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Blaschke condition and zero sets in weighted
Dirichlet spaces

Dominique Guillot

Abstract. Let D(u) be the Dirichlet space weighted by the Poisson integral of the positive
measure p. We give a characterization of the measures p equal to a countable sum of atoms for
which the Blaschke condition is a necessary and sufficient condition for a sequence to be a zero set
for D(p).

1. Introduction

The Dirichlet space D is the space of analytic functions on the unit disc D
having a finite Dirichlet integral

D(f) =1 [ 172F dac).

It is a subspace of H? that has been extensively studied, notably by Beurling and
Carleson. Nevertheless, many natural questions about D are still open today. For
example, there is still no complete characterization of the invariant subspaces of the
shift operator Sf(z)=zf(z) on D. In this paper, we are interested in another impor-
tant question: the characterization of the zero sets of D. A sequence {z,}52,CD is
a zero set for D if there exists a function f€ D, f#£0, such that f(z,)=0. According
to a theorem of Carleson [1], later improved by Shapiro and Shields [8], if

0o —1

1
E <log ) <00
ot 1—r,

for some sequence of radii {r,}>%,, then {r,e?»}>2, is a zero set for D for any
choice of arguments {6,,}°2 ;. On the other hand, by a result of Nagel, Rudin and
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Shapiro [5], if the series is divergent, there exists a sequence of arguments such that
{rpe’¥=12  is not a zero set.

A complete characterization of the zero sets for D is still an open problem.
Contrary to the H? case, to find such a characterization, one must take into con-
sideration the arguments of the points z,, making the problem much more difficult.
For a review of the recent results, see [4] and the references cited therein.

In studying the invariant subspaces for the shift on D, Richter and Sund-
berg [6], [7], have introduced weighted versions of D. For a positive Borel measure
won T, the space D(p) is the space of analytic functions on D with finite p-Dirichlet
integral

D=7 [ 1F P Pu)AAR)

where Pu(z) is the Poisson integral of pu:

/ ‘Z|2 1t)
|67,t_2‘2 :

The space D(u) is a Hilbert space with the norm || f[|2 =] f|l2+D,(f). In particular,
if ©=0, we get the Hardy space H?, and for yi=m, we obtain the Dirichlet space D.
The spaces D(u) are interesting since they give intermediate examples of spaces
between the well-known H? case and the difficult Dirichlet case. Moreover, the
study of particular examples (like the case where p is a Dirac measure) is often
easier and gives good insights about what can happen in the most difficult cases.

In this paper, we study the zero sets of functions in D(u) in the case where
p is a countable sum of Dirac measures p=>» ", -, ¢,0c,, where {(,}52; CT. Recall
that a sequence {2, }22, is a zero set for H? if and only if the sequence satisfies the
Blaschke condition Y, < (1—|z,|)<oo. Since D(u)C H?, the Blaschke condition is
the minimum required for a sequence to be a zero set in D(p). We give a char-
acterization of the measures p=>»" ., ¢,0¢, for which this condition is necessary
and sufficient. We also prove that, given a sequence of points {¢n}22,CT, we can
always find a way to distribute a mass on {(, }5° ; such that the Blaschke condition
is necessary and sufficient to get a zero sequence in D(u).

2. The Blaschke condition

As we shall see later the existence of zero sequences in D(pu) is closely related
to the existence of outer functions vanishing on subsets of T.
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Theorem 2.1. Let u be a positive finite Borel measure on T. If there exists
FeD(u) such that F=0 p-a.e., then

/ log Vapu(e™) dt < oo,
T

where Vop is the Newtonian potential associated with p:
: _du(@)
t
Vap(e' )—/ et — ("

Proof. Suppose F=0 p-a.e. According to [6], Proposition 2.2,

zt 2
D)= [ [l g dntc)

|€zt |2 2

Thus, if FeD(u), by applying Fubini’s theorem and Jensen’s inequality

50 > log Dyy(F) > /log<IF ) I2/|e,t €2>
N

Since F'€ H?, it follows that log |F| is integrable and so

d
/log(/ %) dt < 0.
T T le?—(]
This completes the proof. [

In the case where p is a countable sum of Dirac measures, the preceding con-
dition is also sufficient.

Theorem 2.2. Let u=Yy > | ¢yd¢, with Y2 ¢, <00, ¢, >0 and ¢, €T. Then
the following are equivalent:

(1) There exists F€D(u) such that F=0 p-a.e.;

(2) There exists FeD(u) such that ||zF || ,=||F||.;

(3) We have

/ log Vopu(e'™) dt < oo.
T
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Proof. According to a result of Richter and Sundberg ([6], Corollary 2.3), for
FeD(p),

|2F|2 ~ |2 = / \FP? dp.

This shows the equivalence between (1) and (2). We will prove that (1) is equivalent
to (3). According to Theorem 2.1, we have (1) implies (3). Now assume that (3) is
true. Define F' by

etz i dt
F(z)=exp <~/1r T log Vau(e )%>
According to (3), F' is well defined. Moreover, remark that

1

e =V 2 () e

As a consequence, |F(e)|<4/u(T) a.e. and so FEH>®. We claim that F(¢;)=0
for each k. To prove this claim, recall that the Poisson integral of a measure v has
a radial limit equal to oo at e whenever the symmetric derivative of v at e,

exists and is equal to co. Notice that |F(z)|=exp(—P(log Vau))(z). Therefore, to
prove that F'({;)=0, it suffices to show that the symmetric derivative of log Vo at
Cx is 0o. Let £>0 and let (y=€**. Then

1 /oHrelo v (it)dt> 1 /aJrElO Ck dt
28 Jo_e g Vapie T2 Jo_. & le?t — (i |?
C 19
2—/ log<c—§> dt
€ Jo t
2C [*
=Clogcy,—— logt dt
€ Jo

2
=Clog ck—?c(s loge—e)

= Clogcr+2C—-2Cloge,

where C' is some positive constant. By letting e—07", we obtain D log Vau((x)=00
proving the claim.
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Let us compute D, (F). We have

D)= [ G0 gy 1= [ [ rtm ot 5,

. 4 dt
— it < -
/11-|F(e )|27T_/1-ﬂ(']l‘) 27r<oo

Hence FeD(u) and F(()=0 for every k. O

Lemma 2.3. Let {(,}52, CT. Then there exists a sequence {z,}52; CD such
that 302 (1—|z,|)<oco and

> s
Cr—zal?
for every k.
Proof. We can easily construct such a sequence. For example, we may let
Tnk:=1—1/n*k* and consider the points {7, xCr}pop—1- Let {zm}ps—; be an enu-

meration of the points of this set. For each k, we have

o0

since an infinite number of the points of the sequence {z,,}3>_; are on the ray from
the origin to (; and

—|r¢el?
|G —7Cil?
as r—1~. Moreover,
ISR S WFe
IR D) PR
m=1 n=1k::1n k

Therefore, the sequence {z,,}2°_, satisfies the conditions of the lemma. O

Theorem 2.4. Let u=Yy > | ¢,d¢, where ¢, >0, > 7" | ¢, <00 and (, €T. The
following are equivalent:

(1) For each Blaschke sequence {z,}5%,, there exists feD(u) and f#0, such
that f(zn,)=0 for every n;

(2) We have

/ log Vopu(e'™) dt < oo.
T
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Proof. According to Lemma 2.3, there exists a Blaschke sequence such that

for every k, and, according to the hypothesis of the theorem, there exists fe€D(u)
such that f(z,)=0 for every n. We can decompose f as f=BSF, where B is
the Blaschke product associated with the sequence {z,}52,, S is a singular inner
function and F is an outer function. According to a formula of Carleson [3] gener-
alized by Richter and Sundberg [6], Theorem 3.1, BF € D(u) and so, without loss
of generality, we can assume that S=1. Also,

Zn
D, (BF)= +ch|F )2 Z |Z 7 <

Since the right-hand sum is infinite for every k, we must have F'({;)=0 for every k.
So F'=0 p-a.e. It follows from Theorem 2.2 that

/ log Vapu(e'™) dt < oo.
T

Conversely, suppose that the preceding integral is convergent and let {z,}5%; be a
Blaschke sequence. Then there exists F'€ D(y) such that F=0 p-a.e. If B is the
Blaschke product associated with the sequence {z,}72,, then D, (BF)=D,(F). So
f=BFeD(u) and f(z,)=0 for every n. O

3. Carleson’s condition is not necessary

Definition 3.1. A closed set ECT is a Carleson set if

1

If £ is a Carleson set, then according to a classical result of Carleson ([2],
Theorem 1), there exists a holomorphic function F' such that =0 on E and F' is
continuously differentiable on T. As a consequence, if {(,}52; is Carleson, there
exists F'€ D(u) such that F((,)=0 for every n. Theorem 2.2 gives another proof of
this result, as follows.

Corollary 3.2. Let p=>y -2 cpdc,, where ¢, >0, > 7 ¢,<oc and (,€T.
Assume that E:={(,}22, is a Carleson set. Then there exists F€ D(u) such that
F(¢,)=0 for every n.
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Proof. Tt suffices to remark that

AT 1 1(T)
/TlogVQ;L(e )dt/quog,(/T PEE d,u(()) dtg/Tlog CNAE dte. 0O

Therefore, if E={(,}>2, is a Carleson set, then every Blaschke sequence is a
zero sequence in D(p) if p=>" 5, c,d¢, for a summable sequence {c,}32,. The
following theorem shows that we can give a mass to almost any sequence {(, }52 ; in
such a way that the Blaschke condition becomes a necessary and sufficient condition
to have a zero sequence. Therefore, Carleson’s condition is not necessary.

Theorem 3.3. Let E:={(,}>2,CT. There exists a sequence {cn}2; such
that ¢, >0, Zzozl cn <00 and ¢, >0 for an infinite number of n and

/ log Vopu(e™) dt < oo,
T

where p=Yy " | ¢yd¢, . As a consequence, for this measure i, the Blaschke condition
is necessary and sufficient to have a zero sequence in D(u).

Proof. Set (,:=e**" and suppose, without loss of generality, that ¢, —(¢ and
that 0<a; <as<az<...<2m (if this is not the case, extract such a sequence and let
¢, =0 for the other points of E). Denote by m; the middle point of the arc ({j, {j+1)-
Let mg be the middle point of the arc contained between ( and {; containing no
other point of E. Denote by J; the arc (m;_1,m;), j=1,2,..., and let J::U(;il J;
(see figure below).

Moreover, denote by d;:=d(J;, E\{{;}), the distance between the arc J; and the
other points of E. Consider the sequence c,,:=d? /2".
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We will show that this sequence satisfies the hypothesis of the theorem. First,
we have > >° | d,, <oo since dp, =min(d(my, (), d(Cr, mn—1)) <|Jn] and Y07 | [J|<
2w since the arcs J; are disjoint. Therefore, ) °
integral, remark that

ne1 Cn<0o. Next, to estimate the

/ log Vapu(e'™) dt§0+/ log Vopu(e™) dt,
T\J TNJ

for a constant C'>0, since the integral over B((,e)NJ is bigger than the integral
over B((,e)NJ¢. Therefore, it is sufficient to bound the integral over J:

o = > d2/2k)
fesnerae [oe( 5 ee)a=  o(E L2

<Z/ 1°g[ <1> |i%—/§:|2]dt’

n=1

because |e® —(i|>dy if et €.J,, and k#n. Hence,

/longu( i) dt<2/ log<1+| dg/cn|2>dt<2/ 10g< 2( |2)

Set J,:=(an —ap, @y +by) with ay,, b, €[0,27). Then
" > Qp+bn d2
log Vou(e') dt < lo 1+7) dt
/J g Vap(e)dt <y . g( =)
=> log <1+—"> dt
t2
1/ —an

0 d2 t bn
Z[tlog(l+ >—|—2d arctan(d )]
— n —an,
oo d2 bn, d2 an
Z&rd —I—Zlog[(l—l—bQ) <1+ ) }

Note that d,,=min(a,,b,), as m,, is the middle point of the arc ({,,(n+1). Thus,

/longu( iy dt<287rd +Z (an+by,)log 2.

n=1 n=1
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The first sum is convergent since y - | d,,<co. For the second sum, notice that
an+by,=|Jy|. As the J,, are disjoint, it follows that Zzo:l |J|<27. This completes
the proof. [

In particular, let E:={(,}52; be a monotone sequence such that ¢, —¢ and
such that E is not a Carleson set. According to the theorem, we can choose masses
¢n, >0 such that the Blaschke sequence is necessary and sufficient to have a zero
sequence in D(p) with p=Y" | c,dc,. So we have the following corollary.

Corollary 3.4. There exists a sequence E:={(,}>2; and a sequence {c,}32,
such that E is not a Carleson set, c,>0 for every n, S en<0o, and if p=
>0 | ¢nbc,, then the Blaschke condition is a necessary and sufficient condition for
having a zero sequence in D(u).
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