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Blow-up Results for Nonlinear Hyperbolic Inequalities

STANISLAV POHOZAEV — LAURENT VERON

Abstract. We study the nonexistence of global weak solutions for equations and
systems of the following types (I) 8;;u > Lpu? + |ul|? and (ID) 3y,u > Ly, uPt +
[v]9! & 3;v > Lm,vP2+|u|92 , where the operators L, and L,,, are homogeneous
linear partial differential operators of order 2m and 2m;. The method relies on a
suitable choice of test functions, rescaling techniques and a dimensional analysis.

Mathematics Subject Classification (1991): 35L60.

1. — Introduction

The study of the existence (or the non-existence) of global solutions to
semilinear wave equations has been initiated in the seventies and intensively
developed since. The following equation can be considered as the simplest
model case

(1.1) Ot — Au= f(u)

in RN x R, where f is usually a continuous real-valued function. There exists
a wide class of nonlinearities f for which the Cauchy Problem for (1.1), that
is the local solvability in time of (1.1) with given initial data u(.,0) = up and
d,u(.,0) = u;, is well posed. Defining F(r) = fO' f(s)ds, the first observation
is that the energy function of a solution u

(1.2) E@w) = /R (@) +Vul® —2F (w))dx

is independent of time. Therefore a classical approach to prove global exis-
tence relies on the study of the energy. In the cases where the nonlinear term
Jgn F(u)dx can be kept under control by the quadratic term S 1Vul?dx, the

Pervenuto alla Redazione il 21 giugno 1999 e in forma definitiva il 20 ottobre 1999.
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global solvability occurs. In other cases, this is not possible. For example, if
f satisfies

(1.3) rf(ry < Q+e)F(r) (Vr eR)

for some ¢ > 0, Levine [Le] proved that no solution can exist for all time when
the energy is negative. Levine’s result proof is based on deriving a nonlinear

second order inequality that is satisfied by |]u(t)|liz. Another approach for the
non-existence of global solutions has been initiated by John and Kato. It is
based on an averaging method for positive solutions, usually with compact and
propagating support. Much has been devoted to the case of the equation

(1.4) Oyt — Au = |ul?.
Defining g, n as the positive root of
(1.5) (N=Dp>’—(N+1)p—-2=0,

John first proved in [Jol] that when 1 < g < g, n there exist smooth initial
data, arbitrarily small in C(R¥) such that no corresponding global solution
exists. Actually, when N = 3, John’s result states that when 1 < g < g2 =
1 + +/2 all solutions with C§°(R3)—initia1 data blow-up in finite time. Later
on the critical value ¢ = g, was included in Glassey’s proof [GI2] under the
additional assumption that the initial values #¢ and u; have both positive average.
Glassey’s technique was to derive differential inequalities which are satisfied by
the function ¢t > fRN u(x,t)dx. Based on these facts Strauss proposed the
general conjecture that, when N > 1, global solutions of (1.4) always exist,
provided the initial data are small enough in C®°(R?) and ¢ > g, n. Some other
cases were considered by Sideris [Si], and Shaeffer [Sh] who gave extensions
of Glassey’s results for different dimensions, always with compactly supported
initial data, and with positive average. Many works have been devoted to this
conjecture which is, up to now, verified if N < 8 ([LS], [GLS], [Ku]). A
slightly less sharp result under much weaker assumptions was obtained by Kato
[Ka] with a much easier proof. In particular Kato pointed out the role of the
exponent g = go = (N + 1)/(N — 1) in order to have more general initial data,
but still with compact support. The fact that the support of u(.,#) is included
in a cone {x : |x| <t + R} plays a fundamental role in deriving the differential
inequalities. Up to now, if N > 8, the exponent ¢y is the critical one under
which global solutions cannot exist. A comprehensive presentation of these
results can be found in [Jo2], [LS] and [St].

In this paper we prove the non-existence of global weak solutions of a
very wide class of nonlinear hyperbolic type inequalities of the following type

(1.6) it = Lo (9p()) + |ul?,
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where ¢, is a locally bounded real-valued function which satisfies
(L.7) lop() < clrl”  (¥reR),

for some ¢ > 0 and p > 0, and where L, ¢ = E|¢¥|=m D*(a,(x,t)) is an ho-
mogeneous differential operator of order m in which the a, are merely bounded
and measurable functions. By an adequate choice of test functions, rescaling
techniques, and a sharp dimensional analysis we prove that there exist no weak
solution of (1.6) defined in RY x R, with fRN du(x,0)dx > 0 if ¢ > max(1, p)
and

(i) either 2N —m <0, or

(ii) 2N —m > 0 and N;’—:ffs%.

In opposition with the above mentioned results no assumption on the sign
of the average of uy (which may not be integrable), or on the support of the
solutions is made. In the particular case of the inequality

(1.8) O > Lou + |ul?,

our conditions read:

(i) either N =1, or

(i) N>1and 1 <q < {4

By computing an explicit global solution of (1.8) in the case where L, = A
and g > (N+1)/(N—1), we prove that our results are sharp in the class of weak
solutions. We also give variant of this result when the operator is no longer
homogeneous, or have different orders of differentiation with respect to the
various variables (xi,...,xn), or even has unbounded or vanishing coefficients
a, when |x|?> +t — oco. An important fact to notice is that the operator L,
is not of any specified type. We note, as far as we know, the first result
on the non-existence of global positive solution in RN of semilinear equations
with linear differential operator with arbitrary type are due to Eidelman and
Kondratiev [EK]. In the different context of systems of quasilinear inequalities,
a new series of non-existence results for positive solutions have been recently
obtained by one of the authors (S. Pohozaev) and E. Mitidieri ((MP1], [MP2]).
As in many previous papers their approach is based on sharp energy techniques
(multiplication by suitable powers of the solutions) and absorption of those
terms by the source zero-order terms via a capacity type estimate.

By using similar arguments, we also prove non-existence results for systems
of the type

(1 9) { attu = Lm1 ((ppl (u)) + |v|q1
. attv e Lm2 (‘sz ('U)) + luqu

where g; > 1, Ly, § = Z|a|=m,~ D®(a; o(x,1)¢) and the ¢; satisfy

(1.10) lop; (O] <clr]”t (YreR)
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for some p;. In that case, the type of results that we obtain is the natural
extension of the previous ones on the simple inequality, in the continuation of
Kato’s work, while, in a different spirit, an extension of John’s results has been
recently obtained by Del Santo, Georgiev and Mitidieri [DGM], [DM]. We can
also handle non-diagonal systems such as
{ attu = Lml ((opl ('U)) + Ivlql

8ttv = Lm2 (‘/’p2 (M)) + luqu
or of mixed type hyperbolic-parabolic
01t > Ly, ((ﬂpl (“)) + [v@
3V > Ly (@p, (v)) + |2

(1.11)

1.12) {

or hyperbolic-elliptic

(1.13) { Bttt 2 Limy (@p; () + 0]

0 > L, (0p,(v)) + |u|%2.

Again the main point is the fact that the proof heavily relies on a dimensional
analysis.

Our paper is organised as follows:

1 — Introduction

2 — Non-existence for equations

3 — Non-existence for hyperbolic systems

4 — Non-existence for systems of mixed type

5 — References

AcCkNOWLEDGEMENTS. This work was prepared while the first author was
visiting Université Francois Rabelais in Tours on a position of invited professor.
The authors are grateful to the Université Francois Rabelais and the Laboratoire
de Mathématiques et Physique Théorique for warm hospitality and for giving
the opportunity to prepare this article in good conditions.

2. - Non-existence for equations

Let L,, be the homogeneous differential operator of order m defined by
Q2.1 Lnt =) D*(aalx,0¢),
laj=m

where the a, are bounded and measurable functions defined in RY xR} = RY*!
and m is a positive integer, and ¢, a locally bounded real valued function which
satisfies for some p > 0

(2.2) lpp ()| < c|r|? VreR).
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DEFINITION 1. A weak solution u of the differential inequality
2.3) e = L (9p()) + )
on RY*! with initial data u(.,0) = uo(.) and du(.,0) = u;(.) belonging to

LIOC(RN ), is a locally integrable function such that u € L{, ®RY+)nLL RYT)
which satisfies

—/R ui(x)¢(x, O)dx+/ uo(x)9: < (x, O)dx+/ / ud, ¢ dxdt

/ / ¢p(u)L*§dxdt+/ / fuli¢ dx dt

for any ¢ € CXRY*Y), £ >0, where L},{ = (—1)" 3,4z e (x, 1) DC.

24

THEOREM 1. Assume that q > max(l, p). Then there exists no solution u of
inequality (2.3) defined on RN x Ry such that [n uy dx > 0, if one of the following
assumptions is fulfilled:

(i) either 2N —m <0, or
(ii))2N —m > 0and N < % 4.

Proor. Let u be such a weak solution and { be a smooth nonnegative test
function. From (2.4) we get

./]RN u1(x)¢(x,0)dx + /000 /mN lul?¢dx dt

2.5) 5/ uo(x)atg‘(x,O)dx+/oo/ udytdxdt
: 4 0 JRVN

/ / e,w)L) ¢ dxdt.

If ¢ is chosen such that
00 / 7
(2.6) / / (Iatt“q ;—1—4 + IL:‘n“q/q(q—p);p/(q—p))dx dt < o0,
, /0 RN

where ¢’ = q/(g — 1), then

/q /4

// u8,,§dxdt<(// Iulquxdtj (// |a,,;|q _qudtj
2.7

// lu]‘lgdxdt+C1// |3,,;|‘1 -4 gx dt,
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and

_/00/ ¢p(u)L; ¢ dx dt
0 JRN

oo pPlq 00 q-p)/q
(2.8) SC(// 1u|q;dx,dt> (// ILfng“lq/(q_”);_p/(l“p)dxdtj )
0 /RN 0 JrRN
l * q * * »19/(g—p) »—p/(q—p)
< ul?¢dx dt + C, L, ¢! Z dxdt.
4 Jo JrV 0 JrN

We assume now that ¢ is also chosen such that

2.9) /]RN uo(x)9:{(x,0)dx = 0.

Then (2.5)-(2.9) imply

l [o0]
/]RN u1(x)¢(x, 0)dx + 5/0 /]RN lul?¢ dx dt

00 I3 ’
(2.10) sc{/ /’|%ch“ﬂdxw
0 RN

o0
+ C2/ / |L:=né-]q/(q—P)§—P(q—P)dx dr .
0 JRN

Now we take ¢(x,?) = (p(’x—;lf-ﬁ) where ¢ € C°(R;) satisfies 0 < ¢ <1 and
0 ifr>2,

2.11) “’(')z{l ifo<r<1

R is a positive parameter, while « > 1 and u > 0 will be determined later on.
Since 9;¢(x,t) = xt"_lR_zgo’(’K—“}?%ﬁ) estimate (2.9) holds. In order to
estimate the right-hand side of (2.10) we consider the change of variables

(2.12) { R =1, { t = R¥*r,

R72|x|* = |yI*, x =Ry,

Denoting = {(y, ) € R¥ xR, : t+|y|* < 2} and setting p(y, T) = t°+|y|*,

there holds
0 ’ 1 ’
/ /N|8,,§|q§ “Tdxdt
0 JR

2.13)
_ R_4q//x+2/K+2N//4 // (|3n(0 o plq/((p o p)l"q )dy dT,
Q
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and (by a straghtforward computation)

/Oo /N |L:‘n;|q/(q“1’)§_”/(q"’)dx dt
(2.14) 70 /R

-2 - 2 2 - - -
_ R-2ma/(ulg—p) 42kt N/I‘//Q(IL;’;((D 0 P4 P (g o p)P/4P)dy d.

Therefore there exist two positive constants C3 and C4 such that

2 > q
(2.15) /RN “l(x)f(x’o)dx+/o /RN |ul9¢dx d

< C3 RAN/uA2/k~4' [ ¢, RIN/u+2/k=2ma/(ulg =)

’
for any R > 0. Wechoosexsuchthatgltﬂ+%—iq—=2—N+Z——~2—m1— or

. [ 7 K uig—p)’
equivalently,
(2.16) 4/k =2m(q — 1)/(u(q — p)).
Such a choice gives a common value o of the exponents of R in (2.15), namely
1 1
2.17) o= (2N - ﬁ(ﬁ—)) .
® @-p

The sign of (2.17) does not depend on p > O while the condition ¥ > 1 is
then equivalent to m(qg — 1)/(g — p) < 2u. This is insured by taking w large
enough.

If o <0, the right-hand side of (2.15) goes to 0 when R goes to infinity,
while the left-hand side converges to [pn u1dx + [y [ [u|?dx dt. Clearly this
implies that u cannot exist.

If a =0, then [;° fpn lu|%dx dt < co. We return to inequality (2.5), which
actually reads

o0
//]RN lu|?cdx dt + /uldx
0

RN

< // uattgdxdt—-// 0 (W)L, cdx dt
RZ<t% +|x|2<2R?

R2Z<t¥+|x|2<2R?

(2.18) 1/q , , 1/q'
< ( /I |u|qudr> ( /I 1Bl 91 dydr)
R2<t% +|x2<2R2 1<t¥+jy|2<2
Pl
+ (// lu|?¢dx dt)
RZ<t¥ +|x|2<2R2

q—-p)/q
x (// |L:n¢|q/(q—p)¢—p/(q—p)dy dr)
l<td Hyl2<2
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by using the fact that the exponent o of R in (2.13), (2.14) vanishes. But
Jo? Jan lul%dxdr < oo implies that limg_.e Sl w2 <o sixpp<ae Wl%dx dt = 0.
This infers that f;° fen |u|9dx dt = 0.

Now the assumption o < 0 means

1
(2.19) Ng%ﬂ & @N-m)qg <2Np+m.
q-p

It must be noticed that if 2N — m <0, then (2.19) is obviously fulfilled. O

REMARK 1. The integrability assumption on u; can be relaxed and the sign
condition replaced by the following weaker one:

lim sup / y uy(x)¢(1x)?/R*)dx € [0, 00].
R

R0

REMARK 2. The positive sign assumption on u; can hardly be avoided
since for any & > Q there exists a unique positive function z satisfying

d*z

2.2 -—
(2:20) I

=|z|? on [0,00), and z(0)=34.

For such a function there always holds z'(¢) < 0 (V¢ > 0) and particular
7/(0) = y(8) < 0. Therefore the Cauchy problem associated with equation
(2.20) and initial data z(0) = 8, and z/(0) = y(8) has a global solution defined
on R,.

The sign of the derivative of a solution at initial time is important since
it is easily shown that, for this inequality, there exists some ¢ satisfying 1 <
g <(N+1/(N—1) and a positive global solution u# of

(2.21) O > Au+u?

in Rﬁ“ under the form

u(x, 1) = At + 1) ((t + 10)* + [x)P

sfor p > 0 and some A > 0, « and B such that @ +28 = —2/(q — 1),
—2/(g — 1) < B < 0, provided there holds

2B(B— DE*+BENQa~2B+3—N)+2a(e—Dn* >0 (V(n,8): £*+n* > 0).

However the derivative of this solution is negative for ¢t = 0.
The next result is an immediate consequence of Theorem 1.
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COROLLARY 1. Assume that g > 1 and that the a; j are measurable uniformly
bounded functions in Rﬁ“. Then, if 1l < q < (N + 1)/(N — 1), there exists no
weak solution u of

N
(2.22) et = Y Oy (@i jCx, ) + 1wl in RYF,

ij=1
such that [n d,u(x,0)dx > 0.

REMARK 3. The results concerning the nonlinear wave equations (1.4)
([Jo1}, [G], [Sc], [Si]) with compactly supported initial data give a larger upper
limit for the non-existence of global solutions. However their assumptions are
more restrictive since they also need [pn uodx >0 and [pn u1dx > 0. Kato’s
result [Ka] is closer to our since fRN uidx > 0. If we analyse Kato’s proof,
the key ingredient is the fact that for any # > O the solutions have a compact
support in a ball which propagates at constant speed. The type of the differential
operator is not fundamental in his proof.

The next result points out the sharpness of our results when we only deal
with weak solutions without any compact support assumption.

THEOREM 2. Let N > 1 and q > (N +1)/(N —1). Then there exists a positive
weak solution u of

(2.23) dpu > Au+1ul? in RYY

defined on RI_X“ and such that [pn du(x,0)dx > 0.

PrOOF. Let v(x,t) = s* —s§ with s =27 (|x|> = t}) + 59, A = —1/(g — 1)
and 5o > 0. A straightforward computation yields

(2.24) 30— Av = —A(2A + N — Ds* 1 4+ 20 (% — 1)sgs* 2

in Cy ={(x,1) e RV |x|2 > 2} If ¢ > (N+1)/(N — 1), then (N — 1)gq —
(N + 1) > 0. Clearly the function # = Av satisfies

Bii — Nii—itt = A1 AN D= NFD) Ad(s*—sh)+ 2 sost2
2.25) (g—1)? (g—1)?
: ~ N—1)—(N+1) _ 2 ~
> Agh! q( — AY 1) Asagh—2
=4 ( G -1y MR

If we take 0 < A < Ay g4 = (%‘l_—‘l—)(g‘*—l))l/(q_l), there holds
(2.26) dyu—Au>u? in C,.
We define u in RY*! by setting

u(x,t) if (x,1) eC,,

2.27) ux, ) = { 0 if (x,1) € REFI\ Gy,
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then u € L, (R¥*!) since it is bounded. Denoting C_ = RY*!'\ C., then

/IRN‘H (u(3n§ —Af) — uqé')dx dt

-+

(228) = / (#(B:& — AL) — ¢ )dx dt + / (4@l — AL) —u?l)dx dt,
C+

= / (43¢ — AL) —ii¢)dx dt,
C+

for any ¢ € C°(RY™") such that ¢ > 0. Because u is radial with respect to
x, we can assume that the same holds for the test function ¢. Therefore an
integration by parts gives

x|
RN Jo Ct

C+
x|
(2.29) =/}RN ([;a,a]';'o —/0 a,aa,;dt) dx —/C+ ¢Aidxdt,

x|
=/ ([;a,a —aa,;]'f_'o+/ aa,,;dt) dx — | ¢Aiddxds.
RN - 0 Ct+

Up to the multiplicative factor Nwy = [S¥~!|, which will be always forgotten,
we have

Y mn 1l o0 e r _
/RN [¢0. — ua,;]tzo = /0 I uatg‘]t:OrN ldr,

(2.30) .
= [C@aa-aa5)enrar - [ @i - a0 00,
0 R

(here we denote ¢(x,t) = ¢(r,t) with » > 0) and

e °]
;‘Aﬁdxa’t:/ / CAudxdrt,
Cyt 0 lx|=¢t
(o] o0

=/ / ¢ (8, N 18,0))dr dt

OOO ! oo o0
(2.3D) =/ [ng—la,ﬁ]f"dt—/ / L d,arNdrdr,

0oo 0 t o oo

=/ [;a,a—aa,g]?ﬂv—’dur/ / (3, (N 18,0))dr dt
0 0 t

T / " (w0~ i5,8) @, 0" e+ / ) / a3,V 10,0))dr dt
0 0 Jt
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This gives
(dyu—An)dx dt
C+
= ﬁ(ans“u—Ag)dxdt—/ (¢85 —iid,7) (x, O)dx
Cy RN
(232) +/ (¢uit — a8, ¢ ) (r,ryrN~ldr +/ (¢8- — ud,g) (e, )tV dr,
0 0

= / ﬁ(a,t; — Af)dx dt —/ (;’8,12 - ﬁa,;)(x, 0)dx
Ct RV
+/ (Bt +8,i)¢) (r, )TV ldt —/ (3 +8,0)iF) (z,r)r™ dr.
0 0
From the definition of &, we have

(2.33) U(rt,7)=0 and B+ 9, 0)(r,7)=0.

Since fc+ (8t — Au — u?)dx dt > 0, we obtain

(2.34) / ﬁ(a,,; - A;)dx dt +/ (ziat;‘ — ;‘8,»7)(x, 0)dx > / cildxdre.
Cy RN Cy
It follows from (2.28) and (2.34) that

(2.35) /Rimu(a,,; —At)dx dt +/]RN(u3,§ — ¢ du)(x,0)dx > /Rﬁ‘“ culdxde.

Moreover d,u(x,0) = 0. Therefore the function u is a global weak positive
solution of (2.23) and it satifies [pn du(x,0)dx > 0. |

By using the techniques developed in Theorem 1, we can handle the case
of a non-homogeneous partial differential operator £ determined by

(2.36) cr=3 L
k=¢

with £ € N* and

(2.37) Lt = D*(@ai(x,1)¢) .

lee|=k
We define a weak solution u of the differential inequality

(2.38) B = L(pp(w)) + |ul?,
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on RY*! with initial data u(.,0) = uo and du(.,0) = u;(.) belonging to
Li,.(RY), as a locally integrable function such that u € L{ (RY*)NLL (RY+!)
which satisfies

—/IR u1(x)¢(x, 0)dx + /R up(x)0: ¢ (x, O)dx+/ / uodytdxde
(2.39)

/ / ep(u)L*sdx dt + / / (ul4cdx dt

for any ¢ € CPRY*!), ¢ > 0 where

L= ("> aaux,)D* =Y (-D*L}z .

=1 laej=k k=t

The main fact is that the conclusion of Theorem 1 still holds for the coefficients
corresponding to the lower order term L, in L.

THEOREM 3. Assume that q > max(l, p). Then there exists no solution u of
inequality (2.38) defined on RN x R, and such that Jgny urdx > 0, if one of the
Jollowing assumptions is fulfilled:

(i) either 2N — £ < 0, or

(ii)2N — ¢ > 0and N < £ 2tL,

£
2 g-p
Proor. We first have

oo
/ u1(x)t(x,0)dx +/ / lul?¢ dx dr
RN 0o JRVN
x o]
5/ uo(x)até‘(x,O)dx+/ / ua,,g'dxdt—/ / (pp(u).C*;dxdt
RN 0 JRV o JRrN
for any nonnegative test function. Choosing ¢ such that
00 ’ /
(2.40) / / (Iatt“q ;-l—q + IL;uq/(q—p);p/(q—p))dx dt < 00
0 JRN

for any k = £, ... ,m, yields

o0
=[] ostrric axa
0 JRN
00 rlq 00 Gq-pr)/q
241) <¢ (/ / lul9¢ dx a't) (/ / 'thé-,q/(q—p)g—p/(q—p)dx dt) ,
0 JRN 0o JRN
1 lo 0]
< — q *r14/(q=P) p—P/Q@=P) g5 dt.
4m/0/RN|u|{dxdt+C2/0 /}RNlLkgl e
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Therefore

/]RN u1(x)¢(x, 0)dx + %/Ooo /RN lul?¢ dx dt

o]
q/ l_ql
(2.42) Scx/o /}RNlat:CI ¢ Tdxdt

fo's) m
+ CZ/ /N z [Lig|9/@—P ¢ —Pl@=P gy dr
0 JRN i

Taking ¢ as in the proof of Theorem 1, with an exponent ¥ to be determined
later on, yields (2.13) and

/oo /N |L,’§C|q/(q_p)§_p/(q_p)dx dt
0 Jr

- R—qu/(u(q—p))+2/K+2N/u/ /Q (| Li(@ 0 )19 (p 0 p) 74P} o pdydr.

We choose « such that 2N /u+2/k —4q' [k =2N/u+2/k —28q/(n(q — p)),
that is

(2.43)

(2.44) 4/k =2t(q —1)/(ulg — p)),
and we get
o o]
(2.45) / /N IL,‘:g‘Iq/(q_”)(_”/(q"’)dx dt = DyR%
0 Jr

with

2 1
(2.46) o= (N—EL—(k—Z)L) .

Iz 2(q - p) q-p
Therefore, the conditions 2N — £ <0, or 2N — £ > 0 and N < % g imply
that oy <0 and o < O for k > £. We end the proof as in Theorem 1. O

Our technique can also be applied to anisotropic operators, that means
operators with different orders of partial differentiation in the variables. For
such a task, we write x = (xj,...,xy) the variable in RY, and introduce
operators with order of differentiation B; in the variable x; of the following
form

J
B (ag; (x, 1)¢)

N_ 38

(247) Lr=Y
j=10x;

We consider the following inequality

(2.48) Ot > 2(901:('4)) + |ul?,

on Rﬁ“ with initial data u(.,0) = wug(.) and d,u(.,0) = u1(.), two locally
integrable functions in R¥. This means again that u € L{ (RYtHNLY RY+))
and (2.4) holds with L}, replaced by £*, the formal adjoint of £.
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THEOREM 4. Assume that g > max(l, p). Then there exists no solution u of
inequality (2.48) defined on RY*! and such that [gn uidx > 0, if Z]N= ) ﬁj_l <

_g+1
2q-p)°

PROOF. As in the previous theorems, we start from the estimate

[ meozeoas+ [* [ uiredxar

(2.49) = /RN uo(x)9,¢ (x, 0)dx +/ / udy ¢ dx dt
=Y (~Dfi @ (u)aﬂ dx dt.
S [ ot

Choosing ¢ such that
R ’ / Bi

(2.50) (19:817'¢" " + lag 8% ¢ /0x;” [#/6=P ¢ P@=P ) dx ds < oo
0o JrV ! /

forany j=1,...,N, we get'

/ uy(x)¢(x, Odx + l/ / |ul9¢ dx dt
]RN 2 0 RN
(2.51) 5C1/0 /RN 18,0217 ¢ dx dt

N o0
. B; - _
+CZZ/O /1RN |aﬁjaﬁ1;/axjf|"/‘q ”);1’/(‘1 Pdxdt < .
j=1

We now take ¢(x,t) = @((t¢ -I—Z —1 |x]|2"1)/R2) with ¢ as before, « > 1 and
the «; > 0 to be determined later on. We consider the change of variables

{R—Ztlcz.r/c, {I:‘L’RZ/K,

(2.52) ) :
R xj = y; RV .

R_2IXj 2K‘j

Denoting Q@ = {(y,7) € RY xR, : ¥ +ZN1|yJ 2 < 2} and p(y, 1) =
™ + Zjl-vzl |;1%/, then

Y 14 /
/ / 19,217 ¢V~ dx dit
0 RN

- K K o K ’ !
=R"" =17 //Q(Iauqoom" (@op)~¥)dydr,



BLOW-UP RESULTS FOR NONLINEAR HYPERBOLIC INEQUALITIES 407

and
o i |7
fo fo g et
RN ax:’
(2.54) Z
K(q P) "+ K5 9b8i
- A e
Consequently, there exist positive constants C; ({ =0,..., N) such that
o0
2 [ s 0dx+ [ [ itg dxar
RN 0 JrN
(2.55)

N1 N N o1
< C()sz:l Kj +2/Kc—4q’ [x + Z CjR—ﬂiq/(xi(q_p))+2/K+Zj=1 Kj
i=1

We now choose the «; > 0 and « in order all the exponents of R be the same
in (2.54), that is

N N
SOk +2/k =g k= —Bia/kia — P+ 2k + DK
(2.56) i=1 =

==

dij/k = Bi(q —1)/(q — p).

In that case, the common value ¢ of the exponents is

(2.57) 8- 2 2( )i—l—— -1

and the constraint on « is B;(g—1)/(g — p) < 4k;, which can always be fulfilled
by taking the «; large enough. Since by assumption y < 0, we conclude as in
the previous theorems by letting R go to infinity. O

The techniques developed above can also be used to handle the case of
operators the coefficients of which have a strong dependence upon the variables
x and ¢ at infinity. Instead of assuming that the coefficients a, in the operator
L,, defined in (2.1) are merely bounded, we assume that

(2.58) lag(x, )] < ClxI’” (Y (x,0) e RV x> +1 > 1),

for some positive C and § and y belonging to R.

THEOREM 5. Assume thatq > max(1, p),§ <mandy > —2(q — p)/(q —1).
Then there exists no solution u of inequality (2.3) defined on ]R’_:_’Jrl and such that

. . . 8)(g+1
Jrn u1dx > 0, if the inequality N < ﬁy—(ﬁ holds.
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Proor. We follow Theorem 1 and, by using the same test function, we first

obtain (2.10). Performing the change of variables (2.12), the relation (2.13)
remains valid while (2.14) is replaced by

[o @)
(2.59) / / |L;;|4/(4—P)§—P/(q—p)dx dt
0 RN

< // |L;§|4/(4—P){—P/(q—p)dx dt
lx|242<1

+CR W%+2+2N+<25+l)—q-//(

le|=m

| D*( ¢0p)lq P(pop) 7- P) dydr.

Consequently
o0
2/ ul(x)g'(x,O)dx+/ / |u|9¢ dx dt
RN 0 JRN
(2.60) / / % - 14/@—P) p—p/@—P) 2N/ u+2/c~4q
< et IL,¢| e dxdt + CsR

+ Cs R™2m9/ (g =PV +2/e2N [t (28/n+2y [03/a=P)

Since [f, 24,1 |1Lnt1?/4 P ¢~P/@"P)dx ds =0 for R > Ry > 1, depending on
k and p > 0, the problem is reduced to equalise the two exponents of R in
(2.60). This means

=2mq/(u(g — p)) +2/k +2N/pn + 28/ + 2y /x)q/(q — p)

(2.61) =2N/u+2/k —4q [k .

We choose

(2.62) 9( +2—1>=m—8,

with 0 = u/k, and this gives the common value @ for the exponents of R:

1 —
(2.63) w=1 (N __(m-8@+D ) .
W 2(q-p)+v@-1D
The end of the proof is as in Theorem 1. O

APPLICATION 1. We take m =2, p=1, 8 =1 and y = 0. Then the
conditions on y and & are satisfied, while the condition on N reads 1 < N <
(g +1)/(2(g — 1)) or, equivalently, 1 <g < 2N+ 1)/(2N - 1).

REMARK 4. By using the same method, we can also derive non-existence
results for stationary solutions of the preceding inequalities (that is solutions
independent of the t variable and only depending on x € R¥, and in such a case,
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we assume that a, = a,(x)). Since the proofs are straightforward imitations of
the above ones, we just state the results without any proof.

A - Assume that ¢ > max(1, p). Then there exists no stationary solution of
(2.3) defined in RN if N <mq/(q — p).

B ~ Assume that ¢ > max(l, p). Then there exists no stationary solution of
(2.38) defined in RY if N < £g9/(q — p).

C - Assume that ¢ > max(l, p). Then there exists no stationary solution of
(2.48) defined in RV if SN, g~ < q/(q — p).

D - Assume that ¢ > max(l, p), 6 < m and (2.58) holds with y = 0. Then
there exists no stationary solution of (2.3) defined in RY if N < gq(m —

8)/(q — p).

3. - Non-existence for hyperbolic systems

Let L, be differential operators of order m; (i = 1,2) defined by
3.1) Lt =Y D*(@alx,1)0),
{a|=m;

where the a;, are bounded and measurable functions defined in RY x R, =
RY+1, and the ¢, are real-valued continuous functions which satisfy

(3.2) lgp; (M| <clr}”  (VreR),
for some p; > 0 and ¢ > 0.
DeFINITION 2. The couple (1, v) € LELRY T N LILRY+Y) x LZRY+H N

L (R¥*1) is a weak solution of
{ Ot = L (pp, (W) + |71,

811V = L,y (¢p, (V) + [u]?2,
in RT’I with initial data (u(.,0), v(.,0)) = (uo(.), ve(.)) and (B;u(.,0)3;v(.,0))=
(u1(.), v1(.)), all data belonging to L (RY), if for any { € CPRY*!), ¢ >0,
there holds

~ [ e 0ds+ [ uwwaseodr+ [T [ udug dnar
RN
/ / (0p1(“)Lfnl§dxdt+/ / lvl‘“{dxdt,
0 JrN

-—/ vi(x)¢(x, 0)dx+/ vo(x)0:¢ (x, 0)dx+/ / v, ¢ dx dt

//%z(U)L {dxdt+/ / lu|?2¢ dx dr |
0 JrN

where Ly = (=1)™ 34, Gi,a(x, 1) D"

33)

(3.4)

(3.95)
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THEOREM 6. Assume that q1 > max(l, p;) and q; > max(l, py). Then there
exists no solution (u, v) of the differential inequalities (3.3) such that fRN uidx >0
and [pn vidx > 0, if one of the following assumptions is fulfilled:

I - Ifq1 > q> and maq1/(q1 — p2) = mig2/(q2 — p1), then N < miq2(q1 +
1)/(2q1(q2 — p1)).
Il - If g1 > q2 and maq1/(q1 — p2) < m1q2/(q2 — p1), then N < my(q1 +
1)/(2(q1 — p2)).
I - If g > q1 and miq2/(g2 — p1) < maq1/(q1 — p2), then N < m(q +
1)/(2(g2 — p1)).
IV - If g2 > q1 and m1q2/(q2 — p1) > maq1/(q1 — p2), then N < maqi(q2 +
1)/(q2(q1 — p2)).

ProoF. As in Section 2, we consider a nonnegative test function { €
C(RY*!) such that
* 3. el 4 (L* 10/ 9P P2/ @)Y gy d
/0 /RN(m;l; +1L5, ] ¢ ) dx dr

00 14
+/ / (|3”;|t12§1—q§ + |L;2;|q§/(q§—p1)§—p1/(q§—p1)) dxdt < o0,
0 JRrRN

where g/ = ¢;/(q; —1). We first have

o0
/ / udy ¢ dx dt
o JrN
00 Vg s roo , , 1/q;
37 5(/ / ]u|q2§dxdt) (/ / |8,,§|q2;1"q2dxdt) ,
0 JrY 0 JRN

1 e 00 F
<= / / |2 dx di + Cy.y / / 1815 B dx dt
4 jo JrN 0 JrN

(3.6)

and

o0
—_ /0 /]RN @p, (u)L:‘nlf dx dt
-

Pl 2-r1
o q o 2 __P q
(3.9) fc(// |u|q2§dxdt) 2 (/ / |LE ¢|B2-Pig @2P1 dxdt) 2 ,
0 JRN o Jrv "1
1 o 00 @ __p
< —/ / |u|‘12§dxdt+C12/ / |Ly ¢|%27P1y ©27Pidxdt.
4Jo JrN “Jo Jrvo ™

Similarly

oQ
//Ua,tg'dxdt
0 JRN
00 /¢y 00 , , 1/qy
(39 5(/ / |vl‘“§‘dxdt) (/ / |8,,§|q1§1‘q1dxdt) ,
0 JRV 0 JrRN

1 0 0 ¢ g
5—/ / Ivl'“Cdxdt+C2,1/ / Bl dx d
4 Jo JrN 0o JrN
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and
o0
_/0 /RN 09, (W)L, ¢ dx dt

o . P2 o0 » 1a-r2
610 <o [ wmeara) ™ ([7] iemme amaxa) T
0 JrN 0o JrN "2
1 [ 00 91 __P2
< _/ / |v|q1§dxdt+C2,2/ / |Ly ¢|91=P2¢ 91-P2dxdt.
4 Jo JrN 0 JrRYN 2

We choose ¢ such that

(3.11) /]RN up(x)9;¢(x,0)dx =0 and /]RN vo(x)8,¢(x,0)dx =0.

By summing the two next inequalities (derived from (3.7)-(3.10)),

o0
/ul(x);<x,0)dx+/ / ol g dx dt
RY 0 RN
1 o0 o0 /1 !
(3.12) 5—/ / |u|‘12;dxdt+cl,1/ / 18,¢1%2¢ " " 2dx dt
2Jo JrN 0o JrN

o0
+ C1,2/0 /]RN |Lfnl§|42/(q2_p1)C_”l/(’“_”l)dx dr,

and

o0
[ nwse.odx+ [~ [ uingaxar
]RN 0 RN
1 © 00 4 1 ’
(3.13) < 5/0 /]RN lv|9¢ dxdt—+—C2,1/O /]RN 18,111 N dx dr
e /oo /N lL;‘z;|q1/(q1—Pz)é-—pz/(qrpz)dx dt,
0 R

we deduce that the following estimate holds

X0
2/ (u1+v1)c(x,0)dx+/ / (ol + [ul)¢ dx di
RN 0 RN
oo ’ ’ ’ ’
1oy =ci [ [ (gl + aug [ )ax ar
0 R
o * __Q_L_ —_E_l_ * ——q_l“ —"—{2—
—|—C2/0 ./IRN (|Lm1§|qz PLy @27P1 +|Lm2§'q1 IZ¥ K Pz)dxdt,

We take again {(x,t) = (p(L;'%"—”-), where ¢ € C°(R;) satisfies 0 < ¢ < 1

and

0 ifr=2,
(3.15) ‘”(’)‘{1 ifo<r<l,



412 STANISLAV POHOZAEV — LAURENT VERON

R is a positive parameter and x > 1 and p > 0 will be determined later on.
Clearly (3.9) holds.

In order to estimate the right-hand side of (3.14) we perform the same
change of variables as in Theorem 1, that is

R72t¢ = ¥, t = R¥*¢,
(3.16) { {

R72|x|* =yl x = R¥Hy.

This yields

o0
2 [tz O+ [ [ (ol + i) dx ds
RN 0 RN
@1 <, ( R /422N [y R—4q§/x+2/x+21v/u)

+Cq ( R~2m92/(w@2=pD)+2/k+2N/u R—Zrnqu/(u(ql—pz))+2/x+2N//4)

Setting 8§ = p/k > 0 the exponents of R will be nonpositive if the following
inequalities are all satisfied for some 6 > 0.

H N=b@a+D/( -1,
(i) N=<O0(@+D/(g-1),
(i) N <mq/(q1 —p2) -6,
(ivy N <mq/(q2—p1») -6,

(3.18)

Therefore, if we define N by
(3.19) N =max{r >0:36 > 0 s.t. (3.18) holds},

then N = F (IV) is the largest integer such that (3.18) holds. For example, if
q1 = g2 and maq,/(q1 — p2) = m192/(q2 — p1), O is defined by the relation

(3.20) 8(q1—1)/(grH) =m192/(gr—p1)—6 <= 6=2""m1g:(q1+1)/(q1(g—p1)),

and the conditions (3.18) read N > miq2(q1 + 1)/(2q1(g> — p1)), which is L
While if g1 > g2 and maq1/(q1 — p2) < mi1g2/(g2 — p1), 0 is defined by

0(q1 +1)/(q1 — 1) = maq1 /(g1 — p2) — 0 <= 6 =2""ma(q1 — /(g1 — P2),

and the conditions (3.18) read N < my(q; + 1)/Q2(q1 — p2)), which is II. We
proceed similarly if g; < ¢g». We conclude as in the previous theorems: by
letting R go to infinity, and since [pn(u1 + v1)¢(x,0)dx > 0, we infer that
I Jen (019 + |u|92)¢ dx dt = 0. o
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APPLICATION 2. In the case where m; = 2 and p; = 1 for i = 1,2, the

relation g1 > g, implies myq1/(q1 — p2) = 2q1/(q1 — 1) < mig2/(q2 — p1) =
2g>/(q2 — 1). The blow-up occurs when N < (g1 + 1)/(q1 — 1) & q1 <
(N + 1)/(N — 1), which the same condition as in the single equation case.

REMARK 5. This result has to be compared with the recent ones of Del
Santo, Georgiev and Mitidieri [DGM], [DM] dealing with the case m; = 2,
N=3and p; =1 and L,, = A. In this case it is proved that if

p+2+q7' q+2+p!
pa—1 ~ pg—1

(3.21) p>1,q>1,max{ }=A(p,q)zl,

any solution of the above mentionned inequalities, with compactly-supported
small enough initial data, blows-up in finite time. On the contrary, if A(p, q) <
1, the corresponding system of equations admits global solutions provided the
initial data are small enough. This type of results, with stronger assumptions
but obviously sharper statements, are the natural extension to systems of the
ones of John, Glassey or Shaeffer ([Jo1], {GI2], [Sc]). Our results, dealing with
weak solutions with general initial data, are much more in the continuation of
Kato’s works ([Ka]).

In the next theorems we give blow-up results for non-diagonal hyperbolic
systems of the following types

(3.22) { Byttt = Loy (0, (v)) + |u|91
9V = Ly (9p, (W) + [v]%2

and

(3.23) { Btk = L, (9p, (v)) + |v]91
3tV = Limy(9p, (w)) + |u|®2

A couple (u,v) € L RYTHNLEZRYH) x LE ®RY+HNLELRY ) as a weak
solution in Rf“ of (3.22) with initial data (u(., 0), v(., 0)) = (uo(.), vp(.)) and
Bu(.,0),3,v(.,0)) = @1(.), v1(), if for any ¢ € CPRY*), ¢ > 0, there
holds

—/R u(x)¢(x, O)dx+/ ug(x)9, ¢ (x, O)dx+/ / udy dx dt

(3.24)
/ / ¢p1(U)L,’:,1§dxdt+/ / |lulf1¢ dx dt,
0 JRV
and
_/ v1(x)¢ (x, 0)dx+/ vo(x)i),;‘(x,O)dx+/°o/N v, ¢ dx dt
(3.25) o Jr

/ / €0p2(u)L Cdxdt+/°°/ lv|R¢dxdt,
0 JRVN
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Similarly (u,v) € LE@®YTHNLEZ RV x LRI NLELRYHY) is a weak
solution in RY*1 of (3.23) with initial data (u(.,0), v(., 0)) = (uo(.), vo(.)) and
(atu(.,O).atv(.,O)) = (u1(.), v1(.)), if for any ¢ € CPRY*), ¢ > 0, there
holds

—/ up(x)¢ (x, O)dx+/ uo(x)o,¢ (x, O)dx—l-/ / ud, ¢ dx dt

(3.26)
/ / fﬂpl(v)Li‘nlfdde/ / v|1¢ dx dt
0 JrR¥
and
“/ v ()¢ (x, O)dx+/ vo(x)3,¢ (x, O)dx+/ / vy ¢ dx dt
(3.27)

/ / @p, WLy, Cdxdt-}—/ / lu|%2¢ dx dt ,
0 JRN

Since the techniques involved are the same as the one of Theorem 6, we
just state with a very reduced proof our results concerning these non-diagonal
systems.

THEOREM 7. Assume that q1 > max(l, p;) and q; > max(1, p;), then there
exists no solution (u, v) of the differential inequalities (3.22) such that fRN uidx >0
and [pn vidx > 0 if one of the following assumptions is fulfilled:

I - Ifq1 = q2 and maq1/(q1 — p2) = m1q2/(q2 — p1), then N < mig2(q1 +
1)/(241(q2 — p1))-

II-Ifq1 = g2 and maq1/(q1 — p2) < m1q2/(q2 — p1), then N < ma(q +
1)/Q2(q1 — p2))-

I - If g2 > q1 and miq2/(q2 — p1) < magi/(q1 — p2), then N < mi(q2 +
1)/(2(q2 — p1))-

IV - If g2 > q1 and m1q2/(q2 — p1) > maq1/(q1 — p2), then N < myq1(q2 +
1)/Q2qa(q1 — p2))-

., ProOF. The only difference with the proof of Theorem 6 is that (3.7) and
(3.9) are respectively replaced by

o0
/ / uangdx dt
0o JrN

00 1/q1 00 , , 1/‘11
(328) < (/ / |u|‘ﬂ;dxdt> (/ / |8,,§|q1§1_qldxdt> ,
0 JRN 0 JRN
1 fole) o I g’
< | [ wmeaxarecn [ [ iaacietHaxar,
4 Jo JrN o JrV
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and

o0
/ / v, ¢ dx dt
o JrN

00 Yay ; poo P 1/4;
(329 < ( / / [v]%2¢ dx dt) ( / / 8,2 |52 B dx dt) ,
0 JrN 0 JRN
1 [ 0 '
< - [v|2¢ dx dt + Cy, 18,1928 " 2dx dt |
4 Jo JrN o JrN

with a test function a test function satisfying (3.6) while (3.8) and (3.10) holds.
By summation the inequality (3.14) is still valid, and the conclusion follows by
the same discussion. O

THEOREM 8. Assume that q1 > max(l, p|) and q» > max(1, p;). Then there
exists no solution (u, v) of the differential inequalities (3.23) such that [pn uidx > 0
and [pn vidx > O if one of the following assumptions is fulfilled:

I-1Ifq > g and myq2/(q2 — p2) > miq1/(q1 — p1), then N < m(q; +
1)/2(gq1 — p1)).

II - If q1 > q2 and maq2/(q2 — p2) < miq1/(q1 — p1), then N < maqa(q2 +
1)/(2q1(q2 — p2)).

I - If g2 > q1 and myq2/(q2 — p2) < mi1q1/(q1 — p1), then N < my(q2 +
1)/(2(g2 — p2)).

IV - If g2 > q1 and myq2/(q2 — p2) > miq1/(q1 — p1), then N < m1q1(q2 +
1)/2q2(q1 — p1))-

ProOF. We consider a nonnegative test function ¢ € C?(RQ’“) such that

o0
/ /N (|3tt§|qi§1_qi + |L=:nl;|fIi/(¢Ii‘P1)§--P1/(Qi—P1)) dx dt
0 R

(3.30)
+/0 /]RN (lang“l”Z;““qz + IL;‘nz;[42/(‘12—172);—172/(42—172)) dxdt < oo

Estimates (3.7) and (3.9) hold, while (3.8) and (3.10) are replaced by

o0
__/0 /RN gopz(u)L;,z{ dx dt
@-p

o0 P2
(3.31) SC(/ /N|u|q2§dxdt> (// LY ;|q2 Pry @2~ pzdxdt) 2 ,
0 JR
1 [ 2 _ __ P2
< —/ / |u|q2§dxdt+C1,2/ / |L} ¢|927=P2¢ ©2=P2dx dt.
4Jo JrN o JrN T2
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and

lo o]
—/ / (ppl(v)Lfn tdxdt
91-p]
7

-_P1_
(3.32) <c<// |v|q1§dxdt> (// L}, (| A Pldxdt) ,
.
5—/ / |v|q1§dxdt+C22/ / L2, |7 TP dx .
4Jo JrN “Jo Jrv o ™

Consequently, (3.14) is replaced by

2 / (@1 + v)E(x, O)dx + / / (ol + [u|2)¢ dx di
]RN 0 ]RN
63 e [ [ (0l + faug e ax
0 R:

o0 _a . P _2_ __P
+C2/ / (IL;, (| TP 4 Ly b | BRI ‘12‘P2)dxdt,
0 RN 1 2
and (3.17) becomes

o0
2/ (uy +v)e(x, 0)dx +/ / (Jvl% + |u|92)¢ dx dt
RN 0 RN
334) < Cs (R-M{/K+2/K+2N/u + R~4q§/x+2/x+2N/u)
+Cy ( R2m191/ (g1 —p)+2/k+2N /1 + R—2m2q2/(/_L(q2—pz))+2/K+2N/u) .

In order to have the exponents of R nonpositive, we have to find a positive
6 = u/k such that

@® N=O0@a+D/q-D,
(i) N =<6(g2+1/(g2—-1),

3.35
(335 i) N <maga/ (g2 — p2) -
Giv) N =<maq/(q—p)—90
Defining
(3.36) N = max {r >0:36 > 0 s.t. (3.35) holds} ,

then N = E (1\7 ) is the largest integer such that (3.35) holds. The conclusion
follows. o
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4. — Non-existence for systems of mixed type

In this Section we consider systems of mixed type parabolic-hyperbolic

@l { O > L, (("pl (u)) + jy|1
' 3V > Lun, (0p, (v)) + w2
and elliptic-hyperbolic

4.2) { Bttt = Liny (9p, ) + [v]?1

O 2 Lm2 ((opz(v)) + Iuqu

We define the operators Lp,, Lm,, L*1 and L;“n2 as in Section III.

DEFINITION 3. We say that (, v) € Lt RY*H)NLIL@RY+Y) x LE2@RY+)N
LZ(@®Y*) is a weak solution of (4.1) (resp. (4.2)) in RY*! with initial data
(. ,0), v(.,0) = (up(.), vo(.)) and d;u(.,0) = u;(.), all belonging to LIIOC(IRN)
(resp. u(.,0) =ug(.) and d;u(.,0) = u;(.))), if the two inequalities

—/lR ur(x)e(x, 0)dx+/ up(x)a: ¢ (x, O)dx+/ / udyt dxdt

4.3)
//wm(u)Lfnl{dde/O /Rval‘“;dxdt,
and
—/ vo(x)0: ¢ (x, O)dx—/ / vo, ¢ dx dt
“4.4)

/ / op WL, {dxdt+/ / ul®2¢ dx dt
0 RN

hold for any ¢ € CC°°(RI}F'+1), =0 (resp. inequality (4.3) and

4.5) 03/0 /RN ¢p2(u)L;2;dxdt+/0 /}RN u|2¢ dxdt) .

THEOREM 9. Assume that q, > max(l, p;) and q; > max(1, p1). Then there
exists no solution (u, v) of the differential inequalities (4.1) such that fRN urdx >0
and [pn vodx > 0 if one of the following assumptions is fulfilled:

I - Ifq1 < 292/(q2+ 1) and maq1/(q1 — p2) = miq2/(q2 — p1), then N <

mi(q2 + 1)/(2(q2 — p1)).

I - Ifq1 < 292/(q2 + 1) and maq1/(q1 — p2) < m1q2/(q2 — p1), then N
m2q1(q2 + 1)/ (2q2(q1 — p2)).

I - If g1 = 292/(q2 + 1) and m1q2/(q2 — p1) < m2q1/(q1 — p2), then N <
m1q2/(q1(q2 — p1))

IV - Ifq1 > 292/(q2 + 1) and m1q2/(q2 — p1) > m2q1/(q1 — p2), then N <
m2/(q1 — p2).

IA
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Proor. We consider a nonnegative test function ¢ € C° (]R_’X“) such that
o 7 1 4 I3 4 I3
/ / (ianflqli -4 4 |L;knlg-|ql/(ql—P2)é-—P2/(ql“‘P2)> dx dt
0 JRrN

0 / / / ’
+/O /]RN <|att§|q2§1_q2 + |L;2§'qu/(q2_p1){_p1/(qé_p1)) dxdt < o0,

Inequality (3.7)-(3.8)-(3.10) holds while (3.10) is replaced by

o0
—/ / vo;{ dx dt
0 JRN
o0 Va1 ; oo S /4
4.7 5(/ / |v|q1{dxdt) (/ / |8,§|‘11;1“11dxdt> ,
0 JrN 0o JrN

<1/°°/ lv91¢ dxdt + C /oo/ 18,217 e~ dx di
“4Jo JrVN 21 o Jrv ' '

We choose ¢ such that

(4.6)

“8) [ w015z, 00z = 0,
RN
and obtain
o0
2/ (uq +vo){(x,0)dx+/ / (Jv|?t + |u|?2)¢ dx dt
RN 0 JRrN

o ’ ’ ’ ’
49 < / / (10ut %1% + [t [ )ax dr

0o Jr

o0 - S S | H .
+C2/O /}RN (|Lm1;,qz PL{ 027 PI +|Lm2§|q1 Z¥ KT pz)dxdt_

Taking ¢, ¢, ¥ and u as above yields

o0
2/ (u1+v0)§(x,0)dx+/ / (1v]% + |u|92)¢ dx dt
1: 0 0o JrRN
4.10) <« Cs ( R—zq;/x+2/x+21v/u + R—4qé/x+2/x+2N/y,)

+C4 ( R-2m192/ (@2 =p1)+2/k 42N u o R—zmqu/(um—pz>>+z/x+zzv/u)_

The inequality (3.18) is transformed into (with 6 = u/x > 0)

i) N=6/qg-—-1D,

(i) N=<6(@+D/(g-D,

(i) N <myq/(q1—p2) -0,

(iv) N <mq/(q2—p1) -0,

Then N is the largest integer such that (4.11) holds. Since the discussion occurs

according 1/(qg1—1) = (g2+1)/(q2—1) < q1 < 2g2/(q2+1), the conclusion
follows. O

@.11)
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THEOREM 10. Assume that q; > max(1, p;) and g2 > max(1, p;). Then there
exists no solution (u, v) of the differential inequalities (4.2) such that fRN urdx >0
if one of the following assumptions is fulfilled:

I - Ifmiq2/(q2 — p1) < maq1/(q1 — p2), then N < my(g2 + 1)/(2(q2 — p1)).
II - Ifmiq2/(q2 — p1) > maqi/(q1 — p2), then N < mpq1(q2+1)/(2q2(q1 — p2))-

Proor. Using the same techniques as in Theorem 8, the inequality (4.10)
is replaced by

o0
2/ ulg“(x,O)dx—f—/ / (lvlq1 + |u|q2)§ dxdt
RN 0 RN
4.12) < C3R—4qé/x+2/x+2N/u

+C, (R—mez/(u(qz—m))+2/K+2N/u n R—2m2q1/(u(q1—Pz))+2/x+2N/u).

Then (4.11) reduces to

i N<0@+1/(g2—1),
(4.13) i) N <mqi/(q1— p2) -0,
(iii)) N <mq2/(q2—p1) —6.

The end of the proof is the same as in Theorem 8, case Il or IV. g
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