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We study the nonlinear dynamics of black holes that carry scalar hair and binaries composed of such black
holes. The scalar hair is due to a linear or exponential coupling between the scalar and the Gauss-Bonnet
invariant. We work perturbatively in the coupling constant of that interaction but nonperturbatively in the
fields. We first consider the dynamical formation of hair for isolated black holes of arbitrary spin and
determine the final state. This also allows us to compute for the first time the scalar quasinormal modes of
rotating black holes in the presence of this coupling. We then study the evolution of nonspinning black hole
binaries with various mass ratios and produce the first scalar waveform for a coalescence. An estimate of the
energy loss in scalar radiation and the effect this has on orbital dynamics and the phase of gravitational waves
(GW5s) (entering at quadratic order in the coupling) shows that GW detections can set the most stringent
constraint to date on theories that exhibit a coupling between a scalar field and the Gauss-Bonnet invariant.
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I. INTRODUCTION

The history of alternative theories of gravity is almost as
old as that of general relativity (GR) itself (see, e.g., [1,2]).
For more than a century, each astrophysical revolution and
the corresponding observational opportunity led to a new
milestone test of gravity. Einstein’s theory has remained
consistent with observations (although dark matter and dark
energy may be considered as indication to the contrary),
while several modified theories of gravity have been
strongly constrained or ruled out [1-3].

The recent gravitational-wave (GW) revolution provides
yet another opportunity to test gravity in a new regime: the
highly-dynamical, strong-curvature regime probed by
black holes (BHs), compact objects, and binaries thereof
[4—-6]. While the recent GW events are all consistent with
General Relativity (GR) [7,8], the constraints one can
extract on alternative theories are rather weak [7], due to
the lack of complete waveforms that correspond to binary
evolution and mergers in these theories. Obtaining such
waveforms is necessary to go beyond performing null tests
of GR. Using theory-specific waveforms could constrain

“helvi.witek @kcl.ac.uk

“leonardo. gualtieri@romal.infn.it
“paolo.pani @romal .infn.it
SThomas.Sotiriou @nottingham.ac.uk

2470-0010/2019/99(6)/064035(24)

064035-1

the corresponding theory to unprecedented levels, or
uncover new effects, using data that is already available.
Moreover, our ability to probe the highly nonlinear regime
of gravity will improve further when LIGO/Virgo detec-
tions will perform routinely at design sensitivity, and when
future instruments such as third-generation ground-based
interferometers [9,10] and the future space mission LISA
[11] become operational.

The motivations for testing gravity are manifold [1-3,6],
but arguably the most pressing one is of a fundamental
nature: finding an underlying, consistent description of
quantum gravity is still the “holy grail” in modern physics.
GR itself fails at this task—e.g., it is nonrenormalizable—
and is believed to be the leading-order manifestation of a
more fundamental (possibly quantum) theory. Remarkably,
it has been shown [12] that including terms that are
quadratic in the curvature in the gravitational action can
render the theory renormalizable (such terms also arise in
the low-energy limit of string theories [13]).

Uncovering a deviation from the predictions of GR
would provide the first experimental insight into this
fundamental theory. There is no indisputable argument
suggesting that new physics should make an appearance in
BH binaries—the curvature involved is not high enough by
fundamental physics standards. Nonetheless, it is signifi-
cantly higher than the curvature scale tested by any other
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observation and experiment, and it is particularly hard to
argue against fully exploring data from a new regime.
Perhaps the most obvious manifestation of new physics
would be the existence of a new field, the simplest of which
is a (massless) scalar field @. No-hair theorems imply that
scalar fields might be hard to detect with BHs, as the latter
cannot generally support nontrivial scalar configurations
[14-20]. Indeed, if one focuses on actions (including a
single scalar field and also polynomial terms in the
curvature tensor) that yield second-order field equations,
and imposing shift symmetry, i.e., symmetry under
® — ® + constant, it turns out that there is only one
interaction term that can induce scalar hair in stationary,
asymptotically flat configurations [19]: ®Rgp, where

Res = WR*— 4WR ,(WRab @R, (@Rabed (1)

is the Gauss-Bonnet invariant, YR, is the four-
dimensional Riemann tensor, (R, the corresponding
Ricci tensor, and (YR the Ricci scalar. On the other hand,
effective actions arising from string theory [21-23] include
the exponential coupling e®Rg. This term is well known
to lead to BH hair [22].

Motivated by the above, the scalar Gauss-Bonnet (SGB)
action

5 dxy/F [<4>R—§<V<I>>2 + 20 f (®)Ran)

)

" l6n

has received considerable attention in the strong-field
regime. Here we have employed geometric units, such
that G = 1 = ¢, and agp is the dimensionful GB coupling
constant'. Choosing f(®) = & €® corresponds to “Einstein-
dilaton Gauss-Bonnet” (EDGB) gravity [3,21,22,24-31],
while we refer to the choice f(®) = ®/8 [19,32-34] as
“shift-symmetric SGB” gravity. Recently, other interesting
choices of f have been studied [35-38].

As we will see in more detail later, the field equations of
SGB gravity, though second order, contain highly nonlinear
quadratic terms of those second derivatives. Similar PDE
structures, e.g., in hydrodynamics, are known to lead to
shocks. Hence, this raises reasonable concerns about the
predictivity of the theory in the strong-field regime. Indeed,
it has been shown that SGB combined with a generalized
harmonic gauge is not well posed [39,40] although this is a
gauge dependent result and, hence, not conclusive.

'We summarize relations between different conventions for the
coupling constant that are common in the literature in Appen-
dix A. For instance, the values of \/|agg| in the notation of
Ref. [22] and of this article differ from those of Refs. [7,24,25] by
a factor of 4y/z.

A potential cure was suggested in [41,42] and will be
addressed in future work.

These problems only arise if action (2) is taken at face
value. In this article we take a different route and treat the
coupling between @ and Rgg as the leading-order term of a
low-energy expansion and agg, or more correctly the
dimensionless ratio € = agg /> (where [ is some reference
length) as the control parameter of this expansion. Within
this framework, the theory is known to O(e) only, solutions
that are not smooth in the limit agg — 0 should be
considered spurious, and hence one can solve the equations
perturbatively in the coupling. This effective-field theory
inspired approach has been popular in the literature
when obtaining stationary solutions [24,26,29] and
recently it has also been used in the context of dynamical
evolution [33,34,43].

In what follows we will study the dynamics of isolated
BHs and BH binaries for SGB gravity, working perturba-
tively and up to linear order in the coupling, and for the
choices f = ®/8, e® /8. As we will argue below, within the
perturbative treatment and at this order, these two choices
are actually identical. Moreover, they are also equivalent
(modulo rescaling of the coupling agg) to any other choice
of the function f(®), as long as f'(0) # 0.

Dimensional analysis suggests that there are terms other
than f(®)Rgg that could appear at O(e) in an effective
action (such as those including derivatives of the scalar
field) which we are implicitly neglecting. However, the fact
that ®Rgp is the only shift-symmetric term that leads to
BH hair suggests strongly that including O(¢) terms that
respect this symmetry will lead to secondary corrections
only. Indeed, we will demonstrate below that, within our
setup, such corrections are O(e?) at least. Hence, we do
consider our results as rather generic, at least at the
qualitative level. When shift symmetry is abandoned
though, the scalar can acquire a mass which can lead to
effects that our analysis does not capture.

Our results on isolated BHs will provide new insights on
the quasinormal ringing of spinning BHs. Perturbations of
spherically symmetric and static BHs in EDGB gravity
have been studied in Refs. [44,45], where it has been shown
that gravitational and scalar perturbations are coupled2 and
the quasi normal mode (QNM) spectrum contains two
branches of modes which have been respectively called
gravitational-led and scalar-led, according to which sector
they reduce to when the coupling constant vanishes. Toy
models obtained with point particles plunging into hairy
BHs in EDGB gravity suggest that both gravitational-led
and scalar-led QNMs are present in the post-merger GW
ringdown signal [44,45].

2. . .. .

More precisely, only the polar gravitational sector is coupled
to the scalar perturbations, while the axial gravitational sector is
decoupled [44,46].
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In the case of rotation, which is so far unexplored at
perturbative level, it is reasonable to expect the same
qualitative structure for the QNM spectrum. An explicit
perturbative computation is extremely challenging due to
the lack of (an extended version of) the Teukolsky
formalism for BHs in EDGB gravity. Current estimates
are based on the assumption that, in the eikonal limit, the
light-ring modes are related to the QNMs even in modified
gravity theories [44,47], but in fact the coupling of the
gravitational perturbations with the scalar field breaks this
analogy [44]. Our nonperturbative analysis circumvents the
aforementioned issues.

Our numerical simulations of BH binaries give the first
complete waveforms for scalar radiation, including the
ringdown, within the class of theories we are studying.
Moreover, we estimate the impact of the scalar radiation
and the corresponding loss of energy on the binary
evolution and its imprint on the phase of GWs. We use
this estimate to argue that future GW detections can place
stronger bounds on the theory than the known ones.

Most of the current constraints on the coupling constant
of SGB gravity theories, agg, have been derived for EDGB
gravity and shift-symmetric SGB gravity. In this case,
observations on the orbital decay of low-mass x-ray

binaries lead to /|agg| < 10 km [25,48].% Slightly more
stringent constraints could be set from the measurements of
quasiperiodic oscillations in the x-ray emission from
accreting BHs, although the latter might be affected by
large systematics [49,50]. However, in several SGB theo-
ries a stronger bound can be obtained by a theoretical
constraint. In these theories, a stationary BH solution with
mass M only exists if
aGB

2

€= m < €max> (3)

where we have fixed the reference length / to 2M, and M is
the Arnowitt-Deser-Misner (ADM) mass which coincides
with the BH mass in the case of an isolated BH, and with
the binary total mass in the case of BH binaries. The
threshold e, ~ O(1) depends on the specific SGB theory
[22,32,35-37]. For spherically symmetric BHs, 4e.,,, ~
0.619 in EDGB gravity [46], 4€,,x ~ 0.3 in shift-symmetric
SGB gravity [32]. When this bound is reached, a curvature
singularity emerges from within the horizon [32], and the
solution does not describe a BH anymore. In the case of
rotating BHs, the bound becomes stronger (at least, in the
case of EDGB gravity, where it has been shown [30] that
€max decreases as the spin increases, and it vanishes at
extremality). Therefore, the mere existence of a BH of
mass M implies that agg < 4€,,,,M>. The lightest BH
observed, J1655-40, has a mass M ~5.4 M, leading to

*Recall that the definition of the coupling adopted in [25,48]
differs by a factor ~5 with ours; see footnote 1 and App. A.

Vage < 6.6 km. A similar upper bound (,/agg < 5.4 km)
was derived from the existence of neutron stars with
M=~2 Mg [51], but it is less robust, as it depends
on the equation of state. We remark that the above
constraints do not apply to the class of theories found in
Refs. [35-37], which predict the existence of both Kerr
BHs and “scalarized” BHs.

It should be noted that here we are not requiring the
scalar field to have any cosmological significance, so we
will not discuss cosmological constraints in any detail. It is
also worth emphasising the following: the coincident
detection of GWs and gamma rays from the binary neutron
star merger GW 170817 have constrained the speed of GW's
to extremely high accuracy [52,53]. This has in turn been
used to place stringent bounds on a class of theories that
included SGB gravity [54-59] but these bounds rely on the
assumption that the scalar field accounts for dark energy
[60]. Since we are making no such assumption here, these
bounds are inapplicable. Note that in asymptotically flat
spacetimes, the speed of GWs approaches unity asymp-
totically (see e.g., Ref. [61]).

In the present paper we report new GW-based constraints
on the GB coupling from fully nonlinear simulations
covering the inspiral, merger and ringdown. In particular,
we compare estimates of the expected GW dephasing
against that of current GW detections and the forecast
for future third-generation detectors. For a BH binary like
GW151226 with mass ratio ~1/2 and total mass ~20 M,

we find +/|agg| < 2.7 km—comparable to the theoretical
constraints and about one order of magnitude stronger than
those based on the inspiral only [7,25].

II. SETUP

A. Action and field equations

Varying the action (2) with respect to the scalar field ®
and metric ¢’ yields their field equations

O® = —2agpf'(P)Rep. (4a)
1
G, = —ageYap + ETa}w (4b)

where f'=df/d®. G, = YR, —1/2g., R is the
Einstein tensor, the canonical part of energy-momentum
tensor for the scalar field is

Tab = va(I)qu) - %gabch)ch)v (5)

and the modification due to the GB term is [22,46]

OR
B GB
ggb - 5gab

- 2gc(agb)d66dfgvh [*RChfgvef]

= 2gc(agb)d€edfyvh [*RChfgf/veq)]v (6)
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where “R%,; = /¥R, ;.4 is the dual Riemann tensor,

and €abcd

tensor.

is the totally antisymmetric Levi-Civita pseudo-

B. Perturbative treatment in the coupling

1. Preliminaries

Since we want to use a perturbative treatment in the
coupling, we will assume that € < 1 and formally expand
any tensor X as

X =) —eX®, (7)

In particular, the spacetime metric and the scalar field are
expanded as

© ]
= (8a)
NPT
0, a1 k
Gab = 94ty + D 7 iy (8b)
k=1""

It should be stressed that this is not a weak-field
expansion. We raise indices of all tensorial quantities with
g0 e g we define

pkab — g(0)ac (0 ”’dhgd), (9)

and likewise for all other tensors. Since € is dimensionless,
any tensor X ®) has the same dimensions as the background
tensor X(©—for instance, the scalar field perturbations
®K) are dimensionless, as is the background scalar field,
and so on.

2. Field equations

Applying the perturbative treatment to the field
equations (4) yields, to O(e),

1

@1 Gy =57y 0000 =0, (102
1

el Gl = ETﬁ},} —am>G").

O0e) = _Obe©) sz’ GB, (10b)

where GEJZ) Rg% gfj;} O® and ng,) refer to the kth order
correction to the corresponding quantity. The crucial
feature of the equations above is that higher-curvature
corrections at any given order always enter only as source
terms computed from the metric and the scalar field at
lower order. Hence, at any given order the system of partial

differential equations can be made well posed by an
appropriate gauge choice or reformulation [62,63].

3. Zeroth order

The zeroth order in the perturbative expansion, equiv-
alent to taking the limit ¢ - 0 of Egs. (4), leads to
Einstein’s equations minimally coupled to a massless scalar
field, Eq. (10a). It has been shown that this system can be
cast into a well-posed initial value formulation [62], which
is a necessary condition for numerical stability.

Stationary, asymptotically flat BHs cannot carry hair if
they satisfy Eqgs. (10a) [15]. That is, they would be
solutions of vacuum Einstein’s equations and any nontrivial
initial scalar configuration would be shed away. One also
expects that the scalar field would not be excited in binaries
composed of such BHs, as there is no scalar charge to begin
with and the equations are linear in the scalar. This suggests
that, (at least) at late times, the solution to the zeroth order
equation should be of the form

(9 @) = (455.0). (11)
where ¢S is a solution of the vacuum Einstein equations.
However, there is a subtlety in this argument. As is evident
from Egs. (10a), @) effectively sources the first-order (and
subsequent order) equations. Hence, a nontrivial initial &®(©)
configuration could in principle leave some imprint on the
evolution. Though our expectation is that this effect would
be rather small, we have not explored this in any detail.
Instead we focus on the late-time behavior and we enforce
@) = 0. This choice will affect the form of the first-order
equations.

4. First order

Using the solution (11) the first-order field equations (10b)
reduce to

GlV=0, DOaW = —8M>f[, R w2

where f7 0 = = 1/8 for both EDGB and shift-symmetric SGB

gravity, D( and RGB are, respectively, the d’Alembertian

and Gauss-Bonnet invariant evaluated from the background

metric ggg,). G<alb) is the Einstein tensor acting on hEzl; with

derivatives constructed from gig)). Hence, the metric itself is

not deformed and it is safe to set hilb) = 0. As indicated in

Eq. (12) the scalar field ®(!) is sourced by the curvature of the
background spacetime and, therefore, develops a nontrivial
profile. Then, the solution at O(e) is

(hy). ®M) = (0,0), (13)
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where ®(!) can be solved for analytically in certain approx-
imations discussed below, or numerically in the general case.
Since Egs. (12) are the Einstein-scalar field equations
sourced by tensors computed from (gSR,0), they can be
cast into a well-posed initial value formulation.

We remark that under the assumption ®©) = 0 and for
vanishing ordinary matter the scalar field is O(¢) and the
Ricci tensor is O(e?), hence the GB invariant is equivalent
to the Kretschmann scalar up to O(e*) terms. Any other
term which we have neglected in the action would be of the
same order or higher in the perturbation expansion (with
the exception of the parity-violating Pontryagin density
€apcaREGRI“! leading to Chern-Simons gravity [64-66]).
Therefore, within our perturbative approach and excluding
parity violation, SGB gravity provides the most general
theory with higher-order curvature corrections.

5. Second order

Although we shall solve the field equations up to O(e)
only, in order to assess the validity of our perturbative
approach and to estimate backreaction effects on the
system’s dynamics we inspect the field equations at order
O(€?). Since ® = O(e), its corrections to the metric appear
at second order, as we now show.

Energy-momentum tensor: when ®©) = 0, one gets

1
TS =0, (14)

whereas the first nonvanishing contribution to the scalar
stress-energy tensor reads

7% = 20,009,®1) — gﬁ)gf&accb(wadcbﬂk (15)

Gauss-Bonnet correction and invariant: Both quantities
enter the field equations at a given order ¢¥) only as source
terms, i.e., computed from lower-order terms. Up to the
linear level considered in (10) and inserting solution (11)
we have (neglecting for simplicity the superscript ) in
front of the curvature tensor and its contractions)

0) pa
4RV R 4 R2 (16a)

0 abed (0
RE}I; =R dR(ab)cd - (0) (0)’

(0)

g% —o, (16b)
i.e., the Gauss-Bonnet invariant depends only on the
curvature of the background GR spacetime.

Instead, the GB correction does contribute to the energy-
momentum content of the system at second order (which
we will use to estimate the GW dephasing), given by

g( ) _ 2€edfgg( ) [f/ *Rch

c(agb ) 4 9, 0. (17)

Field equations: The field equations at order O(e?) read

1
05 = s + ]

5 Ta- (182)

0

O00R = —8M>f!, Rg) (18b)
We remark that the second-order equations are dif-
ferent for EDGB gravity (f’ @) /8) and for shift-

symmetric SGB gravity (f’ = 0)

The right-hand side of Eq (18a) defines an effective
energy-momentum tensor

Te =T, ~16M°G,)). (19)
where T(azb) and gilb’ are given in Egs. (15) and (17),
respectively.

We remark that, if one wishes to compute the first
nonvanishing corrections to the metric components (includ-
ing GW emission), it is sufficient to solve the modified
Einstein equations (18a) with the linear-order scalar field as
an input, whereas the quadratic correction to the scalar field
@@ does not affect the metric to the leading order.

6. Summary

In the following, we set f’ . This choice corre-

sponds to the coupling functlons

f@)=ge® or f@)=go  (20)
describing, respectively, EDGB gravity or shift-symmetric
SGB gravity. However, we should stress that, within our
perturbative scheme, our results are far more general.
Indeed, based on the previous discussion, the choice of
fE()) completely determines the form of the field equation

for the scalar field up to order O(e), cf. Egs. (12), and also
the form of Einstein’s equations at O(e?), cf. Eq. (18a).
Moreover, the precise value of f/(o) can be absorbed in agg.

Hence, one does not need to specify f(®) any further to
fully determine the evolution to O(e) and to estimate how
the scalar emission affects the gravitational waveform at
O(e?), as we will do here.

Note however that theories for which f/(0) = 0 are not
covered by our analysis. It has been found recently that
such theories can yield interesting phenomena such as BH
scalarization [35-37], so binary evolution in these theories
deserves further consideration.

Summarizing, the set of field equations (up to O(e)) that
we evolve numerically is

0000 = PRI (21)
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As discussed in Sec. III, we evolve the scalar field
simultaneously with the background, i.e., GR spacetime,
that is set up either as a single rotating BH or a BH binary.

Unless needed for clarity, we will drop the superscripts

©), (1) in the following, i.e., ® = ®1) and g,, = g') = gCR.

III. FORMULATION AS TIME
EVOLUTION PROBLEM

A. Spacetime split

To write the field equations (21) as a time evolution
problem we perform a spacetime decomposition. Speci-
fically, we foliate the background spacetime (M, g,;) into
a set of spatial hypersurfaces (Z,,7;;) labeled by a time
parameter ¢ and with 3-metric y,;, = g, + n,n,, where n®
denotes the timelike unit vector normal to the hypersurface
and is normalized such that n“n, = —1. The spatial metric
defines a projection operator

Yy = 6% + nny, (22)

with y*,n” = 0 by construction. The line element takes the
form

ds? = g,,dx*dx?
= —(a2 — ﬂkﬂk)dlz + 2yuﬁldtdxf + }/,jdx’dxf (23)

where a and f' are, respectively, the lapse function and shift
vector. We denote the covariant derivative and Ricci tensor

associated to the 3-metric y;; as D; and R;;, respectively.
The extrinsic curvature is defined as
c .d 1
Kub ==V a hvcnd = _7£nyub9 (24)

2

where £, is the Lie derivative along n“.

B. Background spacetimes

We consider two types of background spacetimes:
(i) rotating BHs that will allow us to study the dynamical
formation of hairy BHs and their quasinormal ringdown in
the time domain. This also allows us to benchmark our code
at late times against the analytic solutions summarized in
Appendix B 1. In this case we consider an isolated BH with
total mass M and dimensionless spin y = a/M = J/M?.
(i1) BH binaries that will enable us to explore, for the first
time, the scalar excitation in SGB gravity induced by the
strong-field dynamics of a coalescing compact binary in the
background, and estimate its potential effect on the GW
emission in this theory. In this case we consider a non-
spinning binary with total mass M, mass ratio g and initial
separation d/M. We briefly describe each of the set-
tings below.

1. Isolated rotating black holes

We are interested in tracking the formation of scalar hair
around a rotating BH. As previously discussed, to linear
order in ¢ the background spacetime is a solution of
vacuum FEinstein’s equations and, hence, the unique sta-
tionary solution is the Kerr metric with mass M and spin
J = aM. In Boyer-Lindquist coordinates (¢, r, 6, ¢) its line
element reads

oM 4aMrsin®0
ds? = —(1 - ’)dﬂ —%dzdgﬁ

z

) F
+ A+ 26 + T sin’6dg, (25)

where the metric functions are defined as

A=r’+a*-2Mr=(r—r.)(r—r_), (26a)
T =r?+a’cos? 0, (26b)
F = (r*+a*? - Ad®sin’ 0, (26¢)
and the inner and outer horizons are located at
ry =M+ VM? - a (27)

In light of the numerical evolutions of the scalar field
dynamics it is convenient to introduce a quasi-isotropic
radial coordinate R [67,68], such that

r:R(l—I—;—;)z. (28)

In the remainder of this section we use r and r purely as
shorthand notation. In these new coordinates the outer
horizon is located at

R =": (29)

whereas the inner horizon is not part of the domain
R € (0, 00). In contrast to the definition of Refs. [69,70],
the transformation (28) yields a finite (nonzero) horizon
radius in the extremal limit lim,_),R, = M/4, thus
allowing us to set up highly spinning BH backgrounds.

After applying the coordinate transformation (28) and
performing the spacetime split (23), the 3-metric and gauge
functions are given by

(4R+r, )’z

. F .
Ya» = Diag {161?3(r—r_) ', 5l sng} , (30a)
AX 2aMr
= :l: ) % = 07 07 - . 30b
Ak 3 ﬂK < F > ( )
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Here we have analytically continued the lapse function,
and its positive (negative) sign corresponds to the exterior
(interior) region. The nonvanishing components of the
extrinsic curvature (24) read

KK axaMr'sin’6
SN
a>Mr cos 6sin30
>2 ’

2
/ _ ry
where r' = Opr =1 — ;5.

The Gauss-Bonnet invariant that sources the scalar field
dynamics reduces to the Kretschmann scalar. For a single
Kerr BH it is

2r2(r? + a®) + Z(r* — a?)],

KK, = 20 (31)

<6 (3215 — 48/ + 181222 = 7). (32)
In practice, our (spatial) numerical domain is described in
terms of Cartesian coordinates X’ = {x,y, z}. Their rela-
tion to spherical coordinates X = {R, 6, ¢} is given by
x=Rsinfcosp, y=Rsinfsing, z=Rcosf. (33)
Applying the coordinate transformation (33), the spatial
line element can be written explicitly as

= y{[n;;dX'dX’ + G(xdx + ydy + zdz)?
+a’H(xdy — ydx)?], (34)

where 7;; is the flat space metric and we introduced

z _ 2M 2z
r H— r+

pp—— G=——
Yo~k R(r=r.) R2Y?

(35)
The extrinsic curvature and shift vector transform accord-
ing to

Kij= AN K, = N (36)
where A’, = 0X'/0X* is the Jordan matrix, and KX, and
P% are given in Eqgs. (31) and (30b), respectively.

2. Black hole binaries

Even within GR, the (near merger) two-body dynamics
of BHs with comparable masses has to be solved numeri-
cally. The techniques are by now standard and regularly
employed in GW source modeling, so we only give a brief
summary of the specific ingredients that we use and refer
the interested reader to textbooks, e.g., Refs. [71-73].
Specifically, we follow the ADM-York approach [74,75].
Applying the spacetime split discussed in Sec. III A we can
rewrite Einstein’s equations—a system of coupled partial

differential equations of mixed character—as a set of
elliptic-type constraint equations and a set of hyperbolic-
type evolution equations.

The Hamiltonian and momentum constraints in vacuum
GR are

H=R-K;K'+K*=0, (37a)

To provide initial data (y;;, K;;)|,—o describing quasicir-
cular BH binaries, we employ the Bowen-York construc-
tion [76].

The time development of the 3-metric and extrinsic
curvature is determined by the evolution equations

dyyij = —2aK;;,
dtKij = —DZDJ(X—FG{R”+KKl]—2Klek]], (38)

where d, = 9, — L and Ly is the Lie derivative along the
shift vector. To obtain a strongly hyperbolic and, hence,
well-posed initial value formulation of Einstein’s equa-
tions, we employ the W-version of the Baumgarte-Shapiro-
Shibata-Nakamura (BSSN) formulation [77,78] whose
variables are

W= 7/_%7 Vij = Wz?ij» (39a)
K = 7K, A = W24y, (39b)
[F =M, = =07, (39¢)

where y =det(y;;) is the determinant of the physical
3-metric, A;; = K;; —%yin is the trace free part of the
extrinsic curvature, and the last relation for the conformal
connection function I holds because 7 = 1 by construc-
tion. The resulting evolution equations are given explicitly,
e.g., in Refs. [79,80] and we complement them with the
moving puncture gauge [81,82]

d,a = -2aK, (40a)

dzﬁi = ﬁrﬁ - Wlﬂﬁi, (4Ob)

where we typically choose fr = 0.75 and 7, = 1.

C. Gauss-Bonnet invariant in 3 +1 form
Next, we express the Gauss-Bonnet invariant (1) in terms
of spatial quantities. A particular convenient reformulation
is that in terms of the electric and magnetic parts of the
Weyl tensor defined as

Eij _ 7/ai}/bjnc,,la,’v[/'acbd’ (418.)
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B;; = Vainj”Cnd*Wacbd, (41b)
where *W ., denotes the dual Weyl tensor. By construc-
tion the electric and magnetic parts of the Weyl tensor
are symmetric, trace free and spatial, ie., E;; = Eij),
YVE;; =0, E,n® =0, and likewise for B;;. Comparing
Egs. (38) to the spacetime decomposition of the Weyl
tensor and of the GR field equations (38) we find

Bij = e "Dy,

(42a)

1
Eij = Rg - AikAkj + g (KAU + }’ijAklAkl), (42b)
where R" = R;; — 1y;;R is the trace free part of the spatial
Ricci tensor. Assuming a Ricci-flat background spacetime,
i.e., ®R,, = 0, the Gauss-Bonnet invariant (1) simplifies to

This equation, evaluated on the background metric, is the
source term in Eq. (21).

D. Scalar field evolution equations

To simulate the scalar field’s dynamics we rewrite its
field equation (21) as a set of time evolution equations. To
this end, we introduce the scalar field momentum

Ko =-L,®, (44)

in analogy to the extrinsic curvature. Then, the time
evolution is determined by

d,(D = —aK(D,
dtK(p = —(X(DiDiq) - KK(D + RGB) - Di(I)Di(X, (45)

where the Gauss-Bonnet invariant is calculated from
Eq. (43).

E. Scalar field initial data

We will focus on different types of scalar field initial data
that appear most relevant.

Initial data 1 (ID1): The first set is trivial initial data

| =0, Koli—o =0. (46)
This will allow us to verify the formation of nontrivial
scalar hair around rotating BHs or around a BH binary
solely sourced by the spacetime curvature.

Initial data 2 (ID2): To investigate perturbations around
isolated BHs we initialize the scalar field and its momen-
tum as a condensate with a Gaussian profile centered
around R, with width ¢ and amplitude A. Specifically,
we set

q)|t:0 =0,

Ry
Koleo = Aexp| “ 0 00, (47)

where %, is a superposition of spherical harmonics, typi-
Cally set to 211 = Yl—l — Yll or 222 = Y22 + Y2_2 + Yzo.

Initial data 3 (ID3): these initial conditions represent
data for multiple (hairy) BHs. For simplicity, we neglect
any linear or angular momenta of the BHs. Since the scalar
field equation (21) is linear, we can superpose the static
solution of Ref. [19]; see (B1) with y = 0. Then, for N
BHs, we have

N
Dlg=> @u. Kol =0. (48)
a=1

where the field associated to the (a)th BH with ADM mass
mq) and at position R, is

q)():M[nf + 12m?3 R()
(m(a)+2R(a))6 (a) (@)
+@m2 R?  + 48m, R} . + 16R? (49)
3 M) (@) (a) (a) |
in the same quasi-isotropic coordinates (t,R,6, )

employed to construct the background (GR) initial data.
Finally, we note that our initial data for the scalar fields are
strictly valid only when the BHs are all at rest. When
considering a BH binary, we are neglecting the initial
velocity of each BH, which could be taken into account by
boosting each of the scalar field profiles. Neglecting this
boost introduces some spurious initial-data effect that is
neglible as the scalar field adjusts to its actual configuration
during the evolution.

F. Analyzing the data

To analyze and interpret the numerical data we extract a
number of observables from our simulations each of which
we summarize in the following.

Waveforms: To calculate the gravitational radiation
produced in our background spacetime we employ the
Teukolsky formalism [83,84]. In this spinor-inspired
approach one defines a null tetrad and a set of complex
scalars that contain information about the radiative degrees
of freedom. They are constructed from contractions of the
Weyl tensor with the tetrad vectors. With an appropriate
choice of the tetrad one of these complex scalars, ¥y,
encodes the outgoing gravitational radiation. For details of
the construction see, e.g., Refs. [68,71,85]. In practice, we
measure the Newman-Penrose scalar on spheres of fixed
extraction radius R, and decompose it into multipoles
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\P4.lm(t’ Rex) = / dQlP4(t’ Rex7 0’ (p)—ZY?m (9’ 90)’ (50)

where _,Y;, are s=-2
harmonics.

In a similar fashion we extract scalar radiation: we
interpolate the scalar field ® onto a sphere of radius R,
and perform a multipole decomposition using spherical

harmonics Y,,. In particular, we measure

spin-weighted spherical

(1, Ry,) = / dQ(1, R, 0. 9) Y (6.9). (51)

Energy and momentum fluxes: In addition to the wave-
forms, the energy and momentum fluxes provide crucial
insight into the phenomenology of the system and allow us
to estimate the order-of-magnitude of metric deformations
and radiation at second order without actually evolving it.
First, let us recap the energy and momentum fluxes of the
gravitational radiation in GR [63,71]. These are fluxes
present in the background spacetime and given by

dEGW ) RZ t - 2

dpPgW R? " w ol
— = —1lim — [ dQZ; v,dz| , 52b
dr R 1677 / ' /_oo 4 (520)

where £ = —(sin 6 cos ¢, sin 0 sin ¢, cos ).

Furthermore, we consider the energy and momentum
fluxes of the scalar field, which are associated to the scalar
stress-energy tensor 7, and to the Gauss-Bonnet correc-
tion G,;,. For a generic energy-momentum tensor 7 ;, they
can be defined as [63,71,84]

R—o0

dE
5 = JmR? / dQT o = - lim K> / dQjr.  (53a)

% = I%EEORZ/dQTiR = IgifgoRz/dQS,-R, (53b)
where jp and S, are the radial energy-momentum flux and
stress tensor, generically computed from

Ji = _7ainb7abv Sij = }’aiVbjTah- (54)
Since our code is implemented explicitly in Cartesian

coordinates, we transform these quantities to spherical
coordinates

Jjr = Nrjis Sik = NpSi (55)
where A/, = % is defined by transformation (33).

Since ® = O(¢), the leading-order components of the
scalar energy-momentum tensor and of the Gauss-Bonnet

correction [i.e., the source terms of modified Einstein’s
equations (18a)] are O(e?). Using the effective stress-
energy tensor defined in Eq. (19) we can write the (leading
order) energy flux carried by the scalar field as fluxes as
dE®)  dE@®)

e dt

2dEGB
dr ’

(56)

and likewise for the momentum flux. Here the energy and
momentum fluxes for the scalar field associated to the
canonical energy-momentum tensor, indicated by (®), and
those associated to the Gauss-Bonnet correction, indicated
by ©B, are obtained from Egs. (53) using the relevant flux
densities and spatial stress tensors. Using (54) and replac-

ing 7 ,, with T<azb) (of the scalar) defined in Eq. (15) we
find*

(@)

Ji = KoD;®, (57a)

1

D

S\ = DD + 57ij(K = DOD®).  (5Tb)
If, instead, we replace 7 ,;, with Qzlb) defined in Eq. (17)

and insert (20) we get

j$® = E*(D K¢ — K'tD,®)

_+_€l.jkBlj(Dle(I) — K(DK]CI)» (583')

_ 1 _
S =2 (SﬁB - 27ijylekG[B>’ (58b)

where

SO — E' (KoK j — Dy D;®) + E;;(D'D,;® — KK o)
+e("'Bji(DiKo = K™D, ®). (59)

In practice, we take the following steps: (i) we compute
Ji and S;; during the numerical evolution from Egs. (57)
and (58); (ii) since the numerical code is in Cartesian
coordinates we perform a coordinate transformation (55);
(iii) we use the radial fluxes to calculate the energy and
momentum fluxes through Egs. (53).

We remark that at O(e?) the energy flux contains a
contribution from gravitational radiation coming from

“mixed” terms ~<ﬁg?ﬁg?), where hgob) denotes the back-

ground contribution. We do not explicitly compute hfb),

since it would require to numerically evolve Einstein’s
equations at O(e*). However, it is reasonable to assume that
this contribution is at most comparable to the energy flux
carried by the scalar field. In the inspiral phase, it is

“Recall that we suppress superscripts indicating the order and
bear in mind that (g, ®) = (¢5F, ®1)).
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expected to be subdominant with respect to the scalar field
flux, since it is of higher post-Newtonian (PN) order [43].
Therefore, Eq. (56) provides a reliable estimate of the
energy flux at O(e?).

IV. RESULTS

A. Code description

To simulate BHs in SGB gravity we implemented the
field equations (37), (38) and (45) in CANUDA [79,86].
CANUDA’ is a novel numerical relativity library that is
compatible with the open-source EINSTEIN TOOLKIT [87—
89], and it is capable of simulating BHs in extensions of
GR; see, e.g., [68,79,90]. The EINSTEIN TOOLKIT itself is a
community code originally designed to solve the two-body
problem in GR. It is based on the CACTUS computational
toolkit [91,92] and the CARPET boxes-in-boxes adaptive
mesh refinement package [93].

In practice, we evolve the background BH spacetime and
the scalar field simultaneously, as described in Sec. I1I. We
set up BH initial data using either the TWOPUNCTURES
spectral code for binaries [94] or fix the background as a
single rotating BH as described in Sec. III B 1. To evolve
BH binaries we typically employ CANUDA-LEAN
(an upgraded version of [95]), although our implementation
can be combined with other EINSTEIN TOOLKIT evolution
thorns such as MCLACHLAN [96]. We extract apparent
or isolated horizon properties of the BHs with
AHFINDERDIRECT [97,98] and QUASILOCALMEASURES
[99]. For the wave extraction we typically use our own
implementation of the Weyl scalars or the built-in EINSTEIN
TooLKIT version thereof.

The core thorns® developed for the purpose of the present
paper are already publicly available [86], and consist of an
initial data thorn implementing the prescription of Sec. IIl E
and an evolution thorn implementing Eqs. (45) in the
W-version of the BSSN formulation and analysis capabil-
ities as described in Sec. Il F.

B. Hair formation around rotating black holes

Following up on previous studies [33,34] we explore the
formation of scalar hair around rotating BHs. Stationary
solutions have been obtained analytically or generated
numerically (see Appendix B 1). Their key feature of the
most general family of such solutions is that it is generically
singular on the horizon. Imposing that the solution is
regular across the horizon selects a subfamily of solutions
that is uniquely characterized by the mass and the spin of
the black hole. The corresponding scalar configuration is
unique, i.e., there are no independent scalar charges

The name is inspired by the “Cemetery of Forgotten Books”
series by C. R. Zafén that, in turn, was inspired by a historic
library of that name in Barcelona.

%“Thorns” refer to code modules in EINSTEIN TOOLKIT speak.

TABLE I. Parameters for runs modeling the formation of scalar
hair around rotating BHs with dimensionless spin y. We initialize
the scalar field as vanishing (ID1 in Sec. III E) or as Gaussian (47)
(ID2 in Sec. IITE) containing dipole (X;;) or quadrupole (%,,)
modes.

Run X Scalar initial data
Kerr 0 0.0 ID1; ID2: £y
Kerr_02 0.2 ID1
Kerr_05 0.5 ID1; ID2: 2y,
Kerr_07 0.7 ID1; ID2: X;;; 2
Kerr_09 0.9 ID1; ID2: X},
Kerr_099 0.99 IDI, 1ID2: 211; 222

[22,32]. This kind of nontrivial scalar configuration around
BHs is also known as scalar hair of the second kind.
Though it seems natural to discard the singular configu-
rations (as taking the stationary limit of a PDE can lead to
dynamically spurious singular solution), it is crucial to
demonstrate explicitly that the regular solutions are indeed
the endpoints of dynamical processes, such as collapse and
mergers.

Setup: To explore this process we performed a set of time
domain simulations for different initial configurations of
the scalar field around rotating BHs with total mass M = 1
and various dimensionless spins, ¥ € [0,0.99]. We initial-
ized the scalar field either as vanishing or as a Gaussian
composed of the dipole or quadrupole mode located at
Ry = 10M with width ¢ = 1M and amplitude A = 1M
denoted, respectively, as Initial data 1 or 2 in Sec. IIl E. The
different configurations are summarized in Table L.

Our numerical domain with outer boundaries at 256 M
consisted of nine refinement levels centered around the BH.
On the outermost level we typically set the grid-spacing
to dx = 2.0M.

Scalar evolution: In Fig. 1 we illustrate the formation of
scalar hair exemplarily around a highly rotating BH with
dimensionless spin y = 0.99. Specifically, we present the
scalar field profile @ along the x-axis (equatorial plane) and
z-axis (direction aligned with BH spin) at different
instances in time. To compare the numerically obtained
field after an evolution time of # = 300M to the analytic
solution in a large radius expansion [see Eq. (B2)], we
transform the latter to quasi-isotropic coordinates that
coincide with the numerical ones for R 2 5; see Fig. Al
of Ref. [34]. We find excellent agreement between the
numerical and analytic solution at large distances.

Near the horizon, the analytical solution is less accurate
mostly in the polar direction, whereas on the equatorial
plane it provides a good approximation to the exact
numerical result also close to the horizon. We further
quantify that statement in Fig. 2 where we benchmark the
numerical scalar field solution after t = 300M against the
analytic one, Eq. (B2). We focus on highly spinning BH
backgrounds and find excellent agreement for sufficiently
large distance where the analytic approximation is valid.
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FIG. 1. Profile of an initially vanishing scalar field excited by a

BH with dimensionless spin y = 0.99 at different instances
throughout its evolution. We present it along the equatorial plane
(top panel) and perpendicular to it (bottom panel) At late times
and large distances, R/M > 1, we approach the analytic solution
(B2) indicated by the solid black curve.
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FIG. 2. Comparison between the numerically evolved scalar

field (solid curves) at late times t = 300M and the analytic
solutions (B2) (dashed curves) for different values of the BH spin.

Waveforms: As the system settles down to a hairy BH in
SGB gravity, the scalar field sheds away all nonaxisym-
metric modes. This is illustrated in Fig. 3, where we show
the I=m =1, 2 modes of the scalar, measured at
R., = 60M, around a BH with dimensionless spin y =
0.7 and y = 0.99. The latter case exhibits a decay pattern
that is consistent with the quasinormal ringdown of a free
scalar around a Kerr BH [100], i.e., it is determined by the
dominant (scalar) QNM frequency. In contrast, the y = 0.7
case shows a more complex, modulated ringdown that
indicates the presence of multiple modes with comparable

excitation frequency and amplitude. Inspecting Eq. (21)
this is not surprising; the scalar field is sourced by the
Gauss-Bonnet invariant. Hence, we expect the superposi-
tion of two types of modes’: (i) a scalar mode correspond-
ing to the decay of a free scalar field around a Kerr BH, and
(i1) a mode driven by the background curvature. We refer to
the former as “scalar-led” and the latter as “gravitational-
led” modes. The signal’s specific morphology then depends
on the amplitude with which each of those modes are
excited. To identify the composition of the ringdown signal
we perform a two-mode fit

@ = A(e” cos [wrt + 6P| + SA,e”2" cos [wyrt]),  (60)

where we suppress multipole indices (/m), we indicate the
dominant and subdominant mode by numeral subscripts,
their real and imaginary parts by subscripts “R” or “I,” and
the relative amplitude between the modes is 64, = A,/A.
We summarize the results in Table II. In particular, we
provide estimates of the dominant ringdown frequency w;,
the real part of the secondary mode w,, and their relative
amplitude. In practice, we cannot accurately estimate the
decay rate w,; of the secondary mode. Additionally, we
compare our time-domain estimates to frequency domain
calculations of scalar QNMs [100] and find agreement
within <$6%. If the [ = 2 multipole is present in the scalar
initial data and, hence, in the ringdown signal, the secon-
dary, gravitational-led mode’s frequency coincides with
that of a [ = m = 2 gravitational perturbation. Although
there is no gravitational analogue of the dipole mode, we
find good agreement with a back-of-the-envelope estimate
o$, ~ ®S, /2. Both findings support our expectation of the
presence of a gravitational-led mode in the scalar field
emission.

There are, however, some caveats in performing these
fits: the early response is followed by a (in most cases)
relatively short ringdown signal that transitions to the late-
time tail (not shown in the plots). Combined with the
uncertainty regarding the end of the direct response and the
starting point of the actual ringdown—a hindrance that is
not even completely resolved within GR [102,103]—this
results in the uncertainties quoted above.

We expect that the occurrence of a secondary, gravita-
tional-led mode to be a generic feature for all spins, but in
some cases (indicated by a dash in Table II) with excitation
factors that could be too small to be extracted from our fit.
This seems to be the case for small spin and near
extremality. Interestingly, the maximum excitation factor
of the secondary mode seems to occur for the case y = 0.7,
which is also phenomenologically relevant since it is

’Similar behavior has been found in the case of BHs in
dynamical Chern-Simons [101] and nonrotating BHs in Gauss-
Bonnet gravity [44]. The rotating case studied here, however, is
largely unexplored and might contain additional effects.
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Scalar field / = m = 1 (top) and [ = m = 2 (bottom) multipoles evolved around a BH with dimensionless spin y = 0.7 (left

panel) and y = 0.99 (right panel). We rescale it by the extraction radius R., = 60M, and shift it in time. For y = 0.7, the [ =m =2
mode exhibits a significant modulation indicating a comparable excitation (and superposition) of the scalar-led and gravitational-led
modes. For y = 0.99 both multipoles are consistent with the (free) scalar quasinormal ringdown.

approximately the final spin of a BH remnant from the
coalescence of two slowly-spinning BHs. In this case our
analysis predicts the emission of scalar radiation at two
dominant frequencies, the scalar and the gravitational
fundamental QNMs of the corresponding Kerr BH. We
also expect that this effect occurs at higher order. In
particular, the corrections to the gravitational ringdown
[not computed here since they are of O(e?)] should contain
modes of the O(¢) scalar field, in particular the / = m = 1
and [ = m = 2 scalar QNMs a Kerr BH. Computing the
excitation factors of the latter requires to solve the field
equations at O(e?) and is left for future work.

TABLE II. Ringdown frequencies of decaying scalar field. We
denote the dominant and the (real part of the) first subdominant
mode, estimated from the time domain data, as @y ;,, and @R j,
respectively. Their estimated relative amplitude is 64, = A,/A. A
dash indicates that the ringdown is dominated by a single mode
and we could not accurately estimate a secondary one. In the last
column we provide the scalar QNM frequency a)as of a Kerr BH
calculated in the frequency domain [100]. Where a secondary
mode is present it agrees well with the corresponding gravita-
tional mode (in case of / = m = 2) or with ngzs /2 (in case of
[ = m = 1). As areference, the [ = m = 2 gravitational QNM of
a Kerr BH with y = 0.7 is wbY ~0.5326.

Run (Im) @1 Im O m 0Ar a)ﬁ,f
Kerr_0 (11) 0.283-1:0.097 0.2929-:0.0977
Kerr_ 05 (11) 0.324-:0.091 cee -+ 0.3448-10.0944
Kerr_07 (11) 0.379-:0.086 0.266 0.6 0.3792—:0.0888
(22) 0.651—:0.089 0.535 0.4 0.6561—-:0.0876
Kerr_ 09 (11) 0.437-1:0.071 0.4372—-10.0718

0361 0.2
e -+ 0.4934-:0.0367
0.9280-:0.0311

Kerr_099 (11) 0.498-:0.035
(22) 0.930-:0.033

C. Black hole binaries

Setup: We focus on nonrotating BHs because they are the
simplest BH solutions in SGB gravity that develop scalar
hair. The BHs initial separation for the results presented
below is d = 10M, though we have considered other initial
distances as well. The system’s total mass M =m +m, =1
and the mass ratio varies between g=m;/m,=1,1/2,1/4.
We summarize details of the inital BHs’ parameters and the
final state in Table III. This includes the dimensionless spin
x ¢ of the final BH computed from [85]

(61)

where A,y and C, denote the area and equatorial circum-
ference of the apparent horizon, its Christodoulou mass

]2
M} =ML + e (62)
where M, = Apy/167 is the irreducible mass, and the
energy Egw/M radiated in GWs. These results are in good
agreement with Ref. [104] studying unequal mass BH
collisions in GR.

We considered scalar initial data ID1 and ID3 of
Sec. IIIE, i.e., either starting with an initially vanishing
scalar or superposing two hairy solutions. Except for an
early transition or build-up period both setups yield
equivalent results as we illustrate in Fig. 4 for the case
of BHs with a mass ratio ¢ = 1/2. Therefore, in the
following we present results only for initially hairy BHs.

To simulate these systems we set up a numerical grid
with outer boundary at 256M consisting of 8 refinement
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TABLEIII. Parameters for nonspinning BH binaries with total mass M = m; + m, = 1, mass ratio ¢ = m; /m, and symmetric mass
ratio § = mym,/M?. m; denote the physical BH masses. Their initial separation is d = x; — x, = 10M (situated along the x-axis). We
denote their orbital and tangential momenta P, = P,, = —P, and P, = P, = —P,,. We also denote the dimensionless spin y; and
mass M; of the remnant BH, and the energy ESY /M radiated in form of GWs and the second-order contribution eZEg) /M extrapolated
to R = oo.

Run q n (x1,%2) —P,, x 10% Py, 5 M, 102ESY /M 2EQ /M
BBH_q1 | 1/4 (5,-5) 9.79 0.096 257 8 0.69 0.9596 3.7 0.29¢?
BBH_q2 1/2 2/9 (6.6594, —3.3406) 3.78 0.085 659 2 0.62 0.9662 29 1.32¢2
BBH_g4 1/4 4/25 (7.9903, —2.0097) 3.63 0.061 8307 0.47 0.9792 1.5 5.85€>

levels. For the results presented here we used a grid spacing
of dx = 1.6M in the outermost refinement level. To validate
our results we performed a convergence analysis of run
BBH_ g1 using additional grid spacings of dx. = 1.8M and
dx;, = 1.0M. We estimate the numerical error to be about
(i) AW472/Y42, < 1.5% in the gravitational waveforms;
(il)) ADy /Py < 1.5% in the scalar waveforms; and
(iii)) <0.5% in both the gravitational and scalar phases.
The corresponding convergence plot is shown in Fig. 5.
Waveforms: We present the background gravitational
waveform and the O(¢) scalar waveform for binaries with
mass ratio g =1 and ¢ =1/2,1/4 in Figs. 6 and 7,
respectively. All presented waveforms are shifted in time
such that 7/M = (7 = fyerger — Rex)/M = 0 indicates the
maximum in the dominant gravitational mode as measure
for the time of merger. The waveforms exhibit the typical

40 - = no hair

o .
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3 20 A \
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FIG. 4. Scalar waveforms sourced by a BH binary with mass
ratio ¢ = 1/2. We compare their evolution starting from different
initial data, namely an initially zero scalar field (solid black
curves) and scalar hair corresponding to the solution around each
of the BHs (red dashed curves); cf. ID3 in Sec. III E. We present
the scalar’s [ = m = 0 (top), [ = m = 1 (middle) and [ = m = 2
(bottom) modes, rescaled by the extraction radius R., = 100M
and shifted in time so that 7 = 0 indicates the time of merger.
After the initial transient during which the scalar field adjusts
itself to the hairy BH solutions the evolution of both cases
coincides.

morphology: a sinusoid with increasing frequency that is
driven by the orbital motion of the BHs, the highly
nonlinear merger followed by the exponentially damped
ringdown. During the inspiral we compare the numerical
results to the analytical expressions obtained at leading PN
order in Ref. [24] (see Appendix B 2). We remark that these
expressions depend on the time-dependent orbital fre-
quency (7), which, at this PN order, can not be obtained
with good approximation. Therefore, we extract the orbital
frequency from the numerical data (measuring, at each half
cycle, the wavelength of the gravitational waveform).
Within this approach, which is similar to that used
in [43], the comparison between PN and numerical results
concerns the amplitudes of the scalar waveforms, while
their phases agree by definition.

Interestingly, while the scalar signal for / > 2 is quali-
tatively similar to the gravitational waveform and displays
the classical chirp, the dipole is qualitatively different. As
shown in Fig. 7, the frequency of the dipole mode grows as
expected during the merger, but the amplitude remains

8 x10~4
—_—  hce—hp
71 ==+ Qz(hm—hp)
----- Q4 (hm — hp)
6 4
~ 51
o
5
2
J
o 31
2 4
1 4
0 P : A . L .
—-800 —600 —400 —-200 0 200
t/M
FIG.5. Convergence plot for run BBH_ g1 showing the quadru-

pole of the gravitational waveform extracted at R, = 100/ and
shifted in time such that 7 = 0 coincides with the time of merger.
We rescale the medium-high resolution waveform by Q3 = 0.56
(green dashed line) and Q4 = 0.71 (red dotted line) indicating
third- to fourth-order convergence.
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FIG. 6. Scalar waveforms, rescaled by the extraction radius
R.. = 100M, sourced by an equal-mass, nonspinning BH binary
whose waveform ¥, ,, is displayed in the bottom panel for
comparison. 7 = OM indicates the merger time. We show the [ =
m = 2 (top panel) and [ = m = 4 (mid panel) modes of the scalar
field. During the inspiral phase we also display the PN waveform
(black dashed lines, see Appendix B 2). In the right panels we
zoom in on the merger-ringdown phase and observe a modulation
due to the presence of both scalar-led and gravitational-led modes.

almost constant. This is a strong-field behavior that is not
captured by the PN approximation. A potential explanation
of this behavior is that the scalar configuration ceases to be
dominantly dipolar before the merger, i.e., the dynamical
evolution of the scalar is more complex and it involves
additional oscillations and reconfiguration. Our simula-
tions, and in particular the time evolution of the scalar
distribution, do seem to be consistent with this explanation,
though limitations in resolution do not allow us to make a
conclusive statement.
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TABLEIV. Postmerger ringdown frequencies of the scalar field
obtained from a two-mode fit (60). We list the scalar-led mode
frequency M fwlsm and the real part of the gravitational-led mode
M fwlcjn, rescaled by the final BH mass M - We also denote the
relative amplitude 5Ag = Ag/As. A dash indicates that the
ringdown is dominated by a single mode and we could not
accurately estimate a secondary one.

Run (Im) M fw,sm M fa)giy Im 0Ag

BBH_ql (22) 0.64 —10.082 0.53 33
(44) 1.15 -10.082 1.03 0.2

BBH_ql2 (11) 0.36 —10.094 0.22 0.2
(22) 0.61 —:10.084 0.50 4.6
(33) 0.79 —10.094 e e
(44) - 1.09

BBH_ql4 (11) 0.33 —10.095 cee e
(22) 0.57 —10.089 0.45 0.5
(33) 0.74 —10.112 0.65 0.7
(44) 0.98 —10.105 0.92 0.5

In the postmerger phase the background approaches a
stationary spinning BH, so we expect to observe the same
multiple ringing discussed in the previous section for an
isolated BH. This is confirmed in the insets of Figs. 6 and 7
and by the postmerger ringdown frequencies extracted from
the scalar waveform using the two-mode fit (60) and
presented in Table IV. Note that, in contrast to the single
BH case, the background is now a perturbed BH plus
gravitational radiation, both of which modify the source
term of the scalar field. In particular, gravitational radiation
seems to cause an enhancement of the gravitational-led
quadrupole modes, which dominate over the scalar-led one
in some configurations (see, e.g., the / = m = 2 case for
g = 1,1/2 in Table IV).
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FIG. 7. Same as Fig. 6 but for ¢ = 1/2 (left panels) and ¢ = 1/4 (right panels). In this case also the = m = 1, 3 multipoles are
emitted. As before we compare the numerical data (solid lines) with the PN prediction (dashed lines).
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FIG. 8. Same as Figs. 6, 7, for the / = m = 0 scalar mode. The

smallest mass ratio yields the largest premerger profile. The final
BHs have comparable masses and spin, and therefore a similar
scalar charge.

Finally, the scalar field monopole for the same values of
the mass ratio is shown in Fig. 8. The premerger amplitude
is larger for smaller values of the mass ratio ¢, while the
final amplitude is approximately independent of g. This
behavior can be understood noting that the postmerger
amplitude is, as a first approximation, ® ~ agg/(2Mr) (see
App. 1 a), where (by construction) the total mass M is the
same in all cases, i.e., independent of the mass ratio.
Instead, when the two BHs are well separated, the scalar
field amplitude is

aGB aGB agp 1
b~ = -, 63
2m1r+2m2r 2Mrn (63)

for sufficiently large radii encompassing the entire binary.
Therefore, the ratio between the premerger and the post-
merger amplitude is expected to be determined by the
(inverse of the) symmetric mass ratio #. In particular we

have 1/n = 4, 4.5 and 6.25 for mass ratios ¢ = 1, 1/2 and
1/4. These values are in agreement with Fig. 8.

Energy and momentum fluxes: Next, we investigate the
energy radiated in gravitational and scalar waves. We
compute their energy fluxes using (52)—(53) with (56),
i.e., accounting for both the canonical scalar’s and Gauss-
Bonnet contributions to the energy flux. We furthermore
estimate the total radiated energy by integrating Eqgs. (52)
and (53) in time, measuring it at different extraction radii
and performing the extrapolation

EV/M = EQV /M + B/Re. (64)

and likewise for the second-order flux transported by
the scalar field. We estimate the extrapolation error by
comparing to E/M = E., + B/R. + C/R2, and find
AESY /ESW <0.8% and AEZ /E? <7%. The results
are summarized in Table III

In Fig. 9 we present the fluxes for all three configura-
tions. The background, i.e., GW flux (black solid lines)
follows the common pattern: it increases monotonically in
amplitude as the BHs circle around each other for the last
few orbits, culminates in a peak during their merger, and
decays exponentially as the newly born BH rings down to a
Kerr BH. We also show the second-order energy flux
carried by the scalar waves (56) (blue dashed lines) together
with the canonical scalar field energy flux £®) (red dot-
dashed lines), rescaled by the appropriate power €? of the
expansion parameter. Exemplarily, we set ¢ = 0.01. We
observe that the second-order scalar flux is dominated by
the contribution of the scalar stress-energy tensor.

The morphology of the signal is determined by the
orbital dynamics and monotonically increases during the
inspiral of the background BHs. The canonical scalar field
flux also exhibits a peak during the merger that is
predominantly determined by the monopole mode, as
is illustrated by the green dot-dashed lines in Fig. 9.
This is because the system changes rapidly from two
nonrotating BHs, each with its own scalar hair determined

|dE/dt| /M2

|dE/dt| / M?
-

5

&

|dE/dt| [ M?

—-800 —-600 —-400 -=200 0 200 —-800 —-600 —-400 —=200 0 200 —1400 -1200 —=1000 -800 -600 -400 -200 0 200
tim tm tm

FIG. 9. Gravitational (black solid lines) and scalar second-order (blue dashed lines) energy fluxes measured at R., = 100M for mass
ratios ¢ = 1 (left), ¢ = 1/2 (middle) and ¢ = 1/4 (right). They have been shifted in time such that 7 = 0 coincides with the time of
merger. We rescaled the scalar field flux by the appropriate powers of the expansion parameter, and set ¢ = 0.01. We also show the
canonical scalar field flux (red dot-dashed lines) and its monopole contribution (green dotted lines) that exhibits a peak during the
merger when the scalar field adjusts to the final, single BH solution.
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by Eq. (63) to a single rotating BH with a new scalar
configuration of this form but with larger mass and, hence,
smaller scalar charge.

The ratio between scalar and gravitational radiation
dramatically increases as the mass ratio decreases. This
is because the scalar charge is determined by the smallest
mass scale in the system yielding the largest curvatures, and
then undergoes a transition to the final BH mass. So while
this characteristic scale changes at most by a factor of two
in the equal-mass case, it can be vastly different as we
decrease the mass ratio. Whether and how this trend
continues for higher mass ratios is beyond the scope of
the paper and will be presented in a more detailed
parameter study elsewhere.

V. RANGE OF VALIDITY AND
OBSERVATIONAL CONSTRAINTS

Our results allow us to put new constraints on the Gauss-
Bonnet coupling with previous and upcoming GW detec-
tions. However, before doing so we need to quantify the
validity of the low-energy perturbative expansion presented
in Sec. II B up to first order. Therefore, we consider the
“instantaneous” range of validity as well as integrated,
secular effects. In the former case we demand that the scalar
energy flux at a given instant ¢+ be much smaller than
the GW flux, whereas in the latter case we require that the
dephasing due to scalar emission accumulated during the
inspiral be smaller than the GW phase. Although we have
not explicitly evolved the second-order scheme we can
estimate deviations at this order from the source terms in
Egs. (18a) as they only depend on background or first-order
quantities that we obtained in our numerical simulations.

A. Instantaneous range of validity

We start by investigating the instantaneous range of
validity, that is, we check for which couplings the pertur-
bative expansion (8) remains applicable at every time step
in our simulation. To this end we compare the second-order
energy flux (carried by the scalar waves) with the back-
ground GW flux. Then, a necessary condition for the
perturbative expansion to apply is

: 1.
ESY > EezE(z). (65)

In Fig. 10 we present the (instantaneous) bounds on the
dimensionless coupling obtained from

EGW

We observe that the tightest constraints come from binaries
with small mass ratio, because in such case the first of
the binary components has a smaller mass than in the

equal-mass case (recall that the total mass is fixed to unity)
and therefore yields a larger dimensionless coupling
~agg/m?. This is consistent with the fact that SGB gravity
is a strong-curvature correction to GR, so the strongest
effects come from small BHs for which the near-horizon
curvature is large.

At the merger nonlinear effects dominate, the scalar field
transitions to a new configuration (see Fig. 8) while the
final BH forms, and we observe a burst of scalar energy
flux. This is indicated by the dip around 7 = 0 in Fig. 10,
where the allowed value of the dimensionless coupling
drops by about an order of magnitude.

B. Secular effects and dynamical range of validity

While the instantaneous range of validity is a first check,
we find it more instructive to explore the influence of the
scalar field on the binary’s evolution. As we have seen in
Sec. IV the (background) spacetime dynamics source scalar
radiation that needs to be accounted for in the full energy
budget. Because a BH binary in SGB gravity emits not only
gravitational but also scalar waves, the inspiral is accel-
erated as compared to the same system in GR. This yields
an increase in the orbital angular velocity of the binary and
causes a dephasing A¢ in the gravitational waveform when
compared to GR. Since we adopted a perturbative approach
up to first order only, we cannot compute this dephasing—a
second-order effect—directly, but we can provide qualita-
tive estimates based on our numerical results.

In accordance with this approach we expand the orbital
phase ¢ and orbital frequency Q = ¢ as in Eq. (7).
Recalling that the first-order contribution to the metric
vanishes [see Eq. (13)] we note that there is also no first-
order correction to the orbital phase and frequency, and the
first nonvanishing shifts appear at second order in the
perturbative expansion, i.e.,

—_— st =1 —_— Einst, 4 =1/2

== Esec, q=1/2

100 -¢’_/_/—/_/\

10—1 4

Einst, 4 =1/4

-= Eec, =1 Esec, 4 =1/4

&

1072

-800 —400 -200 0

(t— tmerger)/M

~600

FIG. 10. Comparison between the instantaneous (solid lines)
and cumulative (dashed lines) ranges of validity for all considered
mass ratios.
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b 1 %gz(ﬁ(z) + O, (67a)

1
Q~Q0 4 5629@ +O(e), (67b)

where $(© and Q© = |d x d|/d? are the orbital phase and
frequency of the BH binary calculated from the distance d
between the puncture positions, and Agp = €292 /2, AQ =
€2Q?) /2 are the Gauss-Bonnet corrections to the phase and
frequency. The validity of the perturbative expansion
requires ¢(©) > A¢g, where

t
$0(1) = / arQi) (7). (68)
0
Therefore, the threshold is
¢ (1)
<
We evaluate ¢)(¢) through
d’(O) = QO 61'5(2) — Q(2)’ (70)
. QO T, . dE@
@ 22 |2 _ o
=50 [E ST } (70)

where £ = ESW and E?) are the GW flux in GR and the
second-order energy flux carried by the scalar waves,
respectively. While these are computed from the numerical
data using Eqgs. (52a) and (56), we can only estimate the last
term dE?) /dQ in Eq. (71) using the PN approximation.

As shown in [27], the scalar interaction binding energy
of a compact binary is

LeelgJreeJe

Ji P12
! rx+t+l (72)

_ (= By i
Eying = n (25 + 20 = D)y py

where s, t are the (leading) multipole numbers of the scalar
field emission from the two BHs, and u;, u, are their
multipole charges (see App. A for the different notations for
charges). Note that, while in the case of Chern-Simons
gravity studied in Ref. [43] the leading-order contribution
to the binding energy is the dipole-dipole interaction (only
present when the BHs are rotating), in the case of SGB
gravity the leading-order binding energy contribution is
the monopole-monopole interaction Ej;,,, which does not
depend on the BH spins. Therefore, s = ¢ = 0 in Eq. (72),
and

Lpypa _ _lﬂlﬂzgm

4 7 4 M3 (73)

1
5€2E(2) ~ EMM = —

where u; = agg/(2m;) = 2eM?*/m; is the scalar charge
(see [24] and App. 1 a) of the ith body, and, at leading PN
order, Q = (M/r*)"/2.® Therefore,

2
£ — _oiapsin M (74)
mymy
and
dE® 4 ~ (1+¢q)?
-5 z—g(Q(O)) R (75)

Now we have all the ingredients to compute the condition
(69) for the expansion to be consistent also during the
binary’s evolution. We illustrate it in Fig. 10 as function of
time (shifted by the time of merger).

As in the previous case, the bounds on the validity of the
perturbative approach up to first order become more
stringent with decreasing mass ratio and near the merger,
as one might expect in this highly nonlinear regime.

C. Observational bounds

While an accurate computation of the observational
constraints on the Gauss-Bonnet coupling would require
computing the O(e?) corrections to the gravitational wave-
form (which is a higher-order effect than the ones computed
in this work), we can estimate an observational constraint
based on the assumption that no GW dephasing A¢gw =
2A¢ = €*p® + O(e®) induced by some non-GR exten-
sion is observed by a given (present or future) GW detector
and, hence, it must be at least below the detector’'s GW
phase uncertainty Agge. This is a conservative estimate
since: (i) smaller effects could be constrained by comparing
directly waveform models in GR and in modified theory;
and (ii) the contribution of the energy flux at O(e?) due to
gravitational radiation, which we are neglecting, would
further increase the dephasing. Computing the full energy
flux to O(€?) is an interesting problem which we leave for
future work.

We remark, however, that in this estimate we are not
taking into account O(e?) shift in the physical masses of
BHs in SGB gravity. For instance, in EDGB gravity the
physical mass of an isolated, static BH measured from
the asymptotic limit of the metric is M ~ M(1 + 49a%g/
(20480zM*)) [21,22,105]. Since the orbital energy
—Gmm,/(2r) and the monopole scalar binding energy
(73) have similar expressions, the mass shift and the scalar
monopole energy may have degenerate effects.” On the
other hand, we have verified that neglecting the

¥Note that Eq. (73) implies that the monopole-monopole scalar
interaction is attractive (as long as pp, > 0, as in the case of
SGB BHs).

"We thank Leo Stein for pointing this out to us.
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contribution of the monopole binding energy df—g in

Eq. (71) would modify the dephasing by <20%.
Moreover, the dissipative and conservative contributions
to the dephasing (i.e., the two terms in Eq. (71) have
different dependence on the parameters of the binary
system. Thus, unless fine-tuning cancelations occur, our
computations provide a correct order-of-magnitude esti-
mate of the dephasing due to SGB gravity.

The absence of non-GR dephasing appears to be the case
in previous LIGO detections [8,106], which can therefore
be used to put actual upper bounds. Using the same
assumption of a negative search, we can also forecast
observational bounds for third-generation detectors such as
the Einstein Telescope or Cosmic Explorer and for the
space-based LISA mission. This can be translated into the

bound
A
€<y /—;(ﬁs)et, (76)

where we again evaluate ¢®) as discussed in the previous
section. Specifically, we consider the reference systematic
phase errors (i) A¢yigo < 0.1 for LIGO’s O2 run [106];
(i1) Aghsg < 0.01 for third generation ground-based detec-
tors [107]; and (iii) A¢ysa < 0.01 for LISA [11,108].

While LIGO allows us to constrain the dimensionless
Gauss-Bonnet coupling to be <O(107?), third-generation
ground-based detectors and the space-based LISA mission
will provide bounds that are about one order of magnitude
more stringent. Note, however, that since agp ~ eM? the
bounds become much weaker for heavier BHs, so super-
massive BHs are not good probes of higher-curvature
corrections to GR.

This can be seen in Fig. 11, where we present bounds on the
dimensionful GB coupling that depends on the mass of the
system. We choose a binary with M = 20 M, for ground-
based detectorsand M = 10° M, for LISA. Furthermore, we
summarize the constraints on both the dimensionless and
dimensionful coupling constants in Table V. For ground-
based detectors, we consider total binary masses of M =
20 Mg or M = 60 M, corresponding to the lightest and
most massive BH binary detected so far, whereas we consider
M = 10°> M, for space-based detectors.

Using this phase information we can put the most
stringent observational constraints on the Gauss-Bonnet
coupling to date. We choose to consider a binary with mass
ratio ¢ = 1/2 and M ~20 M because its characteristics
strongly resemble X GW151226 [109]. Hence, our results,
within the caveats of our approach, place the constraint'®

""We recall (see Sec. I) that the constraint from the low mass x-
ray binary +/|ayysp| £ 1.9 km [25] and GW constraint

V|ayyspl < 5.1 km [7] from GW 151226 translate to \/|agp| <

10 km and +/|agg| < 27 km, respectively, in our notation; see
Eq. (Al).

M=10°M, — LISA
g
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X e
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FIG. 11. Bounds on dimensionful coupling parameter agg =

4eM? inferred from the detector bound (76) and, exemplarily,
considering a GW151226-type source. We present estimates for
LIGO’s O2 run (black lines) and forecasts for third generation
ground-based detectors (orange lines) and LISA (red lines). We
consider all simulated mass ratios ¢ = 1 (solid lines), g = 1/2
(dashed lines) and ¢ = 1/4 (dashed-dotted lines). For compari-
son we also show the so far most stringent bound coming from
the existence of light BHs (green dotted line).

Vags < 2.7 km. (77)

This bound can improve with detections of less massive
systems or binaries with a lower mass ratio. As indicated in
Table V and Fig. 11, upcoming third-generation ground-
based detectors will have the potential to place even more
stringent constraints on Gauss-Bonnet-type modifications
to GR.

Finally, in Fig. 12 we show how the absence of a
dephasing from LIGO’s O2 run and from third generation
ground-based detectors would constrain the dimensionful
coupling parameter agg for a range of possible source

TABLE V. Constraints on the GB coupling constant using the
estimate (76) due to the nondetection of any phase deviation in
LIGO events and forecasts for 3G and LISA. We present both the
dimensionless and the dimensionful couplings where we assume
representative sources, namely M = 20 M, and M = 60 M, for
ground-based detectors and M = 10> M, for LISA.

M/Mg  q=1 qg=1/2 q=1/4
104€LIGO 28.9 21.6 4.8
VaceLico [km] 20 3.2 2.7 1.3
60 9.5 8.2 3.9
104€3G 92 68 15
v/ AGB 3G [km] 20 1.8 1.5 0.7
60 54 4.6 2.2
10%ey15a 9.2 6.8 15
Vace Lisa [km] 10° 8940 7720 3630
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FIG. 12. Bounds on dimensionful coupling parameter
agg = 4eM?, inferred from the detector bound (76) and esti-
mated near the merger, for a range of source masses M = m; q7+1.
We start with the smaller BH’s mass at m; =3 M. We present
estimates for LIGO’s O2 run (black lines) and forecasts for third
generation ground-based detectors (orange lines) for all simulated
mass ratios ¢ = 1 (solid lines), ¢ = 1/2 (dashed lines) and ¢ =
1/4 (dashed-dotted lines). For comparison we also show the so
far most stringent bound coming from the existence of light BHs

(green dotted line).

masses. Let us emphasize that these observational bounds
are already stronger than previous ones and can cover the
entire range of total masses up to M ~ 100 My for mass
ratios g = 1/4.

VI. SUMMARY

In this paper we have considered spinning isolated BHs
and binary BH systems in SGB gravity, described by the
action (2). We have worked perturbatively in the coupling
constant agg but nonperturbatively in the fields. We have
solved the field equations to first order in agg and
computed the right-hand side of the modified Einstein
equations to the second order. This allowed us to simulate,
for the first time, the dynamics of the scalar field in the
highly dynamical strong field regime probed by binary
BHs, to obtain complete scalar waveforms in this context,
and to check the range of validity of our scheme.

We first investigated the formation of scalar hair around a
Kerr BH with arbitrary spin and studied the scalar QNM
ringing. The latter contains at least two dominant modes,
corresponding to the scalar and gravitational QNMs of a Kerr
BH. We expect the same result to hold qualitatively at second
order as well. That is, we expect that the postmerger ringdown
waveform from a BH binary coalescence in SGB gravity will
contain both gravitational-led and scalar-led QNMs.

We then investigated the emission of scalar waves from
the coalescence of nonspinning BH binaries with various
mass ratios. While the scalar radiation generally displays

the typical chirp signal, the dipole mode (radiated only for
unequal mass binaries) displays a more peculiar behavior
and no chirping. This suggests that the scalar field exhibits
interesting dynamics in the pre-merger phase.

In all of our simulations, the axisymmetric components
of the scalar field approach the profile of the stationary
hairy BH. This BH remnant is characterized by the mass
and spin only (primary hair) and all other multipole
moments, including the scalar charge (secondary hair),
can be written in terms of those. Any deviation from this
stationary multipolar structure is radiated away during the
merger and ringdown, just like in GR, and there is a unique
scalar configuration that acts an the endpoint of dynamical
evolution for a BH of given mass and spin. This is a
significant generalization of similar results obtained pre-
viously [33,34] for spherically symmetric spacetimes.

We calculated the scalar energy flux emitted in our
binary simulations. This flux leads to modifications of the
binary evolutions with respect to GR that are imprinted on
the standard tensor modes as dephasing. The effect is of the
second order in the coupling so we could not compute it
directly. However, the calculation of the flux allowed us to
estimate this effect and derive some qualitative observa-
tional bounds on the SGB coupling constant. Requiring that
the dephasing due to the GB corrections is smaller than
LIGO’s phase sensitivity, our results imply the preliminary
constraint /agg < 2.7 km on the SGB coupling constant
for a GW151226-type source, i.e., a BH binary with mass
ratio ¢ = 1/2 and total mass M = 20 M. The detection of
the GW151226 event does enforce this (approximate)
bound, which may be viewed as the strongest constraint
to date on the coupling constant of SGB gravity.

Our results indicate that systems with smaller mass ratios
and smaller total mass can put even more stringent bounds.
Future third-generation detectors will improve such a
constraint by at least a factor ~3; taking into account
the fact that 3G will detect several sources, possibly with a
larger distribution of mass ratios, the improvement may
reach one order of magnitude. On the other hand, projective
bounds on agg based on dephasing from the future space-
based LISA detector are unlikely be competitive: even
though LISA will provide the most stringent constraints on
the dimensionless coupling constant, € = agg/(4M?), it
will probe larger total masses/curvatures and this will
significantly weaken the constraints on agg itself.

It should be stressed that dephasing due to dipolar
emission is not the only way to constrain agg. In fact, the
dephasing constraint relies only on energy loss. One expects
to obtain significantly stronger bounds by attempting to fit
complete inspiral-merger-ringdown waveforms (when
available) to specific events or even by stacking events.

As we have argued in detail, within a perturbative
approach in the coupling constant (but not in the fields),
the leading-order effects of a scalar field on BHs and their
binaries are driven by the coupling of the scalar to the
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Gauss-Bonnet invariant in the absence of parity violations.
The coupling to the Pontryagin density comes at the same
order if parity invariance is broken. Hence, our results,
potentially combined with those of Ref. [43] in Chern-
Simons gravity provide the complete scalar dynamics, to
linear order in the coupling constant.

Work on second-order effects and on the metric back-
reaction is ongoing. Since deformations of the metric and,
hence, the gravitational waveform first appear at this order
we expect to provide more accurate numerical waveforms
and pave the way for more accurate inspiral-merger-ring-
down waveforms. Ultimately, this will yield even more
stringent bounds.

Future work will also focus on a more detailed analysis
of the parameter space for BH binaries, on the mode
excitation for the remnant BHs with various spin values,
and on a more rigorous analysis on the detectability of SGB
corrections in the GW signal from BH coalescences.

Novel, scalarized BHs that were found for a different class
of coupling functions comprise a further exciting avenue of
research [35-38,110]. A binary system thereof may yield
novel nonlinear effects such as dynamical scalarization. We
leave the exploration of such phenomena for future work.
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APPENDIX A: CONVENTIONS FOR
COUPLING CONSTANT

Here we summarize various conventions for the nor-
malization of the scalar field and the coupling constant.
While we follow Ref. [22], it is useful to compare to the
following reference literature.

(i) The living review by Yunes & Siemens [3], the
article of Yagi et al. [24] which studied BH binaries
in quadratic gravity theories using the PN frame-
work, the review on implications of the first GW
detections [7] and the study on observational con-
straints on EDGB gravity from x-ray binaries [25]:

1 @ D
K- = -, —_
YYSP = YYSP \/E
ag H
ayysp = WE:? Hyysp = 7,? (Al)

These papers consider shift-symmetric gravity, but
the bounds are applied to EDGB gravity, since the
two theories are equivalent for weak scalar fields.
Note that in Refs. [3,24] one should make the further
assumption f = 1.

(i) The papers on (no-)hair theorems in shift-symmetric
SGB gravity [19] and on the formation of hairy
BHs [34]:

aGB
— = =—. A2
o’ Aasz, 4 ( )
APPENDIX B: KNOWN PERTURBATIVE BLACK

HOLE SOLUTIONS IN EINSTEIN-DILATON
GAUSS-BONNET GRAVITY

In this Appendix we present some approximate analyti-
cal solutions for isolated and binary BHs in EDGB gravity,
which are used in the main text as a benchmark of our
numerical results.

1. Stationary black holes in Einstein-dilaton
Gauss-Bonnet gravity

a. Small-spin approximation

We will benchmark the end state of the BH coalescence
against known rotating solutions within the perturbative
approach in the coupling constant (¢ < 1). In the limit
where the spin is small, these solutions are known
analytically [26,28,29]. Stationary solutions for arbitrary
spin and beyond the perturbative approach have been found
numerically with elliptic solvers [30]. Here, we focus on the
small spin case and consider solutions up to first order in
the coupling [26,28] (higher-order analytical solutions are
derived in Ref. [29])
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(B1)

-y

“A‘}‘% = 2¢ is the

(dimensionless) scalar charge, and Y = 4/72-[3 cos? 6 — 1]

is the / = 2, m = 0 spherical harmonic. In the nonspinning
case, Eq. (B1) reduces to the solutions constructed in
Refs. [19,32] if we replace the dimensionless scalar charge
A with the (dimensionful) charge y = agg/(2M) = Mj.

where y is the dimensionless spin, i =

b. Arbitrary spin and large-distance approximation

Complementary to the previous approximate solution,
Yagi [5,7,113] derived an analytic solution (again within
the perturbative framework) for rotating BHs with arbitrary
spin, which is valid at large distances, i.e., ¥ > M. In this
case the scalar field profile reads

® = e

> ﬁ,[ﬂlﬂp,(cose)[l+O<¥>], (B2)

[>0,even

where P;(cos 6) denotes the Legendre polynomial, and the
lowest lying scalar charge multipoles ji; are

Y e Ay &

Ho =€ ){2 , (B3a)

N €
b =55 |1 =202 =5) +8 -4 + 27
v

o

- —i arctan (B3b)

Taking the r — oo limit of (B1) and the small spin limit
of (B2) both solutions agree. Furthermore, note that the
monopole scalar charge /i, reduces to /1 up to linear order in
the spin, as expected.

2. Post-Newtonian expansion for quasicircular inspiral

The leading-order PN scalar waveform in EDGB gravity
has been computed in Ref. [24]. We summarize here the
main results and give the explicit expressions for the first
radiative multipole moments.

The object trajectories can be parametrized by

X; = x| = % b[cos wt, sin wt, 0], (B4a)

X, =xh = — % b[cos wt, sin wt, 0], (B4b)
where M = m| + m, is the total mass, b and @ are the
orbital distance and frequency. To leading (Newtonian)
order, @ = \/M/b? and the orbital velocity is v = /M /b.
We also define n = (x! — x},)/b.

The leading-order solution for the scalar field is

1 1o
D= ?Zm:ﬁW/M’“ém(x/ —xy)(n - x')"dy

+1<2, (B3)
where u; = agg/(2m;) is the charge parameter of the ith
body and we used standard Cartesian coordinates. Thus, we
obtain

O = Zd)m

1 om
:—Z (1 (- x )™ + po (- x3)™).

m! Ot (B6)

In flat-space polar coordinates (33) the various contribu-
tions read

_ M acs (B7)
mymy 2R’
b(m, —
@ = (M2 g singsinty - an)) 5. (B3)
b2w? sin?(0)(m,? — 2) cos(2¢ — 2t
®, = - w* sin*(0)(m* — mymy 4+ my*) cos(2¢ — 2tw) s (BY)
mlsz 2R
b*w? sin®(0)(m; — m,)(m > + my?)(sin(p — tw) + 9sin(3¢p — 3tw))\ ags
D, = : %GB (B10)
8mymy,M 2R
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(1)4:

The contributions of m = 0 and m = 1 agree with those
given in Ref. [24], whereas we explicitly present also the
other multipoles that are relevant in our case. As expected,
in the equal-mass case only the even multipoles are
nonvanishing.

From Eq. (51), it is easy to check that the leading-order
contribution to the radiative mode ®; comes only from
(I)m=19 i.e.,

bra’ sin* (0) (my* — mi*my +miPmy* — mymy® + my*) (cos(2¢ — 2tw) + 4 cos(4g — 41w))\ ags (B11)
3m1m2M3

2R’

(I)Wlm(t’ RCX) = /dQ(I)WlY:;’lm (9’ (p)' (Blz)

Finally, the orbital parameters needs to be evolved
adiabatically, i.e., b — b(t) and @ — w(t), where (1) is
extracted from the evolution at zeroth order (i.e., the GR
coalescence).
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