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1 Introduction

The conformal bootstrap has seen a revival in recent years and given a plethora of results
both numerical and analytical. It is a non-perturbative approach to quantum field theory
in which symmetry principles play a fundamental role without relying on weak-coupling ex-
pansions. Some of the highlights that the modern reincarnation of the bootstrap has given
include high precision estimates of critical exponents [1-3], universal behavior of CFTs at
large spin [4, 5], and the discovery of solvable subsectors in superconformal theories [6-9].

An important class of systems and the main focus of this work are CF'Ts in the presence
of an extended operator or “defect”. Conformal defects have numerous applications in
condensed matter systems, holography, and formal aspects of superconformal field theory.
From the bootstrap point of view most of the work has been on correlation functions of
local operators in the presence of a defect. Apart from the rich and well understood case
of 2d CFTs [10-12], two early papers in the higher dimensional case are [13, 14] where
two-point functions of CFTs near a boundary were studied. More recently, the authors
of [15] presented a thorough analysis of two-point functions in the presence of a defect of
any codimension.

The most interesting feature of defect CFTs is the presence of additional CFT data.
In addition to the standard OPE coefficients of bulk operators and OPE coefficients of
local operators on the defects, there are also bulk-to-defect couplings.! The latter control
the convergent expansion of local operators in the bulk in terms of local operators on the
defect. The increase in data is balanced by the fact that there are also more constraints.
Two-point functions in the presence of the defect exemplify this feature. In figure 1 there
is a pictorial representation of “crossing symmetry” for this system.

The channel on the left depicts the standard bulk OPE followed by taking the expec-
tation value in the presence of the defect. Because the full conformal symmetry is partially
broken, certain bulk local operators can have a non-zero one-point function. The CFT data
for this channel are thus the standard three-point couplings times the one-point function
coefficients. The channel on the right corresponds to expanding each bulk local operator
in terms of local operators on the boundary. The resulting two-point function of bound-
ary operators is then fixed by the defect conformal symmetry. This channel thus involves
only the new bulk-to-defect couplings, a subset of which is given by the one-point function

IThere is also the interesting possibility of introducing an expansion of the defect itself in terms of local
bulk operators as proposed in [16], and recently investigated in [17]. We will not consider such expansions
in this paper.



2. = 2

o

Figure 1. Crossing symmetry for two-point functions in the presence of a defect. The channel
on the left represents the standard bulk OPE between local operators. The channel on the right
is the bulk-to-defect OPE in which each local operator can be written as a convergent sum of
defect operators.

coefficients. It should be noticed that, given CFT data for the theory in the bulk and
for the theory restricted to the boundary, the crossing equations in figure 1 do not imply
by themselves that the full boundary CFT is consistent. They should be supplemented
with the generalization of the case presented in figure 1, when an arbitrary local operator
on the boundary is added. Note that even when the external operators are identical, the
coefficients of the conformal block expansion do not exhibit any positivity property. The
numerical bootstrap program was applied to defect CFTs in [18, 19] using the method
of [20], and in [21, 22] using the method of [23].

In this work we will be interested in flat defect CFTs that also exhibit supersymme-
try. In particular, N' = 4 SYM with %—BPS boundary conditions. This set of boundary
conditions was extensively studied by Gaiotto and Witten in [24].2 Even though this is
an interesting system on its own, a particular motivation for our work is to present a set
of bootstrap equations that might be tractable analytically. The analytical understanding
of the bootstrap has improved significantly in recent years, however, much remains to be
done. Two-point functions in the presence of a flat defect are a promising arena: the
blocks depend on only one cross-ratio and are therefore relatively simple. The addition of
supersymmetry makes the setup even more attractive. Supersymmetry is a powerful tool
that gives good analytic control on certain quantities which are otherwise hard to study.
If a non-trivial analytic solution to the bootstrap equations is within reach, the equations
presented in this paper are a promising candidate for it.

The system we discuss possesses the three-dimensional superconformal symmetry
OSP(4]4). As explained in [8, 9], any three-dimensional N' = 4 superconformal theory con-
tains a closed subsector of operators whose correlators are described by a one-dimensional
topological theory. It was also mentioned in [9] that such considerations extend to the case
in which the three-dimensional theory lives on the boundary of a d = 4, N’ = 4 theory. The
construction consists in truncating the system by restricting to the cohomology of a special
supercharge inside 0sp(4]|4). We will therefore refer to this subsector as the “cohomological
sector”. The approach championed in the original papers [6-9] is that the superconformal

2A class of %—BPS interfaces in A/ = 4 SYM were constructed in [25]. In the context of integrability,
there have been perturbative calculations of one-point functions in this setup, see [26-29] and references
therein. Defect CFTs have also been studied from the point of view of holography, see [30-33] and refe-
rences thereafter.



bootstrap can be implemented as a two-step process. First, we solve for the truncated
cohomological sector using analytical tools, and then we proceed to the harder task of
studying non-protected quantities, maybe resorting to numerics.?

In this paper we set the stage for this two-step program. We start by obtaining
the full superconformal block expansion for two-point functions of %—BPS operators. This
expansion, when restricted to the cohomological sector, implies an infinite set of polynomial
equations relating bulk and boundary data. We present a preliminary study of solutions to
this truncated system, leaving a more complete analysis for future work. We also explore
the full bootstrap equations with the goal of eventually using modern numerical techniques
to study their dynamics.

It should be pointed out that all the results we present for the codimension one %—
BPS defect in a d = 4, N' = 4 superconformal theory, automatically extend to the case
of a codimension three %—BPS defect. The connection is spelled out in the main text and
includes the superconformal blocks and the existence of a cohomological sector. Moreover,
and somewhat surprisingly, we find that superconformal blocks for four-point functions in
d = 3, N' = 4 theories and OSP(4*|4) superformal quantum mechanics with no defect,
are essentially equal to the defect superblocks we determine. The latter superblocks have
also not appeared in the literature yet, and we will therefore solve four different systems
in one blow.

The outline of the paper is as follows. In section 2 we study one- and two-point
functions using a novel superspace setup. For two-point functions of %—BPS operators we
obtain the corresponding Ward identities, which capture in an elegant and compact form
the constraints of superconformal invariance. In section 3 we present the complete solution
of the Ward identities in the form of a superconformal block expansion for the correlator.
In section 4 we initiate the study of solutions to the bootstrap equations concentrating
mostly in the restricted cohomological sector. We conclude with section 5 and gather
several technical details in the appendices.

2 Correlation functions in superspace

Let us start by introducing the superspace we will use to describe correlation functions
in a d =4, N = 4 superconformal theory in the presence of a flat %-BPS defect. It is
particularly useful for correlators of %—BPS operators and will allow us to write the Ward
identities in a very compact form. Similar superspaces have already been used in the
literature to study %—BPS correlators in different superconformal setups [35-37].

2.1 Superspace setup

The N = 4 superconformal group in four dimensions is PSL(4[4).* The four-dimensional
Minkowski space can be extended to a superspace with coordinates

. :L,ad )\oa'z
X = (XAA> = (Wad o ] (2.1)
3The bootstrap for A" = 4 SYM without defects was studied in [34].
4For the discussion in this section groups and coordinates are complexified.




where o € {1,2}, & € {1,2}, a € {1,2}, @ € {1,2}. The R-symmetry coordinate y can be
considered as parameterizing a second copy of Minkowski space. The remaining variables
A, 7 are fermionic. The action of GL(4[4) is given by

goX=(AX+B)(CX+D)™', g= (é g) € GL(4/4) . (2.2)

Due to the projective nature of these transformations, only PGL(4|4) acts non-trivially
on this set of coordinates. The symmetry group PSL(4|4) corresponds to the elements in
PGL(4|4) with unit superdeterminant. The group element

(A, 0 [yt 0
Gy = ( 0 Aw) € PGL(4|4), qu = ( 0 ¢_112> , (23)

generates an outer automorphism of PSL(4|4). This superspace goes under a variety of

names (analytic/projective) and is particularly useful to describe correlation functions.
We will now turn to the discussion of the symmetry group preserved by the presence of

a %—BPS boundary, namely, the three-dimensional N’ = 4 superconformal group OSP(4]4).

The supergroup OSP(4|4). We define the orthosymplectic group as
OSP(4]4) = {g € GL(4/4) such that g*tng = n} . (2.4)

In the equation above st denotes super-transposition (an operation with the properties
(AB)*t = Bs* A%t and (A%")! = 11 ATl where II is the super-parity matrix which acts as +1
on bosons and —1 on fermions) and 7 is a supersymmetric matrix, i.e. n = nsII = IIn*t.
We choose conventions as

Y0 0 14
]:[: pr— 2'
(0 2)’ n =gy <2 0)91@7 (2.5)

where 3 = (7012 &2) and gy is defined in (2.3). Notice that ¢ parametrizes inequivalent
embeddings OSP(4]4) C GL(4/4), see e.g. [24]. The U(1)y outer automorphism, which is
not a symmetry of the N' =4 d = 4 superconformal theory [38], changes the value of the
embedding parameter. Finally, we define super-transposition as (A);; := (—1)UE+Dl| Aji,
where (—l)m := II;;. Notice that this definition can be applied to square matrices as well
as to rectangular ones.

The superalgebra osp(4|4). The even and odd parts of the superalgebra g = osp(4/4)
are given by
G =sp@) Ssu(2)s Bsu), g =(42,2), (2.6)

where the latter notation indicates that the fermionic generators transform in the tri-
fundamental representation of the bosonic subalgebra go. This super-algebra possess a
Zs outer automorphism M that exchanges su(2); with su(2)_ and the fermionic genera-
tors accordingly.”

5The choice of letter M is motivated by the fact that this automorphism is related to mirror symmetry.



Figure 2. On the left we have the configuration space for the spacetime coordinates and on the right
for the R-symmetry coordinates. The subgroup of the conformal group unbroken in the presence
of the defect is clear from the picture. On the left is the group of conformal transformations of the
three-dimensional boundary SO(3,2). On the right is the product of rotations SO(3) in the space
orthogonal to the line with the SL(2,R) conformal transformations on the line.

Superspace coordinates and their transformations. The next step is to decom-
pose the coordinate (2.1) of the four-dimensional superspace in boundary coordinates and

distance coordinates as follows
X = A, (X, + Xq) Ay, Xi=-vX,, X!=+42X,. (2.7)

where the matrix Ay is defined in (2.3) and the subscripts b and d stand for boundary and
distance respectively. More explicitly

af af3 af af
AB T 0 AB € Tqd X
Xb - (Xb ) - <02a eab ) ’ Xd - (Xd ) - <_ ba ab) ? (28)
Yb X Yq

= xfa and ygb = yg‘l. When the fermions are zero, the geometric interpretation

where z
of these coordinates is given in figure 2.

It should be noticed that the parameter v, which parametrizes different embeddings
of OSP(4]|4) C PSL(4|4) affects only the relation between fermionic coordinates as

o=l aru ), x= L@, 29)

From now on we will set ¢» = 1. The general case can be easily recovered using (2.7).
The transformation properties of these coordinates under OSP(4|4) follow from (2.2), (2.4)
and (2.7). More explicitly, super-translations and super-rotations are given by

(Xba Xd) = (Xb + Ba Xd) ) (Xba Xd) = (A Xb ASta AXd ASt) ) (210)

5The factor v is important if we want to extract component-correlators from a superfield correlator.
For example, it corresponds to a one parameter family of boundary conditions in the free U(1) theory,
see [39, 40].



where B%! = —% B and A € GL(2|2). Special superconformal transformations mix bound-
ary and distance coordinates and act as follows

(Xp, Xq) = K (X, —XCEX XK, K=(1+X0)"1, (2.11)

where O = —CX. It is worth remarking that on the boundary these transforma-
tions reduce to Special superconformal transformations of the three-dimensional boundary
theory, namely

(X,0) — (14X, )1 Xy,0). (2.12)

The element 7 given in (2.5) generates the superconformal inversion noX = Ai (X _12)141;2.

A remark concerning the action of R-symmetry on the y coordinates is in order. The
R-symmetry preserved by the boundary conditions is 0(4) ~ su(2) @ su(2). One su(2)
acts linearly on the indices a,b,... and will be denoted by su(2)4, the second su(2) acts
projectively on the R-symmetry boundary coordinate y;, and will be denoted by su(2)_.
This observation can be better understood by noticing that the superspace setup just
described can be applied to the case of a %-BPS line defect in N' = 4 as well. The only
difference is that we reinterpret the coordinate y as spacetime coordinates and = as R-
symmetry coordinates, see figure 2. At the complexified level both the codimension one
and codimension three cases preserve an OSP(4|4) embedded in the bulk symmetry as
described by (2.4). At the level of real forms, in the codimension one case the symmetry
is OSP(4/4,R) c PSU(4/2,2), while in the codimension three case one has OSP(4*[4) C
PSU(2,2[4). The fact that a £-BPS Wilson line in N = 4 SYM is symmetric under
OSP(4*|4) was first observed in [41], the SP(4) ~ SO(5) C SO(6) is the symmetry that

survives after fixing a non-null direction in the space of six scalars.

Superspace description of codimension two defects. Four dimensional N' = 4 su-
perconformal theories also admit codimension two superconformal defects. Let us present
how this set up can be realized in superspace in the case in which the defect preserves half
of the supersymmetries. As before one splits the superspace coordinate in coordinates on
the surface and coordinates perpendicular to the surface X = Xg + X | where

Xs=xs@(§0)+xs®@(§9), Xi=x10(§§)+xL®(9]), (2.13)
where xg, xs, 11 and x| are (1|1) x (1|1) supermatrices. The subgroup of the conformal

group preserved by an 3-BPS surface defect is P(SU(2|2) x SU(2[2)) C PSU(2,2/4), see
e.g. [42], corresponding to elements of the form

(45) = Coun

with sdet (‘Z g) = sdet (‘; Z) = 1. The projective condition corresponding to the letter

o QI

Qo

)@@, (2.14)

“P” is automatic in the representation (2.2). The action of the subgroup (2.14) on (2.13)



follows from (2.2). For convenience we spell it out here. Super-translations and super-
rotation respectively act as

(xs,xs) — (xs +b,xs +b), (xr x1) = (x1,70), (2.15)
(xs,xs) — (axsd ' azsd™"), (x1,x1) v+ (axid tax dl). (2.16)
Concerning special superconformal transformations, for ¢ = 0 they take the form

(xs,xs) — (xs(T+cas) L as—xi(1+cxs) fear), (2.17)
(2L, x) = (L+xse) s,z (I+cas) ™). (2.18)

The transformations for ¢ = 0 are obtained from the above by changing barred and unbarred
quantities. Notice that on the surface, where x;, = x; = 0, the coordinates xs, xs
transform independently. We remark that both boundary defect and surface defect preserve
an su(2) ®su(2) subgroup of the R-symmetry algebra su(4), but with different embeddings.
In the surface case the embedding is specified by the decomposition of the fundamental
representation [1,0,0] — (3,0) @ (0, 3), while in the boundary case [1,0,0] — (3, 3). It
follows that in the case of a %—BPS surface defect

p
fr
[0,p,0] = €D my s (2,2 . mpr=p—f+1, (2.19)
f=0
in particular the singlet appears p + 1 times.

2.2 Correlation functions

We now turn our attention to correlation functions in the presence of a %—BPS boundary or
interface. In the first part of this section we will classify which bulk operators can have a
non-zero one-point function, and which boundary operators can have a non-zero two-point
function with a %—BPS bulk operator. The second part of the section contains a derivation
of the so-called superconformal Ward identities (WI) for two-point functions of %—BPS bulk
operators. These identities follow from the requirement that the correlation function is free
of spurious singularities in the R-symmetry coordinates, a condition that goes under the
name of superspace analyticity.

Supermultiplets/superfields. Let us start by reviewing the relevant representations of
superconformal algebras in three and four dimensions and set up the notation. A unitary
highest weight representation xpy of psiu(2,2[4) is usually identified using the Dynkin la-
bels {A, (¢,0),[q,p, 7]}, where £, £ and [gq, p, ] are spin and su(4) labels respectively. For the
discussion of correlation functions it is convenient to reorganize these labels into a represen-
tation Rppk of ps(u(2[2)du(2]2)), see [36]. Similarly, a unitary highest weight representation
Xbdy Of 0sp(4[4) can be identified using the Dynkin labels {4, s, (k+,k-)}. Where § is the
dilatation weight and we use conventions with s, k1 € %ZZO. For the discussion of correla-
tion functions it is convenient to reorganize these labels into a representation Ryqy of u(2/2).
Notice that the bosonic subalgebra of this u(2|2) is su(2)4+ @ su(2)Lorentz ® u(1)— & u(1)p,
where u(1)_ corresponds to the Cartan generator of su(2)_ and u(1)p corresponds to di-
latations in spacetime. The list of the unitary irreducible highest weight representations is
given in appendix A.l.



The %—BPS operators in the bulk have Dynkin labels {p, (0,0),[0,p,0]} and will be
denoted by W, (X). The 3-BPS operators in the boundary come in two families (B,+)y
and (B, —) with Dynkin labels given by {k,0, (0, %)} and {k,0, (k,0)} respectively. Their
superspace description is not symmetrical. The (B,+); supermultiplets correspond to
the one-dimensional representation of the u(2|2) introduced above and are denoted by
0+ x(Xp). The (B, —); supermultiplets correspond to the rank 2k totally symmetric rep-
resentation of the same u(2]2), they are denoted by ¢_ (X1, V'), where VA is an auxiliary
variable with V¢ fermionic and V¢ bosonic and ¢_ x(Xp, AV) = A2* ¢ (X, V).

The description of superfields just provided is actually oversimplified. What we did not
specify are certain analyticity constraints on the superfields. These enforce the requirement
that null states are actually zero (like the familiar 0#0,p = 0 for a massless scalar) and
include the condition that only finite dimensional representation of R-symmetry, which
is non-linearly realized in our setup, can appear. While such constraints are known in
various examples, see e.g. [43], we feel that they have not been fully explored in the current
literature. A complete classification is left to the future.

Covariance properties of correlation functions. Correlation functions of super-
primary fields are superconformally covariant in the following sense:

(O1(X]) - Ou(X}) Ot (XY, 1) - - O (X)) = (2.20)

M (X, Xy, 9) (O1(X1) ... On(Xn) Ons1(Xppt1) - - On+m(Xb7n+m))> ] (2.21)

for any g € OSP(4/4). In the equation above X’ = g o X and the conformal factor is
given by

n n—+m
M (X, Xy, 9) = (HRblk,i(Qg,Xi)> ( 11 Rbdy,j(wg,Xb’i)> , (2.22)
i=1 j=n+1
where Q, x € PS(GL(2]2) x GL(2|2)) and w, x, € GL(2|2) are given in appendix A.2.2.
Notice that while Ry, is defined for any €, x, the restriction to g € OSP(4[4) identifies
a GL(2]2) € PS(GL(2]2) x GL(2]|2)), see (A.15).

One-point functions of bulk operators. Since the full NV = 4 superconformal symme-
try of the four-dimensional theory is reduced to OSP(4|4) C PSL(4/4) by the presence of the
boundary, certain bulk operators can have non-vanishing one-point function. This follows
form the covariance property (2.20) that we will now analyze. Due to super-translation
invariance (2.10) the one-point function can depend only on the distance coordinate Xjy,
so we introduce the notation Gp(Xq4) := (O(X)). For given X, one can restrict attention
to g € OSP(4]4) that leave X invariant, i.e. such that X’ = g o X = X. We call this
stability group Sx. It follows from (2.20) that

Go(Xa) = Ro(Qy,x,) Go(Xa), VgeSxy, (2.23)
Go(AXqA*) = Ruw(A, (A% ™) Go(X4) A= (‘“2 9 ) € GL(22). (2.24)

0 a_llg

In the second line we added the covariance properties with respect to the relevant GL(1) C
GL(2]2). In general the two conditions (2.23) and (2.24) should be supplemented by the



requirement of superspace analyticity’ discussed below. It is not hard to verify that the
Sx is isomorphic to OSP(2(2) x OSP(2|2), see appendix A.2.4. The first condition (2.23)
implies that for the one-point function to be non-vanishing the representation Ry has to
contain a singlet with respect to the decomposition osp(2|2)@osp(2]2) C ps(u(2]2) Bu(2(2)).
Such representations are classified in appendix A.3.2. The second condition (2.24) then
fixes the one-point function uniquely up to a multiplicative constant. Let us illustrate this
point in the simple example of the one-point function of a %—BPS operator Wy(X). In this
case the representation Ry is trivial and the condition (2.23) is automatically satisfied.
The second condition implies that

<WP(X)> = 5p, even (Spjig(dy) R (227)
where the super-Pfaffian is defined in (A.18) and the constant a,,, which is left undetermined
by conformal symmetry, encodes dynamical information. Notice that the condition that
p is even comes from the requirement of superspace analyticity. The case of a generic
bulk operator is similar, but we will not give nor use the explicit expression for their one-
point function here. Using the criterion above together with the requirement of superspace
analiticity we arrive at the following

Classification: the only operators, apart from the identity, that can have non-zero one-
point function in the presence of an OSP(4]4) symmetric codimension one defect are

° %—BPS representations Bjg 2,0 With n € Z>o,

) %—BPS representations Bop, on,2im) With m,n € Zo,

A

2m,2n,2im),(0,0) With m,m,n € Zo.

e Long representations A

Notice that the one-point function of a bulk operator is non-zero if and only if the top
component of the supermultiplet, obtained by setting all the Grassmann variables to zero,
has a non-zero one point function. The latter can be studied using the bosonic symmety,
i.e. three-dimensional conformal and R-symmetry. The first symmetry implies that only
scalar operators, i.e. representations yp with £ = £ = 0 can have non-zero one-point func-
tion, the second that only representations [q,p,r| with ¢,p,r all even can have non-zero
one-point function. This follows by looking at the decomposition of [p, g, r] in representa-
tions of o0g(4). This condition is not sufficient, as can be seen in the case of the so-called
semi-short multiplets C, see appendix A.1.

It is gratifying that the same classification can be obtained independently by solving the
superconformal Ward identities for bulk superconformal blocks. This is done in section 3.

" An illustrative example is the case of the three-point function of %—BPS operators. The object
1
sdet(X13)

Wy (X1)Wpy (X2)Wp;3 (X3))o o T T i (2:25)
2 2

sdet (XQ,j) 2

Sdet(X12)

where (...)o means that there is no defect, is superconformally covariant for any p1, p2, ps. The requirement
of analyticity gives the condition

p1 € {lp2 — p3l,Ips —p3| +2,...,p2 +p3}. (2.26)



Bulk-boundary two-point functions. While the one-point function of a bulk operator
in the presence of a defect can be considered as the analogue of the two-point function
without defect, the two-point function of one bulk and one boundary operator in the
presence of a defect is the analogue of the three-point function in the CFT without defect.
Generically, it is a linear combination of a finite number of superconformal structures.
Given a bulk point X; and a point on the boundary Xs}, it is convenient to construct
the combination

X15:=3 (X144 X12p)" X1 g (X1.a+ X121) , X5=+45X 5. (2.28)

This combination is like a distance coordinate, see (2.7), and transforms covariantly with re-
spect with the boundary point X5 3,. In particular X, 5 +— (1 —|—X27bC’)*1X1 5(1+ Cngb)*l
under special superconformal transformations. One7 can perform a supell—translation to
set Xo1, = 0 followed by a special superconformal transformation, see (2.11), to set
(X1,p, X1,4) = (0, X, 5). In this frame the definition (2.28) reduces to an identity. Let

Gog(X,3) = (O(X,5)0(0)) = R 1 () (O(X1)0(Xap)) . (2:29)

where 0* = (1 — X127bX1_7§, 1— Xl_,éXlz,b)' The last equality, which follows from (2.20),
allows to reconstruct in a simple way the bulk-boundary two-point function from G 5.
We can now write equations analogous to (2.23) and (2.24) in the case of one bulk and one
boundary operator:

Go,é(Xl,ﬁ) = Rblkvl(Qg’Xl,ﬁ) Rbdy,2(wg,0) Go,é(Xlé) )

VoS 0. (2.30)
Go(AX, 5A4%) = Ru1 (A, (A1) ™) Rbay,2(4) G 5(X, 5)
A= (aO12 a7q12) € GL(2)2). (2.31)

In the equation above Sx, x,, denotes the stability group of one bulk point and one
boundary point, specialized to S X, 5.0 by the choice of frame (2.29). This stability group
is the subgroup of the stability group of one bulk point Sx—x, ; ~ OSP(2|2) x OSP(2]2)
that leaves the second boundary point X}, = 0 fixed. It is not hard to see that this is the
diagonally embedded OSP(2|2). In summary, the elements of S X, 5,0 are super-rotations,
see (2.10), such that AX 5A% = X 5. We conclude that superconformal structures
for the two-point function ’(2.29) corrésponds to 0sp(2]2) invariant states in the triple
tensor product of the s[(2]|2) representations Rﬁflﬁ’l, Rgihi ) ﬁbdy’g, see tables 2 and 1,
regarded as reducible 0sp(2|2) representations. Among these, the superconformal structures
that are not superspace analytic should be discarded as an allowed bulk-boundary two-
point function.

The %—BPS bulk operators correspond to R]l;fﬁ/ right being the trivial representation.
Using the result of appendix A.3.2 and by looking at table 2 one immediately concludes
that the only boundary operators that can appear in the boundary OPE of a %—BPS bulk
operator are the ones given in (A.4), (A.5). The range of the R-symmetry labels (k4,k_)

is dictated by superspace analyticity. We conclude that
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Classification: the only boundary operators (5, apart from the identity, that can have
a non-zero two point function with a %—BPS bulk operator in the presence of a OSP(4/4)
symmetric codimension one defect are

. %—BPS operators (B, %)k, k € Zso.
° %-BPS operators (B, Dy ko) kit € Zso, kyk— #0.
e Long operators L((Sk+,k_)’ ki € Zwo.

Where we used the notation (A.4), (A.5). The precise range of representation labels for
the operators appearing in the bulk-boundary OPE of a given %-BPS bulk operator W, (X)
can in principle be derived by imposing the requirement of harmonic analyticity. Let us
illustrate the derivation in the simplest case of %—BPS boundary operators. The general
case will be analyzed in a different way using the superconformal block expansion of the
two-point function of 1-BPS bulk operators in section 3, see equations (3.24), (3.25). The
explicit form of the simplest bulk-boundary two-point function is

_ Hp _ s
- SPf(XLd)p SPf(Xl §)k - sDet(Xle + Xl’d)k SPf(XLd)p_k '

’ (2.32)
The middle expression in (2.32) should be compared to (2.29), the second equality follows

Wp(X1) o1k (Xp2))

from the definition (2.28). The constants :“;,k are not fixed by superconformal symmetry
and encode dynamical information about the boundary conditions. Analyticity in the R-
symmetry coordinates implies that p — k € 2Z>(. As already discussed, the choice of
superspace is not symmetric in the descriptions of %-BPS boundary operators (B, +) and
(B, —). In the latter case the relevant two point function is given by

5 Mk —1)\*
Wp(X1) 0=k (Xp2,V)) = SPIX, )7 (V Xﬁv) : (2.33)

We will not consider more general bulk-boundary two-point functions in this paper as they

are not directly relevant for the study of the bootstrap equations for %—BPS operators.

Nevertheless we stress that the criterion given above works in general.

2.2.1 Correlation functions in the presence of a %-BPS line defect and other
examples

%—BPS line defect. As already pointed out in section 2.1, and summarized in figure 2,

the superspace setup we introduced can be directly applied to the study of correlation
functions in the presence of a %-BPS line defect. The only modification is that one should

exchange the spacetime coordinates  with the R-symmetry coordinates y and change the
analyticity conditions accordingly. In this case, an OSP(4*|4) superconformal quantum
mechanics lives on the defect.®

8In principle, there are many superalgebras that can serve as symmetries of superconformal quantum
1

5-BPS line defects of a four-dimensional A = 4 theory of

mechanics, see table 6 in [44]. The one living on
course belongs to this list.
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Repeating the analysis of section 2.2, one concludes that the only bulk operators that

“d See (A.1) for the

notation. This classification corresponds to the supermultiplets of psu(2,2|4) for which the

inducing representations R{‘flflﬁ and ’R&%{ht are either atypical representations whose Young

can have non-zero one-point functions in the presence of a %—BPS line defect are %—BPS,
%—BPS and long multiplets of the type By, 0], Cjo,n,0],(¢,¢) @nd A[AO,n,O] (

diagram is a single row of even length, or long representations of the form [0,2n],. This
follows from the analysis in appendix A.3.2 after a rotation by 90 degrees.

In order to discuss the classification of boundary operators that can have a non-
vanishing two-point function with a %-BPS bulk operator, it is necessary to first discuss
some representation theory of OSP(4*|4) superconformal quantum mechanics. The rele-
vant representations are reviewed in appendix A.1. The local operators living on the line
defect that can have a non-vanishing two-point function with a %—BPS bulk operator are

listed in (A.8).

Correlators in d = 3, N/ = 4 superconformal theories. These considerations are
relevant for the discussion in the next section. Using the same ideas as in section 2.2,
one can determine the structure of boundary three-point functions. The stability group
of three points on the boundary is OSP(2|2) where O(2) C OSP(2|2) is a subgroup of the
conformal group. It follows that superconformal structures for three boundary operators
are in one-to-one correspondence with OSP(2|2) invariant states in the triple tensor product
ﬁbd%l ®7€bdy’2 ® ﬁbd%g. It follows from this observation, consulting table 2, that the only
operators that can appear in the OPE of (B, +)y, with (B, +), are 3-BPS, 1-BPS and long
multiplets respectively of the type (B, +)x, (4,+); and L[23]§2k;0). If k1 = ky also higher-
spin conserved currents of even spin A; [23]&?, where the lowest value s = 0 corresponds
to the stress-tensor supermultiplet, can appear. This OPE will be further discussed in
section 3.4.2. More general three-point functions can be determined in a similar way.

Codimension two defect. In this case the one-point functions of bulk operators contain
more than one covariant structure. Even in the simplest example of %-BPS operators

one has
p aF()S
Wy(X))g = il , 2.34
Wp(X))s ;_:O(Sdetm_)n(sdet?u_)p_” ( )

where the perpendicular supercoordinates are defined in (2.13). The selection rule that
determines which supermultiplets can have a non-zero one-point function is found by look-
ing at the stability group for one bulk point, which in this case is SU(2|2). The class of
operators that can have a non-vanishing one-point function is thus much larger than in the
codimension one and three cases.

2.2.2 The super-displacement operator

In any defect CFT there is a distinguished boundary operator known as the displacement
operator. We will denote it by ﬁ(mb). It is associated to the breaking of the translation
symmetry in the direction perpendicular to the defect. In the case of a CFT in d dimensions
with a d — 1 dimensional defect, it is a scalar of dimension § = d. The goal of this section
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is to determine which three-dimensional N' = 4 superconformal multiplet contains the
displacement operator. The main condition, apart from the fact that the supermultiplet
should contain a conformal primary with the correct quantum numbers, is that it preserves
supersymmetry. This is translated into the requirement that

~ 0
Qsa D(xp) = —(...), V d=3, N = 4 Poincaré supersymmetry Qsq, 2.35
0
T,

in other words, (Q3q D is a conformal descendant. This condition can be understood by
recalling that

0
0k 4

/d%b (D(21)01 (1) ... Onlan)) = = > (O1(21) ... On(zn)) . (2.36)
k=1

The condition (2.35) is strong enough to leave only two possible super-displacement op-
erators. They correspond to the %-BPS 0sp(4|4) supermultiplets (B, +)2. By comparison
recall that flavor currents sit in (B, £); supermultiplets. The structure of the (B,+)s su-
permultiplet can be found e.g. in equation (2.5) of [9] with » = 2. The case of (B, —)a is
obtained by applying the mirror automorphism M defined below (2.6). The supermulti-
plets contain also other defect primaries corresponding to the bulk conserved currents that
are broken by the defect. Recall that the bulk R-symmetry current, which is in the adjoint
of su(4), decomposes as (1,0) & (0,1) @ (1,1) with respect to the relevant embedding of the
defect R-symmetry su(2) @ su(2) C su(4). The supermultiplets (B, )2 contain the confor-
mal primary associated to the broken R-symmetry which is a scalar of dimension § = 3 and
R-symmetry representation (1,1). Finally, there are operators associated to the breaking
of supersymmetry with dimension § = 3 + % spin % and R-symmetry representation (%, %)

As expected they are part of the (B, +)2 and (B, —)2 supermultiplets.

2.3 Ward identities

In the presence of a superconformal defect, the functional form of the two-point function
of bulk operators is not fixed by the unbroken superconformal symmetry: there are cer-
tain combinations of coordinates that are invariant under its action. The first step is to
determine such “cross ratios”. The second step is to impose that the two-point function is
free from certain superspace singularities. This requirement produces very powerful con-
straints known as superconformal Ward identities (WI). While these identities are new
in this specific context, identical identities have appeared before, see e.g. [35, 37] . This
analogy suggests a deeper connection revealed in section 3.4.2.

Superconformal invariants made of two bulk points. The set of eigenvalues of the
super-matrix

Z.=3 (X;; Xu)St 5 <X12 le;) -y o), (2.37)

is OSP(4]4) invariant. This statement can be verified using the transformation proper-
ties (2.10) and (2.11). The second equality in (2.37) defines the matrix ) up to Y +— Y1
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It turns out that the three distinguished eigenvalues® of ) are convenient variables in which
to write the superconformal Ward identities. A possible way to visualize the invariants
above is to use superconformal transformations'® to choose a frame in which

(X1, X1.4) = (0, X1 4), (Xop, Xo.4) = (0, Xo.4), (2.38)

this frame is still acted upon by GL(2|2). The only invariants under this action are the
eigenvalues of the matrix X, ;X é. It is not hard to verify that

y}frame (238) = X?,Xm_é ~ dia'g(z7 Z, Wy, w2) . (239)

The fact that ) is defined up to inversion is translated to the requirement of Bose symmetry
when changing the first and the second point.

A useful Zs action. It follows from the definition of z,w;,ws that these variables are
defined up to three involutions:
(z, w1, wo) — (z,wo,w1), (z,wi,ws) — (27 5wy, ws), (z,wy,wy) — (z,wfl,wgl).
(2.40)
The first involution corresponds to the standard action of the symmetric group on the
eigenvalues of a graded matrix. The second and third follow from the fact that the matrix
Y is defined by (2.37) up to inversion.'! There is an extra Zg that acts on these variables as

Z, W1, Wy) — z,wl,w_1 . 2.42
2

Superconformal Ward Identities. It follows from superconformal invariance and the
previous discussion that

Fp17p2 (Zv wi, wQ)

<Wp1 (Xl)sz (X2)> = (SPfXd 1)p1 (SPfXd 2);02 )

(2.43)

1,11}2_1).

—1 —
where F, ,, (2, wi,w2) = Fp po(2, w2, w1) = Fp 5, (275w, wy) = Fp (2, w7
While (2.43) transforms covariantly under superconformal transformations for any func-
tion F}, ,,, in general it does not possess the correct analyticity properties. If one expands

the eigenvalues of the supermatrix (2.37) in Grassmann coordinates, one encounters poles

9The fact that the 4 x 4 matrix Z has only three distinguished eigenvalues can be verified by setting the
fermionic coordinates to zero (this can be achieved with a superconformal transformation).

9Explicitly, this can be achieved by performing a super-translation (2.10) followed by a special supercon-
formal transformations (2.11) with CX = [(X1 + B) '] (X1, +B) [(X1 + B)fl]St = [(X2+B)™'] (Xap+
B)[(X2+ B)™] ** The fact that a graded-symmetric matrix B that satisfies the last equality exists is not
obvious but true.

"More concretely, z,ws, we are defined by the three equations

2

Str(2") = ((1—2)(z~ " = 1)" = > _((1 —wp)(w, " = 1)", n=1,23. (2.41)
k=1

These equations are invariant under the three involutions (2.40).

— 14 —



when the R-symmetry cross ratios are equal to the spacetime one. The vanishing of the
residue at these spurious poles translates into the equations

<8w1 + ;@) Fypo (Z’wl’w2)|w1:z =0, (811,2 + ;@) Fy. ps (z,wl,wg)‘W:Z =0
(2.44)
See [35, 37] for more details. In particular, (2.44) imply that F,, ,,(t,t,t) is a constant.
These equations will play a crucial role in the derivation of superconformal blocks in the
next section. It should be noticed that Fj, ,, is different from zero only when p; and po
have the same parity (both even or both odd). The structure of F,, , depends only on
M := min(pi, p2) and is given by

M M
2

M
Fp, po (2, w1, w2) = Z wy; 2wy 2 Ag(2). (2.45)
a,b=0

Invariance under (2.40) implies that Agp(z) = Ag(1/2) and the various Ag(z) are not
independent. The number of independent functions depends on whether M is even or
odd. If we rewrite M = 2n + ¢ with € € {0,1} the number of independent functions is
(n+1)(n+ e+ 1), which coincides with the number of R-symmetry channels as discussed
in appendix A.3.1. It turns out that the general solution of the Ward identities is given
in terms of two constants and n(n + ¢) single variable functions. This is what we will
now explain.

Solving the WI in two examples. Let us first see how the superconformal Ward
identities can be solved explicitly in the two examples (p1,p2) = (1,1) and (p1,p2) = (2, 2).
The general solution is discussed below. The goal is to solve the equations (2.44) imposing
the form (2.45). It is not hard to find that in the case (p1,p2) = (1,1) the WI fix the
two-point function uniquely up to two constants
2 T2 -3
Fii(z,wi,we) =AQ +BQ_, Q4 ::H w . (2.46)
i\ 2T Fee
This is not surprising as in this case the external operators correspond to N = 4 free fields.
We will come back to a discussion of these constants in section 4.2.1. The solution in the
(p1,p2) = (2,2) is more interesting. It is not hard to show that the most general solution
to the WI in this case is given by

Fro(z,wi,we) =C4+kC_o+DH(2), (2.47)
where
-1 1
Wy — Wy Wy — W w, 1
A zl z—ll z2 2—21 » D= (g1 +g2) + zglg;—l 205 ai= (1 B 7a) (Z B wi) ’
- - - a
(2.48)

Notice that, given a solution of the WI, like a superconformal block, the coefficients C+ and
the function H(z) can be extracted unambiguously. In this case, all the dynamics is con-
tained in the two constants C4+ and the single-variable function H(z). It should be noticed
that since the structure of Fj, ,, depends only on min(pi,p2), the results (2.46), (2.47) can
be applied to the cases of F1 2,41 and F5 9,42 with n > 0 as well.
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The general solution of the WI. It is not hard to convince oneself that any function of
the form (2.46) subject to (2.40), can be rewritten with the help of the quantities introduced
in (2.48) as

n t n+e—1 ¢
Oe s —s —0c s —s
! <ZZ(9192) (g1+92)" f§f?(z)> +Q_ ’1/€< > (9192)(g1+92)" fs(,lt)(z)) ;
=0 s=0 t=0 s=0
(2.49)
where min(p1, p2) = 2n+¢ with ¢ € {0,1}. Compare to (A.24). Notice that the part multi-

plied by & is odd under (2.42) while the remaining part is even. Using the rewriting (2.49)
it is not hard to show that the general solution of the WI takes the form

Q% C+ QT R Cy Q‘S_E’lelven(z, wy, w2) + 9:55,1HG%<J1:1€_1(27 wy,w2) , (2.50)

where C;, Cy are constants and

N
G?en/Odd(Z, wi,w2) = (9192)* Fifven/Odd(Zv wi, wa) + Z (91 +9g2)"" foven/()dd(z) , (2.51)
i=1

where the degree of Fi,ven/ odd 3y w1, wo is lowered by the presence of the factor (g1g2)?. This

function should be invariant under (2.40), so that it depends on 1N (N — 1) functions of =

individually invariant under z — z~!. The functions G%’en/ °dd 4re thus specified in terms of

$N(N + 1) single variable functions, moreover they vanish when evaluated at z = wi = ws
and its images under (2.40). Notice that in order to extract fy,(z) and F(z,wi,ws), it is
convenient to first evaluate the quantity above at the special kinematical point w; = z so
that g1 = 0. We should remark that while (2.50) is the most general solution to the Ward
identities, it is not clear whether more convenient parameterizations exist.

3 Superconformal blocks

In this section we present the superconformal blocks for the two-point function of %—BPS
operators, obtained by solving the Ward identities derived in the previous section. Each
superconformal block captures the contribution coming from the exchange of a particular
superconformal multiplet in the relevant OPE, see figure 1. A superconformal block is
therefore a sum of products of spacetime and R-symmetry blocks, whose relative coefficients
are fixed by superconformal symmetry.

A straightforward way to proceed is to consider the most general linear combination
of spacetime and R-symmetry blocks dictated by the operator content of the exchanged
supermultiplet. The latter can be extracted, for example, using superconformal charac-
ters. Notice that out of the full content of the supermultiplets only a small fraction of
spacetime and R-symmetry multiplets can appear due to the bosonic symmetry, e.g. con-
formal representations with non-zero spin are excluded. Once the ansatz is written, we
can plug it in the WI and look for a solution for the unknown coefficients. In this section
we systematically scan over all possible supermultiplets both in the boundary and bulk
channels. If the WI have no solution, it indicates that the corresponding supermultiplet
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cannot be exchanged in the given channel. On the other hand, if the supermultiplets can
be exchanged, the WI can be solved and the solution is unique, up to normalization. The
results of this section will confirm the superspace analysis of section 2, and further refine
it by providing the range of representation labels for the exchanged operators.

An alternative way to proceed is by defining bulk and boundary superblocks as eigen-
functions of the Casimir operator, supplemented by certain boundary condition reflecting
the OPE behavior of the correlator. In the boundary channel, the relevant operator is the
osp(4]4) Casimir acting on one of the two points, in the bulk channel, the relevant operator
is the psu(2,2]4) Casimir acting on both points. The method we used here to determine
the superblocks is to solve the Casimir equations only for the bosonic subalgebras and then
impose the Ward identities. This method turned out to be sufficient in this case, but in
more general situations it is not.'?

To conclude the section we will present an interesting connection between several
systems that exhibit osp(4]|4) symmetry. It turns out that from the superblocks of the %—
BPS codimension one case, one can also obtain the superblocks relevant for the codimension
three case, as well as the superblocks for four-point functions of %—BPS operators in d = 3
N =4 and d = 1 OSP(4*|4) theories with no defect.

3.1 Boundary channel

Let us write the boundary superblock as

SZSL(Z,M,W): Z Ca,(m,k,)(xbdy)bZiy(wHflify(w—)fabdy(z), (3.1)
Ly(ke k)

where w3 := wjwi?', Yuay is a representation of osp(4]4), (ki,k-_) is a representation of
su(2) @ su(2), and § denotes the dimension of the three-dimensional operator. The precise
range of the finite summation in (3.1) depends on the sp(4) @ su(2) & su(2) content of
the exchanged supermultiplet xpqy and can be extracted using the characters of [47]. An
efficient way to solve for the spacetime and R-symmetry blocks is to use the bosonic Casimir
equation. The spacetime blocks flgdy (z) have already been obtained in the literature [14, 18].
In four dimensions they take the form

bd B _ (z —1)2

57(2) = (4T 2P (6,0 - 15202 —671) , E= (3.2)
Notice that the boundary block is independent of the dimensions of the external operators
p1,p2. The normalization has been chosen so that fébdy(z) ~ 2% in the boundary OPE
channel, corresponding to z close to zero. The R-symmetry boundary block solves two
Casimir equations corresponding to the two su(2) R-symmetry factors and therefore they
have a factorized form. The relevant Casimir equation for each factor is

é bbdy( _ bdy A 252 2w?

2h, Y (w) = k(k+1)bh, " (w), Cy = w205 + 0 (3.3)

_ w
w— w1

12Two examples are N' = 3 theories in 4d and A’ = 6 theories in 3d [45, 46].
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as can be derived by acting with the su(2) Casimir on one of the two points in R-symmetry
space. The solution with the right asymptotics is given by

LETD 60 (cos ). (3.4)

bdy —k 1 5\
00 () = w F( ki k,w>—\/7?r(k+2)

27

Above, k is a non-negative integer and we emphasize that, up to normalization, the R-
symmetry blocks bzdy(w) are Gegenbauer polynomials with argument cos ¢ where w = €*®.
Their asymptotic behavior is given by hzdy(w) ~ w™* for w ~ 0. Notice that only integer

13 as can be understood by looking at the branching

spin representations of su(2) appear,
ratios (A.23).

We will now proceed to fix the coefficients in (3.1) by solving the Ward identities (2.44).
In the following we will only present the non-zero solutions. These solutions correspond
to the osp(4]|4) supermultiplets that can have a non-vanishing two-point function with a
%—BPS bulk operator. As we will see, the results of this section fully agree with the analysis

in section 2.2.

3.1.1 Boundary superblock for xnbay = (B, %)

The simplest superblocks correspond to short multiplets of the type (B,+) being ex-
changed. The expansion reads

B, = D @) Y (2) = en(k) B2 (w) BYY (wo) B (2) + ea(k) B (ws) 5 (2)
(3.5)
where
2k ~16(k—1)%k(k + 1)
ab =51 O =G0 (36)

Notice that we suppressed the dependence on z,w,;,w_ from the left-hand side. The
superblocks Sl()gyi)k are obtained from S?EYHIC by the replacement w, < w_.

3.1.2 Boundary superblock for xnay = (B, 1)

Next in line are the blocks for multiplets of type (B, 1), the most general ansatz consistent
with the character is

bd bdy ¢ by chd
S5, = by T+

bdy hbdy
(Bvl)(k+,

<66+1,(k+71,k_71)hk+—1 E_—1

bdy bdy bdy bdy bdy
FCs1, (k4 1k -1 bk++1 b Ty + C§+1,(k+—1,k7+1)bk+—1 bk_+1 f5+1

bdy ¢ bdy bdy bdy
+ <05+2 (e ok —2)Di,” Do + Coo (b —2,6) Dk, 0 D
bdy (. bdy \ ¢bdy bdy bdy ¢bdy
+Cs42,(ky ko hk by ) f5+2 + C5+37(k+7k—)hk+—1 b "4 543>

3In our conventions the dimension of the su(2) representation is 2k + 1.
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where we have suppressed the coordinate dependence to avoid cluttering and § = k4 + k_.
By solving the Ward identities one finds
2k 2k_
Cot+1,(ky —1Lk—+1) = 7 2%, Cot1,(ke+1h—1) = 7T _op >
32k2 k2 (0 + 1)
Ol —Lh-—) = T ) 2k, + 1)(2k- — 1)(2k_ + 1)(26 + 1)
o 16(ky —1)%k (0 +1)
02,k =2k-) T 1 9k )22k, — 3)(20 + 1)
. o 16(k- —1)%k_(6 + 1)
02, (keoh==2) T (1 2k _)2(2k_ — 3)(26 + 1)
. B 16k k_(0 —1)(6+1)
OF2(keh=) T ok, — 1) (2k- — 1)(20 — 1)(26 + 1)
. _ 32k k_(6)(0+1)(0+2)
O (keoh=) ™ 9k, — 1) (2k_ — 1)(20 + 1)2(20 + 3)

3.1.3 Boundary superblock for xpay = Lo

For the long blocks the solutions are a quite involved, but the procedure is the same as
before. We start with the most general ansatz consistent with the content of the supermul-
tiplet and the bosonic symmetries and fix the relative coefficients using (2.44). We have
written the full solution in appendix C.1. It is interesting to note that the (B, 1) blocks
presented above can be obtained as a special limit of the long block:

li - 1— bdy _ bdy ) )
6%k+1£rll¢_+1 (k+ tho+ 5)3L?k+,k,) S(B,l)(k++1,k_+1) (3 9)

3.2 Bulk channel

Now we calculate the superblocks for the bulk channel. Recall that, unlike F}, ,, (2, w1, w2)
+
in the boundary channel, here Q- Fp, py(z,w1,w2) is the quantity to be expanded in

bulk superblocks, where

[NIES

sdet(X1 —XQ) N f

PEX4 ) (sPEX 2w, 2 —
_ (PfXan) (sPfXa2)  &r _ H wzriw% (3.10)

NI
|

N
N[

i=1 \ ?

and &g and £ are given in (B.9) and (B.10). The origin of this factor is clear by looking
at (2.43).
The general form of the superblock in the bulk OPE channel is given by

T (2w, wa) =Y ear(xom) bR (w1, ws) fR¥(2) (3.11)
AR

where Yk is a representation of psu(2,2[4) for which the corresponding operator has non-
zero one-point function, and R is a representation of su(4) with Dynkin label [2m, 2n, 2/m)],
n,m,m € Z>p. In the following we will restrict our attention to the case in which the
external operators have the same quantum numbers p; = po so that only the case m =m
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is relevant. Again, the most efficient way for obtaining the bosonic spacetime fblk( ) and R-
symmetry blocks h%lk(wl, wg) is by solving the Casimir equation. In this case the relevant
operator is the Casimir of the bulk symmetry acting on both points in the two-point
function. As in the boundary channel, the spacetime blocks are already given in the
literature [14, 18]:

1.1, _ (z—1)?
(2A7 §Aa A - 17 _£> ) 5 - . (312)

w\[>

blk

Pk (2) = (4€) =
The normalization has been chosen so that f3%(z) ~ (z — 1)? in the bulk OPE channel
that corresponds to z close to one. Similarly, the R-symmetry bulk blocks can be defined
as polynomial solutions to certain second and fourth order differential equations coming
from the Casimir, see (B.1) for the explicit form. The normalization is chosen so that in
the bulk OPE limit w; ~ 1 we have

_ _ x4
bl[o217kn 2n,2m)] (wl’w2) ~e~0 (wl - 1) (ntm) (w2 - 1) (ntm) Pm(COS ¢) , W12 = 1+ cethz )
(3.13)
and P, (x) are Legendre polynomials normalized as P,,(1) = 1. It is also useful to ob-
serve that
b[2m anam) (W1 1 ws) = (=1)" h][ozuﬁl 2n,2m) (W1, Wa) (3.14)

while they are invariant under (2.40).
We found it convenient in our analysis of the Casimir equation to introduce the fol-

lowing variables
w; + 1

t; =
% wi_la

(3.15)

which seem to play a special role in the mathematical literature [48].'* The advantage
of the variables ¢; is that we managed to write the R = [0,2n,0] and R = [2m,0,2m)|
blocks in closed form, see (B.3). It turns out that this change of variables brings a pleasant
surprise: the R-symmetry block qu ok 2q CANL be considered as the analytic continuation
in the representation labels of the standard four-point function d = 3 bosonic block of a
CFT without defects.'® The precise correspondence is obtained by comparing the Casimir
equations and is given in section 3.4.2 and appendix B. For now let us notice the relation
between representation labels and cross-ratios

1
{A?’d,s}:{Z—k—q,q} , r =17, =17, (3.16)

It is worth mentioning that identical external operators in the defect block correspond to
non-identical external operators in the d = 3 picture: Ajs = Agy = —% where A;; =
A; — Aj. It turns out that such a relation can be extended to relations between full
superblocks and is explained with more detail in section 3.4.2.

As for the superblocks in the defect OPE channel, the basic idea is that the Ward
identities (2.44) fix the coefficients ca r(xpik) uniquely up to an overall normalization.

14 An interesting connection between conformal blocks and Koornwinder polynomials was observed in [49].
15We are very grateful to M. Isachenkov and V. Schomerus for pointing this out to us.
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We fix the normalization by ca,,. r(xbik) = 1. If the representation xpy is such that
superconformal symmetry implies (O,, ) = 0, see the classification in section 2.2, then the
corresponding Ward identity has no solution. This provides a cross-check of our analysis.

3.2.1 Bulk superblock for xbik = Bjo,2n,0]

Apart from the identity superblock which is just 1, the next simplest superblock correspond
to the %-BPS supermultiplet Bjg ;, 0. The corresponding block is non-trivial only for p = 2n
even. Looking at table I in [50] we see which Lorentz scalar conformal multiplets are in the
Bio,2n,0) supermultiplets. One should further restrict to operators with zero U(1)y charge,
see below (2.5) for the definition. This leads to an ansatz for the superblock of the form

blk polk bk blk blk
8Byo om0 = D0.2n,0) T2n 1 €1(n) DR a9 Fonra + 2(n) DS, 4o Fona (3.17)

Notice that we suppressed the dependence on z,wi,ws. The coefficients are fixed by the
Ward identities (2.44) to be

(n—1)%*n
24(2n —3)(2n — 1)?

(n—1)n2(n+1)
212(2n — 3)(2n — 1)(2n + 1)?

c1(n) = ca(n) = (3.18)

As an example, in the case n = 1, which corresponds to the exchange of the stress-tensor
supermultiplet in the bulk channel, the superblock takes the form

e = I () e =1 (221) (59)] - oo

i=1 i=1

This expression is remarkably simple. It is useful to check its properties. Firstly, it is
invariant under the transformations (2.40) and picks up a sign under (2.42). Secondly,
when specialized to wy = wy = z it reduces to a constant. In our normalizations this
constant is one. For A = 2n with n € Z~( the spacetime part of the blocks takes the form

blke [m (2" _12>2F1 < “1,m,1, 1&)} log(1 + &) + ?’;(? , (3.20)

where @, (§) and the quantity in square bracket are Laurent polynonials in &.

3.2.2 Bulk channel superblocks for xpx = B[%m,2n,2m] and xpik = A[AZm,2n,2m]

For the long block in the bulk channel we have collected the coefficients in appendix C.2.
For the By, 2n,2m) block, the most efficient way to calculate the coefficients is using a
relation analogous to (3.9). Indeed, the long block has a simple pole at A = 2 4 2n 4 4m,
which corresponds to the unitarity bound. The residue of this corresponds to the block
associated to Blag an 24 multiplets. More precisely

lim ——— 34 = Fok : (3.21)
A—=2+42n+4dm | C4m+1,n [zm 2n,2m) [2(m+1),2n,2(m+1)]
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Cohomological sector from superconformal blocks. It is instructive to see how
the cohomological sector of [8, 9], which we will study with more detail in section 4, is
singled out by restricting the correlation functions to certain values of the cross-ratios.
Superconformal blocks possess the following remarkable properties

B =3 ) g SO =Y by 622

n
where n, k € Z~g. This means that the complicated crossing equations of figure 1 reduce
to identities involving a finite number of operators at a time. The relations (3.22) can be
verified using the explicit expressions for the superblocks, but it should also be possible
to prove them directly from their definition. The crucial input comes from the Ward
identities (2.44). Indeed, they imply that

32K (¢, ¢, 1) = Const (xpw) , 32U (¢,t,1) = Const(xpay) - (3.23)

Xblk Xbdy

The value of the constants corresponding to (3.22) can then be fixed by a careful analysis
of the relevant OPE limit.

3.3 OPE summary

Here we give a summary of the selection rules obtained in the bulk and boundary OPE
channels. For the boundary channel we have

[3[072n+5v0]:|80PE ~ de0 @ @ B(’ﬂ—vk—) 8 @ L?k+,k—)’ (3.24)
(k4+,k—)ESn,e (k+,k—)ESn—1,¢
where ¢ € {0,1} and we define the set S,. = U, {(2s + £ — a,a)}. In the
OPE (3.24) the short operators of B-type are further divided as B ) = (B, +)k, Bk =
(B, =)k and B, r_y = (B, 1), r_) otherwise.
Concerning the bulk channel, the OPE of %—BPS operators is well known, see [43, 51,
52], and is independent of the presence of the defect. To determine which operators con-
tribute to the two-point function under study, one should further project to the exchanged
operators that can have a non-zero one-point function. The latter operation is denote by
Pr. Finally, it is convenient to split the operators appearing in the OPE into even and odd
parts with respect to (2.42). In summary we obtain

OPE
Pr <B[o,2n+g,01 x B[O,gn+g,01) ~To P Br© D AR, (3.25)

even

RET,CL’E RGTE 1l,e
OPE A
Pr{ Bio2nte0] X Bjo2n+e] ‘dd =~ EB Br @ @ AR, (3.26)
© ReTy, ReTS_, .
where
o= |J R0-a)40,20-0)], To.= |J [20b—a),4a+2,2(b—a)]. (3.27)
0<a<b<n 0<a<b<n+e—1

For simplicity, in (3.25) we restricted to the case of identical operators but the general case
is immediately obtained. Summation over the values of § and A for the long representations
L‘ngr k) and A}Az is understood.
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3.4 One block to rule them all

In this section we elaborate on the relation between the polynomial R-symmetry blocks and
spacetime bosonic blocks. Thanks to this analysis we will be able to write, with minimal
effort, the superblocks for three additional systems: d = 4, N’ = 4 theories in the presence
of a 3-BPS line defect, 3d N = 4 superconformal theories, and OSP(4*|4) superconformal
quantum mechanics. In the latter two cases the theories have no defect, and the blocks we
obtain are relevant for the expansion of four-point functions of %—BPS operators. All these
systems exhibit the same o0sp(4]|4) symmetry as 4d N' = 4 theories in the presence of a flat
codimension one defect.

It is clear from section 2 that the superblocks for the codimension three defects can be
obtained from the codimension one case by a sort of analytic continuation in the representa-
tion labels. This is a special feature of the 4d N' = 4 superconformal setup, and is therefore
not surprising that the two-point function superblocks are related to each other. On the
other hand, the connection to four-point function superblocks in theories without defect is
unexpected. It also appears to be more general and certainly warrants further study.

3.4.1 Line defect superblocks

The superconformal blocks for %-BPS codimension three defects in 4d N' = 4 supercon-
formal theories can be obtained in a simple way from the codimension one case presented
above. This fact is manifest by comparing the superspace setup for the two defects.

Superblock dictionary. The bulk channel superblocks are related as

S o) S )] (3.28)

(S8 o) R )| (329)

[Siémmzm],(o,m (z501, w2)} codim-1 = [gig?ﬁm{m,m) (w1, wa; Z)] codim-3 (3.30)
the defect channel superblocks are related as

[S?Eﬁ)k(z;wl,wg)}mdim_ ac [ghne ) (wl’MQ;Z)Lodim_3 (3.31)

[3](3%,1)(,%&_)(23 w1,w2)Lodim_ = [Sb};; S )(wl,wg;z)}codim_g m >0 (3.32)

[321£]<2k+ 2k )(Z;w1=w2)}codim_ = [Sblk ) (w1,w2;z)Lodim_3 (3.33)

see (A.1) and (A.8) for the definition of the relevant exchanged supermultiplets. Above,
“a.c.” refers to analytic continuation which is defined as follows. Spacetime and R-
symmetry blocks are individually analytically continued by the requirement that they
satisfy the same Casimir equations with the same boundary conditions, but continued
labels (this point is further discussed below). The analytic continuation of the coefficients
is obvious as they are rational functions of the representation labels. Notice that in the
boundary channel the analytic continuation of unitary representations of the 3d N = 4
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superconformal algebra osp(4]|4) gives unitary representations of the 1d N/ = 4 supercon-
formal algebra osp(4*|4). This is the superconformal quantum mechanics living on the
line defect.

3.4.2 3d N = 4 theories and 1d OSP(4*|4) quantum mechanics

It was mentioned in the previous section that R-symmetry blocks in the bulk OPE channel
of a two-point function in the presence of a codimension one defect are essentially analytic
continuation in the representation labels of standard 3d conformal blocks, see (3.16). This
observation is best understood by comparing their definition via the Casimir equations.
We will now sharpen and extend this surprising observation.

Superblock dictionary: line defect/3d N = 4 theory. Let us start by giving the
dictionary between blocks

2\ I )
(im) ' @f’g’ﬁ; (z,%;y) = _3'%1[1;%0] (21, 22 w)} s (3.34)
v i®3d7/\/=4 (z,5;y) = [ ~blk )
<$$> (At ) = i Clo,p,O],(e,e)(zl’22’w)]codim_3, (3.35)
v : g3dN=4 oo\ bk _
<:m> L2010 (z,2;y) = —gA[AO,p,O],u,e)(Zl’ 29; w)} odins (3.36)
o

where the cross-ratios are identified as

21— 1 2 _ 29— 1 2 w—1)\2 (3.37)
T = T = = — . .
21+ 1 ’ 29+ 1 ’ y w+1

The superblocks ®34N=4 for the 3d N = 4 superconformal theory are relevant for the

expantion of the four-point function
<<B7+>k1 <B7+>k1+% (B7+)k2 (B7+)k;2+%> : (3'38)

The relations (3.34) follow from the spacetime and R-symmetry block identities

(22) Hg¥ (o.2) = [z 22)] o V) = [ w)] L (339)
2 line line

together with the fact that both superblocks satisfy the same superconformal Ward identi-
ties, see (2.44) and [35, 37]. Above, gg’fé are standard 3d blocks relevant for the expansion
of a four-point function of scalar operators with A3 = A3¢ = —% where A;; = A; — A
Moreover, the representation label k£ on the left hand side is an su(2) labels, while on the
right-hand side is part of the usp(4) Dynkin labels [0, k]. See appendix B for more details.
It should be noticed that the first equation in (3.39) fills a gap in the literature. The
conformal blocks for the line defect in the bulk channel were not determined in [15]. Now,
thanks to (3.39), we can say that they are as well understood as 3d bosonic blocks.
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Superblock dictionary: boundary/1d OSP(4*|4) quantum mechanics. In this
case the dictionary between superblocks is given by

1
2\ 1
x 1d,08P(4*|4),  + _ [~blk ) }
L & Yy, §) = , W , 3.40
(yy> (B ’+)% (1' y y) 3’802 ,0] (wl w2 Z) codim-1 ( )
2\ 1
x 1d,0SP(4* |4) . [ablk ) }
Bl Y. ) = W , >0 (341
<yy> (B 1) 2no1 @5y, 9) 38 [2m,2n,2m],(0,0) (w1, ws; 2) codim-1 " ( )
1
2\ 2 r
x 1d,0SP(4* |4) oy bk ) }
- & — . 3.42
<yy> L*[5(A- 1)][§nm1( z4,9) -3A[A2m,2n,2m],(0,0> (w1, wa; 2) codim-1 (3.42)

At the level of bosonic blocks, the identity reduces to an analytic continuation in the repre-
sentation labels of (3.39). In particular, the spacetime part is realized by the identification

Vo gl (z) =272 [fZ“‘(Z)} : (3.43)
2 boundary
where g}bd(:c) := 29 F1(h — hy2, h + hay4, 2h, ) are the 1d blocks above specialized to hig =
hgy = %

Remark. There is a relation between blocks for scalar four-point functions in d dimen-
sions, and bulk channel blocks for scalar two-point functions in the same dimensionality
d in the presence of a codimension two defect [15]. It is then natural to ask whether this
statement can be extended to A/ = 4 superconformal blocks. An equality of blocks ap-
pears rather unlikely due to the fact that the relevant one-point functions contain multiple
structures, see (2.34). However, we still expect that the superconformal WI for the two-
point function of bulk operators in the codimension two case take a similar form as the
superconformal WI for the four-point function of %—BPS operators in 4d, N = 4 theories.
Clarifying this point remains an interesting problem for the future.

4 Bootstrap equations

In this exploratory section we initiate the analysis of the dynamical constraints imposed
by the bootstrap equations. As discussed in the introduction, supersymmetry allows to
divide the implementation of the bootstrap in two steps. Section 4.1 concentrates on the
cohomological sector while 4.2 considers the full bootstrap equations.

4.1 Microbootstrap

We will now present the cohomologically truncated bootstrap equations.!® The space of
%—BPS operators in a 4d N/ = 4 superconformal theory is a graded vector space

V= é Vp. (4.1)
p=1

'The term microbootstrap, introduced in [53], is justified by the fact that, from the point of view of the
bulk theory, it corresponds to a further reduction of the so called miniboostrap equations of [6].
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For each element in V), there is an associated superconformal primary for the supermulti-
plets By 0. Since Byg 5 g) contains the stress tensor, which one requires to be unique, the
space Vs is one-dimensional. The space V; corresponds to massless representations and
is expected to be part of a decoupled free theory.'” Each Vp is finite dimensional. The
two-point function gives a non-degenerate pairing G : V x V — C that respects the grading
in (4.1). The three-point function gives a trilinear map

C:VxVxV—=C, (4.2)

which is invariant under permutation of the three vectors and due to the superconformal
selection rules is non-vanishing only if p; € Sp, ps = {|p2 — 3|, |p3 — 3| +2,...,p2 +p3},
compare to (2.25). The OPE is encoded in the bilinear map

C:VxV—ida V, (4.3)

defined by the condition C(vy,va,v3) = G (6(1}1,112),1)3). Above id corresponds to the
identity operator. Notice that, as opposed to the full OPE of the 4d N = 4 superconformal
theory, the cohomologically truncated OPE (4.3) contains only finitely many terms on the
right hand side. The crossing equations, i.e. the requirement of associativity of the OPE,
take the form

G (6(1)1, ’Ug), 6(1]3, U4)> =G (6(1]1, ’U3), 6(1}2, U4)> . (4.4)
As an example, let us consider the case in which all V,, are one-dimensional. If we choose an
orthonormal basis {e,} and define Cp, py ps = C(€py, €pys €ps ), the crossing equations read!®

Z Coipok Cpapak = Z Cpipsk Cpopak - (4.5)

k€Spy ,po k€Sp1 ,ps

Notice that the summation is finite. The simplest solution to these equations, which
corresponds to Ggauge = U(1), N'=4 SYM, is given by

1 atbie a b
Cube = T > barp-zmenld <n> <n> (4.6)

=0
The relations (4.5) together with the condition above correspond to the definition of an
infinite dimensional associative, commutative algebra with some extra structure. It thus
makes sense to consider the subalgebra generated by the unique state in Vs which is the
stress-tensor supermultiplet. This subalgebra contains a unique element for each Vs, and
the relevant bootstrap equations take the form (4.5) with p; even. The extremal three-point
structures Cop, 9m 2(n+m) in this case can be fixed by general principles [54] to be

In+m F(Tl + I)F(n + 2 C4d)
= n = ’ 4
C2n,2m,2(n+n) \/E s g F(2 C4d> ( 7)

where c4q is the four-dimensional central charge, which for a Lagrangian theory is c4q =

%dim(Ggauge). Moreover, it follows from the conformal Ward identities for the stress tensor

"Notice that it cannot really be decoupled if the stress tensor is unique.
18Solutions to these equations were also explored in [53].
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that, in our normalizations, Ca 2y 2, = 4v/2c4q. It appears that, under these conditions and
for any choice of the central charge c4q, (4.5) possess a unique solution. For ¢4y = i this
solution reduces to (4.6). As an example, for the next-to-extremal case we find

Fn+m)I'(n+m—1+42cyq) 1
C _n=2_8 . 4.8
2n,2m,2(ntn—1) i Cad ['(2c4a) 9n 9m In+m—1 (4.8)

We plan to report the general solution elsewhere.

Let us now introduce the boundary data. The space of %—BPS operators in a 3d N = 4
superconformal theory splits into

[ee]
U=utou , Ut=Pu;r, (4.9)
k=1

For each element in Z/{,;t there is an associated superconformal primary for the supermulti-
plets (B, £). Notice that we restricted to integer values of k as they are the only ones enter-
ing in the bulk-boundary OPE. The spaces Z/lli correspond to flavor symmetry currents and
the spaces U to the displacement operator. We thus require that dim(Uy") +dim(Uy ) = 1
in the case of a boundary and dim(U;") = dim(i; ) = 1 in the case of an interface. The
boundary two-point function gives non-degenerate pairings g : U+ x U — C that respect
the grading. The one-point function of bulk operators gives a map a : ¥ — C and the bulk
boundary two-point function defines two maps p* : V @ YT — C. It follows from super-
conformal symmetry that they are non-vanishing only if p — k € 2Z>. The bulk-boundary
OPE coefficients

At v -u*, (4.10)

can then be obtained as u*(u,v) = g (u, it (v)). The bootstrap equations in figure 1 take
the form

a(C(vr,v2)) = g (7 (v1), 5 (v2)) - (4.11)
In the case in which all the involved spaces are one-dimensional and choosing an orthonor-
mal basis the equations above reduce to

pot min(p1,p2)
P1+patp + +
E (£1) > Cpipap @ = Op; even Opy.even Ap; Apy + E Hpim Hpom (4.12)
PESpy,py m=e

where in the sum on the right hand side m € {e,e +2,...} and ¢ = 1 for p;,p2 odd
and € = 2 for p1,p2 even. One can study the equations (4.12) in the simplest example in
which Cp,p,p are the bulk OPE coefficients corresponding to free N’ = 4 Maxwell theory
given above. Notice that considering this equation makes sense also when dim(ulf) > 1,
as the image of a one-dimensional space under ™ or i~ is at most one dimensional. We
also remark that the equations are invariant under M;jfm = Om u;tm where 02, = 1 and
that the two sets of equations map to each other under a, — (—1)§ap, pE = (=1)2uTF.
The simplest solution is obtained by setting p,, ,, = 0 by hand. Then the solution of the
remaining equations is given by

I'(n+ %)

ag, = 2"
o ™ (2n)!

D
=2 () e (413)
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One verifies that the displacement operator condition y,5 = Map Ap holds with M =
V2. The result (4.13) can be confirmed by a relatively simple calculation using Wick
contractions and the definition of composite operators in the free theory by normal ordering.
It is interesting to observe that, after imposing /”’;2 = M a, p, it appears that (4.12) has
a unique solution parametrized by (MT,M™). It is easy to generate the solution on a
computer but we could not find a closed form expression. Let us also notice that the trivial
defect corresponds to a, = 0, u* = (:tl)g .k, in this case M — oo,

In order to have a sufficient set of conditions for the mircrobootstrap one needs to add
the crossing equations for correlators involving two bulks and one boundary operator. The
corresponding equation takes the form

g (7" (Clv1,v2)),u) = Caa(@* (v1), ¥ (v2), ) . (4.14)

Remark. It is known that the three-point functions encoded in the map C entering (4.2),
are independent of marginal deformations of the N' = 4 four-dimensional theory. This is
a rather unique property of 4d N = 4, which is canonically equipped with a conformal
manifold of complex dimension one. The boundary data encoded in p* and a, on the
other hand, are expected to vary under such marginal deformations. It should be pos-
sible to constraint their dependence on the marginal couplings by using superconformal
perturbation theory.

Microbootstrap equations in the presence of a %-BPS line defect. The consid-
erations above can be extended to the case of a %—BPS line defect. In this case correlation
functions of %—BPS local operator can be related to certain quantities in 2d YM, see [55, 56].
In these examples, it should be possible to verify the microbootstrap equations directly.

4.2 The full bootstrap

In the remaining of the section we will take a closer look at the complete bootstrap equations
in two examples: the two-point function of massless representations and the two-point
function of the super stress-tensor.

4.2.1 Example: N = 4 massless representation, p = 1

As we will see, for this simple example a solution of the microbootstrap equations, gives
automatically a solution of the full bootstrap equations. In this case the bulk and boundary
OPE (3.25), (3.24) reduce to

OPE

Pr (3[0,1,0} X B[o,1,o]> ~ T+ B0, [5[0,1,0]]60PE ~ (B,+)1+(B,—)1, (4.15)

where By 20 is the 4d N = 4 stress-tensor supermultiplet and (B,+); are 3d N = 4
multiplets corresponding to conserved currents. As in the non-supersymmetric case, see [18,
21, 57], the crossing equation for massless representations is solved by a finite number of
blocks in both channels as

Bio,2,0

L+ AgR =a! ((1 + N, — (- A)g'(ﬁ’gf_)l) . (4.16)
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In this case the full bootstrap equations are satisfied if the microbootstrap equations (4.12),
that in this case read (,ufl)2 = £1+4Cqq2a9, are. The parameter A interpolates between the
trivial interface, corresponding to A = 0, and the boundary, i.e. the interface with an empty
theory on one side, corresponding to A = £1. It should be possible to have a Lagrangian
realization of all other values of the parameter \ as well.

4.2.2 Example: N = 4 stress tensor, p = 2
In this case the OPE (3.25) and (3.24) reduce to

Pr(Boso % B ~T+B B AR 4.17
r{ 5,20 X 5020 ven + Djo,4,00 T B2,0,2] T A0,0,0] » (4.17)

OPE
Pr (B[O,w] X Z3"[0,2,0]) ‘Odd >~ Bjo2,0]» (4.18)
for the bulk channel and
[B[O’ZO]}QOPE ~ 1 + (B’ +)2 + (B) _)2 + (B7 1)(1,1) + A((soyo) 5 (419)

for the boundary channel. This time the OPE contains infinitely many operators. We
will use the notation 7" = Byg o) for the stress-tensor supermultiplet. Recall that (B, +)2
and (B, —)q are the correct representations to be the super-displacement operator. The
corresponding OPE coefficients “étﬂ should be considered on the same footing as the central
charge c4q. In this case the microbootstrap equations read

I
L+ Cofrar +ABg, o = a7 + 17 (5.4, (4.20)

The odd part of the full crossing equations

2 2
HT(B.4)2)” — (U7 (B),)
bl 0 02 gk = WTB0) sl [THNEE 170 (4.21)

is then automatically satisfied once (4.20) holds. As in the previous example, the crossing
equation (4.21) involves only a finite number of blocks. The fact that a solution of (4.21)
exists relies on the identity between superblocks

02 ghlk — g?dy 3bdy (4.22)

where  is defined in (3.10). Let us turn to the even part of the full crossing equation.
After rewriting bulk and boundary blocks in the form (2.47) and using (4.20) to cancel the
C4 contributions from the two sides of the equation, we are left with

ﬁblk Ablk - gblk )\blk fblk +Z /\blk blk — (4.23)

8[0,4,0] Bo,4,0] Bi2,0,2] ) 2,0,2]
o bdy bdy bdy
R ("’(B,Ha + 5(337)2) 1T B B D T Z W 191 -

where R := %(,uT’(B’Jr)Q)Q + (7 (B,),)% we have defined

blk blk
ADlk - — Z CHo,20; (4.24)
X(O1r)=xblk
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and used the shorthand notation A2 = "4[000] L = L((S0 0y The reduced superblocks

HP/PAY are defined by writing §*9 and Q2FP'X in the form (2.47). Following this procedure
one finds the following explicit expressions for the boundary channel contribution

1
bd bd —
D =0, DBy, = —glog(l+¢ Y,
I'(2 2
ﬁ]z?sly = (16_—;) (45)_6_12}7’1(6 + 17 o + 17 20 + 27 _5_1) ) (425)

and for the bulk channel

j’Jblk — 41§ ﬁgl[}gzo =0, .‘7)%110{4 o _2F1(173a 4, _5) )
HoK = (4;1; Fi(B,8+1,28+1,-¢) (4.26)

where 5 = %A + 1. Notice that strictly above the unitarity bound we have § — 2 =
%(A —2) > 0. The blocks S’J?gyl)(l N and Sﬁglé are immediately obtained using the
relations (3.9) and (3.21).

A toy model two-point function. We will now consider the superconformal block
expansion of the toy model two-point function for (77) given by

(1-22 (+27

Foo(z,wi,we) = C4 +kC_ 4+ DH(2), H(z) = (4.27)
compare to (2.43) and (2.47), where C4 and g are certain constants. This three parameter
family of functions can be obtained by postulating that (77) is a linear combination of
(TY(T) and the square of the two-point function of massless fields corresponding to (4.16).
By expanding this function in superblocks in the two channels we extract the CFT data
in terms of the parameters C;,C_, g

ar=Ci—1-g, nrpu,=1+9+C, 17y, =20-1), (4.28)

and (s )

T'(o+1

2 0

- 5_17(1+ 1 ) § € T 4.29
1 a5 = VT ( )F((H—%) (=1)% >2 (4.29)

The data associated to the bulk channel are

1 1
Ciirar=Con Mg, =Ci =1, A5, =3(1-Ci+5, (4.30)
and
A A A A A A

ABK = 217212 ( =42 — 1) (=41 (G -+ [ Z42-(-1)2 4.31
A =4,6,8,10,.... The trivial interface belongs to this class of examples and corresponds
to C_ =0, Cy =1 and g = 0. This is a very simple solution of the bootstrap equations
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but implies a remarkable identity for the bulk superblock corresponding to the exchange

of the identity operator .7} blk — 1, namely
Q2 fblk ﬂbdy + gbdy _9F o-bdy + Z \F . 1 ((5 + ) gbdy (4 32)
7 (B,4)2 (B,—)2 7 (B, D F(5+ iy ) )

Notice that this result works for any A/ = 4 theory in the case of a trivial interface. It
would be interesting to learn a general lesson from this example on how the exchange of
the identity operators in the bulk channel is reproduced upon summing infinitely many
contributions from the boundary channel, along the lines of [4, 5].

5 Conclusions

In this work we studied 4d N = 4 superconformal theories in the presence of defects from
the point of view of the conformal bootstrap. We obtained the full superconformal block
expansion for the two-point function of %—BPS operators in the codimension one case and
thanks to the analytic continuations explained in section 3, these results also apply to 4d
N = 4 superconformal theories in the presence of a line defect. Moreover, they also capture
the block expansion of 3d N = 4 superconformal theories and 1d OSP(4*|4) superconformal
quantum mechanics.

In the cohomological sector we presented an infinite set of polynomial equations that
relate defect and bulk data. Apart from the equations coupling bulk and boundary, one
also needs to consider the truncated equations for pure bulk and pure boundary CFT data
separately. While solutions to the bulk equations correspond to a commutative algebra
with certain properties, the associative algebra that describes the boundary data is not
commutative [9]. We observed that the cohomological bulk bootstrap equations admit a
truncation to a subsector corresponding to the subalgebra generated by the super stress-
tensor, whose structure constants are fully determined in terms of the central charge. For
this to be the case, we supplemented the equations with the knowledge of so-called extremal
three-point couplings which had been obtained from rather general principles in [54].

Understanding the solutions of the truncated bootstrap equations is an important step
in order to fully characterize the superconformal theory, and we leave a more thorough
analysis of their solutions for the future. For example, it would very interesting to map the
space of solutions to the boundary conditions studied by Gaiotto and Witten in [24]. This
set of superconformal %—BPS boundary conditions in N' = 4 SYM is extremely rich, as
they can be engineered by gauging a flavor symmetry of a generic three-dimensional N' = 4
SCFT. It should be pointed out that defect configurations that are S-dual correspond to
the same solution of the bootstrap equations.

Another interesting question is to understand how deep is the connection between the
four systems studied in this paper: 4d N = 4 superconformal theories with codimension
one and three defects, 3d N/ = 4 superconformal theories and 1d OSP(4*|4) quantum
mechanics. If the solutions of the truncated equations can be mapped to each other, it will
bring the kinematic relation uncovered in this paper to the realm of dynamics.
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Given a solution of the bootstrap equations in the cohomological sector, one would like
to determine a, or many, solutions to the full bootstrap equations. This is a complicated
problem, in particular due to the fact that long operators with unknown conformal dimen-
sion appear. The usual approach is to apply modern numerical techniques. The absence
of positivity makes the original method of [58] unsuitable, however, there are alternative
techniques in the literature. Apart from the already mentioned Gliozzi approach, a new
promising method is the one developed in [59].

Another interesting venue is the study superconformal defects in superconformal the-
ories in other dimensions. Promising candidates are codimension one and two %—BPS
defects in 3d N' = 4 theories [60, 61] and codimension two and four defects in 6d (2,0)
theories, [62, 63]. It would also be interesting to investigate whether certain bulk-boundary
CFT data can be computed using localization methods. This idea has been applied suc-
cessfully to extract the one-point function of the super stress tensor for the case in which
the defect is a Wilson line, see [64] and references therein. For the case of a codimension
one defect, the results of [65, 66] may already contain the necessary information to extract
some boundary CFT data.
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A Some representation theory

A.1 Supermultiplets

We will now review aspects of representation theory of superconformal algebras relevant
for the discussion in the main text. The representation theory of the 4d N = 4 supercon-
formal algebra is summarized in table 1. Certain representations of psu(2,2[4) will play a
distinguished role

Bigp.q = B1B1[0; O]k’zp}ﬂgqa (A.1)
1 0,p,0
Copariee) = AnA26:20R750 5, . (A.2)
A — 1790 o7a:Pd
A[q,p@LMf) = LL[26:20 7 (A.3)

where A, is either A; or A, depending on the value of ¢. For representations of the 3d
N = 4 superconformal algebra see table 2. We give the complete list of representations
however, only a few of them will appear in the boundary OPE of a %—BPS bulk operator.
We will therefore simplify the notation a bit following [47]:

(B, 4k = Bi[0]7*”, (B, - = Bi[0] >, (A.4)
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. . . 1 f
Supermultiplet Highest weight RS,

L [2¢, 27) 147 ¢, 20 A
20+2
[T11

A, 20,20477 1> q+1{:

As [0, QZ][K’p’q] a+ 1{ Ej

B (0,24 27 o{ E

Table 1. Unitary representations of the 4d A = 4 superconformal algebra in the notation of [67],
apart for the small modification (R;, Ra, R3) replaced by [g,p, q] for Dynkin labels. This is just
the chiral half of the conditions. The other half can be easily obtained. The labels [a,b]. denote
long representations of s[(2]2) with dimension 16(a+1)(b+ 1) and ¢ € C is the value of the central
charge generators. The rightmost entry of the table is part of the data of the inducing representation
Rok = {RIL, Rf)iﬁiht, Q}, where Q = A —{—{ is the conformal twist, see [36] and references therein

for more details.

Supermultiplet Unitarity bound ﬁbdy
L[2s] {2+ %) §>s+ky+k_+1| [k, 2855
2542

A1[23]§2k+;2k_), s>0 |0=s+kyr+k_+1 2k0+1{—

Bl[o]g2k+y2k7) 5 = ]{j+ —|— k_ QkU{E

Table 2. Unitary representations of the 3d superconformal algebra in the notation of [67],
[28]((;%*;%’) = {4, s, (ky,k_)} with 2s,2ky,2k_ € Z>¢. The sign o € {+,—} denotes the choice
of 5l(2]2)+ D suporentz(2) ® su+(2). The symbol ﬁbdy stands for a sl(2]2) representation. The
inducing representation of gl(2|2) is Rpay = {ﬁbdy,bgp}, where byj5 is a U(1) quantum number.
Notice that A1[2s]g2k+"0) and their mirrors are somewhat special since the s[(2|2) inducing repre-
sentation becomes a totally symmetric representation. Following the Dolan classification [47] we
denote (A4,£); = A1[2s]g2k+;0). Among these, the representations A1[25]((50;0) are distinguished by
the fact that the s[(2|2) inducing representation becomes a totally symmetric representation with
respect to each of the inducing factors. These multiplets are referred to as conserved currents as
they include higher-spin conserved currents; the s = 0 corresponds to the stress-tensor supermulti-
plet. The sl(2|2) central charge in our normalization is given by § — k_,, it is half the number of
boxes in the Young tableaux.
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and

2k 2k_ 0;0 2t 2k_
(B )y ey = Bil0)2H2) ) consy o= 28] LY, )= LOSE2) 0 (A5)

We also recall that at the unitarity bound, long representation decompose as

L (2k4,2k-) ~ A (2k+,2k—) B (2k4+1,2k_+1) A
AL (0] 2[0]5 + B1[0]5, 1 , (A.6)

I L12g]@Re:2k-) g o 1(Re2ko) g oo qq(2ke 1,2k +1) AT

Sovsthathot1 (2515 1[2s]5 A2 ]5+% ’ (A7)
where in the second line s > 0. These relations imply that certain boundary superblocks
can be obtained as the residue of the pole in ¢ of the long block, see (3.9). We also remark
that the decompositions (A.6) take place already at the level of inducing representation
Rpdy given in table 2, see [68].

Representations of superconformal quantum mechanics. The relevant representa-
tion theory of OSP(4*|4) superconformal quantum mechanics can essentially be extracted
from [69]. In the following we will describe three classes of representations that are relevant
for the discussion in the main text. The d = 1 superconformal algebra osp(4*|4) contains
s[(2,R) @ su(2) @ usp(4) as bosonic subalgebra where sl(2,R) plays the role of conformal
algebra in one dimension. The operators with smallest value A4 of the one dimensional
dilatation generator form a finite dimensional irreducible representation of the R-symmetry
su(2) @ usp(4). We use Dynkin labels to characterize such representation {n, [a,b]}, where
n labels the n + 1 dimensional representation of su(2) and [a,b] are usp(4) Dynkin labels,
for example [1,0] = 4 and [0,1] = 5. Representations of OSP(4*|4) are then uniquely
characterized by xscqou = {A14,n, [a,b]}. For special values of this labels the representa-
tion contains null states that have to be removed, these corresponds to so-called atypical
representations. We introduce the notation

(Bﬁ+@::{gﬁ4mm}, (A.8)
(B*,l)(g’n) = {g,n, [O,b]} , n>0 (A.9)
LA = {A1g,m, [0,0]} (A.10)

notice that there is no (B, —) multiplet. Indeed the mirror automorphism is not compatible
with the real form OSP(4*|4). In these definition subtraction of null states is understood.

A.2 Miscellanea
A.2.1 Details on symmetry and the mirror automorphism

The R-symmetry subgroup of OSP(4|4) can be defined in a similar way as (2.4)

01
O4) = {g € GL(4) such that ¢g'nrg = TZR} , NR = (12 02> . (A.11)
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At the lie algebra level, 0(4) ~ su(2)4 @ su(2)_ is spanned by matrices

i -0 0
> } su(2)_ = span{ <_8b § _2) } (A.12)

Notice that su(2); acts projectively while su(2)_ acts linearly on the R-symmetry coordi-

M O O

nates. Let us define

0001
Ty (g)ggg). (A.13)
0010

This element generates a (non-central) Z, C SL(4). Moreover it generates the mirror
automorphism M defined below (2.6), which follows from the identity

) . (A.14)

One should also notice that T% = ng, TRT}L% =1, det(Tg) = —1.

A.2.2 Conformal factors

The conformal factors are given by

11) g=(}%).
Qg x = A,(Ast)*l), g:(g‘(As%fl), (A.15)
1+XC)LA+C0X)), g=(&9)
and
1 9=1(57%)
wex, =4 A, g:(lg(As[t))—l) (A.16)
1+Xx,0)7", g=(49)

The form for general g follows by group composition law.

A.2.3 Definitions

We recall the definitions of superdeterminant and super-Pfaffian

A B det(A — BD~1C) det(A)
d = = Al
sdet (C D) det(D) det(D — CA-1B)’ (A-17)
— -1t
<P A sB :: det(A) _ V/det(A — sBD-1BY) (A18)
B' D Pfaff(D — sB'A-1B) Pfaff(D)

A.2.4 The stability group Sx

Without loss of generality we can take X}, = 0, which can be obtained by performing an
OSP(4|4) super-translation. From the infinitesimal transformation properties

§(0,X4q) = (B8 — XavXa,aXq+ Xqa), (A.19)
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3 _5 st ), one finds that the stability group

Sx (with X = A;leAw) close to the identity looks like

where close to the identity ¢ := 9p9 glzl =1+ (

st

Xqv X
g:1+<a a7 d>+... aXg+Xqat =0, v=-~"%. (A.20)
¥ -«

It follows that the stability algebra is spanned by

1 +a FaX
m(a) = 5 (iXdl N _astd> . aXq+Xqat=0. (A.21)

Notice that the fact that Xq is invertible is the statement that the configuration is generic.
It is a simple exercise to show that

[mUl (al)’ Moy (aQ)] = 601702 Moy ([041, aQ]) : (A‘22)
This proves that the stability algebra is 0sp(2]2) @ osp(2/2).

A.3 Branching ratios and tensor products
A.3.1 R-symmetry channels

For the boundary channel we use the su(4) — su(2) @ su(2) branching ratios

l 2s+e

[0,2€+5,0]—>@@(28+5—a,a), ee€{0,1}. (A.23)
s=0 a=0

For the bulk channel we have

Pr([o, 20 +2,0]®[0,20 + ¢, 01) - 0<T§<9n<£[2(n —m), 4m, 2(n — m)]

X B Rn—m)4m+2,2(n—m)], (A24)
0<m<n<~l+e—1

where Pr denotes a projection into representations of the form [2a, 2b, 2¢|. Notice that the
sum (A.24) splits into two sums, the blocks corresponding to each sum have definite Zs
transformation properties. The number of multiplet is the same in bulk and boundary
channel and it is equal to (¢ +1)({ + e+ 1).

We also collect the defect channel R-symmetry OPE relevant for the line defect. In
this case one has su(4) — sp(4) branching ratios

P
[0,p,0] = @D [0,d]. (A.25)
d=0
The sp(4) Dynkin labels [0, d] correspond to ¢(d + 1)(d + 2)(2d + 3) dimensional represen-

tations. Recall that the representations of su(4) that contains a sp(4) singlet are the ones
with Dynkin labels [0, ¢, 0].
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symbol name dimension

{0} trivial representation 1

{j}+ atypical representation 45+ 1

{b,j} typical representation 8j

P(0) projective cover of the trivial representation 8

P(+) projective cover of tlrf{e‘ ftypical representation 165 + 4
Jr+

Table 3. Brief summary of the osp(2|2) representations appearing in the branching ratios considered
here, see [70] for a complete description of these representations. Above 2j € Z~ and b # +j.

A.3.2 sl(2|2) — o0sp(2|2) branching ratios

In this appendix we determine which s((2|2) representation listed in tables 2 and 1 contains
a state (vector) which is invariant under osp(2]2) C s[(2|2) where the choice of embedding
is specified in appendix A.2.4. It turns out that, apart from the case in which the s[(2|2)
representation is trivial, this invariant state will not appear as the trivial representation of
0sp(2]2), but as part of the so called projective cover of the trivial representation denoted
by P(0), see [70]. We refer to table 3 for the notation and a few facts about the relevant
representations of osp(2]2) ~ sl(2|1). Since we could not find the branching ratios in the
literature we present them below.

The branching rules can be determined from the knowledge of tensor products in
s[(2]2) and osp(2]2) together with the fact that the operations of taking tensor product and
branching ratios commute and the tensor product is distributive with respect to direct sums.
Let us illustrate this procedure in a simple example. The fundamental representation of
5[(2|2) decomposes as [0 — {0, 3 }. This branching ratio specifies the embedding osp(2(2) C
5[(2|2). Taking tensor products and branching ratios of the fundamental representation
with itself gives

O®O=moH — {0,2}@{0,3}:{0,1}@?(0), (A.26)

see table 3 for details about the representations on the right hand side. Iterating this
procedure, with extensive use of 0sp(2|2) ~ s[(2|1) tensor product decompositions from [70],
one arrives at the following rules

(A.27)

a

—1
2

POe @' {b3}, a=2+2g,

“ { E ~ b=t (A.28)

a—1

2

b {b3}, otherwise ,
ph——a—1

2
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S|+|1| ) P(g)@m_%)@b@; {6,554} @b:éa_i {b,5}, a=s+1+2g,
a+1{ - — s a;ﬁ 2
bz@?%{@s#} @ :@%1{5,%}7 otherwise,,
(A.29)
(P(0) @ So, s=0,a=0,
P(3) ®P(—3%) ®S11, s=1,a=1,
[a, 5]y = { P(0) @ P(3) ® P(—3) ® So2g42, 5=0,a=29+2, (A.30)
PE)aP(-5ePER)@P(—2) 8 Ses, s>1, a=s5+29+2,
Sa,s s otherwise,
where
Sa,s = bSB’ ({b ‘9;2} ® {b+ % Sgl} ® {b— % 5"2”} ® {b, ;}) . (A31)

Some remarks on the notation are in order: the sums € are integer spaced between the
limits of summation, @’ means that one should exclude from the sum terms that give
contributions of the form {#4j,j}, the latter are exactly the one that recombines into
projective representations P, finally g € Z>.

The only 0sp(2|2) representation appearing in the right hand side of the list above that
contains an invariant state is P(0). Notice that

P(0) ~ 2{0}@{;}+@{;}, P<i;> N 2{;}i@{0}@{1}i7 (A.32)

where ~ means that they have the same character. In both cases the trivial representation
{0} appears. In the first case it appears twice, only one of them is a true osp(2|2) invariant
state. In the second case the state associated to {0} by the character is not an invariant,
see [70]. This important difference would have been missed by a character analysis.
Looking at the branching ratios given above we conclude that, apart from the trivial
representation of s[(2]2), only the totally antisymmetric representations in 2g+2 indices and
the long representations [a, s], = [2g, 0], with g € Z>( contain an osp(2|2) invariant state.

B Comparison of conformal blocks

In this short appendix we present the details of the comparison between our conformal
blocks and the results already present in the literature.

B.1 Casimir equation for the bulk R-symmetry blocks.

The Casimir equation takes the form

2
[(Z wi(wi — 1)28301> + k:(wl,wg)(‘)wl + k(’wg, w1)8w2 f)%lk =Cpg f)%lk, (Bl)

i=1
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where

w1 ’U)1—1 w1—1
'UJ1,UJ2 =

’LU1’U)2 -1

—2> (w1 —1),

Clom,2n,2m) = 2 n + 2n(m +1)+m(2m+ 3)) (B.2)

The change of variables (3.15) was motivated by the fact that we were able to find two
special cases of R-symmetry blocks in closed form:

4721 2 'b_‘l(a%—b)!ﬁ!@! b
htE)Ian 0] Z 571 a,even n b,even” ) 22 t(lltz 5 (Bg)
( " aba0 il (fb1)” Esay by
—64)" N2 2 I 1(—1)a+bo—4(atb)— 1
hblk _ (=64)7™(m!) Z (2a)!(20)!(=1)*"72 '2(a+bd+m+1))! 120420 (B.4)

bmo2m) =) Ty T 2 (a2t )2 (—a—brm)atbrm )l

In the first equation d,—peven = 1, if a — b is even, and 0 otherwise. For the special case
wy = 0,R = [0,2n,0] the expression above further simplifies to

—"
()

In the variables ¢;, see (3.15), the Casimir equation (B.1) takes the form ,

3 1

2
[(; t2 - 1) 82> tQ (/zi(t1,t2)5't1 + ]Nf(t2,t1)8t2>] holk = g Ik (B.6)

where ];(tl,tg) = 2t (2t% — t% — 1). After performing the change of variables t; = /z,
to = +/Z and defining g = (:m‘c)ibbun‘, one finds that g satisfies the Dolan-Osborn Casimir
equations [71] specialized to d = 3, upon identifying

1
Agdzi—n—m, by =s=m. (B.7)
These relations can be confirmed by comparing the asymptotic behavior in (3.13) with the
one of [71]. By looking at this asymptotic behavior we further conclude that J = 2m and
A =-2(m+n).

B.2 Line defect from analytic continuation

hPk are an analytic continuation of the

We will now show that the R-symmetry polynomials
spacetime blocks in the presence of a line defect by comparing with the analysis of [15]. In
the boundary channel the authors were able to find an explicit expression for the conformal
blocks, concerning the bulk channel, [15] contains the relevant Casimir equation without
an explicit solution. We somewhat fill this gap by relating it to the solution of the Casimir

equation of the standard 3d four-point function blocks.
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Comparison of cross-ratios. The first step is to relate the cross-ratios (2.39) to the
cross-ratios in [15]. Let

1 t 1 det —
Cos ¢ 1= —— Hra €y2a6) , p =~ ety — y2) . (B.8)
2 \/det(y1,a) det(ya,a) 4 /det(y1.q) det(y2,a)
By going to the frame (2.39) it is easy to verify that
lw +we  w_ +w’?! 14 +1 1
= — = — — R = — .2 _5 s Bg
cos =5 5 €R 4if[1(wz w; ) (B.9)
where w} = wiw; 51 have been defined below (3.1). It is instructive to compare these
cross-ratios with the spacetime cross-ratio in the presence of a boundary
det(z1 —x2) (2—-1)2 1 2 1
€= 1= %) _ 7H( — z). (B.10)
4 wl,d .%'27(1 4z 4

=1

Notice that g = %6[15], while ¢ is the same, the additional variable y = (4€r + 2cos ¢) =
w, +wy ' is also used in [15].

Boundary channel. The block in the defect channel take a factorized form. With the
identifications above we obtain the following block identities valid for each factor,

ke 1 1 9 VT (1+45) 3 s s 3 . 9
(= -k, ==k S A SISy 1 —1,-2. 2 1; B.11
W2 1(2’ i) ’w‘) T (i+s) 2 1\2 ty—hog g hisinte ), (B11)
1 1 ) 1 4
w 2F1< —ky, = —kyw >:X_‘52F1< +-,0+ > B.12

In the equalities above, representation labels are identified as s = k_ is the spin of the
boundary operator appearing in this channel and 6 = —k is its dimension.

Bulk channel. Using the change of variables (B.9) it is a straightforward exercise to

compare (4.12) of [15] with our Casimir equation (B.1) for the bulk R-symmetry block.
The identification between the labels is

where Cp is given in (B.2) we have set ¢ =3, d =4, and A1 =0 in (4.12) of [15].

C Long blocks coefficients

In this appendix we present the OPE coefficients for the long superblocks in the bulk and
boundary channels.
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C.1 Boundary channel coefficients

As in (3.8), each coefficient c; (1, 451_45) has a counterpart cs (., ;44 where ky and k_
are interchanged. Below we only list the ones with ¢ > j.

§—ky —k_
Co+1,(ky+1,k_+1) = —m

. . 1653 K% (6 + by + k- +2) (C.1)
SHL (e =Lk = ok )2k, + 1)(2k- — 1)(2k_ + )6+ ky + k_ + 1) :
AK* (8 — kg + k- +1)

(2k— —1)(2k— +1)(6 — ky +k-)

Cs+1,(ky+1,k_—1) = —

(= 0+kp—k_—1)(—6+ky+k_)
o2 (kg 42k ) = ek )(—0+ kg k- +1)
8kik_ (kp+k_—1)(2ky+2k_+3)(=6+ksy—k_—1)(0+ks —k_+1)(6+ky+Ek_+2)

(26—1)(26+3) (2k1 — 1) (2k4 +1) (2k— — 1) (2k—+1) (0 + k4 +k_+1)
8k (k- +1)(2ks —2k_+1)(ky —k——2)(—0+ks +k_)(0+ky —k—+1)(6+ks+k_+2)
(26—1)(2643)(2k+ —1)(2k+ +1)(2k— +1)(2k— +3) (0 +k4 —k—)
8(ky+1)k_(2ky —2k_—1)(ky —k—+2)(—=6+ky —k_ —1)(=0+ki +k_)(S+ki+k_+2)
(26—1)(2643) (2k4 +1)(2k+ +3) (2k_ — 1) (2k— + 1) (=0 +ky —k_)
C 8(kr+ 1) (k-4 1) (ky+k-+3)(2k +2k_ +1)(=0+ky —k- —1)(=0+ks +k)(0+ky —k_+1)
(26 —1)(264-3) (2k4 +1)(2k4 +3) (2k— +1)(2k— +3) (=0 +ky +k_+1)
16(k— —1)2k2 (=6 +ky —k_ —1)(5+ky+k_+2)

ca+2,(k+,k,) = -

G2 (b k=2 = (kT 3y 2k —1)2(2k_+1)(—0+ ks —k_)(0+ ks +h_+1) (C.2)
. _ 166(64+2)k% (=0 +ky+k_)(0—ky +k_4+1)(6 + ki +k_+2)
S8 U Lk == T T (05 1 1)(264+3) (2k— — 1) (2k—+ 1) (=6 + ks +k—+1)(6—ky +k_) (0 + ks +h_+1)

. 486 +2) (ks — k) (St —ko+1)(0—ky +k_+1) (C.3)
3 (ke k) = 951 1) (204+3) (0—ky —k_ —1)(0+ ks —k_)(6—ky +k_) :
. 160(0+1)(84+2)(043) (8 —ky —k_)(0+ky —k_+1)(0— ks +k_+1)(0+ki +k_+2)
Sk ko) T 05 +1)(26+3)2(20+5) (0—ky —k— —1)(0+hky —k_)(0—kt+k_)(6+ky +k_+1)

(C.4)

C.2 Bulk channel coefficients

Here we present the coefficients of the bulk channel.

B (4m—1)2(4m+1)2 (n+2m)%(n+2m+1)2(2n+2m+1)2(A+2n+4m+6)
2m3(2m+1)(n+m)(n+m+1)(2n+4m—1)(2n+4m+1)2(2n+4m+3)(A+2n+4m+4)
_(n+1)2(n+2)2(4m—1)2(4m+1)2(—A+2n—2)
128(2n+1)2(2n+3)2m3(2m+1)(2n—A)
i(ﬂ, (A+5)(2n+1)2(2n+4m+3)? ) (C5)
32 \A-1 (A+3)(2n—1)(2n+3)(2n+4m+1)(2n+4m+5)

CA+2,[2m—2,2n,2m—2] =

CA+2,[2m—2,2n+4,2m—2] —

CA+2,[2m,2n,2m] =

8(2n—3)(m+1)°(A+2n+4)(2n+2m+1)2
C @n+1D)(@m+1)(dAm+3)2(4m+5)2(A+2n+2) (nt+m)(n+m+1)
(m+1)°(—A+2n+4m)
2m+1)(4m+3)2(4m+5)2(—A+2n+4m+2)

CA+2,[2m+2,2n—4,2m+2] =

CA+2,[2m+2,2n,2m+2] = 8(
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CA+4,[2m—4,2n+4,2m—4] =

CA44,[2m—2,2n,2m—2] =

CA+4,[2m,2n—4,2m] =

CA+4,[2m,2n,2m] =

CA+4,[2m,2n+4,2m]

CA+4,[2m+2,2n—4,2m+2] =

(n+1)2(n+2)2(4m—5)2(4m—3)2(4m—1)2(4m+1)2(—A+2n—2)(n+2m)2 (n+2m+1)? (A+2n+4m+6)
64(2n+1)2(2n+3)2(m—1)3m3(2m—1)(2m+1)(2n—A)(2n+4m—1)(2n+4m+1)2(2n+4m+3)(A+2n+4m+4)
B (4m—1)2(4m+4+1)2(—A+2n—2)(A+2n+4)(n+2m)%(n42m+1)%(2n+2m+1)2(A+2n+4m+6)
16(A+1)(A+3)(2n—1)(2n+3)m3(2m+1)(n+m)(n+m+1)(2n+4m—1)(2n+4m+1)2(2n+4m+3)(A+2n+4m+4)

(n+1)2(n+2)2(4m—1)2(4m+1)2(—A+2n—2)(—A+2n+4m)(A+2n+4m+6)
CA+4,[2m—2,2n+4,2m—2] = —

CA+4,[2m+2,2n,2m+2] =

CA+4,[2m+4,2n—4,2m+4] =

CA+6,[2m—2,2n,2m—2] =

CA+6,[2m,2n,2m]

CA+6,[2m+2,2n—4,2m+2] =

1024(A+1)(A+3)(2n+1)2(2n+3)2m3 (2m+1)(2n—A)(2n+4m+1)(2n+4m+5)
(2n—3)(A+2n+4)(n+2m)%(n+2m+1)?(2n+2m—1)2(2n+2m+1)2(A+2n+4m+6)
2n+1)(A+2n+2)(n+m—1)(n+m)2(n+m+1)(2n+4m—1)(2n+4m+1)2(2n+4m+3)(A+2n+4m+4)
B (m+1)(—A+2n—2)(A+2n+4)(n+2m+2)2(n+2m+3)(2n+2m+3) (- A+2n+4m)
256(A+1)(A+3)(2m+1)(2m+3)(n+m+1)(n+m+2)(2n+4m+5)(—A+2n+4m+2)
(n+1)2(n + 2)m(—A+2n—2)(2n+2m+3)(—A+2n+4m)(A+2n+4m+6)

256(A+1)(A+3)(2n+3)(2m—1)(2m+1)(2n—A)(n+m+1)(n+m+2)
(n—1)n?(m+1)(A+2n+4)(2n+2m+1)(—A+2n+4m)(A+2n+4m+6)

256(A+1)(A+3)(2n—1)(2m+1)(2m+3)(A+2n+2)(n+m)(n+m-+1)
m(fAJan72)(A+2n+4)(n+2m)(n+2m+1)2(2n+2m+1)(A+2n+4m+6)
256(A+1)(A+3)(2m—1)(2m+1)(n+m)(n+m+1)(2n+4m+1)(A+2n+4m+4)
(n+1)?(n+2)%(—A+2n—2)(~A+2n+4m)
4096(2n+1)2(2n+3)2(2n — A)(—A+2n+4m+2)
(2n—3)(m+1)°(A42n+4)(2n+2m+1)2(—A+2n+4m)(A+2n+4m+6)
T (A+1)(A+3)(2n+1)(2m+1) (4m+3)2 (4m+5)2 (A+2n+2) (n+m)(n+m+1)(2n+4m+1)(2n+4m+5)
B (m+1)°(—A42n—2)(A+2n+4)(—A+2n+4m)
64(A+1)(A+3)(2n—1)(2n+3)(2m+1)(4m+3)2(4m+5)2 (—A+2n+4m+2)
4(2n—3)(m+1)°(m+2)° (A+2n+4)(—A+42n+4m) (C.ﬁ)
(2n+1)(2m+1)(2m+3)(dm+3)2(4m+5)2(4m+7)2(4m+9)2 (A+2n+2)(—A+2n+4m+2)

3 (A42)(A44)(4m—1)2(4m+1)2 (= A+2n—2)(A+2n+4)(n+2m) 2 (n42m+1)2(2n+2m+1)2 (A +2n+4m +6)
512(A+3)2m3(2m+1)(2n—A)(A+2n+2)(n+m)(n+m+1)(2n+4m—1)(2n+4m+1)2(2n+4m+3)(A+2n+4m+4)

(A42)(A44) (n+1)2(n+2)2(4m—1)2(4m+1)%(—A+2n—2)(—A+2n+4m) (A+2n+4m+6)
CA+6,[2m—2,2n+4,2m—2] = —

CA+6,[2m+2,2n,2m+2] =

CA+48,[2m,2n,2m]

32768(A+3)2(2n+1)2(2n+3)2m3(2m+1)(2n — A)(—A+2n+4m+2) (A+2n+4m+4)
(A+2)(A+4)(m+1)(—A+2n—2)(A+2n+4) (2n+2m+3)(—A+2n+4m) % (A+2n+4m+6)
1024(A+1)(A+3)2(A+5)(2n—1)(2n+3)(2n—A)(A+2n+2)(2n+4m+5)(—A+2n+4m+2)
(A+2)(A+4)m(—A+2n—2)(A+2n+4)(2n+2m+1)(—A+2n+4m)(A+2n+4m+6)2
1024(A+1)(A+3)2(A+5)(2n—1)(2n+3)(2n—A) (A+2n+2) (2n+4m+1) (A+2n+4m+4)
B (A42)(A+4)(2n—3) (m+1)° (A+2n+4)(2n+2m+1)2(—A+2n+4m) (A + 2n+4m+6)
32(A+3)2(2n+1)(2m+1)(4m+3)2(4m+5)2(A+2n+2)(n+m)(n+m+1)(—A+2n+4m+2)(A+2n+4m+4)
B (A42)(A+4)(m+1)°(—A+2n—2)(A+2n+4) (—A+2n+4m) (C.7)
2048(A+3)2(2m+1)(4m+3)2(4m+5)2(2n—A)(A+2n+2) (—A+2n+4m+2)

(A42)(A44)2(A46)(A—2n42)(A42n+4) (A —2n—4m)(A+2n+4m+6) (C 8)
65536(A+3)2(A+5)2(A—2n)(A+2n+2)(A—2n—4m—2)(A+2n+4m+4) ’

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] S. El-Showk, M.F. Paulos, D. Poland, S. Rychkov, D. Simmons-Duffin and A. Vichi, Solving
the 3D Ising Model with the Conformal Bootstrap, Phys. Rev. D 86 (2012) 025022
[arXiv:1203.6064] [NSPIRE].

— 492 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1103/PhysRevD.86.025022
https://arxiv.org/abs/1203.6064
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.6064

2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

S. El-Showk, M.F. Paulos, D. Poland, S. Rychkov, D. Simmons-Duffin and A. Vichi, Solving
the 3d Ising Model with the Conformal Bootstrap II. c-Minimization and Precise Critical
Ezponents, J. Stat. Phys. 157 (2014) 869 [arXiv:1403.4545] INSPIRE].

F. Kos, D. Poland and D. Simmons-Duffin, Bootstrapping Mixed Correlators in the 3D Ising
Model, JHEP 11 (2014) 109 [arXiv:1406.4858] INSPIRE].

Z. Komargodski and A. Zhiboedov, Convezity and Liberation at Large Spin, JHEP 11 (2013)
140 [arXiv:1212.4103] [INSPIRE].

A L. Fitzpatrick, J. Kaplan, D. Poland and D. Simmons-Duffin, The Analytic Bootstrap and
AdS Superhorizon Locality, JHEP 12 (2013) 004 [arXiv:1212.3616] [INSPIRE].

C. Beem, M. Lemos, P. Liendo, W. Peelaers, L. Rastelli and B.C. van Rees, Infinite Chiral
Symmetry in Four Dimensions, Commun. Math. Phys. 336 (2015) 1359 [arXiv:1312.5344]
[INSPIRE].

C. Beem, L. Rastelli and B.C. van Rees, W symmetry in siz dimensions, JHEP 05 (2015)
017 [arXiv:1404.1079] [NSPIRE].

S.M. Chester, J. Lee, S.S. Pufu and R. Yacoby, Ezact Correlators of BPS Operators from the
3d Superconformal Bootstrap, JHEP 03 (2015) 130 [arXiv:1412.0334] [INSPIRE].

C. Beem, W. Peelaers and L. Rastelli, Deformation quantization and superconformal
symmetry in three dimensions, arXiv:1601.05378 [INSPIRE].

J.L. Cardy, Conformal Invariance and Surface Critical Behavior, Nucl. Phys. B 240 (1984)
514 [INSPIRE].

J.L. Cardy, Boundary Conditions, Fusion Rules and the Verlinde Formula, Nucl. Phys. B
324 (1989) 581 [INSPIRE].

J. Frohlich, J. Fuchs, I. Runkel and C. Schweigert, Duality and defects in rational conformal
field theory, Nucl. Phys. B 763 (2007) 354 [hep-th/0607247] [INSPIRE].

D.M. McAvity and H. Osborn, Energy momentum tensor in conformal field theories near a
boundary, Nucl. Phys. B 406 (1993) 655 [hep-th/9302068] INSPIRE].

D.M. McAvity and H. Osborn, Conformal field theories near a boundary in general
dimensions, Nucl. Phys. B 455 (1995) 522 [cond-mat/9505127] INSPIRE].

M. Billo, V. Gongalves, E. Lauria and M. Meineri, Defects in conformal field theory, JHEP
04 (2016) 091 [arXiv:1601.02883] [INSPIRE].

D.E. Berenstein, R. Corrado, W. Fischler and J.M. Maldacena, The operator product
expansion for Wilson loops and surfaces in the large-N limit, Phys. Rev. D 59 (1999) 105023
[hep-th/9809188] [INSPIRE].

A. Gadde, Conformal constraints on defects, arXiv:1602.06354 [INSPIRE].

P. Liendo, L. Rastelli and B.C. van Rees, The Bootstrap Program for Boundary CFTy4, JHEP
07 (2013) 113 [arXiv:1210.4258] [INSPIRE].

D. Gaiotto, D. Mazac and M.F. Paulos, Bootstrapping the 3d Ising twist defect, JHEP 03
(2014) 100 [arXiv:1310.5078] [INSPIRE].

R. Rattazzi, S. Rychkov and A. Vichi, Bounds in 4D Conformal Field Theories with Global
Symmetry, J. Phys. A 44 (2011) 035402 [arXiv:1009.5985] [INSPIRE].

43 —


http://dx.doi.org/10.1007/s10955-014-1042-7
https://arxiv.org/abs/1403.4545
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.4545
http://dx.doi.org/10.1007/JHEP11(2014)109
https://arxiv.org/abs/1406.4858
http://inspirehep.net/search?p=find+EPRINT+arXiv:1406.4858
http://dx.doi.org/10.1007/JHEP11(2013)140
http://dx.doi.org/10.1007/JHEP11(2013)140
https://arxiv.org/abs/1212.4103
http://inspirehep.net/search?p=find+EPRINT+arXiv:1212.4103
http://dx.doi.org/10.1007/JHEP12(2013)004
https://arxiv.org/abs/1212.3616
http://inspirehep.net/search?p=find+EPRINT+arXiv:1212.3616
http://dx.doi.org/10.1007/s00220-014-2272-x
https://arxiv.org/abs/1312.5344
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5344
http://dx.doi.org/10.1007/JHEP05(2015)017
http://dx.doi.org/10.1007/JHEP05(2015)017
https://arxiv.org/abs/1404.1079
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.1079
http://dx.doi.org/10.1007/JHEP03(2015)130
https://arxiv.org/abs/1412.0334
http://inspirehep.net/search?p=find+EPRINT+arXiv:1412.0334
https://arxiv.org/abs/1601.05378
http://inspirehep.net/search?p=find+EPRINT+arXiv:1601.05378
http://dx.doi.org/10.1016/0550-3213(84)90241-4
http://dx.doi.org/10.1016/0550-3213(84)90241-4
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B240,514%22
http://dx.doi.org/10.1016/0550-3213(89)90521-X
http://dx.doi.org/10.1016/0550-3213(89)90521-X
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B324,581%22
http://dx.doi.org/10.1016/j.nuclphysb.2006.11.017
https://arxiv.org/abs/hep-th/0607247
http://inspirehep.net/search?p=find+EPRINT+hep-th/0607247
http://dx.doi.org/10.1016/0550-3213(93)90005-A
https://arxiv.org/abs/hep-th/9302068
http://inspirehep.net/search?p=find+EPRINT+hep-th/9302068
http://dx.doi.org/10.1016/0550-3213(95)00476-9
https://arxiv.org/abs/cond-mat/9505127
http://inspirehep.net/search?p=find+EPRINT+cond-mat/9505127
http://dx.doi.org/10.1007/JHEP04(2016)091
http://dx.doi.org/10.1007/JHEP04(2016)091
https://arxiv.org/abs/1601.02883
http://inspirehep.net/search?p=find+EPRINT+arXiv:1601.02883
http://dx.doi.org/10.1103/PhysRevD.59.105023
https://arxiv.org/abs/hep-th/9809188
http://inspirehep.net/search?p=find+EPRINT+hep-th/9809188
https://arxiv.org/abs/1602.06354
http://inspirehep.net/search?p=find+EPRINT+arXiv:1602.06354
http://dx.doi.org/10.1007/JHEP07(2013)113
http://dx.doi.org/10.1007/JHEP07(2013)113
https://arxiv.org/abs/1210.4258
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.4258
http://dx.doi.org/10.1007/JHEP03(2014)100
http://dx.doi.org/10.1007/JHEP03(2014)100
https://arxiv.org/abs/1310.5078
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.5078
http://dx.doi.org/10.1088/1751-8113/44/3/035402
https://arxiv.org/abs/1009.5985
http://inspirehep.net/search?p=find+EPRINT+arXiv:1009.5985

[21] F. Gliozzi, P. Liendo, M. Meineri and A. Rago, Boundary and Interface CFTs from the
Conformal Bootstrap, JHEP 05 (2015) 036 [arXiv:1502.07217] [InSPIRE].

[22] F. Gliozzi, Truncatable bootstrap equations in algebraic form and critical surface exponents,
JHEP 10 (2016) 037 [arXiv:1605.04175] [INSPIRE].

[23] F. Gliozzi, More constraining conformal bootstrap, Phys. Rev. Lett. 111 (2013) 161602
[arXiv:1307.3111] [NSPIRE].

[24] D. Gaiotto and E. Witten, Supersymmetric Boundary Conditions in N = 4 Super Yang-Mills
Theory, J. Statist. Phys. 135 (2009) 789 [arXiv:0804.2902] [INSPIRE].

[25] E. D’Hoker, J. Estes and M. Gutperle, Interface Yang-Mills, supersymmetry and Janus,
Nucl. Phys. B 753 (2006) 16 [hep-th/0603013] InSPIRE].

[26] M. de Leeuw, C. Kristjansen and K. Zarembo, One-point Functions in Defect CFT and
Integrability, JHEP 08 (2015) 098 [arXiv:1506.06958] [INSPIRE].

[27] M. Rapcak, Nonintegrability of NS5-like Interface in N = 4 Supersymmetric Yang-Mills,
arXiv:1511.02243 [INSPIRE].

[28] I. Buhl-Mortensen, M. de Leeuw, A.C. Ipsen, C. Kristjansen and M. Wilhelm, One-loop
one-point functions in gauge-gravity dualities with defects, Phys. Rev. Lett. 117 (2016)
231603 [arXiv:1606.01886] [INSPIRE].

[29] M. de Leeuw, A.C. Ipsen, C. Kristjansen and M. Wilhelm, One-loop Wilson loops and the
particle-interface potential in AdS/dCFT, arXiv:1608.04754 [INSPIRE].

[30] A. Karch and L. Randall, Open and closed string interpretation of SUSY CFT’s on branes
with boundaries, JHEP 06 (2001) 063 [hep-th/0105132] [INSPIRE].

[31] O. DeWolfe, D.Z. Freedman and H. Ooguri, Holography and defect conformal field theories,
Phys. Rev. D 66 (2002) 025009 [hep-th/0111135] [INSPIRE].

[32] J. Erdmenger, Z. Guralnik and I. Kirsch, Four-dimensional superconformal theories with
interacting boundaries or defects, Phys. Rev. D 66 (2002) 025020 [hep-th/0203020]
[INSPIRE].

[33] N.R. Constable, J. Erdmenger, Z. Guralnik and I. Kirsch, Intersecting D-8 branes and
holography, Phys. Rev. D 68 (2003) 106007 [hep-th/0211222] [INSPIRE].

[34] C. Beem, L. Rastelli and B.C. van Rees, The N' = 4 Superconformal Bootstrap, Phys. Rev.
Lett. 111 (2013) 071601 [arXiv:1304.1803] [INSPIRE].

[35] F.A. Dolan, L. Gallot and E. Sokatchev, On four-point functions of 1/2-BPS operators in
general dimensions, JHEP 09 (2004) 056 [hep-th/0405180] [INSPIRE].

[36] R. Doobary and P. Heslop, Superconformal partial waves in Grassmannian field theories,
JHEP 12 (2015) 159 [arXiv:1508.03611] [INSPIRE].

[37] P. Liendo, C. Meneghelli and V. Mitev, On correlation functions of BPS operators in 3d
N = 6 superconformal theories, arXiv:1512.06072 [INSPIRE].

[38] K.A. Intriligator, Bonus symmetries of N = 4 super Yang-Mills correlation functions via AdS
duality, Nucl. Phys. B 551 (1999) 575 [hep-th/9811047] InSPIRE].

[39] D. Gaiotto and E. Witten, Janus Configurations, Chern-Simons Couplings, And The
theta-Angle in N = 4 Super Yang-Mills Theory, JHEP 06 (2010) 097 [arXiv:0804.2907]
[INSPIRE].

— 44 —


http://dx.doi.org/10.1007/JHEP05(2015)036
https://arxiv.org/abs/1502.07217
http://inspirehep.net/search?p=find+EPRINT+arXiv:1502.07217
http://dx.doi.org/10.1007/JHEP10(2016)037
https://arxiv.org/abs/1605.04175
http://inspirehep.net/search?p=find+EPRINT+arXiv:1605.04175
http://dx.doi.org/10.1103/PhysRevLett.111.161602
https://arxiv.org/abs/1307.3111
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.3111
http://dx.doi.org/10.1007/s10955-009-9687-3
https://arxiv.org/abs/0804.2902
http://inspirehep.net/search?p=find+EPRINT+arXiv:0804.2902
http://dx.doi.org/10.1016/j.nuclphysb.2006.07.001
https://arxiv.org/abs/hep-th/0603013
http://inspirehep.net/search?p=find+EPRINT+hep-th/0603013
http://dx.doi.org/10.1007/JHEP08(2015)098
https://arxiv.org/abs/1506.06958
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.06958
https://arxiv.org/abs/1511.02243
http://inspirehep.net/search?p=find+EPRINT+arXiv:1511.02243
http://dx.doi.org/10.1103/PhysRevLett.117.231603
http://dx.doi.org/10.1103/PhysRevLett.117.231603
https://arxiv.org/abs/1606.01886
http://inspirehep.net/search?p=find+EPRINT+arXiv:1606.01886
https://arxiv.org/abs/1608.04754
http://inspirehep.net/search?p=find+EPRINT+arXiv:1608.04754
http://dx.doi.org/10.1088/1126-6708/2001/06/063
https://arxiv.org/abs/hep-th/0105132
http://inspirehep.net/search?p=find+EPRINT+hep-th/0105132
http://dx.doi.org/10.1103/PhysRevD.66.025009
https://arxiv.org/abs/hep-th/0111135
http://inspirehep.net/search?p=find+EPRINT+hep-th/0111135
http://dx.doi.org/10.1103/PhysRevD.66.025020
https://arxiv.org/abs/hep-th/0203020
http://inspirehep.net/search?p=find+EPRINT+hep-th/0203020
http://dx.doi.org/10.1103/PhysRevD.68.106007
https://arxiv.org/abs/hep-th/0211222
http://inspirehep.net/search?p=find+EPRINT+hep-th/0211222
http://dx.doi.org/10.1103/PhysRevLett.111.071601
http://dx.doi.org/10.1103/PhysRevLett.111.071601
https://arxiv.org/abs/1304.1803
http://inspirehep.net/search?p=find+EPRINT+arXiv:1304.1803
http://dx.doi.org/10.1088/1126-6708/2004/09/056
https://arxiv.org/abs/hep-th/0405180
http://inspirehep.net/search?p=find+EPRINT+hep-th/0405180
http://dx.doi.org/10.1007/JHEP12(2015)159
https://arxiv.org/abs/1508.03611
http://inspirehep.net/search?p=find+EPRINT+arXiv:1508.03611
https://arxiv.org/abs/1512.06072
http://inspirehep.net/search?p=find+EPRINT+arXiv:1512.06072
http://dx.doi.org/10.1016/S0550-3213(99)00242-4
https://arxiv.org/abs/hep-th/9811047
http://inspirehep.net/search?p=find+EPRINT+hep-th/9811047
http://dx.doi.org/10.1007/JHEP06(2010)097
https://arxiv.org/abs/0804.2907
http://inspirehep.net/search?p=find+EPRINT+arXiv:0804.2907

[40]

[41]

[42]

[43]

[44]

V. Mikhaylov and E. Witten, Branes And Supergroups, Commun. Math. Phys. 340 (2015)
699 [arXiv:1410.1175] [INSPIRE].

M. Bianchi, M.B. Green and S. Kovacs, Instanton corrections to circular Wilson loops in
N = 4 supersymmetric Yang-Mills, JHEP 04 (2002) 040 [hep-th/0202003] [INSPIRE].

N. Drukker, J. Gomis and S. Matsuura, Probing N =4 SYM With Surface Operators, JHEP
10 (2008) 048 [arXiv:0805.4199] [INSPIRE].

B. Eden and E. Sokatchev, On the OPE of 1/2 BPS short operators in N =4 SCFT(4),
Nucl. Phys. B 618 (2001) 259 [hep-th/0106249] [INSPIRE].

A. Van Proeyen, Tools for supersymmetry, Ann. U. Craiova Phys. 9 (1999) 1
[hep-th/9910030] [INSPIRE].

M. Lemos, P. Liendo, C. Meneghelli and V. Mitev, Bootstrapping N = 3 superconformal
theories, arXiv:1612.01536 [INSPIRE].

M. Lemos, P. Liendo, C. Meneghelli and V. Mitev, Work in progress.

F.A. Dolan, On Superconformal Characters and Partition Functions in Three Dimensions, J.
Math. Phys. 51 (2010) 022301 [arXiv:0811.2740] INSPIRE].

T. Koornwinder and I. Sprinkhuizen-Kuyper, Generalized Power Series Fxpansions for a

Class of Orthogonal Polynomials in Two Variables, SIAM J. Math. Anal. 9 (1978) 457.

M. Isachenkov and V. Schomerus, Superintegrability of d-dimensional Conformal Blocks,
Phys. Rev. Lett. 117 (2016) 071602 [arXiv:1602.01858] [INSPIRE].

M. Giinaydin and N. Marcus, The Spectrum of the S° Compactification of the Chiral N = 2,
D =10 Supergravity and the Unitary Supermultiplets of U (2, 2/4), Class. Quant. Grav. 2
(1985) L11 [INSPIRE].

G. Arutyunov, B. Eden and E. Sokatchev, On nonrenormalization and OPE in
superconformal field theories, Nucl. Phys. B 619 (2001) 359 [hep-th/0105254] [INSPIRE].

F.A. Dolan and H. Osborn, Superconformal symmetry, correlation functions and the operator
product expansion, Nucl. Phys. B 629 (2002) 3 [hep-th/0112251] INSPIRE].

M. Lemos, W. Peelaers and L. Rastelli, Unpublished notes.

M. Baggio, V. Niarchos and K. Papadodimas, On ezxact correlation functions in SU(N)
N =2 superconformal QCD, JHEP 11 (2015) 198 [arXiv:1508.03077] [NSPIRE].

S. Giombi and V. Pestun, Correlators of local operators and 1/8 BPS Wilson loops on S?
from 2d YM and matriz models, JHEP 10 (2010) 033 [arXiv:0906.1572] INSPIRE].

S. Giombi and V. Pestun, Correlators of Wilson Loops and Local Operators from
Multi-Matriz Models and Strings in AdS, JHEP 01 (2013) 101 [arXiv:1207.7083] [INSPIRE].

T. Dimofte and D. Gaiotto, An E7 Surprise, JHEP 10 (2012) 129 [arXiv:1209.1404]
[INSPIRE].

R. Rattazzi, V.S. Rychkov, E. Tonni and A. Vichi, Bounding scalar operator dimensions in
AD CFT, JHEP 12 (2008) 031 [arXiv:0807.0004] [INSPIRE].

S. El-Showk and M.F. Paulos, Fxtremal bootstrapping: go with the flow, arXiv:1605.08087
[INSPIRE].

B. Assel and J. Gomis, Mirror Symmetry And Loop Operators, JHEP 11 (2015) 055
[arXiv:1506.01718] [INSPIRE].

45 —


http://dx.doi.org/10.1007/s00220-015-2449-y
http://dx.doi.org/10.1007/s00220-015-2449-y
https://arxiv.org/abs/1410.1175
http://inspirehep.net/search?p=find+EPRINT+arXiv:1410.1175
http://dx.doi.org/10.1088/1126-6708/2002/04/040
https://arxiv.org/abs/hep-th/0202003
http://inspirehep.net/search?p=find+EPRINT+hep-th/0202003
http://dx.doi.org/10.1088/1126-6708/2008/10/048
http://dx.doi.org/10.1088/1126-6708/2008/10/048
https://arxiv.org/abs/0805.4199
http://inspirehep.net/search?p=find+EPRINT+arXiv:0805.4199
http://dx.doi.org/10.1016/S0550-3213(01)00492-8
https://arxiv.org/abs/hep-th/0106249
http://inspirehep.net/search?p=find+EPRINT+hep-th/0106249
https://arxiv.org/abs/hep-th/9910030
http://inspirehep.net/search?p=find+EPRINT+hep-th/9910030
https://arxiv.org/abs/1612.01536
http://inspirehep.net/search?p=find+EPRINT+arXiv:1612.01536
http://dx.doi.org/10.1063/1.3211091
http://dx.doi.org/10.1063/1.3211091
https://arxiv.org/abs/0811.2740
http://inspirehep.net/search?p=find+EPRINT+arXiv:0811.2740
http://dx.doi.org/10.1137/0509028
http://dx.doi.org/10.1103/PhysRevLett.117.071602
https://arxiv.org/abs/1602.01858
http://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01858
http://dx.doi.org/10.1088/0264-9381/2/2/001
http://dx.doi.org/10.1088/0264-9381/2/2/001
http://inspirehep.net/search?p=find+J+%22Class.Quant.Grav.,2,L11%22
http://dx.doi.org/10.1016/S0550-3213(01)00529-6
https://arxiv.org/abs/hep-th/0105254
http://inspirehep.net/search?p=find+EPRINT+hep-th/0105254
http://dx.doi.org/10.1016/S0550-3213(02)00096-2
https://arxiv.org/abs/hep-th/0112251
http://inspirehep.net/search?p=find+EPRINT+hep-th/0112251
http://dx.doi.org/10.1007/JHEP11(2015)198
https://arxiv.org/abs/1508.03077
http://inspirehep.net/search?p=find+EPRINT+arXiv:1508.03077
http://dx.doi.org/10.1007/JHEP10(2010)033
https://arxiv.org/abs/0906.1572
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.1572
http://dx.doi.org/10.1007/JHEP01(2013)101
https://arxiv.org/abs/1207.7083
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.7083
http://dx.doi.org/10.1007/JHEP10(2012)129
https://arxiv.org/abs/1209.1404
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.1404
http://dx.doi.org/10.1088/1126-6708/2008/12/031
https://arxiv.org/abs/0807.0004
http://inspirehep.net/search?p=find+EPRINT+arXiv:0807.0004
https://arxiv.org/abs/1605.08087
http://inspirehep.net/search?p=find+EPRINT+arXiv:1605.08087
http://dx.doi.org/10.1007/JHEP11(2015)055
https://arxiv.org/abs/1506.01718
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.01718

[61]

M. Bullimore, T. Dimofte, D. Gaiotto and J. Hilburn, Boundaries, Mirror Symmetry and
Symplectic Duality in 3d N =4 Gauge Theory, JHEP 10 (2016) 108 [arXiv:1603.08382]
[INSPIRE].

M. Bullimore and H.-C. Kim, The Superconformal Index of the (2,0) Theory with Defects,
JHEP 05 (2015) 048 [arXiv:1412.3872] [INSPIRE].

C. Beem, M. Lemos, L. Rastelli and B.C. van Rees, The (2, 0) superconformal bootstrap,
Phys. Rev. D 93 (2016) 025016 [arXiv:1507.05637] [NSPIRE].

A. Lewkowycz and J. Maldacena, Fzact results for the entanglement entropy and the energy
radiated by a quark, JHEP 05 (2014) 025 [arXiv:1312.5682] INSPIRE].

D. Gaiotto and H.-C. Kim, Surface defects and instanton partition functions, JHEP 10
(2016) 012 [arXiv:1412.2781] [INSPIRE].

D. Gaiotto and H.-C. Kim, Duality walls and defects in 5d N =1 theories, JHEP 01 (2017)
019 [arXiv:1506.03871] [INSPIRE].

C. Cordova, T.T. Dumitrescu and K. Intriligator, Deformations of Superconformal Theories,
JHEP 11 (2016) 135 [arXiv:1602.01217] [INSPIRE].

N. Beisert, The Analytic Bethe Ansatz for a Chain with Centrally Extended su(2—2)
Symmetry, J. Stat. Mech. 0701 (2007) P01017 [n1in/0610017].

M. Giinaydin and R.J. Scalise, Unitary Lowest Weight Representations of the Noncompact
Supergroup Osp(2m*/2n), J. Math. Phys. 32 (1991) 599 [InSPIRE].

G. Gotz, T. Quella and V. Schomerus, Representation theory of sl(2—1), J. Algebra 312
(2007) 829 [hep-th/0504234] INSPIRE].

F.A. Dolan and H. Osborn, Conformal Partial Waves: Further Mathematical Results,
arXiv:1108.6194 [INSPIRE].

— 46 —


http://dx.doi.org/10.1007/JHEP10(2016)108
https://arxiv.org/abs/1603.08382
http://inspirehep.net/search?p=find+EPRINT+arXiv:1603.08382
http://dx.doi.org/10.1007/JHEP05(2015)048
https://arxiv.org/abs/1412.3872
http://inspirehep.net/search?p=find+EPRINT+arXiv:1412.3872
http://dx.doi.org/10.1103/PhysRevD.93.025016
https://arxiv.org/abs/1507.05637
http://inspirehep.net/search?p=find+EPRINT+arXiv:1507.05637
http://dx.doi.org/10.1007/JHEP05(2014)025
https://arxiv.org/abs/1312.5682
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5682
http://dx.doi.org/10.1007/JHEP10(2016)012
http://dx.doi.org/10.1007/JHEP10(2016)012
https://arxiv.org/abs/1412.2781
http://inspirehep.net/search?p=find+EPRINT+arXiv:1412.2781
http://dx.doi.org/10.1007/JHEP01(2017)019
http://dx.doi.org/10.1007/JHEP01(2017)019
https://arxiv.org/abs/1506.03871
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.03871
http://dx.doi.org/10.1007/JHEP11(2016)135
https://arxiv.org/abs/1602.01217
http://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01217
http://dx.doi.org/10.1088/1742-5468/2007/01/P01017
https://arxiv.org/abs/nlin/0610017
http://dx.doi.org/10.1063/1.529401
http://inspirehep.net/search?p=find+J+%22J.Math.Phys.,32,599%22
http://dx.doi.org/10.1016/j.jalgebra.2007.03.012
http://dx.doi.org/10.1016/j.jalgebra.2007.03.012
https://arxiv.org/abs/hep-th/0504234
http://inspirehep.net/search?p=find+EPRINT+hep-th/0504234
https://arxiv.org/abs/1108.6194
http://inspirehep.net/search?p=find+EPRINT+arXiv:1108.6194

	Introduction
	Correlation functions in superspace
	Superspace setup
	Correlation functions
	Correlation functions in the presence of a 1/2-BPS line defect and other examples
	The super-displacement operator

	Ward identities

	Superconformal blocks
	Boundary channel
	Boundary superblock for chi(bdy)=(B,+-)
	Boundary superblock for chi(bdy)=(B,1)
	Boundary superblock for chi(bdy)=L**(delta)

	Bulk channel
	Bulk superblock for chi(blk)=B([0,2n,0])
	Bulk channel superblocks for chi(blk)=B**(Delta)([2m,2n,2m]) and chi(blk)=A**(Delta)([2m,2n,2m])

	OPE summary
	One block to rule them all
	Line defect superblocks
	3d N=4 theories and 1d OSP(4*|4) quantum mechanics


	Bootstrap equations
	Microbootstrap
	The full bootstrap
	Example: N=4 massless representation, p=1
	Example: N=4 stress tensor, p=2


	Conclusions
	Some representation theory
	Supermultiplets
	Miscellanea
	Details on symmetry and the mirror automorphism
	Conformal factors
	Definitions
	The stability group S(X)

	Branching ratios and tensor products
	R-symmetry channels
	sl(2|2) –> osp(2|2) branching ratios


	Comparison of conformal blocks
	Casimir equation for the bulk R-symmetry blocks.
	Line defect from analytic continuation

	Long blocks coefficients
	Boundary channel coefficients
	Bulk channel coefficients


