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Abstract

We introduce blowing-up coordinates to study the autonomous third order nonlinear
differential equation : f” + mT‘Hff” —mjf"? = 0 on (0,00), subject to the boundary
conditions f(0) =a € R, f/(0) =1 and f/(t) — 0 as t — oo. This problem arises when
looking for similarity solutions to problems of boundary-layer theory in some contexts of
fluids mechanics, as free convection in porous medium or flow adjacent to a stretching wall.
We study the corresponding plane dynamical systems and apply the results obtained to
the original boundary value problem, in order to solve questions for which direct approach
fails.

1 Introduction.

We consider the autonomous third order nonlinear differential equation

m+1

5 ff'—mf?=0 on (0,00), (1.1)

f/l/ +

subject to the boundary conditions

f(0) =a, (1.2)
f(0) =1, (1.3)
(o) i= fim £1(0) = 0. (1)

The parameters m and a will be assumed to describe IR, and we are concerned by existence and
uniqueness questions for the solutions of the problem (1.1)-(1.4). In the case m = 0, equation
(1.1) reduces to the so-called Blasius equation, and has been widely studied (see [6], [12], [17],

AMS 2000 Subject Classification: 34B15, 34C11, 76D10.
Key words and phrases: Third order differential equation, boundary value problem, blowing-up coordinates,
plane dynamical system.



[19], [22] and [23]). This boundary value problem arises when looking for similarity solutions in
physically different contexts in fluids mechanics, as free convection about a vertical flat surface
embedded in a fluid-saturated porous medium (see [10], [11], [14], [18]), or boundary-layer flow
adjacent to a stretching wall (see [3], [4], [13], [16], [20]). The parameter m is related to some
conditions given on the wall, while a correponds, for example for the stretching wall, to an
impermeable wall when a = 0, to a permeable wall when a # 0, say suction (a > 0) or injection
(a < 0) of the fluid. In these physical papers the problem (1.1)-(1.4) is essentially studied
from numerical point of view, or by using formal expansions, and only some elementary results
are proved. Further mathematical analysis is done in [5], [7], [15] and [9], and partial results
concerning existence of one or several solutions are given. The approach consists in shooting
methods and more precisely in finding values of f”(0) in order to get existence of f on the
whole half line [0, 00) and such that (1.4) holds. This direct approach allows to consider any
value of a and solutions vanishing. Nevertheless, limitations appear and the method seems to
fail in some cases (see [9]).

Noticing that for £ > 0 the function t — kf(kt) is a solution of (1.1) when f is, we can
introduce the following blow-up coordinates: u = ]’:—; and v = ;i—'; More precisely, let us consider
a right maximal interval I = [r,7 + T') on which a solution f of (1.1) does not vanish, and set

t .f/ t f// t
Viel, s= /T fede,  u(s)= f(i))Q v(s) = f(t():z (1.5)
Then, we easily get
= P(u,v) :=v — 2u? 16
b= Qm(u,v) == =2y 4+ mu® — 3uv, (1.6)

where the dot is for differentiating with respect to the variable s.
Our goal now is to propose proofs using the blowing-up coordinates v and v when direct
approach fails.

2 The plane dynamical system (1.6).

In this section, we would like to give some results about the plane autonomous system (1.6) in
order to come back to the boundary value problem (1.1)-(1.4) and pursue the study done in [7]
and [9]. In this spirit we do not necessarily give complete results on the plane system, but only
what we need for application to (1.1)-(1.4).

The singular points of the system (1.6) are O = (0,0) and A = (—¢,15). The isoclinic
curves P(u,v) = 0 and Qm(u,v) = 0 are the parabola v = 2u? and v = 9y, (u) where 1)y, is the

rational function
mu?

T 3u+ =

Ym(u)

The jacobian matrix of (1.6) to the point A is given by



The eigenvalues of J,4 are

_ 4—3m—+v9m? — 24m — 8 _ 4—3m++v9m? — 24m — 8

A A
1 192 ) 2 12 ’
ifm < 1(4—2v2)orm>1(4+2y2) and
\ 4 —3m — iv/8 + 24m — 9m? N 4 — 3m + iv/8 + 24m — 9m?
1= 2=

12 ! 5 :
if 2(4 —2v2) <m < 1(4 +2v/2). Therefore we have that
e A is an unstable node if m < —4*5‘/5,

e A is an unstable focus if %ﬁ <m < %,
e A is a stable focus if % <m< %,
e A is a stable node if m > #.

For the singular point O, the jacobian matrix is

0 1
0= (g mer ),

of which the eigenvalues are Ay = 0 and Ay = —mTH. The corresponding invariant subspaces

are Ly = IR(1,0) and L = R(1, —mTH) respectively. By looking at the vector field in the neigh-
bourhood of O, we see that for m # —1, the singular point O is a saddle-node of multiplicity 2.
It has a center manifold W) tangent to the subspace Ly, and a stable (resp. unstable) manifold
Wif m > —1 (resp. m < —1), tangent to the subspace L, (see [1] and [2]).

Concerning VW we have the following result:

Proposition 2.1 In the neighbourhood of O, the manifold VW takes place below L when m < —1

orm > —% and above L when —1 <m < —%.

Proof. Since W is at least of class C? in a neighbourhood of O and is tangent to L, we can
defined it in this neighbourhood by v = v, (u), where vy, is a solution of the equation

m+1

(v —2u)v' = — v+ mu® — 3uw. (2.1)

Writlitng Vm(u) = —mTHu + pu? + o(u?) and using (2.1) we easily get § = —2%211) and the
result. m

Remark 2.1 Form = —% the manifold W is given by

Wz{(u,—%) cR?; u>—%}.

On the other hand, we will not consider the case m = —1 because we know from [9] that the
boundary value problem (1.1)-(1.4) has no solution. See also Part 3.1 below. Nevertheless, in
this case, the center manifold is of dimension 2, and the phase portrait of the vector field in the
neighbourhood of O has the form given in the figure 2.1.
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For the center manifold W, we have:

Proposition 2.2 In the neighbourhood of O, the center manifold W takes place above Ly when
m < —1 orm > 0, and below Ly when —1 < m < 0.

Proof. Here again we use regularity of W, in the neighbourhood of O, and as in Proposition
2.1, we define Wy by v = v (u) for |u| small enough, and we easily obtain

2
mr—ir—l1U2 as u— 0. (2.2)

UV ~

This completes the proof. m
Remark 2.2 For m = 0 the center manifold Wy coincides with the u-azxis.

Let us now precise the phase portrait of the vector field in the neighbourhood of the saddle-
node 0. We will assume that the parabolic sector is delimited by the separatrices Sy, Sy
which are tangent to L, and the hyperbolic sectors are delimited, one by Sy and the separatrix
So, which is tangent to Lg, and the other by S; and S,. The manifold WV is the union of the
separatrices Sy, S; and the singular point O, and the manifold W, is the union of the separatrix
S, the singular point O and a phase curve Cs.

We will also write S;” when the separatrix S; is an w-separatrix, and S;” when it is an a-
separatrix. Taking into account the previous Propositions, we easily get the behaviors described
in the figure 2.2.

In order to study the global behavior of the separatrices, let us introduce the following
notations. Consider any connected piece of a phase curve C of the plane dynamical system
(1.6) lying in the region P(u,v) < 0 (resp. P(u,v) > 0); then C' can be characterized by
v = Vin(u) (resp. v = Wp,(u)) with u belonging to some interval, and where Vi, (resp. Whyy,) is
a solution of the differential equation

_ Qm(u,v)  —2Hv+mu® - 3uw

P(u,v) v — 2u?

v = F(u,v) : (2.3)
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3 The boundary value problem (1.1)-(1.4).

To come back to the original problem, most of the time, we will consider the initial value
problem

f///+ mTJrlff// _mf/2 _ O,

f(0) =a,
(Pana) 7(0) =1,
f(0) = p,

with @ # 0 and look at the trajectory C, ,, of the plane dynamical system (1.6) defined by (1.5)
for some 7. For the particular choice 7 = 0 we have

u(0) = — and  v(0) = .

a? a3

It is clear that if C,, is a semi-trajectory, then necessarily 7" = oo and f does not vanish
on [1,00). Conversly, if the solution f of (Pm,,) is defined on [0,00) and does not vanish
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on [r,00), then C, , is not necessarily a semi-trajectory, since the integral of f on |7, 00) may
converge.

Let us now recall the following useful properties of solution of boundary value problem
(1.1)-(1.4):

Proposition 3.1 Let f be a solution of (1.1)-(1.4); we have

(i) If m <0, then f is strictly increasing on [0, 00), and moreover

e if f"(0) <0, then f is strictly concave on [0,00) (concave solution),

e if f7(0) > 0, there exists ty € (0,00) such that f is strictly convex on [0,ty] and strictly
concave on [tg, o0) (convex-concave solution).

On the other hand, if m > —1 and a < 0, then f becomes positive for large t.

(i) If m > 0, then f is bounded, f”(0) < 0 and moreover

e cither f is strictly increasing and strictly concave on [0,00) (concave solution),

e or there exists ty € (0,00) such that f is strictly concave on [0,ty] and f is positive, strictly
decreasing and strictly convex on [tg,00) (concave-convex solution).

(iii) For allm € R one has f"(t) — 0 as t — oc.

(iv) For allm € R and if f is bounded then

=0, fo+ o = -0 [ e (31)
t

Proof. See [9]. m

3.1 The case m < —1.

It is indicated in the appendix of [21] that one find in [24] a simple proof that problem (1.1)-
(1.4) with @ = 0 has no solutions for m < —1; but it is not so clear to find this result in [24].
Partial generalization can be found in [9]. In the first lemma we come back to these results and
give a complementary property in terms of the blowing-up coordinates.

Lemma 3.1 Letm < —1. Ifa > —\/%, the problem (1.1)-(1.4) has no solution. Moreover,
if a < —\/ﬁ and if f is a solution of (1.1)-(1.4), then necessarily f < 0 and the curve
s — (u(s),v(s)) defined by (1.5) with 7 = 0, is a negative semi-trajectory which lies for —s
large enough in the bounded domain

1 1
D+::{(u,v)€lf~{2;0<u<—% and O§v<—m;L u} (3.2)

Proof. Let f be a solution of (1.1)-(1.4). Using Proposition 3.1, we see that f is increasing
and there exists ¢y > 0 such that f”(t) < 0 for ¢t > ¢;. On the other hand, because of f' > 0, we
see that if f(¢;) > 0 for some point t;, we get f”'(t) < 0 for ¢ > max(tg, t1), and a contradiction
with (iii) of Proposition 3.1 and the negativity of f”(¢) for large t. Consequently, f < 0 and
necessarily a < 0. Since f' > 0 and f”(t) < 0 for t > t,, we get

%0
=0y

f"(#)
f@)?

>0 and V>t

> 0. (3.3)



On the other hand, f is bounded and from (3.1) we obtain

m+ 1

ve20, [+ —5

F@)f(t) > 0. (3.4)

Denoting by A the limit of f at infinity and integrating (3.4) we get

1 1 1
—F) + m; V= f()?) >0 and f(t)+ m: F(? < %A? <0.  (35)
For ¢t = 0 this implies a < — \/% Finally, dividing the second inequality of (3.5) by f(¢)?
and (3.4) by f(t)3, we obtain
ft)  m+1 f'(t) | m+1 f(¢)
vt >0, <0 and < 0. 3.6
TOEA TOERSRPRNTOE 30
From the first inequality of (3.6) we easily deduce
V>0, f(f) <
20 O3y

which implies .
| e = ==

Consequently, the trajectory s — (u(s),v(s)) is defined on the whole interval (—oo,0] and
this together with (3.3) and (3.6) complete the proof. m

(m < —1)
Fig 3.1.1

Lemma 3.2 Let m < —1. As s grows, the a-separatriz Sy leaves to the right the singular
point O tangentially to L, and intersects successively the isoclines Qm(u,v) = 0, P(u,v) = 0,
the u-azxis and the v-azis. (See figure 3.1.1).



Proof. From part 2, we know that close to the singular point O the separatrix S, is below
the straight line L and above the isoclines Qm(u,v) = 0 and P(u,v) = 0. But in the bounded
area {2u? < v < —=Hu} N {u > 0} we can define Sy by v = Wi(u) where Wy, is a solution
of (2.3). Since we have

m+1  u3v+u)

2 v — 2u?

we see that 0 < W/ (u) < == as long as Wi (u) > ¢m(u), that W}, vanishes and becomes
negative. It follows that Sy crosses successively the isoclines Qm(u,v) = 0 and P(u,v) = 0.
After that, we have Qm(u,v) < 0 and P(u,v) < 0, and if we then define S; by v = Vi, (u), we

have

F(u,v) =

(3.7)

1
Vo (u) > M0 as long as  Viu(u) > —%.
Consequently, Sy intersects the u-axis and the straight line v = —%, and as soon as Vi (u) < —%
we have +1
0<Vi(u)< _mT as long as  u > 0.

It implies that Sy crosses the v-axis. See (3.7). This completes the proof. m

Theorem 3.1 Letm < —1. There ezists a, < 0 such that the problem (1.1)-(1.4) has infinitely
many solutions if a < a,, one and only one solution if a = a,, and no solution if a > a,.
Moreover, if f is a solution to (1.1)-(1.4), then f < 0.

Proof. First of all, if a > 0 we know by Lemma 3.1 that (1.1)-(1.4) has no solution. So,
consider for a < 0 and p € R the initial value problem (Pp,q,), denote by f its solution and
look at the corresponding trajectory C, , of the plane system (1.6) defined by (1.5) with 7 = 0.
Let (u.,2u?) be the point where the separatrix S, intersects the isocline v = 2u? (see Lemma
3.2), and set a, = —\/%.

If a > a, then the straight line u = a% does not intersect the separatrix S;, and for all
i € IR the a-limit set of the trajectory C,, cannot be O, in such way that we deduce from
the Poincaré-Bendixson Theorem, that C,, does not remain in the bounded domain D, . It
follows from Lemma 3.1 that f cannot be a solution of (1.1)-(1.4) for any p € R.

Suppose now a = a,. For pu # 2u2a®, the previous arguments show that f is not a solution of
(1.1)-(1.4), and for 1 = 2uZa® the phase curve C, , is a negative semi-trajectory which coincide
with a part of the separatrix Sy . It follows that f exists and is negative on [0, c0), and moreover
that f > 0 and f” < 0. This implies that f'(t) — [ > 0 as t — oo and if we suppose | > 0 we
get a contradiction with the fact that f is negative. Therefore f is a solution of (1.1)-(1.4).

Finally, suppose that a < a,. Then the straight line u = a% intersects the separatrix Sy

through two points (a%, u_) and (a%, v +). Using again the arguments above, we obtain that if
p € [a®v_,a’v,], then f is a solution of (1.1)-(1.4) and if p ¢ [a®v_,av,], then f is not. (See
figure 3.1.1).

This completes the proof of the theorem. m

Remark 3.1 From Lemma 3.1 we know that a, < —\/ﬁ. But this inequality is certainly

not sharp. For example, if m = —3, we have —\/% = —/2, while numerically it seems that

Ay < —2.5.




Remark 3.2 Let m < —1, a < a, and f be a solution of (1.1)-(1.4) corresponding, in the
phase plane (u,v), to the separatriz Sy . Then

A= lim f(t) <

t—o00

Indeed, let us assume that A = 0. We have

(u(s),v(s)) — (0,0)  and — — as s — —o0.

This implies that
) me

—_— _> S —
f@)f'(t) 2
and thus there exists to such that for t > ty we have

m-+ 1
4

—f"(t) = F@f ).

Integrating between t >ty and oo we get

f'(t) L _m+ 1
fer = 8
and a contradiction with the fact that u(s) — 0 as s — —o0.
Consider now, when a < ay, a solution f of (1.1)-(1.4), corresponding to a phase curve which
is not the separatriz. Then f(t) — 0 ast — oo. On the contrary suppose that f(t) — A <0 as

t — 00. Since the phase curve we have considered tends to the singular point O tangentially to
the u-axis, we have
1
o,

F) @)
But, from (3.1) and for t large enough we have

1(t) m+1  3m+1 (¥ f’(§)2d

as t— oo. (3.8)

o ¢
forw 2 2f@) Jo o S1(t)
3m+1/ F(E)dE = 3m—|—1<)\—f(t))
2 @7
Letting t — oo and using (3.8) we get mTH > 0 and a contradiction.
3.2 The case -1 <m < —l.
In this case, the value m = —3 plays a central role. In [10] and [20], numerical investigations

allow the authors to conJecture existence results. In [9], one find mathematical nonexistence
proof for —1 < m < —% and a < 0, and partial existence result for —% <m< —% and a > 0.
Here we complete this study in the case a > 0 for all m € (-1, —3).

First we precise the behavior of the w-separatrix S .



Lemma 3.3 Ifm = —%, the separatriz S is defined by
n 5 u? u
Sy = (u,v)eR;v:V;(u)::?—Z,u>0 .

Proof. We immediately verify that the curve v = V_1(u) (u > 0) is a phase curve, and coincide

1
3
with the separatrix S; since it is tangent to L at O. m

Lemma 3.4 If —% <m < —%, the separatriz Sy is defined by
Sy ={(u,v) € R*; v =Vm(u), u>0},

where Vin < V_1 and Viu(u) — 00 as u — oo.

N

Proof. We know from Proposition 2.1 that in the neighbourhood of O, the separatrix Sy lies

in the region {—2Hu < v < 2u?} N{u > 0} and as long as Sj stays below the isocline v = 2u?

we can define it by v = Vi, (u) where V4, is a solution of (2.3). On the other hand, we have
2m +1

Vin(u) — V_%(u) = +o(u) as u— 0%, (3.9)

from which we get Vin(ug) < Vfé(uo) for ug close to 07 and since

2 1
F(u,v) — F_%(u,v) = — m4+ <

0, (3.10)

we deduce from classical differential inequalities (see [17] or [23]) that Vi, is defined on the
whole interval (0, 00) and that V;, < Vo1

To see that Vi, (u) — oo as u — oo, it is sufficient to look at the values of the vector field in
the region {—2 < v < 2u?} N {u > 0}, and remark that when u is growing, then the phase
curve v = Viy(u) intersects the isocline Qm(u,v) = 0, the u-axis, and next Vj, increases to oo,
since in the region {0 < v < 2u?} N {u > 0} we have

m 1 v

F(u,v) — <—5> = o (—5 — 3uv> >0 (3.11)

which implies that V; (u) > —% for u large enough. m

Lemma 3.5 If -1 <m < —%, the separatriz Si crosses the isocline v = 2u* through a point
(u, 2u?) and next intersects the v-axis. Moreover, as long as it stays below the isocline, Si
is defined by v = Vip(u) for 0 < u < u, where Vi, > V_1, and as soon it has intersected the

isocline, is defined by v = Wy(u), with W, <0 for 0 < u2< uy. (See figure 3.2.1).

Proof. First we remark that, using (3.9) and (3.10), we get Vin(u) > V_%(u) for u € (0, u,)

with either u, = oo if S stays below the isocline, or u, < oo if Sy crosses the isocline through

the point (u,,2u?). We have to prove that u, is finite. Suppose on the contrary that u, = oo.

Therefore we have )
u

Yu >0, 5 715 Vin(u) < 2u?. (3.12)

U
4
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Taking into account (3.12), easy calculations give, for Vi, (1) = u=2Viu(u) and u > 3

% 1 m + 1 3 2,2
V! (u) = BV (a) = 202) (— 5 UV (u) + mu’ — 2V, (u)® 4+ u*Vip ()
1 m 5 u? u
= —— —9 -4
V() = 29) ( 5 UV (u) + mu Vin (1) (Vm(u) 7+ 4))
1 m m
> E— 3y —
— w3 (Vin(u) — 2u2) ( 2 uVin (1) + mu > 2u? >0
Since (3.12) can be rewritten as
Yu >0 L1y (u) <2
RV

u
we get Vin(u) — 11 as u — oo with some u € [1,2] and moreover we have V(1) < p for u > 3
In other words, we have

1
Via(u) ~ pu* as u—oo and  Viu(u) < pu? for u > 7 (3.13)
S+
T |
—
9] / u
= W]

L
(-1 <m< —1/2)
Fig 3.2.1
To calculate the value of i, we remark that (3.13) gives
, — 2L (1) + mu? — 3uVi(u) 3
Vo (u) = ~ U as u— oo
Vi (u) — 2u? 2—p

and thus by integrating and coming back to (3.13) we easily get © = 3, and thanks to (3.12)

we obtain . ) )
U U

i — — — < V4 < —, 14

Vu>2, 5 _V(u)_2 (3.14)

e~
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To conclude we have to look more precisely at the asymptotic behavior of Vi, (u) as u — oo.
Let us set, for u > %

We have v " .
ern(u) _ m(u) _ m(u) -

u u? 2
and suppose that W/ (ug) = 0 for some uy > 1. Therefore,

—mTHVm(uo) + mu? — 3uoVim(uo)
Vin(ug) — 2u?

Vm(uo) Uo T .
Tup T Vmlw)=

which gives
2Vm(uo)2 + 3u(2)Vm(u0) — 2u§ + (m + 1)upVim (ug) — 2mug =0.

Using (3.14) we get

5 2 2 2
2(3-5) +0(§-5) i e () -mizo

which implies

1

and gives a contradiction. Consequently, W’ does not vanish on (5,00) and since (3.14) is

equivalent to

1 -
we get that W (u) — v as u — oo, for some v € [—1,0]. To compute v, let us write
02
Vim(u) = — 4+ vu + un(u) (3.15)

2

where n(u) — 0 as u — oo. Therefore, we have

V' () — :—mTHVm(u) + mu? — 4uVi, (u) + 2u?
Vi (u) — 2u?

et (v ) (5 + v+ ) + 20

(% + vu + un(u)) — 2u?
(% — 41/) u? — mTHVu — du?n(u) — mT“un(u)

u2
=3+ vu + un(u)

2(3m—1 )
—_— —— 1 — 4y as u — o0.

12



By integrating and comparing with (3.15) we arrive to

and v = 3“?0_ L But then v > —% gives m > —% and a contradiction. Thus w, is finite.

To complete the proof, it is sufficient to remark that in the region {v > 2u?} N {u > 0}, we
have Qm(u,v) < 0, in such a way that in this region Sy is characterized by v = Wy, (u) with
W/, <0 and S has to cross the v-axis, because on the contrary we should have Wy, (u) — oo
as u — wuy for some uy € (0,u,); but in this case we get

—3u; as  u—uf,

Wia() ~ =2

and a contradiction. m

Theorem 3.2 Letm € (—1,—3).

o If =1 < m < —3, then there exists a, > 0 such that problem (1.1)-(1.4) has no solution for
0 < a < ay, one and only one solution which is bounded for a = a,, and two bounded solutions
and infinitely many unbounded solutions for a > a,.

. [f—% <m< —%, then for every a > 0, the problem (1.1)-(1.4) has one bounded solution and
infinitely many unbounded solutions.

Proof. e Let us start with the second case: —% <m< —%. Consider for a > 0 the initial

value problem (Pp,q,) and look at the corresponding trajectory C, , of the plane system (1.6)
defined by (1.5) with 7 = 0. From Lemmas 3.3 and 3.4, we know that the straight line u = 2
intersects the separatrix Sy through a point (a—12, V).

Claim 1. Tf u = a®v then f is a bounded solution of (1.1)-(1.4). Indeed, since in this case
Co,p tends to the point O as s — oo, tangentially to the line L, we can assert that for ¢ large
enough we have f'(t) > 0, f”(t) < 0 and moreover

') — 0 and —f”(t> — M 1

ft)? f@) () 2
Therefore, we get f'(t) — 1 > 0 as t — oo and if we suppose [ > 0 it follows from (3.16) that

as ¢t — o0. (3.16)

" m+ 1
HORE

which contradicts the fact that f'(t) — 1 > 0 ast — oo. Sol = 0 and f is a solution to
(1.1)-(1.4). Suppose now f were unbounded, i.e. f(t) — oo as t — oo. According to (3.16),
there exists ¢y > 0 such that

Pt as t— oo,

m+ 1

VE>to,  fU(t) < —Tf(t)f’(t)-

Integrating and dividing by f(t)? we get

Vit > 1o,




This and (3.16) give a contradiction when ¢ — oo.

Claim 2. If u > a®v then f is a unbounded solution of (1.1)-(1.4). Because of the behavior
of the vector field in the area {u > 0} N {v > 0} (cf. (3.11)), we see that the phase curve C,,
has to cross the u-axis and go to the singular point O as s — oo tangentially and below this
axis. It means that for ¢t large enough we have f'(t) > 0, f”(¢) < 0 and moreover

IO (1)
02 70 o

Consequently, we have f'(t) — | > 0 as t — oo and if we suppose [ > 0, we deduce from the
following identity

—0 as t— o0 (3.17)

m + 1 m+1 3m+1 [*
R L R R e ol IACK.
that 41, 3m+1
f(t) ~ ST BT it as t— oo

2 2
which is a contradiction with the fact that f'(t) — [ as ¢ — oo. It follows that f is a solution
of (1.1)-(1.4). We next show that f is unbounded. On the contrary suppose that f is bounded,
and denote by A the limit of f at infinity. Multiplying the equation (1.1) by f” and integrating
between ¢ and oo we obtain

SHOFO + G = TR0 = eme ) [ pOrErazo. @)

Dividing by f'(t) f(t)* and using (3.17) we immediately get a contradiction. Therefore, f is an
unbounded solution of (1.1)-(1.4).

Claim 3. If u < a®v then f is not a solution of (1.1)-(1.4). In this case the trajectory Cj,,
which lies below the separatrix S;, has to cross the v-axis, in such a way that f’ vanishes at
some point t; and f is not a solution of (1.1)-(1. 4)

e Let us consider now the case: —1 < m < —3. First, if we denote by (u.,2u?) the point
Where the separatrix S; crosses the isocline v = 2u and set a, = f’ we see that the line

u = -5 does not intersect the separatrix So+ if a < ax, is tangent to it if @ = a*, and intersects
it through two points (JQ,V,) and ( 2,y+) if a > ax (see Lemma 3.5). Using the arguments
invoked in the first part, we easily get that problem (1.1)-(1.4) has no solution for 0 < a < a.,
one and only one solution which is bounded for a = a, (for u = 2u2a?®), and infinitely many
solutions for a > a, (for p € [a®v_,a’vy]). Since the inequality (3.18) does not hold for
m < —1, we still have to prove that solutions corresponding to the positive semi-trajectory
C,, with a®v_ < p < a®vy are unbounded. For that we come back to the equality in (3.18),

29
we divide again by f'(¢)f(t)? and using (3.17) we deduce that

m+1
/f di—mf(t)f(t)2 as t— oo,
and since f(t) — X as t — 0o we get
m+1 ,
/f 2d¢ ~ (2m—|—1))\f(t) as 1 — oo. (3.19)



On the other hand we have from (3.1)

[ reras -2 (o 2 o).

“3m+ 1 2
Combining this equality with (3.19) yields to

0 (m + 1)
FOF® " imrn Y

which contradicts (3.17). Therefore, f is an unbounded solution of (1.1)-(1.4). =

Remark 3.3 For —1 < m < —%, the critical value a, is depending on m, and a, decreases

from oo to 0 when m goes from —1 to —%.

3.3 The case —% <m < 0.

This case is almost completely solved. To our knowledge, the only open question is uniqueness
of bounded solution when a < 0. We summarize in the following theorem the results of [9].

Theorem 3.3 Let —% < m < 0, then for every a € R, the problem (1.1)-(1.4) has an infinite
number of solutions. Moreover, if a > 0 one and only one solution is bounded, and if a < 0 at
least one is bounded, many infinitely are unbounded.

Proof. See [9]. m

Remark 3.4 [t is easy to recover the previous results for a > 0 from the system (1.6), by
looking at the phase curves in the region {u > 0}; see figure 3.3.1.

(—1/3 <m < 0)
Fig 3.3.1

15



3.4 The case m > 0.

In this case we know from [9] that problem (1.1)-(1.4) has one and only one concave solution,
for any @ € IR. Our main goal in this section is to give existence or nonexistence results of
concave-convex solutions. The value m = 1 plays a particular role in this study. First of all we
give some preparatory lemmas in order to prove, in the case m € [0, 1], the uniqueness result
suggested in [7], [8] and [9], and in the case m > 1, that concave-convex solutions exist for
a > 0.

Lemma 3.6 Let m > 0 and f be a concave-convex solution of (1.1)-(1.4). If we denote by ty

the point satisfying f"(to) = 0, then the curve s — (u(s),v(s)) defined by (1.5) with T = t¢ is
a positive semi-trajectory which lies in the bounded domain

<u<0 and 0<v<—

1 1
D_::{(U,U)EIRQ; _m¥ m u}

(3.20)

Proof. From Proposition 3.1, we know that f is positive, decreasing and convex on [ty,c0),
from which it follows that

f'() f"(t)
> > 0. 21
Vit > to, )2 <0 and e 2 0 (3.21)
On the other hand, since f is bounded, we deduce from (3.1) that
1
V0, )+ T P <0, (3.22)

and if A denotes the limit of f at infinity, we get by integrating

1 1 1
P+ %(v —f)?) <0 and (1) + %f(t)Q Sl s (323
Relations (3.22) and (3.23) give
ft)  , m+1 f'(t)  m+1 /')
Vi >t 0 d 0 3.24
SR [0 T (0 R B (0
and from the first inequality of (3.24) we easily get
V>t f(0) > !
- L0, ~ m
T+1(t — t()) + ﬁ

which implies .
| res = .

Consequently, the trajectory s — (u(s),v(s)) is defined on the whole interval [0, 00) and this
together with (3.21) and (3.24) complete the proof. m
The following lemmas describe the global behavior of the separatrices Sy, Si and S5 .
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Lemma 3.7 Ifm > 0, the separatriz Sy is defined by v = Viu(u) for u > 0, where the function

Vin 8 such that

m-+1 m-+1

2

Vu > 0, —3u — <Vl(u) < —
(See figure 3.4.1)

Proof. Since S leaves the singular point O tangentially to L and below it, we deduce from
the positivity of m and (3.7) that

1
Vu >0, Vi(u) < _m;—
On the other hand, we have
m + 1 —6u® — u?
\% 0 V! — | —3u— = 0
=0 (1) ( “ 2 ) Vm(u)—2u2> ’

which completes the proof. m

Lemma 3.8 Ifm = 1, the separatrices S and Sy coincide, and the functions Vi, Wy allowing
to characterized them, are defined for —% <u<0 by

—u+uv1+4u
2

—u —uv1+4u
5 )

3

Vi(u) =

and  Wi(u) =

Proof. Let (u,v) be a solution of (1.6). If we set w = v? + uv — u® we get w = —(1 + 6u)w.
Consequently, the set {(u,v) € R* ; v?> + uv — u® = 0} is an union of phase curves and it is
easy to see that these curves are the separatrices and the singular point O. =

Lemma 3.9 Let m € [0,1].

o As s increases, the a-separatriz S5 leaves to the left the singular point O tangentially to Ly,
and either does not cross the isocline P(u,v) = 0, or crosses it through a point (u.,2u?) such

that u, < —}1 and next crosses the straight line L.

o As s decreases, the w-separatriz Si leaves to the left the singular point O tangentially to L,
and crosses the isocline P(u,v) = 0 through a point (u.,2u?) such that —3 < u, < 0 and next
stays in the bounded region D_.

(See figure 3.4.1)

Proof. Let m € [0, 1]. We know from section 2 that in the neighbourhood of O, the separatrix
Sy lies in the region {0 < v < 2u?*} N {u < 0} and as long as S, stays below the isocline
v = 2u? we can define it by v = Vi, (u) where V4, is a solution of the equation (2.3). Thanks to
(2.2) we have Vin(ug) < Vi(ug) for ug close to 0~ and since

1—m>0

Fn(u,v) — Fi(u,v) = 5— 20,

(3.25)

we deduce from classical differential inequalities (see [17] or [23]) that Vi, < Vi on the left max-
imal interval (—%,uo] on which V; is defined (see Lemma 3.8). It follows that if the separatrix
S, crosses the isocline v = 2u? through a point (u,, 2u?), then we have u, < —;11.
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For S;" we use similar arguments. Writing v = Wi, (u), we have

m+ 1 1—m
u+u+o(u) = 5

Wn(u) — Wi(u) = — u+ o(u)
in such a way that Wi, (ug) < Wi(ug) for ug close to 0~. Therefore, it follows from (3.25) that
Wm < Wi as long as Wy, and W, are defined, and thanks to Lemma 3.8, we see that Sfr has
to cross the isocline P(u,v) = 0 through a point (u.,2u?) such that u, > —1.

To complete the proof, we remark by looking at the vector field that S;" must stay in D_
and that if S, does not stay below the parabola v = 2u?, then it has to intersect L. m

v=2u2

(0<m<1)
Fig 3.4.1

Lemma 3.10 Let m > 1.

o As s increases, the a-separatriz S5 leaves to the left the singular point O tangentially to Ly,
and crosses the isocline P(u,v) = 0 through a point (u.,2u?) such that —3 < u, < 0 and next
stays in the bounded region D_.

o As s decreases, the w-separatriz S leaves to the left the singular point O tangentially to
L, crosses the isocline P(u,v) = 0 through a point (u.,2u,) such that u, < —3, intersects
successively the u-azis and the v-axis, and next stays in the quadrant {u > 0} N {v < 0}, going
to infinity with a slope less than —mT“ and greater than —3u — mT“

(See figure 3.4.2).

Proof. The separatrix S, starts to the left from O, tangentially to Ly and above it. Similar
arguments to the ones used in the proof of Lemma 3.9 show that S, can be characterized by
v = Viu(u) with Vi, > Vi, and thus crosses the isocline P(u,v) = 0 through a point (u.,2u?)
such that —}1 < u, < 0.

The separatrix S} starts to the left from the singular point O tangentially to L. Moreover
Si is below L and above the isoclines Qu(u,v) = 0 and P(u,v) = 0, and in the bounded area
{2u? < v < —2Hy} N {u < 0} we have v = Vin(u) where Vy, is a solution of the equation (2.3).
Since m > 1 we deduce from (3.7) that —2H < V/ (1) < 0 as long as Viu(u) > m(u), in

2
such a way that S; intersects the curve Qum(u,v) = 0 through a point (@, ¢m(@)) with @ < —¢.
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For u < @ we have V! (u) > 0 and S| has to cross the isocline P(u,v) = 0 through a point
(s, 2u3) Similar arguments to the ones used in the proof of Lemma 3.9 show that u, < —}l. It
is then easy to see that after having intersected the parabola, S5 stays in the bounded region
D_.

After having crossed the parabola, we define S;” by v = Wy, (u) and we deduce from the
behavior of S, that S; has to intersect the u-axis. Next, thanks to (3.7) we see that, as soon
as Wm(u) < 0, we have

m-+1
2

< W/ (u) <0 aslongas u<0.

Consequently, Si" intersects the v-axis and we conclude as in the proof of Lemma 3.7. =

Syt Sq*

(m>1)
Fig 3.4.2

Theorem 3.4 [fm € [0,1], then for any a € R the problem (1.1)-(1.4) has one and only one
solution, which is concave.

Proof. Taking into account the fact that for m > 0 problem (1.1)-(1.4) has one and only one
concave solution (see [9]), we just have to prove that concave-convex solutions cannot exist when
m € [0, 1]. To this end, suppose that f is a concave-convex solution of (1.1)-(1.4) and denote
by to the point such that f”(¢y) = 0. Consider the positive semi-trajectory s — (u(s),v(s))
defined in Lemma 3.6. We have

In view of Lemma 3.9 we see that this semi-trajectory cannot remain in the bounded domain
D_ defined by (3.20). This is a contradiction. m

Remark 3.5 Recall that for m = 1 the unique solution of (1.1)-(1.4) is given by f(t) =
a+ (c—a)(l—e™) withc = 3(a+vVa®+4). See [16], [20] and also [7], [9].
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Theorem 3.5 If m > 1, then for any a > 0 the problem (1.1)-(1.4) has one and only one
concave solution and an infinite number of concave-convex solutions.

Proof. Let a > 0. Consider the initial value problem (P 4,,,) and the corresponding trajectory
C,,, of the plane system (1.6) defined by (1.5) with 7 = 0. From Lemma 3.10 the straight line
u = a% crosses the separatrices S and S through points (a%,uo) and (a%,l/l) respectively,
with 11 < 1y < 0 (see figure 3.4.2).

It is easy to see that for u = a3y the function f is the concave bounded solution of (1.1)-
(1.4), exhibited in [9]. Indeed, since C,, is a positive semi-trajectory corresponding to a part
of Sy, it follows that f is positive, defined on [0, 00) and moreover f’ > 0, f” < 0 and

() m + 1

@)
[0 O 0 R
and we conclude as in the proof of Theorem 3.2.

Now, for u € [a®v1, a’1y), we see that the trajectory C, , intersects the u-axis for some sg
and remains in the domain defined by the separatrix S for s > sg. It follows from the Poincaré-
Bendixson Theorem that C,, is a positive semi-trajectory whose w-limit set is the point O if
i = a’vy, and either the singular point A or a limit cycle surrounding A if a®v; < p < a®u.
Since Fi(u,0) = —3 such a limit cycle cannot cross the u-axis and therefore, f is defined on
[0, 00), is positive and there exists to > 0 such that f/'(¢) < 0 and f”(t) > 0 for ¢t > t5. Thus
f'(t) = 1 <0 ast — oo and if we suppose [ < 0 we get a contradiction with the positivity
of f. Consequently, if u € [a®vy,a®y) then f is a concave-convex solution of (1.1)-(1.4). To
complete the proof, let us remark that for u ¢ [a®vy, a®vg], the function f cannot be a solution
of (1.1)-(1.4) in accordance with Lemma 3.6. m

as t — o0,

Remark 3.6 Let m > 1 and let f be a concave-convex solution of (1.1)-(1.4). Since f is
positive and decreasing at infinity, then f(t) — X\ > 0 ast — oo. If f corresponds to the
separatriz S (i.e. f"(0) = a®vy) then we prove as in Remark 8.2 that X > 0, and if a®vy <
1"(0) < a®wy, there exists ¢ > 0 such that |f'(t)| > c|f(t)?| for t large enough, in such a way
that A = 0.

Remark 3.7 For 1 <m < % the singular point A is an unstable focus, which implies that at
least one cycle surrounding A has to exist. If m > % then A is attractif and it seems that cycles
do not exist. If it is the case, we have

O S N

~ ~ — as t— o0,

G (O BT

which easily give

4 Conclusion

Based on [9] and on the previous investigations, the following conclusions can be drawn:
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e For m < —1, there exists a. < 0 such that the problem (1.1)-(1.4) has infinitely many
solutions if @ < a,, one and only one solution if a = a,, and no solution if a > a,. Moreover, if
f is a solution to (1.1)-(1.4), then f < 0.

e For m = —1 and for every a € R, the problem (1.1)-(1.4) has no solution.
e For —1 <m < —1 and for every a < 0, the problem (1.1)-(1.4) has no solution.

e For -1 < m < —1, there exists a, > 0 such that problem (1.1)-(1.4) has no solution for
0 < a < a4, one and only one solution which is bounded for a = a,, and two bounded solutions
and infinitely many unbounded solutions for a > a,.

e For —3 < m < —3 and for every a > 0, the problem (1.1)-(1.4) has one bounded solution

and infinitely many unbounded solutions.

e For —3 < m < 0 and for every a € R, the problem (1.1)-(1.4) has an infinite number of

solutions. Moreover, if a > 0 one and only one solution is bounded, and if a < 0 at least one is
bounded, many infinitely are unbounded.

e For m € [0, 1] and for every a € IR, the problem (1.1)-(1.4) has one and only one solution.

e For m > 1 and for every a > 0, the problem (1.1)-(1.4) has one and only one concave solution
and an infinite number of concave-convex solutions.

We see from these results, that the questions we have not solved concern the case a < 0.
More precisely, it should be interesting to try to answer to the following points:

(a) For —3 < m < —3, what happens for a <0 7
(b) For —3 <m < 0 and a < 0, is there one or more bounded solutions ?
(c) For m > 1 and a < 0, do concave-convex solutions exist 7

Another purpose is to compute the critical values a, appearing in the results above. Con-
siderations about analycity of the manifold W could allow to estimate a..

References

[1] Andronov A.A., Leontovich E.A., Gordon LI., Maier A.G., “Qualitative theory of second-
order dynamic systems,” John Wiley & Sons, Inc., New-York, 1973.

[2] Anosov D.V., Arnold V.I., “Dynamical systems I. Encyclopaedia of Mathematical Sci-
ences,” Vol. 1, Springer-Verlag, 1988.

[3] Banks W. H. H., Similarity solutions of the boundary layer equations for a stretching wall.
J. de Mécan. théor. et appl. 2 (1983) 375-392

[4] Banks W. H. H., Zaturska M. B., Eigensolutions in boundary layer flow adjacent to a
stretching wall. IMA J. Appl. Math. 36 (1986) 263-273

[5] Belhachmi Z., Brighi B., Taous K., Solutions similaires pour un probléme de couches limites
en milieux poreux. C. R. Acad. Sci. Paris, t. 328, Série IT b (2000) 407-410.

21



[6]

[7]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]
[18]

[19]

[20]

[21]

Belhachmi Z., Brighi B., Taous K., On the concave solutions of the Blasius equation. Acta
Math. Univ. Comenianae, LXIX, 2 (2000) 199-214.

Belhachmi Z., Brighi B., Taous K., On a family of differential equations for boundary
layer approximations in porous media. Euro. Jnl of Applied Mathematics, vol. 12 (2001)
513-528.

Belhachmi Z., Brighi B., Sac Epée J.M. , Taous K., Numerical simulations of free convection
about a vertical flat plate embedded in a porous medium. Computational Geosciences, vol.
7 (2003) 137-166.

Brighi B., On a similarity boundary layer equation. Zeitschrift fiir Analysis und ihre An-
wendungen, vol. 21 (2002) 4, 931-948.

Chaudary M. A., Merkin J. H., Pop 1., Similarity solutions in free convection boundary
layer flows adjacent to vertical permeable surfaces in porous media. I: Prescribed surface
temperature. Eur. J. Mech. B-Fluids, 14 (1995) 217-237.

Cheng P., Minkowycz W. J., Free Convection About a Vertical Flat Plate Embedded in a
Porous Medium With Application to Heat Transfer From a Dike. J. Geophys. Res. 82 (14)
(1977) 2040-2044.

Coppel W. A., On a differential equation of boundary layer theory. Phil. Trans. Roy. Soc.
London, Ser. A 253 (1960) 101-136.

Crane L. E., Flow past a stretching plane. Z. Angew. Math. Phys. 21, (1970) 645-647.

Ene H. L., Polisevski D., “Thermal Flow in Porous Media,” D. Reidel Publishing Company,
Dordrecht, 1987.

Guedda M., Nonuniqueness of solutions to differential equations for bonudary layer ap-
proximations in porous media, C. R. Mecanique, 330 (2002) 279-283.

Gupta P. S., Gupta A. S., Heat and mass transfer on a stretching sheet with suction or

blowing. Can. J. Chem. Eng. 55 (1977) 744-746.
Hartmann P., “Ordinary Differential Equations,” Wiley, New York, 1964.

Ingham D. B., Brown S. N., Flow past a suddenly heated vertical plate in a porous medium.
Proc. R. Soc. Lond. A 403 (1986) 51-80.

Ishimura N., Matsui S., On blowing up solutions of the Blasius equation, Discrete and
Continuous Dynamical Systems, vol. 9 (2003) 985-992.

Magyari E., Keller B., Exact solutions for self-similar boundary layer flows induced by
permeable stretching walls. Eur. J. Mech. B-Fluids, 19 (2000) 109-122.

Stuart J. T., Double boundary layers in oscillatory viscous flow. J. Fluid Mech. 24 (1966)
673-687.

22



[22] Tam K. K., An elementary proof for the Blasius equation. Z. Angew. Math. Mech. 51
(1971) 318-3109.

23] Walter W., “Differential and Integral Inequalities,” Springer-Verlag, 1970.

[24] Watson J., On the existence of solutions for a class of rotating-disc flows and the conver-
gence of a successive approximation scheme. J. Inst. Math. Appl., 1, (1965) 348-371.

E-mail: b.brighiQuha.fr

E-mail: t.sariQuha.fr

23



