JOURNAL OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 15, Number 3, Pages 617-664

S 0894-0347(02)00392-2

Article electronically published on March 8, 2002

BLOW UP IN FINITE TIME
AND DYNAMICS OF BLOW UP SOLUTIONS
FOR THE L?>-CRITICAL GENERALIZED KDV EQUATION

YVAN MARTEL AND FRANK MERLE

1. INTRODUCTION

In this paper, we are interested in the phenomenon of blow up in finite time (or
formation of singularity in finite time) of solutions of the critical generalized KdV
equation. Few results are known in the context of partial differential equations
with a Hamiltonian structure. For the semilinear wave equation, or more generally
for hyperbolic systems, the finite speed of propagation allows one to build blowing
up solutions by reducing the problem to an ordinary differential equation. For the
nonlinear Schrédinger equation,

(1) iuy = —Au — |ufP"'u, where u: R x RN — C,

the formation of singularity is related to the existence of a conformal invariance of
the equation in the critical case, namely,

(2) iug = —Au — |u|%u (for N = 1: iuy = —ugy — |ul*u).

Indeed, in this case if u(t, z) is a solution of equation (2), then

1 w2 (/1 x
U(ta J)) = ~e *ulo,7
[t]= t't

is also a solution. Observe that this invariance relates regular solutions defined for
all time to singular solutions. (Note that in the supercritical case, i.e. p > 1+ %,
the Virial identity, which provides blow up solutions with negative energy, is itself
a consequence of the conformal invariance in the critical case.) For more detail see
for example [10]. In different contexts, these questions are mostly open.

We consider in this paper the case of the critical generalized Korteweg—de Vries
equation

3 { g + (Uge + %), =0, (t,z) € RT xR,

u(0,2) = uo(z), =z €R,
for ug € H'(R). For this equation, we suggest an approach based on a different

idea (due to the lack of invariance for this equation). Let us recall a few facts
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618 YVAN MARTEL AND FRANK MERLE

concerning ([B]). It is a special case of the generalized Korteweg—de Vries equations,
for p > 2 an integer:
" e+ (ge +uP), =0, (,7) ERT xR,

u(0,2) = up(x), x€R.
Cases p = 2 and p = 3, which correspond respectively to the KdV equation and
modified KdV equation, have been studied extensively for being completely inte-
grable (see for example Lax [6] and Miura [12]). From the Hamiltonian structure,
there are two conservation laws

(5) /u2(t) = /u% (mass conservation),

1 1

5 [ us(t) = —— [Tt

2 p+1
(6) 1 1

== / ud, — —— ug+1 (energy conservation).
2 T op+1

In this paper, we consider only the critical case p = 5 and solutions in the energy
space H'(R). We define the energy

E(u)z%/ui—%/uﬁ.

In [5], Kenig, Ponce and Vega prove the following existence and uniqueness
result in the energy space H!(R): for ug € H*(R), there exist T > 0 and a unique
maximal solution u € C([0,T), H'(R)) of (@) on [0,T). Moreover, either T = +o0,
or T < 400, and then |u(t)|g1 — 400, as ¢t T T. In addition, for all t € [0,7T),
(B) and (@) are satisfied. Note that for equation (B)), the local Cauchy problem is
also well posed in L2(R) (see [5]). We refer to Kato [d] and Ginibre and Tsutsumi
[3] for previous results on the well-posedness of the Cauchy problem for @) and to
Bourgain [2] for the periodic case.

For p < 5 (the subcritical case), as a consequence of the Gagliardo—Nirenberg
inequality, all solutions in H! are global and bounded in time. For p > 5, the
situation is different, blow up in finite time is suspected and for this problem p = 5
appears as a critical power.

We now fix p = 5 and we consider the problem of blow up for (). Let us
introduce the ground state @, the unique positive solution up to translation of

31/4
ch?(2z)
Note that u(t,z) = Q(z — t) and Ve > 0, u.(t, z) = ¢/4Q(c'/?(x — ct)) are special
solutions of (@), satisfying E(u.) = E(Q) = 0.

The variational characterization of @ gives the following Gagliardo—Nirenberg
inequality (see Weinstein [13]):

(M) vo € H'(R), é/vﬁgé(ng)Q/vi.

In particular, if |uglrz < |@|pz, then by ([H), (@) and (@), the solution w(t) is
global and uniformly bounded in H!. On the contrary, for |ug|z2 > |Q|z2 there
is no obstruction to blow up from energy type arguments. Note that numerical
observations suggest existence of blow up in finite time; see Bona et al. [I].

Quz+Q°=Q, Qc H'(R), orequivalently Q(z)=
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BLOW UP FOR CRITICAL GKDV 619

Our approach to study blow up for solutions of (B) is based on a qualitative
description of the solutions, either when the solution is global and bounded, or
when blow up occurs. We focus on the case where the nonlinear dynamics plays a
role and the L2 norm of the solution is small, i.e.

/Q2</u8</Q2+ao,
where ag > 0 small.

In the case E(ug) < 0, from the conservation laws, the solution remains close to
the function @ in H' up to scaling and translation, so that we are able to define a
continuous decomposition of the solution of the type

1 - x —Z(t)
(8) u(th) - Xl/Q(t) (Q + 6) <t7 X(t) ) )

with |€(¢)|g1 < 0(ap), where §(ag) — 0 where ag — 0. Here, we use the fact that
equation (@) is invariant under the scaling transform

if u(t, ) is a solution of (3), then VA > 0, A'/2u(\3t, \z) is also a solution of (3),

which lets the L? norm be invariant. This property of closeness to Q up to X(t),
Z(t) gives a nonvanishing property and allows us to define an asymptotic object
recurrent in time as ¢ — 400 or t — T (T being the blow up time). The key idea is
to show that the recurrence in time yields some rigidity on this object. In fact, we
are then able to prove both elliptic type and oscillatory integral type estimates for
this limit solution to give the desired result. We now recall the results on blow up
obtained so far following this approach in Martel and Merle [§], [9] and Merle [IT].

First, existence of solutions of (B) blowing up in finite or infinite time in the
energy space H' has been proved in [LT].

Blow up result ([I1]). There exists oy > 0 such that the following is true. Let
ug € HY(R) be such that [u3 < [Q?+ a1 and E(up) < 0. Then the corresponding
solution u(t) of @) blows up in finite or infinite time, i.e. there exists 0 < T < +00
such that

%r;l lug(t)| 12 = 400 or equivalently A(t) — 0 ast 1 T.

Note that elliptic estimates (exponential decay in |z|) and oscillatory estimates,
together with the three conservation laws (mass, energy and [ (¢, z)dz), give com-
plete information on the variation of the size of the limit solutions and prove the
theorem.

Next, in [9], we have addressed the question of the blow up profile, i.e. the
asymptotic form of the solutions after rescaling. We have a characterization of the
blow up profile, up to the invariances of the equation. This result is also based on
mixed elliptic and oscillatory estimates on the limit object.

Blow up profile ([9]). There exists 0 < ay < a1 such that the following is true.
Let ugp € HY(R) be such that [ud < [Q? + a2 and E(ug) < 0. Let u(t) be the
corresponding solution of (3)), and let 0 < T < +o0 be its blow up time. Then for
all t € [0,T) there exist A(t) > 0 and Z(t) € R such that

cither N 2(u(t, Xz +Z(t) = Q or — A2Oult, \)z + F(t) — Q
in H'(R) weak, as t 1 T with X(t) — 0, as t 7 T.
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620 YVAN MARTEL AND FRANK MERLE

Remark. Note that the alternative in the previous result comes from the fact that
if u(t, x) is a solution of (B)), then —u(t,x) is also a solution. This is, in some sense,
a generalization of the Liouville theorem, and of its corollary in [§], which says that
any solution bounded in H' from below and from above, starting close to Q in H?,
converges locally in space to @ for large time.

Therefore, for

/ug < /Q2 +az and FE(ug) <0,
we have
Xt)—0 and &(t) =0 ast—T,

where A(t) and () are related to the decomposition of u(t). Now, with this in-
formation on the asymptotic behavior of the solutions, we look at the asymptotic
dynamics to obtain a control on the blow up rate (by studying time relations be-
tween key quantities of the problem).

More precisely, assume in addition that the initial data has a decay in L? at the
right, in the following sense:

0
30 > 0, such that Vag >0, / ud(z)de < —.
r>x0 Ty
Then blow up occurs in finite time. Moreover, we have an upper bound on the blow
up rate for a special subsequence of time. The main result is the following.

Theorem 1 (Blow up in finite time and dynamics of blow up solutions).  There
exists 0 < a3 < az such that the following is true. Let ug € H'(R) be such
that [ud < [ Q*+ a3 and E(ug) = Ey < 0. Let u(t) be the corresponding solution
of ). Assume in addition that for some 6 > 0,

0
9) Vo > 0, / ud(z)dr < —.
r>x0 Lo

(i) Then u(t) blows up in finite time, i.e.

for T < 400 hTr;l |tz (t)| 2 = +o0.
t

(ii) Moreover, let t,, — T be the sequence defined as
(10) |t (tn)|r2 = 2"|Qulre  and Yt € (tn,T), |us(t)|rz > 2™|Qu|L2.

Then, there exists n(ug) such that

Co

(11) Vn > n(uo), |uz(tn)|re < m’

where Co = 4([ Q)?|Qx|r2.

Comments and remarks on Theorem [T} We give some comments on the hy-
pothesis and on the conclusion of Theorem [l In particular, we point out some
variants of the assumptions of the theorem.

1. FEuxistence of such initial data. This follows from the fact that E(Q) = 0,
VE(Q) = —Q and @ decays exponentially.
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BLOW UP FOR CRITICAL GKDV 621

2. Polynomial decay ([@). Note first that ag given in Theorem[Ildoes not depend
on the size of 6. Note also that, for example, condition (@) is implied by

/ ud(z) 28dr < +oo.
>0

This is related to the classical assumption [ |z|?|ug(z)|*dz < +o0 in the context of
the critical and supercritical nonlinear Schrédinger equations. Recall that in this
case, E(ug) < 0 and [ |2[*|ug|* < +oc imply blow up in finite time by the Virial
identity. Remark that the power 6 is not optimal from the proof of Theorem [T}

3. Note that the only requirement on the initial data is the fact that the blow up
dynamics is close to @, up to scaling and translation parameters, which is implied
by some energy conditions on the initial data. In particular, the proof of Theorem
[[is not based on linearization close to a formal asymptotic profile and we do not
require that the initial data is close in a certain sense to a formal blow up solution.

4. Condition on the L?> norm of the initial data. One can expect that the
proof also produces blow up solutions which have similar behavior but with large
L? mass. Indeed, the important quantity in all the proof is the local norm close
to the soliton. By the technique of L? localization used in [I1] and [9], for any
up € HY(R) (not necessarily small) such that Vo > 0, uj(z) = 0, and for u3
satisfying the assumptions of Theorem [T one expects that there exist By > 0 large
and 0 < tg < T'(u?) (T(ud) is the blow up time for the solution u?(t) corresponding
to u2) such that for the initial data ug(z) = u$(z + Bo) + u?(tg, x), the conclusion
of Theorem [ holds.

We also think that for any initial data uo such that E(ug) <0, [ud 28 < +oo,
with large L? mass, there is a t; such that u(t;) satisfies the previous assumptions
and then the solution blows up in finite time.

5. Comments on the conclusion of Theorem [I. We shall note that there is
rather little control on how long it takes for the solution to reach its asymptotic
dynamics, where |uz(t5)|r2 is controlled. Indeed, from the proof, it takes a time
t(uo) which depends mainly on 6 and E(ug). Note that the same problem exists for
the critical nonlinear Schrédinger equation (at least in the nonradial case). This
remark points out why numerical computations do not suggest any blow up rate.

Now, we finish the introduction by some comments on the conclusion of Theorem
[[ concerning the blow up rate. First, recall the following corollary of the blow up
profile result obtained in [9].

Lower bound on the blow up rate ([9]). If [u? < [ Q*+as and if the solution
u(t) of @) blows up in finite time T > 0, then

. 13 _
lin(T' — #)"|ua (£)|2 = +oo.

This means that under the assumptions of the blow up result, we exclude the

possibility of blow up at the self-similar rate such as u(t, z) ~ (T_i)l/ﬁ g ((;:f)@%) .

Now, we give two corollaries of Theorem [ related to the blow up speed, under
the assumptions of Theorem [, and coming from the facts that the upper bound
obtained in Theorem [ is for the particular sequence (t,) defined in (I0), and
that the proof provides more information. In fact, one difficulty of the proof of
Theorem [ is to control oscillations in time of the size of the solution. Under

various assumptions, one can obtain an upper bound for all time.
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622 YVAN MARTEL AND FRANK MERLE

Corollary 1. (Upper bounds on the blow up rate under the monotonicity assump-
tion.) Under the assumptions of Theorem [, suppose in addition that for some

t, € [O,T),
(12) ift1 <t <t' <T, then |ug(t')|r2 > F|ug(t)|2.
Then, there exists t(ug) € (0,T) such that
4Cy
13 vVt e (t T 2 (t <
( ) ( (’LL()), )ﬂ |u ( )|L2 = |E()|(T_t)

Corollary 2. (Upper bounds on the blow up rate under the lower bounds assump-
tion.) Under the assumptions of Theorem [0, suppose in addition that for some
B >0, ny >0, we have

B
Then, there exists t(ug) € (0,T) such that
8Co
15 vVt e (t T =(T < —
( ) ( (’LL()), )ﬂ |u ( )|L2 = |E()|(T_t)

In fact, the proof of Theorem[] is far more precise. Indeed, under some assump-
tions on the size of the gradient of & in L? (recall that the perturbation term &
is defined in (B)), the proof provides the exact blow up rate. Nevertheless these
estimates are an open problem. Assuming mainly that for ¢(ug) > 0, Ky > 0, we
have

(16) Vit € (t(uo), T), /ng—lylzKo/gj or %‘/5@‘2/53,

where £ is defined in (§) with suitable orthogonality conditions, for some C} > 0,
we have

Cy 8Co
Bol(T — 1) Bol(T — 1)

(See the Remark at the end of Section 4 for a precise statement.)

Let us now sketch the proof of the main result. Consider an initial data with
negative energy which is close to @ in the L? norm and has an additional decay
property for z > 0, such as (@). Define the sequence (¢,) as in the statement of
Theorem [T}

lug(tn)lrz = 2"Qelr2 and Vi€ (,,T), lugp(t)|r2 > 2"|QxlL2-

The existence of such a sequence is given by the blow up result [T1] (in particular,
we do not need to initialize any estimate in the proof).

First, we reduce the proof of Theorem [l to the proof of the following estimate
of t,11 — t, for n large (n > ng where ng is such that for all ¢ > ¢,,, the local L?
norm of the solution is small, the existence of ng is a consequence of the blow up
profile result):

Vi e (t(uo)vT)v < |u$(t)|L2 <

(J Q)<
(17) tst = tn S S X(tn).

By elementary computations, from () it is easy to see that the sequence (t,) is
bounded, thus the blow up time 7 is finite, and then estimate (I follows again
from (I7). Note that the proof is not based on a linearization close to a formal
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BLOW UP FOR CRITICAL GKDV 623

solution and that there is no initialization of the estimates (in fact the results of
[11] and [9] replace the initialization).
To prove (7)), we argue by contradiction, assuming that for some n arbitrarily

2~
large, tp41 — tn > (‘féi)l A(tn). Under the constraint of closeness to @ in L2, we

have the decomposition of the solution

A2 (tyu(t, Aty + (1) = Q(y) +e(t,y),

where the function e(t,y) is small in H' and satisfies for all time ¢ two suitable
orthogonality conditions.

The assumption of polynomial decay on the initial data in L? at the right,
through the use of the stability in time of such a property on the solution u(t) of
@), allows us to obtain decay at the right on . This decay for y > 0 on ¢ allows
us to control fy>0 le|, by a nonlinear estimate. Note that the space in which this
estimate holds is L?(R) N LY(R™T).

From the proof, four quantities are important: [ e@, feQe_%, %, [l The
proof is based on the study of conservation laws (and in fact, local conservation
laws close to @), which will give relations between these four quantities. For each
conservation law, a suitable orthogonality condition is adapted.

(i) By the additional decay property for y > 0, we are able to choose the orthog-
onality conditions on € so that we have a relation of the following type (s is time
related to the equation of €):

_% :/5Q+0(/52e‘1‘3<‘>),

where [eQ has a slow variation in time. (Indeed, at the linear level, this quantity
is invariant, and seems to contain no oscillatory integrals.)
(ii) Next, for other orthogonality conditions, related to another decomposition

N2 (Bult, Mty + (1)) = Q(y) +E (1.y),

. tnt1 2 _ 1yl . tnt1 ~ .
quadratic terms [,""" [e?e” 10 are controlled in some sense by [,""" [£Q. This

result is obtained by a local Virial identity on € (related to orthogonality conditions
on €). This points out the fact that time oscillations, involving oscillatory integrals,
are controlled by quantities that are not oscillatory such as [ Q.

(iii) Under this regime, we are able to compare the functions £ and & coming
from the two decompositions, by estimates involving L? exponential decay at the
right of the soliton, and an additional surprising degeneracy in the relation between
¢ and € of the conservation law. Thus, in some sense on the time interval (¢, t;41),

|

we obtain
—% = /5@ - 0(/5%*%).

The small term at the right can again be controlled when [ & 2e~ 160 is small (implied
for a sufficiently large time by the result of the asymptotic profile [11]).
(iv) Now using the energy estimate for € and the fact that [ & i > 0, we obtain

A
— 28 > C|Ey|\2
3 > C|Ep|X%,

in some integral in time sense between ¢, t,1. This allows us to obtain a contra-
diction, and thus to prove (7).
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624 YVAN MARTEL AND FRANK MERLE

The paper is organized as follows. Section 2 is devoted to the introduction of
two decompositions of the solution and of their respective properties. Section 3
is devoted to the proof of Theorem [Il assuming the estimate on ¢,41 — t,,. This
estimate is then proved in Section 4. Finally, the control of the decay on the right
is proved in Section 5.

2. TwWO DECOMPOSITIONS OF THE SOLUTION AND RELATED STRUCTURE

In this section, we recall from [8], [LI] and [7] some useful preliminary properties
of equation (B).

Let
2 1 6
ap = /uo /Q and Ep = E(up) = /uow 8 /uo.

2.1. Decomposition of u(t) in L? and first properties. We begin by recalling
the following result from [I1], [9].

Lemma 1 (Decomposition of the solution related to L? dispersion). There exists
a1 > 0 such that if ag < a1 and E(ug) < 0, then there exist two C' functions
A:[0,T) — (0,400), :[0,T) — R, such that, for w=u or w = —u,

(18) vt e [0,T), E(ty) = N?(w(t Aty +E(t) — Qy)
satisfies the following orthogonality conditions: ¥t € [0,T),

19 [($+0Q) ey = [y ($+Q)) )y =0,

Moreover, with % = % and s(0) = 0, we have the following properties:
(i) Equation of €(s). The functzon £ (s) satisfies, for s € RT,y € R,
(L

)y + ( +yQy) ( )Qy

+X (5495,) + (2 -1)5, - (FE) +27),,

where LE = —€ 4, +& —5Q1€ and F(2) = 10Q322 + 10Q%83 + 5Qe .
(ii) Smallness properties.

Es =
(20)

(21)  Vtel0,T), [1— At )|1le2( |)|L2 < d(ap), where d(a) — 0 as a — 0,
z|L?
(22) Vte[0,T), |E(@)|r2 +1ey(t)|r2 < Cv/ag, where C > 0.

(iii) Control of the geometrical parameters.

b feer(($ 4, )'<c/~2 ¥,

< C/s e’%,
2
where pg = [ (% + yQy) . In particular,

A <o(fre®) " com

(23) Vs > 0,

(24) Vs >0, ‘(%—1)—i/€(s)L[(y( +yQy

Ho

(25) Vs > 0,
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In the rest of this paper, we assume that w = u in Lemma [II

Remark. In the rest of this paper, we choose a; small enough so that by (ZI)), (Z2)
and (28), we have

|ug (t)| 2 1 (1.01)|ug(t)| 2
26 vte0,T), ——~~r7 <= —7F—"F7",
2 O WoniQ: T3 S JQd
- 1
(27) Vs > 0, |E (S)|2L2 < 1 /Q27
1 o (s)
— <= < 1.01.
(28) Vs> 0, o< Sl <10l
Proof. We give a sketch of the proof of all these results. For more details, we refer

the reader to [11] and [9].

(a) Existence and uniqueness of the decomposition.

First, we recall the following claim. Let a(u) = [u? — [ Q2.

Claim 1. There exists as > 0 such that the following property is true. For
all 0 < a < ag, there exists 6 = d(a) > 0, with (o) — 0 as @ — 0, such that
Vue HY(R), u # 0, if

a(u) <a, E(u) <0,
then there exist zp € R and ¢y € {—1, 1} such that
|Q — 60/\(1)/211,()\0.23 +x0)| 1 < 6(a),

with Ao = 1222
x|,
The proof of this claim is based on variational arguments, and in particular on

the following characterization of Q: if a sequence (v,) of H' satisfies

lim /vi :/QQ7 lim v, :/Qi, lim E(v,) <0,

n—-+oo n—-+o0o n—-+oo
then there exist a sequence (z,) of R and ¢y € {—1,1} such that

hIJIrl €oUn(- +r,) =Q in HY(R) as n — +oo.
See [L1], proof of Lemma 1.
Let u(t) be the solution of (@) on [0,7) corresponding to ug € H(R), where
ap = afug) < az and Ey = E(ug) < 0. By Claim 1, there exist x¢(t) and €y(t) such
that, with A\g(t) = |Quz|r2/|uz(t)|r2, we have

Vi e [0,7), |Q — eo()Ay>(t)ult, Mo(t)z + zo(t) | < 8(ao).

With no restriction, by 2), we can assume €y(t) = 1 (see [11]), using the fact that
if u(t, x) is a solution of @), then —u(t, x) is also a solution.
Now, we claim that we can sharpen the decomposition in the following sense.
Claim 2. There exists 0 < az < ag such that if oy < a3, then there exist
unique C* functions A(t) and Z(¢) such that

E(t,y) =0(t,y) — Qy) = N2 (Du(t, Mty + Z(t) — Q(y)
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626 YVAN MARTEL AND FRANK MERLE

satisfies the following properties: Vt € [0,T),

[ (3+00)50 = [4(3+1Q,)50 =0, EOn < (a0

where §(a) — 0 as a — 0.
This claim is proved by using the implicit function theorem; see [9] and [7]. Note
that the nondegeneracy conditions are satisfied from

/ (% - yQy) y (% - yQy) =0, /(Qy)y (% + yQy) = / (% - yQy)2 #0,

[(3+0@)0,= [ (§+0,) #0. [@a,-o.

where we have used [ Q (% + yQy) = 0 and parity properties.
(b) Equation of €.
Now, let

t /

s = / ~dt , or equivalently ds = Ni and s(0) = 0.
0 A3(t) dt )3

Then s is defined in all [0,400). Indeed, recall that by a scaling argument and

the resolution of the Cauchy problem in H!(R), it is proved in [T1] (see the In-

troduction) that for a solution which blows up in finite time 7" > 0, there exists

C = C(up) > 0 such that

C
Therefore, by (20]) =Y > o> 0, and when ¢ € [0,T), the variable s is defined

T ON(t)
in all [0,400). In the case where T' = 400, we have from energetic arguments that
Yt > 0, A(t) < Ao, for some Ag and so s is defined in all [0, 4+00).
We have the following equation for v = € + @, in the s variable:

B (g + 57y = % (F+u) - (% -1)5, =0.
Therefore, we obtain the following equation for €
foo= LR ($400) + (31 @
NP - N R
5 (5 +uE) + (5 -1)8, - (FE) +2%),,

where L& = —Z ., + & —5Q%¢ and F(8) = 10Q%¢ % 4+ 10Q%* + 5Q&*.
Let us recall the following structural properties of L (see [7]):

(29) L(Q%) = —8Q°, L(Qy) =0,

(30) Ve € HY(R), if /Q3€: /QyE:O, then (Le,e) > /52.

(¢) Smallness properties.

The smallness of ’1 — X(t)M is given by the implicit function theorem in

‘thle
(a), M(t) being close to Ag(t). Next, we have
(31) Vte [0,T), |Et)|2+Ey(1t)|12 < Cyag.
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To prove (BI), we use some ideas from [I1]. By the definition of € and the
conservation of mass, we have

2/Q€+/§2:/u2—/Q2:/u0 /Q2—a0

By the conservation of the energy, we have A\2E(Q + &) = E(u(t)) = E, < 0, and
by direct calculations,

e (fod
:%(L [20/Q3~3+15/Q25 +6/Q€5+/§6].

Therefore, we have

(33) (LE,Z) < ag + CJE|m|E 2.

(32)

Note that by the choice of orthogonality conditions on &, this is not sufficient to
conclude directly. Indeed, these are suitable for the Virial identity but not for the
energy identity. Nevertheless, consider an auxiliary function e;:

elzg—a(%+yQy) —bQy.

/61Q3 = /61Qy =0,

: _ /e@? _ [eQ, Q 3_1 4
bytakmgaff<Q+yQ )Q3 b= T (notethatf<2+yQy)Q =3/Q"#£0).

We have

Note that we also have € = g7 + a (% + yQy) + bQy, so that by orthogonality
- (Q
Jer| 5+yQy Jeryl 5 +yQy
g 2) Y b = Q<2 2) .
f(ngyQy) f(ngyQy)
Now, by [ (% —l—yQy) Q=0,L (% —l—yQy) = —2Q, LQ, = 0, we find after
some elementary calculations:

/ng/ElQ, (LZ.2) = (Ler, e1) — 4a(E, Q).

By the expressions of a and b, we have for some constant K,

conditions on £ we have a =

1 ~ ~
(34) E(el,al) < (,8) < K(ey,e1).
Thus, from [B0) and (33),
1 . <12 |~
7 (E8) < (even) < (Lev,en) < ao + 4fal|(F, Q) + CE T2 |-

For ap small, [€] and |a| are small and from the conservation of mass, we have
2|(2,Q)| < ap + [ €7 thus

1 _ _ 1
?(575)§2040+C|5|%2(|a|+|5|H1)§20‘0+ﬁ|5|2ﬂ~

Therefore, (£,€) < 4Kap and from @B3), (Le,€) < Cap. The conclusion then
comes from |&|3,; < (LE,8) +5 [ Q*E* < (LE,8) + ¢(E,2).
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628 YVAN MARTEL AND FRANK MERLE

(d) By multiplying the equation of & by (% + yQy) and then by y (% + yQy),
and after integration by parts, we obtain (formally) the following estimates (note

that we also use the decay property of @ and its derivatives). The calculations can
be justified rigorously by regularization arguments.

% - i £(s)L ((% +yQy)y)‘ < c/g%f‘%‘ﬁ

(36) Vs >0, ‘(%—1)—i/g(s)L<(y(%+yQy))y>‘Sc/ng3‘7

Q 2
where 119 = [ (5 + yQy> )
This concludes the proof of Lemma [Tl

(35) Vs >0,

Now, we recall the main properties of this decomposition.

Lemma 2 (Mass and energy relations).
(37) (i) mass conservation, 2/5@ + /52 = o,
(38)

(ii) energy relation, ‘XQEO—I—/'EVQ— (%/52 — %/56)‘ < 0/526*‘“.

Proof. (i) is the conservation of the L? norm of u(t), written in terms of .
(ii) is obtained by the conservation of energy for u(t), E(u(t)) = E(up) and by
expanding E(Q + &) = A2 E(up); see formula (82Z). For more details, see [9].

For future reference, we give a corollary of these conservation laws and of the
fact that we assume Ey < 0.

Corollary 3 (Estimates on €).
(39) /ng }/gQ‘—c/ng—y,
(40) ‘/5@’ > X*| B —C/?Qe—‘y‘,
~ ~ 1 /. ~
(41) ’/eQ‘ < A2|E0|+§/ej+c g2e vl

_ 1/2
(42) A2 < % (/ nglyl) .
0

Proof. Proof of (3). Since [ < 1 [Q? < [Q? by the Gagliardo Nirenberg
inequality (7)), we have %fgz - %fgﬁ > 0. By (B8], since Fy < 0, we have

(43) ‘/5@‘ §X2|E0|+§/g§— %/g%c/'g?e*lyl

and

(44) /EQ2X2|E0|+%/€§—%/56—0/526_“".
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/EQ > }/5@‘ —20/526—\@/‘,
which proves (B9).

Proof of [0). By (@) and 4 [&2 — 1 [2° > 0, we have

‘/5@’2/gQ2X2|E0|+%/€§—%/56—0/526_@’

> N2|Eo| — c/ng*Iyl,

Therefore,

which proves ({Q).
Proof of {I]). It is an obvious consequence of (38)).

1/2
Proof of @Z). We have |[£Q| < C (f g%—lyl) , by |Q(y)| < Ce ¥ and the
Cauchy—Schwarz inequality. Thus, by (@0), we obtain

N 1/2
NEy| < C (/526y> ,
and ([@2) follows.

This completes the proof of Corollary [3l

Now, let us give some dispersive relations in L2 Let ® € C?, ®(z) = ®(—x),
®’ < 0on R™, such that

®(z)=1lon[0,1], @(z)=-e " on [2,+0),
and
€7 <P(z) <3¢ onRT.

Let

Note that ¥ is an odd function, ¥(z) = = on [—1,1], and |¥(x)| < 3 on R.
For a parameter Ay > 0, we set

T T

U4, (z) = AgW (A0> , sothat W) (z)=® (A_0> =®y,(z), and
\I]Ao(x) = on [_A07A0]a |\I]Ao(x)| <34p on R,

| Ja

e A <Py (z) <3e 4 onR.

Lemma 3 (Local Virial identity on €). There exist Ay > 100, 0 < ag < a1, 09 > 0
such that if oy < ag, then

(45) (/ \IJAO'é?)s < —50/('52 1224 +% (/ 5@)2.
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630 YVAN MARTEL AND FRANK MERLE
Proof. Note that ([@3) holds because of the orthogonality conditions we have chosen
on . The proof of Lemmal[3 is completely given in [9]. Note that from the proof
it is possible to choose Ay > 100.

Recall that (HH) is reminiscent of the following (global) Virial identity for £, in

the case ¥ = y, which is formally obtained by multiplying the equation of € by y&
and integrating by parts,

(/7). /
s (4o (e (a1 )
SSuEE s (210 [ (§+ve,)E
10 [ (- y0,07) 20 +5 [ (£ - 40,0) "
+ [ug-vope+ [&

Using the orthogonality conditions on £, we obtain

(%/ng)3+ %/y§2 < —Hm(5,5)+c\(%—1)\'/'5@‘+O(I€I‘?p),

where

|>«z

Ho(F,2) = ;(Lg,g)—/§2+1o/c23 (% +v@,) e

Then the proof of the Virial relation follows from the positivity of H,, under two
orthogonality conditions on &. More precisely, in [§] we have established the fol-
lowing. There exists §; > 0 such that

if /QEZ/@/(% +yQy)6:O, then Hm(5,5)251/(€§+62).

2.2. Control of the solution on the right of Z(¢) up to exponential cor-
rections. Here, we recall results of stability in time of exponential or polynomial
decay in L? at the right of the soliton.

We claim the following lemma on the solution wu(t).

Lemma 4 (Stability of polynomial decay on the right). There exists 0 < a5 < a3
such that if oy < as, then the following is true. Suppose that for some 6 > 0,

(46) Vo > 0, / ud(z)dr < %.
>x0 0

Suppose in addition that ¥t € [0,T), X(t) < X, for some Ao > 0. Then, there exists
0’ > 0 such that

~ o’

(47) Yt €[0,T),Vxg > 0, / u?(t,x + Z(t))dx < g

>0 0
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This is a direct consequence of the following more general result.
For K > 0, let

Ve e R, o) =dr(x)=-cQ (%) ;o Y(x) =Yk () = /; o(y)dy,

and 1/c= Kfjoos Q, so that
(48) VeeR, 0<¢(z)<1l, lim ¢(z)=0, lim ¢(z)=1.

Tr— —00 r——+0o0

Consider z(t) a solution of (@) on [0,7%) satisfying [22(0) < [Q* + a1 and
E(2(0)) < 0 and thus admitting a decomposition as in Lemma [, with parame-
ters ,, A, and x,. For o € R and ¢y € (0,7), define

Vi € [0,t0], Tgpto(t) = /zQ(t,x)z/J (x —x,(tg) —xo — %(mz(t) - :cz(to))) dx.
Then, we have the following lemma, based on nonlinear arguments.

Lemma 5 (Almost monotonicity of the mass on the left [11]). There exists 0 < as
< ay such that the following is true. Suppose [ 2%(0) < [ Q*+as and E(z(0)) < 0.
Assume in addition that ¥Vt € [0,t0], 0 < A, (t) < Ao, for some Xg. Then, for any
K > 2(1.01) Ao, there exists Co = Co(Ao, K) > 0 such that

Vxo € R,Vt € [O,Ifo], Ixoﬂfo (to) — Ix07t0 (f,) < Coefa%o.

Proof of Lemma[{. Assuming Lemma [ we prove Lemma Hl Let K = 4X¢ and
to € (0,T). By applying Lemma [ on u(t) between 0 and tg, we obtain:

Voo € R, Loy (to) — Lugte(0) < Coe™ %

From the fact that ¢’ > 0, ¢ > 0, and Z(tp) > Z(0) (note that £, > 0 by (28)), and
then by ¥ (z) < Ce*, we have

Lo = [ w(0.0)6( = 5(t0) - 0~ §(E0) - T(ta)))da
< / W?(0, 2)(x — F(0) — wo)da
< /< P uQ(O, x+2(0)(z — xo)dx
2 T — xp)dx

+ / e T )
< P(—x0/2) / u2(0) + / w0 EO)
< Ce u?(0, z + Z(0)).
< +/x>w2 (0,2 + (0))

Since ¥(z) > 1/2 for x > 0, we have

/ u2(t0, T + f(to))dl’ < QIzo,to (to),
r>x0
and thus

(49) / u?(to, x + T(to))dz < Ce 2% + 2/ u*(0, 2 + Z(0)).
T>x0 z>x0/2
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632 YVAN MARTEL AND FRANK MERLE

Thus Lemma Ml is proved. (Note that exponential decay on g on the right would
have also been preserved through time.)

Now, we recall the proof of Lemma [5], from [I1].

Proof of Lemmald. Recall that this property is related to two properties of equation
@):

(a) The existence of a Lyapunov function in L? for solutions that are small in
L? (the function I +,).

(b) The fact that the solution decomposes itself into a localized part moving at
speed Z;(t) > 0o > 0 and another part small in L.

The proof is based on a localization of the interactions between the two parts.

Recall first that if ¢ : R — R is a C? function such that, for C > 0, Vz € R,
lp()|+ ¢ (@) |+ |¢" ()| +]p®) (z)| < C, then t — [ 22(t, x)¢p(z)dx is a C* function
and moreover

G [Fwe==3 [2aw+ [2009+ 2 [ S0

see the proof of Lemma 5 in [[7].
Let g € R, tp € (0,T%), and K > 2(1.01)\g. If we denote T = x — x,(to) — xo —
1(z2(t) — x.(to)), for any t € [0,%o], we obtain

d i E) .
Glon® = =3 [20w@ - / (6 (3)

( 5
/ ()P (@) + 3/z6
We have ¢/ = ¢ and 9(®) = ¢” so that Vz € R,
@) =0 (X ¢ o(Zy__L
V(@) = 75 Qe (K) m@-0Q )( ) K? (K) = 2@
Therefore,

S = -3 [ 200@ - Y [0

i [ F00@+ 3 [ 200
>

By @6) and (z,): = (%)57 we have Vt € [0,%0], (z;)¢ > (1.011))\3 > (1'011))\%, and so

Tlaa® < =3 [200@ - o0 [ 200@) + 3 [ #00@),

where oo =

W — 4= >0 (00 > 0 by the choice of K in the lemma).
. 0

From [11], we recall that there exists a constant ¢ > 0 such that for all v € H*
and a € R, we have

R <E</v§¢+/v2¢) /2
0%0" 2 [} () < € </v ¢+/v ¢>)/ v’
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Choose Xy > 0 and a5 such that

2
(50) 165<A0x>x0Q2> <min(1,00/2), Vt € [0,t], /ag(t)<on>XoQ2.

Now, we proceed in two steps.
(i) Variational estimates and localization. ~ We claim

o0 el 5 Swem <2 [ 200@ e [ 200

Indeed, we have

/ S()6(®)
|lz—2.(t)|>Xo

IA

(/ 22(t)> 1220027 (oo (8)12 x0)
le—z-(t)|=Xo

2
: ( / z2<t>> JIGEaeT
|z~ (t)|>Xo
Next, by using

2(tx) <271 (1) (@O (W)@ — 2:(1)) +2(6 AT (1) (@ — (1))

and (5Q), we obtain

2

/ S00@) < ([ @) [ERese
lo—=z=(t)|>Xo Xolz|>Xo

/ 20+ / 2,

thus (&) is proved.

(ii) Conclusion using criticality. ~ From (i), we have

d 5
I UES Y| S5(0)6().
dt 0sto 3 e (8)] < Xo () )

Now, by |22 < |z|p2]22|12, @0), @8), and (z.): = (x)fg)s, we have

/ 5(6)6(3)
lz—z.(t)|<Xo

IN

IN

IN

IA

|2 (0)] L2120 ()22 [0@)| oo (o (1)1 < x0)

|Z]

C
S %Max‘x_xz(t)KXO {e K}
|&

Cla)i(OMaxjy e, oy <x, {7 % }-

Assume that z¢ > Xg. For z such that |z — z,(¢)| < Xo, we have

IN

VEe [0,t), F = — s (to) — o — ~ (2 (t) — s (to)) < & — 2 (t) — w0 < 0,

4
and so
7] = —a 4 22 (t0) + 0 + 7(22(0) — 2=(t0)) > (z0 — Xo) + 2 (2 (t0) — a=(1)).
Thus,
%1x07t0 (t) < C(acz)t(t)e_%(”z(tO)_”z(t))e_%o.
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634 YVAN MARTEL AND FRANK MERLE

By integration between t and ¢y, we obtain

vt € [0,t0], Voo > X0, Tugto(to) — Tug.to(t) < Ce™ .
Finally, if 2o < X, we have I, 4, (t0) < [u?(0) < Coe~ ¥ by choosing Cy >
e R J u?(0). Thus Lemmal5 is proved.

2.3. Second decomposition of the solution under a priori control of fy>0 E.

This decomposition will be adapted to kill the oscillations in time in the variation
of \. Indeed, we define £(t), A(t), () so that

Y~ [0

instead of XT ~ ﬁ JEL <<(% + yQy)) ) by the previous choice of orthogonality
y

conditions (see Lemma [[)). By using the energy relation, we will then relate [eQ
to A2 to obtain the lower bound of
To do this, we impose that

e(s) L /_: (¢ +va,).

Since fjoo; (% + yQy) = —1[Q # 0, the function [¥__ (% + yQy> is not going

to 0 as y — +oo and thus we need a control on fy>0 le] to make the orthogonality

condition rigorous. From the fact that the problem is critical, it will not be con-

. . . lyl ~2 _lyl .
tinuous in L? in the sense that Je?e” T>> feQe T . However, if one controls

fy>0 |€] in some sense, this approach can be successful.
Note that in this new framework, we have

a6 = [ [ (3+9) e =0

which is in fact related to an L'(R") property.

Let us first give an existence result of such a decomposition under some smallness
condition in L*(R™T).

For v € HY(R), \; > 0, 71 € R, we define
(52) e (1) = NP0y + 21) — Q(y).
For B > 0, we consider

Vg ={ve H'R)NL'RY), [v-Q|u <P and [v - Q|1 m+) < B}

Forve Vg, let € =v— Q. Let € = ¢, 4, as defined in (B2)). Then,

(53) Q) +c(y) = A2Q(My + 21) + M2 My + 1),

in some time integral form.

Ae
by

Lemma 6 (Decomposition related to L*(RT)). There ezists 31 > 0 and a unique
map (M, 21) : Vg, — (%,2) x (=1,1) such that if v € Vg, and ex, 4, is defined as
in (B2), then

(54) //yoo (% +yQy) Er,zr = /y (% +yQy) Ex.zy = 0.
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Moreover, there exists C1 > 0 such that if v € Vg,, then

1/2
(55) A —1<Cy </ Qey> +cl/ Gk
y>0
1/2 2
(56) lz1| < O (/526—@/) +C, (/ |'5|> ,
y>0

(57) Exs e < C1lE ] + Ca /
y>0

1.

yl

1/2 N2
Note that |z1] < C4 (fs e 7) + (fy>0 |5|> will be implied by the
criticality of the problem.

Proof. The proof is similar to the one of Proposition 1 in [7]. We apply the implicit

function theorem to
p%\hxl // + yQy EX,z19

p?\hxl (U) = /y (% + yQy) EXi,xy -

From d—d)\)\l/Qw()\x)M:l = T + TW,, d;;lw(x + 1) |2, =0 = Wx(x), the nondegen-
eracy conditions are given by:

%hlmlomcg = /Qy /yoo (%—i—yQy)

(59) = - [e(3+) -0
8?;;“|A1=1,x1=0,v=<9 = [(3+w) [ : (4 +v@,)

59) _ (% J;:L/Qy) fgg

(60) 8’;*;;%1 vocomo = [u(§+0Q,) Qy=/(%+yQy>27

9p3, .o,
(61) 8)5 [A1=1,21=0,0=Q

/y(§+yQy) (%+vQ,) =0

Now, let us obtain (B5)—(57). By linearization of (53)), we have, with e = ey, 4,

e) = = 1) (% +5Qy) +21Qy + N *E (ay + 1)

|yl

+(0(M = 1) + O(l21[*))e™ = .

(62)

By taking the scalar product of the preceding relation with ff’oo (% + yQy) and
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then with y % + yQy), we obtain, using (G8)-(61)),

o Yy
(= DL A [20u+a) [ (3 +5Q)) =O0M = 1P) + Ol ),

o [($490)) 0 [E0uy+ o)y ($+90)) = O = 1P) + Ol P).

2|yl

fi’oo (% +yQy>‘ < Ce™ 75, we have

< c(‘/ge%” +1//2y>0 |g|>
c((/g%—y) +/y>0|g|>.

1/2
M =1 < Clzy)? +C <</52e—'y') +/ |§|> ,
y>0

1/2
lz1| < C (/g%y) +ClA - 1P,

and (B5)-(E0) follow. Finally, the estimate on |e|g1 is clear from (62). This con-
cludes the proof of Lemma

Since ‘ff’oo (% +yQy>‘ < C and Vy < 0,
by the Cauchy—Schwartz inequality

‘/g(hy-i—m)/_: (% +yQy)

AN

IN

Thus,

By performing this new decomposition on some interval of time (s1, $2), on which
fy>0 |£(s)| is sufficiently small, the functions €, A and = have C! regularity in time,
and satisfy the same equation as £, i.e. equation (20). Moreover, multiplying this

equation by ffm (% + yQy) and then by y (% + yQy), we obtain the following
properties.

Lemma 7 (Properties of decomposition related to L!(R™)).

S(f§)2+2/5Q—(%—1)/5<%+y62y)
—i—lO/Q3 (%—kyQy) €2+/G(6) (% —i—yQy) =0

>

>

(64) —%/6 [y (v (%erQy))J - (””; - )/e(y (%erQy))y
+10/Q3 (v(% +yQy))y€2+/G(s) (v (%+yQy))y:o,

) 2
where |G(e)] < C(le]® + [e]®) and po = [ (% + yQy) )
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In particular, we have

Corollary 4.
2
A LLQr +2/EQ‘+

lyl
< 0/6267%.

3. REDUCTION OF THE PROOF OF THEOREM 1

G Do [er|(v(8+00)) |

(65)

Recall that we have the following results from [II] and [9] concerning the dy-
namics for initial data with negative energy.
There exists a; > 0 such that the following two properties are true.

Blow up result ([11]). Let ug € H'(R) be such that [ud < [Q* + a1 and
E(ug) < 0. Then the corresponding solution u(t) of (@) blows up in finite or
infinite time 0 < T < +o00.

Blow up profile ([9]). Letug € HY(R) be such that [ud < [ Q*+a; and E(ug) <
0. Let u(t) be the corresponding solution of (@), and let 0 < T < +oo be its blow
up time. Then for all t € [0,T) there exist X(t) > 0 and Z(t) € R such that

either N2 u(t, X(t)z +Z(t)) = Q or —AX2(D)ut, \t)z +Z(t) = Q
in H'(R) weak, as t 1 T with X(t) — 0, ast 1 T.

From the choice of the decomposition in Section 2 (since if u(¢, z) is a solution of
B), then —u(t,z) is also a solution), we have in fact A\V/2(t)u(t, A\(t)z + T(t)) — Q.

For 0 < as < a1 to be chosen later, let ug € H'(R) be such that [u? < [ Q*+ax
and E(up) < 0. Let u(t) be the corresponding solution of [B). From the blow up
result, we know that there exists 0 < T < +o0, such that

|ug ()2 — 400 ast]T.

We suppose as < a; and we consider the decomposition of u(t) from Lemma [I]
Thus we define €, A and 7 such that

Qy) +E(ty) = N2 (u(t, A(t)y + F(2)),
with [ (% + yQy) =y (% + yQy) ¢ = 0. By (20), we have
Nt)—0 ast]T.

From this, there exists tg > 0 such that Vt € [to,T), A(t) < 1. Such ¢y > 0 being

fixed, there exists [y such that V¢ € [0, o], A(t) < fBp. Assume in addition that ug
satisfies a property of decay in L? on the right: for some 6 > 0,

0

Vo > 0, / ud(z)dx < —5-

r>T0 Lo

Then, by Lemma [, there exists 8 > 0 depending on 6, By, Z(t9) and z(0) such
that

/

Vg > 0, / u2(t0,x)dx < -
T>x0 Lo
Now, by changing u(0) to u(ty), we assume that to = 0, and we denote 8’ = 6 in
the rest of this paper. Therefore, we have Vt € [0,T'), A(t) < 1.
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Let t,, — T be the sequence defined by, for all n large,
(66) |y (tn)|r2 = 2™ Q|2 and Vit € (8, T), |ux(t)|rz > 2"|Qx|r2-

Note that the existence of such a sequence (¢,) is guaranteed by the result of blow
up in finite or infinite time. Recall that from (Z6]), we have V¢ € [0,T),
(0D (1)) fua(0) 1

and then (B6) implies that

1 ~ 1.01 ~ 1.01 ~
e < A(t) < == VE> b, ME) < = < (1.01)2A(t).
T <Mt € e Yzt X0 < o < (L0)%K(e)
Then we claim the following:
There exists 0 < ag < ay such that the following is true.
(i) The sequence (t,) is bounded, in particular

)

(67)  Vn,

T < 400,
and thus u(t) blows up in finite time.
(ii) Moreover, there exists ng > 0 such that
Co

68 \V”I'L>7’l, Uy (En, 2§75
(63) >, o)l <

where Co = 4([ Q)?|Qx|r2.

First, we claim that (i)—(ii) and thus Theorem 1 follow from the following control
from above of t,+1 — t, by A(t,):

Theorem 2 (Upper bounds on ¢,41 — t,,). There exists 0 < ag < aq, such that if
Jud < [Q*+ az and E(up) < 0, then the following property is true. Assume that
ug satisfies for some 6 > 0,

0
Vo > 0, / ug(z)dr < —;.
x>0 )

Then, there exists ng > 0 such that

(69) Vn >ng, tpg1 —tp <

Remark. Note that the choice of ao is independent of 6. However ng = ng(ug)
depends on some constants related to the initial data. Indeed, we consider ng such
that

Yt >t /gz(t)e—% < C(|Eyl, ),

and therefore ng = ng(|Fol, ). Note that the existence of such ng follows from the
result of asymptotic profile [9]. Indeed, from the blow up profile result, we have

£(t) =0 in HY(R) weak as t T T,

and so, from the fact that H'(R) is compactly embedded in L?((—R, R)), for all
R>0,and [£% <1 [Q? we have

(70) / 2 =0 ast]T.

We prove that Theorem [ implies Theorem 1 and next we prove Theorem [2
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Theorem [2] implies Theorem 1. Let us first show that the blow up occurs in
finite time, i.e.

T < 4o0.

Assuming that (£9) holds, there exists ng > 0 such that Vn > ng, Vm > 0, we have

m+n—1 2 +oo 2
3 (/@) 3 1 (Jor 1
(71) tm-i—n tn = (tk"rl tk) — 1 01 |EO| 2k 1 01 |E0| 2,”,1

k=n
This implies Vm > 0,

|
(72) tmtne < Tny +1.01 ({L%) ST
Therefore, the sequence (tim4ny)m>0 is increasing and bounded, and since
lim, 400 tn, = T by the definition of the sequence (¢,) and the well posedness
of the Cauchy problem in H', we obtain T' < 400 and thus u(t) blows up in finite
time.
Moreover, from ([71)), letting m — +oo, we have

(/@)

Vn > T—-t,<1.01
n _n07 n = |E0| 2n71

and so by (26]),

0@y _ 2000 Qi _ Gy
Atn) B |Eo[(T' — tn) = |Eo|(T = ty)’

where Co = 4([ Q)?|Qy |2, which is the desired result.

Therefore, we are reduced to understanding the dynamics on the time interval
(tn,tn+1) and to prove Theorem Bl For this, we will use the following two funda-
mental propositions, which will be proved in the next sections.

Vn > no, |uz(tn)|L2

Proposition 1 (Integration of conservation laws). There exist 0 < ay < a1 and
81 > 0 such that if [ud < [Q? + a; and E(ug) <0, then the following is true. If
0<t; <ty <T are such that

(73) V>t /52(75)(% <5
and
sl 3/8
(74) e, [ )< < / €2<t>ef‘o) ,
y=>0
then
1 t1) o 8lEo| [™ dt

100 % Xe) ST Ly )

Remark. In ([[4), the power 3/8 has no particular significance. Indeed, any power
strictly less than 1/2 close to 1/2 would work, if one also modifies the power Wlo in
the local L? norm of . This would not affect the rest of the proof.

Proof. See Section 4.
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Proposition 2 (L!-control on the right for slow dynamics). Suppose that for some
0 >0,

0
Vo > 0, / ug(z)dr < —
r>T0 )

and

Vte[0,T), A1) <1

Let A > 0. There exists 011 = dr1(A, |Eol, ) such that the following is true. Suppose
that 0 < t1 < to < T satisfy

(75) Vt € (t1,t2), A(t) < (4.1)A(t2)
and
(76) ty —t1 > AN(to).

|2

If in addition f§2(t2)6_13t‘) < 611, then

(77) /y>0|?(t27y)|dy < (/?Q(tz)elgf))g/s-

Proof. See Section 5.

Assume these two propositions and let us prove Theorem

Proof of Theorem[2 Suppose [u3 < [ Q? + as. By ([0), there exists ng > 0 such
that

VE > b, / 22(t)e~ 190 < min(d7,011),

where 07, 817 = 811(A, |Eo|,0), for A= ([ Q)?/(4]|Eo|), are defined in Propositions
[Mand [, respectively.

Now, ng being fixed, we want to prove that (69) is true for all n > ng. We argue
by contradiction. Assume that we can find ny > ng so that

(J Q1+
|E0| )‘(tn1)

The contradiction is obtained in two steps.
Step 1. Monotonicity property on (%, tn,).
Claim.

tn tn, ~ tn,

(78) b1 = tny >

2

This follows from the fact that under the regime of Proposition [ X is almost
monotone in time. _
Suppose for the sake of contradiction that (79) is not true. Since ) is a continuous

function, and A(tn41) > W)\(tn), there exists
- t t
I € (%M,tmﬂ)
such that
Ty Al - T s %
Mtn,) = 1 and Yt € (Tn,,tn+1), A(t) > A(tn,)/4.
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For all t € (t,,,tn,+1), we have

I tny+1 — fQ
t—tp, >y —tn, > 2T Aty
1 — 1 1 = 2 - 2|EO| ( 1)
by hypothesis of contradiction (78). By (67), we have A(£) < (1.01)2A(t,, ), and so
(/@)

t—1

ny = t
Moreover, Vt' € (t,,,t), by using (67) and the definition of Z,,,, we have
Xt < (1.01)2X(tn,) < (4.1)A(2).

2
Therefore, we can apply Proposition [2] between ¢, and ¢, with A = UD e

4[Eo| -
Iyl 3/8
we @t [ EO]<([20c )
y>0

Now, we are able to apply Proposition [[l between ¢,, and t,,,1 and we obtain

obtain

Nin,)  8|Eo| [tm+ dt
g 2o, B [
100 Atn,+1)
Since
. XMtn,) _ (1.01)2  (1.01)*+
)\(tnl) = 4 - < oni—2 < 2 )‘(tn1+1)a
we obtain
log2 1 2 1 Min,)
— >— —1 — +log =——— >0,
2~ 7100 8 {onyt 100 ¢ % Nt
which is a contradiction. Thus,
tn tn N X tn
(50) e A e
Step 2. Conclusion by integration of the conservation laws.
Now let
P bny+1 + oy
ny — .

2

Since we have the monotonicity properties on (¢, ,tn,+1), we are able from Propo-
sition[Il to obtain a control from above of t,, 11 —,, which will give a contradiction.
As in Step 1, for any ¢ € (¢p,,tn,+1), we apply Proposition 2 between ¢, and ¢.

We obtain
i\ /8
Wt € unstorsn), [ k<n<</ﬁ%kl%) .
y>0

We apply Proposition [1] between %,,, and ¢,, 11, and we obtain
— +log = Aln) o S[Eo [ di
100 Atnr1)  (JQ2 e, A@)
Since by definition of the sequence (t,,),
~ - (1.01)2
2m1

A(tn,) <

< 2(1.01)* A(tn, 1),
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we have

1 1
1> — +10g(2(1.01)*) > — +log =
100 (2(1.01)%) 100 )‘(tm-i-l

Since by the definition of the sequence (), Vt € (¢ m,th) A1) < (1. 01) /\( s
we obtain

Mn,) 8|E0| / m dt
tny

SB| 1 . 4B 1

L2 Tone 2([Q)? (t’““_t’”) (1.01)2(f Q)2

(tn1+1 - tn1)7

and so

tn1+1 - tn1 < 2|E0| )\(tnl))
which contradicts (78), and concludes the proof of Theorem 2
Now, we prove Corollary [

Proof of Corollary[dl In the context of Theorem [I] we assume in addition that for
some t1 € [0,T),

(81) if t; <t <t <T,then |ug(t')|r2 > 3|us(t)| 1.
Then, we claim that there exists ¢(ug) € (0,7) such that
4Cy
82 Vit e (t T = (t <.
( ) ( (UO), )ﬂ |u ( )|L2 = |E0|(T—t)

Recall that in the proof of Theorem [I, we have proved that there exists ng =

no(up) such that
Co
(83) vn > no, ux( 2 77

where Cy = 4([ Q)?|Qx|r>.
Set t(uo) = max(ty, tp,). Let t € (t(uo),T), and let ny > ng such that

by <t <ty
By (BI]), and then by the definition of the sequence (t,,) in Theorem [II we have
ua(t)| 2 < 2Jua(tn,+1)[r2 = 4uc(tn, )2
Therefore, by (83)), and since T — ¢ < T — t,,,, we have
4Cy < 4Cy
|Eo|(T' = tn,) ~ |Eo|(T' 1)’

|ua ()| L2 <
and Corollary [T] is proved.
Now, we prove Corollary

Proof of Corollary[2 Still in the context of Theorem[d], we assume in addition that
for some B > 0, n; > 0, we have

B
4 Vn > z(tn > .
(54) O T
Then, we claim that there exists ¢(ug) € (0,7) such that
8CoH
(85) vt € (t(uo), T),  [uz()|rz < o
‘ [Eol(T — 1)’
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By the proof of Theorem [ there exists ng = ng(ug) such that

%

|E0|(T - tn) 7

where Cy = 4([ Q)?|Qx|r2. Let ny = max(ng, nq).
Step 1. First, we claim that there exists kg > 0 such that Vn > nsy, we have
C ~

(1.017)0|Eo|)\(t"+k°)'

(86) Vn > ng, |ug(tn)|rz <

(87) tntko — tn =

Indeed, let ko > 0 be the smallest integer such that 2% > 132|%%\' For any n > na,

by (84), we have T —t,, > \um(t‘i)m = \gfl_;;’ and, by Theorem [, T — t,4x, <
C _ Cg2 ko
Eollum(nrrolzs — 1Bol[@al,s - Loerefore,
2—n—ko Co
t —ty, = (T—t,)—(T—t >—__ (2kop_
n+ko n ( n) ( n+ko) = |Qx|L2 ( |EO|

Co2"™h Cortniro)
= |BEol|Qalz: T (1.01)[Eo|

by @8) and thus (BZ) is proved.
Step 2. Let n > ny. We claim that

(88) Vt € (tntkos tnihor1),  Alt) > Z)‘(tn-i-ko)'
The argument is the same as the one of Step 1 in the proof of Theorem If

we suppose that (BR) fails, since M(tniror1) > WX(%‘F%)’ there exists 7, €
(tntkos tntko+1) such that

- ~ _ ~ 1~
)‘(tn) = Z)‘(tn-l-ko)a NAS (tn;tn+ko+1)7 /\(t) > Z)‘(tn-i'ko)'
Then, Vt € (tn,tntke+1), Wwe have by Step 1,

_ CoMtntro) CoA(t)
= +ko (1.01)[Eo| = (1.01)3|Eq]

Moreover, Vt' € (t,,t), we have
') < (1.01)2X(£,) < (1.01)*250 Xt 40, ) < (1.01)%22FF0 X (1),

by the definition of the sequence (¢,) and the definition of ¢,. Now, we apply a
variant of Proposition[2 between ¢ and t,,, and conclude that

3/8
_ [yl
69 Ve ntun). [ |‘é<t,y>|dy<(/ €2<t>ef<o> ,
y>0

for some constant Ky > 0 (the constant Kj is related to the fact that instead of
4.1 in (7H), we have (1.01)42%+ko),
Therefore, we can now apply Proposition [ between #,, and t,4+k,+1- We find a
contradiction exactly in the same way as in Step 1 of the proof of Theorem [2.
Thus, claim (Bg)) is proved.
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Step 3. Conclusion.
Set t(uo) = tnythy- Let t € (t(uo),T), and consider n > ng + ko such that
t € [tn,tnt1). By Step 2, [26) and Theorem [[} we have

A(1. 01) Co __ 8Cy

a2 < A0 s to)loe < 5 =5 < (T —o)

and Corollary 2] is proved.

4. PROOF OF A TIME INTEGRAL FORM
OF THE CONTROL FROM BELOW OF THE FOCUSING SPEED

In this section, we prove Proposition[d], i.e. we prove that under a control on the

right in L', and smallness conditions in leoc, X(t) satisfies in an integral form in
time the following inequality:

bW . 8lE| 1
X Py
More precisely, we want to prove that:

There exist ar > 0 and 67 > 0 such that if [ud < [ Q%+ o and E(ug) < 0,
then the following is true. If 0 < t1 <ty < T are such that

(90) Vit >t /52(75)@—1‘35 <5
and
Il 3/8
(91) VEE (t,ta), / ()] < (/52(7:)6—1“0) ,
y=>0
then

1 At)  8lEo| [ dt
100 %30 © Q)7 / Aty

Proof. Let us first give the strategy of the proof. We begin by introducing the
decomposition of Section 2.3, i.e.

(92) e(t,y) = N2 (u(t, M)y + (1) — Q(y),
such that

(93) // 9+ yQy e(t,y)dy = /y (% + yQy> e(t,y)dy = 0.

The fundamental advantage of this decomposition is to be adapted to the equation
of the scaling parameter.

First, applying Lemma [@ to v(t) = @ + £(t), by (@) and (@), for a; and d;
small enough (related to (1), for all t € (¢1,t2), we consider (), A1(¢) and x1(t)
with

e(t,y) = M 2WE MOy + 21(t) + AP (OQ )y +21(1) — Q(y),
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such that (03) holds. Then, by (B3)-(&1), A1, x1 satisfy

1/2
1] <C (/g%lyl) + c/ &l
y>0
1/2 2
lz1| < C (/ngM) +C </ |g|> :
y>0

From (@), we obtain

3/8 1/2
o0 w-tso(feel) T mise( @)

Note that we have [@) where A(t) = A (£)A(t), z(t) = A(t)z1(t) + Z(t). Therefore,
A(t) and x(t) satisfy the relations given in Lemmald (see also Step 1 below) and by

@), we have

/\ =2, — o/ 3/8
(95) = =an-1/<C 100 <06
N
Thus we can choose d; > 0 so that in the rest of the proof
1 A
— < |=| £ 1.01.
vVt € (tl,lfg), 101 = <1.0

Let us call s the new time variable defined as follows:
t dt/
=/
o A ()
(we use the same notation as for the time variable defined from A(¢); this will

not lead to confusion). We call s; = 0 and sy the time associated to t; and to
respectively.

From the fact that J(e ffy (% +yQy> e=0and [y (% +yQy) e =0,
we have the following relatlons, for s € (s1, s2):

%@+2/6Q—(%—1)/5(%+9Q9)

+10/Q3 (%+yQy>52+/G(e) (%erQy) =0

(% —1) o — /5L [(y (¢ +yQy))J
(97) - —/ [ +yQy))y] - (5 —1)/6(1/ (%’Ly%))y

+10/Q‘°’(y +yQy €+/G +yQy>) =0,

where |G(g)] < C(le]® + |¢]®) (see LemmalT). _
The fact that [ @ has a slow variation in time and is related to A% by the energy

(96)

and

relation together with equations ([@6)—(@0) will allow us to give an equation in A.
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ly|
To have such a property, we have to compare [e@ and [ £2e~100. Here, we see
that without more information, we cannot reach a conclusion. Thus we have to use
the decomposition suitable for the Virial identity, that is, the function €, to obtain

a comparison between [£Q and [ Z2e—16s. Indeed, the Virial identity will give a

certain control of f§2e_1‘%t‘) by (f 5@)2.

From the critical structure which gives cancellations at the first order and a
surprising additional degeneracy, which gives cancellations at the second order, we
are able to use this information in order to conclude.

Step 1. Relation between b’ and [£Q.

We claim the following relatlon between )‘7 and [£Q coming from a surprising

degeneracy at the second order of the relation between ¢ and £.
Lemma 8 (Relation between )‘7 and [£Q). We have Vs € (s1,52),

08) |32 42 [2Q+50n - 1)/5@‘ <Caaf+ - 1P+ [ ),

Proof of Lemmal8. First, replacing € by its expression in terms of € and A1, x1, in
all terms of (@), (@7), we find the following estimates.

Lemma 9 (Relation between € and €, A1, x1).

[ea- [za+mu-n [2($+00) + 2o =17 [ @2
(99) <Oz + M — 1P + /5267‘%“).

/5(% +yQy> —/5(%+yQy) -\ —1)/(% +yQy>2
(100) < C(IA = 12 + |z |2 +/52e*%).

[ ](r(3+0) ] - [22[(0(8+00.))
— 2\ — 1)/ (% +yc»2y)2

(101) <Cn 1P+l + [E2e )
@ (34u@)2 -2 [0 ($+00)) e
“n-1P @0 ($400))
(102) <Caaf + -1+ [ %),
@ ((8+0.)), |+ | [e]o(o($+0.)),]
G- [=(0(3+0)),

(103) <O = 1P+ a2 + [ 2% '),

+

+
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[eer (30| +|[ee (3 +,)),

(104) <+ —1P + /ng*%).

Proof of Lemmald. See the Appendix. To find these estimates, we replace (y) by
N2 ay + 2) + A 2Q0ny + 21) - Q)

and we use the following expansion of )\}/ QMy+z1) — Qy):

A2Qy+ 1) = Q) = i —1) ($+3Q,) +m1Q,

—1)2 ,

O(|\ — 1|3)67\y\/2 + 0(|x1|3)ef|y|/2.
Note that to use cancellations of equation ([@6), we have to expand at the second
order (since relation (@6) has linear and quadratic terms) and use the orthogonality

conditions on € and & to simplify some expressions at the linear level. We refer to
the Appendix for the rest of the proof of Lemma

2
In particular, by using (I01)—(04)), we have from (@7)) (recall o= [ (% + yQy> )

(%= —1) —ﬁ/’éL [(y (%erQy))J —2(M —1)‘

[yl

<M =12+ |m 2 + /5267).

Then, by using (I0), we have

(-1 (/e(%w@y))
( { +yQy))J +2(\ — 1)) (/’5 (% +yQy) + po(A1 — 1))‘
<|)\1 — 1P+ |z P + (/52(3%)3/2),

and so

(-1 ([=(3+6@)) 20 - 107 =200 -1 [ ($+40,)
(105) —(A1_1)/5L {(y(%—l—yQy)) ”<C(|/\1—1|3+|x1|3 /6265>.

Finally, by using (@9), (I02), (I04), and (I03), we have from (@8
2
2 UQ) +2/€Q+|A1 1P+ (O —1)/EW*

(106) §C(|x1|2+|)\1—1|3+/§26’%),
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where

u*:—%/y2Q2—2/(%+yQy)2+10/Q3 (% +yQy)3,
W =—4($+yQ,) - L {(y (% +yQy))J +20Q* (% +yQy)2~

A crucial fact is the following claim which gives for formula ([I06) a degeneracy
at the second order. Note that this degeneracy is not related to the choice of
orthogonality conditions on €.

Lemma 10 (Cancellations of second order terms in (A; — 1)).
(107) w'=0 and W*=5Q.
Assuming this lemma, we have from (06,

A (LD +2/€Q+5(/\1—1)/§Q‘ s0(|x1|2+|A1—1I3+/?26‘7),

which proves ([@8). Thus Lemma [ is proved. Therefore, we are now reduced to
prove Lemma

Proof of LemmalIl (i) p* = 0.
We begin with two elementary calculations. Since Q% = Q — Qy,, we have by
integration

(108) @G =@

By integration by parts, we have

/y2Q6 = /y2Q2 —/yQnyQ = /y2Q2 +2/yQyQ+/y2Q§
-2 fpe- [ [ven

[var =5 [re-1 ]

By a similar calculation and using [ Q% = 2 [Q? (by E(Q) = 0 and (I03)), we
have
9 1 9 3
2110 _ 9 [ 2.6 1 6_9 [,206_ 9 2
[vee=i[ver -5 [e =7 [ve -5 [@
Thus,

/(%erQy)z = i/@zﬂL/yQyQJr/yQQi:—i/Q2+/y2Q§
= _i/Q2+/y2Q2—%/y2Q6:%/yQQQ.

Thus,
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J@(3+) = §[@+] [ +] [rae+ [rae
- gfe-gfersfre-g e
+ [P -3 [ree
= /y2Q6 _ %/yQQm
Therefore, pu* = 0.

- w([rerif@)-5 /i
(i) W* = 5Q.

By the expression Lv = —vy,, + v — 5Q*v, we have for any function v,
L(yvy) = —2vyy + yL(vy) = =20y, + y((Lv)y + 5(Q4)y7})-
Thus, from L (5 + yQy) =—-2Q, Quy = Q — Q5, Q2 Q? - % we have

L [(y(%+yQy))y]
=L (% +yQy> +L (y (% +yQy)y)

=-20-2($+vQ)) +y(-20,+200,@" ($+4Q,))
vy
= —2Q — 5Qyy — 2y(Q — Q5)y —2yQy + 1onyQ4
+204°Q°(Q* - %)
20
= —7Q +5Q° — 4yQ,, + 20y*Q° — ngQ‘“’ +20yQ, Q"
Since
2 6
20Q° ($+yQ,) = 5Q°+20yQ,Q" +205°Q*(Q* - %)
20
= 507 +20y°Q° — Zy’Q” + 209Q,Q",
we obtain from the definition of W* that
W* =5Q.
Step 2. Inequality satisfied by A
Now, we claim that from Step 1 and the energy identity in €, we have
(109)
1 Nt1) _ 13|Eo| [ dt 1 /
— +log= > = +
200 Atz) — (J@2 ey X (JQ?2 e
By (@4)), we have

9/8
|)\1—1|3§C</§2 oo) <C/€elo(‘) |J,‘1|2<C/Eeloo,

ta to ~2 1‘
lfﬁQldt C/ gdt

1
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pe-l|fzo| < pi-p+ | [ 2
A

Thus, from Step 1, Vs € (s1, $2),
110 ‘_ EQ C‘/ —0/6610.

One difficulty here is that f €@ is not supposed to be nonnegative for all time.
However, using the energy identity, we are able to control [ @ when it is negative.
Indeed, from (39)), we have

(111) /gQ > ‘/EQ‘ — c/g%—lyl.
N ger

Therefore,
— C/g e 1 0
Since, by the CauchnychwarZ inequality,

(112) ‘/ < C (/~2 y> v < oo,

for 0; small enough, we obtain
EQ‘ C’/s e~ 185,

>\s
Now, we go back to the ¢ variable (recall dt = \3ds), dividing by \3(¢):

Pl fQ
At 15 |feQ fg e 130

-5z

and
3/2

As 16

/5@‘—6" EQ

(JQ)2 I A3
Integrating between t; and t2, we obtain
1yl

)\(tl) 15 t2 U-EQ} fg e~ 100
113 1 > -C S dt.
(113) gy FQ7 I 8 I
Therefore, by (IDH), for 67 small,

1 At At 14 [t 2 [F2e 1
(114) —= 4 10g 20) > log 5 ( 1) > Jeel, JEe®
200 A(t2) (JQ)? 23 t N

Recall that from (@) we have |f £Q| > X2|E0| — C[&% W and claim (T09)
follows.

Step 3. Conclusion using the local Virial identity on &.
We have from (@3]), written in the ¢ variable, for some Ay > 100,

Lyl

(/wo?") g E e 1 (JEQ)”

A3 do N3

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



BLOW UP FOR CRITICAL GKDV 651

Integrating between t; and t2, we obtain

. Lyl

+ ~2 _ 1yl t ~2 ~2\ _— 4~
/2 € ‘e~ 100 2f(€ +€y)e Ao
ty

dt < =
A3

/ baE(t)

1/2
From (23), we have (f 52) < C\/ar, and so

Bl o[t UEQ”
t A3 th A3
From ([09) and ([II&]), and taking «; small enough, we have

dt

<C

+C ‘/1/1/1052(152)

to

(115) dt + Cay.

1 Nt) _ 13|Bo| [fat 1 [ b ([EQ)?
+log = (1)> [Bol [ dt / 29y ¢ LEQ) dt
100 (JQ)? JQ32J, X oo A3
Therefore, by choosmg 81 small enough, by (I12), we obtain
1 At 13|Eo| (" dt
1 g M) | 13IE

100 Mto) ~ (JQ2 ), X

and Proposition [lis proved.

Remark. Blow up rate under control on [ 512;' From the proof of Theorem [1 we
can obtain the blow up rate, if we assume in addition that the gradient term [ & 2
is controlled by |[£Q], and a control of f
following.

>0 |€]. More precisely, we claim the

Under the assumptions of Theorem [I suppose in addition that there exists to €
(0,T) such that ¥t € (to,T),

(116) /Ei(t)g%‘/g(t)Q‘ and /y>0|€(t)|§(/EQ(t)e_lgt))B/S.

Then, for some t; € (to,T), we have Vt € (t1,T),

C) 8Cy
= S ue ()| £ e
o = Ol = gy

where Cj = (log 2)|Q= |2 (J Q) ‘6225(!62([ Q)

Proof of (I17). Reduction to a control of t,4+1 — t,. First, we note that (II7) is
implied by the following control from below of ¢, 1 — t,, for n; > 0 large enough:

(117)

800 g
118 Vn >ny, ty tn > ————— (¢t
( ) 1 +1 = |Qx|L2|EO| ( )
Indeed, if (TIX) is satisfied for n large by similar arguments as before, then
Xt AC! -
6‘07()211_15”2 5 CO A(tn)
4|Qu|L> | Eo (1.01)?|Qx| 2| Eo|
and
Co 206
BT — 2 [te(tn)lez 2 e
|Eo| (T — tn) | Eol (T — tn)
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Thus, from the definition of the sequence (t,,), we have, for all t € (t,,, t,+1), where
n>ni,

otz . G G
2 [Bol(T —tur1) = Bl —1)

|ua(t)| 22 2 [tz (tn)|r2 =

Moreover, from Corollary B, for ¢ close to T', |ug(t)|r2 < %. Therefore, we

are reduced to proving (II8) under assumptions (II6).

Proof of (I1I). Let § > 0 be fixed later, and take ¢y > 0 large enough so that

Vt > to, [ Z2e 160 < 4. Recall that by Lemmal8, in the proof of Proposition [ we
have

From this, as in Step 2 of the proof of Proposition[l by using the control of |A\; — 1]
and |z1| in (@), and the assumption (I16) on €|, we obtain, in the s variable

y>0 |E
defined by % =1/X3,

A1 |JEQ] L [
X STaE W I
By integration between t,, and t,,41, and (98), we obtain for ¢ small,
Atns1) 200 % Mtur1)
1 18 [+ | [2Q) tnt1 [ F2e— 1t
< = —dt+C ——dt
S0 RS, w T T

Now, by the energy relations (@]) and [IIG), Vt € (¢, tnt1),

~ < 1 (. - ~ 1 ~ ~
‘/fo‘ §A2|EO|+§/E§+C/€267M <)\2|E0|+2—0‘/5Q‘+C/526Iyl7

we obtain

Og}@fn) 1 20|Eo| endt 1 /““lf zQl,
Mtng1) — 200 © Q)2 Ji, A3

+c/"“f€ et

As in Step 3 of the proof of Proposition[I], we use the Virial identity on £ to control
the local L? norm of £ in integral in time, and from the control of [ _ |£|, we have

N ~ y>0 |E
Vt € (tn,tny1), A(t) > TA(t,). Thus,

(/ Q)*log 2~

t —ty > At
n+1 n — 200|E0| (n)7

which proves ([IR]).
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5. CONTROL OF THE L! NORM OF £ ON THE RIGHT
BY L? POLYNOMIAL DECAY

In this section, we prove the following result, which gives a control of fy>0 |€] in
L1\ 3/8

terms of ( e e‘%) in the situation of a slow dynamics. This control is based
on the conservation of L? polynomial decay on the right. It allows us to control the
L' norm on the right of the soliton pointwise in time by a sublinear estimate close
enough to the linear estimate. For this, as in [I1], we need a control from above of
|uz(t)]p2. Let us recall the statement of Proposition [21

Suppose that for some 6 > 0,

0
Vo > 0, / ug(z)dr < —
r>T0 Lo

and

Vte[0,T), At)<1.

Let A > 0. There exists 611 = 011(A, |Eo|,0) such that the following is true. Suppose
that 0 < t1 < to < T satisfy

(119) Vt € (t1,t2),  A(t) < (4.1)A(t2)
and
(120) ty —t1 > AX(ty).

If in addition f§2(t2)e’% < dyy, then

(121) / ey < ( / €2<t2>e1’50)3/8 .

Remark. Assumption (IT9) on (t1,t2) concerns only the size of the soliton to which

the solution is close. Note that the conclusion of the proposition is a control of
3/8

fy>0 || by (f 526_1%) / pointwise in time (not in the form of a space-time

integral). We do not expect a linear control in (IZI]), since the proof is based on

nonlinear properties. Note that the result is also valid for any power of the form

2(1 = o), for my € (0,1), instead of 3/8, with the following conclusion:

Y 1(1-no)
/ € (t2, y)ldy < (/52(7:2)630) 7
y>0

where By = By(no).

Proof. Step 1. Reduction to exponential estimates.
We control the integral fy>0 |€(t2,y)|dy by considering two regions: a part on
the compact set and a part for y large. Let

yi, = —10 log (/52(1&2)6—180) .
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Let 0 < 077 < 1 be such that y,, > —10 log d;r > 1. Then
(122) [ Etawlay =1+ 1o
y>0

where I} = f0<y<yf,2 € (t2,y)|dy and I, = fy>yt2 € (t2, y)|dy.
(i) Estimates on the compact set.  First, we have

Yt

I = / Eltay)ldy < et / 2 (ta) e 70
0<y<yi, y>0

IN IN IN IN
— — — o
S S S 2s
ey IS1N
e Us
£ \ 8‘&7 PN
m
o N m ®
T
= NG e
L g = ~—
| S——— | Z
L o - o
o|£ E O‘S PN
N~~~ SN— \
& N
o0 N N
—~
&
S—
(9]
|
HA
O“C
==
~__
—
~
)

(123)

IA
[ NN
[
m
[\
—~
—
[\v]
N—
e
|
H‘;
g
N—
w
~
oo

for ; satisfying 5%40 < 1/20.

(ii) Estimates for y large. Now, to control the second term I, = fy>yt2 € (t2)],
we proceed in two steps:

(a) We first use L? estimates in rescaled variables from t; to t2. Here, we use a
similar idea as in [I1]. The strength of these estimates is that they are of nonlinear
type and allow singular behavior (no control from below of A(t)). In fact, linear
estimates break down in this situation.

(b) Then, we prove L? estimates in the original variables from 0 to ;.

Note that to conclude the proof, we need that to and t; are not too close to each
other so that the estimates obtained in the first step allow us to reduce the problem
to estimates of u(t, x) itself in the second step.

First, we use a dyadic decomposition of the half line [y;,, +00) to reduce ourselves
to control L? expressions.

+oo +oo
B=) [ Bl <> 2 ( [
2Fye, <y<2kFly, k=0 Yy

1/2
22 (ty, y)dy) .
k=0

>2kyy,

Step 2. Exponential estimates in the rescaled variable from ¢ to t;.

For all £ > 0, we control fy>2’“y,,2 g2(t2) going back to the time ¢; in the rescaled
variable. Unfortunately, in this variable, we cannot go directly backwards from to
to 0 because of some interactions in the exponential estimates.

Here, we need the assumption of the proposition on X(t) on this interval. For

/ t1—t /
t e (Wt;),()), T € ].:{7 let

2(, @) = N2 (t)u(NP (t)t + to, Mta)a + T(ts)).
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By the invariances of the critical KAV equation by scaling and translation, z satisfies

@) on (ﬁ, 0). Moreover,

2(0,2") = Q + £ (t2, 2'),

t — t
X3(ty)

2( La') = A2 (ta)ulty, At2)a! + F(t2)),

and A\;(t') = 7)‘()‘3(522:,“2) <41, z.(t') = _’”(A(Q)t:;?;;)—x(h_).

Now, we use the notation from Section 2.2, considering the function ¢ = 9, for
K =9 > 2(1.01)(4.1) (see the assumption in Lemma Bl), and the quantity I, +,(t)
defined for the purposes of Lemma

First, let us remark that, since for z > 0, ¢(x) > 1/2,

[ Bapi <2 @Qrwrer/ @
y>2ky;, y>2ky;, y>2ky,

=4 /(Q +E(t2))20(y — 2%y, )dy + Ce2 ez

(124) = 4/22(0,x’)1/)(x' — 2ky, Yda! + Ce 2 e,
Next, by applying Lemmalgon z with tg = 0, ¢ = t;\l(;tf < 0, and with zg = 2%y,,,
2
we have
2 / /! k !
[ #0.wta ~ 2y)do
(125)

72’6?41/2 t1 — 1o 1 t1 — o
<o [ 2R o -2, - e (2 a
Alt2) 47 At2)

(note that z,(0) = 0). Next,

t1 — 1t 1 to — 1
[ A2t - 2, - o a

At2) Altz)
= 3t2) [0, e+ 70t~ 2, TS
B O SV () B (Y IO
(26) = [ulte + B 2 T
Now, by (E8), (T3 and (I20),
Vi€ (t,ta), Zi(t) > LI and  ty —t1 > AX(t2).

(LOD)X2() — 18X2(ty)

Therefore,

E(tgl— Z(t1) S A

A(tz2) TOI8X%(Ly)
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x

By using the monotonicity of ¥, ¢ < 1, Vo < 0, ¢(z) < Ce9, and )\(tg) <1, we
have

YT T gk, 3%(t) —E(ty),
/ (t1, =+ (tl))w(x(m 2%, — N )d

. I
S/u (t1,fc+$(t1))1/)(x(t2) 2%t 24}2(752)

x
< u(ty, x4+ T(t)) (= — 2%y, — ———)dzx
/9c<%(2kytgx(t2)+~$ h (1) (/\(tQ) t 24/\2(t2))

24X (tg) )

)dx

X
+/ WAty @+ E(t))(—— — 2Py, — ———)dx
> 325y A1)+ ) A(t2) S 24X2(ty)

= (/ A )> Wl <-4 @4 via+ 3oz

+/ WAt @+ F(h))de
>L1(2ky, A(t2)+

24>\(t ))

<C > — 25 (2 e, At2)+ )

(127) +/ u?(ty, x + 2(ty))d.
>3 (2

Fye Mt2) + gt 24>\(12) )

Here, we use in a crucial way that t5 — ¢; is large enough. Note that the remaining

estimates concern values of x > ﬁ}t) far away from 0.
2

Step 3. L2 exponential property in the u variable and final estimates.

We use Lemma Bl with K = 3 > 2(1.01) (recall that A\(¢) < 1) directly on w(¢)
between ¢; and 0. As in the proof of Lemma (see (#9))), and then by the property
of the initial data ug, we obtain

/ - u?(ty, x + Z(ty))dx
x>1 2k, A(t2)+ 2 —

24/\(1,2))
< 2/ ud(z + 7(0))dz + Ce —5 "y M)+ 55y
> (zky,2i(t2)+m)
(128) < 2 -+ Ce FE v MR

(%(2kyt2 Altz) + 247(2t2)))

Since for z > 0, e r < Cx%, for some C' > 0, we obtain, for a constant C = C(6) > 0
independent of A and ag, from ([124)(128),

1/2 .
~92 _ 2Ty C
</>2]c € (Q,y)dy) <Ce "1 + - 5
v, (2ty (ko) + 545)

Xt2)
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In conclusion, for C' = C(#) > 0, we have

Too 1/2
I < Z v 2* e </ . 52(t2,y)dy>
>2Fy,
+00 k
(129) Cz /2Ry e V2"ts

(2 Yo M) + ﬁ)g

IN

Step 4. Conclusion of the proof. N

We conclude the proof by elementary calculations and an estimate of A2 by
Je g2e~1vl. Indeed, recall from @2) that from the energy relation and Ey < 0, we
have

(130) N(ty) < % </ 52(152)@—'@')1/2.

x

Since there exists ¢ > 0 such that Vz > 0, \/re~15 < ce” 20, we have

= _2ky, nyty Ce 20 Uty
Z /2kyt2€ 18 < Cze 30 <Cze 20 :ﬁﬁce 20
k=0

< C (/52@2)@130)”2.

Finally, by the inequality b%a + % > 2b, we have

2kyt2X(t2) + = Qkytz.

Therefore, by applying the preceding inequality twice and by y., > 1,

V Zkth i <

~ 3
k A
(2 ytZA(tQ) + X(t2))

1

2
Qkth)‘(tQ) + m)

1
2V A

/N

IA

A(tz)

2k > ~ 7/4
2\/Z Yty (2’“%2 /\(f,g) 4 A )

IN
7N
[N}
—_
N
~__
at
~
Ny
7 N\
2=
~__
—_
~
[oe]
VRS
=
S
S—
~—
.
~
Ny

and thus

Therefore, by (I30),

> T (f 52<t2)e1’yo)7/m.

3 = A19/8|E0|7/8
=0 <2kyt2>\(t2) + 3 ))
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~2 i\ 2 Co 9 i\ /16
< (/ : “”e_m) +w(/ : “2)6_“)
5l/16 3/8
/8 Cad; ~og
(C“S m) (Jees)

19/8 7/8
By taking ;5 satisfying 5 < L and 5%16 < %

4Cq
()"

In conclusion

I

IN

IN

, we obtain

I, <

N =

Thus Proposition 2 is proved.

APPENDIX: PROOF OF LEMMA

With the notation of Section 4, we want to prove the following estimates, for
A1 — 1| + |x1] small enough:

/EQ—/€Q+(A1—1>/§(%+yQy) 1 - 1) /y2Q2
(131) < C(lz1]? + [\ —1|3+/€Qe*‘7‘)~

/E(% +yQy> —/5(%+yQy) % —1)/(% +yQy>2
(132) <O =17 + |a]? + /ng*%)

[ [(0(8+00)) |- [22](0(3+00) ]
—9(A — 1)/ (¢ +yQy)2'

(133) ClM — 112 + 212 + / N
‘/Q?’ (% +yQy) 62—2()‘1_1)/623 (%_’_yQy)Qg

P 1|2/Q3 (% +v,)

(134) < Cllar + M — 1P + /%—%.
@60, x [ ba=))
(-1 [=(v(3+002),

[yl

(135) <C(M =124 |z + [ &% ).

+

+

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



BLOW UP FOR CRITICAL GKDV 659

e ($+00)|+|[ 6@ (1($+1)),

(136) <+ — 1P + /Qe*%).

Recall that
(137) e(y) = \/PEay + 21) + M 2Q0y + 21) — Q).
Moreover, if for A\; > 0, 1 € R, we define

Uxi,@1 = /\1/21)(/\11" + .1?1),

then
v 0

138 —U) A =1l.2,=0 = = + TV —U) Ai=1.21=0 =V
( ) 8)\1 1,:C1| 1 s L1 92 x> 8331 17961| 1 ;L1 x>

0? v 0?
(139)  =5Ux, 2 M =101=0 = —— + 20, + 2%V —v —1,29=0 =V

p) 1,21 | A1=1,21=0 T xTxy 5 UA1,z1 | A1=1,2,=0 xTxy
07 4 Oxy

9? Vg
(140) mvz\l,xlb\l:l,xl:O = ? + TV

In particular, by the decay properties of @) and its derivatives, we have

N2Q0y +21) — Q) = ( — 1) (Q +yc2y) L nQ,

(A —1)? (_Q
2 4
(141)  4+0(|A1 = 113)e /2 L 0|z [2)e~ W72,

2

00y 4+ Q ) + 0= D (B 4@ ) + T

* 2

Proof of (I31). By (I37), we have
/ Q- / FQ =" / E My +21)Q - / EQ+ / M 2QMy + 1) - QW)QW).
First, by using ([41)) at the first order in (A — 1), 1, we have

A2 [Euy Q- [2Q- / T2Q0 (- ) — QW)

—ot - 2 (3 Q) - /er [rwe ¥z

where k1 is a function of y satisfying Vy € R, |k1(y)] < C(|]A\1 — 12 + |21]?). We
obtain

)\}/Q/E(Aly +21)Q — /EQ + (1) /5 (% n yQy)
[yl [yl

1/2
(142) < C(h — 112 + |21)) (/ e—é‘) <C(M =1+ o2 + /ng—T).
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Second, by using (I41)) at the second order, we have

[ Q0 +a) - QW =i -1 [ ($+9Q,) @+ o [ Q0

n (M ; 1)? / (_% +yQ + yQny> Q+ (M —1)xy / (% + yny) Q

+O0(|z1 %) + O(|A — 13).
We have [ (% —l—yQy) Q=[Q,Q=/ (% —l—yny) @ =0, and

[(-%+rveu)e = -1 [e -2 w0~ [ve
- Lfe-[rerg o= [ver

using [ 42Q°% = 2 [4?Q? — 2 [ Q? (see the proof of Lemma [0). Therefore
(143)

_ 2
[ Q0+ 1) - Qe + i~ 1) [

4
Finally, (I22) and ([43) give (I3T).
Proof of (1I32). By (I37), we have

[e($+00)) = A [20u+o0) ($400))

+ [V Q0uy+ 0 - Q) (9 +02,).

< Ol + A = 1P).

First, we have

)\1/2/€(>\1y+x1) (% +va) —/5 (% +v@)
[0 (3100 0w -a) - [2 (34 00)
=[5 (0 (34 v@) 0t e - ($+90,) W)

(141)  <Cn-1+ln) [ Few) < On - 1P + ol + [22 ),

Second, by using ([ZT) at the first order, we have

Jov e+ o) - Q) (4 +vQ)
—0u=1) [ ($400) + o [ Q) (§+94))

+O(|(E1|2) + O(|)\1 — 1|2)
Since [ @y (% + yQy> = 0, we obtain
2
Jore0u o - Q) ($+50,) - 0u 1) [ ($+90,)°
(145) < C(jaa[* + [ = 1),
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Finally, (IZ4) and (I[45) give (I32).

Proof of (I33). By (I37), we have
/EL {(y (% +yQy))J = )\1/2/5()\1y+x1)L [(y (% +yQy))y]
+/(A1/2Q(/\1y+x1) - Q)L [(y (% +yQy))y] :

First, we have

A [0y +aL {(y (% +yQy))J
= [e (0L ](v($+00))) | O -a0)
- /gL {(y (% +yQy))J +/H4(y)67‘%‘5(y)a

where k4 is a function of y satisfying Yy € R, |k4(y)| < C(|A1 — 1| + |z1]). Second,
by using (I4dl) at the first order, we have

/(A}”Q(Aly + 1) — Qy))L [(y (% + yQy))y]

—()\1—1)/<Q+yQy)L{< ( +yQy)) }

Y

Since

and [ Q,L {(y (% + yQy))J = 0, we obtain

‘/(A}/QQ(MJ + 1) = Q(y))L [(y (% + yQy>)y] —2(A1 - 1)/ (% + yQy>2

< C(lua + M = 1P).

Thus (I33) is proved.
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Proof of (T3). By (I37), we have
[@(3+v0)2
= [@($+90)) W By + 00+ 2@y + 1) - Q)P
— N\ /Q3 (% +4Q,) & Cuy + 1)
+2 Q% (% +3Q,) O1QUy + 1) ~ QUINE (ay + 1)

+ / Q° (% + yQy> A2Q0y + 1) — Q(y))>.

First,

n [ @ (%+0Q)) 22y + )

= |[(@ (g rs@) ot

< c / 22,
Second,

@ (%+9Q,) Q0w+ 20) = QN E (g + )
= [ (@ (%+40,)) O - 20)(@QQ) - X7 Q0 (0 = 21)E W)
—u-D) [ Q@ (§410) Ern [ @ ($410) @F + e

where Vy € R, |k3(y)| < C(|z1]*> + |\ — 1/?). Therefore,

‘/ Q* (% +9Qy) A*Q0uy +21) — QUNAY*E (g + 1)

- [@($400))

|yl 1/2 |yl
<c <|x1|2+|A1 ip ([ +/g2e—‘7>

<C(lza)® + M —1* + /5%—7).

<

E(y),

]

Third,
[ @ (%+v0,) Q0w+ 1) - Q)

= [ @ (%+40)) (0 -0 ($+50) +0@,) + 0 - 1) + Ol ),
so that, since [ Q? (% n yQy)2 Q, = 0, we have

‘/Q3 (% + yQy) M 2QMy +21) — Q) — (M — 1)2/Q3 (% + yQy>3
< C(lz1 > + |\ — 1P).
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Therefore,

[@($+00)2-200-1) [@($+00,) E-0u-12 [@*($ 440,

Lyl

<Caaf 4 -1+ [ 22 ),
and so (I34) is proved.
Proof of (I30). First, recall that from (B3], we have

1/2
% o feet)

Therefore, by the decay property of @) and its derivatives, we have

[ (v(8+0)), / (3 +00) ]

-1 [e((3+0@)) [ <0 [,

By (@I30) and (41, it is clear that
/526__<C(|)\1—1|2+|x1|2 / )

so that we obtain (I35).

Proof of (I38). Recall that |G(g)| < C(lel® + |¢|®). We can assume |¢|p~ < 1, by
the Gagliardo-Nirenberg inequality, so that |G(e)| < C|e|®. Therefore,

/G(€) +yQy> ’/G +yQy)) ‘
§C’/|€|36 < (|x1|3+|A1—1|3+/52e*‘7‘).
Thus ([I36) is proved.

+

+
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