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Abstract. Let R be a finite commutative ring with identity. We
form the zero divisor graph of R by taking the nonzero zero divisors
as the vertices and connecting two vertices, x and y, by an edge if
and only if xy = 0. We establish that if the zero divisor graph of a
finite commutative ring with identity is planar, then the graph has a
planar supergraph with a Hamiltonian cycle. We also determine the
book thickness of all planar zero divisor graphs.

1. Book Thickness

The book embedding problem, discussed in [3] and [7], is a topological
embedding problem in which graphs are embedded in a structure called a
book. An n-book is formed by joining n half-planes together at a common
line, called the spine. In a book embedding, the vertices are ordered along
the spine and edges are embedded on the pages of the book so that no two
edges cross each other nor do they cross the spine. If we let G be a graph,
then the book thickness of G, denoted by bt(G), is the smallest n for which
G admits an n-book embedding.

If the spine of the book is reshaped into a circle, the edges on a page may
be drawn as non-intersecting chords of the circle. With this view, deter-
mining book thickness of a graph is the same as determining the minimum
number of colors needed to color the chords so that no two intersecting
chords have the same color. Characterizations of graphs with book thick-
ness at most two are given in [3] and [8]. Further, the book thickness of
planar graphs is discussed in [9]. We will provide highlights of key theorems
below.

We observe that any graph G with at least one edge must have bt(G) ≥ 1
since edges must be placed on the pages of the book. A graph G is called
outerplanar if the vertices of G can be placed in a circle and all edges of
G can be drawn as non-intersecting chords of the circle. Using the circular
view of a book, the following theorem of Bernhart and Kainen [3] is clear.

Theorem 1.1. Let G be a graph. Then bt(G) ≤ 1 if and only if G is
outerplanar.
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We denote the complete graph on n vertices by Kn and the complete
bipartite graph with vertex sets of size m and n by Km,n. An important
characterization of outerplanar graphs is given by Chartrand and Harary
[4].

Theorem 1.2. Let G be a graph. Then G is outerplanar if and only if G
contains no subgraph homeomorphic to K2,3 or K4.

Proof. See p. 36 of [4]. �

Since K2,3 or K4 are not outerplanar, the smallest possible book thick-
ness for each of these graphs is two. Figure 1 depicts two page embeddings
of these graphs. The first page lies above the spine and the second page
lies below the spine. Hence, bt(K2,3) = bt(K4) = 2.

� � � � � � � � �

Figure 1. Two page book embeddings of K4 and K2,3.

Recall that a Hamiltonian cycle in a graph is a cycle that uses every
vertex exactly once.

Theorem 1.3. Let G be a graph. Then bt(G) ≤ 2 if and only if G is a
subgraph of a planar graph with a Hamiltonian cycle.

Proof. See p. 322 of [3]. �

Originally, for planar graphs, it was conjectured that the book thick-
ness was unbounded (see [3]). However, it is now known that the book
thickness of planar graphs is bounded. We have the following result due to
Yannakakis.

Theorem 1.4. Let G be a planar graph. Then bt(G) ≤ 4.

Proof. See [9]. �

The book thickness is known for several families of graphs. For others,
the exact book thickness is not known. For example, although many bounds
have been found, the exact book thickness ofKm,n is unknown for arbitrary
m and n. Of course, for certain values of m and n, the book thickness is
obvious. In particular, bt(K1,n) = 1 when n ≥ 1 and bt(K2,n) = 2 when
n ≥ 3.
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2. Zero Divisor Graphs

First introduced in [2], the zero divisor graph Γ(R) of a commutative ring
R is formed by taking the nonzero zero divisors of R as the vertices and
joining two vertices with an edge if and only if the corresponding product is
zero. An interesting property of these graphs is that the distance between
any two vertices is quite small.

Theorem 2.1. Let R be a commutative ring and let Γ(R) be the zero divisor
graph of R. Then Γ(R) is a connected graph with diameter (maximum
distance between two vertices) at most three.

Proof. See p. 438 [1]. �

Another interesting property is that two nonisomorphic rings may have
isomorphic zero divisor graphs. Take, for example, the nonisomorphic rings
Z8 and Z2[x]/(x

3). The nonzero zero divisors in Z8 are {2, 4, 6} and the
corresponding zero divisor graph Γ(Z8) is a path of length two. The nonzero
zero divisors in Z2[x]/(x

3) are {x, x2, x + x2} and the corresponding zero
divisor graph Γ(Z2[x]/(x

3)) is also a path of length two.
Neal Smith [6] classified all finite rings with planar zero divisor graphs.

Here, Fq denotes a finite field of order q, where q is a prime power.

Theorem 2.2. Let R be a finite commutative ring and let Γ(R) be the zero
divisor graph of R. Then Γ(R) is planar if and only if R is isomorphic to
one of the following 44 rings.

Z4, Z2[x]/(x
2), Z9, Z3[x]/(x

2), Z8, Z2[x]/(x
3), Z4[x]/(2x, x

2−2), Z2×
Z4, Z2×Z2[x]/(x

2), Z2×Fq, F4[x]/(x
2), Z4[x]/(x

2+x+1), Z4[x]/(2, x)
2,

Z2[x, y]/(x, y)
2, Z2×Z2×Z2, Z16, Z2[x]/(x

4), Z4[x]/(2x, x
3−2), Z4[x]/(x

2−
2), Z4[x]/(x

2 + 2x + 2), Z2[x, y]/(x
2, y2), Z4[x]/(x

2), Z4[x, y]/(x
2, xy −

2, y2, 2x, 2y), Z25, Z5[x]/(x
2), Z3 × Z4, Z3 × Z2[x]/(x

2), Z2 × Z2 × Z3,
Z2×Z9, Z2×Z3[x]/(x

2), Z2×Z8, Z2×Z2[x]/(x
3), Z2×Z4[x]/(2x, x

2−2),
Z27, Z3[x]/(x

3), Z9[x]/(x
2 − 3, 3x), Z9[x]/(x

2 − 6, 3x), Z8[x]/(2x− 4, x2),
Z4[x]/(x

2−2x), Z4[x, y]/(x
2, xy−2, y2−xy, 2x, 2y), Z2[x, y]/(x

2, y2−xy),
Z3 × Z9, Z3 × Z3[x]/(x

2), or Z3 × Fq.

Proof. See [5] and [6]. �

3. Book Thickness of Planar Zero Divisor Graphs

In this section we will classify the book thickness for each of the 44
planar zero divisor graphs from Theorem 2.2. We note that from Theorem
1.4 each of these graphs will have book thickness at most four. However,
we will show that these particular graphs all have book thickness two or
less.
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First, as we observed in Section 2, it is possible for two nonisomorphic
rings to have isomorphic zero divisor graphs. In fact, although there are 44
nonisomorphic rings that correspond to planar zero divisor graphs, these
only yield 18 nonisomorphic graphs. We categorize these in the following
theorem.

Theorem 3.1. Let R be a finite commutative ring and let Γ(R) be the zero
divisor graph of R. If Γ(R) is planar, then it is one of the following 18
nonisomorphic graphs.

(1) Γ(Z4) ' Γ(Z2[x]/(x
2)) ' K1

(2) Γ(Z9) ' Γ(Z3[x]/(x
2)) ' K2

(3) Γ(Z8) ' Γ(Z2[x]/(x
3)) ' Γ(Z4[x]/(2x, x

2 − 2)) ' K1,2

(4) Γ(Z2 × Z4) ' Γ(Z2 × Z2[x]/(x
2)) ' K1,3

(5) Γ(Z2 × Fq) ' K1,q−1

(6) Γ(F4[x]/(x
2)) ' Γ(Z4[x]/(x

2 + x+ 1)) ' Γ(Z4[x]/(2, x)
2)

' Γ(Z2[x, y]/(x, y)
2) ' K3

(7) Γ(Z2 × Z2 × Z2)
(8) Γ(Z16) ' Γ(Z2[x]/(x

4)) ' Γ(Z4[x]/(2x, x
3 − 2))

' Γ(Z4[x]/(x
2 − 2)) ' Γ(Z4[x]/(x

2 + 2x+ 2))
(9) Γ(Z2[x, y]/(x

2, y2)) ' Γ(Z4[x]/(x
2))

' Γ(Z4[x, y]/(x
2, xy − 2, y2, 2x, 2y))

(10) Γ(Z25) ' Γ(Z5[x]/(x
2)) ' K4

(11) Γ(Z3 × Z4) ' Γ(Z3 × Z2[x]/(x
2))

(12) Γ(Z2 × Z2 × Z3)
(13) Γ(Z2 × Z9) ' Γ(Z2 × Z3[x]/(x

2))
(14) Γ(Z2 × Z8) ' Γ(Z2 × Z2[x]/(x

3)) ' Γ(Z2 × Z4[x]/(2x, x
2 − 2))

(15) Γ(Z27) ' Γ(Z3[x]/(x
3)) ' Γ(Z9[x]/(x

2 − 3, 3x)) ' Γ(Z9[x]/(x
2 −

6, 3x))
(16) Γ(Z8[x]/(2x − 4, x2)) ' Γ(Z4[x]/(x

2 − 2x)) ' Γ(Z4[x, y]/(x
2, xy −

2, y2 − xy, 2x, 2y)) ' Γ(Z2[x, y]/(x
2, y2 − xy))

(17) Γ(Z3 × Z9) ' Γ(Z3 × Z3[x]/(x
2))

(18) Γ(Z3 × Fq) ' K2,q−1

Proof. Many of the details can be found in [5]. The rest are left to the
reader. �

Now we determine the book thickness of each of these graphs. For the
next three theorems, let R be a finite commutative ring with identity and
let Γ(R) be the zero divisor graph of R. As before, let bt(G) denote the
book thickness of the graph G.

Theorem 3.2. The book thickness of Γ(R) is 0 if and only if R is isomor-
phic to Z4 or Z2[x]/(x

2).
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Proof. As noted in Section 1, the only graphs with book thickness zero are
those comprised of isolated vertices. Clearly all such graphs are planar. In
Theorem 3.1, the only planar zero divisor graphs without edges are Γ(Z4)
and Γ(Z2[x]/(x

2)). �

Theorem 3.3. The book thickness of Γ(R) is 1 if R is isomorphic to Z9,
Z3[x]/(x

2), Z8, Z2[x]/(x
3), Z4[x]/(2x, x

2 − 2), Z2 × Z4, Z2 × Z2[x]/(x
2),

Z2 × Fq, F4[x]/(x
2), Z4[x]/(x

2 + x + 1), Z4[x]/(2, x)
2, Z2[x, y]/(x, y)

2,
Z3 × Z3, Z2 × Z2 × Z2, Z16, Z2[x]/(x

4), Z4[x]/(2x, x
3 − 2), Z4[x]/(x

2 −
2), Z4[x]/(x

2 + 2x+ 2), Z2[x, y]/(x
2, y2), Z4[x]/(x

2), or Z4[x, y]/(x
2, xy −

2, y2, 2x, 2y).

Proof. The zero divisor graphs for each of these rings have at least one
edge, so they must have book thickness of at least one. We see that each
of the above graphs is embeddable in one page since each is a subgraph of
the one page embeddable graph in Figure 2 for some n.

� � � � ��
���

Figure 2.
�

Theorem 3.4. The book thickness of Γ(R) is 2 if and only if R is iso-
morphic to Z25, Z5[x]/(x

2), Z3 × Z4, Z3 × Z2[x]/(x
2), Z2 × Z2 × Z3,

Z2×Z9, Z2×Z3[x]/(x
2), Z2×Z8, Z2×Z2[x]/(x

3), Z2×Z4[x]/(2x, x
2−2),

Z27, Z3[x]/(x
3), Z9[x]/(x

2 − 3, 3x), Z9[x]/(x
2 − 6, 3x), Z8[x]/(2x− 4, x2),

Z4[x]/(x
2−2x), Z4[x, y]/(x

2, xy−2, y2−xy, 2x, 2y), Z2[x, y]/(x
2, y2−xy),

Z3 × Z9, Z3 × Z3[x]/(x
2), or Z3 × Fq, where q ≥ 4.

Proof. For Z25 and Z5[x]/(x
2), we note that the zero divisor graph is iso-

morphic to K4 and bt(K4) = 2.
For the remaining graphs, we will first demonstrate that each graph

contains a K2,3 subgraph. Hence, each graph is not outerplanar and, thus,
is not one page embeddable. Note that since several of these graphs are
isomorphic, it is sufficient to show that it holds for one graph in each of the
categories 11-18 from Theorem 3.1. Below we will demonstrate sets A and
B which induce subgraphs containing a K2,3.

(11) In Z3 × Z4, take A = {(1, 0), (2, 0)} and B = {(0, 1), (0, 2), (0, 3)}.
(12) In Z2 × Z2 × Z3, take A = {(0, 0, 1), (0, 0, 2)}

and B = {(0, 1, 0), (1, 0, 0), (1, 1, 0)}.
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(13) In Z2 × Z9, take A = {(0, 3), (0, 6)} and B = {(1, 0), (1, 3), (1, 6)}.
(14) In Z2 × Z8, take A = {(1, 0), (1, 4)} and B = {(0, 2), (0, 4), (0, 6)}.
(15) In Z27, take A = {9, 18} and B = {3, 6, 12}.
(16) In Z8[x]/(2x− 4, x2), take A = {x+ 2, x+ 6} and B = {2, 4, 6}.
(17) In Z3 × Z9, take A = {(1, 0), (2, 0)} and B = {(0, 1), (0, 2), (0, 3)}.
(18) In Z3 × Fq, where q ≥ 4, take A = {(1, 0), (2, 0)} and B =

{(0, a), (0, b), (0, c)}, where a, b, and c are distinct units in Fq.

Now we must demonstrate that two pages are sufficient to embed each of
these graphs. We note that vertices of degree one do not pose any difficulty
in book embeddings since they may be placed on the spine near the unique
vertex to which they are adjacent and edges may be added without causing
crossings (see Figure 3). The graphs in categories 11, 12 and 13 are all
isomorphic to K2,3 once we have removed all of the vertices of degree one.
Hence, these graphs all have book thickness two.

For categories 14–17, see Figures 3–6 for the corresponding two page
embeddings.

����� ����� ����� ���������� ����� ����� ���	����
�����������

Figure 3. Two page book embedding of Γ(Z2 × Z8).

�� �� � ���� �� ��

Figure 4. Two page book embedding of Γ(Z27).
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��� � ������� � �

Figure 5. Two page book embedding of Γ(Z8[x]/(2x− 4, x2)).

����� ����� ����� ���������� ����� ����� ���	����
����������� ���������� �����

Figure 6. Two page book embedding of Γ(Z3 × Z9).

The graph in category 18 is merely a K2,q−1, where q ≥ 4. As mentioned
in Section 1, this graph has book thickness two.

�

Note that one consequence of the proof of Theorem 3.4 is that Theorem
3.3 may be strengthened to an if and only if statement since each of the
graphs in Theorem 3.4 are not outerplanar. Theorems 3.2–3.4 include all
44 planar zero divisor graphs. In particular, Theorem 3.2 corresponds to
category 1 of Theorem 3.1, Theorem 3.3 corresponds to categories 2–9 of
Theorem 3.1, and Theorem 3.5 corresponds to categories 10–18 of Theorem
3.1. The following result is now clear.

Theorem 3.5. All planar zero divisor graphs corresponding to finite com-
mutative rings with identity have book thickness at most two.

Combining this theorem with Theorem 1.2, we immediately obtain the
following corollary.

Corollary 3.6. All planar zero divisor graphs corresponding to finite com-
mutative rings with identity are subgraphs of planar graphs with a Hamil-
tonian cycle.
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