Bernoulli 11(4), 2005, 747-758

Bootstrap prediction and Bayesian
prediction under misspecified models
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We consider a statistical prediction problem under misspecified models. In a sense, Bayesian
prediction is an optimal prediction method when an assumed model is true. Bootstrap prediction is
obtained by applying Breiman’s ‘bagging’ method to a plug-in prediction. Bootstrap prediction can be
considered to be an approximation to the Bayesian prediction under the assumption that the model is
true. However, in applications, there are frequently deviations from the assumed model. In this paper,
both prediction methods are compared by using the Kullback—Leibler loss under the assumption that
the model does not contain the true distribution. We show that bootstrap prediction is asymptotically
more effective than Bayesian prediction under misspecified models.
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1. Introduction

In this paper, we consider a statistical prediction problem under misspecified models.
Observations xV = {x1, ..., xy} are independent and identically distributed according to
g(x). The problem is the probabilistic prediction of a future observation xy.; based on xV.
We assume a statistical model {p(x; 0)|0 = (0*) € ®, a=1, ..., m}, where © is an open
set in m-dimensional Euclidean space R™. The true distribution ¢(x) is not necessarily in
the assumed model {p(x; 0)}. The performance of a predictive distribution p(xy1; xV) is
measured by using the Kullback—Leibler divergence, that is, we use the loss function

D(g(), pls V) = jq<xN+1>1og b))

Plxysr; xN)

The risk function is

Eoe{ D(g(), o xV)} = Jq(xN){Jq<xN+1)log D) g }de,

Plxysr; xN)

where g(xV) = TIY, g(x)).
For the statistical prediction problem, a predictive distribution often used naively is a
plug-in distribution with the maximum likelihood estimator (MLE)

P i1; Oue(x™)),
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where

Oe(x") = argmax{log p(x"; 0)}.

Akaike’s information criterion is derived from the viewpoint of minimizing the risk of the
plug-in distribution with the MLE (Akaike 1973). Takeuchi’s information criterion is a
criterion for the plug-in distribution when the assumed model does not contain the true
distribution (Takeuchi 1976).

Bayesian methods for prediction also have been considered (Geisser 1993). When the true
distribution belongs to the statistical model {p(x; )}, the Bayes risk with a proper prior
distribution 71(0),

Eo[E.v{D(p(:; 0), p(-; x™)}]

SEC Up(xN; 9){jp(xN+1; Oylog LEN10) g }de} a0,

Plxysr; xN)

is minimized by the Bayesian predictive distribution (Aitchison 1975)
palxnax™) = JP(XNH; 0)7u(6x")do,

where

J p(x"; 0)m(6)do

is the posterior distribution. Komaki (1996) proved that the Bayesian predictive distribution
includes ‘the vector orthogonal to the model’ and this vector is effective for prediction.
Shimodaira (2000) evaluated the risk of the Bayesian predictive distribution when the true
distribution does not belong to the assumed model.

In the field of machine learning, ‘bagging’ was proposed by Breiman (1996). Bagging
provides a stable prediction by averaging many predictions based on bootstrap data.
Bootstrap predictive distributions are derived by applying the bagging method to the plug-in
distribution with the MLE (Harris 1989; Fushiki et al. 2004; 2005). Fushiki et al. (2004,
2005) investigated the relationship between the bootstrap predictive distribution and the
Bayesian predictive distribution and evaluated the predictive performance.

In this paper, we investigate the bootstrap prediction under misspecified models. In
Section 2 the predictive performance of the Bayesian predictive distribution and that of the
bootstrap predictive distribution are compared. We show that the bootstrap predictive
distribution asymptotically provides better prediction than the Bayesian predictive
distribution. In Section 3 some examples are given; in particular, a regression problem is
considered. Section 4 is a concluding discussion.
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2. Bootstrap prediction under misspecified models

The bootstrap predictive distribution (Fushiki ez al. 2005) is defined by
P*(XNH; XN) = Ei?{p(xN-H; é;\k/lLE)} = JP(XN-H; éMLE(X*N))ﬁ(x*N)dx*Na (1)

where p is the empirical distribution p(x) = (1/N )Z, 10(x — x;) and the bootstrap estimator
GMLE = Oure(x*V) is the MLE based on a bootstrap sample x* V. This predictive distribution
is obtained by applying the bagging method to the plug-in distribution with the MLE. We
investigate the bootstrap prediction under misspecified models.

This paper adopts the tensor notation. A partial derivative with respect to parameter 6¢ is
written as d,. Einstein’s summation convention is used: if an index appears twice in any
one term, once as an upper and once as a lower index, summation over the index is
implied. For example,

dp(x; 0)

S Daplx; 0) = Zf“ 2o

(see also Amari and Nagaoka 2000; McCullagh 1987).
The following theorem provides an asymptotic expansion of the bootstrap predictive
distribution.

Theorem 1. The bootstrap predictive distribution is asymptotically expanded as

R 1 R R . R
P vgrs xV) = plxygrs Oue) + N B (OniLe) € ea(OnLe) ™ (Onie) DO p(xn115 OuiE)

3y BB pCov 15 Oue) + 0, (N,
where
gab(0) = Eq{0, log p(x; 0)0y log p(x; 0)},
han(80) = Eg{—0,0 log p(x; 0)},

k5(0) = h*(0)h“(O)Tpe.a(6) + % h(O)h*(6)h” (6)2er (0)K ea(6),

Lap.e(0) = Eg{040) log p(x; 6)0. log p(x; 6)},

Kape(0) = Eg{—0,050, log p(x; 0)}
and (g°°(0)) and (h®(0)) are the inverse matrices of (gup(0)) and (hu(0)), respectively.
Proof. By Theorem 1 in Fushiki et al. (2005), which remains valid when the true distribution

does not belong to the assumed statistical model, the bootstrap predictive distribution is
asymptotically expanded as
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. 1 N .
P*Cenets xV) = plenn; Omie) Jrﬁ ky “(OwiLe)0a p(xns1; OuiLe)

1 A A
+ ﬁEN’ab(OMLE)auabP(XNH; Oumre) + Op(N72),

with V% and %év *“ as defined in Fushiki et al. (2005). Since
5Y(Oue) = h(Ore) gea(OuLe) ™ (Ovie) + Op(N~'72)
and
B Bue) = k5(Bwie) + Op(N 1),
the theorem is obtained. O

The risk of the bootstrap predictive distribution is evaluated as follows. Let 6, be the
closest parameter to the true distribution in the following sense:

O = arg;nin{D(Q('), p(; )}

We assume that such 6, exists uniquely in ©. In the following, we also assume that
E{op(N’l)} = o(N~"). The difference between the risk of the bootstrap predictive
distribution and that of the plug-in distribution with the MLE is

E v {D((), p(; Oure(x™ )} — Ev{D(g(), p*(; x¥))}

pr(engr; xN)

- dxy 1de
Pxni1; Omee(xN)) ’

= g™ [ atevi o

PF vt V) — paers Oure(x™))

pevis; Oue(x))

= Jq(xN)Jq(xN+1) dxyydx™ +o(N 7

1 04,0y p(xn+1; O0)
= — h*(600)gea(00) h* (6 J ZaTbPEANTL 207 gy
N (60) gca(B0) ™ (00) | g(xn+1) DCinr: o) Nt
1 O0ap(xn+1; O0) i
4+ — k56, J X ——  —~ dx +o(N ), 2
N 5(60) [ g(xn+1) DCiner: B0 N (N7 2

where we use the well-known fact that Oy converges to 6 in probability (White 1982).
From the definition of 6y,

Jq(x)aa log p(x: fo)dx 0.

Then, the second term of (2) is 0. Using the relation
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940 p(x; 6)

0 6) gy = jq(x)aa log p(x; )3 log p(x; O)dx + Jq(x)aaab log p(x; O)dx
p(x; 0)

[
= gap(0) — hap(6),
we can obtain the following theorem.
Theorem 2. The risk of the bootstrap predictive distribution is asymptotically expanded as
Ex{D(q(), p*(; x"N} = Exn{D(g(), p(; Ows(x™))}
- % {h““(00)gca(00)h™ (00) gan(00) — h*™*(60) ga(00)} + o(N ).

According to Shimodaira (2000), the risk of the Bayesian predictive distribution is given
by

- 1
Eo{D(g(), pa([x™)} = Ex{D((), p(; Oue(x™)))} — N {h*(00)gar(00) — m}
+o(N7h,
where m = dim(0).

Using the matrices G(0) = (gu(0)) and H(0) = (h.(0)), the above results can be written
as

Eo{ D), pal1x™)} = B {D(4(), p(; Oup(x™))}
1
N {tr[G(Bo) H™(00)] — m} + o(N "),
Eo{D(g(), p*(: 2N} = B {D(4(), p(; Oure(x™))}
1
N {tr[G(60) H " (80)G(60) H ™ (60)] — tr[G(60) H " (60)] }
+o(N 1.
Since H(6y) is the Hessian matrix of D(g(-), p(-; 0)) at 0y, it is a symmetric positive definite
matrix. We assume that G(6p) is also positive definite. Since H(6)) is positive definite, it can
be written as UDUT, where U is an orthogonal matrix, D = diag{dy, ..., d,}, and
O1, ..., 0, are the eigenvalues of H(0p). If we define H'/?(6y) = UD'>UT, then H(6y)
= H'/>(60)H'/*(6y) and t[G(60)H ' (60)] = ti[H"/*(00)G(60) H'/*(6)]. Let A, ..., Ay

be the eigenvalues of H~'/2(6)G(60)H '/*(6y); then A, ..., A, are real and positive
because H~/2(6y)G(0y) H /%(6y) is a symmetric positive definite matrix. Since
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Eor {D(4(), pa(-[x" )} = Ev{D(g(), p* (5 x™))}
— 5 (H1GO) H OGO 00)] ~ {60 H (601}
_ % {tr[G(B0) H™(00)] — m} + o(N")

= o {20 G O H00)P) — 2L B Gl H O] +

2N

+ o(N7h
_ L . 2 . -1
= v (A7 =24+ 1) +o(N7)
= LN = DoV

2N &= ’

i=1

we can obtain the following theorem.

Theorem 3. The bootstrap predictive distribution asymptotically provides better prediction
than the Bayesian predictive distribution when G(60y) # H(6y).

3. Examples

Example 1 Normal distribution with mean parameter. On the true distribution ¢(x), let
ur = Eg(x), otz = var,(x).
We consider a statistical model N(u, 02), where oy, is given. Then,

Mo = argyin{D(q(-), (W)}

= Ut
and

o? 1
G(ﬂo)zafw H(ﬂo):oﬁ-
m

m

The difference between the risk of the bootstrap predictive distribution and that of the
Bayesian predictive distribution is

1 -1 2 -1 1 (o} ’ -1
ﬁ{G(ﬂo)H (o) = 1} +o(N )ZW(E”) +o(N7).

Figure 1 shows the results of numerical experiments when the true distribution is N(u, 02).
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Figure 1. Difference between the risk of the bootstrap predictive distribution and that of the Bayesian
predictive distribution. The true distribution is N(0, 0?) and the assumed model is N(u, 1) One
thousand bootstrap samples are used to calculate the bootstrap predictive distribution. The loss
function is calculated by numerical integration and the expectation of the loss is calculated by 10000

Monte Carlo iterations. (a) o = 0.5, (b) oy = 1.5.

The uniform prior on u is used to calculate the Bayesian predictive distribution. It is known
that the Bayesian predictive distribution with the uniform prior dominates the plug-in
distribution with the MLE when this assumed normal model is true. Although the uniform
prior is improper, the Bayesian predictive distribution with the uniform prior is admissible
and natural from the viewpoint of invariance. However, as shown in Figure 1, the bootstrap
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predictive distribution is more effective than the Bayesian predictive distribution under the
misspecified model.

Example 2 Gamma distribution. Let

. _ A r—1 _
p(xs /1) - r(r)x exp( /,Lx)a
where r is fixed. Then,
-
Ao = argmin{ D(q(-), p(:; 1))} =
0 = argt {D(q(). p(; )} E,()
and
Gld) = vary(x),  Hido) = 5.
0

The difference between the risk of the bootstrap predictive distribution and that of the
Bayesian predictive distribution is

rvarg(x)

2
W 1} +0(N_1).
q

1 2 1
—{G(o)H '(A0) — 1 Ny=—
2N{ (Ao)H '(Ao) — 1} +o(N ™) ZN{
Figure 2 shows the results of numerical experiments when the true distribution is a lognormal
distribution. In Figure 2, the Jeffreys prior mm(A) oc A~! is used to calculate the Bayesian
predictive distribution.

3.1. Conditional prediction

We now turn to a prediction problem in the conditional setting. This setting includes
regression and classification where bagging is mainly used. Let z = (x, y), where y is a
response variable and x is a covariate. We consider the problem of predicting yy.; given
xyy1 based on data zV = {(x;, y1), ..., (xy, yy)}. The true distribution is ¢(x, y)
= ¢g(¥|x)q(x), and a conditional model {p(y|x; 6)} is assumed. The loss function of a
predictive distribution p(yy.1lxyi1; zV) is given by

q(yns1 |XN+1)
(IN41lxn415 2Y)

JQ(XN+1)JQ(J’N+1 |xn1)log 7 dyni1dxyr-

The risk function is

g(Yn+1]xn41)

[0 [t [t ctog W dyvdiyad. Q)
Pns|xnr; V)
The conditional bootstrap predictive distribution is defined by
POt lxvens 2Y) = Ep{ p(rvei [xns; O3p)}- “4)

Here, 03 does not depend on p(x), which is a statistical model of x. Then, the conditional
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Figure 2. Difference between the risk of the bootstrap predictive distribution and that of the Bayesian
predictive distribution. The true distribution is g(x) = 1/(y/2mo?x) exp[—{log(x) — u}*/(202)] and
the assumed model is p(x; A) = A%xexp (—Ax). One thousand bootstrap samples are used to calculate
the bootstrap predictive distribution. The loss function is calculated by numerical integration and the
expectation of the loss is calculated by 10000 Monte Carlo iterations. (a) (u, oy) = (0.5, 0.3), (b)

(e, 0¢) = (0.3, 0.5).

bootstrap predictive distribution does not depend on p(x). The Bayesian predictive

distribution

P(yvilxnir, 2V) = JP(J’NH [xy1; O)(6]z"V)do
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also does not depend on p(x) because the posterior
m(0z") oc p(yN x5 O)(9).
does not depend on p(x). Then the results in the previous section remain valid in the
conditional setting.
Example 3 Linear regression. On the true distribution g(x, y), let
u(x) =B (Y|X = x), 0%(x) = E,{(Y — E,[Y|X = x])*|X = x}.

We consider a statistical model

y=ax+e, e~ N(O, 05),
where o} is given and a is the only parameter. Then

ap = argmin (qu(y, x)log 901x) d dx) - Eq{xu(0}

p(ylx; a) Eq(x?)
and
2 2 2.2 3 2.4 Eq(xz)
G(ap) = Eq{x"u(x)” 4+ x0°(x) — 2aox’ u(x) + azx"}, H(ag) = o
0

In particular, when x ~ U(0, 1) and y|x ~ N(x%, 0}), the difference between the risk of the
bootstrap predictive distribution and that of the Bayesian predictive distribution is
9(a — D*5a + 8)?
50(a + 2)*(a + 4)*(2a + 3)*a ¢ N

+o(N7M.

The results of numerical experiments are shown in Figure 3.

4. Discussion

We have considered the predictive performance of the bootstrap prediction under
misspecified models.

When the true distribution belongs to an assumed model, the Bayesian predictive
distribution with an appropriate prior dominates the plug-in distribution and is considered as
an optimal predictive distribution in some sense (Aitchison 1975). The bootstrap predictive
distribution can be considered to be an approximation to the Bayesian predictive distribution
and asymptotically dominates the plug-in distribution with the MLE (Fushiki ef al. 2004;
2005).

However, when the assumed model does not include the true distribution, it was shown
that the bootstrap predictive distribution is asymptotically more effective than the Bayesian
predictive distribution. This result can be understood in the following way. Each bootstrap
estimator is obtained based on a random sample from the empirical distribution which is
close to the true distribution, and then the variance of the bootstrap estimator is
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Figure 3. Difference between the risk of the bootstrap predictive distribution and that of the Bayesian
predictive distribution. The true structure is y = x* + ¢, e ~ N(0, 0.01), x ~ U(0, 1), and the assumed
model is y=ax+e¢, e ~ N(0,0.01). The uniform prior on a is used to calculate the Bayesian
predictive distribution. One thousand bootstrap samples are used to calculate the bootstrap predictive
distribution. To calculate the risk function, 100000 Monte Carlo samples are used. (a) a = 0.5, (b)

a=1.5.

asymptotically the variance of the MLE in misspecified models and contains information on
misspecification. On the other hand, the asymptotic variance of the posterior distribution
does not have enough information on misspecification because the posterior distribution

a(O|xV)(x p(xV; 0)m(6)) strongly depends on the assumed statistical model.
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The asymptotic risk of the Bayesian predictive distribution in Shimodaira (2000) is valid
when log () is not too large. When there is strong prior information, logs(0) becomes
large. In such a case, the Bayesian prediction is quite different from the plug-in prediction
and sometimes works very well. We think that the bootstrap predictive distribution is more
effective than the Bayesian predictive distribution if there is no strong prior information and
the correctness of the assumed model is suspected. When model misspecification is large,
the difference between the risk of the bootstrap predictive distribution and that of the
Bayesian predictive distribution is not important. However, in real problems, such a model
will not be used, and a more appropriate model will be explored. We think that the result in
this paper is meaningful in realistic situations where the assumed model is misspecified
‘moderately’, but we have not confirmed the effectiveness of the results in real problems.
This will be the subject of future work. In Section 3, we analysed the risk difference by
means of numerical experiments. Low-dimensional models were used to confirm the theory.
In high-dimensional models such as are needed for real problems, the difference is
considered to be much larger.
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