,2,3, ζ1,2,3,4). In contrast, an

infinite number of parameters are required to specify deviations from the Kerr spacetime.

In fact, it is still unknown if the parameter space of interest is countably infinite or if it

is uncountable. Parameterized deviations from the Kerr metric are commonly referred

to as bumpy BHs.

The starting point for most bumpy BH investigations is the Kerr metric, which in

Boyer-Lindquist coordinates (t, r, θ, φ) reads [241]

ds2 =−
(

1− 2Mr

Σ

)

dt2 − 4Mar sin2 θ

Σ
dtdφ+

Σ

∆
dr2 + Σdθ2

+

(

r2 + a2 +
2Ma2r sin2 θ

Σ

)

dφ2 ,

(4)

with the usual definitions Σ ≡ r2 + a2 cos2 θ and ∆ ≡ r2 − 2Mr + a2 = (r − r+)(r − r−),

which has the two roots of the equation ∆ = 0 at r± ≡M ±
√
M2 − a2. These roots are

the locations of null surfaces of constant r which coincide with outer (+) and inner (−)

horizons.

The Kerr metric is a special case of a stationary, axisymmetric, asymptotically flat

(SAAF) spacetime, which is the expectation for an isolated BH geometry at late times,

after perturbations have settled down. The general form for a SAAF spacetime is given

in cylindrical coordinates (t, φ, ρ, z) as [241],

ds2 = −V (dt− wdφ)2 + V −1ρ2dφ2 + Ω2(dρ2 + Λdz2) , (5)

where (V, w,Ω,Λ) are functions of (ρ, z) only. This form requires certain integrability

conditions to be satisfied (see [241] for details); these are automatically satisfied when

working in vacuum in GR. They may also be satisfied in other theories of gravity, but a

deeper analysis would be required. When using Ricci-flatness, Eq. (5) can be further

simplified to the Weyl-Lewis-Papapetrou form,

ds2 = −V (dt− wdφ)2 + V −1[ρ2dφ2 + e2γ(dρ2 + dz2)] , (6)

where γ = 1
2
ln(V Ω2).

The solutions for functions (V, w, γ) needed to express the Kerr metric can be found

in Eq. (51) of ref. [242]. Of course this solution enjoys the multipole relation given

in Eq. (1), and the Kerr metric is said to have “no hairs” (though two hairs would be

more appropriate). Other solutions for (V, w, γ) will have different multipole moments

(the Geroch-Hansen multipole moments [70,240] are defined for stationary spacetimes

via derivatives of analytic metric functions taken at the point at spatial infinity). This

generalization was carried out by Manko and Novikov [243] and can describe an exterior

vacuum spacetime with arbitrary mass multipole moments. This same spirit was taken
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up more recently by Backdahl [244–246], paying special attention to when a prescribed

set of multipole moments leads to the existence of a solution. Essentially, one can not

choose arbitrary multipole moments for (Mℓ, Sℓ); in order for a solution to exist, the

choice of multipole moments must satisfy a convergence criterion.

It is not enough to simply describe the metric of a bumpy BH spacetime. To test the

Kerr hypothesis, we also need gauge-invariant observables to compare between models

and data. The first such calculations were performed by Ryan [91]. Ryan considered the

motion of a small compact object in the field of a large bumpy BH, leaving (V, w, γ) free,

focusing on nearly-circular and nearly-equatorial trajectories. Ryan treated the motion

as being geodesic except for back-reaction.

Let us comment here on the applicability of the geodesic motion assumption, because

many papers on bumpy BHs include geodesic calculations. The assumption of geodesic

motion restricts one to bodies in theories of gravity which respect the strong equivalence

principle (SEP). Note that the SEP is violated in a large number of theories, e.g. dCS

and EdGB. In Jordan-Brans-Dicke, BHs in the absence of a scalar field will respect the

SEP, while NSs violate the SEP. If the degree of violation is sufficiently small then the

geodesic approximation may still be relevant.

Within this framework, Ryan computed the motion, calculated precession frequencies

and GWs in the adiabatic approximation, and gave a prescription for finding the unknown

multipole moments from the observables. Later, Ryan performed a Fisher matrix forecast

of how well LISA would be able to extract multipole moments [92].

One criticism of the preceding work is that it is tied to the Geroch-Hansen multipoles,

which are evaluated at the point at spatial infinity. This is a Newtonian-inspired

formalism, but it might not be relevant in the strong-field region, close to the horizon.

Indeed, some of the bumpy black hole spacetimes we discuss have naked singularities, lack

horizons, or have other pathologies [247]. A different approach was taken in [248–250].

Collins and Hughes [248] advocated to instead apply perturbation theory about the

Schwarzschild solution. That is, we take the metric functions to be

(V, w, γ) = (VSchw, wSchw, γSchw) + ǫ(V (1), w(1), γ(1)) +O(ǫ2) (7)

and expand the Einstein field equations to linear order in ǫ. In principle, this approach

should be equivalent to the linearization of the approach used by Manko, Novikov, Ryan,

and Backdahl, at least in the far-field.

For two examples of bumpy solutions, Collins and Hughes took as sources (i) point

masses along the North and South poles of the coordinate system (inspired by [251]),

and (ii) adding an axisymmetric equatorial ring of mass to the spacetime. Both of

these perturbations affect the Geroch-Hansen quadrupole (and higher moments) of the

spacetime. For each of these perturbations, Collins and Hughes then computed (geodesic)

orbital frequencies, which could in principle be measured through pulsar timing or by a

LISA-like mission.

This same approach was extended by Vigeland and Hughes (VH) [249] and

Vigeland [250]. Rather than using the artificial point or ring sources of [248], VH
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found everywhere-Ricci-flat solutions to order O(ǫ) for a number of low multipole orders.

For purely mass multipole moments, the VH approach should be equivalent to a Manko-

Novikov solution [243] near Schwarzschild, with the higher mass moments perturbatively

small. In the Schwarzschild background, VH’s axially-symmetric solutions are all of the

qualitative form

γ
(1)
ℓ ∼ BℓM

ℓ+1 Pℓ(cos θWeyl)

(ρ2 + z2)(ℓ+1)/2
(8)

for some angular mode number ℓ, where cos θWeyl = z/
√

ρ2 + z2, and where Bℓ is a

dimensionless coefficient which describes how large the ℓ-mode bump is. For these

solutions they then went on to compute the (geodesic) trajectories of orbits, including

finding the excess pericenter precession induced by the bumpy modes.

Further, VH went on to use the Newman-Janis trick [252] to perform a complex

rotation on the Schwarzschild solution in an attempt to construct bumpy rotating

solutions.∗ They also computed (geodesic) orbits and observables, such as the three

precession frequencies of an orbit, for the rotating bumpy metrics with ℓ = 2, 3, 4.

Vigeland further extended this line of work in [250]. Firstly, she generalized the

types of bumps which could be produced from only the mass-type moments in [249] to

both the mass- and spin-type moments. Secondly, she constructed the mapping between

these linearized bumps and the Geroch-Hansen multipole moments. In particular, she

found that a linearized perturbation of order ℓ only affected Geroch-Hansen multipole

moments of order ℓ and above.

Another simple and commonly-used parameterization is the quasi-Kerr metric of

Glampedakis and Babak [95]. Unlike the previously-mentioned parameterizations, the

quasi-Kerr metric only has one additional parameter instead of an infinite number.

Furthermore, this free parameter is designed to affect the quadrupole (though we are

unaware of general ℓ Geroch-Hansen moments being computed for the quasi-Kerr metric,

so it likely affects higher moments). The principle behind constructing the quasi-Kerr

metric was to extract the quadrupole and spin-squared pieces of the Hartle-Thorne

slow rotation metric [254], which describes the exterior spacetime of any slowly-rotating

body. The difference between the Hartle-Thorne metric for general quadrupole moment

(not tied to the spin, like in Kerr) and that for the Kerr solution then gives a metric

deformation to “paste onto” the Kerr metric. Glampedakis and Babak also studied

(geodesic) motion in the quasi-Kerr metric, especially for equatorial orbits, computing

“kludge” gravitational waveforms.†
∗ Applying the NJ transformation to the non-rotating VH spacetime leads to a spacetime which is not

Ricci-flat. The applicability of the NJ trick has been called into question by Hansen and Yunes [253],
especially in constructing metrics which are supposed to satisfy field equations other than those of GR.

† A “kludge” approach is one which mixes different approximations, not necessarily arising from a single
consistent approximation scheme. For example: using particles on Kerr geodesics as sources entering into
PN waveform formulas; or using GR waveform formulas even in the context of other theories. Kludge
waveforms are easier to compute and should still capture the qualitative nature of full waveforms.
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Many of the observational properties of Glampedakis and Babak’s proposed

quasi-Kerr metric have been computed by Johannsen and Psaltis in a series of

papers [123, 130, 146, 255]. This series of papers focused on (i): general properties,

including the location of the horizon and ISCO, redshifts, and null trajectories; (ii):

numerically ray-tracing images of the quasi-Kerr spacetime (assuming that photons still

follow null geodesics); (iii): computing geodesic and epicyclic (precession) frequencies

in the strong-field, which could be putative QPO frequencies; and (iv): simulating the

Fe-Kα line spectrum from the strong-field region of the quasi-Kerr spacetime, which

includes relativistic broadening and boosting (again assuming that photons and matter

follow respectively null and timelike geodesics).

Johannsen and Psaltis also introduced another proposal called the modified Kerr

metric [256]. Their approach was to start with a spherically symmetric and static metric,

ds2 = −f(r)[1 + h(r)]dt2 + f(r)−1[1 + h(r)]dr2 + r2(dθ2 + sin2 θdφ2) , (9)

where f(r) = 1 − 2M/r is the usual Schwarzschild metric function. In the limit of

h(r) → 0 this metric agrees with Schwarzschild. For h(r) they take the ansatz

h(r) =
∞
∑

k=0

ǫk

(

M

r

)k

, (10)

which is inspired by a far-field expansion. Johannsen and Psaltis then arrive at the

modified Kerr metric by applying the Newman-Janis trick [252], as was earlier done

by VH [249]. As mentioned in the footnote on the previous page, applying the NJ

trick is very questionable here, especially since Eq. (9) is not a solution to the Einstein

equations [253]. Johannsen and Psaltis then go on to find the event horizon, compute

circular, equatorial geodesics, and find the ISCO and circular, equatorial photon orbit

(again assuming photons follow null geodesics).

Cardoso, Pani, and Rico performed a thorough analysis and extended the Johannsen

and Psaltis metric in [257]. Their generalization simply introduced ht and hr in place of

h in the tt and rr components in Eq. (9), doubling the infinite number of coefficients

needed to parameterize the spacetime. They also showed that all coefficients become

equally important in the strong-field, near the central object. This is a strong criticism

of the Glampedakis and Babak metric, which only has one parameter. This same feature

highlights a severe degeneracy in strong-field observables in terms of the ǫk parameters.

Furthermore, Cardoso, Pani, and Rico also showed that known non-GR solutions, such

as those in dCS and EdGB, do not fit within either the original or the extended modified

Kerr parameterization. For these reasons, the authors urged extreme caution with this

parameterization.

More recently, Rezzolla and Zhidenko took a similarly-inspired yet unique approach

to parameterizing deviations from Schwarzschild [258]. Their starting point was to write

the spherically-symmetric, static metric as

ds2 = −N2(r)dt2 +
B2(r)

N2(r)
dr2 + r2(dθ2 + sin2 θdφ2) . (11)



Black Hole Based Tests of General Relativity 15

At this point it is essentially the same as the starting point of Johannsen and Psaltis.

However, to maintain regularity at the horizon and to parameterize the near-horizon

behavior, Rezzolla and Zhidenko use the coordinate x = 1− r0/r (where N(r0) = 0 is

the coordinate of the horizon), and write

N2 = xA(x), A(x) > 0, 0 ≤ x ≤ 1 . (12)

They then expand A(x) and B(x) as

A(x) = 1− ǫ(1− x) + (a0 − ǫ)(1− x)2 + Ã(x)(1− x)3 , (13)

B(x) = 1 + b0(1− x) + B̃(x)(1− x)2 . (14)

The functions Ã, B̃ are then expanded as infinite continued fractions,

Ã(x) =
a1

1 +
a2x

1 +
a3x

1 + . . .

, B̃(x) =
b1

1 +
b2x

1 +
b3x

1 + . . .

. (15)

In Eqs. (13)–(15), ǫ, an and bn (with n a non-negative integer) are real constants. The

continued fraction expansion may have desirable convergence properties. Rezzolla and

Zhidenko showed how to map between their metric and the non-rotating one of Johannsen

and Psaltis. They computed the ISCO and circular photon orbit (again assuming that

test bodies and photons move on timelike and null geodesics, respectively), and found the

quasinormal mode frequencies for a test scalar field living on this background spacetime.

However, these frequencies may have little relation to the quasinormal modes of the

spacetime itself, which depends on the dynamics in the theory of gravity which gives rise

to these solutions. Different theories could give rise to the same solution but have distinct

quasinormal frequencies. Finally, Rezzolla and Zhidenko considered a Hartle-Thorne-like

slow-rotation expansion to linear order in spin to additionally parameterize spinning

objects.

Some of the aforementioned approaches to bumpy BHs satisfied the Einstein

field equations; some used the NJ trick; and some were either ad-hoc or general

parameterizations of SAAF spacetimes. A completely different approach was taken in

Vigeland, Yunes, and Stein [242] (VYS). The authors were motivated to find spacetimes

which retained the Liouville integrability of test-particle motion that the Kerr spacetime

enjoys. VYS did start with a totally general perturbative parameterization by linearizing

the Weyl-Lewis-Papapetrou metric about the Kerr solution. From this point, VYS then

imposed the condition that the perturbed spacetime retained a Carter-like second rank

Killing tensor to leading order in perturbation theory, which restricts the function space

of deformations to Kerr. This space is still large enough that it was possible to describe

the slowly-rotating BH solution in dCS [259] (it was later found that at order O(a2), the

dCS BH does not have a third integral of motion, and thus does not fall under the VYS
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parameterization [260]). The metric of VYS was later simplified in [261] and reads

gtt = − Σ̃[∆− a2A2(r)
2 sin2 θ]

[(r2 + a2)A1(r)− a2A2(r) sin
2 θ]2

, (16a)

gtφ = − a[(r2 + a2)A1(r)A2(r)−∆]Σ̃ sin2 θ

[(r2 + a2)A1(r)− a2A2(r) sin
2 θ]2

, (16b)

grr =
Σ̃

∆A5(r)
, (16c)

gθθ = Σ̃, (16d)

gφφ =
Σ̃ sin2 θ

[

(r2 + a2)2A1(r)
2 − a2∆sin2 θ

]

[(r2 + a2)A1(r)− a2A2(r) sin
2 θ]2

, (16e)

where Johannsen defined Σ̃ ≡ Σ + f(r). This metric has four functional degrees of

freedom, A1,2,5(r) and f(r). Still, this metric is of limited applicability because there is

no reason that the BH solution in some theory of gravity should have Liouville integrable

geodesics (for instance the O(a2) BH in dCS).

Despite this plethora of bumpy BH frameworks, none of them are completely

satisfactory. Most of them have pathologies, some of which were investigated in [247].

Johannsen showed that some of these metrics include naked singularities and closed

timelike curves. In addition, no one framework seems to be able to capture all BH

solutions from non-GR theories. More research is required along this line of work to

reach a theoretically satisfactory description of bumpy BHs and the phenomena which

take place in these spacetimes.

2.2. GW Tests

In this subsection, we review how one can perform a model independent tests of GR

with GW observations. We refer to recent reviews [8, 9] for more details on this topic.

2.2.1. GWs in GR Let us first briefly explain how one can calculate GWs from a

compact binary inspiral with masses (m1,m2) and a separation r12 to leading post-

Newtonian (PN) order, where one expands in m/r12 with m = m1 +m2 representing

the total mass. Such a PN approximation corresponds to assuming that the velocity

of binary constituents is much smaller than the speed of light. The total energy of the

system is given by E = −ηm2/(2r12) while the energy flux emitted from this binary is

calculated from the quadrupole formula as Ė = −(32/5)η2m5/r512, where η ≡ m1m2/m
2

is the symmetric mass ratio. Since GW frequency f is related to the orbital angular

frequency Ω =
√

m/r312 by f = Ω/π, one can derive the evolution of the GW frequency

as

ḟ =
df

dr12

dr12
dE

dE

dt
=

96

5
π8/3M5/3f 11/3 , (17)
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where M ≡ mη3/5 is the chirp mass. One solves this equation to yield

f =

(

5

256

)3/8
1

πM5/8

1

(t0 − t)3/8
, φ(t) =

∫

2πfdt = −2

(

1

5
M−1(t0 − t)

)5/8

+ φ0 ,

(18)

where φ(t) is the GW phase in the time domain and t0 and φ0 correspond to the time

and phase at coalescence respectively.

Next, we derive the gravitational waveform in the Fourier domain by applying the

stationary phase approximation (see e.g. [262]). Let us begin by Fourier transform a

function B(t) ≡ A(t) cosφ(t) as

B̃(f) ≡
∫ ∞

−∞

A(t) cosφ(t)e2πiftdt

=
1

2

∫ ∞

−∞

A(t)
(

eiφ(t) + e−iφ(t)
)

e2πiftdt . (19)

Since f > 0 and dφ/dt > 0, the term proportional to ei(2πft−φ) has a stationary point

while the term proportional to ei(2πft+φ) oscillates rapidly and becomes negligible upon

integration. Requiring d lnA/dt ≪ dφ/dt, the stationary point t∗(f) is determined by

solving 2πf = dφ(t∗)/dt, while one can approximate A(t) with A(t∗) and take it out of

the integral. Expanding the exponent in the integrand around t = t∗, one finds

B̃(f) ≈ 1√
2
A(t∗)

(

d2φ(t∗)

dt2

)−1/2

ei[2πft∗−φ(t∗)]

∫ ∞

−∞

e−iX2

dX , (20)

with X ≡
√

(d2φ(t∗)/dt2)/2 (t−t∗). Using the Fresnel integral
∫∞

−∞
e−iX2

dX =
√
πe−iπ/4,

one finally arrives at

B̃(f) ≈ 1

2
A(t∗)

(

df(t∗)

dt

)−1/2

ei[2πft∗−φ(f)−π/4] , (21)

where we remind that t∗ = t∗(f).

Let us now apply this result to the gravitational waveform. From Eq. (21), one finds

that the phase in the Fourier domain is 2πft∗(f)− φ[t∗(f)]− π/4. On the other hand,

from Eq. (18), one finds

t∗(f) = t0 − 5M(8πMf)−8/3 , φ(f) = φ0 − 2(8πMf)−5/3 . (22)

Combining Eqs. (21) and (22), the phase of the gravitational waveform in GR is given by

ΨGR(f) = 2πft0 − φ0 −
π

4
+

3

128
(πMf)−5/3

{

1 +O
[

(πMf)2/3
]}

. (23)

One can extend the above calculations by including higher PN corrections. For example,

for a non-spinning binary, the waveform phase is known up to 3.5PN order [263] and are

given in the form

ΨGR(f) = 2πft0 − φ0 −
π

4
+

7
∑

i=0

[

ψ
(0)
i + ψ

(1)
i ln f

]

f (i−5)/3 , (24)

where the coefficients ψ
(0)
i and ψ

(1)
i are functions of m and η.
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2.2.2. Data Analysis We here review how one can carry out a GW data analysis to

probe strong-field gravity with GWs. One method is to use a Fisher analysis [264,265] and

determine how well future GW interferometers can measure parameters that characterize

deviations away from GR. Such an analysis corresponds to performing a matched filtering

analysis and take correlations between GW signals and templates. Fisher analysis is

only valid when the signal-to-noise ratio (SNR) is large.

Let us start by assuming that the detector noise is stationary and Gaussian. Then,

the noise follows a Gaussian probability distribution given by

p(n0) ∝ exp

[

−1

2
(n0|n0)

]

, (A|B) ≡ 4Re

∫ ∞

0

df
Ã∗(f)B̃(f)

Sn(f)
, (25)

where Sn(f) is the noise power spectral density (see Fig. 1). SNR is defined via this

definition of the inner product as ρ =
√

(h|h), where h is the GW signal. We denote the

detected signal s(t) = h(t;θt) + n0(t), where θt is the true parameters of a binary. Then,

one can rewrite Eq. (25) as

p(θt|s) ∝ exp

[

(ht|s)−
1

2
(ht|ht)

]

, (26)

with ht ≡ h(θt). Determined binary parameters θ̂ are those that maximize p(θt|s), which

satisfies (∂iht|s)− (∂iht|ht) = 0 with ∂i ≡ ∂/∂θit. Introducing ∆θi by θit = θ̂i +∆θi and

expanding Eq. (26) around ∆θi = 0 and keeping up to quadratic order, one finds

p(θ|s) ∝ exp

[

−1

2
Γij∆θ

i∆θj
]

, (27)

where Γij = (∂i∂jh|h− s) + (∂ih|∂jh) is the Fisher matrix. Since h− s = −n, one can

neglect the first term of Γij above in the large SNR limit and finds

Γij = (∂ih|∂jh) . (28)

The measurement error of θi then becomes
√

〈(∆θi)2〉 =
√

(Γ−1)ii . (29)

A more sophisticated way of carrying out a parameter estimation study is to perform

a Bayesian Markov Chain Monte Carlo (MCMC) analysis [266,267]. With this approach,

one can directly calculate the posterior distribution p(θ|d,M̄) of a parameter for a given

data d within a model M̄ through the Bayes’ theorem as

p(θ|d,M̄) =
p(d|θ,M̄)p(θ,M̄)

p(d,M̄)
. (30)

Here, p(d|θ,M̄) and p(θ,M̄) are the likelihood and prior distributions respectively,

while p(d,M̄) is the evidence given by

p(d,M̄) =

∫

dθ p(d|θ,M̄) p(θ,M̄) . (31)
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One can also carry out a model selection study between models M̄1 and M̄2 by calculating

the Bayes factor defined by taking the ratio of the evidence between the two models.

Such a Bayes factor can be calculated with e.g. thermodynamic integration [267,268],

nested sampling [268] and reverse jump, MCMC [266]. References [47,51] proposed a less

computationally expensive way of calculating the Bayes factor between GR and non-GR

models, whose validity was confirmed in [63].

2.2.3. Parameterized Tests of GR We will next review how one can construct

parameterized gravitational waveforms from compact binaries to perform strong-field

tests of gravity. The first approach extends the PN waveform in Eq. (24) to non-GR

theories, which allows us to carry out tests of gravity similar to parameterized post-

Keplerian (PPK) tests with binary pulsar observations [3, 4, 189]. PPK parameters

depend on two masses of the binary constituents. This means that any two independent

measurement of two PPK parameters allows us to determine two masses, while an

additional PPK parameter measurement enables us to perform a consistency test of GR.

Arun et al. [44] proposed that since ψ
(0)
i and ψ

(1)
i in Eq. (24) for gravitational

waveforms from a compact binary inspiral also depend on two masses of the binary

constituents, independent measurement of such PN parameters allows us to perform

a consistency test of GR. The authors treated all of the coefficients with different is

independently and found that large degeneracies exist among these parameters with a

LISA observation. The authors extended this analysis in [45,53] by treating ψ
(0)
0 and ψ

(0)
2

as fundamental parameters to determine two masses, and consider one of the remaining

parameters as an additional parameter to perform consistency tests of GR. The authors

used the restricted PN waveforms in [45] and the full PN waveform in [53], where the

former only keeps the leading PN order term in the amplitude, while the latter keeps up

to 3PN order. In particular, Ref. [53] studied how well one can constrain deviations from

GR by detecting GWs from BH binaries with future ground-based GW interferometers,

such as Adv. LIGO and ET, with a Fisher analysis. The authors found that one can

carry out such a type of tests with Adv. LIGO using ψ
(0)
3 as an additional parameter,

while one can also use other parameters with ET. Such a Fisher analysis was extended

in [49, 61] to a Bayesian model selection study for binary NSs using a GW data analysis

pipeline to test GR, called Test Infrastructure for GEneral Relativity (TIGER).

One of the limitations in the above approach is that one can only consider corrections

to non-vanishing terms in the waveform phase in GR. This means that one cannot capture

e.g. the effect of scalar radiation entering at −1PN relative to GR and non-GR corrections

to the waveform amplitude. In order to construct a more generic parameterized waveform,

Yunes and Pretorius [46] proposed a parameterized post-Einsteinian (PPE) waveform.

They first introduce a generic parameterized correction to the binding energy (or Kepler’s

law) and energy flux. Then, the authors propagate such corrections to the waveform of

a compact binary inspiral in the Fourier domain and found the simplest PPE waveform

given by

h̃(f) = AGR(f)(1 + αppEu
appE) exp

[

iΨGR(f) + βppEu
bppE
]

, (32)
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where u ≡ πMf , AGR and ΨGR are the waveform amplitude and phase in GR respectively,

while αppE, appE, βppE and bppE are the PPE parameters that encodes the dominant

deviations from GR in the amplitude and phase. The waveform reduces to that in GR

when αppE = 0 = βppE and the correction terms in the amplitude and phase correspond

to (3/2)appEPN and [(3/2)bppE + 5/2]PN corrections relative to GR respectively. Such

a parameterization can capture gravitational waveforms in e.g. scalar-tensor theories,

massive gravity theories, quadratic gravity (including EdGB and dCS gravity), variable

G theories, large extra dimension models, Lorentz violating theories (including Einstein-

Æther and khronometric gravity). The authors also constructed PPE waveforms in the

merger and ringdown phases.

Many follow-up papers were published that extends the original PPE framework.

Cornish et al. [47] performed a Bayesian inference and model selection study to reveal

how well future GW interferometers, such as Adv. LIGO and LISA, can measure PPE

parameters αppE and βppE for each appE and bppE respectively. The authors compared their

results with [269], where the latter studies the current constraints on βppE for each bppE

from orbital decay rate of the double binary pulsar J0737-3039 [270–273], and found that

Adv. LIGO will perform better than such binary pulsar observations for bppE ≥ −1.5.

Chatziioannou et al. [54] extended Eq. (32) to include non-tensorial polarization modes.

Sampson et al. [56] included subdominant PPE correction terms to the waveform in

Eq. (32) and carried out a Bayesian inference study. They found that the simplest PPE

waveform in Eq. (32) is sufficient for measuring non-GR effects. Reference [58] relates the

PPN framework for solar system experiments and the PPK framework for binary pulsar

observations to the PPE one. Sampson et al. [57] studied the “trouble with templates”

and found following: (i) LIGO/VIRGO network may miss signals using GR templates if

the true signal is the non-GR one that is still consistent with existing constraints. (ii)

The simplest PPE model of Eq. (32) can still capture non-GR signals that suddenly

shows deviations from GR at a certain frequency, such as dynamical scalarization in quasi

BD theory [180–184] and massive scalar tensor theories [22,188]. (iii) If one uses Eq. (32)

that only contains the inspiral phase to filter the actual signals that also contain merger

and ringdown phases, the deviations from GR may be misidentified. Loutrel et al. [64]

constructed a non-GR, parameterized burst signals of GWs from binaries with highly

eccentric orbits. Huwler et al. [62] constructed a PPE waveform in the time domain.

Vallisneri and Yunes [55] and Vitale and Del Pozzo [60] carried out a Bayesian analysis

and studied stealth bias [47] in detail, which refers to deviations from GR that are too

small to be detected but causes systematic errors that are larger than statistical errors.

They found that such systematic errors (in particular, in the mass measurements) can

be significant even within the current bounds. However, detailed analyses on systematic

errors on PPE parameters themselves due to the waveform mismodeling (similar to those

carried out in GR in e.g. [104,105]) are still missing.

2.2.4. BH No-hair Tests We now review testing BH no-hair relations among multipole

moments with (i) inspiral and (ii) ringdown GWs. Regarding the former, most literature
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considers EMRIs as a smaller compact object orbits around the central larger BH

many times (since the radiation reaction is suppressed by the mass ratio compared to

comparable mass binaries), and hence it can probe the central BH spacetime directly. As

mentioned in Sec. 2.1, Ryan [91,92] derived a PN gravitational waveform from EMRIs

with arbitrary multipole moments of the central object and carried out a Fisher analysis.

He found that if LISA detects GW signals from an EMRI with masses (10, 105)M⊙

and SNR of 100, the dimensionless quadrupole moment can be measured to ∼ 10−3.

Barack and Cutler [94] improved Ryan’s analysis by considering generic orbits and

including the satellite’s motion. They constructed the waveform using an analytic-kludge

approach [274], where the authors model, at every instant, the orbit as Newtonian,

emitting the leading order GWs, and solve the PN equations to secularly evolve the

orbit’s parameters. They found constraints that are better than Ryan’s.

One can also study future prospects of testing the BH no-hair property with GWs

by studying test particle motion around a bumpy metric (see Sec. 2.1 for a detailed

explanation of bumpy metrics). Glampedakis and Babak [95] studied geodesic motion of

a test particle around a quasi-Kerr object, which was constructed based on the Hartle-

Thorne metric [254,275]. They then constructed gravitational waveforms and found that

the mismatch from the Kerr waveform can be significant for a modest deviation from

Kerr, suggesting that using the Kerr waveform templates for extracting GWs from EMRIs

around a non-Kerr metric may result in a significant loss of SNRs. Gair et al. [96] studied

orbits around a metric proposed by Manko and Novikov (MN) [243], whose multipole

moments differ from the Kerr ones for ℓ ≥ 2. They found that certain orbits lead to an

ergodic motion due to the loss of the Carter-like constant. Orbital properties around the

MN spacetime were more thoroughly studied by Apostolatos, Lukes-Gerakopoulos and

Contopoulos [97–99]. According to the Poincaré-Birkhoff theorem, the resonant tori in the

phase space of a perturbed integrable system disintegrate to form a chain of islands, inside

which the ratio of fundamental frequencies stays constant (also frequencies themselves

evolve). The appearance of such islands is a distinct feature of non-Kerr spacetime, and

hence, a plateau in the evolution of the ratio of the fundamental frequencies, when the

orbit crosses the island, is a smoking gun for a generic deviations from Kerr. Gair and

Yunes [101] constructed EMRI waveforms from the VYS bumpy metric [242] using an

analytic-kludge approach.

Yet, another approach is to study GWs from EMRIs of exotic compact objects.

Kesden et al. [93] studied the orbital motion of a compact object around a supermassive

boson stars (see Ref. [276] for a review on boson stars) and found that a stable orbit

exists even inside the surface of a boson star. They evolved the trajectory of a compact

object from the exterior to the interior of the central boson star and found that GWs

emitted from such a system is distinguishable from those from EMRIs with a central BH.

Macedo et al. [88, 103] extended the above analysis by calculating the gravitational and

scalar radiation in a consistent and fully relativistic way for a few different boson star

models. They found that due to the absence of the event horizon, resonant oscillation

modes are resonantly excited by orbiting compact objects and GW signals at the last
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stage of the inspiral becomes qualitatively different from that of an EMRI with a central

BH. GWs from merging boson stars were studied in [277,278]. On the other hand,EMRI

waveforms of gravastars [279] were calculated in [100], where gravastars have the de

Sitter and Schwarzschild metric in the interior and exterior respectively, with a thin-shell

with a tensions that stitches these two metrics. Similar to the boson star case, EMRI

waveforms for gravastars have peaks that correspond to resonant modes excited during

the inspiral phase by the resonant scattering of GWs due to the gravastar’s surface. For a

gravastar with a mass 106M⊙, such peak frequencies typically appear within the optimal

sensitivity band of LISA.

Another type of BH no-hair tests is to use the ringdown signal of a BH e.g. after a

merger of two BHs. Ringdown signals or quasi normal modes (QNMs) are exponentially

damped sinusoids (see e.g. [280] for a review on QNMs). Since the frequency and the

damping time are given by the mass and spin of the ringing BH, a measurement of a

single set of complex QNM frequencies allows one to extract the mass and spin, provided

that one knows which particular normal mode such a measurement corresponds to. Then,

an additional measurement allows one to perform a consistency test of the BH no-hair

property [78].

Dreyer et al. [78] studied the prospects of testing the BH no-hair property with LISA

by estimating the probability that one fails to identify an actual BH or one misidentifies

non-BH QNMs to be the BH ones. Flanagan and Hughes [77] studied the detectability

of these QNMs, while Berti et al. [80, 83] and Kamaretsos et al. [86] carried out a Fisher

analysis and investigated how accurately one can measure these QNM frequencies with

future GW observations. Such Fisher analyses were extended to a Bayesian inference

study in [87] by carrying out a parameter estimation study and a model selection analysis

between GR and non-GR models. The authors used the (ℓ,m) = (2, 2) mode to extract

the mass and spin of a BH and used the frequency of the (ℓ,m) = (3, 3) mode as

additional information to check the consistency in the mass-spin plane of a BH, just like

the PPK test in binary pulsar observations [3, 4, 189] and GW tests with parameterized

PN waveforms in [44, 45, 53]. They found that ET can measure a 10% deviation in

the frequency of the (ℓ,m) = (2, 2) mode from GR for a 500M⊙ BH if the luminosity

distance is smaller than ∼ 6Gpc or the redshift smaller than z ∼ 1. Meidam et al. [89]

also carried out a Bayesian model selection study using the TIGER pipeline but for

comparatively smaller SNR sources. They found that a 10% deviation in the frequency

of the (ℓ,m) = (2, 2) mode from GR for a 500M⊙ BH can be detected with ET if one

combines results from O(10) sources out to ∼ 50Gpc (z ≤ 5). QNMs of boson stars were

studied in [74, 75, 81, 82, 88, 103], while those of gravastars were calculated in [84, 85, 100].

2.2.5. Systematics In this subsection, we explain possible systematic errors on probing

GR with GW observations of BHs. One origin of such systematics is some gas around

BHs that forms accretion disks. Narayan [106] studied such an effect on an EMRI

embedded in an advection-dominated accretion flow disk. He estimated the amount

of the hydrodynamic drag on the small compact object and found that the effect is
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negligible. Barausse and Rezzolla [107] studied the contribution of a non-self-gravitating

torus around a SMBH. They found that the effect of the hydrodynamic drag is typically

subdominant compared to the radiation reaction, though certain situations exist, where

such an effect may be detectable with LISA. Yunes et al. [109] and Kocsis et al. [110]

investigated various effects of a geometrically thin, standard model accretion disk on

an EMRI in great detail, including the mass accretion, disk’s self-energy, hydrodynamic

drag, torques from spiral arms, and resonant interactions that are similar to planetary

migrations [281,282]. Among these, they found that the migration gives the dominant

contribution to GWs, which may give large impacts on parameter estimation.

Barausse et al. [104, 105] also studied astrophysical systematic errors on testing

GR with GWs in detail. They found that such systematics should not be important

for eLISA, except for thin disks around EMRIs. However, they argue that EMRIs that

can be detected by eLISA will likely to have thick disks instead of thin ones. This is

because eLISA can only detect EMRI signals within the redshift z ∼ 0.7, and galactic

nuclei within the local universe are typically quiescent [283,284]. The authors mention

that only a few percent of all the EMRIs detected with eLISA may have thin disks.

Given that current estimated event rate of EMRIs with eLISA is 5–50 per year, it is

likely that matter effects do not significantly affect the tests of GR with EMRIs. They

also derived intrinsic lower bounds on non-GR effects to GWs, below which such effects

are buried under astrophysical ones. Moreover, they estimated systematic errors on

ringdown signals. For example, they found that a small matter distribution with mass

δM around an EMRI with central BH’s mass M can affect the ringdown frequency by

roughly 0.05%[δM/(10−3M)], which places an intrinsic lower bound on the non-GR effect

to be probed with GW ringdowns.

Regarding comparable-mass binaries, Ref. [111] studied the effect of circumbinary

disks around such binaries. The orbital angular momentum of a binary is transferred to a

circumbinary disk through the tidal/resonant interaction induced by the time-dependent

gravitational potential of the binary [285–287], and through the mass accretion of

the gas from the inner edge of the circumbinary disk onto the central binary [288].

Irrespective of details of the circumbinary disk model, the authors found that the ratio

between the angular momentum transferred from the binary to the disk to the orbital

angular momentum of the binary as C1Ṁ/µ, where Ṁ is the mass accretion rate, µ

is the reduced mass and C1 is a factor of O(1). For example, the three-dimensional

magnetohydrodynamic simulation [289] shows C1 ∼ 0.65. The authors then derived

the leading effect of such a circumbinary disk to GWs from the central binary, and

found that such an effect enters at −4PN order relative to the leading radiation reaction

effect. Carrying out a Fisher analysis, they found that the measurement accuracy of

the accretion rate ∆Ṁ with a 5yr observation of DECIGO at a source distance of 3Gpc

leads to
∆Ṁ

ṀEdd

≈ 1.0× 10−2 C−1
1

(

m

10M⊙

)10/23

, (33)

for the total mass m . 103M⊙, where ṀEdd is the Eddington accretion rate. However,
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such an event turns out to be rare. When a binary travels through a dense molecular

cloud, the gas within the Bondi-Hoyle-Lyttleton radius [290] will form a circumbinary

disk. Assuming such a situation, the authors derived the expected number of events

with which the accretion rate can be measured with DECIGO as

Ndisk ∼ 6.0× 10−2 C1
−9/5

(

m

10M⊙

)117/115
( v∞
20km s−1

)−27/5
(

ngal

0.01Mpc−3

)

, (34)

where v∞ and ngal correspond to the bulk velocity and the number density of galaxies

respectively.

Regarding systematics from effects other than accretion disks, Yunes et al. [108]

studied the contribution of another SMBH on an EMRI. They found that the acceleration

acting on a binary in a time-independent external gravitational field gives again a −4PN

correction to the waveform phase, and such an effect might be detected with LISA if

the perturber is a few tenths of a parsec away from an EMRI. Such a −4PN correction

degenerates with the correction in RS-II braneworld model (see Sec. 6.2.2) and that

in varying G theories [227]. However, notice that astrophysical environmental effects

are unique to each source, while coupling constants in non-GR theories are typically

universal. Hence, one may be able to distinguish the former from non-GR corrections

to GWs by detecting signals from multiple sources. A −4PN correction also arises

from the time evolution of the redshift (redshift drift) [291–294], though such an effect

will not be problematic as long as one has a good cosmological model. Barausse et

al. [104, 105] also studied systematics due to non-vanishing charges of BHs, cosmological

constant, magnetic fields and dark matter, but the effects are negligible. EMRI GWs also

suffer from systematics due to mismodeling of the waveform. For example, the self-force

contribution is not fully understood [112,113], though such an effect is suppressed by

the mass ratio of a binary.

2.3. Generic Scalar Corrections to GR

A large portion of the literature on corrections to GR is focused on theories whose

field content in the gravity sector consists of the metric and one additional dynamical,

long-ranged scalar field. There is a good pragmatic reason for studying theories of this

form: they are the simplest possible corrections to GR. Besides convenience, there is also

good theoretical motivation to study these theories. In order for an interaction to be

“gravitational” in nature, it should be long-ranged and couple weakly to matter. Coupled

with the desire to have no preferred frame, these criteria motivate the study of theories

with the metric and a scalar.

Unfortunately, there are still an infinite space of theories which are deformations of

GR and include a long-ranged scalar field which couples weakly to matter. Rather than

studying them one-by-one, here we discuss how to parameterize over theory space.

Stein and Yagi [59] provided one approach to generically classify these theories and

their phenomenology. Unlike the other approaches described in this Section, Stein and

Yagi (henceforth SY) did not only parameterize observables. Rather, they used a hybrid
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approach where they parameterized the theory, the properties of compact objects, the

multipoles of binaries and the scalar radiation they emit; and from these to determine

the observables. This approach more closely connects observables to the theoretical

corrections that give rise to them.

2.3.1. Parameterization of Theories In Ref. [59], SY considered theories in the Jordan

frame, such that matter only couples to the metric in this frame. Thus the scalar field

only interacts by coupling non-minimally to curvature, with an action given by (in the

conventions of SY),

S = SEH + Skin + Sint + Smat , (35)

SEH =

∫

1

2
m2

pl
R
√−gd4x , Skin =

∫

−1

2
(∂aϑ)(∂

aϑ)
√−gd4x , (36)

Sint =

∫

Lint[ϑ, g, ǫ,∇, R]
√−gd4x , Smat = Smat[Ψ, g] , (37)

where m2
pl
= (8πG)−1, ∇ is the Levi-Civita connection of the metric g and ǫ its volume

form, and Smat is the matter action, where ϑ does not appear. Here there is no potential

for ϑ, because a nontrivial potential would lead to a short-ranged scalar field.

Of course there is still an infinite functional freedom in Lint. To make progress, SY

use the effective field theory (EFT) approach and expand Lint in a power series in ϑ and

truncate at linear order. This expansion is not capable of expressing theories which rely

on strong self-interaction, such as nonlinear Galileons where the self-interaction creates

a screening mechanism.

Terms at zeroth order do not source ϑ. At first order in ϑ it is possible to integrate

by parts and remove any derivative from ϑ. Therefore the most general interaction

Lagrangian which is homogeneous of degree one in ϑ may be put into the form of a sum

of terms like

Lint ∼ ϑ T [g, ǫ0,1,∇d, Rr] , (38)

where T [·] is some scalar invariant built from the arguments. Each term is constructed

from d derivatives, r curvature tensors, and |ǫ| = 0 or |ǫ| = 1 copies of the ǫ tensor (no

more copies may appear due to an identity). This requires introducing a new length

scale, ℓ, for dimensional correctness; SY parameterize this as

Lint ∼ (mplℓ) ℓ
℘ ϑ T [g, ǫ0,1,∇d, Rr] , (39)

where for dimensional correctness we have ℘ = d+ 2r − 3. The new length scale ℓ also

controls the strength of this interaction. This part of theory space is parameterized by

the integers (|ǫ|, d, r) and the length ℓ. This parameterization includes other theories

we discuss in this review, including some scalar-tensor theories (Sec. 3) and quadratic

gravity theories (Sec. 5); see Table 1 for the parameters of these theories.
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Theory |ǫ| d r ℘a ℓBH ℓNS ℓHH

rad
ℓHS

rad
ℓSS

rad

“Scalar-tensor” 0 0 1 −1 —b 0 —b 1 1

EDGB 0 0 2 1 0 2c 1 1 3c

dCS 1 0 2 1 1 1 2 2 2

Table 1. Parameters of three example theories with a long-ranged, weakly-coupling
gravitational scalar. The parameters of the Lagrangian are (|ǫ|, d, r), and the multipole
parameters are (ℓBH, ℓNS, ℓrad). The combinations HH/HS/SS are the three binary
combinations of BH (H) and NS (S). In this Table we have ℓrad = 1+min(ℓ1, ℓ2). Notes:
(a) Not independent, ℘ = 2r + d − 3. (b) BHs have no hair in classical scalar-tensor
theories. (c) This is expected but has not yet been calculated. Table from Ref. [59]

2.3.2. Parameterization of Compact Object Properties Determining the leading effect

of the scalar interaction on the orbital dynamics of a binary system requires knowledge

of the scalar field profile sourced by each of the members of the binary system. This

profile is sometimes called the “scalar hair” of an object. The structure of this hair

must be determined through a strong-field matching calculation in each theory of

interest. However, again in the interest of creating a parameterized framework, SY

simply parameterize this hair by the lowest non-vanishing multipole number ℓbody (an

integer) which comes from this matching calculation. It is the lowest non-vanishing

moments of the two bodies which control the scalar-mediated interaction between the

two bodies. In several theories (e.g. Brans-Dicke and EdGB), BHs and NSs have different

leading scalar multipole numbers. Therefore the body moments need to be parameterized

through both ℓNS and ℓBH. See Table 1 for the parameters in a number of theories.

For a given set of theory parameters (|ǫ|, d, r) and scalar multipole number ℓbody,

it is possible to use curvature and compactness scalings to determine the scaling law

of the scalar multipole moment µQ with Q = q1q2 · · · qℓbody
a multi-index of valence

|Q| = q = ℓbody. This scaling is determined up to some dimensionless integrals of order

unity. These symmetric tracefree (STF) tensors µQ are essentially Wilson coefficients for

the world-line effective action.

For parity-even theories (|ǫ| = 0), SY determine the scaling of µQ as

µQ ∼ (mplℓ)

(

ℓ

R∗

)℘

Cr
∗R

q
∗ , (40)

where R∗ is the radius of the body, and C∗ = GM∗/R∗ is the compactness of the body,

where M∗ is the mass of the body. The scaling estimate of Eq. (40) agrees with the

strong-field matching calculation in EdGB [176]. For parity-odd theories (|ǫ| = 1), SY

determine the scaling as

µQ ∼ (mplℓ)veqŜ

(

ℓ

R∗

)℘

Cr
∗R

q
∗ = (mplℓ)S

(

ℓ

R∗

)℘

Cr−1
∗ Rq−2

∗ , (41)

where Si is the spin vector of the body (with dimensions of length squared), Ŝi the unit

normal vector in the direction of Si, and veq the velocity at the equator of the rotating
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body. The scaling estimate of Eq. (41) agrees with the strong-field matching calculation

in dCS [259,295,296].

The scalings presented in Eq. (40) and (41) may not capture effects such as

spontaneous, dynamical, or induced scalarization in scalar-tensor theories. However,

the fact still remains that such scalar multipole moments do exist, but in these cases

they must be promoted to be environment-dependent. Therefore below we will present

formulas with the µQ’s left general, and also substitute in the scalings of (40) and (41).

2.3.3. Binary, Scalar Interaction, and Pulsar Timing Bounds Let us now consider a

binary system of compact objects, either two BHs (HH), two NSs (SS), or one of each

(HS). The presence of a dynamical scalar and scalar “hairs” induces a new interaction

between the two bodies besides the interaction through the metric (the Newtonian and

post-Newtonian interactions).

In some theory where the scalar hairs of a BH and NS may differ (ℓBH 6= ℓNS),

each of these three cases may experience a different scalar pole-pole interaction. The

electromagnetic analogy is that the electric monopole-monopole, monopole-dipole, dipole-

quadrupole, etc. interactions all have different radial and angular dependences. Therefore

to continue to be generic, let the bodies with masses m1,2 have scalar multipole moment

tensors µS
1 and µT

2 , with |S| = s the scalar multipole number of body 1 and respectively

|T | = t for body 2.

Through the EFT technique of integrating out the scalar field, SY show that the

presence of these scalar hairs induces an effective world-line interaction given by∗

L×[x1,x2] = (−)s4πµS
1µ

T
2

(

∂ST
1

r2

)

[x1] (42)

= (−)t4πµS
1µ

T
2

(

∂ST
1

r1

)

[x2] , (43)

L×[x1,x2] = (−)t4π(2s+ 2t− 1)!!
µS
1µ

T
2 n

〈ST 〉
12

r1+s+t
12

. (44)

Here rA ≡ |x− xA| is the distance from some field point x to body A, x12 ≡ x1 − x2 is

the vector which points from body 2 to body 1, r12 ≡ |x12| is the distance between the

two bodies, n12 ≡ x12/r12 is the unit normal vector which points from body 2 to body 1,

and 〈· · ·〉 is the STF operation on the enclosed indices. Here we see that the sum s+ t

controls the radial and angular dependence of the interaction. For s = 0 = t we have the

same structure as the Kepler interaction, which simply renormalizes G→ GAB pairwise

for each combination of bodies A,B. This is similar to the Nordtvedt effect, and the

conservative effect can not be detected in an isolated binary. However, all other choices

of s, t lead to post-Newtonian corrections.

This effective interaction Lagrangian leads to a conservative shift in the binding

∗ This corrects a sign error in [59] and a number of other articles which made the same mistake in the
integrating-out procedure. This sign error propagates through to the force, pericenter precession, etc.



Black Hole Based Tests of General Relativity 28

energy, which is simply δEbind = −L×[x1,x2]. It also leads to an additional scalar-

mediated force between the two bodies, which SY find to be

F i
1 = (−)t+14π(2s+ 2t+ 1)!!

µS
1µ

T
2 n

〈iST 〉
12

r2+s+t
12

, (45)

and similarly for the force on body 2 due to 1, which is easily seen to be F i
2 = −F i

1.

From this additional force it is possible to find the conservative correction to the

motion of the binary. The most useful observable is the correction to the pericenter

precession. Stein and Yagi compute this via Gauss perturbation of the orbital elements.

The net result of the calculation is that the excess pericenter precession is given by

〈δω̇〉 = 1

T

p2

Gm
AµS

1µ
T
2

[

−1

e

s+ t+ 1

2s+ 2t+ 1
IST1 +

1

e
L̂iI iST2 − cot ι

s+ t+ 1

2s+ 2t+ 3
ǫijkL̂

jI ikST3

]

,

(46)

where p is the semi-latus rectum of the background (Keplerian) orbit, e its eccentricity,

T its period, ι the inclination (relative to the line of sight), L̂i the unit vector in the

direction of the angular momentum, I1,2,3 are three tensor-valued dimensionless integrals

of order unity which depend on the eccentricity, and defining the parameter

A ≡ 1

µ
(−)t+14π(2s+ 2t+ 1)!!p−(2+s+t) , (47)

where µ ≡ m1m2/m is the reduced mass, and m = m1 +m2 is the total mass of the

binary. Comparing this with the leading GR pericenter precession, we see that this is a

relative +(s+ t− 1) pN order correction. Since s and t should have the same parity, we

see that this is always an odd relative pN order correction.

By using the scaling laws from Eqs. (40) and (41) it is possible to derive the scaling

of the pericenter precession in terms of the size and compactness of the bodies in the

binary. For parity even (|ǫ| = 0) theories, SY find this to be

〈δω̇〉
〈ω̇〉

GR

∼ (−)t+1(2s+ 2t+ 1)!!
ℓ2

(Gm)(Gµ)

(

ℓ2

R1R2

)℘

(C1C2)
r

×
(

R1

Gm

)s(
R2

Gm

)t

f(e)v2(s+t−1) , (48)

with v = |v12| the orbital velocity, and f(e) is an O(1) function that depends on

eccentricity. For parity odd (|ǫ| = 1) theories, factors of veq for each body must also be

included. This result reproduces the known result from dCS [296].

From this calculation it is possible to estimate bounds which can be placed on the

dimensional coupling parameter, ℓ, in some theory. If a binary pulsar system is observed

with sufficient precision to measure 〈ω̇〉 and two other post-Keplerian parameters, this

constitutes a test of GR [3, 4]. Let us presume that the variance on the measurement

of 〈ω̇〉 is σ. If the measurements are consistent with GR, then we must have that the



Black Hole Based Tests of General Relativity 29

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

Sun's
surface

Earth's
surface

LAGEOS

J0737
-3039

Mercury
precession

LLR

NS merger

BH merger

SMBH
merger

NS

XΩ
 
\ timing

EDGB

dCS

10-12 10-10 10-8 10-6 10-4 0.01 1
10-12

10-9

10-6

0.001

1 100

102

104

106

108

1010

¶=Gm�r HcompactnessL

Ξ
=
HG

m
�r

3 L
1�

2
@k

m
-

1 D
Hin

v.
cu

rv
at

ur
e

ra
di

usL

{
@k

m
D

Figure 2. Estimated bounds on ℓ, as shown on the right vertical axis. Tilted
lines present estimates from pericenter precession in Eq. (49), while horizontal lines
correspond to those from GWs. The horizontal axis represents the compactness of
a binary given by (Gm/a). Solid (blue) curves are bounds for dCS, while dotted
(red) curves are for EdGB. The lower (upper) curve for each theory is the estimate
for |σ/ 〈ω̇〉 | ∼ 1 (|σ/ 〈ω̇〉 | ∼ 10−2). The dashed region is expanded in Fig. 3. Figure
from [59].

excess precession [from Eq. (48)] 〈δω̇〉 . σ is smaller than this variance, which leads to

the bound on ℓ,

ℓ2+2℘ .
|σ|
〈ω̇〉

GmGµR℘
1R

℘
2

(4s+ 1)!!Cr
1C

r
2

[

(Gm)2

R1R2

]s

v2(1−2s) . (49)

Here we have set t = s since all known binary systems are two NSs, and therefore they

will have the same type of scalar hair. These scaling estimates of bounds are presented

in Fig. 2.

2.3.4. Parameterization of Scalar Radiation A binary system where one or both bodies

sources scalar hair will emit scalar radiation. This in turn will affect the rate of inspiral

of the binary and thus change the gravitational waveform. The scalar radiation may be

found in terms of derivatives of the binary’s combined scalar moments [297],

θ =
∞
∑

q=0

(−)q

q!

(

1

r
µQ

bin

)

,Q

, (50)
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where r is the distance to the binary, and where

µQ
bin
(u) =

∫

M

τeff(u,x)x
Qd3x , (51)

with the point-particle effective source is given by the superposition

τeff = (−)sµS
1 ∂Sδ

(3)(x− x1) + (−)tµT
2 ∂T δ

(3)(x− x2) . (52)

Stein and Yagi find the qth binary moment as

µQ
bin

=

{

q!
s!
µ
(k1···ks
1 x

ks+1···kq)
1 + (1 ↔ 2) q ≥ s ,

0 otherwise.
(53)

Now for each q in Eq. (50) one must compute (µQ
bin/r),Q. It is not immediately

clear which radiative binary moment will dominate this sum. Therefore SY simply

parameterized this as ℓrad, so that the radiative solution may be approximated as

θrad ≈
1

r

nW

w!
(w)µW

bin
(u) , (54)

where w = |W | = ℓrad,
(q)f = (∂/∂t)qf , and ni is the radial outward unit vector at some

field point, when the binary is taken at the origin of coordinates.

We know that ℓrad must be greater than or equal to min(ℓ1, ℓ2), the smaller of the

two individual bodies’ scalar multipole moments (since all binary moments of lower

valence will vanish). It is possible that the dominant radiative multipole moment is

simply ℓrad = min(ℓ1, ℓ2). However, the computation of (w)µW
bin

for w = min(ℓ1, ℓ2) does

not contain any time derivatives of the separation vector between the two bodies. The

wth derivative of this quantity depends on changes to the internal structure of the bodies,

or on the precession of their spins.

On the other hand, for w = 1 + min(ℓ1, ℓ2),
(w)µW

bin
will indeed involve a time

derivative of the separation vector, will thus vary on an orbital timescale, and is thus

expected to be important. The binary moment for this w is

µaS
bin

= wx
(a
1 µ

S)
1 + (1 ↔ 2) . (55)

This sum may contain only one term if e.g. ℓ1 6= ℓ2 if the binary is a BH-NS system. For

a circular orbit, SY find the relevant time derivative to be

(w)µaS
bin

=
w

(Gm)s

{

(−)(1+s)/2µ
(S
redn

a)
12v

3s+1 , |ǫ| = 1

(−)s/2 µ
(S
redv

a)
12v

3s , |ǫ| = 0
(56)

where ℓrad = w = 1+s = 1+min(ℓ1, ℓ2), and where SY have defined a certain combination

µS
red

≡
[m2

m
µS
1 − m1

m
µS
2

]

. (57)
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By combining this calculation with the estimates of Eqs. (40) and (41), it is possible

to estimate the scaling of µW
bin

and its time derivatives. This scaling is controlled by

the difference s − ℘. Stein and Yagi present this scaling estimate for the four cases

s− ℘ = −1, 0,+1,+2.

This quantity appears in the energy flux due to scalar radiation, which SY find to

be

Ė(ϑ) = − 1

(w!)2
4π

2w + 1
δ(VW )

〈

(w+1)µV
bin

(w+1)µW
bin

〉

, (58)

where |W | = |V | = w. Using the above assumptions, this result becomes

Ė(ϑ) = − 1

(s!)2
4π

2w + 1

1

(Gm)2w
µS

red
µT

red
δ(abST )

{

〈

na
12n

b
12v

6s+8
〉

, |ǫ| = 0
〈

va12v
b
12v

6s+6
〉

, |ǫ| = 1
(59)

where |S| = |T | and w = 1 + s.

This is easily seen to be of +(3s− 1) pN order relative to the leading GR energy

flux due to quadrupole radiation:

Ė(θ)

ĖGW
∼ 5π2

(2w + 1)(s!)2
m2

pl

µ2

|µS
red
|2

(Gm)2s
v6s−2 . (60)

Using the scaling estimates, which recall are controlled by s − ℘, SY derive that for

|ǫ| = 0 theories:

Ė(ϑ)

ĖGW
∼ η−4v6s−2

(2w + 1)(s!)2

(

ℓ

Gm

)2+2℘
δm2

m2
(s− ℘ = −1) (61a)

Ė(ϑ)

ĖGW
∼ η−2v6s−2

(2w + 1)(s!)2

(

ℓ

Gm

)2+2℘
δm2

m2
(s− ℘ = 0) (61b)

Ė(ϑ)

ĖGW
∼ v6s−2

(2w + 1)(s!)2

(

ℓ

Gm

)2+2℘

(s− ℘ = +1) (61c)

Ė(ϑ)

ĖGW
∼ v6s−2

(2w + 1)(s!)2

(

ℓ

Gm

)2+2℘
δm2

m2
, (s− ℘ = +2) (61d)

where η = m1m2/m
2 = µ/m is the symmetric mass ratio. These scaling estimates agree

with previously-derived results in specific theories such as EdGB (where s − ℘ = −1

for two BHS) and dCS (where s − ℘ = 0 for two BHs; though note this theory has

|ǫ| = 1) [38].

2.3.5. Connection to PPE and Estimates of GW Bounds There are four physical effects

which SY identify that correct the inspiral and thus the GW signal. These effects are:

(i) The conservative scalar pole-pole interaction, which modifies the binding energy,

and the relation between r12 and the orbital frequency ω (the “Kepler” relation).

This was discussed in Sec. 2.3.3.
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(ii) A conservative effect from the correction to the metric multipole moments of the

bodies. For example, a shift in the bodies’ metric quadrupoles from the GR values

will shift the metric monopole-quadrupole interaction energy from the GR value.

(iii) The dissipative effect of the energy lost due to scalar radiation.

(iv) A dissipative correction to how much energy is radiated in GWs.

Effects (i) and (iii) were discussed above in Secs. 2.3.3 and 2.3.4. Each effect may

contribute to the gravitational waveform, though they may all enter at different post-

Newtonian orders; therefore we do not know, a priori, which effect will dominate the

correction to the GR waveform. In EdGB, for a BH-BH system, effect (iii) is a relative

−1PN effect and thus dominates [38]. Meanwhile, in dCS, all of these corrections enter

the waveform at the same order: +2pN relative to the leading GR phase [39,296].

Since Ref. [59] focused only on the scalar interaction, they choose to simply

parameterize effects (ii) and (iv) for the purposes of computing waveforms and mapping

to the PPE framework explained in Sec. 2.2.3.

To parameterize effect (ii), SY wrote the shift to the binding energy due to the

metric deformation as

δEdef

bind
=

Cdef

r1+ndef
. (62)

If this is the leading conservative non-GR correction, then Cdef = EGRAppE and

1 + ndef = pppE [54]. If there is another effect at this same post-Newtonian order,

then Cdef adds linearly to EGRAppE. Otherwise, this contribution is sub-dominant.

To parameterize effect (iv), SY write the correction in the energy flux due to the

correction in GWs as

Ė(h) = Ch

(

Gm

r12

)5+nh

. (63)

Again if this is the leading dissipative non-GR correction, then this corresponds to

Ch = ĖGRBppE and 5 + nh = qppE [54]. If there is another effect at the same order, then

Ch adds linearly to ĖGRBppE. Otherwise, this contribution is sub-dominant.

Having all effects (i-iv) parameterized, SY are then able to go through the standard

post-Newtonian procedure to find the corrections to the GW phase. From the two

conservative effects, they find the combined binding energy in frequency space is

Ebind ∼ µ(Gmω)2/3
[

1 +
1

Gmµ

|µ1µ2|
(Gm)2s

(Gmω)4s/3 +
1

Gmµ

Cdef

(Gm)ndef
(Gmω)2ndef/3

]

.

(64)

Including these corrections and the two dissipative effects, they then find the corrected

energy flux in frequency space as

Ė ∼ η2

G
(Gmω)10/3

[

1 +
1

Gmµ

|µ1µ2|
(Gm)2s

(Gmω)4s/3 +
1

Gmµ

Cdef

(Gm)ndef
(Gmω)2ndef/3

+
G

η2(Gm)2
|µred|2
(Gm)2s

(Gmω)2s−2/3 +
GCh

η2
(Gmω)2nh/3

]

. (65)
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By going through the stationary phase approximation, SY can then find the

correction to the gravitational waveform phase due to these 4 effects. They find

Ψ(f) ∼ 1

η
(πGmf)−5/3 +

1

η2Gm2

|µ1µ2|
(Gm)2s

(πGmf)(4s−5)/3

+
1

η2Gm2

Cdef

(Gm)ndef
(πGmf)(2ndef−5)/3

+
1

η3Gm2

|µred|2
(Gm)2s

(πGmf)(6s−7)/3 +
GCh

η3
(πGmf)(2nh−5)/3 . (66)

From this equation it is straightforward to read off the PPE coefficients in Eq. (32). The

corresponding bppE parameters are

b
(i)
ppE = (4s− 5)/3 (67a)

b
(ii)
ppE = (2ndef − 5)/3 (67b)

b
(iii)
ppE = (6s− 7)/3 (67c)

b
(iv)
ppE = (2nh − 5)/3 . (67d)

The βppE coefficients for effects (ii) and (iv) are given as

β
(ii)
ppE ∼ 1

η1+2ndef/5Gm2

Cdef

(Gm)ndef
(68a)

β
(iv)
ppE ∼ GCh

η2+2nh/5
. (68b)

For effect (i), in the case with s = t and |ǫ| = 0, SY find

β
(i)
ppE ∼ ℓ2

η1+4s/5(Gm)2

(

ℓ2

R1R2

)℘(
R1R2

(Gm)2

)s

(C1C2)
r . (68c)

Finally, as seen in Eq. (61), different values of s− ℘ give different expressions for effect

(iii). For s− ℘ = −1, 0,+1,+2, SY find

β
(iii)
ppE ∼ 1

η(12+6℘)/5

(

ℓ

Gm

)2+2℘(
δm

m

)2

(s− ℘ = −1) (68d)

β
(iii)
ppE ∼ 1

η(8+6℘)/5

(

ℓ

Gm

)2+2℘(
δm

m

)2

(s− ℘ = 0) (68e)

β
(iii)
ppE ∼ 1

η(4+6℘)/5

(

ℓ

Gm

)2+2℘

(s− ℘ = +1) (68f)

β
(iii)
ppE ∼ 1

η(10+6℘)/5

(

ℓ

Gm

)2+2℘(
δm

m

)2

. (s− ℘ = +2) (68g)

This completes the mapping onto the PPE framework. These results agree with previous

calculations within specific theories such as EdGB [38] and dCS [38,39].

Having mapped the effects of generic scalar interactions onto the PPE framework,

it is possible to reuse PPE parameter estimation studies to determine how ℓ can be
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bounded in these theories. Consider a GW inspiral measurement with a given SNR,

over a certain frequency range fmin ≤ f ≤ fmax, which is found to be consistent with

the predictions of GR. For such a measurement, Cornish et al. [298] established the

estimated bound

|β| . 3

SNR∆ub
, (69)

where ∆ub ≡ |(umin)
bppE − (umax)

bppE |, with the dimensionless frequency parameter

u = πGMf = η3/5v3 (recall that M = mη3/5 is the chirp mass of the inspiral). This

can be immediately converted into an estimated bound on ℓ.

Specifically, for effect (i), SY find the estimated bound

ℓ2+2℘ .
3

SNR∆ub(i)
η+1+4s/5

Cr
1C

r
2

(Gm)2R℘
1R

℘
2

[

(Gm)2

R1R2

]s

. (70)

Similarly, SY derive inequalities for effect (iii), which are controlled by the difference

s− ℘. For the four values previously considered, we have

ℓ2+2℘ .
3η(12+6℘)/5

SNR∆ub(iii)
(Gm)2+2℘

( m

δm

)2

(s− ℘ = −1) (71a)

ℓ2+2℘ .
3η(8+6℘)/5

SNR∆ub(iii)
(Gm)2+2℘

( m

δm

)2

(s− ℘ = 0) (71b)

ℓ2+2℘ .
3η(4+6℘)/5

SNR∆ub(iii)
(Gm)2+2℘ (s− ℘ = +1) (71c)

ℓ2+2℘ .
3η(10+6℘)/5

SNR∆ub(iii)
(Gm)2+2℘

( m

δm

)2

. (s− ℘ = +2) (71d)

Some estimated bounds based on these inequalities have been plotted in Fig. 3. Stein

and Yagi plot examples arising from BH-BH inspirals in both dCS and EdGB. For each

example in each theory, SY plot both bounds arising from effects (i) and (iii) [respectively

Eq. (70) and Eqs. (71)]. For each theory, the two example systems considered are

a 10M⊙–11M⊙ binary detected in LIGO over the frequency range 20-400Hz; and a

10M⊙–106M⊙ binary detected in LISA over a frequency range corresponding to 1 year

of measurement terminating at a plunge. Both of these examples are assumed to be

measured at an SNR of 30, so that Eq. (69) gives |β| . 0.1/∆ub .

Qualitatively, we can see in Fig. 3 that stellar mass BHs yield better estimated

bounds on ℓ. This makes sense for theories like dCS and EdGB, which are higher-

curvature corrections to GR. The curvature at the horizon of a BH goes as ∼ 1/M2, so

lighter BHs are better probes of these higher-curvature theories.

This analysis used dCS and EdGB as examples, in order to validate the approach

against well-studied theories. The utility of this work is that it can easily be reused for a

broad class of theories which include a long-ranged scalar field which is non-minimally

coupled to curvature. Rather than redoing a whole suite of calculations in every specific

theory, one performs a matching calculation for compact objects, and can then plug in

parameters (|ǫ|, d, r, ℓBH, ℓNS, µ
S
BH
, µS

NS
) to immediately find how well such a theory could

be constrained by pulsar timing or GW measurements.
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Figure 3. Estimated bounds on ℓ from GW measurements, shown by the dashed
region in Fig. 2. We assume a GW detection at SNR 30 that is consistent with GR.
Solid (blue) lines are for dCS, while dotted (red) lines are for EdGB. Estimated bounds
from a BH-BH inspiral in LIGO (an EMRI of a BH-BH binary in LISA) appear at left
(right). The horizontal extent of such bounds represents the range of frequencies in
band. Figure from [59].

2.4. EMW Tests

Let us now review BH based tests of GR with EMW observations [10,11]. We consider a

BH with an accretion disk system. We cover X-ray continuum spectrum, Fe line emission,

BH shadow and QPO in turn. We also comment on possible systematic errors in using

these tests to probe GR. For simplicity, we will neglect the light bending effect in the

explanation below. If one is to take such an effect into account, one needs to solve the

null geodesic equations numerically using the ray-tracing algorithm [299, 300]. Other

possible tests that are not covered in this review include e.g. X-ray polarization [301,302],

stars [192,303–307] and hot spots [308–310] around a black hole, and BH jets [311,312].

We refer the readers to e.g. [11] for more thorough review on these topics.

2.4.1. Continuum Spectrum A soft X-ray component of the generic spectrum of a

stellar-mass BH with an accretion disk is interpreted as the thermal spectrum of an

optically thick, geometrically thin disk. Such a disk is realized when the radiative

efficiency is relatively large and the disk is described by the Novikov-Thorne model [313].

When the central object is the Kerr BH, the spectrum depends mainly on five parameters,
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the BH mass and spin, the inclination angle, the mass accretion rate and the distance

from an observer. If one has independent measurements of the BH mass, distance and

the inclination angle, one can apply the continuum fitting method to determine the BH

spin (and the accretion rate). Such a method can also be used to distinguish the Kerr

BH and a naked singularity [314,315]. On the other hand, if the central object is not the

Kerr BH, the spectrum depends on additional parameters [114–122] that may be related

to coupling constants in non-GR theories. Current observational data have already been

used to place constraints on possible deviations from the Kerr BH [117,121,122].

The spectrum can be derived as follows. For an optically thick, geometrically thin

accretion disk around a BH, the time-averaged flux F(r) from the disk surface is given

via the conservation of energy by [117,313]

F(r) = − Ṁ

4π
√
−G

∂rΩ

(E − ΩLz)2

∫ r

rin

(E − ΩLz)(∂rLz)dr , (72)

where rin is the inner radius of the accretion disk, which is usually chosen to be the ISCO

radius, Ṁ is the constant accretion rate that is determined from the mass conservation

law and
√
−G ≡

√

N2grrgφφ with N representing the lapse function. The choice of the

inner radius is motivated from e.g. [316] when the source is in the high/soft state, though

it is currently unclear whether such a choice is valid also in the low/hard state. E, Lz

and Ω are the specific energy, axial component of the specific angular momentum and

the angular velocity for circular geodesics in the equatorial plane given by [117]

Ω =
−∂rgtφ ±

√

(∂rgtφ)2 − (∂rgtt)(∂rgφφ)

∂rgφφ
, (73)

E = − gtt + gtφΩ
√

−gtt − 2gtφΩ− gφφΩ2
, Lz =

gtφ + gφφΩ
√

−gtt − 2gtφΩ− gφφΩ2
, (74)

where + (-) sign in Ω corresponds to the corotating (counterrotating) orbits. Assuming

a black body radiation, the effective temperature is determined from F by F = σT 4,

where σ is the Stefan-Boltzmann constant. Neglecting the light bending effect, one finds

the luminosity as

L(ν) = 8πh cos i

∫ rout

rin

∫ 2π

0

ν3
√
−G

exp[hνe/kT ]− 1
dφ dr , (75)

where h is the Planck constant, k is the Boltzmann constant, i is the inclination angle

and rout is the outer radius of the accretion disk. ν and νe are the frequencies in the

local rest frame of the observer and the emitter respectively, which are related through

the redshift factor g by

g ≡ ν

νe
=

√

−gtt − 2gtφΩ− gφφΩ2

1 + Ωr sinφ sin i
. (76)

Such a factor encodes the frame dragging, the gravitational redshift and the special and

general relativistic effects of Doppler boost.
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2.4.2. Iron Line Emission Another way to test GR is to use the iron line emission

from an accretion disk around a stellar-mass or super-massive BH. Thermal photons are

scattered by electrons (the inverse Compton scattering) in a hot corona above the disk,

which produces a power-law component in the X-ray spectrum. Such photons irradiate

the disk and produces spectral lines by fluorescence, the strongest of which is the Kα

iron line at 6.4keV (this becomes roughly 7.1keV for the fully ionized iron line). This

line is narrow in frequency intrinsically, but is broadened and skewed due to relativistic

effects. The existence of such a line was detected in e.g. [317, 318] (see [319, 320] for

reviews).

For a Kerr BH, the shape of the emission spectrum depends on the BH spin, the

inclination angle, the disk emissivity and the outer radius of the emission region. In

particular, the lower-energy tail depends on the inner radius of the disk, which is again

commonly identified as the ISCO radius. Since such a radius depends on the BH spin in

units of the BH mass, one can measure the dimensionless BH spin from the shape of the

line profile even if the BH mass and distance are not measured. One can also use such a

profile to test the BH geometry, as studied in [118–120,123–128,321]. The continuum

spectrum method cannot be applied to an accretion disk around a super-massive BH

because the spectrum lies in the ultra-violet (UV) band, which is difficult to measure

due to dust absorption, while the iron line method can be applied to both stellar-mass

and super-massive BHs.

The iron line emission profile can be calculated as follows. In the celestial coordinates

(α, β) in the observer’s plane in the sky, the observed flux at energy E is given by [124,321]

F(E) =
1

d2

∫ ∫

g3Ie(Ee)dαdβ , (77)

where d is the distance between the observer and the BH and the redshift factor g is

given by Eq. (76). Ie(Ee) is the emitted specific intensity at the emitted energy Ee given

by [124,321]

Ie(Ee) = r−qδ(Ee − EKα) = r−qgδ(E − gEKα) , (78)

where EKα = 7.1 keV for fully ionized iron lines and q(> 0) is the emissivity index.

Neglecting the light-bending effect, which is a good approximation for emission from a

small inclination (face-on) disk, one can convert the integral over (α, β) in Eq. (77) to

that over (r, φ) as [321,322]

F(E) =
cos i

d2

∫ 2π

0

∫ rout

rISCO

g4r−qδ(E − gEKα)
√
−G dr dφ , (79)

where i is the inclination angle and rout is the outer radius of the emission region in the

disk.

2.4.3. BH Shadow VLBI at (sub-)millimeter wavelengths will allow us to directly image

BHs in the near future using e.g. Event Horizon Telescope. Due to strong gravity in the

vicinity of a BH, some light rays emitted from an accretion disk terminates inside the BH
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event horizon and never reaches an observer at infinity. This, in turn, produces a dark

region in the image, which is called a BH shadow. Such a shadow within GR has been

calculated by many authors [323–333]. Since the shape of a shadow depends strongly on

the BH geometry, one can in principle measure not only the BH spin but also a possible

deviation from the Kerr BH [119,129–145,334], which can be used to test GR.

The boundary of the BH shadow (a photon ring) is determined from an unstable

photon orbit with a constant radius. Such a boundary for the Kerr BH can be calculated

as follows [329]. The existence of the Carter constant Q allows one to separate the

null geodesic equations. In particular, the radial component of the equations in the

Boyer-Lindquist coordinate is given by

ρ2
dr

dλ
= ±

√
R , R ≡ (r2 + a2 − aξ)2 −∆I , (80)

where ρ2 ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2Mr + a2, λ is the affine parameter and M and a

are the BH mass and Kerr parameter respectively. I is a function of ξ̃ ≡ Lz/E and

η̃ ≡ Q/E given by I ≡ η̃ + (a− ξ̃)2 with E and Lz representing the specific energy and

the axial component of the specific angular momentum of a photon orbit. The conditions

for the unstable photon orbit are given by

R = 0 ,
dR
dr

= 0 , (81)

which can be solved for ξ̃ and η̃ to yield∗

ξ̃ =
r2 + a2

a
− 2

r∆

a(r −M)
, η̃ = −r

3[r(r − 3M)2 − 4a2M ]

a2(r −M)2
. (82)

The photon ring in the celestial coordinate (α, β) that an observer sees is given by

α = − lim
r→∞

rp(φ)

p(t)
= −ξ̃ csc i , β = lim

r→∞

rp(θ)

p(t)
=

√

η̃ + a2 cos2 i− ξ̃2 cot2 i ,

(83)

where i is the inclination angle and (p(t), p(r), p(θ), p(φ)) are the tetrad components of the

photon momentum in reference frames that are locally nonspinning.

Figure 4 presents the photon ring for the Kerr BH with i = π/2 and various spin

parameters χ = a/M . Observe that the center of the ring shifts to positive α and the

deviation in the shape from a circle becomes larger as one increases the spin. This

shows that one can extract the information of the BH spin from the shape of the BH

shadow provided that one can break the degeneracy between the spin and inclination. BH

spacetimes in non-GR theories in general do not admit the Carter constant. (See e.g. [260]

for a concrete example). In such cases, one cannot separate the null geodesic equations

and one needs to solve them numerically using the ray-tracing algorithm [299,300].

∗ ξ̃ on the equatorial plane is related to the real part of the QNM frequency of the central BH within the
WKB approximation [335,336].
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Figure 4. (Color online) Photon ring of a Kerr BH with an inclination angle of π/2
and with various dimensionless spin parameter χ. Observe how the shape changes as
one varies χ.

2.4.4. Quasi-periodic Oscillation Observations of LMXBs show peaked features in the

power density spectra called QPOs (see Refs. [337, 338] for reviews). In particular, high

frequency QPOs from a BH-accretion disk system are observed in commensurable pairs

with the ratio 3:2 [337,339]. Although the origin of such QPOs is unclear, many models

exist and they usually relate QPO frequencies to fundamental oscillation frequencies of

a test particle orbiting a central object, namely the Keplerian and epicyclic frequencies.

Such fundamental frequencies can be calculated as follows. First, from the

normalization condition uµuµ = −1 of the 4-velocity uµ of a test particle, one finds

grrṙ
2 + gθθθ̇

2 = Veff , Veff ≡ E2gφφ + 2ELzgtφ + L2
zgtt

g2tφ − gttgφφ
− 1 , (84)

where the over dots refer to derivatives with respect to an affine parameter. The

conditions for a circular orbit in the equatorial plane, Veff = 0, ∂rVeff = 0 and ∂θVeff = 0

give Ω, E and Lz shown in Eqs. (73) and (74). The Keplerian frequency is given by

νφ = Ω/(2π). Next, let us consider small perturbations along the radial (δr) and polar

(δθ) directions from a fiducial orbit with r = r0 and θ = π/2. Linear order perturbations

are given by the solutions to

d2δr
dt2

+ Ω2
rδr = 0 ,

d2δθ
dt2

+ Ω2
θδθ = 0 , (85)

where

Ω2
r = − 1

2grr(ut)2
∂2Veff
∂r2

, Ω2
θ = − 1

2gθθ(ut)2
∂2Veff
∂θ2

. (86)
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The radial and vertical epicyclic frequencies are given by νr = Ωr/(2π) and νθ = Ωθ/(2π)

respectively. For the Kerr BH, the fundamental frequencies are given by [340,341]

νφ =
1

2π

M1/2

r3/2 ± aM1/2
, (87)

νr = νφ

(

1− 6M

r
± 8aM1/2

r3/2
− 3a2

r2

)

, (88)

νθ = νφ

(

1∓ 4aM1/2

r3/2
+

3a2

r2

)

, (89)

where the upper (lower) sign corresponds to a corotating (counterrotating) orbit.

We now review various QPO models. We classify them into three classes [342], (i)

kinematic, (ii) resonant and (iii) diskoseismic models. We summarize the upper and

lower kHz QPO frequencies in each model in the kinematic and resonant models in

Table 2. These QPO models were applied to probe possible deviations from the Kerr

BH in [119,146–149,343].

Kinematic Models : These models consider hot spots or blobs orbiting in the accretion

disks around the central compact objects as the origin of QPOs. One example is the

relativistic precession model [344–346], which was first proposed to explain the QPOs

for NSs in LMXBs and was applied to those for stellar-mass BHs in [347]. The higher

and lower kHz QPOs in such a model are given by νφ and νφ − νr, where the latter

corresponds to the periastron precession frequency. Such a model also explains the

low-frequency QPO as νφ − νθ, which corresponds to the nodal precession frequency.

These triplets QPOs were observed in GRO J1655-40 [348–350] with the Rossi X-ray

Timing Explorer (RXTE). The mass derived from such a QPO model [351] is consistent

with that from optical/near-infrared spectro-photometric observations [352], while the

spin measurement [351] is inconsistent with that from continuum spectrum fitting [353].

Another kinematic model is the tidal disruption model [354, 355], in which QPOs are

caused by a blob of inhomogeneity inside the accretion disk being tidally stretched.

Resonant Models: Commensurability of QPO frequencies arises more naturally

in the resonant models. Resonance models [339, 340, 356, 357] promote Eq. (85) by

introducing nonlinear couplings Fr and Fθ between two epicyclic modes on the right

hand side:

d2δr
dt2

+ Ω2
rδr = Ω2

rFr

(

δr, δθ, δ̇r, δ̇θ

)

,
d2δθ
dt2

+ Ω2
θδθ = Ω2

θFθ

(

δr, δθ, δ̇r, δ̇θ

)

, (90)

where the dot refers to the time derivative. The parametric resonance model [356,357]

is given by Fr = 0 and Fθ = −δrδθ. In such a case, the equation for δθ becomes the

Mathieu equation and the ratio between νr and νθ is given by νr/νθ = 2/n, where n

is a positive integer. For the Kerr background, νθ > νr, and hence n = 3 gives the

dominant contribution. n = 1 and n = 2 modes may arise in non-Kerr backgrounds.

The forced resonance model [357] corresponds to Fr = 0 and Fθ = δr/Ω
2
θ + F̄θ(δθ)

where F̄θ represents the nonlinear term in δθ. Such a nonlinear term gives resonant

solutions for δθ, with the simplest frequencies being ν+ = νθ + νr and ν− = νθ − νr. The
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Table 2. Upper and lower kHz QPO frequencies in various models. The first two
models correspond to the kinematic models while other models correspond to the
resonant models. (See also Table 1 of [342].) νφ is the Keplerian frequency while νr and
νθ are the radial and vertical epicyclic frequencies respectively. ν+ and ν− are defined
by ν+ = νθ + νr and ν− = νθ − νr.

Models References lower frequency upper frequency
relativistic precession [344–346] νφ − νr νφ
tidal disruption [354,355] νφ νφ + νr
parametric resonance [356,357] νr νθ
forced resonance [357] ν− νθ

[357] νθ ν+
Keplerian resonance [357] νr νφ

[357] 2νr νφ
[357] νφ 3νr

warped disk oscillation [358–362] 2(νφ − νr) 2νφ − νr
non-axisymmetric disc-oscillation [363] νφ − νr νθ

[364] νφ − νr 2νφ − νθ

Keplerian [357] resonance model predicts couplings between Keplerian frequency and an

epicyclic frequency, although such a model maybe more unrealistic than the parametric

or forced resonance model. Kato [358–362] proposed the warped disk oscillation models,

where QPOs are caused by several resonances in a deformed disk with somewhat exotic

geometry. Other models include the non-axisymmetric disc-oscillation models proposed

in [363,364], where the frequencies of oscillation modes of a disk is similar to frequencies

predicted in the relativistic precession model. Although the resonant models can naturally

explain commensurability of QPO frequencies, the underlying mechanisms are unclear in

most of the models.

Discoseismic Models: These models predict that QPO frequencies correspond to

those of the fundamental diskoseismic modes [365–372], namely the g-modes, c-modes

and p-modes. The g-modes are inertial gravity wave modes that occur at frequencies

close to the maximum radial epicyclic frequency near the inner edge of the disc [368].

The c-modes are corrugation modes that exist only in disks that corotate with the central

BH and whose frequency coincides with the Lense-Thirring frequency at a certain radius

close to the BH ISCO [369]. The p-modes are inertial-pressure oscillation modes that

arises close to the edge of the accretion disc. Unfortunately, magnetohydrodynamic

simulations show that such modes typically damp due to various instabilities [373–375]

and do not reproduce the 3:2 QPOs.

2.4.5. Systematics We will now comment on possible systematic errors that may

deteriorate tests of GR with EMW observations. One major origin of such systematics is

the uncertainty in the accretion disk model. For example, both the continuum spectrum

and iron line methods assume that the disk is geometrically thin and optically thick.

However, recent quasar observations with foreground microlensing are not fully consistent
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with the standard geometrically thin disk model [376–383], and the finite disk size may

produce systematic errors [384]. The BH shadow observations are also affected by the

uncertainty in the disk model. Although the photon ring (Fig. 4) does not depend on

the disk model, the intensity map of the image does depend on such a model.

The continuum spectrum method requires the disk inclination is known

independently [385], and one way is to simply assume that the disk is aligned with

the BH spin. On one hand, such an alignment is supported by calculations of binary

population synthesis [386]. However, the time scale for the Bardeen-Peterson effect [387]

to complete seems to be too long [388], and both observational data [389] and theoretical

calculations [390] suggest that tilted disks may exist. The observational data for XTE

J1550-564 [391] shows a good alignment, while those for GRO J1655-40 [392,393] and

V4641 Sgr [394] infer misalignment. The continuum spectrum method mentioned in

Sec. 2.4.1 assumed that the radiation is a blackbody, which is not completely true in

nature, and one needs to correct the temperature by introducing a hardening factor (or

a color factor). The correct computation of such a factor requires an accurate modeling

of the disk atmosphere [395], and significant progress has been made in e.g. [385,396].

The iron line method requires the knowledge of the emissivity, which was taken as a

simple power-law in Sec. 2.4.2. However, this is clearly an approximation, and one may

need a better modeling in order to reduce systematic errors. For example, a cutoff in

the emissivity may exist near ISCO, and its position is likely to affect the measurement

accuracy of the spin and deviations from Kerr [397–399]. Also, the assumption of taking

the inner radius of the disk to be ISCO is not fully justified, as BHs are typically in the

low/hard state. Furthermore, the thermal component of the disk may overlap with the

low energy tail of the iron line, which makes the modeling more complicating. One may

also need to account for Compton broadening [11].

The QPO method is affected by the uncertainty in identifying the correct QPO

model. Namely, one can carry out tests of GR only if the correct QPO model is known

a priori. Furthermore, current models are incomplete, as they cannot explain e.g. the

energy dependence of QPOs [384]. They also cannot explain why some sources show

QPOs with a 3:2 frequency ratio, while many sources exist with no high frequency QPOs.

3. Scalar-Tensor Theories

We now look at specific alternative theories of gravity in turn. First, we will focus on

scalar-tensor theories.

3.1. Basics

We here review basic properties of scalar-tensor theories, BH solutions and current

constraints from solar system and binary pulsar observations.
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3.1.1. Theories Scalar-tensor theories are one of the simplest and most well-studied

alternative theories of gravity [162]. One introduces one (or more) additional scalar

field to GR. Such a scalar field can explain the current accelerating expansion of the

Universe [165] or inflation [166], and it also arises from low energy effective theory of

string theory [163,164] as a dilaton.

After an appropriate field redefinition, the most general action for scalar-tensor

theories with a single scalar field in the Jordan frame, with at most second derivatives of

the fields up to total derivatives∗ is given by [402,403]

S =
1

16π

∫

d4x
√−g

[

ϑR− ω(ϑ)

ϑ
gµν (∂µϑ) (∂νϑ) + V (ϑ) + 16πLmat(Ψ)

]

. (91)

Here, gµν , g and R are the metric, its determinant and the Ricci scalar in the Jordan

frame, ϑ and V represent the scalar field and its potential, while Lmat corresponds

to the matter Lagrangian with Ψ representing the matter Lagrangian density. The

coefficient ω(ϑ) in front of the kinetic term of the scalar field is a function of ϑ that

characterizes the theories. When ω(ϑ) = ωBD and V (ϑ) = 0 with ωBD a constant called

the Brans-Dicke (BD) parameter, the action reduces to that of massless BD theory [404].

The inverse of ωBD characterizes the strength of a coupling between the scalar and matter

field. The theory reduces to GR in the limit ωBD → ∞. On the other hand, if one

assumes V (ϑ) = (1/2)msϑ
2, the theory reduces to massive BD theory [22,188] with ms

representing the mass of the scalar field. The scalar-tensor theories with multiple scalar

fields are studied in [405].

Other well-studied scalar-tensor theories include quasi BD theory proposed by

Damour and Esposito-Farèse [406, 407]. Let us first move to the Einstein frame by

redefining the scalar field as ϑ = ϑ(ϕ) and carrying out a conformal transformation on

the metric as gµν → g̃µν ≡ A(ϕ)−2gµν with A(ϕ) = ϑ−1/2. In such a frame, the action is

given by

S =
1

16π

∫

d4x
√

−g̃
{

R̃− 2g̃µν(∂µϕ)(∂νϕ) + U(ϕ) + 16πLmat [Ψ, A(ϕ)g̃µν ]
}

, (92)

where g̃ and R̃ are the determinant of the metric and the Ricci scalar in the Einstein

frame while U(ϕ) = A(ϕ)4V (ϑ) is the potential for the scalar field in this frame. Notice

that the scalar field is now minimally coupled to the metric. The relation between ω(ϑ)

and A(ϕ) is given by [2]

ω(ϑ) =
1− 3α(ϕ)2

2α(ϕ)2
, α(ϕ) ≡ d lnA(ϕ)

dϕ
. (93)

Damour and Esposito-Farèse [406,407] set U = 0 and expanded α(ϕ) around a constant

ϕ0 at spatial infinity as

α(ϕ) = α0 + β0(ϕ− ϕ0) +O
[

(ϕ− ϕ0)
2
]

, (94)

∗ The most general scalar-tensor theory with a single scalar field and second-order field equations is
Horndeski’s theory [400], whose action can be expressed in terms of Galileon interactions [401].
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where α0 and β0 are constants. In fact, having two constants α0 and ϕ0 are redundant

as they both enter only in the constant term up to the above truncation. For

example, one can choose ϕ0 = α0/β0 such that the constant term vanishes and

α(ϕ) = β0ϕ+O [(ϕ− ϕ0)
2] [180,181].

3.1.2. BH Solutions We now briefly describe BH solutions in scalar-tensor theories (see

Sec. 3.1 of [189] for a recent review on this topic). As in GR, no-hair theorem exists for

stationary, isolated BHs in vacuum in scalar-tensor theories with real, time-independent

scalars [167–171]. This is because in the Einstein frame in vacuum, the scalar-tensor

theory reduces to GR with a minimally coupled scalar field. Such an analysis has recently

been extended to stationary BHs with a single, real, time-dependent scalar field in [172].

On the other hand, Jacobson [408] perturbatively showed that a BH can acquire a

scalar hair if both the metric and the scalar field are time dependent. Regarding BH

solutions with a complex scalar field, Pena and Sudarsky [409] showed that a spherically

symmetric BH solution does not exist, but BH solutions with a rotating configuration

have been constructed numerically in [410–412] (see [413] for a recent review). If a BH is

surrounded by matter, Cardoso et al. [414,415] showed that it can spontaneously acquire

a scalar hair due to a tachyon instability, similar to spontaneous scalarization for neutron

stars [406,407].

In Horndeski’s theory, Hui and Nicolis [173] extended Refs. [167,171] and claimed that

if the scalar field enjoys a shift symmetry, a static, spherically symmetric, asymptotically

flat BH in vacuum cannot have a scalar hair. Sotiriou and Zhou [177,178] pointed out that

an exceptional case exists in this claim, which is when a scalar field is linearly coupled to

the Gauss-Bonnet invariant density. The static, spherically symmetric, asymptotically

flat BH solution in such a theory were previously constructed in [175, 176]. Babichev

and Charmousis extended Ref. [416] to Horndeski’s theory and showed that BHs can

acquire a scalar hair with a time-dependent scalar field. Linear perturbations of static,

spherically symmetric BHs in Horndeski’s theory in both even and odd parity sectors

and necessary conditions for their stability were studied in [417,418].

3.1.3. Curent Constraints We here review current constraints on scalar-tensor theories.

A strong bound on such theories has been placed by the Cassini satellite while on its

way to Saturn [190]. In the PN gauge, the metric suitable for the solar system is given

by [1, 2]

ds2 = −(1− 2Φ)dt2 + (1− 2γΦ)δijdx
idxj +O(ǫ3/2) , (95)

where the dimensionless parameter ǫ is defined via ǫ ≡ M⊙/r with r representing the

typical length scale and Φ = −M⊙/r + O(ǫ2) is the gravitational potential. Cassini

placed a bound on γ by measuring the time delay that occurs when the light from

the satellite is deflected as it passes near the Sun (Shapiro time delay). Cassini found

that |γ − 1| must be within ∼ 10−5, which corresponds to a bound on the massless BD

theory as ωBD > 4× 104. The bound on massive BD theory using the Shapiro time delay

measurement is derived in [188,191].
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Another strong bound comes from binary pulsar observations. Since the dipolar

radiation is suppressed for NS/NS binaries, stronger bounds have been placed from

the orbital decay rate measurement of NS/white dwarf (WD) binaries, such as PSR

J1141-6545 [185], PSR J1738+0333 [186] and PSR J0348+0432 [187]. For example PSR

J1738+0333 [186] places a bound on massless BD theory that is comparable to the solar

system bound. Such binary pulsar constraints place stronger bounds on some parameter

region in quasi BD theory than the solar system one. The bound on the massive BD

theory from such observations have been derived in [188].

3.2. GW Tests

We now explain future projected constraints on scalar-tensor theories with GW

observations.

3.2.1. Massless BD Theory Let us first review how one can derive corrections to GWs

emitted from a compact binary in massless BD theory. Will [419] derived the scalar field

in a region far from the binary. He found that the perturbation to the scalar field ϑ̃ from

the background is given by

ϑ̃ = − 4

3 + 2ωBD

η
m

r
S n · v +O

(

m2

r2

)

, (96)

where r is a distance from the binary to the field point, v is the velocity of the binary

constituents and n is the unit vector from the binary to the field point. We recall that η

is the symmetric mass ratio and m is the total mass of the binary. S is given by

S ≡ s1 − s2 , sa ≡ −
[

∂(lnma)

∂(lnG)

]

∞

. (97)

Here, s is the sensitivity which is related to the scalar charge and the subscript ∞ shows

that the quantity inside the square brackets is to be evaluated at spatial infinity. Notice

that in BD theory, the gravitational constant G depends on the scalar field. s is roughly

given by the object’s compactness, so s ∼ 0.2 for NSs and s = 0.5 for BHs. Will and

Zaglauer [420] then calculated the energy flux emitted from a binary. Keeping to leading

order in the BD correction in terms of PN order, such a flux is given by

dEGW

dt
= −32

5

〈

η2m4

r412
v2
[

1 +
5

48
S2ω̄v−2 +O

(

v2
)

]〉

, (98)

where r12 is the binary separation, ω̄ ≡ 1/ωBD and the angular brackets represent the

orbital average. Based on the energy flux above, Will [13] derived the gravitational

waveform of a compact binary in this theory. The phase in Fourier space is given by

that in the PPE waveform in Eq. (32) with

βppE = − 5

3584
η2/5S2ω̄ , bppE = −7

3
. (99)
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This BD correction in the waveform phase is of “−1PN” order relative to the leading

GR contribution.

Regarding higher PN corrections, Mirshekari and Will [421] derived the equations

of motion of a compact binary in scalar-tensor theories with a single scalar field and a

vanishing potential up to 2.5PN order. They showed that the radiation reaction enters at

1.5PN order due to the scalar dipolar radiation, which is 1PN order lower than that in

GR due to quadrupolar radiation. For BH binaries, such equations of motion are exactly

the same as those in GR to 2.5PN order. Yunes et al. [23] showed that the equations of

motion for BH EMRIs are the same as those in GR to all PN orders in the small mass

ratio limit. This can be interpreted as a generalization of the BH no-hair theorem in

scalar-tensor theories to a BH binary system. The gravitational and scalar radiation are

calculated to 2PN [422] and to 1.5PN [423] orders respectively. Then, Lang [423] derived

the total energy flux carried away to infinity to 1PN order.

We now review proposed constraints on massless BD theory from future GW

observations with NS/BH binaries. The results are summarized in Tables 3 and 4. The

bound on ωBD using GWs from compact binaries was first studied by Eardley [424].

Will [13] derived the BD correction to the gravitational waveform phase from compact

binaries as mentioned above and carried out a matches filtering analysis with Adv. LIGO.

Scharre and Will [15] and Will and Yunes [16] performed a similar analysis using LISA.

In particular, Will and Yunes improved previous work by studying how the bounds on

ωBD depend on LISA’s various noise sources, such as position and acceleration noises.

They also studied how the bounds change as a function of the LISA’s arm lengths. Berti

et al. [17] calculated the measurement accuracy in ωBD with LISA, taking the effect of

spin-orbit coupling into account. They also carried out a Monte Carlo simulation, where

they randomly distributed 104 sources over the sky, and derived an averaged bound on

ωBD. They found that LISA can place the proposed bound of ωBD > 10799 on average

with a 1yr observation of GWs emitted from a (1.4+1000)M⊙ BH/NS binary with an

SNR of
√
200.

Yagi and Tanaka [18] extended previous analyses by carrying out a Monte Carlo

simulation to estimate proposed bounds on massless BD theory using LISA, taking both

the spin precession and eccentricity of a binary system into account. They found that the

inclusion of eccentricity weakens the bound by 4–5 times than the one without including

eccentricity. This is because both ωBD and eccentricity enter at a negative PN order

in the gravitational waveform phase relative to the leading GR term, which results in

a strong correlation between these two parameters. One can break the degeneracy by

imposing prior information on eccentricity. Figure 5 presents the probability distribution

of the lower bound on ωBD, assuming LISA detects GW signals from (1.4+1000)M⊙

BH/NS binaries with a circular orbit and an SNR of
√
200. Observe that the bound

is weaker than the current solar system bound. In [19], Yagi and Tanaka performed a

similar analysis using DECIGO/BBO. The results are also shown in Fig. 5, where the

authors assumed that DECIGO/BBO detects GW signals from (1.4+10)M⊙ BH/NS

binaries with a circular orbit and an SNR of
√
200. Observe that the proposed constraints
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Table 3. Summary of previous work on probing BD theory with GWs from NS/BH
binaries. The second column represents the maximum PN order that is taken into
account. The third, fourth and fifth columns present whether the spin-orbital coupling
β, spin precession and eccentricity are included respectively. The sixth column shows
whether each work considers a detection from multiple sources. The seventh column
describes a type of analyses being performed (either the pattern-averaged (PA) or
Monte Carlo (MC).) This table is taken from [21].

Reference PN β prec. ecc. multi. analy.
Will (1994) [13] 1.5 × × × × PA
Damour & Esposito-Farèse (1998) [14] 1.5 × × × × PA
Scharre & Will (2002) [15] 1.5 × × × × PA
Will & Yunes (2004) [16] 1.5 × × × × PA
Berti et al. (2005) [17] 2 X × × × MC
Yagi & Tanaka (2010) [18] 2 X X X × MC
Yagi & Tanaka (2011) [19] 2 X X X X MC
Arun & Pai (2013) [20] 2 X × × × PA
Yagi (2013) [21] 2 X × × × PA

using DECIGO/BBO are more than one order of magnitude stronger than the current

bound. DECIGO/BBO performs better than LISA for three reasons. First, the number

of GW cycles is larger since the GW frequency is higher, which allows one to perform

more accurate measurement on parameters for a fixed SNR. Second, the velocity of

binary constituents at 1yr before coalescence is smaller, which makes the “−1PN” dipolar

radiation effect larger. Third, the effective frequency range is larger, which again allows

one to measure parameters more accurately. DECIGO/BBO can place even stronger

constraints by taking the advantage of the fact that the expected detection rate of

NS/BH binaries is ∼ 104. Such a large detection rate makes the constraint on ωBD to

be ωBD > 3.77× 108, which is indeed four orders of magnitude stronger than the solar

system bound!

Recently, Arun and Pai [20] and Yagi [21] extended [17] by calculating the upper

bound on ωBD using detectors other than LISA or DECIGO/BBO. Reference [20] found

that the bound with second-generation GW interferometers, such as Adv. LIGO, is

400 times weaker than the current bound, while the bound with third generation

interferometers, such as ET, can be slightly larger than the current one. Reference [21]

found that the bound with ASTROD-GW is comparable to that with LISA. The bound

with eLISA is also comparable to the LISA one [20,21].

3.2.2. Massive BD Theory Regarding proposed GW constraints on massive scalar-tensor

theories, Berti et al. [22] derived corrections to the gravitational waveform emitted from

compact binaries in massive BD theory. They showed that the quadrupolar and dipolar

scalar radiation is produced when f > m̄s/(2π) and f > m̄s/(π) respectively, where

m̄s ≡ ms/~ is the reduced mass of the scalar field. The correction to the gravitational
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Table 4. Summary of the proposed bounds on ωBD with various GW interferometers.
Numbers in brackets represent the total mass of a binary in a unit of M⊙. This table
is taken from [21].

Reference adv. LIGO ET LISA eLISA DECIGO ASTROD
Will (1994) [13] 2× 103 (3.7)
Scharre & Will (2002) [15] 2× 105 (103)
Will & Yunes (2004) [16] 2× 105 (103)
Berti et al. (2005) [17] 104 (103)
Yagi & Tanaka (2010) [18] 7× 103 (103)
Yagi & Tanaka (2011) [19] 4× 108 (11.4)
Arun & Pai (2013) [20] 102 (6.4) 105 (6.4) 104 (400)
Yagi (2013) [21] 8× 103 (103) 9× 103 (103) 8× 103 (103)

Figure 5. (Color online) Histograms showing probability distributions of the lower
bound of ωBD obtained in [18, 19]. The authors carried out Monte Carlo simulations of
104 BH/BH binaries for a circular orbit with and without spin precessions in massless
BD theory. The mass and distance of binaries are chosen as (1.4 + 103)M⊙ for LISA
and (1.4 + 10)M⊙ for DECIGO/BBO, both with an SNR of

√
200. The light blue

(magenta) dotted and blue (red) solid histograms show the probability distribution
using LISA (DECIGO/BBO) without and with precessions respectively. The dashed
and dotted-dashed vertical lines are the bounds from the Cassini satellite [190] and PSR
J1141-6545 [185] respectively. Observe that DECIGO/BBO places a stronger constraint
than the current bounds by more than an order of magnitude. Observe also that the
effect of spin precession is not so significant in constraining massless BD theory. This
figure is taken from [18].

waveform phase is given by [22]

δΨ(f) = Ψ0PN(f)

[

ζ + ξΓ2ν

(

5

462
x−3 − 1

1632
νx−6

)

Θ(2πf − m̄s)

−ξS2

(

5

84
x−1 − 25

1248
νx−4

)

Θ(πf − m̄s)

]

, (100)
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where ν ≡ m̄2
sm

2, Θ is the Heaviside function and

ξ ≡ 1

2 + ωBD

, (101)

Γ = 1− 2
s1m1 + s2m2

m
, (102)

ζ =
2

3
ξ(s1 + s2 − 2s1s2) +

1

2
ξ − 1

12
ξΓ2Θ(2πf − m̄s) . (103)

They then carried out a Fisher analysis and derived proposed bounds on the BD parameter

ωBD and m̄s in massive BD theory with Adv. LIGO, ET and eLISA. They assumed such

interferometers detect GW signals from a NS/BH binary and neglected the effect of

BH spins. In order to have dipolar radiation present within e.g. Adv. LIGO frequency

band, the scalar field mass needs to be smaller than O(10−13)eV. The authors found that

space-borne GW interferometers place more stringent constraints than the ground-based

ones because the target frequency is lower for the former and GW frequencies produced

from binaries in massive BD theory is proportional to m̄s. An eLISA measurement of

GWs with an SNR of 10 can place constraints on the theory that are stronger than

current bounds from Cassini and Lunar Laser Ranging experiments and binary pulsar

observations.

An interesting fact regarding binary evolution in massive scalar-tensor theories was

revealed in [179]. In GR, binary separation shrinks due to gravitational radiation. On

the other hand, when a compact object (other than a black hole) orbits around a rotating

super-massive black hole (SMBH) in massive scalar-tensor theories, orbits can float at

a same separation (floating orbits) due to superradiance. Namely, if the central BH is

rotating sufficiently fast, an orbiting body excites superradiant modes of the scalar field,

which can fuel the orbiting body energy at the same rate as that radiated to infinity

(and to the horizon of the central BH) due to gravitational radiation. If the central BH

is orbiting slowly, the scalar radiation due to superradiance that goes into the horizon

becomes positive, which enhances the inspiral rate of the system (sinking orbits).

Yunes et al. [23] constructed gravitational waveform in massive BD theory for

binaries with both floating and sinking orbits. Regrading the former, they found that

such an effect can produce a large dephasing when carrying out a matched filtering

analysis using the GR inspiral template. This means that if a GW signal from an EMRI

consisting of a SMBH and a NS is detected with LISA, one can place a stringent constraint

on ωBD for scalar field masses that produce supperradiant resonances at frequencies that

can be detected with LISA. Moreover, the timescale for an orbiting body to go through

the “floating” resonance becomes larger than the Hubble timescale for binaries with

frequencies that are lower than the lowest frequency limit of LISA. This means that once

the EMRI signal is detected, one can also rule out the parameter region that produces

floating orbit at a frequency lower than the detected one. Based on these facts, the

authors in [23] found that LISA can place constraints that are more than 10 orders of

magnitude stronger than the current bound on the theory! Although this analysis does

not consider systematic errors, it is unlikely that systematics due to e.g. astrophysical
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matter around EMRIs and uncertainties in the waveform modeling compensate such a

large effect due to floating orbits. Regarding GW signals from binaries with a sinking

orbit, they found that such effect is small and one cannot place meaningful constraints

with LISA from such systems.

3.2.3. Quasi BD Theory Gravitational and scalar radiation from compact binaries in

quasi BD theory was derived in [14]. In this theory, stars can spontaneously scalarize once

their binding energy exceeds the threshold [406, 407] (spontaneous scalarization). Such a

phenomenon can be understood in analogy with second-order phase transitions, such

as ferromagnetism. Such scalarization allows one to place stringent constraints on the

theory from binary pulsar observations [4, 185–187,189]. Similar scalarization [180–184]

occurs in a compact binary when the separation shrinks and the binding energy of the

binary exceeds the threshold (dynamical scalarization), or when a star acquires a scalar

charge and scalarizes its companion (induced scalarization).

Regarding the evolution of BH binaries in quasi BD theory, Healy et al. [24]

performed a numerical relativity simulation of late inspiral and merger of BH binaries in

an inhomogeneous scalar field. In particular, they assumed that binaries are inside a

scalar bubble. They calculated the scalar dipole radiation and found that the GWs are

indistinguishable from those in GR unless an external mechanism induces dynamics in

the scalar field. Alternatively, if one allows the scalar field dynamics, the scalar field

bubble can collapse and accretes onto BHs, which makes the BH mass larger and changes

the binary evolution and GWs from those in GR.

3.2.4. Generic Scalar-tensor Theories Regarding generic scalar-tensor theories, Berti

et al. [25] carried out a different simulation of a BH binary evolution by relaxing the

asymptotic flatness condition on the metric, which is motivated from cosmology [425,426].

They studied a non-spinning BH binary inspiral with a circular orbit in a constant scalar

field gradient. Such a background scalar field leads to scalar dipole radiation from

the binary, which can be understood from the miracle hair growth of a BH scalar hair

found by Jacobson [408] under a time-dependent situation. Unfortunately, such scalar

radiation is too small to be detected in the near future for realistic values of the scalar

field gradient.

3.3. EMW Tests

3.3.1. Quasi BD Theory Regarding EMW tests of scalar-tensor theories with a BH, Liu

et al. [192] recently derived a proposed bounds on quasi BD theory from a BH/pulsar

binary. They assumed that future radio telescopes, such as Five-hundred-metric Aperture

Spherical radio Telescope (FAST) [427] and the Square Kilometre Array (SKA) [428],

will detect signals from a pulsar orbiting a stellar-mass BH. They carried out a mock data

simulations and estimated the measurement accuracy of post-Keplerian parameters. In

particular, they applied the measurement accuracy of the orbital decay rate to constrain



Black Hole Based Tests of General Relativity 51

quasi BD theory. They assumed a system with the mass (1.4, 10)M⊙, the orbital period

Pb = 5days, the eccentricity e = 0.8 and the BH spin χ = 0. They found that a 5yr

observation with FAST or SKA can place constraints that are stronger than the current

bound on the coupling parameters α0 and β0 in the theory. For example, the bound

on α0 (which is related to the BD parameter) can be increased by more than one order

of magnitude. Such a bound from BH/pulsar binaries can even be stronger than the

proposed bounds from future solar system experiments, such as GAIA, in a certain

parameter space of the theory.

3.3.2. Generic Scalar-tensor Theories Although a stationary BH in scalar-tensor

theories does not possess a scalar hair [172], a non-stationary BH can acquire such

a hair. For example, Jacobson [408] showed this perturbatively, where he assumed

that the timescale in which the scalar field varies is much larger than GM/c3 with

M representing the BH mass, and kept to the leading order in this small timescale.

Such a treatment reduces to considering a time-dependent scalar field under the Kerr

background. Jacobson added a term µ̄ t to a static scalar field under the Kerr background

with µ̄ representing a constant. Such a term may arise from cosmological evolution or

a BH slowly moving in an asymptotic spatial gradient in the scalar field. Imposing

regularity at the horizon, he found that the asymptotic behavior of the scalar field around

spatial infinity is given by

ϑ = ϑ0 + µ̄t− 2µ̄M2(1 +
√

1− χ2)

r
+O

(

M2

r2

)

, (104)

where ϑ0 is a constant that represents the scalar field at spatial infinity while χ ≡ J/M2

with J representing the magnitude of the spin angular momentum of the BH. The

coefficient of the 1/r term in the above equation corresponds to the scalar hair. Notice

that such a scalar field vanishes when µ̄ = 0, which clearly shows that such a scalar

hair arises due to the time dependence of the scalar field. A related solution was found

in shift-symmetric Horndeski theories in [416]. Horbatsch and Burgess [429] derived a

constraint on µ̄ from the orbital decay measurement of a SMBH binary candidate OJ

287 [430]. Such a system shows a periodic burst that occurs when the smaller BH passes

through the accretion disk of the larger one. They derived the dipolar radiation flux due

to the emergent scalar hair above and found a bound as |µ̄−1| > 1.4× 106 s.

4. Massive Gravity Theories

4.1. Basics

4.1.1. Theories Massive gravity theories are a simple extension of GR, where one

introduces a finite mass to the graviton. Many different kinds of massive gravity theories

exist (see e.g. Refs. [431–433] for recent reviews). Originally, Fierz and Pauli [193]

proposed a Lorentz-invariant massive gravity model by introducing a mass term of the
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graviton in the Einstein-Hilbert action. However, such a theory shows a pathological

feature that the theory does not approach GR at linear order in perturbation in the

massless limit. This is known as vDVZ discontinuity [194,195] and originates from the fact

that the helicity-0 component of the graviton does not decouple from matter. Although

such a discontinuity seems to contradict solar system experiments, Vainshtein showed

that one recovers GR in the massless limit by including the nonlinear contribution [434].

He pointed out that the linear approximation already breaks down at a distance much

longer than the Schwarzschild radius (the so-called Vainshtein radius) in massive gravity.

References [435,436] showed that such a mechanism indeed works in the DGP braneworld

model. Although the Fierz-Pauli theory is free of ghost modes in a flat background, it

suffers from the Boulware-Deser ghost in a curved background due to the presence of a

helicity-0 mode of the graviton [196]. Such a pathology occurs irrespective of how one

generalizes the Fierz-Pauli theory to a curved background [437].

Regarding other types of massive gravity theories, Rubakov [438] and Dubovsky [439]

proposed a Lorentz violating massive gravity theory that evades pathologies related to the

Bouleware-Deser instability. Although the helicity-0 mode is present in this theory, such a

mode is screened thanks to the Vainshtein mechanism. Such a Lorentz-violating massive

gravity theory has recently been extended so that the theory becomes UV complete by

introducing vector fields [440]. Chamseddine and Mukhanov proposed a new massive

gravity model inspired by the Higgs mechanism [441]. They introduced four scalar fields

with a global Lorentz symmetry and when such a symmetry is spontaneously broken,

the graviton absorbs scalar degrees of freedom and acquires a finite mass. Although

Vainshtein mechanism seems to work also in this theory [442], the existence of ghost

modes cannot be avoided [443].

Recently, de Rham et al. [197, 198] generalized the Fierz-Pauli theory in a nonlinear

way and proposed nonlinear massive gravity (or ghost-free massive gravity) under a

flat reference metric. Reference [198] showed that the Hamiltonian constraint, which

is necessary to kill the Boulware-Deser ghost modes, exists up to fourth order in

nonlinearities in the unitary gauge. Hassan and Rosen [199] generalized the theory to a

generic reference metric. The Hamiltonian constraint was shown to exist in all orders in

the unitary gauge with (i) flat [444], (ii) generic but non-dynamical [445], and (iii) generic

and dynamical (bi-gravity) [446] reference metrics. Furthermore, Refs. [447–449] showed

the existence of the secondary constraint in both nonlinear massive and bimetric gravities.

This concludes that the Boulware-Deser ghost is absent to all orders in nonlinearities

in these massive gravity theories. The extension of nonlinear massive gravity includes

(i) mass-varying [450,451] and (ii) quasi-dilaton massive gravity [452,453]. The former

promotes the mass as a function of an external scalar field while the latter rescales the

reference metric globally using the quasi-dilation scalar field so that the theory acquires a

global rescaling symmetry. The absence of the Boulware-Deser ghosts in these extended

theories were shown in [450,451,454].

Regarding BH solutions in nonlinear massive gravity and bi-gravity, the Kerr
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spacetime is also a solution to the modified field equations in some of these theories∗ [456].

However, the Schwarzschild BH suffers from an instability against monopole fluctuations

if the graviton mass is smaller than a threshold [457–459]. On the other hand, the

Kerr BH (with two metrics differing by an overall constant) suffers from superradiant

instabilities, whose time scale is orders of magnitude shorter than that for the spin-0

and spin-1 fields [458]. These studies led the authors in [460] to find numerically a new

non-rotating, asymptotically flat BH solution in the theory. We refer the readers to

recent reviews [461–464] for more details on BH solutions and their stability analyses in

these theories.

4.1.2. Current Constraints A robust constraint on the mass of the graviton is obtained

from solar system experiments. In massive gravity theories, the gravitational potential

is given by a Yukawa-type form. Then, the acceleration of a planet in massive gravity

theories relative to that in GR is given by

aMG

aGR

= 1− 1

2

(

r

λg

)2

+O
[

(

r

λg

)3
]

, (105)

where aMG and aGR represent the massive gravity and GR contribution to the acceleration

and λg ≡ h/(mgc) is the graviton Compton length. The observation of the Kepler’s third

law of Mars places a constraint as [200]

λg > 2.8× 1017cm . (106)

Other bounds on the mass of the graviton exist that are stronger than the solar

system one above but are less robust due to theoretical uncertainties. Such bounds

include those from bound clusters and tidal interactions between galaxies [202] and

weak lensing [203]. Reference [204] derived a new bound on the mass of the graviton in

nonlinear massive gravity from galactic lensing and velocity dispersion.

One can also place a bound from binary pulsar observations. For example, Ref. [201]

calculated modifications to the energy flux emitted from a binary in a Fierz-Pauli type

massive gravity and obtained a bound using orbital decay rate observations of PSR

B1913+16 and PSR B1534+12. Such a constraint turned out to be two orders of

magnitude weaker than the solar system bound. Reference [465] derived the bound on

the propagation speed of the graviton in (beyond) Horndeski theories. If one assumes

that such a bound is also applicable to constrain the graviton mass using Eq. (107)

below, one finds λg & 3× 1015cm. Such a bound is comparable to the one in [201]. These

current constraints are summarized in Table 5.

4.2. GW Tests

∗ In nonlinear massive gravity, the two metrics cannot both be in a diagonal form [455]. For example,
one can use the Eddington-Finkelstein coordinates instead of the Schwarzschild coordinates for finding
a static and spherically symmetric solution.
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Table 5. Current bounds on λg [31]. h0 = H0/(100km/s/Mpc) with H0 representing
the current Hubble constant.

Solar system Clusters Weak lensing Galaxies Binary pulsars
λg(cm) 2.8× 1017 [200] 6.2× 1024h0 [202] 1.8× 1027 [203] 1026 [204] 1.6× 1015 [201]

Table 6. Summary of previous work on constraining massive gravity theories with
GW observations alone. The second column shows the maximum PN order considered.
(Berti et al. (2011) is left blank because they do not specify this information in the
paper.) The third, fourth, fifth and sixth columns indicate whether they include the
effect of the spin-orbit coupling β, higher harmonics (HH), precession and eccentricity
respectively. The seventh column presents whether they consider the inspiral phase
only or all of the inspiral, merger and ringdown (IMR) phases in the evolution of a
binary. The eighth column shows whether they assume a detection of GW signals
from multiple sources. The ninth column describes whether they carry out a model-
independent (MI) calculation. The last column represents a type of analyses they
performed (the pattern-averaged (PA), Monte Carlo (MC) or Bayesian (B).) This table
is taken from [21].

Reference PN β HH prec. ecc. IMR multi. MI analy.

Will (1998) [26] 1.5 × × × × × × × PA
Will & Yunes (2004) [16] 1.5 × × × × × × × PA
Berti et al. (2005) [17] 2 X × × × × × × MC
Arun & Will (2009) [27] 3.5 X X × × × × × PA
Stavridis & Will (2009) [28] 2 X × X × × × × MC
Yagi & Tanaka (2010) [18] 2 X × X X × × × MC
Yagi & Tanaka (2011) [19] 2 X × X X × × × MC
Keppel & Ajith (2010) [29] 3.5 × × × × X × × PA
Del Pozzo et al. (2011) [30] 2 × × × × × X × B
Cornish et al. (2011) [47] 3.5 × × × × × × X B
Berti et al. (2011) [31] × × × × × X × MC
Huwyler et al. (2011) [50] 2 X X X × × × X MC
Arun & Pai (2013) [20] 3.5 × X × × × × × PA
Yagi (2013) [21] 2 × × × × × × × PA

4.2.1. GW Signals Alone In this subsection, we review proposed bounds with future

GW observations. When the mass of the graviton is non-vanishing, the group velocity of

GWs is given by [26]

v2g = 1− 1

f 2λ2g
. (107)

Such a deviation from the speed of light modifies the gravitational waveform phase which

can be mapped to that in the PPE waveform as [26]

βppE = − π2DM
λ2g(1 + z)

, bppE = −1 . (108)

Here, z represents the source redshift and D corresponds to a distance parameter defined

in [17,26]. Notice that the above correction to the phase is of 1PN relative to the leading

term in GR. If the late-time acceleration of the Universe was due to some modifications
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Table 7. Summary of the proposed bounds on λg with various GW interferometers.
The bounds are normalized by 1018cm for adv. LIGO and ET, while 1021cm for LISA,
eLISA, DECIGO and ASTROD-GW. Numbers in brackets represent the total mass of
a binary in a unit of M⊙. This table is taken from [21].

Reference adv. LIGOET LISA eLISA DECIGO ASTROD

Will (1998) [26] 0.6 (20) 7 (2× 107)
Will & Yunes (2004) [16] 5 (107)
Berti et al. (2005) [17] 1 (2× 106)
Arun & Will (2009) [27] 0.7 (60) 10 (400) 5 (2× 106)
Stavridis & Will (2009) [28] 7 (2× 107)
Yagi & Tanaka (2010) [18] 3 (1.1× 107)
Yagi & Tanaka (2011) [19] 0.3 (1.1× 106)
Keppel & Ajith (2010) [29] 8 (360) 70 (3000) 60 (4.8× 107)
Del Pozzo et al. (2011) [30] 0.5–2.5
Cornish et al. (2011) [47] 0.9 (18–24) 4 (4− 5× 106)
Berti et al. (2011) [31] 6.5–7.5 3–5
Huwyler et al. (2011) [50] 7 (1.3× 107)
Arun & Pai (2013) [20] 0.1
Yagi (2013) [21] 4 (1.1× 107) 1.3 (1.1× 107) 6 (1.1× 107)

of GR that gives a mass to the graviton, one needs to require λg to be the Hubble scale,

namely λg ∼ 1028cm (or the graviton mass to be ∼ 10−33eV). We will see below that

projected bounds from future GW observations with BHs are weaker than this.

Let us now briefly explain previous work on deriving proposed bounds with GW

observations of BH/BH binaries alone. We summarize the difference in computational

methods and assumptions among each work in Table 6, while Table 7 shows a summary

of proposed constraints with various GW interferometers with different binary systems.

Will [26] derived a bound with Adv. LIGO and LISA by carrying out a Fisher analysis,

where he included λg into a parameter set that needs to be fit against the signal using

the matched filtering analysis. Will and Yunes [16] carried out a similar analysis using

the improved noise curve for LISA with a pattern-averaged waveform for non-spinning

binaries. They studied how the constraint depends on the LISA position and acceleration

noises and arm lengths. Berti et al. [17] performed Monte Carlo simulations for spinning

binaries, where the authors included the spin-orbit coupling β into the parameter set.

They found a constraint λg > 1.33× 1021cm, assuming that LISA detects GW signals

from a (106 + 106)M⊙ BH/BH binary at 3Gpc with an observational period of 1yr.

Observe that such a bound is roughly four orders of magnitude stronger than the solar

system one.

Arun and Will [27] and Arun and Pai [20] took the effect of higher harmonics

in the waveform into account and obtained a stronger bound for high-mass binaries

than that obtained by using the waveform with only the dominant harmonic. Stavridis

and Will [28] included the effect of spin precession by solving the precession equations

numerically. They found that LISA can place λg > 5× 1021cm by observing GW signals

from a precessing binary with masses of (106 + 107)M⊙ at 3Gpc. Interestingly, such
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a constraint is comparable to that obtained for non-spinning binaries. This suggests

that the precession breaks the degeneracy between spins and other parameters including

λg. Huwyler et al. [50] included both the spin precession and higher harmonics effects.

Their bound on λg is comparable to that in [28]. Such a fact suggests that the effect

of spin precession is more important than that of higher harmonics when breaking the

degeneracy between λg and other parameters.

Figure 6. (Color online) Histograms showing probability distributions of the lower
bound of λg obtained in [18,19]. The authors carried out Monte Carlo simulations of
104 BH/BH binaries for a circular orbit with and without spin precessions in massive
gravity theories. The mass and distance of binaries are chosen as (107 + 106)M⊙ for
LISA and (106 + 105)M⊙ for DECIGO/BBO, both at 3Gpc. The meaning of each
histogram is the same as in Fig. 5. Observe that LISA places a stronger constraint
than DECIGO/BBO. Observe also that the precession breaks the degeneracy among
parameters and improve the constraint by an order of magnitude. This figure is taken
from [19].

Yagi and Tanaka [18, 19] included the effects of both spin precession and orbital

eccentricity and derived proposed constraints on λg with LISA and DECIGO/BBO

by carrying out Monte Carlo simulations. They worked in a simple precession

framework [466], where the mass of binary constituents are equal or one of the spins of the

constituents is zero. One can approximately solve the precession equations analytically

within such assumptions. Figure 6 presents the probability distribution of the upper

bound on λg using LISA and DECIGO/BBO with and without taking the effect of

precession into account. The binary orbit is assumed to be circular. Observe that LISA

places stronger constraint on λg than DECIGO/BBO. This is because the source mass

is larger for the former, which in turn brings a larger modification in the waveform

phase. The histograms have a sharp peak for non-precessing binaries. This is because in

such a case, λg is completely degenerate with other parameters and the upper bound is

determined purely from the prior information on spin. Observe that the spin precession

enhances the constraint by an order of magnitude. This shows that the precession breaks
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the degeneracy between λg and other parameters, consistent with [28]. Reference [18,19]

found that the effect of the eccentricity is small. This is because the eccentricity and

the massive gravity correction enter in the phase at negative and positive PN orders

respectively, which indicates that the degeneracy between such effects are very weak.

Yagi [21] estimated a bound for non-spinning binaries with eLISA and ASTROD-GW,

and found that the former (the latter) bound is slightly weaker (stronger) than the LISA

one.

All of the studies explained in the previous two paragraphs consider just the inspiral

phase in the evolution of a binary. Keppel and Ajith [29] used the phenomenological

hybrid waveform [467,468] that includes not only the inspiral phase but also the merger

and ringdown phases. They carried out a pattern-averaged analysis and derived bounds

as λg > 5.9× 1022cm and λg > 7.8× 1018cm using LISA and Adv. LIGO respectively.

Notice that the latter bound is a few times stronger than the solar system one. Although

their analysis does not take spins of binary constituents into account, the results in

Ref. [28] imply that the bounds in [29] should be comparable to those where one includes

the effect of the spin precession.

Del Pozzo et al. [30] improved previous work using a Fisher analysis by performing

a Bayesian inference study. They also took an advantage of the fact that future GW

interferometers may detect signals from ∼ 50 different binaries. They found a new bound

of λg > 2.6× 1018cm with second-generation GW interferometers. A similar Bayesian

analysis was carried out by Cornish et al. [47] within a model-independent framework.

Their constraint is consistent with that in [30]. Berti et al. [31] also took the effect

of detecting GW signals from multiple sources into account. They carried out 1000

realizations of merger simulations and found that at each realization, approximately 40

BH binary mergers exist whose GW signals can be detected with LISA. They derived a

bound of λg > 6.5–7.5× 1021cm with LISA and a slightly weaker bound with eLISA.

Mirshekhari et al. [48] extended the above analyses by considering a generic

modification to the dispersion relation of the graviton as

E2 = p2c2 +m2
gc

4 + Apαcα , (109)

where E and p are the energy and linear momentum of the graviton while A and α

are constants that characterize the modification to the usual dispersion relation of the

graviton. Such a modified relation includes the relation predicted in Doubly Special

Relativity [469–472], extra dimension theories [473], Hořava-Lifshitz gravity [474,475]

and theories with non-commutative geometries [476]. They derived a modification to the

waveform phase and found that the last term in Eq. (109) enters at (1 + 3α/2)PN order

relative to the leading. They carried out a Fisher analysis for non-spinning binaries

and derived constraints on A for different α using Adv. LIGO, ET and eLISA. For

example, Adv. LIGO can typically probe the length scale of O(10−11cm) or larger,

which is much larger than the Planck scale of O(10−33cm). Although corrections to the

graviton dispersion relation are predicted to be typically Planck suppressed, this may

not always be the case. For example, using perturbative quantum field theories, Collins
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et al. [477, 478] suggested that such corrections may not be Planck suppressed if one

takes renormalization into account.

De Felice et al. [32] pointed out an interesting fact that gravitons of physical and

reference metrics oscillate in the ghost-free bi-gravity model, just like neutrinos. Narikawa

et al. [33] constructed gravitational waveforms of non-spinning compact binaries in this

theory and found that a characteristic peak exists in the amplitude at a certain GW

frequency that depends on the parameters in the theory. They studied the detectability

of such a modified effect in gravitational waveform with second-generation ground-based

detectors using a simple Bayesian hypothesis testing derived in [51]. They also carried

out a Fisher analysis to study how well such interferometers can place constraints on the

parameters in the theory including the effective mass of the graviton.

4.2.2. Coincident Tests with EMW Signals Let us now review proposed constraints on λg
when not only GW signals but their electromagnetic counterparts are also detected. Kocsis

et al. [205] focused on a SMBH binary coalescence and proposed to use the correlation

between GW and EMW signals. They derived a proposed bound of λg > 2.8× 1020cm

assuming that GWs and EMWs are emitted simultaneously and the timing uncertainty

of GWs to be the inverse of the GW frequency at ISCO. Notice that such a constraint is

three orders of magnitude more stringent than the solar system bound. However, such an

analysis suffers from uncertainties in the delay in the emission time of GWs and EMWs,

which introduce systematic errors in the bound that one can obtain. They pointed out

that one can reduce such systematic errors if one can identify the variability in EMW

signals before coalescence and relate that to the orbital period.

Hazboun and Larson [206] derived proposed constraints on the difference between

the propagation speed of the photon and graviton by detecting EMW and GW signals

simultaneously in three situations, (i) isolated pulsars with Adv. LIGO, (ii) ultracompact

binaries with LISA, and (iii) supermassive BH binaries with pulsar timing arrays. The

second and third situations are interesting in terms of BH based tests of GR. Although it

is not clear how BH binaries can emit EMWs, such a case might be possible if a gas, such

as an accretion disk, exists around them. Indeed, some known supermassive BH binaries

like OJ 287 indeed show periodic variation in EMW brightness. By comparing the phase

of the GW and EMW signals, they found that LISA and pulsar timing arrays may be

able to place bounds on the graviton mass that is one and four orders of magnitude

stronger than the solar system bound respectively.

Nishizawa and Nakamura [207] estimated how strong a coincident detection of GW

and EMW signals from short gamma-ray bursts (sGRBs) can place constraints on the

propagation speed of the graviton. The expected event rate of such a coincident detection

with second-generation ground-based interferometers is ∼ 1/yr for a NS/BH binary as

the origin of a sGRB. Comparing the difference in the arrival time between gravitons

and photons, they derived the bound as |δg| < ∆τint/T0, where δg ≡ (c − vg)/c is the

fractional difference in the propagation speed of the graviton and photon, T0 is the

propagation time duration of the photon and ∆τint is the uncertainty in the intrinsic
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time delay between GW and EM emissions. With a typical intrinsic time delay of 10s,

which is estimated from numerical calculations of long GRBs, the authors found that a

coincident detection of GW and EMW signals from sGRBs can typically constrain δg to

∼ 10−15. This, in turn, leads to a constraint on λg that is comparable to that from binary

pulsar observations in [201], but weaker than the solar system bound and that from

GW observations alone. Since the constraint on δg is generic, one can also apply such a

bound to constrain e.g. Lorentz-violating theories of gravity such as Einstein-Æther and

Hořava-Lifshitz gravity [479].

5. Quadratic Gravity

5.1. Basics

Quadratic gravity is an alternative theory of gravity where the Einstein-Hilbert action

acquires a correction that depends on the Riemann curvature tensor at quadratic order

coupled to a dynamical, long-ranged scalar field. Such a theory is metric in the sense that

the matter field is only coupled to the metric, while the scalar field indirectly couples to

matter through curvature. Matter is universally coupled to the metric, and hence, the

weak equivalence principle holds.

Such a theory is motivated from at least two aspects. The first one is the bottom-up,

EFT motivation, where at low energies, GR can acquire corrections that are prescribed by

expanding the action in curvature. Thus, the leading correction term in the action would

be at quadratic order in curvature. The second motivation is the top-down, high-energy

one, where fundamental theories of quantum gravity, such as string theory [163,164] and

loop quantum gravity [480,481], predict corrections to GR in which scalar fields, such as

dilatons and axions, are coupled to curvature squared scalars [175,208,209,482–486].

The quadratic gravity action is thus given by [38,176]

S = SEH + Smat + Sϑ + Sq , (110)

where

SEH = κ

∫

d4x
√−gR (111)

is the Einstein-Hilbert action with κ ≡ 1/(16π) while Smat is the action for the matter

field. Sϑ is the action for the canonical scalar field ϑ defined by

Sϑ = −1

2

∫

d4x
√−g [(∇aϑ)(∇aϑ) + 2U(ϑ)] , (112)

with U(ϑ) representing the scalar field potential. Sq contains the coupling of the scalar

field to the quadratic curvature. In the EFT viewpoint, derivative interactions are

higher operator order and one expects them to be suppressed relative to non-derivative

interactions [214]. Restricting to non-derivative interactions only, the most generic form
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of Sq is given by

Sq =

∫

d4x
√−g

[

f1(ϑ)R
2 + f2(ϑ)RabR

ab + f3(ϑ)RabcdR
abcd + f4(ϑ)Rabcd

∗Rabcd
]

,

(113)

where fi(ϑ) with i = (1, 2, 3, 4) are arbitrary functions of ϑ and the (left) dual Riemann

tensor is defined by
∗Rab

cd =
1

2
ǫabefRefcd , (114)

with ǫabcd representing the Levi-Civita tensor.

In this review, we consider a subclass of the most generic form in Eq. (113), where

we set fi(ϑ) = αig(ϑ) with αi representing coupling constants and g(ϑ) an arbitrary

function of ϑ, namely

Sq =

∫

d4x
√−g g(ϑ)

[

α1R
2 + α2RabR

ab + α3RabcdR
abcd + α4

∗RabcdR
abcd
]

. (115)

Notice that αi have a unit of length squared in geometric units since ϑ is dimensionless.

This subclass of quadratic gravity contains an interesting examples of theories including

• EdGB∗ [208,209]: g(ϑ) = e−γϑ and (α1, α2, α3, α4) = (1,−4, 1, 0)αEdGB with γ and

αEdGB representing coupling constants. The current strongest bound on αEdGB comes

from the existence of a BH solution as
√

|αEdGB| ≤ 1.4km [487,488].

• dCS [210–212]: g(ϑ) = ϑ and (α1, α2, α3, α4) = (0, 0, 0,−1/4)αCS with αCS

representing a coupling constant. The strongest bound comes from the measurement

of the frame-dragging effect of Earth using Gravity Probe B and LAGEOS

satellites [489] and from table-top experiments [260] as
√

|αCS| ≤ O(108)km.

• decoupled quadratic gravity (dQG) [38,176] : g(ϑ) = ϑ. Such a theory corresponds

to Taylor expanding g(ϑ) in Eq. (115) around ϑ = 0 and keep only up to linear

order in the scalar field coupling. One also neglects the term that is independent

of ϑ. This is motivated from a fact that such a term with either the Gauss-

Bonnet combination ((α1, α2, α3, α4) = (1,−4, 1, 0)αEdGB) or the CS combination

((α1, α2, α3, α4) = (0, 0, 0,−1/4)αCS) becomes a total derivative and does not

contribute to the field equations. Notice that one recovers dCS gravity when one

takes the CS combination of the coupling constants in dQG. The current strongest

bound on α3 (or αEdGB in the decoupled EdGB) comes from the orbital decay rate

of the BH LMXB A0620-00 [223] as
√

|α3| ≤ 1.9km (or
√

|αEdGB| ≤ 1.9km) [213].

Since we truncate the action to quadratic order in curvature, it is natural to work within

the small coupling approximation, where one takes the coupling constants to be small

∗ EdGB theory was originally introduced in the Jordan frame [208, 209], where e−γϑ is coupled to the
Gauss-Bonnet invariant density. If one then moves to the Einstein frame via a conformal transformation,
one finds g(ϑ) = e−γϑ and (α1, α2, α3, α4) = (1,−4, 1, 0)αEdGB in Eq. (115) with higher order terms
in curvature tensors and (the derivative of) the scalar field. EdGB that we refer to in this review
corresponds to truncated EdGB in [209] where one neglects such higher order terms.
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and keep only the leading order corrections. Such a procedure ensures that the field

equations are of second order, and thus, makes the theory well-posed.∗ From here on,

we set U(ϑ) = 0 for simplicity.

5.2. BH Solutions

In this subsection, we review static, slowly-rotating and rapidly-rotating BH solutions in

quadratic gravity, in particular EdGB, dCS and dQG. We also review the current status

of the BH stability analysis in each theory.

5.2.1. EdGB Let us first review BH solutions in EdGB gravity. Static BH solutions in

EdGB were first derived in [175,483] analytically within the small coupling approximation

(and was later rederived in [176,178]). If one relaxes the small coupling approximation

and treat the theory as exact, then one needs to solve the field equations numerically,

as done in [487,491,492] for static solutions, in [488] for slowly-rotating solutions and

in [484] for rapidly-rotating solutions. Reference [487] showed that the BH solutions only

exist if αEdGB is smaller than a threshold that depends on the horizon radius and also

the scalar field at the horizon, which places the current strongest bound on the theory.

The stability of a non-rotating BH in EdGB gravity was studied in [493] under

radial perturbations, which are a special case of polar perturbations. The authors derived

a Schrödinger-type master perturbation equation and solved the eigen value problem.

Later, Cardoso and Pani [488] studied the stability under axial perturbations. A stability

against axial perturbations is easier to tackle than that against polar perturbations

because the scalar field perturbation does not appear in the axial perturbation equations.

Both calculations suggest that a non-rotating BH is stable in EdGB gravity. Such

analyses are possible because the polar and axial perturbations decouple as in GR.

5.2.2. dCS We now review BH solutions in dCS gravity within the small coupling

approximation. Since spherically symmetric spacetimes do not break parity, non-rotating

BH solutions in dCS is exactly the same as the Schwarzschild solution. BH solutions

acquire dCS corrections when one includes spins. Slowly rotating BH solutions to first

order in spin were derived in [259,295], where the scalar field and the metric are given by

ϑ =
5αCS

8
χ
cos θ

r2

(

1 +
2

7

M

r
+

18

5

M2

r2

)

= − µi
CS
ni

r2
+O

(

M3

r3

)

, µi
CS

≡ −5

8
αCSχ

i , (116)

ds2 = ds2K +
5

4
ζCSMχ

M4

r4

(

1 +
12

7

M

r
+

27

10

M2

r2

)

sin2 θdtdφ . (117)

Here, ds2K is the line element for Kerr given by Eq. (4) while M and χi corresponds to

the BH mass and the dimensionless spin angular momentum vector respectively. ni is

∗ This has been explicitly proven for dCS gravity in [490].
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the unit vector from the BH to the field point and χini = χ cos θ, while µi
CS

is the BH

scalar dipole charge in dCS gravity. Such a scalar dipole charge is important because

it sources the dominant scalar radiation emitted from a BH binary, as we will see in

Sec. 5.3. ζCS is the dimensionless coupling constant defined via ζCS ≡ α2
CS
/(κM4). Such

a modification in the metric shifts the location of ISCO.

Such calculations were extended to second order in spin in [260] using a BH

perturbation scheme [494], treating a deformation due to spin as a perturbation from Kerr.

The scalar field is the same as that to linear order in spin, but the metric acquires a CS

correction in the even-parity sector, namely the (t, t), (r, r), (θ, θ) and (φ, φ) components.

Such modifications to the even-parity sector render CS corrections to the quadrupole

moment and the location of the event horizon, ergo region and ISCO. These modifications,

in particular the one to the quadrupole moment given by Q = QK [1−(201/1792) ζCS] with

QK representing the GR Kerr quadrupole moment, are crucial in modeling gravitational

waveforms from BH binaries, as we will see in Sec. 5.3. Although the Kerr solution and

the dCS BH solution to linear order in spin are both of Petrov type D, the dCS solution

to second order in spin is of type I. This fact leads to the absence of a second-rank

Killing tensor or a Carter-like constant.

Regarding rapidly rotating BH solutions, Ref. [39] derived the scalar dipole charge

valid to all orders in spin by using the separability of the scalar wave equation, solving

the ℓ = 1 mode of the scalar equation of motion, and extracting the leading (in powers

of r−1) behavior at spatial infinity. The authors found the magnitude of the dipole as

µ
(full)
CS = αCS

2 + 2χ4 − 2
√

1− χ2 − χ2(3− 2
√

1− χ2)

2χ3
. (118)

Figure 7 presents the fractional difference between µ
(full)
CS and µCS. Observe that the

leading order in spin charge is valid within 10% when |χ| < 0.8.
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Figure 7. (Color online) Absolute fractional difference between the (magnitude of the)
dipole charge to full order in spin µ

(full)
CS and that to leading order in spin µCS in dCS.

Observe that the fractional difference is within 10% for |χ| < 0.8.
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In the decoupling limit, the scalar wave equation on the Kerr background separates.

Each ℓ mode’s ordinary differential equation (ODE) may be solved using variation of

parameters, and the formal solution written in terms of quadrature. This has been

presented in [495–497]. To be more explicit, we write

ϑ =
∞
∑

ℓ=0

Pℓ(cos θ)ϑℓ(r) (119)

in Boyer-Lindquist coordinates, where Pℓ(cos θ) are Legendre polynomials. Then we find

separated ODEs for each ℓ mode,

[

∂

∂r

(

∆
∂

∂r

)

− ℓ(ℓ+ 1)

]

ϑℓ(r) = Sℓ(r) , (120)

where Sℓ(r) was first published in [495], and then more compactly in terms of

hypergeometric functions in [496]. We recall that ∆ is defined below Eq. (4).

Equation (120) is solved via variation of parameters using the homogeneous solutions,

which are simply Legendre functions of the first and second kind, Pℓ(η̄) and Qℓ(η̄), where

η̄ ≡ (r −M)/
√
M2 − a2 is a shifted and rescaled radial coordinate. Thus the solution

for ϑℓ(r) can be written as

ϑℓ(η̄) = ϑ+
ℓ (η̄)Pℓ(η̄) + ϑ∞

ℓ (η̄)Qℓ(η̄) , (121)

where we have the two quadratures (due to the simplicity of the Wronskian W [Pℓ, Qℓ])

ϑ+
ℓ (η̄) =

∫ ∞

η

Sℓ(r
′)Qℓ(η̄

′)dη̄′ , ϑ∞
ℓ (η̄) =

∫ η

1

Sℓ(r
′)Pℓ(η̄

′)dη̄′ . (122)

Here the constants of integration are fixed by regularity at the horizon and vanishing

at infinity, which means that ϑ+
ℓ must vanish at infinity, while ϑ∞

ℓ must vanish at the

horizon (η̄ = 1).

The first few ℓ modes may individually be integrated in closed form (a closed-form

expression for general ℓ has not been presented in the literature to date). However, it is

straightforward to find ϑℓ numerically. Konno and Takahashi [495] integrated the radial

ODEs as an initial value problem. Meanwhile, Stein [497] solved these equations using a

global pseudo-spectral method. Either way, since the source is C∞, there is exponentially

decreasing power with increasing ℓ number (see Fig. 8), as shown in [497]. Therefore,

the solution is faithfully captured by truncating in ℓ. At a fixed fractional truncation

error, the number of required ℓ modes increases with increasing rotation a. At rapid

rotation, the solution displays interesting multipolar structure as seen in Fig. 9

This solution for ϑ is the O(αCS) correction to the Kerr solution. To this order, the

metric is not affected. The metric is first corrected at order O(α2
CS
), as seen in Eq. (117)

(recall that ζCS ∝ α2
CS

). As mentioned before, Eq. (117) is only the O(a2) correction to

the metric. Finding the full metric to all orders in a is still an open problem. However,

some progress was made by Stein [497]. He noted that the trace of the metric’s equation



Black Hole Based Tests of General Relativity 64

a=0.01

a=0.35

a=0.65

a=0.85

a=0.999

10 20 30 40 50
10

-30

10
-24

10
-18

10
-12

10
-6

1

Harmonic coefficient ℓ

P
o
w
e
r
in
ϑ˜ ℓ

Figure 8. (Color online) Exponential convergence of smooth solutions for ϑ and h as
a decomposition in Legendre polynomials Pℓ(cos θ). The vertical axis represents the L2

norm of ϑℓ(x). At low spin, the convergence is more rapid, and one only needs to keep
fewer coefficients, while more coefficients must be kept as one increases spin. We only
plot the odd coefficients of ϑ. h follows the same trend. Figure from [497].
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of motion, in Lorenz gauge, is simply the scalar wave operator acting on the trace of the

metric deformation h ≡ gabhab, with a different source term:

κ�h = −(∇aϑ)(∇aϑ) . (123)

Here the source term depends on the solution for ϑ to all orders in a. This is the same

differential operator which acts on ϑ in its equation of motion, so again separation of

variables will give radial ODEs of the form of Eq. (120), acting on hℓ and with different

source terms. This was also solved numerically in [497].

Reference [497] used this numerical solution to find the regime of validity of the

weak-coupling perturbation theory. Specifically, for the perturbation theory to be valid,

we should have that the size of h is under perturbative control, where h is the O(α2
CS
)

perturbation away from the Kerr metric. If we examine the perturbation to the volume

element, √−g =
√

−gGR(1 + 1
2
h) +O(α3

CS
) , (124)

we see that a condition on the trace, |h| < 1 throughout the spacetime, can serve to define

the regime of validity of the perturbative scheme. The delineation between perturbation

theory being valid and invalid is presented in Fig. 1 of [497].

Regarding BH stability analyses in non-dynamical CS gravity, where one sets

Sϑ = 0 in Eq. (110), Yunes and Sopuerta [498] studied the BH perturbation under

the Schwarzschild background and found that, unlike in GR, polar and axial modes

are generically coupled. Due to the Pontryagin constraint, generic BH oscillations are

disallowed in this theory. In particular, a single parity oscillation (purely polar or

axial oscillation) does not exist. The authors also looked at a stability analysis in dCS

gravity, but the situation remained similar and in particular, the axial oscillations are

severely suppressed. Cardoso and Gualtieri [499] showed that the polar and axial modes

decouple when the background scalar field vanishes, and the scalar field perturbation

only couples to the axial perturbations. Molina et al. [500] carried out detailed numerical

calculations and showed that the Schwarzschild BH in dCS gravity is stable. Motohashi

and Suyama [501] carried out a perturbation study under a static and spherically

symmetric spacetime in both non-dynamical and dynamical CS gravity without assuming

that the background scalar field vanishes. They found that the ghost modes are present

unless such a background scalar field vanishes. However, the ghost modes only appear

at a very high wavenumber, as shown by [502], and this wavenumber is outside of the

regime of validity of dCS when treated as an EFT.

Linear stability analysis of a BH in dCS within the high frequency (namely, geometric

optics or WKB) approximation has been carried out in [503]. The authors considered

perturbations in dCS gravity and showed how the propagation speed of GWs acquires

a dCS correction under the Schwarzschild background (see Sec. 5.2.3 below for a more

detailed explanation of the BH linear stability analysis within the WKB approximation).
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5.2.3. dQG We now describe BH solutions in dQG within the small coupling

approximation. Static solutions were found in [176]. The authors found that the

scalar field only depends on α3 as

ϑ =
2α3

Mr

(

1 +
M

r
+

4

3

M2

r2

)

=
µdQG

r
+O

(

M2

r2

)

, µdQG ≡ 2α3

M
, (125)

where µdQG is the BH scalar monopole charge in dQG. This is because within the small

coupling approximation, the scalar field is source by the curvature scalar under the Kerr

background and therefore R2 = 0 = RµνR
µν , while Rabcd

∗Rabcd = 0 due to spherically

symmetry. Thus, the scalar field is only sourced by a term proportional to α3RµνρσR
µνρσ.

The metric acquires a dQG correction to the (t, t) and (r, r) components, which further

modifies the location of the ICSO and binding energy of a binary.

Slowly-rotating BH solutions in dQG were found in [504] to linear order in spin and

in [505] to quadratic order in spin. As in dCS, at linear order in spin, the scalar field is

proportional to α4 and the metric acquires modifications to the odd-parity sector, which

further modifies the location of the ISCO. At second order in spin, the scalar field is

proportional to α3 and the metric acquires modifications to the even-parity sector, which

further modifies the quadrupole moment and the location of the ISCO, event horizon

and ergo region. As in dCS gravity, dQG BH solutions are of Petrov type D to linear

order in spin while of type I to second order in spin.

Linear stability analysis of a BH in quadratic gravity within the WKB approximation

has been carried out in [506]. The authors explicitly derived the propagation speed of

GWs under the slowly-rotating BH background. When the scalar field perturbation is

larger than the metric one, the dispersion relation of GWs in quadratic gravity is given

by [506]

(kµkµ)
2 = 32ξAS

µνSµν = 32ξAW
µνWµν , (126)

where A = 3 (A = 4) when considering the even (odd) parity sector of the theory,

ξA ≡ αA/κ and kµ represents the wave vector. Sµν and Wµν are related to the Weyl

tensor Cµνρσ via

Sµν ≡ Cµρνσk
ρkσ , Wµν ≡ ∗Cµρνσk

ρkσ =
1

2
ǫνσ

αβCµραβk
ρkσ , (127)

where ǫµνρσ is the Levi-Civita tensor. Notice that the right hand side of Eq. (126) is

already proportional to ξA, and hence one only needs to consider the GR contribution to

Sµν and Wµν if we only keep to leading order in the coupling constant. Observe that

Eq. (126) reduces to kµkµ = 0 in GR, and hence GWs propagate at the speed of light

irrespective of the background spacetime. From Eq. (126), one finds that the dispersion

relation for GWs propagating in a radial direction under any Petrov type D spacetime

reduces to that in GR.

Let us now look at the GW dispersion relation under specific example backgrounds.

Parameterizing the wave vector as kµ ≡ [Ω, k1, k2, k3], one finds the dispersion relation
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of GWs under the non-spinning BH background as [503,506]

Ω = ΩSchw

[

1± 12M3

r3
ζ
1/2
A

(

1− k21
ΩSchwf 2

)]

, (128)

with the GR dispersion relation given by

ΩSchw ≡ ± 1

f

√

k21 + fr2k22 + fr2k23 sin
2 θ . (129)

Here, M is the BH mass, r is the distance from the BH and f ≡ 1 − 2M/r. Observe

that the quadratic gravity correction in Eq. (128) vanishes for the spherical wavefront

(k2,3 = 0) and GWs propagate at the speed of light, which is consistent with [501]. On the

other hand, the quadratic gravity correction to the GW dispersion relation propagating

in the radial direction does not vanish under the spinning BH background, but such an

effect decays rapidly at spatial infinity and is quadratically proportional to the BH spin.

This means that it is practically impossible to distinguish quadratic gravity and GR

from the GW propagation observed at infinity. The situation is similar when the metric

perturbation is larger than the scalar one.

5.3. GW Tests

We now explain projected constraints on quadratic gravity with GWs from BH binaries.

5.3.1. EdGB Reference [214] recently derived an order of magnitude estimate on the

future projected constraints on EdGB gravity with GWs from BH binaries. The dominant

correction to the waveform is due to the scalar dipole radiation, which is proportional to

the square of the difference in the scalar monopole charges of the binary constituents

(see Sec. 5.3.3 for more details on how to derive scalar dipole radiation in quadratic

gravity). Within the small coupling approximation, the scalar charge of a NS and

a BH are O(α2
EdGB

) and O(αEdGB) respectively. Thus, when the coupling constant is

smaller than the curvature length scale of a NS or a BH in a NS/BH binary, the NS

scalar charge can be neglected. With an Adv. LIGO observation of SNR=20, Cornish et

al. [47] found that the measurement accuracy of the PPE parameter βppE for the dipole

radiation is δβppE = 5×10−4. Assuming that the BH scalar charge is roughly the same as

that in dQG with the Gauss-Bonnet combination of (α1, α2, α3, α4) = (1,−4, 1, 0)αEdGB,

one finds an approximate GW projected bound from a BH/NS binary with the mass

(MNS,MBH) = (1.4, 5)M⊙ as

√

|αEdGB| . 3.0 km

(

δβppE

5× 10−4

)1/4(
MBH

5M⊙

)(

0.171

η

)1/10

, (130)

where we recall that η is the symmetric mass ratio. Similarly, an approximate bound

from a BH/BH binary with the mass (m1,m2) = (10, 5)M⊙ is derived as

√

|αEdGB| . 3.4 km

(

δβppE

5× 10−4

)1/4(
m

15M⊙

)(

0.33

δ

)1/2
( η

0.22

)9/10

, (131)



Black Hole Based Tests of General Relativity 68

where m is the total mass and δ ≡ (m1 −m2)/m. Such bounds are comparable to the

current strongest bound from the existence of BHs [487,488].

5.3.2. dCS GWs in theories that violate parity at the level of the field equations are

known to have an amplitude birefringent effect, where the amplitude of one of the

circular polarization modes is enhanced while the other one is suppressed while they

propagate [507–510]. Alexander et al. [34] considered such an effect on GWs from compact

binaries at a cosmological distance in (non-dynamical) CS gravity. They considered a

metric perturbation around a flat Friedmann-Robertson-Walker spacetime and derived

the dispersion relation for such a perturbation. They then assumed that the CS correction

to the relation is small, namely, the scalar field evolves on cosmological timescales. They

derived the amplitude on circularly-polarized gravitational waveform as

AR,L = A
(GR)
R,L exp

[

λR,L

k(t)

H0

ξ̄(z)

]

, A
(GR)
R,L ≡ (1 + λR,Lµ)

22M
DL

[

k(t)M
2

]2/3

. (132)

Here, the subscript R (L) refers to the right- (left-) handed polarization, λR = +1,

λL = −1, M is the chirp mass, DL represents the luminosity distance of the source, µ is

the cosine angle between the observer’s line-of-sight and the orbital angular momentum of

the binary, H0 is the current Hubble constant, k(t) is the instantaneous wave number of

the wave front that passes the GW interferometer at t and ξ̄(z) encodes the accumulated

CS correction to the amplitude due to the birefringence that depends on the source

redshift z. From this equation, one finds

AR

AL

=
1 + µ

1− µ
exp

[

2k(t)ξ(z)

H0

]

≡ 1 + µ̃

1− µ̃
, (133)

where µ̃ is the apparent cosine angle between the line-of-sight and the orbital angular

momentum that includes the CS correction. The authors in [34] carried out a Fisher

analysis, assuming that the amplitude parameters are completely decoupled from the

phase parameters, and found that if LISA can measure ξ̄ to 10−19 accuracy if it detects

a GW signal from an edge-on, equal-mass BH binary with M = 106M⊙ at z = 5.

Yunes et al. [35] extended the above analysis by considering a coincident detection

of a short gamma-ray burst (sGRB) and GWs from NS/NS or NS/BH binaries with

second-generation ground-based detectors such as Adv. LIGO. If the GW amplitude

birefringence due to parity-violation effect is present, the measured luminosity distance

assuming GR is correct is different from the actual distance. They assumed that the host

galaxy of the sGRB source can be identified so that one obtains its redshift. By comparing

the luminosity distance estimated from such EMW observations with that obtained

from GW observations, one can carry out a consistency test of gravity and constrain

parity-violation effect in gravity. The authors found that one can place constraints that

are typically two orders of magnitude stronger than the solar system bound from the

LAGEOS satellites [211] and are comparable to the binary pulsar observations [511] in

non-dynamical CS gravity. The authors also discuss that the measurement error of the
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distance from EMW observations should be subdominant as long as the source is not

too close (GW SNR < 108).

GWs from EMRIs in dCS gravity was first considered by Sopuerta and Yunes [36].

They used a slowly-rotating BH solution to linear order in spin in this theory. They found

that such a BH admits a Carter-like constant that is constructed from the second-rank

Killing tensor. They worked within the semirelativistic approximation [512], where

the trajectory of a small compact object orbiting around the massive BH is assumed

to be a geodesic, and thus the effect of radiation reaction is neglected (though the

dCS correction to radiation reaction can be important depending on masses and spins

of binary constituents [38]). Gravitational radiation within such an approximation is

calculated from the usual GR multipolar decomposition of the radiative field under the

Minkowski background. The dCS correction to the gravitational waveform comes from

the difference in the massive BH geometry from the Kerr one to linear order in spin. They

derived a rough bound on the characteristic length scale of the theory ξ
1/4
CS =

√

|αCS|/κ1/4
with future GW observations as

ξ
1/4
CS < 2× 105 km

(

∆

10−6

)(

M

5× 105M⊙

)

. (134)

Here, M is the mass of the massive BH at the center and ∆ is the accuracy to which one

can distinguish the waveform phase in dCS gravity from GR that depends on the SNR

and the number of GW cycles. Observe that the above proposed constraint is more than

two orders of magnitude stronger than the current bound. The proposed bound becomes

even stronger if one can measure GW signals from intermediate-mass ratio inspirals.

Canizares et al. [40] improved the above analysis in two ways by (i) including the

radiation reaction effects and (ii) carrying out a parameter estimation study. Regarding

the first extension, the authors took a hybrid approach [513], where one combines the PN

approximations with the BH perturbation results [514]. They used the GR expression to

take the radiation reaction effect into account, and hence, the dCS modification to the

waveform again comes from the correction to the background BH geometry. Regarding

the second extension, they carried out a Fisher analysis and found the proposed bound

with LISA to be ξ1/4 < 1.4× 104km, with M = 5× 105M⊙, which is 10 times stronger

than the bound in Eq. (134).

Unlike the above analyses that focused on EMRIs with a slowly-rotating massive

BH at the center, Pani et al. [37] considered EMRIs with non-spinning BHs. Although

an isolated non-spinning BH solution in dCS gravity is the same as that in GR, GWs

from non-spinning BH binaries still acquire dCS corrections from the dissipative sector

(radiation reaction). The authors solved a set of three differential equations that govern

the metric polar and axial perturbations and the scalar field perturbation using Green’s

function techniques. Using these perturbations, they found that dCS corrections to the

gravitational and scalar radiation to spatial infinity are of 6PN and 7PN orders relative

to the GR leading quadrupolar radiation. Interestingly, those to the horizon are larger

and of 5PN order relative to GR. They also showed that the dCS correction to the
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number of GW cycles can exceed unity depending on the mass of the binary constituents

and the CS coupling parameter. Here, the number of GW cycles exceeding unity should

be take as a necessary and not sufficient condition for the dCS effect to be detected, as

one needs much more cycles due to e.g. correlations between parameters and systematics.

Reference [39] derived gravitational waveforms from slowly-rotating BH binaries with

comparable masses in dCS gravity. Two corrections exist; conservative and dissipative.

The former arises from the correction to the quadrupole moment of a BH solution as

discussed in Sec. 5.2.2, which enters at 2PN order relative to the leading Newtonian term

in the waveform. Such a BH solution also has a scalar dipole charge as in Eq. (116), whose

magnitude is given by µCS = (5/8)αCSχ valid to leading order in spin [38]. This scalar

dipole charge induces a dipole-dipole interaction between two BHs, which also enters at

2PN order in the waveform. Such an effect is similar to magnetic dipole interactions of

two NSs [515]. Regarding the dissipative corrections, Ref. [38] derived the energy flux

correction due to the scalar radiation that enters again at 2PN order. Combining all of

these modifications, the authors in [39] derived corrections to gravitational waveforms

from BH binaries that can easily be mapped to the PPE parameters in the gravitational

waveform in Eq. (32). Carrying out a Fisher analysis, Ref. [39] found that second-

generation ground-based GW interferometers, such as Adv. LIGO, may be able to place

constraints that are six orders of magnitude stronger than the current strongest bound

from solar system [489] and table-top [260] experiments.

5.3.3. dQG We now move onto GW constraints on dQG. The correction to the energy

flux emitted from a BH binary was calculated in [38]. The authors perturbed the field

equations around a flat background and derived the wave equations for the scalar field

that is sourced by scalar charges in Eqs. (125) and (116). Solving such wave equations in

the near zone, one can reproduce the BH scalar field solution in Eqs. (125) and (116) to

leading order in M/r. One can then calculate the energy flux Ė(ϑ) of the scalar radiation

emitted from a BH binary by solving such wave equations in the far zone.

Let us first focus on the even-parity sector, where one finds the relative scalar energy

flux from gravitational energy flux in GR as [38]

Ė(ϑ) = ĖGR

(

1 +
5

96
ζ3
δ2

η4
v−2

)

, (135)

where ζ3 ≡ α3/(κm
4), v is the orbital velocity of the binary and we recall δ ≡ (m1−m2)/m.

Notice that such a correction is of −1PN order relative to GR. One can then calculate

the correction to the gravitational waveform phase, which can easily be mapped to the

PPE waveform in Eq. (32) as [38]

βppE = − 5

7168
ζ3

δ2

η18/5
, bppE = −7

3
. (136)

Using such a waveform and based on a Bayesian analysis in [47], one obtains future

projected constraints with Adv. LIGO that are the same as Eqs. (130) and (131) but
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replacing αEdGB with α3 [38,214]. Approximate constraints with other GW interferometers

were calculated in [213] using a Fisher analysis.

Regarding the odd parity sector, one finds that if BHs are spinning, both the

scalar and gravitational radiation gives 2PN correction to the waveform relative to

GR, as already mentioned in Sec. 5.3.2. On the other hand, if BHs are non-spinning,

the corrections to the energy flux are suppressed to 7PN (scalar radiation) and 6PN

(gravitational radiation) order. The scalar energy flux obtained analytically within the

PN approximation in [38] for a non-spinning BH binary agrees beautifully with the

numerical results in [37].

5.4. EMW Tests

We here review current and projected constraints on quadratic gravity with EMW

observations from a system containing a BH.

5.4.1. EdGB Regarding proposed constraints on EdGB gravity, Maselli et al. [149]

calculated QPO frequencies using a slowly-rotating BH solution to linear order in spin

constructed in [488]. The authors adopted the relativistic precession model [344,345] (see

Sec. 2.4.4 for details). This model was applied to a BH system GRO J1655-40, where

three QPOs were observed with the Rossi X-ray Timing Explorer (RXTE) [351] within

∼ 1% accuracy. In GR, such a QPO triplet can be solved for the BH mass, spin and the

QPO radius. In order to constrain non-GR theories, one needs additional information to

constrain coupling parameters in such theories. The authors in [149] assumed that future

X-ray satellite LOFT will detect two QPO triplets from the same BH with different

QPO radii with the measurement accuracy that is 15 times higher than that with RXTE.

They calculated QPO triplets for a fiducial BH in EdGB gravity with the dimensionless

coupling parameter of ζEdGB(≡ α2
EdGB

/(κM4)) = 0.1 and recovered the BH mass and

spin assuming that GR is the correct theory. One can constrain the theory by checking

the consistency on the recovered mass and spin from each QPO triplets. They carried

out a Monte Carlo simulation, together with a χ2-test, and found that future X-ray

observations may be able to place constraints that are slightly stronger than the current

theoretical bound derived from the existence of a BH solution.

5.4.2. dCS We now review EMW tests on dCS gravity. The dCS correction to the

BH shadows of slowly-rotating BHs to linear order in spin was studied in [131]. As

shown in [36], a Carter-like constant exists for such a BH solution. Thus, null geodesic

equations separate and one can follow the same procedure in GR to calculate the dCS

correction to the shadows. The authors in [131] showed that such shadows are indeed

affected by a non-vanishing coupling constant of the theory, but whether such an effect

can be measured with future observations remains unclear, especially when one takes

dCS gravity as an effective theory. The continuum X-ray spectrum from a geometrically

thin, optically thick accretion disk around a slowly rotating BH to linear order in spin in



Black Hole Based Tests of General Relativity 72

dCS gravity was calculated in [516]. The authors showed that the dCS correction to the

spectrum can clearly be seen when the dimensionless coupling parameter ζCS(≡ ξCS/M
4)

is of O(10 − 100). We note that such a large coupling constant is beyond the small

coupling approximation if one wishes to treat the theory as an effective theory.

Vincent [119] improved the above analyses by taking the light bending effect into

account by solving the null geodesic equations for a slowly-rotating BH to linear order

in spin in dCS using the ray-tracing algorithm with the open-source code GYOTO [300].

The author also calculated the dCS correction to the iron line emission and QPO

frequencies, with the epicyclic resonance [517, 518] and hot spot [519] models for the

latter. The author found that the typical dCS deviation from GR in these observables is

within ∼ O(0.1%), which makes it extremely difficult to be measured with current or

near-future observations. Moore and Gair [321] recently calculated the iron line spectrum

from an accretion disk around a rotating BH to quadratic order in spin in dCS gravity.

They carried out a Bayesian parameter estimation study and found that it would be

difficult to place a meaningful constraint on the theory with future observations.

5.4.3. dQG Let us now consider how one can constrain dQG with current EMW

observations. As proved in [38,214], ordinary stars such as NSs do not possess monopole

scalar hair. This, in turn, means that dipolar radiation is absent from a binary system

with ordinary stars. Therefore, a stringent constraint on the theory comes from a binary

system where at least one of the constituents is a BH.

One example is a BH-LMXB. Based on the scalar radiation calculation in [38],

Ref. [213] derived a constraint on the theory from the upper bound on the orbital decay

rate of A0620-00 [223]. If one takes the Gauss-Bonnet combination of (α1, α2, α3, α4) =

(1,−4, 1, 0)αGB, the bound is obtained as
√

|αGB| < 1.9km. Such a constraint is six orders

of magnitude stronger than the solar system bound [520]. Although such a LMXB system

has larger astrophysical uncertainties than binary pulsars, the constraint depends only

weakly on such uncertainties. Furthermore, Ref. [213] showed that the unknown excess

in the orbital decay rate of XTE J1118+480 [521] compared to the General-Relativity

prediction can be explained by additional scalar radiation in EdGB gravity. Interestingly,

such an excess cannot be explained with additional radiation in most of other alternative

theories of gravity as they have already been constrained strongly from solar system

experiments and binary pulsar observations.

Another example is to consider a BH/pulsar binary. Based on [192], Ref. [214]

derived a proposed constraint on the theory with a BH/pulsar system. The authors

found the future projected constraint for the Gauss-Bonnet combination of the coupling

constants as
√

|αGB| < 0.065 km

(

M

10M⊙

)

(

∆Ṗ

10−3

)1/4
( v

10−3

)1/2

, (137)

where ∆Ṗ is the measurement accuracy of the orbital decay rate. Such a constraint is

indeed more than one order of magnitude stronger than the LMXB bound.
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6. Large Extra Dimension

6.1. Basics

String theory predicts that our universe has more than four dimensions [163,164] with

extra dimensions being compactified in a certain way. One well-known and simple

example of such a compactification is the Kaluza-Klein compactification. Particle physics

experiments place a strong bound on the size of the extra dimension ℓ as ℓ ≤ 10−16cm.

Arkani-Hamed et al. [522,523] proposed a braneworld model (the ADD model), where

the authors embedded a tension-less brane (which we live on) in a flat and compact bulk

spacetime. They also assumed that ordinary matter is localized on the brane. Then, only

gravitons can propagate through the bulk. The size of extra dimensions can be relatively

large in the ADD model since the constraint on the gravity sector is not as strong as

that on the matter sector. Moreover, the ADD model provides a novel explanation

on the hierarchy problem between the Planck scale and the electroweak scale. Below,

we describe in detail a different type of braneworld models proposed by Randall and

Sundrum [215,524].

Figure 10. (Color online) Schematic picture of the RS I (left) and RS II (right)
braneworld models, with y representing the coordinate for the extra dimension. The
bulk spacetime is AdS. The RS I model has two branes with their tension represented
by λ± and we live on the one with a negative tension. The RS II model has one brane
(with a positive tension).

6.1.1. RS braneworld Models First, we explain the first RS braneworld model (the RS

I model). Let us consider a (4+1)-dimensional theory with two branes [524], one with a

positive tension at y = y+ = 0 and the other with a negative tension at y = y−, where

y represents the coordinate of the extra dimension (see Fig. 10). We impose the Z2
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symmetry at y = 0. The action is given by∗ [524,525]

S =
1

16πG5

∫

d5x
√−g(R− 2Λ5)

−
∫

dyd4x
√−γ {(λ+ + Lm+)δ(y) + (λ− + Lm−)δ(y − y−)} . (138)

Here, G5 and Λ5 are the five dimensional gravitational and cosmological constant

respectively, γMN represents the four dimensional induced metric on the y =const.

surface with the indices (M,N) running from 0 to 4, λ± are tensions and Lm± are the

matter Lagrangians for the positive and negative tension branes respectively. Imposing

the flat brane ansatz for the metric as

ds2 = a2(y)ηµνdx
µdxν + dy2 , (139)

with a(y) representing the warp factor, one solves the modified Einstein equations and

finds

a(y) = e−|y|/ℓ , λ+ = −λ− =
3

4πG5ℓ
≡ σ . (140)

Here, ℓ denotes the AdS curvature radius and is related to Λ5 via Λ5 = −6/ℓ2.

One of the interesting feature about this model is that the hierarchy problem can

be explained naturally. Assuming that we live on the negative-tension brane, one finds

1

G4

=
ℓ

G5

(e2y−/ℓ − 1) . (141)

Therefore, by choosing y−/ℓ ∼ 37, we obtain the four-dimensional Planck mass

M4 = 1019GeV with the fundamental five-dimensional Planck mass M5 ∼ ℓ−1 ∼ 1TeV.

(Here, we set ~ = 1.)

Next, let us explain the second model [215] (the RS II model), where we take the

negative tension brane to infinity. Therefore only one brane exists in this model and

the size of the extra dimension is infinite (see Fig. 10). We assume that we live on the

positive tension brane. Although this model cannot solve the hierarchy problem, the

remarkable feature is that the Newtonian gravity is reproduced in the low energy limit

even though it has an infinite size of extra dimension [216]. Perturbing the metric ansatz

in Eq. (139) and solving the modified Einstein equations, one can show that all the

KK modes of gravitons are suppressed and the gravity is localized on the brane. The

gravitational potential is given by [215,216]

V (r) = VN(r)

(

1 +
2

3

ℓ2

r2

)

, (142)

where VN(r) represents the Newtonian potential. Observe that the above equation

reduces to the Newtonian potential when ℓ≪ r. Current table-top experiments place a

constraint as [217]

ℓ ≤ 14µm . (143)

∗ In this section, we do not set the gravitational constant to unity.
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6.1.2. Emparan-Fabbri-Kaloper-Tanaka Conjecture Next, we describe an important

conjecture on a brane-localized black hole in RS-II braneworld model based on the

AdS/CFT correspondence. Such a correspondence states that the gravity in the AdS5×S5

spacetime can be interpreted as the four-dimensional N = 4 U(N) super Yang-Mills

theory on the AdS boundary [220, 221]. This correspondence is an example of the

“holographic” principle [526,527]. When such a correspondence is applied to the RS-II

braneworld model [528], one finds that the five-dimensional RS-II gravity corresponds to

the four-dimensional CFT on the brane interacting with the four-dimensional gravity

and matter. Such a correspondence is called the bulk/brane correspondence and many

supporting evidence exists as discussed in [529–536].

Regarding the CFT point of view, BHs evaporate via Hawking radiation [537]. The

BH temperature is given by T = κg/2π (under the unit ~ = 1) where κg is the surface

gravity of the BH and κg = (4G4M)−1 for the Schwarzschild BH. The radiated flux can

be approximated by the black body radiation as F ∝ T 4. Since the area of the BH event

horizon is given by

A(4D) = 4π(2G4M)2 , (144)

the BH mass loss rate is given by Ṁ = FA(4D) = −(15360πG2
4M

2)−1. Therefore, in

GR, the evaporation time scale becomes τ (GR) = M/Ṁ = 2.1× 1067(M/M⊙)
3 yr. On

the other hand, CFT has a huge number of degrees of freedom of N2 ≈ πℓ2/G4 =

2.36× 1060(ℓ/14µm)2 [221]. Thus, the Hawking radiation of a BH on a brane is enhanced

compared to that in GR by a factor ∼ N2 and becomes [538]

Ṁ ∝ ℓ2

G3
4M

2
. (145)

Keeping the coefficient explicitly, one finds

Ṁ = −2.8× 10−7

(

1M⊙

M

)2(
ℓ

10µm

)2

M⊙yr
−1 =: −CṀ

(

ℓ

M

)2

, (146)

where CṀ is defined as the coefficient of the mass loss rate for later use. This leads to

the evaporation time scale as

τ = 5.93× 105
(

14µm

ℓ

)2(
M

M⊙

)3

yr . (147)

From the above consideration, one finds that the four-dimensional BH on a brane cannot

remain static due to the enhanced Hawking radiation.

When we interpret such a phenomenon from the five-dimensional point of view,

one finds that BHs lose their mass classically. This is the “classical BH evaporation

conjecture” proposed by Emparan et al. [218] and Tanaka [219]. One possible explanation

for this phenomenon in the classical picture is as follows [219,525]. Let us first consider a

brane-localized BH, where the tip of such a BH is expected to form a blob having an area

∼ ℓ3 with the dynamical time scale ∼ G4M due to the Gregory-Laflamme instability [222].
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Since a universal acceleration ∼ ℓ−1 exists towards the bulk direction [539], such a blob is

effectively pinched from the BH localized on a brane. Therefore, one obtains the relation

Ȧ(5D) ≈ − ℓ3

G4M
. (148)

On the other hand, the surface area of the five-dimension BH is given by

A(5D) = A(4D)2

∫ ∞

0

e−y/ℓdy = 2A(4D)ℓ . (149)

From Eqs. (144), (148) and (149), one finds an agreement with the mass loss rate given

by Eq. (145) obtained from the four-dimensional CFT side.

6.2. GW Tests

In this section, we review possible future constraints with GW observations. One example

is the work by Inoue and Tanaka [41], in which the authors derived the leading correction

to the GW phase of compact binaries due to the correction to the gravitational potential

given by Eq. (142), which is proportional to ℓ2/a2 = (ℓ2/m2)(m2/a2) relative to the

Newtonian term. When the Planck scale is reduced to the electroweak scale (∼ 1TeV),

the early Universe may had a violent “mesoscopic” activity [540] when the temperature

was 1TeV and large-amplitude fluctuations were produced, forming primordial BHs

with masses ∼ 10−7M⊙. The authors found a rather weak upper bound on ℓ assuming

that third-generation GW interferometers detect GW signals from binaries with such

primordial BHs. Primordial BH binaries have an advantage over astrophysical ones

as the relative correction to the waveform phase becomes larger for a fixed ℓ and the

velocity (or m/a). Below, we review other proposed constraints in detail.

We note that since static, brane-localized BH solutions have recently been numerically

constructed in [225,226], which contradict with the above prediction that brane-localized

BHs cannot be static due to the enhanced Hawking radiation, the validity of the Emparan-

Fabbri-Kaloper-Tanaka conjecture is now questionable. However, we proceed and present

gravitational waveforms from BH binaries in RS-II model because such waveforms can

easily be modified and applied to a binary with BHs losing their mass in general, such as

due to phantom energy accretion∗ [228,229,541] (one may also use GWs including the

effect of gas [107,110] and dark matter [103] accretion onto binary constituents). Such

waveforms are also similar to those in varying G theories [227].

∗ Assuming the Schwarzschild spacetime with a time-varying mass for the metric and a perfect fluid for
matter with pressure p and energy density ρ, one can show from the Einstein equations that the mass
accretion rate is proportional to ρ+ p [228,229,541]. Therefore, the accretion of the phantom energy
with ρ + p < 0 decreases the BH mass. Since it violates the weak energy condition, the theorem by
Christodoulou [542] and Hawking [69] does not apply, which proves that the horizon area of a BH cannot
decrease with any classical processes if the weak energy condition is satisfied.
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6.2.1. Monochromatic Signals LISA may detect GW signals that are almost

monochromatic from a galactic binary composed of a BH and a NS with mass m1

and m2 respectively. Although GW emission shrinks the orbital separation r12 (inspiral),

the BH mass loss due to Hawking radiation increases r12 (outspiral) at a rate of [42]

ṙ12,H = −ṁ1

m
a = 3.2× 10−9

( r12
1AU

)

(

m

7M⊙

)−1(
m1

5M⊙

)−2(
ℓ

14µm

)2
AU

yr
(150)

due to the conservation of the specific orbital angular momentum
√
mr12, where we

used the mass loss rate given by Eq. (146). Equating ṙ12,GW and ṙ12,H with the former

calculated from the GW quadrupole formula, one finds a critical separation as [42]

r12,crit ≡ 1.1× 10−2

(

m1

5M⊙

)3/4(
m2

2M⊙

)1/4(
m

7M⊙

)1/2(
ℓ

14µm

)−1/2

AU . (151)

If the separation is larger than r12,crit, the mass loss effect dominates the GW emission

and the separation becomes larger. On the other hand, if r12 is smaller than r12,crit, GW

emission dominates and the separation becomes smaller. Typically, a galactic BH binary

forms at a GW frequency slightly outside of the LISA sensitivity band. Thus, if its signal

is detected at e.g. f = 10−4Hz, one immediately finds r12(f = 10−4Hz) ≤ r12,crit, which

then leads to [42]

ℓ ≤ 22

(

m1

5M⊙

)3/2(
m

7M⊙

)1/3(
m2

2M⊙

)1/2(
f

10−4Hz

)4/3

µm . (152)

6.2.2. Chirping Signals Although a typical galactic BH binary forms at a GW frequency

slightly lower than the low frequency limit of the LISA sensitivity band, some of them

may form with a frequency higher than this lower frequency limit [543]. Therefore, a

systematic error may exist when constraining the size of the extra dimension with a

monochromatic GW signal. One obtains a more robust constraint by measuring the

actual inspiral of a BH binary. Here, we first review the correction to the GW phase due

to the mass loss effect derived in [43]. Then, we explain possible constraints on ℓ from a

parameter estimation study with LISA and DECIGO/BBO. We assume that binaries

are quasi-circular and neglect the spins of binary constituents for simplicity.

Let us first consider GWs from a BH/BH binary with component masses of m1 and

m2 (with m1 ≥ m2). The rate at which the orbital separation changes due to the mass

loss effect can be derived from Eqs. (146) and (150). Then, the rate at which the GW

frequency changes becomes

ḟ =
Ω̇

π
=

96

5
π8/3M5/3f 11/3

(

1− 5

48
CṀ

1− 2η

η3
ℓ2

m2
v−8

)

. (153)

From this equation, one derives the correction to the GW phase to leading order in PN

approximation, which can be mapped to the PPE waveform in Eq. (32) as [43]

βppE = − 25

851968
η
8/5
0 CṀC

ℓ2

m2
0

, bppE = −13

3
, (154)
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Figure 11. (Left) Proposed upper bound on ℓ with DECIGO/BBO from an equal
mass BH/BH binary at DL = 3Gpc as a function of the BH mass M0 with various
observation period. The horizontal dotted-dashed line shows the current strongest
bound from table-top experiments [217]. Observe that the bounds from GWs can be
stronger than the current bound for low-mass binaries. (Right) Proposed upper bound
on ℓ with DECIGO/BBO from a large number of NS/BH binaries detected as a function
of fiducial ℓ. Observe that if GR is correct, the bounds from GWs can be more than 10
times stronger than the current bound as shown by the dotted-dashed line. This figure
is taken and edited from [43].

where C for a BH/BH binary is given by

C(BH/BH) ≡ 3− 26η0 + 34η20
η40

. (155)

The subscript 0 represents the quantity at the time of coalescence. The second term in

brackets in Eq. (154) corresponds to the “−4PN” relative correction due to the mass loss

effect valid to O(ℓ2). For a BH/NS binary, the coefficient C in Eq. (155) changes to

C(BH/NS) =
(3− 26η0 + 34η20) + (−3 + 20η0)

√
1− 4η0

2η40
. (156)

Notice that the GW phase in Eq. (154) is similar to that for varying G theories derived

in [227].

Reference [43] carried out a Fisher analysis and derived proposed bounds on ℓ

assuming future space-borne GW interferometers detect GW chirp signals from BH/BH

or BH/NS binaries. The authors showed that LISA can only place constraints that are

5–10 times weaker than the current bound from table-top experiments. On the other

hand, DECIGO/BBO can place stronger constraints than the current bound. The left

panel of Fig. 11 presents one example, where constraints on ℓ with DECIGO/BBO are

shown as a function of the BH mass at the time of coalescence M0(= m1 = m2) for an

equal mass BH/BH binary with various observation time. Observe that the constraints

become stronger for low-mass binaries. This is because the effect of enhanced Hawking

radiation becomes larger for BHs with smaller masses.

DECIGO/BBO can place stronger constraints on ℓ by taking the advantage of the

fact that the expected detection rate of BH/NS binaries is ∼ 104. Such a detection rate
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Table 8. Proposed constraints on ℓ from detection rates with LISA and DECIGO/BBO.
We also present other parameters used to derive these bounds. This table is taken
from [43].

Detectors, binaries, masses 〈N〉 rH τ ℓ

(1/yr) (yr) (µm)

LISA, EMRI, (5 + 106)M⊙ 3.3 ×102 0.1 109 3.9
DECIGO/BBO, BH/NS, (1.4 + 5)M⊙ 9.0-13×104 0.1 6.9×107 15

depends on ℓ, because the detection rate is reduced from that in GR if the enhanced

Hawking radiation exists. The right panel of Fig. 11 presents the proposed bound ℓ as

a function of fiducial ℓ, taking the large number of detection events into account. The

bounds are flat for small ℓ because in such a case, the evaporation time exceeds the

age of the universe, and hence, the detection rate is the same as that in GR. Observe

that if GR is correct, DECIGO/BBO can place constraints that are more than 10 times

stronger than the current bound.

6.2.3. Event Rate McWilliams also derived a proposed constraint on ℓ from the averaged

EMRI event rate 〈R〉EMRI. Such a rate in GR is estimated in e.g. [544]. In the RS-II

braneworld model, this rate is modified due to the BH mass loss effect and becomes

〈R〉H = rH 〈R〉EMRI , rH ≡ τ

Tuniv
, (157)

with τ and Tuniv representing the BH lifetime given by Eq. (147) and the age of the

universe respectively. The above expression is only valid for rH ≤ 1. In [42], McWilliams

assumed a Poisson probability distribution for the event rate and derived a constraint

on ℓ if the GR prediction of 〈R〉EMRI is actually observed.

Reference [43] extended the above analysis by taking the uncertainties in the

prediction of the event rate into account. The authors in [43] assumed that due to the

enhanced Hawking radiation, the detection rate 〈N〉H of GWs emitted from BH binaries

with future space-borne interferometers is reduced from the prediction in GR 〈N〉 by

〈N〉H = rH〈N〉. If the event rate of 〈N〉 is detected as predicted in GR with an order

of magnitude uncertainty, one obtains a lower bound on rH as rH ≥ 0.1. Such a bound

sets a bound on τ , which in turn places a bound on ℓ through Eq. (147). The proposed

bounds on ℓ with LISA and DECIGO/BBO are summarized in Table 8. Observe that

such proposed constraints are weaker than those from chirp GW signals mentioned in

the previous subsection.

6.3. EMW Tests

Current astrophysical BH observations place constraints on ℓ from (i) the estimate of the

BH mass and the age, and (ii) the measurement of the orbital decay rate of BH binaries.

Regarding the former, Psaltis [545] derived a constraint of ℓ ≤ 80µm from the estimate

of the age of the BH in the X-ray binary XTE J1118+480. Gnedin et al. [546] also
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placed a constraint using an estimate of the age of the BH in the extra-galactic globular

cluster RZ2109 as ℓ ≤ 10µm. Regarding the latter, Johannsen et al. [223,224] used the

orbital decay rate measured in the X-ray binaries A0620-00 and XTE J1118+480 and

derived constraints as ℓ ≤ 161µm and ℓ ≤ 970µm, respectively. Recently, Simonetti et

al. [547] derived a proposed, 5 σ upper bound on ℓ as 0.17µm, assuming one measures the

orbital decay rate of a BH-pulsar binary in future with the same accuracy as a 30-year

observation of PSR B1913+16 [548,549].

7. Open Questions

We conclude this review by presenting a selected list of open questions in generic ways

of testing GR and in each theory described above.

7.1. Generic Ways of Testing GR

• Bumpy spacetime that can describe e.g. slowly rotating BH solutions in dCS [260]

and dQG [505] that are not of Petrov type D is currently lacking.

• Consistency tests of GR with parameterized PN waveform proposed in [44, 45] have

not been extended to spinning BHs.

• PPE waveforms [46] have not been extended to precessing binaries.

7.2. Scalar-tensor Theories

• The stability of hairy BH solutions in scalar-tensor theories is currently unexplored.

• Previous studies deriving proposed constraints on scalar-tensor theories with

GW observations of compact binaries focus on the inspiral phase only. Since

merger simulations of compact binaries in scalar-tensor theories have recently been

performed [24,25,180–183,550], future studies may derive new proposed bound on

these theories from GW observations by including the merger and ringdown phases.

• Gravitational radiation from inspiraling compact binaries in f(R) theories, which

are equivalent to BD theory with a certain potential, is calculated in [551, 552].

However, the sensitivities (or scalar charges) of compact objects in such theories

are lacking, which are crucial for deriving proposed constraints on the theories from

future GW observations.

7.3. Massive Gravity Theories

• Literature that derives proposed constraints on massive gravity theories with GW

observations focuses mostly on how the propagation of GWs are modified. However,

GW generation is also modified, which affects the gravitational waveform. Although

it may be likely that the correction to the GW propagation dominates that to the

GW generation, it would be important to explicitly calculate the latter effect and

compare which effect dominates.
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• EMW observables for BHs in massive gravity theories remain to be calculated.

• One needs to clarify whether a linear stability analysis of BH solutions are valid

in these theories, where the nonlinear Vainshtein screening mechanism plays an

important role.

7.4. Quadratic Gravity

• BH solutions in dCS gravity have been constructed only within the slow rotation

approximation. Such solutions with arbitrary rotation is currently missing.

• Stability analysis of BH solutions in quadratic gravity is incomplete. Missing pieces

include polar gravitational perturbations of non-rotating BHs in EdGB gravity and

any perturbations of slowly-rotating BHs to second order in spin in dQG.

• Proposed constraints on dCS gravity with GW observations derived in [39] focused

on spin-aligned systems and used a Fisher analysis. Important extension of such

a study includes taking spin precessions into account and carrying out a Bayesian

analysis.

• EMW observables of BHs in EdGB gravity, in particular the X-ray continuum

spectrum, Fe line emissions and BH shadow, remain to be studied.

• EMW observables of slowly-rotating BHs to second order in spin in dCS gravity is

unexplored.

• Whether geodesic motions of a test particle around a slowly-rotating BH to quadratic

order in spin in dQG and dCS become chaotic or not due to the absence of the

Carter-like constant has not been studied yet.

7.5. Other Theories

Important non-GR theories not covered in the main text of this review include Einstein-

Æther theory [151, 152], which is the most general Lorentz-violating (yet diffeomorphism

invariant) theory of gravity with a time-like unit vector and at most second derivatives

in the action. This theory includes khronometric gravity [553, 554] as a certain limit,

which coincides with the low-energy limit of Hořava-Lifshitz gravity [475]. Non-rotating

BH solutions in Einstein-Æther theory (which are also solutions to khronometric gravity)

are found in [153,154], while slowly-rotating BH solutions in khronometric gravity are

constructed in [555, 556]. Barausse and Sotiriou [155] attempted to construct slowly-

rotating BH solutions in Einstein-Æther theory but found that such solutions do not seem

to admit universal horizons for scalar, vector and tensor propagating modes. Selected

open questions regarding BHs in Einstein-Æther theory and khronometric gravity are as

follows:

• Stability analysis of BH solutions in these theories are currently lacking.

• The BH sensitivities in these theories are unknown.
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• Once the BH sensitivities are calculated, one can derive current and proposed

constraints on these theories with BH-LMXBs and BH-pulsar observations. One can

also calculate proposed constraints from BH binaries with future GW observations.

• EMW observables of BHs in these theories remain unexplored.

7.6. Common Open Problems

• Theories like massive gravity and quadratic gravity in the non-decoupling limit

admits various modes with different propagation speed. In such cases, multiple

horizons should be present for these modes, like in Einstein-Æther theory. To the

best of our knowledge, this subject has not been fully studied yet.

• More detailed studies of systematic errors in testing GR with GW and EMW

observations of BHs are necessary.
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