Z. Angew. Math. Phys. (2016) 67:137
(© 2016 The Author(s).
This article is published with open access at Springerlink.com

0044-2275/16/060001-29 . o o
published online October 19, 2016 Zeitschrift fiir angewandte

DOI 10.1007/s00033-016-0724-1 Mathematik und Physik ZAMP

@ CrossMark

Bogdanov—Takens bifurcation in a predator—prey model

Zhihua Liu, Pierre Magal, and Dongmei Xiao

Abstract. In this paper, we investigate a class of predator—prey model with age structure and discuss whether the model can
undergo Bogdanov—Takens bifurcation. The analysis is based on the normal form theory and the center manifold theory
for semilinear equations with non-dense domain combined with integrated semigroup theory. Qualitative analysis indicates
that there exist some parameter values such that this predator—prey model has an unique positive equilibrium which is
Bogdanov—Takens singularity. Moreover, it is shown that under suitable small perturbation, the system undergoes the
Bogdanov—Takens bifurcation in a small neighborhood of this positive equilibrium.

Mathematics Subject Classification. 34K18 - 37110 - 37L15 - 35K90 - 37G10 - 92D25.

Keywords. Predator—prey model - Age structure - Normal forms - Non-densely defined - Bogdanov—Takens bifurcation.

1. Introduction

In this article, we will analyze the following predator—prey system with an age structure

du(t,a)  Ou(t,a)
- _ >
5t + 5a pu(t,a), fora >0,

+o00
u(t,0) :nV(t) o Bla)u(t,a)da

V20 o (1.1)
d‘;gt) — <1 B VI((t)> B V(t)h0+ Vl;((i,)a)da’
u(0,) = ug € LY ((0,+00),R) and V(0) =V, >0,

where the number p denotes the death rate of the predator, ¢ is time, and a is the chronological age
(i.e., the age of individuals since they were born).  denotes the maximal growth rate of predator. The
function u(t,a) is the density of population of predators with respect to the age at time ¢. This means
that the number of predator with age between a; and as is

az

/u(t, a)da.
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So in particular the total number of predator is
+oo

U(t) := / u(t,a)da.
0
The number V(t) is the total number of prey at time ¢. The parameter r = b — d is the intrinsic growth
rate of the prey (where b and d denote the birth rate and death rate, respectively) and K > 0 is the
carrying capacity of the prey.
The function 8 € L ((0,4+00) , R) represents a fraction of predator which can produce new individuals
by eating the prey. In particular, when §(a) = 1 system (1.1) becomes the ordinary differential equation

U@ VU@

dlE ) VA _(M)U(t) U(t)
av(t) Vit V(U (t (1.2)
a VO % >_h+V(t)2

U0)=Uy>0 and V(0)=TV,>0.

Note that the bifurcations of system (1.2) have been analyzed in Xiao and Ruan [52] and it has been
shown that system (1.2) can undergo Bogdanov—Takens bifurcation. Namely, they prove the existence of

a series of bifurcations including saddle-node bifurcation, Hopf bifurcation, and homoclinic bifurcation.

o

Xiao [38] for a detailed presentation of model (1.2) and an overview on this topic. We also refer to Cushing
and Saleem [13] for a presentation of prey—predator systems with an age structure.

Here it makes sense to assume that the function ((a) is not identically equal to 1 because the young

predator cannot reproduce even if they eat some preys. Therefore, in order to take care of this fact we

will assume that 3 is a step function of the form

ﬂ(a):{g* ifif a>T,

The functional response is a so-called non-monotonic functional response. We refer to Ruan and

a<T.

Moreover, it will be convenient for the computation to assume that

+oo
/ B(a)e #*da = 1.
0

One may observe that without loss of generality we can make this assumption. Because by replacing 3(a)

by % and replacing 1 by n f0+oo B(s)e #3ds the system is unchanged.

Age-structured models, described by hyperbolic partial differential equations, have been studied by
many researchers (see the monographs of Cushing [12], Tannelli [24], Webb [49], and the references cited
therein). Various approaches have been developed to study these models. In order to analyze the qualita-
tive properties of such a system, it is usually convenient to combine (a) integration along the characteris-
tics combined with Volterra integral equations (Webb [49] , Iannelli [24]) and (b) integrated semigroups
method (Thieme [44,46,47], Magal [31], Magal and Ruan [32,34]). The classical study on age-structured
models focused on the existence, boundedness and stability of solutions. It has been shown that some
age-structured models exhibit non-trivial periodic solutions induced by Hopf bifurcation (see Priiss [37],
Cushing [12], Swart [40], Kostava and Li [26], and Bertoni [2]). Recently, there has been great interest
in bifurcation analysis on degenerate equilibria of age-structured models. Since age-structured models
can be rewritten as abstract semilinear equations with non-dense domain (Thieme [44,46,47], Magal and
Ruan [32,34]), Magal and Ruan [33] developed the center manifold theory for abstract semilinear Cauchy
problems with non-dense domain. Based on the center manifold theorem proved in Magal and Ruan [33],
a Hopf bifurcation theorem has been presented for abstract non-densely defined Cauchy problem in Liu
et al. [28]. These theorems have been successfully applied to study the existence of Hopf bifurcation for
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some age- /size-structured models (see [3,9-11,34,35,39,48]). Recently, much attention has been focused
on high-codimensional bifurcations, since they may reveal some complex dynamical behaviors.

Bogdanov-Takens bifurcation is one of the most important high-codimensional bifurcations in non-
linear dynamics. It is a well-studied example of a bifurcation with codimension two and named after
Bogdanov [4,5] and Takens [41,42], who independently and simultaneously described this bifurcation. For
more results about Bogdanov—Takens bifurcation, see, for example, Chow and Hale [6], Dumortier et al.
[16], Arnold [1], Chow et al. [7], Guckenheimer and Holmes [22], Kuznetsov [27], Xiao and Ruan ([38,51]),
and others. Bogdanov—Takens bifurcation occurs also in infinite dimensional differential equations asso-
ciated with functional differential equations and a few other partial differential equations. In the context
of functional differential equations, we refer to the book by Hale et al. [23] and papers [18,25,50,52,53].
In the context of partial differential equations with delays, we refer to [19-21,30]. But to the best of our
knowledge, there is no result on Bogdanov—Takens bifurcation for an age-structured model which is an
hyperbolic partial differential equations with nonlinear and non-local boundary conditions.

In this article, our aim is to study whether system (1.1) also undergoes the Bogdanov—Takens bifurca-
tion near a positive equilibrium. Hence, we first look for some conditions of parameters which guarantee
system (1.1) has a positive equilibrium who is Bogdanov—Takens singularity by applying the normal
form theory developed by Liu, Magal, and Ruan [29] for the non-densely defined abstract Cauchy prob-
lems, then we choose suitable small perturbation of parameters such that system (1.1) can undergo the
Bogdanov—Takens bifurcation. More precisely, we obtain that there exists a unique positive equilibrium
which is Bogdanov-Takens singularity of system (1.1) if = 2v/h and K = 2v/h, and prove the following
small perturbation system

ou(t,a) n ou(t,a)

= —pu(t,a) fora>0

ot - t@a oo Lo
u(t, 0) = LY 2 féﬁ;;( LIPS (vt - Vi)
+00 Vi
+ dio / Blayu(t,a)da — 2hrp(1 — =) (1.3)
0
av(t) V)N V@) 7 ult,a)da
vV <1 K ) h0+ V()2

u(0,-) = ug € L' ((0,+00),R) and V(0) = V5 >0

is a versal unfolding of this Bogdanov—Takens singularity, where (&, &2) is a very small parameter vector,
other parameters h, r, and p are any fixed, and n = 2v/h and K = 2v/h.

Here we take the parameters aq, &5 as the bifurcation parameters. Of course, the original system (1.1)
corresponds to the case where @; = 0 and as = 0. Here we will study the bifurcations of system (1.3)
near the unique positive equilibrium as parameters a; and as change in the small neighborhood of the
origin. The aim of the present paper is to show how to apply the normal form theory in the context of
age-structured models. In this paper, we will prove that Bogdanov—Takens bifurcation occurs for system
(1.3). Some more biologically meaningful examples are left for further investigation.

The paper is organized as follows. In Sect. 2, we formulate an age-structured model based on system
(1.1) as a non-densely defined Cauchy problem. Then we consider the existence of the positive equilibrium,
linearize the system around the positive equilibrium, and study the spectral properties of the linearized
equation in Sect. 3. In Sect. 4, the eigenvalue problem for the linearized system of (1.1) around the
unique positive equilibrium is investigated and the normal form and center manifold theory for semilinear
equations with non-dense domain is used to carry out the analysis of the Bogdanov—Takens bifurcation.
A brief conclusion is provided in the last section.
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2. Preliminary

We first reformulate the model (1.1) as a semilinear Cauchy problem with non-dense domain. By setting
+oo

V(t) = /v(t a)da,

0
we can rewrite the second equation in system (1.1) as follows
du(t,

61)(15 a) a) — _du(t,a)

da
(7 ) G(u(t, ) u(t,a)),
(0 a’) =po € L ((07+OO)7R)7

where
T 2 u(t,a)da d +Oovt,ada2
G(U(t7')7 U(t,)) =b / U(t7a)da <1 _ JO I({t’ )d > + (fO Ig ) )
0
_f0+oo a)da [," u(t,a)da .

h + ( 0 v(t,a)da)
Thus, by setting w(t,a) = (v(t a)) , we obtain the equivalent system of system (1.1)

ow(t,a) = Ow(t,a)

= 7Qw(t7 a),

w(0,-) = wy = (“O) e L'((0,4+00), R?),

Po
where
n Jog °° v(t,a)da [;7° B(a)u(t,a)da
Q= (5 2) and B(u(t, ) = 5 ‘”da)
G( v(t,a)da, fo u(t a)da)

Following the results developed in Thieme [44] and Magal [31], we consider the Banach space
X =R? x L*((0,400), R?)

with H <i) H = [|0]lr2 + ||l L1 ((0,4-00),2), define the linear operator

L:D(L)— X

{(2)- (%)
with D(L) = {0} x W1((0, +00), R?), and the operator F': D(L) — X by
((2)-0°)

We observe that L is non-densely defined since

Xo = m ={0} x Ll((ov +OO),R2).

by
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0= (ut)

we can rewrite system (1.1) as the following non-densely defined abstract Cauchy problem

Then setting

da(t) = Lx(t) + F(z(t)), t>0,
dt 0N (2.1)
2(0) = (wO) e D(L).
Set
Xy :=R% x LL((0,+00),R?)
and

Xot == Xo N X4 = {0} x L} ((0,+00),R?).

From the results of Magal [31] and Magal and Ruan [34], we obtain the global existence, uniqueness, and
positive of solutions for system (2.1).

Theorem 2.1. There exists a unique continuous semiflow {U(t)},5q on Xot such that for each x € Xo,
the map t — U(t)x is the unique integrated solution of the Cauchy problem ( 2.1), that is, t — U(t)x
satisfies for each t > 0 that

/wmmepw)
0

and

U(t)x::c+L/U(l)xdl+/F(U(l)x) d, >0
0 0

3. Equilibria and linearized equation

The equilibrium solutions of Eq. (2.1) are obtained by solving the equation

0 0 0
Lla|+rla]|=0 [7]|ebpuw.
P P P
and we obtain the following lemma.
Lemma 3.1. The system (2.1) has always the equilibria
Oge Oge
Ty = | 0p1 and To = 071
0z dKeda

Furthermore, there exists a unique positive equilibrium of system (2.1)
Oge
Z(a) = | 2hru(l — %)e‘““
d\/ﬁeida
if and only if

n=2Vh and K # Vh.
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In the following, we assume that n = 2v/h and K # v/h. Now we make the following change of variable

y(t) == 2(t) —7(a)

and obtain
dy(t
WO _ L) + F() + (@) ~ FE@), 120,
0 (3.1)
y(O) = (wo w(a)) =!Yo € (L)
Therefore, the linearized equation of (3.1) around the equilibrium 0 is given by
diigt) = Ly(t) + DF(Z)y(t) fort >0, y(0) € X,
where
DF(z) <OR2> - (DB(“’)(@> , for all (ORQ) e D(L)
@ 0 @
with
+oo +oo
Or Or Or
pB@p) = (5 %) [eldat (o %) [ sa)eta)da
7
0 0
Then (3.1) can be written as
dy(t
% = Ay(t) + H(y(t)), fort >0, (3.2)
where
A:=L+DF(2)

is a linear operator and
H(y(t)) = F(y(t) + ) — F(z) — DF(@)y(t)

satisfying H(0) = 0 and DH(0) = 0.

Next we will study the spectral properties of the linearized equation of (3.1) in order to investigate
the dynamical behavior for system (3.1).

Define the part of L in D(L) by Lo,

Lo:D(Ly) C X — X

with Loz = Lz for « € D(Ly) = {x € D(L) : Lv € D(L)}. Then we get for <g> € D(Ly),

0 0
L — (- ),
o(2)-(5)
where Lop = —¢' — Qp with

D(Lo) = {ip € WHI((0, +0), B2) : (0) = 0}.
Denote
¢ :=min{d,u} >0and Q:={\ € C: Re(\) > —¢}.
By applying the results of Liu et al. [28], we obtain the following result.
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Lemma 3.2. If A € Q, then A € p(L) and

(M — L)~} (i) _ (g) o o(a) = eaof(/\HQ)dlCS N /e— [(/\I+Q)dl¢(s)d8
0

with (Z) € X and (g) € D(L). Moreover, L is a Hille-Yosida operator.

From the above we have the following result.

Lemma 3.3. The linear operator Lg is the infinitesimal generator of the strongly continuous semigroup
{T'1,(t) }+>0 of bounded linear operators on D(L), and for each t > 0 the linear operator Ty, (t) is defined

by
0 0
Tr.(t —( ~ ’
w0(4) = (7,.000)

where

N - ja Qdl .

TLo (t)(ap)(a) = e ot <p(a - t)? Zfa >t

0, otherwise.

Now it remains to precise the spectral properties of A = L 4+ DF(Z). For convenience, we set C :=
DF(Z). Let A € €. Since AI — L is invertible, it follows that A\I — A = AI — (L 4 C) is invertible if and
only if I —C (A — L)™' is invertible. Moreover, when I — C' (AI — L)~ " is invertible we have

M—(L+0O) "=\ —L) " (I-c(AM L))",

(I-CM\ —L)™) (i) - (Z))

Consider

or

0
1) a a ol
—C — [(A\ I di a _ [(AI di = .
<<P> e Of( " 5+ [e !( o o(s)ds (¢>

0

Then we obtain the system

foIt@ad @ — [+l
0 — DB(w) <e ) : b+ [e Q) go(s)ds) =",
0
¢ =1,

i.e.,

a

5 — DB(®) ([ ! (M+Q)dl5> — + + DB(w) (f ! (/\HQ)dlgo(s)ds) ,
0

o =1.
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From the formula of DB(w) we know that

— [((A+Q)dI
6DB(w)< J “5)
oo _ [(AI+Q)ddl
1(1 O)fei{(+)da

(O > ﬂ(a)e_ 'O[(M+Q)dlda

Denote
0 0\ [ —foreua
A(A):—I(l bm)/e 0 da (3.3)
n K
0
10 2 fOT+Q)dl
— [+
— (0 0> //B(a)e 0 da
0
and

KO\ ) ( / Sjemed s)ds). (3.4)

0
Then A(N)d = v+ K (A, ¢). Whenever A(A) is invertible, we have

§=(AN) Ty + K\ 9)).

Lemma 3.4. The following results hold.

(i) o(L+C)NQ=0p(L+C)NQ={Xe€Q:detA(N\) =0}.
(ii) If X € p(L+ C)NQ, we have the following formula for the resolvent

(M — (L + )" (i) - (Z) —

— JOT+Q)di

bla)=e o (AN 5+ K\ g)) + / & O 9as,

0

(3.5)

where A(X) and K (A, ¢) are defined in (3.3) and (3.4).
Proof. Assume that A € Q and det(A())) # 0. From the above discussion, we have

(= OO = 1)) < ' ) _ ((A(A))*«; + K<A,<,o>>> |

By Lemma 3.2 we obtain (3.5) and (ii) follows. Therefore, we have {\ € Q : det(A(X\)) # 0} C p(L+C)NQ
and

o(L+C)NQC{)eQ:det(A(N) = 0}. (3.6)

Conversely, assume that A €  and det(A(A\)) = 0. We claim that we can find (2}) € D(L) \ {0} such

wror()=2(1): 37)

that
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() =er-n(?)
o(2)-vr-(2)

We can find a nonzero solution of (3.7) if and only if we can find (i) € X \ {0} satisfying

In fact, set

[[ —C(\ — L) <5) =0.
2
. ) e
From the above arguments, we can obtain o # 0 satisfying

{ AN =0,
@ =0.
Since by assumption det(A(N)) = 0, we can find § # 0 such that A(A)J = 0. So we can find <i> €
D(L) \ {0} satisfying (3.7), and thus A € op(L + C). Hence,

{AeQ:det(A(N) =0} Cop(L+C)Co(L+C) (3.8)
From (3.6) and (3.8), (i) follows. O

From the explicit formula for the resolvent, we deduce the following lemma.

Lemma 3.5. For each \g € 0 (A) NQ, Ao is a pole of the resolvent of order ko if and only if Ao is a root
of order ko of A(N).

Since L is a Hille-Yosida operator, and DF(T) is bounded, A is also a Hille-Yosida operator. Con-
sequently, Ay generates a strongly continuous semigroup {T4,(¢)} on Xy. In order to apply the center
manifold theorem and normal form theory, we need to study the essential growth bound of A. The
essential growth bound wy ess (A) € [—o0, +00) of A is defined by

1 TA(t
wo,ess (A) := tii?oo M

where || T'A(t)||ogg is the essential norm of T4 (t) defined by
[Ta()lless = & (Ta(t)Bx (0,1)),
here Bx (0,1) ={z € X : ||z||y <1}, and for each bounded set B C X,
k(B) =inf {e > 0: B can be covered by a finite number of balls of radius < ¢}

is the Kuratovsky measure of non-compactness. By using a perturbation result we obtain the following
estimation.

Proposition 3.6. The essential growth rate of the strongly continuous semigroup generated by Aq is strictly
negative, that is,

wo,ess(Ao) < =€ < 0.
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Proof. From lemma 3.4, we obtain
| T, ()| < e, forall t>0.
Thus, we have

wo,ess(Lo) < wo(Lo) < —€.

Since DF(T) is a compact bounded linear operator, we can apply the perturbation results in Thieme [43]
or Ducrot et al. [14] to deduce that

wO,ess(A0> S _6 <0.

4. Bogdanov-Takens singularity

In this section, we apply the normal form theory in [32,34] to study equilibrium O(0,0) of system (3.2)
and prove that the equilibrium O(0, 0) of (3.2) is a Bogdanov—Takens singularity under some assumptions.
Last we consider a small perturbation system of (3.2) which corresponds to system (1.3) and show the
perturbation system is a versal unfolding of the Bogdanov—Takens singularity. Hence, system (1.3) can
undergo Bogdanov—Takens bifurcation. For clearity, we rewrite system (3.2) as

dy(t)

S — Ay(r) + Hy(t), for 120, (4.1)

where A = L+ DF(z), H(0) = 0, and DH(0) = 0.
Notice that 0(A)NQ =0op(A)NQ ={X € Q:det A(X\) = 0}. By computation, we obtain that

* ,—(Ap)T
AN = H
¥ 1 (K )
Afp)m K (A +d)
and
det (A(N))
[0 B*e(”w} (KO0 - (K )
N (A + p) K(\+d)
(M- Bre= T [KX — rK + 1r
KA+ p) (A +d)
 RIAZ + KA+ R3e T MA 4 kge N 4 ks
KA+ p) (A +d)
f)
= —==0, A€
9(N)
with

KlzK, H2ZMK+T(T]—K), ng—K'u7
Ky =—rp(n—K), ks =rp(n— K).
It is obvious that {A € Q:det A(X\) =0} ={A € Q: f(\) = 0}.
Assumption 4.1. Assume that K =n = 2vh.
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Under Assumption 4.1,
FO) = s A% + ko) + hze A =0, A€ Q (4.2)
with
k1=K >0, ko =pK >0, kg =—pK <0.

Since f(0) =0, f/(0) = ko +k3 = 0, and f”(0) = 2(k1 —7K3) # 0, A = 0 is a root of (4.2) with multiplicity
2. Next we claim that A = 0 is the unique root of (4.2) with zero real parts.
In fact, let A = iw (w > 0) be a purely imaginary root of (4.2). Then we obtain

—K1w + ika + k3 (cos(wT) — isin(wT))i = 0.
Separating real and imaginary parts in the above equation, we obtain

Ko = —Kg cos(wT), (4.3)
—Kiw = —kgzsin(wT). '

Thus, we have
K2+ (kw)® = K2
and since ko = —k3 we obtain
Kiw? = 0.

Thus, (4.2) has no purely imaginary root A = iw (w > 0).
From Sect. 3, we know that under Assumption 4.1

o (A)NiR = {0} and wgess (4o) < 0.

Now we compute the projectors on the generalized eigenspace associated to eigenvalue 0 of A. From the
above discussion, we already knew that 0 is a pole of (AI — A)flof finite order 2. This means that 0 is
isolated in o (A) N, and the Laurent’s expansion of the resolvent around 0 takes the following form

+oo
(M —A)7"= > A"B,.

n=-—2

The bounded linear operator Bfl,o is the projector on the generalized eigenspace of A associated to 0.
We remark that

+o0
N =A)7 =3 A"BA .

m=0

So we have the following approximation formula

d
A BERT o 2 - —1
Bl = fim gy (¥ 1= 4)7).

Lemma 4.2. Let Assumption 4.1 be satisfied. Then 0 is a pole of (AI — A)f1 of order 2, and the projector
on the generalized eigenspace of A associated to the eigenvalue 0 is given by

u(2)-(2)
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where
v = (%) ( o 0)
- —da 2(147p)+dr a
0 e —( 2K)(f+‘ru)2u + (1+T[L)K d
a —p(a—s
|:5 + DB(W) (f <e 0 e—d?a—s)) @(S)ds)]
0 (4.4)
N (eua 0 ) < 0 O)
—da d
_ [ ((s—a)eos 0
DB(’U)) (g ( 0 (S o a)efd(afs) (p(S)dS .
Proof.
) 0
)\QAI—A‘l( )z()@
( ) o ”
_ ~ [ IQal B — foT+Q)di
ala) = e 07 A) T 0+ KO 40 [T plogas,
0
a _ [(AI+Q)dl
where K(\,¢) = DB(w) | [e = ©(s)ds | . We need to differentiate with respect to A the above
0
formula. We first have
. )\O‘% 0
(A()‘)) =1 _ +#(_>ff|-ed) A+d
(Ap—pe=2T)AK A
and
_ (A—i—/L—/Le*AT)—()\+/L)(1+T/Le7>‘7)
d(AM) " _ e ) 0
d\ ()\Jr,ufye_)‘f))\f(/\er)[()\er,fue_’v)+(1+Tp,e_AT)/\] ;d :
o K()\—Q—,u—pe*)“)z)\z A2
Then
, - d(AN)! = 0
lim (23 (A0)) TS 2 p (T L),
A—0 dA —W d
and
0 0
lim (A2 (A\) ") = d :
A—0 ( ) —W 0
Furthermore,
d

— f(\I+D)ar 1
(M{e 4 A2 (AN) (5+K(A,w)>}

B —ae~ (A ua 0
- 0 _aef()nLd)a

[ (e~ O+m)(a—s)
A (A [5 +DB(m) ( JTT o) so(s)ds)]

0
e~ (Atua 0 _
(T o) @0
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| [ ((s = a)e=Otmia=s) 0
DB(w) /( 0 (5 — a)e=(MHd)a=s) p(s)ds
0
e~ (M tu)a 0 _ d(AM)!
+ ( 0 e_(m)a) A (AN) T + )\QT

N ’ e—(Atm)(a—s) 0
oo | (77 Ve ) #(6)s
0

67(
Then

fim - {e_ JOIEDIL 5 Ay (654 KO so))}

= (ew | ) ( (1+7) 3*’:”‘ d 0)
- —da 2(147p)+drep a
0 ¢ T 2K (147p)? + I+ K d

(e o
x |6+ DB(w) / ( 0 ed(as)> ©(s)ds
0

N <eua 0 ) < 0 O)
—da d
0 e “wrr 0

Dmm(j(“‘wﬂww” (o apdto ) £
0

Thus, we obtain

where 1) is defined in (4.4). O

From the above results, we obtain a state space decomposition with respect to the spectral properties
of the linear operator A. More precisely, the projector on the linear center manifold is defined by

e (3) =500 (2) - (3)
where ¢(a) is defined in (4.4). Set
) =1 — 11
We denote by
X =T2(X), Xp:=13(X), A=Al , A=Al .
Now we have the decomposition

X=X.0X.

() -(2)

Or1

Since



137 Page 14 of 29 Z. Liu et al. ZAMP

with
=
Yr1(a) = e—da( ad _#2(1+Tu)+dT2u) ’ (4.5)
(I+7p)K 2K (147p)?
and
0
0
wa () =(2)
071
with

020 = (g2 ) (16
we obtain the basis {x1, x2} of X, defined by

ORQ ORZ

xi(a) = Opn , Xxe(a) = Kpe e
—deda dae—da

@ = (o). A =)

The matrix of A. in the basis {x1, x2} of X, is given by

Note that

Alxi, x2) = [0, x1]

or by using a usual symbolic matrix computation formula

Aol =basal [ o] (47)

We now consider the normal form of system (4.1) on the 2-dimensional center manifold of equilibrium
0(0,0). Let £L4(X2,D(A)) be the space of bounded 2-linear symmetric maps from X2 = X, x X, into
D(A) and V%(X., D(A)) be the linear space of homogeneous polynomials of degree 2. More precisely,
given the basis {x1, x2} of X., VZ(X,, D(A)) is the space of finite linear combination of maps of the form

Te = T1X1 T T2X2 — I?IISQM Te € Xc
with
ny +mng =2, and V € D(A).

Define a map G : Ls(X2,D(A)) — V*(X.,D(A)) by G(L)(z.) = L(ze,z.), VL € Ls(X2,D(A)) and
define ©5 : V3(X,, X.) — V2(X,, X.) by

05 (Te) :=[Ae, Y], VY. € V(X Xo), (4.8)
where [,] is the Lie bracket
Ao Yol (20) = Do (20) (Acee) — AYo (20), Vae € Xe.
We decompose VZ(X,, X.) into the direct sum
V2(X,, Xo) = RS ® 5, (4.9)
where
5 = R(63)

is the range of ©5, and CS is some complementary space of RS into V2(X,, X.).
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Let
G € V*(X,, D(A)). (4.10)
By applying Theorem 4.4 in Liu, Magal, and Ruan [29], we obtain that after the following change of
variable locally around 0
y =7+ Ga(IIp), (4.11)
system (4.1) becomes
dy(t)
dt
and the reduced equation of system (4.12) has the following form which is in the normal form at the
order 2,

= Ay(t) + H(y(t)), for t >0, (4.12)

dy.(t) _ , _
ar Acyc(t) +

STTAD?H (0) (1.(6),7(0) + Re (7.(0)). (113)

where

1 .
(AP (O)]x.nx. ) <,

STTAD (0) (5.(0), .9)
= STADH (0) (1,(0),7(0) — [Ae TIAGs] (.()

and the remainder term R, € C3(X,, X.) is a rest of order 3, that is to say that D;R.(0) = 0 for each
j=1,2.
In the following, we will compute

STADH(0) (7.0, 7.(1))

Set
~1
7= (9) e D(A) with ¢ = (g)
®
0 0 0
e (2) <o ()= ()
Ye cY c 7 1,0 ) ,(/)
with
7
~ e—ha () Tirn 0
Y(a) = < da) 2(147p)+dr? ad )
0 e — zK(ﬂm)zH + oo @
(e fema 0
|:DB(’U}) (E)/j ( 0 ed(as)) @(S)ds)]
"o o) (ot 0)
+ —da d
< 0 e d( )_(1+m)K 0
[ ((s—a)e a3 0 A
DB(U}) (‘({ 0 (5 . a)e_d(a_s) @(S)ds
and

0
U :—Hﬁy—(I—Hé‘>(g) = (@_J)
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We observe that for each

with
1 1
P1 Y2
Y1 = , P2 = ’
(w?) (@%)
_ 2hru(K—V7) [ ¢l (a)da [T o3 (a)da
Kh
D*H(0) (3,.7,) = D*F (%) (7,,72) = _ )i ¢i(a)da T ¢i(a)da
K
0
Then
_ (f0+°° @2((1)(1(1)22}17“#([(—\/5)
1 9 2 Lo KR 2
5 D°H(0) ()" = (> *(a)da)’
2! K
0
By projecting on X., we obtain
1 170
—TAD?H(0) () = = | —
where
pe”t (fo @2 (a)da)* 2hrp(K—VR)
- _ Kh(1+7p) ) 4.14
B N e e )
B hK
Set

Yo = T1X1 T T2X2-

We shall compute (4.12) expressed in terms of the basis {x1, x2}. Consider V?(R? R?) which denotes the
linear space of the homogeneous polynomials of degree 2 in two real variables, 1, 2o with coefficients in
R2. The operators O considered in (4.8) now act in the spaces V?(R? R?) and satisfies

c 1\ _ 1) _ Z1 r1\ X1
62(G2,c) (1,2) - [Aca GQ,C] (x2> - D$G2,C (l’g) Ac (1,2) ACG2,C <x2) )
for all G5 . € VZ(R? R?)

with
0 1
)
It is known [7,22,27,42] that a normal form for Bogdanov—Takens singularity which gives the flow on the
center manifold is

1 = x5 + O(|(x1,22) %)
Ty = Ayx] + Agzize + O(| (71, 72)%).

In order to obtain from equation (4.13) the second-order terms in the above normal form for Bogdanov—
Takens singularity, we need to choose a complementary space for R(0S) in V2(R2 R?). The canonical
basis of V2(R? R?) has six elements:
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() (0)-(9): () () - ()

Their images under Of are, respectively,

x% 2r1To 0 —T1T9 —:c% —x%
0 )’ 0 \0 )’ :17% "\ 22120 /) 0 ’

We choose the following complementary space of R(0%) in VZ(R? R?)

= {(3) (o))

Note that
%H?DQH(O) (z1x1 + Z2x2)”
. _QW(K_\/E)(Q(QHQT#)HTZ“)(zQ—dzl)Q n 7'(w2;dm1)2
= (X17X2)§ 2‘1_57ﬁz+<7—”&ﬁ)<x2—dx1>2 o

d2K?2(1+7Tp)

in the above formula we are using a matrix symbolic computation.
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Remember we assumed that K = 2v/h; therefore, we obtain that (4.13) expressed in terms of the basis

{x1, x2} becomes

z1 = x3 + O(|(21, 22)[°)

i’g = Al‘f% + Asxqix9 + O(‘(Qﬁl,xz)‘s),
where

i
Aj=————-<0
! 2K (1 +71p) 7

T ’7'2#2
A== |1- ——— 0.
’ K< 2(1+Tu)2>>
From the above analysis, we obtain the following theorem.

Theorem 4.3. Suppose that Assumption 4.1 holds. Then the wunique positive

(4.15)

equilibrium E* =

(hrpe=*,+/h) of (1.1) has a Bogdanov-Takens singularity, whose local dynamics on the center man-

ifold of E* are determined by (4.15).

5. Bogdanov—Takens bifurcation

To observe whether system (4.1) can undergo Bogdanov—-Takens bifurcation under a small perturbation,

we rewrite the linear operator of system (4.1)

pB@(e) = (%, " )

n K

O\Jgr

with
oy = 0, ,61 =1.

pladat (g1 %) +/Ooﬁ<a>ga<a>d
0

a

We introduce two small parameters & = (aq, &) by setting a; = ay , @s = 01 — 1 to system (4.1). Then

the following system is a small perturbation system of system (4.1)

WO _ Gy + HW), for 120,

(5.1)
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which corresponds to the model (1.3), where A=1L+ S with

(2)-(%)

and
0 @ \ [
~ a
S = (2 ) / ola)da (53)
1+a e
(0" 1) [ st
0
with ||a| < 1.

Note that O(0,0) is an equilibrium of system (5.1) and

c(A)NQ=0p(A)NQ={X €N :det A*(\) =0}
with

FiA2 4+ Fod + Rge ™ A\ + Rae N + Rs
KnA+p)(A+d)

det (A*()\)) = . AeQ

and

k1=K, Ra =nr(n— K) +nKp, k3 =—nuK (1 + az),

Ky =—nrp(l+az) (n — K), ks =nrp(n — K) — Kay.
It is easy to check that when &y = 0 and az = 0, A = 0 is a root of det A*(\) = 0 with multiplicity 2.
From Theorem 4.3, we obtain that the equilibrium O(0, 0) of system (5.1) is a cusp of codimension 2.

To determine that system (5.1) is the versal unfolding of system (4.1) with Bogdanov—Takens singu-
larity, we consider the following suspension system

da(t) =0, fort>0,
at
dy(t ~
WO _ Gyt + Hiy(w), o 120, (5.0
a(0) = a € R,

y(0) = yo € D(A).
In order to rewrite (5.4) as an abstract Cauchy problem, we set
X =R>xX.
We consider the linear operator A : D (A) C X — X defined by

(@)=

D (A) =R? x D(A) := Ap.

with D (A) = R? x D(A). Then

Since A is a Hille-Yosida operator, we can prove that A is also a Hille-Yosida operator.
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Consider F : D (A) — X the nonlinear map defined by

b))

where W : D(A) — X is defined by

with

and

Then we have

0 0
.7:(0> =0 and D}-(O) =0.

Now we can reformulate system (5.4) as the following system

O _ 4ty + 7). €0) =& DA (55)
Note that
o (A) NiR = {0} and woess ((4),) < 0.
Lemma 5.1. Let Assumption 4.1 be satisfied. Then
0 (A) =0 (Ao) =0 (Ag) = (4),

and for each X € p(A),

Proof. Let A € C\ o (A). Then
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It follows that

() L)

p(A) D C\o(4).

Then

Moreover, if A € o (A), we have

e ((0)-()
cor-n(9)-(2)

Sodeo(A). O
Lemma 5.2. Let Assumption 4.1 be satisfied. Then we have
By ._ B
T4, (1) (x = 10 (02 (5.6)
and
BY _( 8
s ()= (5., o
Furthermore,

wo,ess (Ao) = wo ess (Ao) -

Proof. Recall that
+oo
(M — Ag) o = / e M, ()xdt
0

and
—+oo

(M —A) " z=2) / e MSA(t)zdt.

Thus, for each A > 0 large enough,
+oo

and

' / (satne) = (a2 arra):

It follows that T4, (t) and S4(¢) are defined, respectively, by (5.6) and (5.7).
By using formula (5.6), we deduce that

”TAo (t)Hess = ”TAo (t)Hess, for all t > 0,
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and it follows that

oo () — T PUTOlles) 0T Dless)

= Ap).
t——+00 t t—+oo t wo,ess( 0)

This completes the proof. O

Now we compute the projectors on the generalized eigenspace associated to eigenvalue 0 of A. Note
that

1 _
BA o= 5 / (AT — A)~"d),

Sc(0,e)*

where Sc(0,¢) is the counterclockwise oriented circumference |A| = € for sufficiently small € > 0 such
that |A| < e does not contain other point of the spectrum than 0. Since

(A=A (Z) = (()\I i_zill)jjlav> - (k;:;:g’?ox> ’

A (Y _ [
B0 (5”) B (BA1,0”3> '

it follows that

We have
(6))-(6)
BLALO 0 = 0 )
0 0
()= ()
Bfl,O 1 = 1 )
0 0
Or2 Or2
BA L) | = ! = 0§2
-10 0 - Bfl,o 0 - "
0 0 !
and
0 0
A §2 R2 0 O]Rz
Bfl,O (1) - Bél,o <1> - 1/? )
0 0 2

where 11 and 1o are defined in (4.5) and (4.6). Set

Ope2 Oge2
Opz2 Op2
el(a) = g ) 62(0’) = Kﬂf—pa )
(—de‘da> ( dae 9@ )
0
1

Then
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The projector on the generalized eigenspace of A associated to 0 is given in the following lemma.

Lemma 5.3. 0 is a pole of order 2 of the resolvent of A, and the projector on the generalized eigenspace

of A associated to 0 is given by
A my H
1o ($> a (Bé1,0x> '

From the above results, we obtain a state space decomposition with respect to the spectral properties
of the linear operator A. More precisely, the projector on the linear center manifold is defined by

a(bBN_pga (PN_( n
e (2) =70 (2) = (4e)

It =1 — 1TA

Set

We denote by
Xe =1 (X)), Xy =1, (X), Ac:=Al,, Av:=Al,, .
Now we have the decomposition
X=X X,
Define the basis of X, by {ej, ea, e3, €4} and the matrix of A, in the basis {e1, es, e3,e4} of X, is given by
0 0

1
0
A[el7627e3764] = [61762763764] O
0

o O o o
o O O

0
0
0

Set

with

+_(eua 0 ) ( 0 0)
—da d
0 e ~wrar O

a ((s - a)%—u(a—S) o a)gd(as)) @(S)ds>

and
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& = (161[\11)7 &y = (gi) € D(A)

We observe that for each

with w; = <0ﬂ?> Li=1,2,

K3

D*F(0) (€1, &2)

Oge
= al +/?0Lp2da+&l +fxga2da+& +fooﬁz,alda+& +/?oﬁ<p1da
D2H(0)(’w1,w2)+( 1 2 2 2 3 1 01 3 2 2 3 1 )

Then
. . Oge
DR (0)(©)? = o T staarss oo
2 ED2HO)(w) + (V1 T e

0

By projecting on X, we obtain

1 A2
SUIAD2F(0)

0

“+oo +oo
— & | @*datds | p@lda
B4, (1D2H(0>(w)2+ ("o o)
0

I
7N\
[
=

+ o O
)
N———

where 1) is defined in (4.14) and

£ (a +foo/\zda—l—& Jrfoﬁ/\lda e Ha
T+ 1 ) 2 2 0 2

vla)= 2(1+7p)+dr? oo +oo
(_ 2Kzf+m)72u + (1#6,2)1() (al Of P*da + o { ﬂgolda> e—da
Now we compute 2IIAD2F(0) (€)% expressed in terms of the basis {ey, e, e3,e4}. Note that & =
a
< Q) can be expressed by
G
a
e = (9) = w1e1 + Taey + a1z + aney
(G
o
o
= Og2

xo K e He
—z1de” % + zodae—%@
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We first obtain that
1 ~ -
?HfD%F(O) (z1e1 + z2e2 + Q1e3 + age4)2
== (617 €2, €3, 64)

(2(1+Tu)+d72u)(%’—w1)2 ffooﬁ(a)ﬂ(a)da T 2 2
0 r(%F—w1) 4 20drp)tdr
K

- 4dhK (147p)? + 2 2dK (14+7pu)?
+o0
X (%’—wl)z f Ba)u(a)da
— 0 + 0
2hK (14+7p) (AI4+7p)K
0
in the above formula we are using a matrix symbolic computation with ¥ = —ay 2 + &1dz2 + agzo K. In

the following we will compute the normal form of system (5.5) by using the same procedure as for system
(4.1). As before the normal form up to second-order terms on the local center manifold is given by the
ordinary differential equation on A, :

dfgiﬂ — ALE() + %Hfﬁf(()) (€e(t), &c(1)) + Re (&c(1))

where
TAD?F (0) (6.6
= SIADYF (0) (60 60) — (A TEAGH)(E0)
Set
§c = z1€1 + T2e2 + (1€3 + ey
Now we compute the normal form expressed in terms of the basis {e1, ez, e3,e4}. Consider V2(R* R*)

which denote the linear space of the homogeneous polynomials of degree 2 in 4 real variables, x1, x2, a1, Qo
with coefficients in R*. The operators ©f satisfies

x 1
T2 T2
GE(GQ,C) ~ = [-Ac,GZC] ~
aq aq
as as
€1 Z1 Z1
€2 €2 €2
=D,G A T - AG o
T2 ¢ o c & cT2c &
Qo Qo Qo
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with

O O O
OO OO
OO OO
I
—
o O
S =
1

0
0
0
0
)

We define O : V2(R* R?) — VZ(R*, R?) by

m% T2 T104
0/’ 0 ’ 0
932&1 (132&2 a%
0 ’ 0 "\ 0
0 0 0
93:{ "\xiwo )\ 2100 )7\ 21000
0 0 0
.732&1 ’ xgag ’ (A)Z%
Their images under @; are, respectively,
2$11‘2 SC% 3?2&1 .’L‘Q&Q 0
0 "\ 0 )’ 0 ’ 0 "\ 0 )’
—{E% —T1X2 —xlﬁl —xl&g —l’%
2$1$2 ’ $% ’ 5(12521 ’ 1‘2&2 ’ 0 ’
—Ta0 —T20p —a3 —a1as —a3
0 ’ 0 "\ 0 ’ 0 "\ 0 ’
A complementary space of R(©3) in V(R R?) is
(egn ) () (o) (o)
~ ) 2 ) ) ~ )
e Ty Ty 12 T10
R(©,)" = span 0 0 0 0 0
r10y )\ w20 )7\ @7 )7\ @wds )7\ @3
Thus, we obtain the normal form up to second-order term as follows
i‘l =9+ O(‘(l‘l,xg)‘s) (58)
To = ATy + A2 + Ay (G, Q)] + Aa(d, do)z122 + O(| (21, 72)°),
where A;(0,0) and A3(0,0) are defined in (4.15) and
1 2 p 1
AM=———"""0 =|—-————=]a ————ans.
TR ( 2K (1 + w>2> “ o
Let
€Ty — Ty,

w2 = 22 + O(|(21, 22) ).
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HL 1 SN+
6(2 SN+
q
TB
) 7/
IT
HE 111
11 H SN~ B v
H 111 SN—

F1G. 1. Bogdanov—Takens bifurcation diagram of system (5.9) in the small neighborhood of (a1, az2) = (0,0)

Then
T = 2
Ty = My + Xoxo 4+ Ay (A1, Ao)x? 4 Ao(ay, do)z120 + O(|(21, 22)[3).
After rescalings and reparameterizations (see [7, page 181] ), we can transform the above system into
T = To (5.9)
Ty = p1 + pows + 27 — 1139 + O(|(21, 22) ),

A2

~ _ _la
with 1 = — 1At M2 = |47 24,

()\2 - M) . From the above analysis, we obtain the following theorem.

Theorem 5.4. Assume that Assumption 4.1 holds. Then system (1.3) can undergo Bogdanov-Takens
bifurcation in a small neighborhood of the unique positive equilibrium as the bifurcating parameters (&, aa)
vary in a small neighborhood of (0,0). More precisely, there exist four bifurcation curves: saddle-node
bifurcation curves SN and SN~, Hopf bifurcation curve H, and homoclinic bifurcation curve HL, in
the small neighborhood of (0,0) of parameter plane (a1, &z), such that system (5.1) has a unique stable
limit cycle as (Q1,as) lies between H and HL, and no limit cycle for system (5.1) outside this region.
The corresponding bifurcation diagram is shown in Fig. 1.

6. Conclusion

Codimension-two bifurcations are important phenomenon in nonlinear dynamics. However, compared
with codimension-one bifurcations in age-structured models, there has been little work done on the
codimension-two bifurcations which produce rich dynamics phenomenon. To the best of our knowledge,
we haven’t found works that have been published on the Bogdanov—Takens bifurcation for age-structured
models. In this paper, a predator—prey model with age structure in predator population is investigated.
By performing the bifurcation analysis, we prove that the model has a positive equilibrium which is
Bogdanov—Takens singularity, and we can choose two parameters as the bifurcation parameters such that
this model undergoes Bogdanov—Takens bifurcation in the small neighborhood of the positive equilibrium
as bifurcation parameters vary in a small neighborhood of the bifurcation values (see Theorem 5.4). More
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precisely, on the curve SN, the model has only a unique equilibrium which is a saddle-node; when the
parameters (a, a2) lie between the curve SN and the curve H, the model has a saddle and a stable focus
and no periodic orbit; on the HL curve, the model has an unstable focus and a stable homoclinic loop;
the model has a saddle, an unstable focus, and no periodic orbits when the parameters lie between the
curve HL and the curve SN; however, when the parameters lie between the curve H and the curve HL,
the model has a unique stable limit cycle (see Fig. 1).
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