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ABSTRACT: We propose a systematic approach to computing the BPS spectrum of any
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theory descriptions or geometric descriptions, based on the Nakajima-Yoshioka’s blowup
equations. We provide a significant generalization of the blowup equation approach in terms
of both properly quantized magnetic fluxes on the blowup C? and the effective prepotential
for 5d/6d field theories on the Omega background which is uniquely determined by the
Chern-Simons couplings on their Coulomb branches. We employ our method to compute
BPS spectra of all rank-1 and rank-2 5d Kaluza-Klein (KK) theories descending from 6d
N = (1,0) superconformal field theories (SCFTs) compactified on a circle with/without
twist. We also discuss various 5d SCFTs and KK theories of higher ranks, which include a
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1 Introduction

Supersymmetric theories with eight supercharges in five and six dimensions are a very rich
subject that has been investigated over the past decades. Lots of recent progress in this sub-
ject have been made in the classification of 5d and 6d superconformal theories (SCFTs) [1-3]
and 6d little string theories (LSTs) [4]. Such classifications have been carried out based on
geometric properties of F-theory compactified on local elliptic Calabi-Yau (CY) three-folds.
Also, a large class of 5d SCFTs has been classified using gauge theoretic constructions [5-7]
and M-theory compactified on local CY 3-folds [6, 8-19]. These higher dimensional theo-
ries turn out to exhibit several fascinating features of quantum field theories (QFTs) such
as the existence of tensionless strings, dualities, and symmetry enhancements. Moreover,
they have played a pivotal role in constructing and studying lower dimensional QFTs via
compactifications.

Supersymmetric partition functions have provided unexpectedly powerful methods for
exploring such features of higher dimensional field theories. Of particular interest are the
partition functions on R* x S! in 5d and R* x T? (or the elliptic genera) in 6d, which



are the Witten indices on the Q-deformed R* computing the number of the BPS states
weighted by their electric charges and angular momenta. Throughout the paper, we refer
to them as the BPS partition functions, though it may be an abuse of notation. Protected
by the supersymmetry, the BPS spectra encoded in the partition function can be used to
confirm non-trivial dualities and symmetry enhancements at various points on the moduli
space [20-31]. Also, the Seiberg-Witten prepotential in the Coulomb phase can be repro-
duced from the BPS partition function by taking the limit €1, €2 — 0 of two 2-deformation
parameters [32, 33]. In particular, other supersymmetric observables such as the super-
conformal index [34-37] and the S° partition function [38-43] can be factorized into a
product of several BPS partition functions under localization, which signifies importance
of the partition function on the Q-background as a building block for other observables
in 5d and 6d.

Various computational tools for the 5d and 6d BPS partition functions have been
developed. First, the partition function on the Q-background for 5d A/ = 1 gauge theories
is closely related to Nekrasov instanton partition function counting the BPS bound states
of instantons with other charged particles on the Coulomb branch of the moduli space. The
Nekrasov instanton partition functions for gauge theories with the classical gauge groups are
computed through localization based on the ADHM constructions of the instanton moduli
space [32, 33, 44]. (See also [45-48] for various generalizations). The ADHM constructions
have also been used to compute the elliptic genera of the self-dual strings in 6d SCFTs (in
the tensor branch) [49-52]. Even though the ADHM method is systematic and applicable
for many 5d and 6d gauge theories with classical gauge groups, ADHM construction for the
exceptional gauge groups is however still missing.! Moreover, the ADHM method is not
applicable when a gauge theory of classical group is coupled to a large number of matter
fields in generic representations. Hence, there are still challenges and difficulties in the
ADHM method when computing the BPS partition functions for other more generic gauge
theories in 5d and in 6d.

Topological vertex method [54-56]2 provides yet another systematic way of computing
the BPS partition functions when the 5d/6d theories are realized by Type IIB 5-brane
webs that are toric or toric-like [62, 63|, by which we mean those 5-brane webs which
can be constructed from toric 5-brane webs through Higgsing procedures [21]. Topological
vertex has been further developed so that it is also applicable for 5-brane webs with O5-
planes [64, 65] or ON-planes [66, 67]. Though fairly many 5-brane webs are known or
discovered for 5d theories and for 6d theories on a circle [68-78], there still remain challenges
when the number of hypermultiplets is large or the Chern-Simons (CS) level is high. For
instance, 5-brane webs for the 5d SU(3)s and SU(4)s gauge theories are unknown, and
5-brane web realizations for gauge theories of exceptional groups are still far from clear
except for Gy gauge theories [78, 79].

In [80], Nakajima-Yoshioka formulated the so-called blowup equations to compute the
Nekrasov instanton partition functions for four-dimensional N = 2 SU(N) gauge theories.

The ADHM-like construction for the moduli space of instantons in the Gs gauge theory with funda-
mental matters was proposed in [30, 53].
2See also the Ding-Tohara-Miki (DIM) algebra [57, 58] and its relation to topological vertex [59-61].



The K-theoretic blowup equations were established soon in [81, 82] for five-dimensional
N =1 SU(N) gauge theories. This blowup equation approach has been further general-
ized to compute the instanton partition functions for other simple gauge groups including
exceptional gauge groups in 5d in [83, 84]. Moreover, a geometric generalization of the
blowup equation approach was formulated for certain local Calabi-Yau 3-folds [85, 86].
This geometric formulation has been extensively studied recently for computing refined
BPS invariants of various 5d SCFTs and elliptic genera of 6d SCFTs admitting geometric
constructions in M-/F-theory on local (toric or elliptic) CY 3-folds [85-90].

Despite the fact that the blowup method is a very powerful tool for computing BPS
spectra of a broad class of 5d/6d SCFTs even beyond the scope of other computational
methods, there is as yet no complete formulation of the blowup equations that can be appli-
cable for all supersymmetric theories in five and six dimensions. For example, though the
blowup equations obtained in [84] cover a large set of 5d gauge theories with simple gauge
group including some theories whose ADHM descriptions are not known, it still requires
further studies for plenty of other interesting theories such as 5d quiver gauge theories,
5d theories with half-hypermultiplets, and 5d Kaluza-Klein (KK) theories arising from 6d
SCFTs compactified on a circle with outer-automorphism twists. In particular, there ex-
ist some 5d/6d gauge theories, for instance, the 5d SU(3)s gauge theory, that currently
have neither ADHM constructions nor shrinkable geometric descriptions nor associated 5-
brane webs, so that all the computational methods introduced above including the blowup
method cannot be used to compute their BPS partition functions.

The main aim of this paper is to devise a complete blowup formalism that enables one to
compute BPS spectra of all supersymmetric field theories having UV completions in five or
six dimensions. In this paper, we will generalize the Nakajima-Yoshioka’s blowup equations
in [80] to arbitrary 5d/6d gauge theories (including quiver gauge theories and twisted circle
compactifications of 6d theories) with matter fields in arbitrary representations, and also
extend the work of [85, 86] for a geometric application of the blowup equations to any
local Calabi-Yau 3-folds (including elliptic and non-toric ones) based on novel geometric
constructions of 5d SCFTs/KK theories introduced in [11, 17].

The blowup equation is a functional equation identifying two partition functions on
different backgrounds, one is the -deformed C? and another one is the one point blow-up
€2 of the C?, that are related to each other by a smooth blow-up or blow-down transition.
Each 5d/6d field theory can have a number of blowup equations depending on background
magnetic fluxes residing on the blown-up P! in C2. As we will discuss in section 3, such
blowup equations can be solved recursively by expanding them in terms of Kéhler param-
eters of the theory.

The main input in our recursion process is the effective prepotential £ of a given 5d/6d
SQFT evaluated on the Q-background. The effective prepotential, as we will illustrate more
precisely in section 2, is fully determined by effective cubic and mixed Chern-Simons terms
in the low energy theory on the Coulomb branch which can be systematically calculated by
computing the induced Chern-Simons terms after integrating out charged fermions [91, 92]
(and also by collecting classical Green-Schwarz contributions for a 6d theory on a circle
with/without a twist [17]). See [93-96] for the geometric counterparts of the effective



Chern-Simons terms. Therefore, the effective prepotential, which is one of the main ingre-
dients for our blowup formula, can be systematically computed for every 5d/6d field theory
having a UV completion. Here we assume that every UV finite 5d/6d theory either has a
gauge theory description in 5d or in 6d on a circle with/without twist, or has a geometric
description as a local (elliptic) Calabi-Yau 3-fold, or can be obtained by RG-flows thereof.

By seeding the effective prepotential as well as a consistent choice of background mag-
netic fluxes on the blown-up P! into the blowup equations, we can bootstrap the spectrum
of charged BPS states in a given 5d/6d theory. Since the effective prepotential can be easily
prepared for any arbitrary 5d/6d field theory, we now make a bold conjecture that we can
compute BPS spectra of all 5d/6d field theories by employing our bootstrap method to
formulate and solve blowup equations in those theories.

As concrete examples for our conjecture, we will apply our method to all rank-1 and
rank-2 5d supersymmetric field theories including also KK theories to obtain their BPS
spectra explicitly. This will involve the SU(3);5/2 + 1F theory (dual to the N' = 2 G
gauge theory), the SU(3)s theory, and new rank-1 and rank-2 5d SCFTs, which we call
the local P? 4+ 1Adj and the local P? UF3 + 1Sym, obtained by mass deformations of the
5d N = 2 Sp(N), gauge theories with N = 1,2 respectively first introduced in [97]. We
emphasize that the partition functions of these theories cannot be obtained by other means
since they have none of ADHM constructions, conventional geometric constructions, and
also brane webs (but we will introduce brane webs for the new rank-1 and rank-2 theories
in this paper).

We will also compute BPS spectra of some higher rank theories. In particular, we will
show that the blowup equations for the SU(5)g theory can be solved. The result shows that
this theory may have no physical Coulomb branch and thus be inconsistent in UV limit.
This theory was ‘undetermined’ to exist in [98] because its existence was neither confirmed
nor ruled out with currently known techniques. Our computation provides a supporting
evidence that the SU(5)g theory has no UV completion. In this sense, our bootstrap
approach can be used to confirm or disprove the existence of certain 5d and 6d QFTs.

The organization of the paper is as follows. In section 2, we review salient features
of 5d/6d supersymmetric gauge theories and their geometry engineering. In section 3, we
explain the blowup equation as a tool for bootstrapping BPS spectra of 5d/6d supersym-
metric theories, and discuss our main conjecture with instructive examples. Section 4 and
section H are devoted to cover all rank-1 and rank-2 5d theories including KK theories.
We also discuss some interesting higher rank theories, in section 6, including SU(4)g and
SU(5)s. We then conclude with some subtle issues. In appendix A, we further discuss
1-loop partition functions of 6d SCFTs on a circle with twists. In appendix B, some new
5-brane webs associated with frozen singularity are presented.

Notation. To avoid the cluttering of theories, we denote by G+ Ny r, the theory of gauge
group G with N, number of hypermultiplets in the representation r. Gauge group G can be
any classical groups, SU(N), SO(N), Sp(INV), and exceptional groups Ge, Fy, Fg, E7, Es as
well as a quiver gauge group. For hypermultiplets in the r representation of G, we use the
following shorthand notation: F for fundamental, bi-F for bi-fundamental, A™ for rank-n



antisymmetric, Sym for symmetric, Adj for adjoint, S for spinor, and C for conjugate
spinor. For example, SU(2) + 8F means SU(2) gauge theory with 8 hypermultiplets in
the fundamental representation. For the (2-deformation parameters €1, €3, we frequently
use €4 = % and the fugacities associated with them are denoted by p; = e~ and
p2 =e 2
7., respectively.

. We also denote the set of complex, real, rational, integer numbers by C, R, Q,

2 5d theories on (2-background

In this section, we review some basic properties of 5d N =1 QFTs that have UV comple-
tions.

2.1 Gauge theories and effective prepotential

A large class of 5d SQFTs admits mass deformations that lead to non-Abelian gauge theory
descriptions at low energy. Consider a 5d A/ = 1 gauge theory with a non-Abelian gauge
group GG. The theory consists of the vector multiplet ® for the gauge group G and charged
matter hypermultiplets. The vector multiplet contains a real scalar field ¢ as well as the
vector field A,. On the Coulomb branch of the moduli space, the scalar field ¢ gets the
expectation value in the Cartan subalgebra of the gauge group . This breaks the gauge
group to its Abelian subgroup U(1)", with r = rank(G). Then the low-energy theory is
described by an effective theory with the Abelian groups. The scalar expectation values
¢',i = 1,--- ,r for the Abelian gauge groups parameterize the Coulomb branch of the
moduli space.

The effective Abelian theory is characterized by a prepotential F(®) which is a cubic
polynomial in the Abelian vector multiplets ®! for both the dynamical gauge symmetry
and the non-dynamical flavor symmetry where the index I labels both the dynamical
and the background vector multiplets. The exact prepotential can be computed by 1-
loop calculations. For a general gauge group G and matter hypermultiplets in generic
representations, the cubic prepotential in terms of the scalar components is given by [6, 91]

F= Z(ma[{a a4 Z]k¢a¢a¢k> <Z|e o -3 Jw ¢+mf|> 2.1)

eeR f wEwy

where a runs over all non-Abelian subgroups G, C G. Here, m, = 1/g2 is the inverse
gauge couplings squared and k, is the classical Chern-Simons level, which is non-zero only
for G, = SU(N) with N > 3, for the group G,. Kj; = Tr(T'T}) is the Killing form of
Go and d, = lTrﬂ“{@@,Tg} with the generator 7} in the fundamental representation
of G4. R and wy are the roots and the weights for the f-th hypermultiplet with mass
my of G, respectively. The mass parameters m, and m; can be regarded as the scalar
components in the background vector multiplets for the topological symmetries and the
flavor symmetries rotating hypermultiplets respectively. We note from the prepotential
that the Coulomb branch is divided into distinct sub-chambers (or phases) distinguished
by the signs of masses inside absolute values in (2.1), and accordingly the prepotential
takes different values in the different sub-chambers.



The prepotential F determines the gauge kinetic terms in the effective action with the
gauge coupling

T = (9o )ij = 0:0;F (2.2)

which sets the metric on the Coulomb branch and the cubic Chern-Simons terms of the form
C

Scg = 227]:2(/141/\F‘]/\FK, Crixk = 01050k F, (2.3)

with the level C7jx quantized as Crjx € Z due to gauge invariance of the Abelian sym-
metries [91].

Other topological terms in the effective action are also important in our discussion later
on the blowup equations. First, the effective action contains the mixed gauge/gravitational
Chern-Simons terms of the form, [92, 94, 95]

1 .
Sgrav = _ZS/CFAZ /\pl(T) ) (24)

where p;(7T') is the first Pontryagin class of the tangent bundle on the 5d spacetime. Here
C¢ is the level for the mixed Chern-Simons term and it is quantized as C& € Z [96, 99].
The mixed Chern-Simons terms are induced at low energy by integrating out the charged

fermions. The induced level from the fermion 1-loop calculations is [92, 95]

cf =0 X le-dl - X fw-omyl). (25)

eeR f wwa

There also exists the mixed gauge/SU(2)r Chern-Simons terms of the form,
1 .
Sn=1 / CR A A es(R), (2.6)

where ca2(R) is the second Chern class of the SU(2)g R-symmetry bundle. Due to the
gauge invariance, the level Cft is quantized as Cff € 2Z. Note that the gauginos in the
vector multiplets are doublets, while the matter fermions are singlets under the SU(2)g
R-symmetry. Thus this term receives 1-loop contributions only from the charged gauginos
and therefore it is independent of the number of hypermultiplets. The mixed gauge/SU(2)r
Chern-Simons level induced from the gaugino 1-loop calculation is [100]

CF =203 le-ol. 27)
2 eeR
We remark here that, in the Dynkin basis where the rows of the Cartan matrix A;; for a
gauge group G are given by the simple roots, this level in the low-energy effective theory
is fixed to be Cff = 2 for all i’s.
In this paper, we are interested in the partition functions of 5d N = 1 theories on
Q-deformed R* x S'. This partition function is a Witten index counting BPS states in the
5d theory, which is defined as® [32]

Z(d,m;er, e2) = Tr [(_1)F€—5{Q,QT}€—€1(J1+JR)6—62(J2+JR)6—¢'H6—W‘H} ) (2.8)

3We can also define another Witten index as Z(qb, m;er, €2) = Z(p,m;€r, 62)|(—1)F~>(71)2JR by replacing
(=1 in Z by (=1)*/R. This index will be used later when a 5d theory is put on the blowup C2.



where Ji, Jy are the Cartan generators of the SO(4) Lorentz rotation and Jg is the Cartan
of the SU(2) g R-symmetry, and II and H are the gauge and the flavor charges respectively.
Q is a supercharge commuting with J; + Jg and Jy 4+ Jg, and QT is its conjugate. 3 is
the radius of S and e, ey are the Q-deformation parameters. We denote by ¢ and m
the chemical potentials for the gauge and the flavor symmetries, respectively. The index
computes the BPS spectrum annihilated by the supercharges @ and Qf. So the index is
independent of .

The index can be represented by a path integral of the 5d theory on the 2-background,
which can be evaluated using localization [35, 48, 101]. We will call this path integral
representation of the Witten index the partition function on the €2-background or just
BPS partition function.

We compute the path integral on a vacuum on the Coulomb branch specified by the
expectation values ¢, which are now complexified by combining the scalar vevs with the
gauge holonomies around S' at infinity of R*. The chemical potential ¢ in the above index
is identified with the complexified expectation value ¢ in the path integral. Similarly, we
identify the chemical potential m with the complexified background gauge field for a flavor
symmetry. In the following discussions, however, we shall take the chemical potentials ¢
and m to be pure real values.

In the localization, the BPS partition function receives perturbative and non-pertur-
bative instanton contributions which factorizes as

Z = Zpert * Linst - (2.9)

The perturbative partition function Zpe consists of the classical action contribution and
the 1-loop contribution. Actually, it depends on the boundary condition at infinity of
R*. We need to consider boundary conditions preserving two supercharges Q, Q! and
being compatible with the vacuum on the Coulomb branch. We shall choose the following
boundary condition at infinity: the vector multiplets associated with the positive roots of
gauge group G survives, and the chiral halves of hypermultiplets with positive masses, i.e.,
w- ¢ +mys > 0 survive. With this boundary condition, the perturbative partition function
can be written as

Zpert = Zclass * Zl—loop (2 10)

_ ¢ pp|__ 1tmp Ze_e¢+ (p1p2 ZZ o—lwotml |
(1=p)(1 —p2) F. (1 =p)(1 =p2) T &,

where p; o = e~ 2 and R denotes the positive roots for the gauge group, and PE means
the Plethystic exponential of a letter index f(u) with a chemical potential p defined as

PE [f(n)) = exp (3 - f(nn) ) (2.11)
n=1

n (2.10), & = £(p, m; €1, €2) in the prefactor is a combination of the classical contribu-
tion and the Casimir energy contribution coming from regularization of infinite products



in the 1-loop part. In fact, £ is effective prepotential, which includes the cubic and mixed
Chern-Simons terms (2.3), (2.4), (2.6), and their SUSY completions, evaluated on the
Q-background. We find, for the boundary condition we chose above,

E(p,mser,e2) =i (Scs + Sgrav + SR+ ) |dmyer e

1 L ciica, oy, LR ,io
= a6 FtgCidia+e)+ 0], (2.12)
where - - - denotes the SUSY completions of the Chern-Simons terms and e; = <952, The

first term F in the bracket is the cubic prepotential (2.1) on the Coulomb branch, and the
other two terms are the contributions from the mixed gauge/gravitational CS terms and
the mixed gauge/SU(2)r CS terms, respectively. This factor £ can also be considered as
an equivariant integral of effective Chern-Simons terms by making the replacements

p1(T) — —(6% + 6%) , c2(R) — ei , (2.13)

with the equivariant parameters €; 2 and ¢, m. A similar interpretation for the Casimir
energy of superconformal indices has been proposed in [102].

The instanton contribution Zj, is in general given by a power series expansion by the
instanton numbers k, for each non-Abelian gauge group factor. It can thus be written as

oo
Zinst = Z H(Jf“Z{ka}v (214)
kqe=0 a

where ¢, = ™™ is the instanton fugacity for the a-th gauge group, and Zy;,; denotes
the path integral over instanton moduli space with instanton numbers {k,}. When a
UV completion for the instanton moduli space is known, for example by using ADHM
construction (see [32, 33, 46, 103] for some early works), we can use it to compute the
instanton partition function Zy 1 by localization. However, unfortunately, such ADHM
constructions for general gauge group GG and matter representations are yet unknown.

Recently, there has been some progress on computation of the instanton partition func-
tions for more general gauge groups by using Nakajima-Yoshioka’s blowup equations [80].
See also [84, 86, 87] and the references therein. Still, this method is applicable only for
very limited cases. In this paper, we will propose a new and simple strategy to compute
the instanton partition functions for arbitrary gauge groups and matter representations
based on the blowup formula. We expect that our strategy can be applied to all the 5d
gauge theories that have UV completions as 5d SCFTs or 5d KK theories coming from 6d
N = (1,0) theories on a circle with/without twists.

2.2 Geometric engineering

Many examples of 5d N/ = 1 theories have been engineered in M-theory on local Calabi-
Yau threefolds [6, 8, 104]. In this subsection we review some basic features of M-theory
compactification on a smooth non-compact 3-fold X which gives rise to a 5d SCFT or a
6d SCFT on S! (possibly with twists) in a singular limit. See [11, 17] for more details.



A smooth 3-fold X can be locally described as a neighborhood of a collection of Kéhler
surfaces S;. A Kahler surface S; inside X is represented by either a local P? or a Hirzebruch
surface with blowups F? where n is the degree of the Hirzebruch surface and b is the number
of blowups. More explanation on the local P? and Hirzebruch surfaces can be found in
appendix A of [17].

The volumes of complex p-cycles in X are controlled by Kéhler deformations. There
are normalizable Kéhler deformations parameterized by dynamical Kédhler parameters ¢;
assigned for each compact surface .S;. The number r of independent compact surfaces is
the rank of the CY 3-fold X. Upon M-theory compactification, the Kéhler moduli space
of the dynamical parameters ¢;—1 ... , is identified with the Coulomb branch moduli in the
low-energy 5d theory, where r is the rank of the gauge group in the field theory.

There are also non-compact Kéhler deformations parameterized by non-dynamical
Kéhler parameters m;_1.... ,,, where rp = h%1(X)—r. These non-dynamical parameters are
identified with the mass parameters in the 5d theory. For a given basis S;, N; € HY1(X),
one can then express the Kéhler form J of X as a linear sum of the Kéahler parameters

hL1(X)

T TR
J = Z quDI:quiSi—i—ijNj, (2.15)
I=1 i=1 j=1
where Di—y .., = Si=1,.., and Di_,y .. pi(x) = Nj=1,..r are the divisors for the

compact and the non-compact 4-cycles inside X, respectively. In particular, the Kéahler
parameters ¢; for elementary surfaces S; in this geometric basis are directly mapped to the
Coulomb branch parameters ¢; in the Dynkin basis of the associated gauge group G. We
will only use the Dynkin basis for gauge groups in the following discussions.

The volumes of p-cycles in X are measured with respect to the Kéhler form J. The
total volume of the 3-fold X is

vol(X) = ;/Xﬂ. (2.16)

This is identified with the 5d cubic prepotential given in (2.1), i.e. F = vol(X). Therefore
the cubic Chern-Simons coefficients in the 5d theory are geometrically determined by the
triple intersections of divisors in X [91, 105-107] (See also [92, 94, 108])

C]JK:D[-DJ-DKE/D[/\DJ/\DK. (2.17)
X

The low-energy effective action in the 5d theory is also characterized by the coefficients
of the mixed Chern-Simons terms. The mixed gauge/gravitational Chern-Simons level for
a divisor S; is determined by its intersection with c(X) € H*(X,Z), the 2nd Chern-class
of the 3-fold X, as [92, 94, 96, 105, 106]

Cf =cy(X)-5; . (2.18)

For a local P? and a Hirzebruch surface F? with b blowups,

(X)-PP=—6, c(X)-FC =—4+42b. (2.19)



In addition, we propose that the level Cf of the mixed gauge/SU(2)z Chern-Simons
term is always
CcR=2, (2.20)

)

for all the basis surfaces S; represented by either a local P? or a Hirzebruch surface with
blowups, in a Calabi-Yau 3-fold. This is motivated by the field theory result in (2.7); the
level Cf is always 2 in the Dynkin basis of the gauge groups.

Therefore the cubic and the mixed Chern-Simons terms in the low-energy effective
field theory are fully expressed in terms of the topological data in the CY 3-fold X. The
effective prepotential £ in (2.12) for a 5d field theory can then be readily computed from
the associated 3-fold X. As we will see below, this effective prepotential £ together with
few more information about primitive 2-cycles in a CY 3-fold allows us to compute the
BPS partition function of the corresponding 5d theory by solving the blowup equations.

The BPS spectrum in the 5d SQFT involves electric particles and (dual) magnetic
strings charged under the gauge groups. In the M-theory compactification on X, these
states arise from M2-branes and M5-branes wrapping holomorphic curves and holomorphic
surfaces respectively. Their masses and tensions are determined by the volumes of the
corresponding p-cycles. The volume of a 2-cycle (or a curve) C'is

vol(C) =—-J-C, (2.21)
and the volume of a 4-cycle S; is given by

1
Vol(S)) = J - J - S; = OiF = 5/ NS . (2.22)
X

The Kéhler surfaces are glued to each other by identifying a pair (or multiple pairs)

of holomorphic curves at the intersections as
Ci; ~ Cj;, (2.23)
where O is a curve in 5; and CF is a curve in S; at the intersection of two adjacent

surfaces S; N Sj, and « labels a pair of gluing curves. In order to be consistent with the
Calabi-Yau structure of X, a pair of gluing curves should satisfy the condition

(C5)?+(C5)? =29 -2, (2.24)

where g is the genus of curve Cj; and C%;.

It is also possible that two curves in a single surface are glued together while satisfying
the Calabi-Yau condition (2.24). Such gluing is often called self-gluing [11]. A surface can
have multiple self-glued curves. With s self-gluings, the canonical class Kg of a surface S
changes to

S
Kg=Ks+) (zi+u), (2.25)
i=1

where (x;, ;) is i-th pair of self-glued curves.
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The volume of a 2-cycle can in fact be written in terms of its intersection with the
canonical classes K as

vol(C)=—J-C==> ¢D;-C==Y ¢1Kp -C. (2.26)
I I

Also, the genus ¢ of a curve C' in a surface S can be determined by the modified adjunction
formula [17, 98]:
S
C-(Ks+C)+> min(C-2;,C-y;) =292, (2.27)
i=1
where Kg is the original canonical divisor class of S.
We can now easily compute the triple intersection product S; - S; - Si, among three
surfaces in a 3-fold X. For three distinct surfaces, their intersection product is given by

S;i-8j-Sk=0C;-Cy, =Cj; - Cj, =Cy - Crj fori#j#k. (2.28)
The triple intersection product of two distinct surfaces is
Si-Si-Sj=K,-C;j fori#yj. (2.29)
Lastly, the triple intersection of a single surface S; is given by
SP =K[*. (2.30)

It is now straightforward to obtain the full effective prepotential £ on the Q-background
for the low-energy theory from a geometric construction.

2.3 6d SCFTs on S! with/without twists

Compactification of 6d SCEFTs on a circle with/without outer automorphism twists provides
concrete UV completions of a large class of 5d field theories. These 5d theories are often
called 5d Kaluza-Klein (KK) theories. The effective prepotential of such a 5d theory can
be easily obtained from the 6d classical action on the tensor branch and the action of outer
automorphism as well as matter content. The detailed procedure has been introduced
in [17]. We will now generalize this and propose full effective prepotentials for 5d KK
theories on the Q-background including the contributions from mixed gauge/gravitational
and gauge/SU(2)g Chern-Simons terms.

5d reductions without twist. Let us first consider the compactification of a 6d SCFT
without a twist on its tensor branch. We shall also consider a generic point on the Coulomb
branch of the resulting 5d theory where both tensor scalar fields and gauge holonomies are
turned on. The effective prepotential of the 5d theory can be written in terms of the
Chern-Simons coefficients which can be exactly calculable from the classical action of the
original 6d SCFT and 1-loop computations for charged fermions.

The 6d tree-level action on the tensor branch is given by

1
Stree = /_ZQO{BG(X N *Gﬂ - QaﬁBa A X4B ’ (231)
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and supersymmetric completions, where Q% is the negative-definite, symmetric bilinear
form of T tensor fields and G, is the gauge-invariant field strength for the 2-form tensor field
B,. The second term in (2.31) is the Green-Schwarz term with the 4-form X435 defined as

1 1
dGo = X4a,  Xia = —Zaapl(T) +3 Za: baa TrF2 + coca(R) (2.32)

where aq, bg o, co are fixed to cancel 1-loop gauge anomalies via the Green-Schwarz-Sagnotti
mechanism [109], the summation index a runs over all the gauge and the flavor groups, and
F, is the field strength for the a-th symmetry group. The circle reduction of the classical
action then gives rise to the following terms

Stree = /_ggaﬁFa A *FB - QaﬁAO@ A X4B ey (233)

where 7 = 1/R is the inverse radius of the 6d circle and F,, denotes the U(1),, field strength
for the gauge field Ag , obtained by reducing the tensor field B, on the circle.

In order to compute the matter contribution to the effective Chern-Simons terms,
we need to perform fermion 1-loop computations including Kaluza-Klein momentum
states [92, 94, 95]. The cubic Chern-Simons terms are captured by the 1-loop prepotential
which is given by

fl_loopzéz (Z ]m’—l—e.(z)‘i’*_z Z \nT+w.¢+mf]3) 7 (2.34)

neZ \ecR f wewy

where the sum for an integer n is performed over all KK charges n, R means collectively
the roots of the 6d gauge groups, wy is the weight and m; is the mass parameter for the
f-th hypermultiplet in 6d. ¢’s are the gauge holonomies that become the scalar fields in
the 5d vector multiplets. The infinite sums in the prepotential can be regularized using
the zeta function regularization. In the 5d limit where 7 > ¢;, my, the regularized cubic
prepotential is given by [92, 95]

Frtoar = 25 (z\e o= Y |w-q>+mf\3)

ecR f wewy

_2T4<Z 3> (w-p+my) ) : (2.35)

eeR f wewy

The first line comes from the zero KK momentum modes and the second line is the con-
tribution from the KK momentum states after the regularization. We omitted the terms
independent of the dynamical parameters ¢.

The mixed gauge/gravitational and gauge/SU(2)r Chern-Simons terms can be com-
puted in a similar manner. Note here that the contributions from the positive and the
negative KK momentum states cancel each other. So these Chern-Simons terms receive
the contribution only from the zero modes on a circle. Therefore, the coefficients for the
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mixed Chern-Simons terms are, respectively, [92, 95]

sz—ai(2|e-¢|—z > |w-¢>+mf|) :

ecR f wewy

CR = 181' > le-gl. (2.36)
2 eeR

Here, e and w run over all the zero modes of the vectors and the hypers, respectively, from
the 6d theory.

The effective action of a 5d KK theory on the Coulomb branch can be obtained by
collecting the above tree-level and the 1-loop Chern-Simons terms. On the Q-background,
the full effective action is then given by

gﬁd = i(Stree =+ Sl-loop + Sgrav + SR)’€1,2,¢7m77
1 1 . 1 ;
_ 1 <5tree +F1_1oop + 7CZG¢2(€% + 6%) + ClRQSZe?l-) , (237)
c16s 48 2
Eiree = Z‘Stree‘61,2,¢,mv7'

T a
— 297600050 ~ 0 0n0 (2 + &) +

b
;/B Ka,ij¢a,i¢a,j + Cﬁfi> )

where K, ;; is the Killing form for the a-th symmetry group G,. If G, is a gauge group,
then ¢, ; is the Coulomb branch parameter for it, otherwise, it is the mass parameter for the
flavor symmetry. Consequently, we can compute the effective prepotentials on the Coulomb
branch evaluated on the Q2-background directly from the knowledge of the 6d SCFTs.

As discussed in [17], when we compare this effective prepotential of the 5d KK theory
with geometry, in which b, g = d, 3 for gauge groups G,, we need to shift the Coulomb
branch parameters ¢, ; as

bayi = Payi — di Pap (2.38)

for all 1 < i < r, as well as for all «, where d is the dual Coxeter label for the gauge
group G. After this shift, the tensor parameter ¢, o becomes the Kahler parameter for
the affine node of the associated affine gauge algebra g,.

We claim that the function &g in (2.37) with the shift (2.38) is the full effective
prepotential on the Coulomb branch in the 5d reduction of the 6d SCFT without a twist.
This contains all the terms of the dynamical Coulomb branch parameters that do not
vanish on the Q-background.

As an example, consider the 6d minimal SU(3) gauge theory which consists of a tensor
multiplet (so o = 1) coupled to an SU(3) vector multiplet. The 1-loop anomalies are
cancelled by the Green-Schwarz-Sagnotti mechanism with the data

1
3 )
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. 2 2 2 2 3
§| A% | Ayl | Dy | B | DY

b| Co | Ci By | Fy | G

Table 1. Twisted affine Lie algebra g and invariant subalgebra b under outer automorphism. The
superscript () denotes order p = 2,3 of twist.

Thus, the effective prepotential on the Q-background before the shift (2.38) is given by

3 1 1
el =g 75+ 3¢0< - ﬁ(ﬁ% +e3) + S Kij¢id + 61)

1 T
+ 5 (801 + 863 —36102(61 + 62)) — [ Kijoio;
1
= 13 (@1+ D2)(el + 63) + (61 + do)el, (2.40)
where Kj; is the Killing form of the SU(3) group. To compare with its geometric construc-

tion, we first shift ¢y — ¢o + 7/6 and then perform the shift (2.38), ¢12 — ¢12 — ¢o. The
result is then

cre & = é(gmg + 370 + 8(h + ¢ + ¢3)
— 35 (d1 + ¢2) — 367 (do + ¢2) — 365(do + ¢1) — 6¢0¢1¢2)
— S0+ 0+ Ba)(E + )+ (Go+ 1+ )k (241)

This is in perfect agreement with the effective prepotential for the geometry for the minimal
SU(3) gauge theory that consists of three Fy surfaces glued along their —1 curves and one
non-compact surface with Kéhler parameter ‘—7’ glued to the [y surface for ¢g along the
base +1 curve as constructed in [9].

5d reductions with twist. When a 6d SCFT has a discrete global symmetry I', we can
compactify the theory on a circle with a discrete holonomy - for the background gauge field
of the symmetry I'. This is often called automorphism twist on I around the circle. Such
twists for 6d SCFTs are well described in section 3 of [17]. We will employ this prescription
to compute the effective prepotentials and the partition functions of 6d SCFTs compactified
on a circle with twists.

There are two kinds of discrete symmetries in 6d SCFTs. The first kind is the symmetry
arising from outer automorphism of gauge algebra g which permutes matter representations
of the gauge algebra. The second one is the symmetry from permutations of tensor fields.
A general discrete symmetry is generated by a combination of these two kinds of discrete
symmetries.

The twist of the first kind on a gauge algebra g splits representations of g into repre-
sentations of the invariant subalgebra b, listed in table 1, under the outer automorphism.
(If the twist does not act on a gauge algebra, then the invariant subalgebra is the same
as the original gauge algebra, i.e. h = g.) A 6d state in a representation of g is then
decomposed into several representations of the subalgebra h. The decomposed states will
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carry shifted KK momentum as n — n + r depending on their charge under the discrete
symmetry, where n € Z and r is a fractional KK charge. See appendix A for more details.

For example, a bd KK state from twisting a 6d state in the adjoint representation of
the original gauge algebra will carry the following charges [110]

A(ﬁg) : Adjof Ay — Adjo@F1/4@F3/4@A§/2@11/2 of Cp,
AD | Adjof Ayy — Adjy@ Al of Cp,

DY, : Adjof Dpyy — Adjo@Fyjy of By,

EY) . Adjof Es — Adjp@Fyj of Fy,

DY . Adjof Dy — Adjy®Fy3®Fyy3 of G, (2.42)
where Adj,, F,, and A? refer to the adjoint, fundamental, and 2nd rank antisymmetric
representation of subalgebra b, carrying shifted KK charge r for the KK state.

The second kind of discrete symmetries is generated by a permutation S acting on
tensor nodes as @ — S(«). The twist with S then identifies the tensor nodes « and S(«).
This brings the intersection form Q% into another matrix leﬁ " where o , 3’ parametrize
orbits of tensor nodes permuted by the action of S. The intersection matrix after the twist
is determined by

=> %, (2.43)
Bep’
where « is any node in a given orbit /. See [17] for more details.

Now consider a 5d KK theory obtained by a twisted compactification of a 6d SCFT.
The 5d gauge group and matter content as well as their KK charges are now fully fixed
by the action of the twists discussed above. Knowing this, we can compute the effective
prepotential for any twisted KK theory. The tree-level part Eiee after a certain twist is
given by

gtree = iStree | €1,2,0,m,T

T 1! b
= —§K§‘ Y par0dp .0 — G barg ( (e +€3) +

af Ka,ijbaiba; + Cﬁ'ei) :

Here Kg/ﬁ "= >acal BeB Q8 and f{a,ij is the Killing form for an invariant subalgebra b,
and a runs over the gauge and the flavor symmetry groups.

The cubic prepotential receives contributions from the KK momentum states. We
compute, in the parameter regime 7> ¢, my,

~ 1
]:1'10013:122( Z (n+7)T+e- ¢| Z Z |(n+r)7’+w-¢+mf|3)
neZ "~ ecdR, f wedw, ¢
1
— (TP -T ¥ ¢+mf|3) (244)
ecRo f wewqr
_2T4< > (6r(r—1)+1)(e = > (6r(r—1)+1)(w ¢+mf)2>.
e€BRy f wedw, ¢
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Here in the first line, the first term comes from the 6d vector multiplets decomposed into
@R, representations of invariant subalgebras ®,h,, and the second term corresponds to
the 6d hypermultiplets decomposed into ©w,. s representations of ®,h,. We used the zeta
function regularization in the second and third lines. Note that the cubic terms in the
Coulomb branch parameters ¢ receive contributions only from the zero KK momentum
states because the contributions from other higher KK towers are all cancelled each other.
Similarly, the mixed gauge/gravitational and the mixed gauge/SU(2)r Chern-Simons co-
efficients receive contributions only from zero KK momentum states. We compute

Co—-a S ledl-2 X lweorm),

e€Ro f wewgq ¢

CE = %ai > el (2.45)

eeRg

Then the effective prepotential on the 2-background for a 6d SCFT on a circle with
general outer automorphism twists is given by

gtwist = Z.(gtree + Sl-loop + ggrav + SR)|51,2,¢,m,T
— (Bt Frtomp + g COG(E + ) 4 5CRGE) . (2.0
€1€9 48 2
Again, we need to perform the shift in (2.38) for the Coulomb branch parameters when we
compare this 6d result with the effective prepotential of a geometric description or with
the effective prepotentials of other 5d dual gauge theories.

As an example, consider the 6d minimal SU(3) theory and its twisted compactifica-
tion. This theory has discrete Zy global symmetry acting on SU(3) representations. We
can therefore compactify this theory on a circle with twist of the Zo symmetry. The in-
variant subalgebra under the twist is h = su(2) and the KK states in the 5d theory take
representations of su(2). The vector multiplet of the su(3) algebra in 6d reduces to the
following combination of KK momentum states.

8 of su(3) — 30® 2,4 234 @ 1y9 of 5u(2) . (2.47)

From this together with the data (2.39), we can compute the tree-level and the loop con-
tributions to the effective prepotential as

= 3 1
Etree = §T¢g + 9o <3¢% — 1(6% + 6%) + 363_) ,

~ 4 5
Fl—loop = gqﬁ:{’ - Emﬁ, (248)

and the mixed Chern-Simons coefficients as

Cf=—4, CE=2. (2.49)
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Plugging all these terms into the formula (2.46), one obtains the effective prepotential for
the twisted minimal SU(3) SCFT as

3 1 4 5
s = 5708+ 00 (301 - (G + ) +38 ) + 36t - ordh
1

As this theory is dual to the 5d pure SU(3) gauge theory at the Chern-Simons level k =9,
we can compare the effective prepotential £ in (2.50) with that for the dual 5d theory.
For the comparison, we should shift the Coulomb branch parameters as ¢g — ¢g — %67
and consecutively as ¢1 — ¢1 — 2¢g + 7 as guided by (2.38). Then the shifted effective

prepotential £ becomes
r_ T2 2 1 3 3 2 2
e € = Z(6F — dod1 +07) + ¢ (803 + 80 + 240561 — 306047)

(Gl +d - )+a, (251)

up to terms independent of ¢;. The result is precisely the effective prepotential for the
T

pure SU(3)g theory with gauge coupling g% = Z.

3 Blowup equations

In this section, we review and generalize the Nakajima-Yoshioka’s blowup equations which
are the main tool for computing the BPS partition functions of 5d/6d SQFTs on C? x S*
(or C?xT?), and propose our main claim, which enables one to compute the BPS spectrum
of any SQFT. We also present some instructive examples for computing the partition
functions.

3.1 Blowup equation review

To obtain the partition function Z defined in (2.8), we first consider the partition function
Z on blowup @2, where the origin of the C? is replaced by a compact 2-cycle P'. The
C? can be parametrized by the projective coordinates (2o, z1,22) ~ (A 120, Az1, Az2) for
A € C\ {0}. The Lorentz generators .J; o act on the C2 by

(20,21, 22) — (20,€% 21, €% 29) (3.1)

with parameters €; o for the Cartans of the SO(4) rotations. There are now two fixed points
of the Lorentz rotations, the North pole and the South pole of the coordinates (0,1, 0) and
(0,0,1) respectively on the P!. Around these fixed points, the local coordinates are given as
(2021, 22/21) and (z1/ 22, 2z0%2), and thus their weights under J; 2 actions can be represented
as (e1,e2 —€1) and (€7 — €2, €2) at the North and South poles respectively.

By performing the localization the partition function will be given by a sum over
magnetic fluxes 7 on the P!, which is an 7-dimensional vector 7 = (nq,n2, - ,n,) € Q"
(running over the coweight lattices I'V of gauge algebras), for the maximal torus U(1)" of
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the gauge symmetry group G. In geometry, such magnetic flux sum is performed for each
compact 4-cycle. Also, background magnetic fluxes B for the Abelian subgroup U(1)"F of
global symmetries can be turned on, but we note that they are fixed and not summed over.
Quantization conditions for each set of magnetic fluxes (7, é) will be discussed shortly. In
this paper, a flux set (7, E) represents a set of all allowed dynamical magnetic flux vectors
77; and a fixed background flux vector B.

At each flux background labelled by 7 and B the partition function is localized at
two fixed points on the P! and the path integral near each fixed point reduces to that of
local Q-deformed C2? with shifted chemical potentials due to the magnetic fluxes. As a
consequence, the partition function Z can be written as [80-82]

A(mj;€1a€2)2(¢i7mjaBj§€1,€2) (3.2)
—Z NM(gi+nier, mj+Bjerser, ea—er) - 25 (¢i+niea, mj+ Bjeas e1— €2, €2)

where |7i| = >, n;. Here ZWN) and Z) are the partition function Z with shifted chemical
potentials evaluated near the North and South poles respectively. The shifts in the chemical
potentials ¢; and m; reflect the fact that magnetically charged states experience angular
momentum shifts under the flux background. The prefactor A(m;; e, e2) does not depend
on dynamical parameters ¢;, but depends only on mass parameters m; as well as €7 2.

Now we will smoothly blow down the P! at the origin. This is a smooth transition
bringing the blowup geometry C2 back to the flat C2 (with Q-deformation) without the
P! at the origin. The claim in [80] was that for certain theories, the partition function Z
after the blowdown procedure reduces to the usual BPS partition function Z on C2. In
particular, the final partition function is independent of the background fluxes B on the
P'. The reason for this is the following. The magnetic fluxes were supported on the P! at
the origin, but the P! has been blown down and disappeared. Then, nothing remains to
support these fluxes and moreover, there’s nowhere these fluxes can flow on the flat C2.
Therefore, we do not expect any remnant of the fluxes after the transition.

We would like to make a remark on a subtle point in the presence of magnetic fluxes
about the fermion number operator and some modifications of Z associated with it. Since
the partition function Z was defined with magnetic fluxes on C2, the angular momentum
for a state with electric charge e is shifted by e - n where n is the magnetic flux on P!
at the origin. Recall that the fermion number operator (—1)f" in the index in (2.8) can
be also defined as (—1)?/t. In the presence of the magnetic flux n, this should change
as (—1)t — (=1)2/1*en This is formally equivalent to the following replacement in
the index?

(—1)F = (~1), (3.3)
with the Cartan Jg of the SU(2)g charge. This indicates that the partition function Z
with magnetic fluxes on C2 is in fact defined with the operator (—1)2/% instead of (—1)F.
Moreover, since blowing down the P! is a smooth transition, this definition is still valid

4Similar replacements (—1)" — (—1)?/% in the superconformal index and in the holomorphic block for
3d SCFTs were discussed in [111, 112].
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even after the transition. Thus, the partition function (or the Witten index) in (3.2) before
and after the transition is defined with respect to the operator (—1)%/%.

One also finds that the replacement (3.3) can be implemented by a simple redefinition of
the angular momentum chemical potential as €; — €1 + 2mi. Therefore, after the transition

from C? to C2, the partition function in the equation (3.2) can be written as

Z(¢,m; €1, €2) = £ OMNR) T (d,mser, )

ZGV(¢,m; €1,€2) = Zgy (P, m; e + 2mi, €3) . (3.4)

Note that the prefactor £ in the first equation is the same as the prefactor before the
replacement of €; because the redefinition doesn’t affect the regularization factor in the
path integral computation. Here Zgy is the index part of the BPS partition function,
which is actually the refined Gopakumar-Vafa (GV) invariant [113, 114}, defined as

" TP 01/02) X5 (p1p2)
Zav(¢,mi€r, ) =PE | Y (—=1)?U0HINg fl/z 5 i;z o e—dm|
(p1 — D )(pQ — Do )

jl7j7‘7d
(3.5)
where d denotes the charge of a BPS state, m stands for the chemical potentials (or

Kéhler parameters) ¢, m, and N J‘i j, is the degeneracy of a single-particle BPS state with

spin (j, jr) and charge d, and XJSU(Q) is the SU(2) character of spin j. Also, j; = % and

gr = % For example, the GV-invariants for a hypermultiplet with K&hler parameter ¢

providing a BPS state with spin (0,0) are given by

Zhyper _ pp \/P1P2 e_¢] _ ﬁ 1
GV (1—=p1)(1—p2) o1 _pz1+1/2p32+1/26_¢ 5
h h o0 1
Zhyper _ yper(¢. €1 + 2mi, €9) = i : ) (3.6)
GV gv \9 ) Y RASYD
=0 1+ py /2 Peo

The equation (3.2) with the identification (3.4) is the celebrated blowup equation for
instanton partition functions on the 2-background introduced in [80-82]. See also [86] for
a geometric generalization of the blowup formula. The blowup equation with non-trivial
A is called a unity blowup equation. The prefactor A can also be trivial, i.e. A = 0, for
certain choices of fluxes, and the blowup equation in this case is called a vanishing blowup
equation [81, 86].

The purpose of this paper is to further generalize the above blowup formula such that
it can cover all the 5d supersymmetric theories which have consistent UV completions. In
addition, we will provide a systematic way to compute the BPS partition function Z for
any 5d supersymmetric theories using the blowup formula. More precisely, we propose the
following conjecture:

Conjecture. The partition function Z on the Q-background in (2.8) for any 5d N =1

field theory can be computed by solving the blowup equations (3.2) with (i) consistent
magnetic fluxes i and B, up to (ii) flop transitions.
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Based on this conjecture, we will present in this paper how to bootstrap BPS spectra
of 5d field theories by solving the blowup equations. The seeds for this bootstrapping are
the effective prepotential £ on the 2-background and a set (or multiple sets) of consistent
magnetic fluxes 77 and B. We have already introduced how to compute the effective prepo-
tential for every 5d field theory having either a gauge theory description in 5d or a 6d field
theory origin or a geometric realization in a local CY 3-fold. We will now discuss how to
choose consistent magnetic fluxes 7 and B, basically the points (i), (ii) in the conjecture.

3.1.1 Solving blowup equations

Let us explain how to compute the partition function Z using the blowup formula. We
first remark that the index part of the partition function Z of any 5d/6d SQFT must take
the form of the GV-invariant Zgy in (3.5). Now consider a power series expansion of the
GV-invariant with respect to the fugacities e~4™. The BPS states captured by the GV-
invariant satisfy the BPS mass formula |M| = d-m and at a generic point on the Coulomb
branch (with mass parameters for global symmetries turned on) they have positive masses

—dm 4 the

d - m > 0. Therefore the series expansion of Zgy in terms of the fugacities e
Coulomb branch is well-defined.
The blowup equation (3.2) can be expressed in terms of power series in the fugacities

and can be solved iteratively. Practically, we first recast the blowup equation as

A(my; e, €2) Zav (¢i,mys €1, €2) = Z(—l)|ﬁ|€_v(¢i’mj’ﬁ’§;el’€2)

—

n
5(N
x év)(¢z‘+nz'€1, m;+Bjer;er, e2—¢€1)

5 (S
2 (Gitnics, mj+ Bjesi e1—ea, €2) (3.7)
where

V(¢i,mj, i, Bye1, e2) = E(¢i, mjse1, €2) — EN) (i +nier, mj+ Bjers e1, €2 — €1)
— ES) (@i +niea, mj+Bjez; €1 — €2, €) . (3.8)

We expand both sides of the blowup equation (3.7) and then try to find an iterative solution
of ng.

Importantly, we can use the fact that the GV-invariant should take a special form
in (3.5). Also, spins of states at each order are bounded by the maximum spin (j;"**, j;"**)
?) with different spins are all orthogonal to

each other. Plugging the ansatz of the GV-invariant with a finite number of trial states for

in the series expansion, and the characters X]S-U

a given charge d into the blowup equation and expanding it, we can iteratively solve the
equations to evaluate multiplicities NV, ﬁ,jr of BPS states.

We conjecture that every 5d field theory enjoys enough number of independent blowup
equations, enabling one to compute full BPS spectrum. It appears that a generic 5d/6d
SQFT admits at least one unity blowup equation which suffices to determine all BPS
degeneracies as shown in [86]. For instance, all 5d and 6d gauge theories with only full hy-
permultiplets (without any unpaired half hypermultiplets) have a number of unity blowup
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equations. We expect that at least one of those unity equations in this case is formulated
with a set of consistent magnetic fluzes, whose definition will be given shortly, and thus the
solution to such unity equation will produce the correct BPS spectrum of the gauge theory.

There are some theories having only vanishing blowup equations, though. The 6d
theories involving unpaired half hypermultiplets on a circle with/without twists are such
theories® [90]. An analysis of small €; 2 expansion in [86] suggests that a single vanishing
blowup equation without other information may not be sufficient to determine all BPS
degeneracies. Nevertheless, we propose that those theories in fact have enough number
of vanishing blowup equations so that we can compute their BPS spectra by solving all
the vanishing equations together with other supplementary consistency conditions, like
the positivity of BPS degeneracies N¢

thj’!‘
dualities, and the KK tower structure of KK theories, etc. As a concrete example for this,

> 0, conformity to geometric realizations and

in section 3.2, we will show that a single vanishing blowup equation for the pure SU(2)y
gauge theories can be solved with the aid of additional consistency conditions so that BPS
spectra can be obtained, though the partition function for the SU(2)y theory can be also
obtained from unity blowup equations as well.

Though it seems trivial, the condition Nﬁm > 0 turns out to be quite powerful.
While solving the blowup equations, it usually happens that degeneracies of BPS states
captured in higher orders in the expansion are fixed by BPS degeneracies appearing in lower
orders. Accordingly, the non-negativity of degeneracies IV ﬁm > 0 for all the BPS states in
higher orders puts constraints on the possible lower order BPS degeneracies. When taking
into account higher expansion orders, one finds more and more additional constraints on
the lower order BPS degeneracies, which would strongly restrict the allowed lower order
degeneracies and hence the BPS degeneracies in a given order may be completely fixed at
a certain stage in the iteration procedure.’

Dualities and geometric realizations can also be useful for computation. When a theory
enjoys a geometric construction or dualities, we can extract from them yet another sup-
plementary information about the BPS states. In particular, when blowup equations have
more than one distinct solutions, one can use a geometric construction or dualities to pick
up the right solution for a given theory, which we will see with concrete examples below.

Consequently, we conjecture that one can compute BPS spectra of all 5d/6d field
theories using the blowup equations formulated from their geometric realizations or gauge
theory descriptions, or RG-flows thereof,” even for the cases equipped with only vanishing

50On the other hand, we note that 5d gauge theories with half hypermultiplets can have unity blowup
equations.

SFor example, the BPS spectrum of the 6d E7 gauge theory with a half hypermultiplet in the fun-
damental representation was computed in table 24 in [90] by solving vanishing blowup equations. Sev-
eral undetermined BPS degeneracies (denoted by symbol ‘?’) can actually be fixed by the condition
Ng,jr > 0. For instance, from the BPS spectrum given in table 24 in [90], we could fix many de-
generacies as 2(0,1) for 8 = (2,1,1,0,0,1,2,1,0), (0,1) for 8 = (2,0,1,0,0,1,2,1,0), (0,0) ® (0,1) for
8=1(1,0,1,0,0,1,2,1,0), 2(0,0) & (0,1) for 8 =(1,0,1,0,0,2,2,1,0), and etc. All other undetermined de-
generacies, but 8 = (0, 3,3,0,1,0,0,0,0), are strongly constrained and actually have only few possibilities.
It seems that some higher degree computations can fix all the lower order degeneracies in the table.

"We are assuming that every 5d field theory admitting a UV completion has either a geometric realization
or gauge theory descriptions in 5d or in 6d on a circle possibly with twists, or can be obtained by an RG-flow
from a UV complete theory.

— 21 —



blowup equations. A similar conjecture for refined BPS invariants of a local CY 3-fold was
given in [86]. We will provide evidences for our conjecture by explicitly solving the blowup
equations for all rank-2 theories and some interesting higher rank theories in sections 5
and 6.

3.1.2 Magnetic flux quantization

The magnetic fluxes on the P! in the blowup C? cannot be arbitrary. They should sat-
isfy suitable quantization conditions. Let us explain the quantization conditions for the
magnetic fluxes in three different perspectives: the geometric perspective, the 5d gauge
theoretic perspective, and the 6d gauge theoretic perspective.

Geometries. In geometry, the magnetic flux n; (or B;) can be turned on for each (non-
Jcompact divisor Dy in a 3-fold. The flux quantization depends on charges and spins
(J1, 3r) of wrapped M2-branes on holomorphic 2-cycles. Consider an M2-brane wrapping a
primitive curve C;. Here the primitive curve is a Mori cone generator and every holomorphic
2-cycle can be expressed as a linear combination of primitive curves C; as C' = ), p;C;
with non-negative integers p;. The curve C; can consistently couple to a magnetic flux F if
the following condition is satisfied [86]

F-C; is integral/half-integral when C? is even/odd, (3.9)

where C? is the self-intersection number of C;. The flux F is defined in geometry as
F=>io1nSi + X5, BjNj, where S;, N; € HYY(X) are the basis of the compact and
the non-compact surfaces inside a 3-fold X, respectively. The above condition (3.9) is
equivalent to the condition that the magnetic flux on a charged M2-brane state of spin
(J1, 4r) wrapping on C; satisfies

F-C; is integral/half-integral, when 2(j; + j,) is odd/even. (3.10)

This is because the spin of a curve C; is related to the self-intersection as 2(j;+ j.) = C?+1
mod 2. From this we claim that the flux F, or equivalently (7, 5), must be quantized such
that all the primitive curves C; in a 3-fold satisfy the condition (3.9). In general the
solution to this quantization condition is not unique. The proper choices of magnetic
fluxes associated to spectrum of unitary BPS states will be discussed below.

5d gauge theories. We can easily translate the above geometric quantization condition
to physical conditions in 5d gauge theories. W-bosons and hypermultiplet states in a 5d
gauge theory correspond to primitive curves with C? = 0 and C? = —1, respectively. The
charges of these elementary fields in the classical Lagrangian are all known. Based on
the classical information, we can first quantize the magnetic fluxes 7 and B coupled to
the elementary fields. The geometric quantization condition implies that the total fluxes
on the W-bosons of the gauge group should be integral and those on the perturbative
hypermultiplets should be half-integral. Namely,

1
n-e€Z, ﬁ‘wf+Bf€Z+§, (3.11)
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for all roots e, the weights wy associated with all hypermultiplets f, and the fluxes By for
flavor symmetries.

We will use the first condition of (3.11) to fix the quantization of fluxes 7, and use
the second condition to quantize the background fluxes Bf.8 Depending on the gauge
algebra, there are several possibilities of magnetic fluxes satisfying (3.11). Since a state in
a given representation is obtained by subtracting roots from its highest weight state, the
quantization of 7 - wy is the same for every wy in a fixed representation.

To find all possible quantizations for 7, it is convenient to introduce the fundamental
weight y; which is a dual basis of the coroots o of the gauge algebra.” Consider a lattice
A = ®Z p; and the corresponding root lattice A, which is a sublattice of A. The lattice
A contains not only root lattice but also all possible weight vectors. Thus, the number of
possible quantizations of 7 with 71 - e € Z is counted by the number of elements in A/A,.
This group is isomorphic to the center of simply connected Lie group corresponding to
gauge algebra [115, 116]:

A By Cp Dyoaa Dieven Fe Er Eg Fy Go

. 3.12
ZT+1 ZQ ZQ Z4 ZQXZQ Zg ZQ {1} {1} {1} ( )

More explicitly, for the gauge algebra of type Ay, the possible quantization for 7 is
given by

n; € Z+

) <1 < .
gt <i<o), (3.13)

where n; = 7 - u; and h is a fixed integer subject to 0 < h < £. For the gauge algebra of
type By, there are two quantizations,

n€Z (1<i<t-1), ngEZ—{—g, (3.14)
where h = 0, 1. For type Cy,
h
n; € Z+ 3 for i odd, n; € Z for i even, (3.15)

where h = 0,1. The set of the quantizations of types By and Cy has a Zs structure. For
type Dy with £ odd,

h
mez+ (i=1,3,---,0—3),
ni €7 (=24, ,0—2), (3.16)
h h—+2
ng_1€Z—|—Z, nEGZ_F%a

8There is one exception. A half hypermultiplet does not admit its mass parameter, so there is no
corresponding By. In this case, the second condition of (3.11) associated with the half-hyper further
constrains the quantization of 7.

9For a root « in Euclidean space E, the coroot a’¢®

is a map from F to R, defined to be (a",z) =
2(z,a)/(a, a), where (-,-) is an inner product in E. The fundamental weight p; is dual basis of oy, i.e.,
(e, ;) = 6;5. The general weight vector can be written as a linear combination of y;. For example, write
a simple root a; = Zk aijpy. Then <a;/,ozi> = a;j so that a;; is an element of the Cartan matrix. The
details can be found in many textbooks about Lie algebras, for example, [115] or [116].
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where h = 0,1,2,3. The set of the quantization for Dy ,qq hence has a Z4 structure. For
type Dy with £ even, there are four quantizations:

h h
nZ€Z+ 1;— 2 (7’:173776_3>7
n; €7 (i:2,4,~-',€—2), (3.17)
h h
2 2
where (hy, hg) € Zy X Zg. For type Eg,
h
(n17n27n37 Ny, n57n6) € ZG + 5(27 1,0,2,1, O) ) (3'18)
with h = 0,1, 2, which has a Zg structure. For type Er,
h
(711777,2,7‘&3, n4, n5,n6,n7) S z" + 5(0, 0,0,1,0,1, 1) , (3.19)

with h = 0,1, which has a Zy structure. The remaining exceptional algebras Fg, Fy and
G2 admit only canonical flur quantization defined as

1
ni €L, Byel+y. (3.20)

This canonical flux quantization holds for any gauge and flavor symmetry groups except for
the cases where the theory contains unpaired half hypermultiplets. Most of the examples
we will discuss below use the canonical flux quantization.

The quantization of fluxes B, for topological symmetries of gauge groups is more
involved because in general we do not know spins of instanton states. Let us first discuss
the quantization condition on B, when fluxes for the gauge group G, satisfy the canonical
flux quantization. In this case, a single instanton state carries a unit charge under U(1),
topological symmetry for the a-th gauge group. The charges of the instanton state under
other global symmetries can be computed by summing over contributions from the zero
modes of charged hypermultiplets on the instanton background. For a hypermultiplet in
a representation r of a gauge group G, the zero mode contribution to the flavor charge
of a l-instanton state on the Coulomb branch is given by its Dynkin index, i.e. Ty(r).
Therefore, it follows from (3.9) that the ground state of a single instanton for gauge group
G should induce a quantization condition

Bo—Y ByT.(ry) € Z or Z+1/2, (3.21)
f

depending on the spin of the state. This will quantize the flux B, provided that By’s
have already been quantized by (3.20). Here, we denote by f all hypermultiplets in the
representation ry of the gauge group G, collectively. Since the canonical gauge fluxes
n; bring about only integral shifts, the gauge fluxes do not affect the above quantization

condition.
When nf’s for a gauge group G, are not canonical, we can fix B, by requiring the
corresponding blowup equation to be solvable. We first expand the blowup equation in
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terms of the instanton fugacity e« for a gauge group G,, assuming that it is a unity
equation. The terms in the leading order in this expansion are given by a set of magnetic

flux vectors 7i that minimize
1

O,V = 5, 7)"

for all gauge groups, where V' is defined in (3.8). We call this set Min(7). Since the GV-
invariant Zgy starts with 1 in the fugacity expansion and the prefactor A is independent

N =

Kiininj, (3.22)

of the Coulomb branch parameters ¢;, the right-hand side in the blowup equation given
in (3.7) must start with terms independent of ¢;. This means that for a given B, there
must exist at least a magnetic flux vector @ € Min(7) such that

OpaV =0 at (i, B) for all i of G, . (3.23)

This condition then fixes the background flux B, when the gauge fluxes n{ are non-
canonical ones. We note that when the fluxes n{ are all canonical ones, this condition
is trivially satisfied since n¢ € Min(77) are all zero and V' is independent of ¢ when nf = 0.
On the other hand, a vanishing blowup equation can be solved if there exists at least
a pair of minimal flux vectors 7, n2 € Min(n) with |7;| — |7fi2| = 1, which is a necessary
condition for that two leading terms cancel each other in the expansion, satisfying

OgaV at (711, B) = 0gV at (iiz, B), (3.24)
for all ¢f.
The conditions (3.23) and (3.24) will then leave only a finite number of allowed fluxes
B, for the topological symmetry of GG, in the unity and vanishing blowup equations, re-
spectively, for non-canonical magnetic fluxes n;.

6d gauge theories with/without twists. Lastly, we will discuss the flux quantization
conditions for the 5d KK theories in terms of the associated 6d field theory data. Upon a
circle compactification, the 6d multiplets reduce to 5d vector multiplets and hypermultiplets
taking representations of the 6d gauge algebra g, or the invariant subalgebra h when g is
twisted. In the 5d reduction of a 6d gauge theory, the magnetic fluxes for the gauge group
and those for the flavor group acting on 5d gauge and matter fields satisfy the quantization
condition in (3.11). Also, the magnetic flux B, of the KK U(1) symmetry should be an
integer because all KK states from a single 6d state should have the same (half-)integrality
of fluxes. So it is natural to fix

B.=0. (3.25)

We then need to determine the quantization conditions on the tensor fluxes n, (or

Nno when the a-th tensor node is twisted) for tensor symmetries. Self-dual strings are

charged under the tensor symmetries. Their tensor charges are determined by the classical

Green-Schwarz terms evaluated on self-dual string backgrounds. The ground state of a

single string associated to the §’-th (or S-th without twist) tensor field carries charges for
the o/-th tensor symmetry as

$ b (3.26)
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when the string is an instantonic string of the a-th gauge group. If the 3’-th tensor supports
no gauge algebra, then b, g = 1.

Let us first consider the cases where magnetic fluxes for a gauge group G, coupled to
the o/-th tensor fields, so when b, o # 0, satisfy the canonical flux quantization condition
in (3.20). The flavor and the KK charges for a single string can be computed by counting
the zero mode contributions from KK states on the string background, which is the same
computation we did above for instanton states in 5d gauge theories. Collecting all the zero
mode contributions, we claim that the tensor flux, which we denote by n, = Ry + Bw
with f, € Z, should satisfy the following quantization condition: given the spin (ji, j,) of
the ground state,

o' B’ 1
O Barboy+3 By, Ta(rs) = g Brd_ (6r(r—1)+1) (Ta(Ry) =" Tu(wry))
fo T !
{Z for 2(j; + jr) odd,

3.27
7+ % for 2(j; + j») even . (3:27)

This is essentially the quantization condition for B,s. Here, fo runs over hypermultiplets
with KK-charge 0, and r runs over all fractional KK-charge shifts including » = 0. R, and
w,. r denote representations of the vector multiplets and the hypermultiplets with fractional
shift r of KK charges, respectively. Note that since gauge and tensor charges of the ground
state on a self-dual string are quantized to be integers and the associated fluxes n, and 7/
are all integers as well, they have no effect on this quantization condition.

Now consider non-canonical magnetic fluxes for a gauge group G,. Let us first expand
the blowup equation in terms of the fugacities e~%»’ of tensor symmetries. The leading
power of these fugacities in this expansion is determined by the minimum of

0V = 07 by ey (3.28)

This is non-zero with non-integral gauge fluxes n{. This means that when gauge fluxes
n¢ do not satisfy the canonical flux quantization condition for any Gy, then the blowup
equation written in terms of a 6d field theory description is always a vanishing-type, i.e.
A=0.

As we discussed for 5d gauge theories above, the vanishing blowup equation can be
solved only if we can find at least a pair of minimal flux vectors 7i1,72 € Min(7) and
background fluxes B subject to the condition given in (3.24), where Min(7) is a set of
magnetic flux vectors minimizing (7, 7)® for all G, and B here involves the tensor fluxes
B, as well as other flavor fluxes. We can use this fact to fix the background magnetic
fluxes B, of tensor symmetries.

We remark that if a 6d gauge theory involves unpaired half hypermultiplets and thus
the background flavor flux acting on the hypermultiplet cannot be turned on, then we
cannot choose the canonical flux quantization (3.20) for the fluxes of the gauge group G,
coupled to the half hypermultiplet. Therefore, we have only vanishing blowup equations
in such cases, as discussed in [90].
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3.1.3 Consistent magnetic fluxes

The above quantization conditions are a necessary condition but not a sufficient one for the
BPS partition functions Z of a 5d theory to satisfy the blowup equation (3.2) with chosen
magnetic fluxes. Among the magnetic fluxes satisfying the quantization conditions, only
few of them can provide consistent blowup equations whose solution correctly produces
BPS spectrum of a 5d field theory. We call such magnetic fluxes leading to the consistent
blowup equations consistent magnetic flures. With a wrong set of fluxes, one would find
an inconsistent blowup equation: the blowup equation has no solution or the solution
to the blowup equation does not take the form of a GV-invariant, or the solution involves
unphysical states and thus differs from the desired BPS spectrum for a 5d theory. Therefore,
in order to correctly compute BPS spectrum using the blowup equations, it is crucial to
know how to choose proper consistent magnetic fluxes. We now present a set of criteria
for the consistent magnetic fluxes.

As discussed, all the BPS particles on the Coulomb branch must satisfy the BPS mass
formula. It is expressed as |M| = )", e;¢;, when we turned off mass parameters for global
symmetries in strong coupling limit near the UV fixed point. Here e; denotes the charge
of a state under the i-th U(1) gauge group. In geometry, these masses are identified with
the volumes of holomorphic 2-cycles for the BPS states as >, e;¢; = vol(C') measured with
respect to the normalizable Kéhler parameters ¢;. It then follows that the mass >°, e;¢; (or
vol(C')) must be non-negative on the Coulomb branch, i.e. >, e;¢; > 0 for all BPS states.
In fact, the Coulomb branch C is the space of the dynamical Kéhler moduli ¢; defined
as [7, 11]

C:{¢i7i:1,"'7re'¢EZei¢iZO}a (329)

with ¢; > 0 when all mass parameters for global symmetries are switched off. The Coulomb
branch C must exist for a UV finite 5d theory equipped with dynamical Kéahler parameters.
Otherwise, unitarity of the theory will be violated at some point on the Coulomb branch
and the theory cannot have a consistent UV completion.

The Coulomb branch C is a collection of sub-chambers C; that are connected by so-
called flop transitions. It is possible that a BPS hypermultiplet becomes massless M = 0
at the boundary between two sub-chambers. If then, two sub-chambers are connected by
a flop transition flipping the mass sign of the hypermultiplet as M > 0 — M < 0. The
effective Chern-Simons terms in the low energy theory take different expressions in the
two sub-chambers because the CS terms depend on mass signs of hypermultiplets. More
precisely, the prepotential and the gauge/gravitational Chern-Simons coefficients alter their
forms under a flop transition related to a hypermultiplet as

(2 3

where M here is the mass for the hypermultiplet before the flop transition. In geometry,
the flop transition corresponds to a geometric transition X — X’ between two CY 3-folds
X and X’ described by blowing down a —1 curve C' C X and blowing up a different —1
curve C' C X'.
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The partition function Z computes degeneracies of BPS states on the Coulomb branch
of a 5d theory. Suppose that we solve the blowup equations for Z in the fugacity expansion
and the BPS states are identified up to a certain order. One can easily read off the masses
for the BPS states up to that order. For a consistent 5d field theory having dynamical
Kéhler parameters, there must exist a non-vanishing Coulomb branch C defined in (3.29),
possibly after a finite number of flop transitions, where the masses of the BPS states are all
non-negative, i.e. e-¢ > 0, when all non-dynamical parameters are turned off. If one cannot
find a non-trivial Coulomb branch, then it implies that the 5d theory is inconsistent in UV.

Note however that the partition function Z is defined and computed in a particu-
lar sub-chamber on the (extended) Coulomb branch with mass parameters m; for global
symmetries turned on. In the limit m; — 0, some of hypermultiplets captured in the
partition function can be massless and then flop transitions should take place before their
masses become negative. Since this can generically happen, we should carefully examine
the existence of Coulomb branch by testing e - ¢ > 0 for all the states in Z, except for
hypermultiplets (or states with spin (j;,j-) = (0,0)). We note that for hypermultiplets,
either e- ¢ > 0 or e- ¢ < 0 is allowed, as flop transitions can happen. If one finds a non-
trivial Coulomb branch where e - ¢ > 0 for all the states in Z except for a hypermultiplet
which is of e - ¢ < 0, then this means that there must be a flop transition associated to the
hypermultiplet as we approach the UV fixed point. In this case we should first perform
flop transitions for the hypermultiplets with e - ¢ < 0 and then test again e - ¢ > 0 for all
states including the hypermultiplets.

If one finds a chamber with e- ¢ > 0 for all the states including hypermultiplets,
after a sequence of such flop transitions, it is a strong indication that the theory has a
UV completion with non-trivial Coulomb branch and the solution Z (or Z) of the blowup
equations computes the BPS spectrum on the Coulomb branch around the UV fixed point.
In this case, we will refer to the set of magnetic fluxes as consistent magnetic fluxes for
the 5d theory on the blowup 2. We conjecture that there exist enough sets of consistent
magnetic fluxes for every UV finite 5d theory and therefore we can compute its BPS
spectrum using the blowup equations.

Examining e- ¢ > 0 for all BPS states is a formidable task as there are infinitely many
BPS states but the partition function Z is computed up to a certain order in the fugacity
expansion. Practically we can check this non-negativity of masses of BPS states only up
to a certain higher order. This however would not be very harmful from the perspective of
geometry. Recall that all holomorphic 2-cycles C' = ), n;C; can be written as a linear sum
of primitive curves C; with non-negative integers n; and the number of the primitive curves
is finite for a local CY 3-fold. The primitive curves (or associated BPS states) are usually
captured at some lower orders in the expansion. We then need to check non-negativity of
volumes only for such primitive curves in lower orders. We expect this holds also for general
5d theories. Hence one can in principle identify consistent magnetic fluxes by computing
the BPS partition function up to certain leading orders.

We now have all the ingredients for solving the blowup equations and thus are ready
for bootstrapping BPS spectrum of any 5d field theory. In the followings we will explicitly
illustrate the bootstrap procedure with a large number of interesting examples.
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3.2 Instructive examples

In this section, we present instructive examples which illustrate our proposal in section 3.1
for bootstrapping the BPS partition functions.

3.2.1 5d pure SU(2)p with 6 =0, 7

As the simplest example, consider the 5d N’ =1 pure SU(2)y gauge theory with a discrete
theta angle 6 = 0 or w. As the perturbative descriptions of two theories are the same, they
have the same prepotential. It follows from (2.1) that the cubic prepotential is given by

6F = 6mg?® + 843, (3.31)

where m = 1/g? is the gauge coupling and ¢ is the Coulomb branch parameter for the
SU(2) gauge symmetry. The effective prepotential defined in (2.12) evaluated on the Q-
background for both theories takes the form of

1 €2 + €3
5:61€2<f— 1122¢+e2+¢> , (3.32)
where the second term comes from the mixed gauge/gravitational CS term with C’g =—4

in (2.18), and the third term comes from the mixed gauge/SU(2)r CS term with C(f =2
The mixed CS terms are also insensitive to the discrete theta angle.

We now use the effective prepotential £ as an initial input for the blowup equation to
obtain BPS spectrum of this theory. Recall that though £ for both SU(2)y and SU(2),
theories are the same, they have different UV fixed points and thus they have different BPS
spectra. This is reflected in the blowup equation by two distinct choices of background
magnetic flux By, for the topological U(1) symmetry:

Z for SU(2)o
Bun . 3.33
< {Z +1/2 for SU(2), (3:33)

To choose the flux B,, properly, it is convenient to consider geometric construction
of two theories. The SU(2)g theory is geometrically engineered by a CY 3-fold containing
a single Hirzebruch surface Fp, while the SU(2), theory is engineered by another 3-fold
containing a Hirzebruch surface F;. The primitive 2-cycles (or Mori cone generators) in
a Hirzebruch surface are the fiber f and the base e. The volumes of these 2-cycles are
given by

(3.34)

Fo:  vol(f) =2¢, vol(e)=2¢+m,
Fy: vol(f) =2¢, volle)=¢+m.

Here m is a Kéahler parameter for a non-compact 4-cycle that is identified with the gauge
coupling in the gauge theory. This implies that the curve e in each geometry carries charge
+1 for the U(1) topological symmetry.

Let us consider a canonically quantized magnetic flux n € Z for the SU(2) gauge
symmetry in both Fy and F; theories. This magnetic flux can suitably couple to the state
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(a) Fo (b) 7y

Figure 1. Geometric constructions of (a) SU(2)y and (b) SU(2),. The fiber P! in a Hirzebruch
surface F,, is denoted by f, the base P! is denoted by e, and h = e + f for F;.

coming from a wrapped M2-brane on the fiber curve f. This state is a W-boson with
gauge charge +2 and it feels an integer magnetic flux 2n, which is compatible with the
quantization condition in (3.9).

Two theories have different quantization conditions on the background flux B, for the
U(1) topological symmetry. Consider first the theory of Fy. The e curve in this geometry
gives rise to a vector multiplet with charge +2 for the gauge symmetry and charge +1
for the topological symmetry. From the quantization condition (3.9) with n € Z, the
background flux should be quantized as B, € Z. On the other hand, the state associated
to the e curve in the theory of F; is a hypermultiplet with gauge charge +1 and topological
charge +1. Then the quantization condition (3.9) requires the background flux to be half-
integrally quantized, B,, € Z + 1/2. Hence we find the following quantizations for the
magnetic fluxes:

Fy : Z, BneZ
{0 ne&, < (3.35)

Fi: n€eZ, Bn,€eZ-+1/2.

We note however that not all integer/half-integer fluxes B,, are allowed in the blowup
equations; the blowup equations only with the consistent magnetic fluxes can be solved to
produce the correct BPS spectrum, as discussed in the previous subsection. If one uses
other sets of magnetic fluxes, then the solution to the blowup equation will contain some
BPS states with negative volumes vol(C') < 0 on the Coulomb branch, which is surely
inconsistent. So we first need to identify the consistent magnetic fluxes By,.

Let us try to solve the blowup equation with magnetic fluxes n € Z and some B,.
The magnetic fluxes result in the shifts of parameters in the North and the South poles
as ¢ = ¢+ ner2, m — m+ By e . The GV-invariant (or the Witten index) can be
decomposed into two parts, the perturbative and the instanton parts, as

Zav(p, m;er, €2) = Zpert(P5 €1, €2) - Zinst (¢, ms €1, €2)

1+ pip2 _9
Zoert(@; €1,€2) = PE [— e 2 |
pe t<¢ 1 2) (1 —p1)(1 —pg)

Zinst(¢v m;ey, 62) = Z quk(¢a €1, 62) 5 (336)
k=0

with the instanton fugacity ¢ = e and Zy = 1. The perturbative part comes from the

W-boson (or the M2-brane state on f) on the Coulomb branch. Plugging the GV-invariant
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into (3.7), one finds a unity blowup equation that can be expanded in terms of the instanton
fugacity as

209 55
Z ¢ N 21 (s €1, €2) = Z Z TV PR (g )R (gpPm)Fe (3.37)
oo/ = nEZkl,kg 0 Zpert

N
><Z (¢+n61,61762 61)-Z,£2)(¢+n62;61—62,62)7

with V' defined in (3.8), where A9 = 1 which is fixed by the zeroth order equation in the
expansion. Here, the hatted functions are defined with the shift in the parameter €¢; as

f(o,mier,e2) = f(¢,mser + 2mi, e2) . (3.38)

One can extract the k-th order of the instanton expansion of this equation, which can
be schematically written as

Apler, e2) + Zi(d €1, e2) = piP™ Zi(ds €1, €2 — €1) + PP Zi(dse1 — €2, €2)
+ (terms with Z,.;, and A,p) . (3.39)

Here the k-instanton partition function Zj, at the k-th order in the expansion is indepen-
dent of the background magnetic flux B,,, and appears only with a trivial gauge flux n = 0.
All ¢ independent terms in the second line (first by expanding it in e~?) will be absorbed
into Ax. This equation can be solved once we know the solutions Z, at the lower orders
r < k. In particular, since Zj, is independent of B,,, when there exist 3 (or more) distinct
consistent fluxes B,,, we can exactly solve three linearly independent equations for 3 un-

known functions, Zk, Z IEN)’ and Z ,gs), and hence find a closed expression for the k-instanton
partition function 7y at each k.

The first order of the blowup equation can be written explicitly as

(p1pa) B tle=2(2+Bm)ér

(1 —e722)(1 — pre=2?)(1 — pae2¢)(1 — p1pae=29)
(p1p2)Bm—1e—2(2—Bm)¢1

- (1—e=201)(1 —pyle=201)(1 — py le=201)(1 — (pip2)~te—201)

The last two terms on the right-hand side come from the perturbative parts with the gauge

A+ 2y = mezfm +p2BmZA§S) -

(3.40)

fluxes n = 1 and n = —1 respectively. One can then easily see that if B,, > 2 or B, < —2,
then the last two terms will start with a negative power of e~? in the expansion. This means
that the solution Z; to the above equation will involve a BPS state of mass M| =m+agp
with a negative coefficient a. This is problematic because this state violates the unitarity
condition on its mass, i.e. a¢ > 0, on the Coulomb branch parametrized by ¢ > 0 in the
UV limit where m — 0. In addition, one can check that this state is not a hypermultiplet
and thus there is no associated flop transition. Thus the solution is inconsistent due to the
states with negative masses (or volumes) in the UV limit. This tells us that solving the
blowup equations with flux |B,,| > 2 cannot give the correct BPS partition function for
the pure SU(2)y gauge theory.
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On the other hand, if —2 < B,,, < 2, then the solution will not contain any states with
e- ¢ < 0. Therefore we conclude that the consistent magnetic fluxes for the SU(2)¢ and
SU(2)r theories are

{IFO: SU2)y ne€Z, Bp=-2 —1,0,1,2

Fy: SU(Z)W NGZ, Bm:_%, _%7 %’ %

(3.41)

Since we have more than three sets of consistent fluxes (n, B,,) for both cases, we can
compute a closed expression of the partition function at each instanton order. For example,
the l-instanton partition functions are given as follows:

pip2(1 + pip2)e >’
(1 =p1)(1 = p2)(1 — pipae=29)(e72® — p1p2)’
3/2 3/2 _ _
p1/ P2/ (I+e 2¢)€ ¢
(1 =p1)(1 = p2)(1 — pip2e=2?)(e=2¢ — p1pa)
By repeating this procedure for the blowup equations to higher orders in ¢, it is straight-

leU(2)0(¢; €1, 62) =

(3.42)

Z99D (61 e0) = — (3.43)

forward to obtain the k-instanton partition functions Zj.

We note that though there are many theories which possess three different sets of con-
sistent magnetic fluxes, many of which are discussed in [84], a much larger class of theories
do not allow such three distinct sets. However, as discussed in the previous subsection and
also in [86, 89], a single unity blowup equation with the consistent magnetic fluxes (7, B ) is
enough to compute the BPS partition function. We will now illustrate this by computing
the BPS spectra of the pure SU(2)y theories, using only a single background flux B, giving
a unity blowup equation.

Solving a unity blowup equation. Let us start with the following ansatz for the GV-
invariant.

ZGV(¢7m; 6172) — PE Z Z (_1)2(]’14ro)]\T(dl_,dz)/ljl7j7.(617 62)efdlvol(e)fdzvol(f)

JisJr
Ji,dr d1,d2=0
SU(2 SU(2
Aj, g (e1,60) = i | )(pl/m)xjr Joie) (3.44)
Ju,Jr \¢1s = 1/2 —1/2, 1/2 —1/2\ ° ’
(Pl/ — D1 /)(pz/ — P2 /)

Here d = (d1,d2) denotes the degrees di and dy of 2-cycles e and f respectively. The BPS
states with d; = 0 at O-instanton sector are all captured by the perturbative spectrum of
the SU(2) theory. The perturbative spectrum then fixes N((]f)il) =1and N j%‘?) = 0 for
do > 1. ’

We shall now put the ansatz to the blowup equation and solve it order by order in d;
expansion. Let us first consider the SU(2)( theory with the background flux B,, = 0. The
equation at dq = 1 order is given in (3.40). To solve this equation, we further expand the
equation in dy as

A= 2N+ 289 — 21— (pipa + (pip2) Ve ¥
(14 p1)(1+ p2)(1 + p3pd)

e 5+ O(e8) . (3.45)

pip3

This equation can be easily solved order by order in dy or in the powers of e~?.
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d SN (i, dr) d &N (i, gr)

(1,0) NS (0, 1) (1,1) | NBY (0, D) @ (0,2)

0,1 0,1 ’ 2

1) | N2 0.5 e 0.3 | 1) | 5 0.5 e )

Table 2. The result of solving the SU(2)y blowup equation at d; = 1 order for the background
flux B,, = 0.

d | NG, Guir) | d ®N5 5, (i gr)
(1,0) (0,3) (1,1) (0,3)
w2 3 |las 0.3)
ey 03 |e2| eHe0hely
2.3) | (0.3) @) @2(0,3) @ (5.4 e (3.5 e (LF)

Table 3. BPS spectrum of the SU(2)y theory for d; < 2, do < 3, where d = (d;,d>) labels the
states from an M2-brane wrapping die + ds f curve in Fy.

It turns out that this equation uniquely determines all the degeneracies IV ;i}-c?), except
I{dz) for all do > 0. The result is listed in table 2.

for the degeneracies Né 1
2

The degeneracies NélidQ) are not determined in the 1st order computation because
2

they vanish in the combination ZfN) + Z{S) — 7, and thus do not appear in the above
equation. These undetermined degeneracies at dy = 1 order are all fixed by solving the
blowup equation in the next order or higher orders: N é}io) =1 and Né’lidfz) =0 for dy > 0.

We can solve the blowup equation iteratively and ccz)mpute the degzneracies of higher
degree curves. The resulting BPS spectra for d; < 2, do < 3 are summarized in table 3.
One can readily see that this result agrees with the above result obtained by solving three
blowup equations in (3.42).

Next, consider the SU(2), theory with a background magnetic flux B,, = % The
computation is basically the same as the previous case with § = 0. The blowup equation

at di = 1 order is expanded as

A= pi/QZw) +p§/22§5) — 71 — (prpa)'/2e™3¢

2.9
1+(1 +P1)(13+2P2)p1172 5% 4 O .
(plpz) /

(3.46)

(17d2)
jlvjr
degeneracies Né}ddz) for all do > 0. The undetermined degeneracies Né}ddz) are also fixed

All the degeneracies are uniquely determined by solving this equation, except for the

uniquely by solving the equations in higher orders. We list the result for d; < 2,dy <3 in
table 4. Like the SU(2)( case, this result agrees with the expansion of (3.43).
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d | @Nj}; (i, jr) d ®N5 5, (i Jr)
(1,0) (0,0) (1,1) (0,1)
(1,2) (0,2) (1,3) (0,3)
(2,2) (0.3) (2,3) | (0,3) @ (0,3) @ (5,4)

Table 4. BPS spectrum of the SU(2), theory for di < 2, do < 3, where d = (d;,ds) labels the
states from an M2-brane wrapping die + ds f curve in F;.

Solving a vanishing blowup equation. In the SU(2) gauge theories, it is possible
to turn on non-canonically quantized magnetic flux as n € Z + 1/2 because the W-boson
carries charge +2 for the gauge symmetry. Then we can choose B,,, € Z which is a consistent
quantization for the instanton state corresponding to the curves e in both Fg and F;. So
the magnetic fluxes

neZ+1/2, Bpn=0, (3.47)

satisfy the quantization conditions for both § = 0 and 7. These fluxes with the effective
prepotential for the SU(2) theories lead to a vanishing blowup equation. We will now show
that this vanishing blowup equation alone can be solved with additional geometric data.
In fact, we find two independent solutions to the blowup equation and they correspond to
respectively the BPS spectrum of the SU(2)o theory and that of the SU(2), theory.
Solving the vanishing blowup equation is much harder than solving unity equations
because of huge cancellations in the expansion and also non-uniqueness of solutions. Let

us start with an ansatz for the GV-invariant as

Zov=PE | Y Y (F1)20HI NI 4, (e eg)em(@mtdad) | (3.48)

JusJr di,d2=0
As discussed in [85], the spins of a degree (d, ds) state are bounded as
C2+K5 . C+1 . dldz—Qd%—d2+2

2p< ———— )
2 2
C’-Kg - didy—2d? +d
2, < 23 ¢ _ didy 21-1- 2. (3.49)

where C' is a curve with volume dym + ds¢ and Kg is the canonical class in Fy or F;.
The zeroth-order in the expansion of the blowup equation is

5(N) 5(9)
S (et VIR g, (3.50)
ne{=1/2} Zpert

which is automatically satisfied by the perturbative spectrum Néol% = 1. The 1st order

blowup equation with d; = 1 is then given by

(V) 5(5)
S (—1)ne VRt Tpert (5IN) Z(S)) -0 (3.51)
ne{+1/2} Zpert ' ' . ‘
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This equation for each ds can be rephrased in terms of the multiplicities IV J(l jdz)

> (—1)20r I ) (Ajl,jr(éla eafe)py " + Ay (e fea,e2)py P — Ay (e, 62)>

Jusgr

1,d da /2 da /2
= S (12N (A (en, e0/e0)pi™? + Ay e fer, )y = Aj (a1, e))

Jusjr

(3.52)

2)

It turns out that this equation is not enough to fix the multiplicities NV (1d , and in fact it

Jusgr
has infinitely many solutions. For example, if N j(llj?) = (@) with an integer number (@)
is a solution, then Nj(lljdz)
order equations to determine them.

= 2¢(®) is also another solution. We thus need to solve higher

The 2nd order of the blowup equation can be written as

£WN) £(5) . P
Z (_1) _V “pert“pert ZéN)+Z§S)+Z£N)Z{S))
ne{=1/2} Zpert
5(N) 2(5)
Z iz
+ Y (FpreVEREEE o (3.53)
ne{+3/2} Zpert

Unfortunately, this equation does not help us to fix the degeneracies IV ](l i 2) because they

do not appear in this order. We need the blowup equation at higher orders to fully fix
N j(ll de) We find that at the order of the blowup equation involving N, ](l ]10) the degeneracy
N j(ll Jl) is first fixed to be

1 whenf=n

. 3.54
0 when6=0 ( )

Ny =0, except for Ngg' ={

Here we fixed the discrete theta angles from the geometric information: N (LD — 0 for the

Jusdr
SU(2)p theory, while Né’lo’l) =1 for the SU(2), theory.

Now consider the SU(2)g theory. Solving the blowup equation at the order having

(1 2)

terms of N; (4’1 ) again gives two sets of solutions: one with N; 7 = 0 for all (ji, j;) and

the other Wlth N, (1 2) =0 but N (12) _ . However, the geometrlc reahzatlon suggests that

there exists a BPS state with charge m+2¢, so only the second solution is acceptable. The

( 3)

next order blowup equation which contains N gives N (1, ) = 0 for all (j;,jr). Now

to fix N, (1, ), instead of calculating higher order equatlons, one can use other consistency
condltlons First, we know from geometry that there are effective curves with volume

m + 4¢. In addition, the blowup equation yields that N ](l i Y — 0 for (Jis jr) 75 (0, 3) and

N1(3£2) =1- Né s Y Notably, 1(3122) must be a non-negative integer and N 3 7& 0 from
2
geometry. Therefore the only possible solution is IV (134) = 1. This result reproduces all the

BPS states of the SU(2)¢ theory up to (di,d2) = (1 4). In this way, a vanishing blowup
equation together with other consistency conditions can determine the BPS spectrum in
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this theory. We expect other higher degree states can also be captured by solving higher
order blowup equations in this manner.

(4,11)
Jusgr
fixes N2 = 0 for all (Ji, 4r)- The higher order equations containing N. j(ﬁ’jlf) has two sets

WIRVEY
of solutions: one with N'¥ = 0 for all (j1,jr), and the other one with N](;ﬁ) = 0 but

JsJr
Né}l’g) = 1. Also, the geometry of F; says that there is a state with charge m + 3¢, so only

Next, consider the SU(2), theory. The blowup equation at the order containing

the second one is acceptable. The next order equation containing N ;14’]-15) fixes N, ](llﬁ) = 0.

It is also possible to fix IV j(llﬁ) by consistency conditions instead of calculating higher order
equations. The blowup equation fixes N ](113-4) = 0 for (ji, jr) # (0, %), and N1(31’é2) =— (§1§4),
bl 2 2

154) = 0. This result agrees with the spectrum
2

from which the only possible solution is N é

of the SU(2), theory that we computed above using unity bloup equations.

These computations show that, although the BPS spectrum is not completely deter-
mined only by solving vanishing blowup equations, we may be able to uniquely determine
the BPS degeneracies by requiring the solution of the vanishing blowup equations to be
physically or geometrically consistent.

3.2.2 5d pure SU(3),<7

Let us now discuss rank-2 theories. A non-trivial example is the pure SU(3) gauge theory
at the Chern-Simons level k. When & is even, it is geometrically engineered as

e h+(5-1)f
Fitaly tly - (3.55)
Whereas, if « is odd, it is engineered by
e h—i—%f
Fitly Fol, (3.56)

Each geometry contains three primitive curves: the fiber f; in F,, |1, the fiber fo and the
base ez in Fy,|2. The volumes of the primitive 2-cycles are

vol(f1) = 2¢1 — ¢2, vol(f2) = —d1 + 209,

vol(eg) = { (1 - 5) @1+ ¢p2 +m  for even k

. 3.57
15—”@%)1 + 2¢2 +m for odd & ( )

These theories with CS level |k| < 9 have UV completions [11, 97]. The 5-brane webs for
|k| <7 and |k| = 9 have been constructed in [76].

Surprisingly the BPS spectra of the SU(3),; theories for all || < 9 can be computed
by employing our bootstrapping approach explained above. The SU(3)s theory is of par-
ticular interest. Unlike other x, this theory at x = 8 has no consistent geometric real-
ization [11, 97, 98] and also its 5-brane web is unknown yet. Moreover the usual ADHM
construction for instantons in this theory does not work. So it was a quite challenging task
to compute its BPS partition function. The SU(3)g theory and its blowup equations will
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be discussed separately in subsection 5.2.5. The SU(3)g theory, which is a KK theory, will
be discussed in subsection 3.2.3.

In this subsection, we will illustrate how to bootstrap the BPS spectra of |k| < 7
theories and their dual theories using the blowup equations as well as their geometric
descriptions.

Consider the SU(3). theory put on the blowup Cy. We turn on the magnetic flux
F = (n1,n9, By,) for two Hirzebruch surfaces and a non-compact divisor of the non-
normalizable Kéhler parameter m. The quantization conditions for the fluxes are given
by their intersections with the primitive 2-cycles as

F-f1:2n1—7’LQEZ, F~f2:2n2—n1€Z,
1
Froy— gl_n—g)nl—f—ng—i—Bm € Z+3 forevenfﬁ’ (3.58)
S n1+2n2+ By, € Z for odd &

which follow from the geometric quantization condition (3.9) together with the self-
intersections of the curves, f2 = f2 = 0 and €3 = —1 for even k and €3 = 0 for odd
k. Each theory has 3 or more sets of magnetic fluxes satisfying the quantization condi-
tions. We can use, for example, the following fluxes for solving the blowup equations:

3 £=0,2,4,6

1
2 3.59
0,1 k=1,3,571. (3.59)

ni,ne € Z and Bm:{_
Let us now consider the Coulomb branch of the theory where 2¢; — ¢ > 0 and
2¢9 — ¢1 > 0 with ¢1, 2 > 0. The effective prepotential £ on the Coulomb branch takes
the following form
€

2 2
gL (J-' A )+ (et @)) , (3.60)

€1€9 12
6F = 6m(¢? — d1oa + ¢3) + 3kp1¢2(d1 — d2) + 8% — 32 — 3p103 + 865 ,

where m is the gauge coupling. The GV-invariant of this theory can be factorized as

ZGV(¢1'7 m;er, 62) = Zpert(¢i; €1, 62) : Zinst(¢ia m;e, 62) s

1+ pip2 (26— (92— _
Z o (bier.c :PE[— o~ (201-02) | o~ (202-01) | ,~(d1+02)
P t(¢ 1 2) (1_p1)(1_p2)( )

Zinst (i, mier,e2) = > q" Zi(dien, e2) (3.61)
k=0

i

with the instanton fugacity ¢ = e™™ and Zp = 1.
We can then write the blowup equation for the SU(3), theory as

00 s ZSod okt Bk (V)1 B 5()

/ 2 7l — er er 5 5
o R AZ =Y Y (~lle Vipz PR (gpy™) 2y - (g™ 2y
k,k'=0 REZ2 k1,ka=0 pert

(3.62)
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Again, the blowup equation at the k-th order can be written as

Ar(m; e, €2) + Zi(diy €1, €2) = PEB™ Z1 (i, €1, €2 — €1) + PEP™ Zi(diy €1 — €2, €2)
+ (terms with Z, and A,y) . (3.63)

The Ay factor is then fixed to be 1 from the zeroth order expansion. In ¢' order, the blowup
equation is given by

Ay + Z1(diser, €2) = PP 2y (dis €1, e — €1) + pEm Z1 iy €1 — €2, €2)

Z(V) 5(5)

1,V ZpertEpert
+ _‘Z q e z ort ) (364)
neST P

where the last term comes from the contribution with k1 = k2 = 0 and n% —ning + n% =1
which is solved for (ni,n2) € S; = {£(1,1),+(1,0),£(0,1)}.

The three choices of By, given in (3.59) provide three linearly independent algebraic
equations for 2k(¢i,61,62) at each k-th order. They allow us to find a closed form of
Zi(¢i, €1, €2). Thus, the k-instanton partition function Zj(¢;, €1, €2) for the SU(3), theory
at |k| < 7 can be computed by recursively solving three blowup equations with By,’s
in (3.59). In [84], the partition functions for |k| < 3 were computed in this manner and
checked against the results from the ADHM calculations.

The instanton partition function for the SU(3)4 theory can be computed by solving
the blowup equations similarly to the |k| < 3 cases. Using the effective prepotential (3.60)
and consistent magnetic fluxes (3.59), we solve the blowup equations in terms of volumes
of primitive 2-cycles

vol(f1) = 201 — @2, vol(fa) = —¢1 +2¢2, vol(ez) = —¢1 + P2 +m. (3.65)

Instead of giving an explicit form of the partition function, we list some BPS states in
table 5.19

The SU(3)5 theory is dual to the Sp(2), gauge theory, so they can provide a non-trivial
check for the validity of the blowup equations. In the geometry (3.56) with x = 5, this
duality is realized as the base-fiber duality exchanging two curve classes es and f5 in Fg. The
map between the parameters in the SU(3)5 theory and those in the Sp(2), theory can be
easily found from the geometric realization. The volumes of 2-cycles in the SU(3) frame are

VOl(fl) = 2¢1 — QZ)Q, VOl(fg) = —(f)l + 2¢2, V01(62) = —2¢)1 + 2¢2 + m, (366)

while those in the Sp(2) frame after exchanging es and fy are

VOl(fl) =2¢1 — qbg, VO](fQ) = —2¢1 + 2¢9, VOl(eg) =—¢1+2¢02+m . (367)

0As the BPS spectrum in table 5 is expressed as the expansion of 2-cycles, one can reconstruct the
partition function given in terms of dynamical variables, by substituting the 2-cycles with (3.65). Likewise,
one can also rewrite the partition function given in terms of dynamical variables as the BPS spectrum, by
first converting them into the 2-cycles and then expanding the 2-cycles.
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d ONE . (i, jr) d ®N - (i, jr)

(1,0,0) (0,0) (1,0,1) (0,1)

(1,0,2) (0,2) (1,0,3) (0,3)

(1,1,0) (0,0) (1,1,1) (0,0)& (0,1)

(1,1,2) (0,1) @ (0,2) (1,1,3) (0,2)®(0,3)

(1,2,1) (0,1) (1,2,2) | (0,0)®(0,1) @ (0,2)

(1,23) | (O1&0,2®(0,3) | (1,32 (0,1) & (0,2)

(1,3,3) | (0,0)@(0,1)&(0,2)&(0,3) || (2,0,2) (0,2)

2,03) | (0,3)e(0.3)® (.4 | (212 (0,3) & (0,3)
(0,3) ©3(0.3) & , 5 5

(2,1,3) 200,20 (1.8) 0 (1.4) (222 | (0,3)e(0.3) e (03)
(0,3) ®3(0,3) &

(2,2,3) 4(0,3) ©2(0,3) & 2,32 | (0.1 e (0,2 e(03)

2,3,3) | 4(0.3)®2(0,5) @ (5.1) @ || (3,0,3) 0,3)e (1,9
(3:2) @ (3.3) & (5.4)
(0,1)®2(0,2) ®3(0,3) @
31,3 | @ 2)(?2;()0;”)(? éo) VO 323 | 048 (;(,13)9? L5e
2712
3.3.3 (0,0)®2(0,1) ®3(0,2)®3(0,3)® (0,4) & (3.2 (1,3 @
- (3:3) @ (5:3)

Table 5. BPS spectrum of SU(3), for d; < 3. Here, d = (di,dz,d3) labels the BPS states with
charge d162 + d2f1 + d3f2.

From this, we find a natural map between the parameters in two dual frames as [25, 27, 76]

1 2 2
= gm0 = b am® mSY = —SmP (3.68)

The effective prepotential of the Sp(2), theory on the Coulomb branch is written as

1 2 2
&= pva. (-7: . :_262 (¢1 + ¢2) + €1(d1 + ¢2)> ;
6F = 6m(267 — 20102 + ¢5) + 8¢ + 12972 — 186165 + 8¢5, (3.69)

where m is the Sp(2) gauge coupling. One can easily check that this £ of the Sp(2), theory
coincides with that of the SU(3)5 theory in (3.60) under the above parameter map up to
terms independent of the dynamical Kéhler parameters. The perturbative GV-invariants
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of the Sp(2), gauge theory is

1+ pipo 261 b —(262-261) | —(261—02) ]
Zoort = PE | — e T4+ e 2 te 27401 e 1792 . 3.70
)7 | )| 6

In the Sp(2) frame, there are three (and more) sets of consistent fluxes respecting the
Sp(2) structure:

ni,ng €4, By, =-1,01. (3.71)

The three sets of unity blowup equations from these magnetic fluxes can be easily solved
and the solution provides a closed expression of the instanton partition function of the
Sp(2), theory at each instanton order. We checked that the result perfectly matches the
BPS states captured by the SU(3)s calculation under the parameter map (3.68) in the
Ké&hler parameter expansion. Instead of giving explicit forms of the instanton partition
functions, we list BPS spectrum up to 3-instanton order in table 6.

In the case of kK = 6, one should be careful about the A factor. When background
magnetic flux is B, = 3/2, the last term of (3.64) in the K&hler parameter expansion
contains a ¢; independent term:

Z(N) 5(5)

_pi/Qp%/Z c Z q—le—V P;t pert . (372)
neST pert

This term should be absorbed into A; on the left side of (3.64). Thus we have
A=0 for B, ==

, A= —p}/2p;/2 for B, = % . (3.73)

N[

Then the solution Z;(¢;;€1,€2) does not contain ¢; independent terms in the expansion.
Similarly, the last term of the blowup equation at ¢> order

Aa(m;er, €9) + Za(gi, €1, €2) = piom Zo(¢i, €1, €2 — €1) + patm Zo(di, €1 — €2, €2)

+ (terms from Z; and A;) (3.74)

contains ¢; independent terms for three magnetic fluxes B,, = —%, %, % as

—2pip2 —2pip3 —F(p1,p2)
(I=p)(I =p2)(p1 —p2)?" (1 =p1)(A—p2)(p1 —p2)?" (1 —p1)(1—p2)(p1 — p2)?
(3.75)
respectively, where
F(p1,p2) = pip2(=pi — pi + 2p1p2 + pip2 + pip2 — p3

+2ptp3 — pips + pip3 — pivs — Py + P1p3) - (3.76)

After absorbing these terms into As, the blowup equation at ¢? order is solved consistently.
However, when we take the plethystic logarithm and extract single particle states from the
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d ®N5, ;. (i, Jr) d ONS (s dr)
(1,0,0) 0, 3) (1,0,1) (0.3)
(1,0,2) 0,3) (1,1,0) 0,3)
(1,1,1) (0.3) @ (0.3) (1,1,2) (0.3)@(0.3)
(1,2,0) 0,3) (1,2,1) (0.3) @ (0.3)
(1,22) | (0,3 @033 | 201 (0,3)
(2,0,2) | (0,3) @ (0,2) @ (L,4) (2,1,1) (0.3) @ (0,3)
0,3)®3(0,2)®
212) 2(0,(92)9 (;72) @)@74) 0oy | 05010
(0,3) ©3(0,3) ®
(2,2,2) 4(0,3)®2(0,9) @ (3,0,1) (0.5)
(3:2) @ (3.3) @ (3.4)
5 : 5
aoy| (PO0DTE0% ey | wpaod
(0,3)@3(0,3)@5(0,3) @
3,1,2) | 3(0.3)@(3:3)@3(34) @ || 3,21) | (0,2)a(0,2)e(0,1)
2(z:5) @ (L3)e(1,3)
(5.2.9) (0.3)@3(0,3) ©8(0,3)®7(0,5) ©4(0,3) @ (3,2) ®3(3.3) @
d(zp9e2(z9)e13)e (L3 el y)

Table 6. BPS spectrum of SU(3)5 for d; < 3 and da,d3 < 2. Here, d = (dy, da, d3) labels the BPS
states with charge dyes + dof1 + d3 fa.

resulting partition function, it turns out that the partition function contain unexpected ¢;

independent term given by

p1p2q2

(1 =p1)?(1 —p2)?

€ PLog [1 +qZ1(di; €1, €2) + ¢ Zo( i €1, 62)} ,

(3.77)

where PLog denotes the plethystic logarithm. The PE of this term provides some ¢;

independent terms and again we put them into the A, factor. After all, we find that the

Ay factor is given by

Ay=0

Ay = —pipa(p1 + p2)

(3.78)

In this way, we can solve the blowup equation iteratively while absorbing all ¢; independent

terms into the A factor. The resulting BPS spectrum of the SU(3)g theory is given in table 7.
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d eNg . (i, jr) d ONg (i dr)

(1,0,0) (0,0) (1,0,1) (b, 1)

(1,0,2) (0,2) (1,0,3) (0,3)

(1,1,1) (0,0) ® (0,1) (1,1,2) (0,1) ® (0,2)

(1,1,3) (0,2) @ (0,3) (1,2,0) (0,0)

(1,2,1) (0,0) @ (0,1) (1,2,2) (0,0) & (0,1) ® (0,2)

(1,2,3) (0,1) ® (0,2) @ (0, 3) (1,3,1) (0,1)

(1,3,2) (0,1) & (0,2) (1,3,3) | (0,0)&(0,1)&(0,2)&(0,3)

(2a0,2) (0’3) (2,0,3) (07%) & (O’%) & (5’4)
3 5

(2,1,2) (0,2)®(0,3) (2.1,3) | (0(70;’)2 gf?; g gg(? 0

(2a271) (0’%) (2’252) (07%) @2(0’%) @ (07%)

0.3 @3(0.9) @
(2,2,3) 5(0,3)®2(0,3) ® (2,3,1) (0, 1)

(232 | 20082003 e0.3) | 233 5032205 s(L)e
(3.2) @ (3,3) @ (3.4)
19 (0,2) ®2(0,3) ® (0,4) ®

(3,0,3) 0,3)@(3,5) (3,1,3) ()6 (09)
(0,1)3(0,2) &5 (0,3) @
(3.22) ©.2 323 | 0o (oo

(3,2)

(0,0)3(0,1) & 7(0,2) @
(3,3,2) (0,1) @ (0,2) (3,3,3) | 6(0,3)® (0,4 (3,3) @
2(3.3)®2(3:3) @ (3,5)

Table 7. BPS spectrum of the SU(3)g theory for d; < 3. Here, d = (dy,ds2,ds) labels the BPS
states with charge dies + ds f1 + ds fs.

When k = 7, the fiber-base duality of Fy in the geometry (3.56) gives the G2 gauge
theory description. The G5 instanton partition function can be calculated using the ADHM-
like method in [30] or using the topological vertex in [79]. Here, we will present the partition
function computation of this theory using blowup equations in both the SU(3) and Go
descriptions. In the SU(3) frame, the volumes of 2-cycles in the geometry are

vol(f1) =261 — ¢2,  vol(fo) = =1 +2¢2,  vol(ea) = =3¢1 +2¢2+m .  (3.79)
On the other hand, in the Gy frame after exchanging the fiber and the base of Fy, the

volumes are

VOl(fl) = 2¢1 — ¢2, VO](fQ) = —3¢1 + 2¢2, VOl(eg) =—¢1+2¢02+m . (3.80)
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The parameters in these two descriptions are thus mapped each other as [76]

1 2 1
o7 = ¢+ omi?, 95V =05 + omi?, mY = —om. (3.81)

In the G2 description, the effective prepotential on the Coulomb branch where 2¢; —
P2 > 0 and 2¢9 — 3¢1 > 0 with ¢1, 2 > 0 is given by

2 2
e- L (]—"— 61+62(¢1+¢2)+ei(¢1+¢2)> ,

€1€9 12
6F = 6m (367 — 36162 + 63) + 861 + 18670y — 246103 + 863 (3.82)
Omne can check that this agrees with the SU(3); effective prepotential under the above

parameter map up to terms independent of ¢;. The perturbative GV-invariants of the Go
gauge theory is

L+ pip2 - _ (31— (21—
Z :PE[— e 4o P2 4 o= (B1—¢2) 4 —(201—92)
(e
tem (P20 4 e(2¢23¢1))} : (3.83)

There are again three sets of consistent magnetic fluxes respecting the Go structure:
ni,ne €Z, B, =-1,0,1. (384)

We computed the unity blowup equations built from these fluxes and checked that two
results from the SU(3)7 theory and the Gy theory perfectly agree with each other in the
Ké&hler parameter expansion. The BPS spectrum of this theory can be found in table 8.

3.2.3 6d minimal SU(3) SCFT on a circle with Z, twist: 5d SU(3)g

Elliptic genera of many 6d theories, for instance, E-string, M-string, or 6d SCFTs compact-
ified on a circle without twist, have been evaluated using the blowup equations [87-90].
In this subsection, we will demonstrate with a simple example of how to bootstrap BPS
partition functions (or elliptic genera) for 6d SCFTs on a circle with outer automorphism
twists by solving the blowup equations.

We will consider a circle compactification of the 6d minimal SU(3) SCFT with Zs

automorphism twist. This theory is dual to the 5d SU(3) gauge theory at CS-level k = 9 [7],
3)(2)
SU(3)g = su(3)
3 (3.85)

We follow the notations in [17] to denote 6d theories. It is geometrically engineered by
gluing Fyo and Fy [11]:

e h+4f
Fiol, Fol,

(3.86)
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d &Ny, ;. (1 dr) d eNs . (i, jr)
(1,0,0) (0,3) (1,0,1) (0,2)
(1,0,2) (0,3) (1,1,0) (0,3)
(1,1,1) (0,3) @ (0,3) (1,1,2) (0,5) @ (0,3)
(1,2,0) (0,1) (1,2,1) (0.3) & (0,3)
1,22 | (0,Y)e03)a(02) | (201 (0.3)
(2,0,2) | (0,3)®(0,%) @ (5.4) (2,1,1) (0,5) @ (0,3)
(0,3)@3(0.3) @ ;
(2,1,2) ) . (2,2,1) | (0,5) @ (0,3) @ (0,5)
2(0,%) @ (3.3) @ (3,4)
(0,)Y®3(0,2) @
(2,2,2) 1(0,3)@2(0,3) ® (3,0,1) (0,2)
(3:2) @ (3,3) @ (3.4)
(0,3) @ (0,3) ©2(0,3) @
(37072) (%74)@(%’5)@(17%) (37171) (073)69(0’%)
(0,3) ®3(0,3) ®5(0,3) @
3,1,2) | 3(0.3)@(3:3)@3(34)@ || 3,2,1) | (0,2)®(0,2) e (0,1)
2(3.5) @ (Lg) el y)
5.2,2) (0,3) ©3(0,3) ®8(0,5) ®7(0,5) ©4(0,5) @ (5.2) 3 (5.3) @
. d(z.4) @235 e L7 e (L)l y)

Table 8. BPS spectrum of the SU(3); theory for di < 3 and dy,ds < 2. Here, d = (dy,da,d3)
labels the BPS states with charge dies + do f1 + d3 fo.

In geometry, the duality is simply the exchange of the base and the fiber classes in Fo. We
will solve the blowup equations for this theory in both 5d and 6d frames and compare the
results.

In the 5d SU(3)g theory, the effective prepotential £ is given by

2 2
g= (f—61“2<¢1+¢2>+ei<¢1+¢2>), (3.87)

€1€2 12

6F = 6m(¢? — d1oba + ¢3) + 863 + 24¢3 o — 300165 + 863,

where m is the gauge coupling. The GV-invariant of this theory takes the same form
of (3.61). It is convenient to use volumes of three independent 2-cycles in the geome-
try (3.86) as the basis of states in the GV-invariant,

vol(f1) = 2¢1 — ¢2, vol(f2) = —¢1 +2¢2, vol(ez) = —4p1 + 2¢2 +m . (3.88)
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d ©Njj, (s jr) d ®N; (i, i)
(0,1,0) (0,2) (0,0,1) (0.3)
0,1,1) (0,1) (1,0,0) (0,3)
(1,1,0) (0,3) (1,0,1) (0.3)
(1,1,1) (0,3) @ (0,2) (1,0,2) (0.3)
(1,2,1) (0.3)(0.3) (1,1,2) 0.3)®(0,3)
(1,22) | (03)®(0,3)®(0.3) | (201) (0.3)
(2,1,1) (0,3)®(0,3) (2,0,2) | (0.3) @ (0.3) & (35.4)

3 5

a2 | 0he0hen | @1y |, K0De
(2,2,2) | (0,5)®3(0,3) ®4(0,3) ©2(0,5) @ (5.2) & (5.3) ® (5,4)

Table 9. BPS spectrum of SU(3)g theory for d; < 2. Here, d = (d1, da,d3) labels BPS states with
charge dies + do f1 + ds fo cycle.

Unlike the other SU(3), theories with |x| < 7, this theory has only one set of consistent
magnetic fluxes respecting the SU(3) structure:

ni,ng € Z, B,,=0. (3.89)

This set of fluxes gives rise to a unity blowup equation. As we discussed already, a single
unity blowup equation is enough to compute the BPS invariants. By solving the unity
blowup equation, we find the BPS spectrum of the SU(3)g theory listed in table 9.

We now perform a similar computation in the perspective of the 6d SU(3) gauge theory
with Zo twist. In the 6d frame, the volumes of 2-cycles in the geometry are

T

vol(fi) = 7 = d1, vol(fa) =261, vol(ez) = 360 + 261 — % . (3.90)

The effective prepotential in this frame is given in (2.50) with a shift ¢g — ¢o — 1—167'.
The GV-invariant for this 6d theory can be written as

Zav(®, 01,75 €12) = Zpert (01, T3 €1,2) <1 +> e " Z(¢1, T, 61,2)) ; (3.91)
k=1

where Zj(¢1,7,€1,2) is the k-string elliptic genus and ® = 3¢9 — 7/2 which is the string
number fugacity. Here, the perturbative part can be read off from the 6d SU(3) vector
multiplets under the Zo automorphism twist, which is given by

1+ pip2 1

Z = PE |—
pert (1—p)(1—pa)1—gq

(72 4 @+ (e ) 2] 392

where ¢ = e~ 7. See appendix A for more details.
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There are three sets of consistent magnetic fluxes preserving the affine Ag) algebra
structure:

n €7, Br=0, ng€Z+ By with By=0,1/3,2/3. (3.93)

Then the elliptic genus can be found by solving three unity blowup equations from these
three flux sets. For example, the blowup equations at 1-string order are

A(rse1, ) Z1(61, 73 €1, €2)
500 5(5) ) )
= ) e_v%(pi’w&’zﬂ@, e1, 62— €1) + p3 T2y (d1, €1 — €2, 62))
pert
5(N) 5(5)
+ > eV Zvert Fpert (3.94)
i=(n,2n+1) Zpert

=(n,2n)

Here the prefactor can be computed by collecting all ¢; independent terms in the blowup
equation as follows:

A(T;€1,€2) = Z eV (3.95)
i=(n,2n)

The solution at 1-instanton string is then given by

e 21p1pa(1 4 pip2)
(1 —p1)(1 —p2)(e™2%1 — p1po)(1 — e 2%1pypo)

Z1(p1,T;€1,€2) =

e~ (1 4 e722V)p1po(1 + p1p2) 1/4
q"/
(1 =p1)(1 = p2)(e2% — pip2)(1 — e 2P1p1py)
e 7291 (1 + 2p1ps + 2p3pd + pip3) V2 (3.96)

(1 —p1)(1 —p2)(e 2?1 — pipa2)(1 — e 2%1p1po) 1

This is in perfect agreement with the BPS spectrum of the SU(3)g theory given in table 9
and also topological vertex as well as the ADHM calculations [117].

4 Rank 1 theories

In this section, we will compute the BPS partition functions of rank-1 5d theories by
bootstrapping with the blowup equations. All rank-1 theories can be obtained via RG
flows, which integrate out massive hypermultiplets, from three KK theories that come from
6d SCFTs compactified on a circle with/without twists. When a theory admits solvable
blowup equations with consistent magnetic fluxes, all the IR theories descending from this
UV theory by RG flows are guaranteed to have solvable blowup equations. So we will show
that the blowup equations for all the rank-1 KK theories can be solved and the solutions
are consistent with the BPS spectra computed by other methods. This will prove that the
BPS spectra of all rank-1 5d theories can be computed by solving the blowup equations.
We will also compute the BPS partition function of a new rank-1 theory, which we call
the local P2 + 1Adj theory, obtained from the A" = 2 SU(2) gauge theory at § = 7 by
integrating out an instantonic hypermultiplet.
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4.1 KK theories

There are three rank-1 KK theories: the SU(2) gauge theory with 8 fundamental hyper-
multiplets, the A' = 2 SU(2) gauge theory at § = 0, 7. We discuss them one by one.

4.1.1 SU(2) +8F

The SU(2) gauge theory with 8 fundamental hypermultiplets is a KK theory arising from
the 6d rank-1 E-string theory compactified on a circle [5, 118, 119].

sp(0)™)

SU(2) + 8F =

1 (4.1)

The BPS partition function for this theory was computed in [48, 50] using the ADHM

instanton string construction and also in [64, 68] based in its 5-brane webs using topological

vertex. It was also shown in [89] that the elliptic genus of the 6d E-string theory is consistent

with the blowup equation.

We shall here solve the blowup equation in perspective of the 5d gauge theory. The

prepotential on the Coulomb branch is given by

18
6F = 6mo¢” +8¢° — 5 3 ((¢+mi)® + (6 —ma)*) (4.2)

i=1
where mg is the gauge coupling and m;—; ... g are the mass parameters of fundamental
hypermultiplets. Collecting the gauge/gravitational and the gauge/SU(2)r Chern-Simons

terms, the effective prepotential on the 2-background is expressed as

24 2 8
5:1(]:_61;62<4¢—;((¢+mi)+(¢—mi)))+ei¢>

€1€2
1 2 2
_ (J—“+ Aty eiq&) . (4.3)
€1€9 4

The perturbative part of the GV-invariant is

1+ pip2 _2¢ V/P1D2 i —(dkms)
Zpert (¢, mis€12) = PE | — e + e J1 . (4.4
pert{ 75 €1.2) [ T om0 T o0 p) (44)

For this theory, we find a set of the consistent magnetic fluxes
NnEZ, Bmg=0, Bm =1/2 for1<i<38, (4.5)
which leads to a unity blowup equation. The unity blowup equation with the magnetic

fluxes can be solved and the solution is summarized in table 10. This result matches the
elliptic genus of the rank-1 E-string theory computed in [50].
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d NI (i1, 4r) d ®NE . (i, jr)

Jusdr Jusgr
(1,1) 128 (0,0) (1,2) 128 (0, 3)
(1,3) 128(0,1) (2,1) 576 (0,0) 16 (3, 3)
560 (0,0) & 4960 (0,1) &
1042 (0, 5) & (5,0) & 1] 1
(2,2) 12131 @ (1,2) (2,3) 16 (3,5) ®576 (5,3) @

Table 10. BPS spectrum of SU(2) + 8F theory for di < 2 and ds < 3. Here, d = (dy,ds) labels
BPS states with charge dimg + da¢. For convenience, we set all flavor mass parameters m;—; ... g
to zero.

4.1.2 SU(2)p + 1Adj

The compactification of the 6d rank-1 M-string theory on a circle gives rise to the 5d SU(2)
gauge theory at § = 0 with an adjoint hypermultiplet preserving N’ = 2 supersymmetry,
su(1)M

SU(2)o + 1Adj = )
(4.6)

The validity of the blowup equation for this theory was previously checked in [89].
The cubic prepotential on the Coulomb branch where 2¢ £ m; > 0 with ¢ > 0 is

6F = 6mog? + 8¢ — %((w +mi)? + (20 — m1)3) : (4.7)

where my is the gauge coupling and m; is the mass parameter of the adjoint hypermultiplet.
The effective prepotential on 2-background is then given by

£- L (.7-“ _a+e (46 — (26 +m1) + (20— m1)) ) + 63_(;5)

€1€9 48
1 2
= — . 4.
— (F+eko) (4.8)

The perturbative part of the GV-invariant is

1+ p1p2 —2 VP1P2 —(2¢%
Zpert (¢, m1;€1,2) = PE {— e % + e~ (29Em)
pert{ ) T -p)° T

(4.9)

One can formulate a unity blowup equation for this theory using the following consis-
tent magnetic fluxes.

neZ, Bmy=0, Bpn =1/2. (4.10)

The solution to the blowup equation is presented in table 11. The result indeed matches
the /' = 2 SU(2), instanton partition function computed using the ADHM calculus in [48].
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d @Ng,jr(jla]’r) d @Nﬁvjr(jlvjr)
(1,2,-2) 0.3) 2-1) | 0o (L3
(1,2,0) 20, HYe (3,00@ (3,1) (1,4,-2) (0,2)
(L4,-1) | 102 (33) (1,40) | 2(0.3)e (5.1) @ (3,2)
(2,2, -3) (0,0) (2,2,-2) | 2(0,3) @ (3,0) & (3,1)
4(0,0)®2(0,1) @ 50, )@ (0,2)e3(3,0)e
G20 s deddeay | P20 | sahendel
2(0,)®4(0,3) o
(2,4,-3) | (0,1)@(0,2) @ (4, 2) (2,4,-2) (0.3)@3(3.1) @
3(3.2) @ (L3)e(13)
1 3
opeTOes0D S
(2,4, 1) ?;)((21’ 25))6;82((21’ f))§ (2,4,0) 8(3,1)®8(%,2) @
3(1 22)’39(1 3)6;@ é) (%’3)@(17%)69 (1’%)@
A 30150 (3:2)0 (3.3

Table 11. BPS spectrum of SU(2)¢ + 1Adj theory for d; < 2 and do < 4. Here, d = (dy,ds, d3)
labels the BPS states with charge dymg+da¢+dsm,. The states related by the symmetry ds <> —d3
are omitted in the table.

4.1.3 SU(2), + 1Adj

The 5d KK-theory SU(2), + 1Adj is obtained by a circle compactification of the 6d N =
(2,0) A theory with Zy outer automorphism twist [120],

SU(2)x + 1Adj =

(4.11)

This theory has no conventional geometric description [17].

The perturbative spectrum cannot distinguish whether § = 0 or § = 7 for the SU(2)
gauge group. Thus the effective prepotential and the perturbative GV-invariant of this
theory are the same as (4.8) and (4.9), respectively, for the SU(2) + 1Adj theory. Naively,
this means that the blowup equation of this theory is the same as that of the theory at
0 = 0. However, it turns out that there are two independent blowup equations from the
same effective prepotential but distinguished by two different sets of consistent magnetic
fluxes. Instead of the fluxes given in (4.10) for the theory at # = 0, this theory at § = =
has another set of consistent magnetic fluxes quantized as

nE€Z+1/2, Bpy=0, Bpm, =1/2. (4.12)

These magnetic fluxes provide a unity blowup equation. Some leading BPS invariants
we computed using the blowup equation are listed in table 12, which are indeed different
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d @Nd (jlajr) d ®N57jr(jlvjr)

(17 L, _2) (0,0) (17 L, _1) (07 %) D (%70)
(1,1,0) 2(0,0) @ (3 3) (1,3,-2) (0,1)
L3,-1) | (0.3)e03)e 1) | 13,0 | 20D (3,3) @ (3,3)
(0,0)®2(0,1) ®
ero ] el e e e
3(0,5)@(0,3)@(3.0)@
(2,2,0) 1 (2,4,-3) | (0,0®(0,2) & (3,3)
3(z1)@(Lz)o(L3)
4(0,0)®4(0,1)86 (0,2)®
2(0,5)®3(0,3) &
a2 | elosz{ins | eamn | SEHTTRET
1 3 5 2732 ’
3(z.2)@ (L3) @ (1,3) 3(1,2) @ (1,3) @ (3, 3)
0,2)®3(0,3)®3(3,0)d6(3,1) ®8(5,2)®

(2,4,0)

Table 12. BPS spectrum of SU(2), + 1Adj theory for d; < 2 and dy < 4. Here, d = (dy,ds, d3)
labels BPS states with charge dymg + d2¢ + dsmy. The states related by the symmetry ds <> —d3
are omitted in the table.

from the BPS spectrum of the theory at & = 0. This result also matches the instanton
partition function using the ADHM quantum mechanics in [48]. This is our first example
showing that our bootstrap approach can be applied for the BPS spectrum computation
for non-geometric theories.

4.2 5d SCFTs: non-Lagrangian theories

The BPS partition functions of all the rank-1 5d SCFTs which have no gauge theory
descriptions, can be computed by solving the blowup equations. To show this we will
consider two simple examples: a local P? theory and a local P2 + 1Adj theory.

4.2.1 Local P?

This theory is a rank-1 SCFT with no mass parameter, which is engineered by compacti-
fication of M-theory on a local P? embedded in a CY 3-fold. This theory is also called the
Ey theory. The blowup equation for the SCFT of a local P? was solved in [86]. We shall
briefly review this.

The effective prepotential of this theory on the 2-background is simply given by

gL <9¢>3 _(d+e)e + 62+¢)> . (4.13)

€1€2 8

The CY 3-fold of a local P? contains only one primitive curve class ¢ with ¢2 = +1. The
volume of this curve is vol(¢) = 3¢. Thus the magnetic fluxes that couple to the curve
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d ®N} ;. (s dr) d SN (isdr)
1 (0,1) 2 0,3)
0,3)@ (0.3 e (0% e
3 0.3)@(33) 4 (5,4 e(3.5 @ (3.0 e
(L5 e (37

Table 13. BPS spectrum of a local P2 for d < 4. Here, d labels the BPS states wrapping the
degree d curve in P2.

should be quantized as
neZ+1/6 or neZ+1/2. (4.14)

These are all the consistent magnetic fluxes. The blowup equation with n € Z + 1/2 is a
vanishing blowup equations, whereas the other choices of fluxes lead to unity blowup equa-
tions [86], and they are all solvable. The solution to these blowup equations is summarized
in table 13.

4.2.2 Local P? + 1Adj

The local P2 + 1Adj (or “SU(2), + 1Adj — 1F”) theory was first proposed in [97]. This
theory can be obtained by an RG flow from the UV SU(2), 4+ 1Adj theory after integrating
out an instantonic hypermultiplet.

One way to see the existence of this theory is as follows. Recall that the SCF'T of a local
P2 (or the Ey theory) can be obtained by blowing down an exceptional curve in a Hirzebruch
surface [F1. This corresponds to integrating out an instantonic hypermultiplet in the pure
SU(2)r theory. In this regard, the Ey theory can be thought of as “SU(2), — 1F” since we
are “subtracting” a hypermultiplet. Likewise, the SU(2), + 1Adj theory we discussed in
section 4.1.3 has a hypermultiplet with charge d = (1,1, —2) at the 1-instanton sector and
integrating out this hypermultiplet induces an RG flow to a consistent rank-1 SCFT with
one mass parameter. We will call this IR SCFT the local P? + 1Adj theory. This theory is
a non-Lagrangian theory. Here +1Adj simply means this theory contains a hypermultiplet
originating from the adjoint hypermultiplet in its parent SU(2),+1Adj theory. The adjoint
hypermultiplet in this SCFT can also be integrated out to give the SCFT of a local P2,

This theory is also a non-geometric theory. However, there is a 5-brane web for this
theory with an O7'-plane where the hypermultiplet associated with an O7'-plane is in
the symmetric representation of SU(2) that is equivalent to the adjoint of the UV SU(2)
gauge symmetry. A simple way to construct the corresponding 5-brane web is to attach an
O7*-plane to a 5-brane web for the pure SU(2), theory, as depicted in figure 2. (See also
appendix B for more details of obtaining a 5-brane web for the SU(2), + 1Adj theory.)

The hypermultiplet which we will integrate out is the (p, ¢)-string state associated with
the edge of the length —¢ —mg+2m in the brane web. Integrating out this hypermultiplet
corresponds to taking the infinite length limit of the edge —¢ — mg + 2m; — oo while the
lengths of other edges are kept finite. After this, we will get a 5-brane web for the local
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Figure 2. A 5-brane web for SU(2), + 1Adj, where a flop transition associated with the e curve
in P? is performed.

P? + “1Adj” theory. In this 5-brane web diagram, one can also see that by taking another
limit m; — 2¢p — o0, after taking the limit —¢ — mg + 2m; — oo, the diagram reduces to
the brane web for a local P?, which is consistent with the expected RG flow for this theory.

We will now compute the partition function using the chamber for the brane web of
the SU(2), + 1Adj theory depicted in figure 2. It is convenient to reparameterize the
parameters in the brane web as follows:

- 1 2 2 1
p=0¢+ gmo—gmh m = gmo—gmh (4.15)
so that the volumes of 2-cycles in figure 2 become
¢ +mo — 2mq =36, m1—2p=1m—2¢,
—¢—mg 4 2my1 = —¢ + 2mg — 4. (4.16)

In order to get the IR local P2 + 1Adj theory, we take the limit mo — co while ¢ and
m are kept finite. The cubic prepotential and the mixed gravitational Chern-Simons level
of the IR theory can be obtained from those of the parent theory as

1
Fir = Fuv + 6(¢ +mo—2m1)®,  Cfy = CGy — 2(¢+mo — 2m1), (4.17)

whereas the mixed gauge/SU(2) g level C remains the same along the RG flow. Thus the
effective prepotential of a local P2 + 1Adj on the extended Coulomb branch where ¢ > 0
and m — 2&) > 0 becomes

2 2\ 4
&= L <3¢;3 _ (61 + 62)¢ + Eié) ’ (4.18)

€162 \ 2 8

up to the terms independent of ¢. Interestingly, this prepotential is the same as that of
a local P2. However, they are different theories because the P? 4+ 1Adj theory contains
an additional hypermultiplet coming from the adjoint hypermultiplet of the parent theory,
while the Ey theory has no hypermultiplet. The GV-invariant for this hypermultiplet is
thus a key input for solving the blowup equation

T o~ _ p1pP2 —(771—2(5)
Zhyper (@, M;€12) = PE e . 4.19
hype (¢ 1 2) (1 _pl)(l _p2) ( )
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d @Nﬁm(jlajr) d @NﬁJ‘T(jhjr)
(1, _2) (070) (1’ 1) (O’ %) & (%’0)
(0,3)® (0,3) @ (0,3) &
(1,4) (0,0)® (0,2) @ (3,32) 1L, 3.2)e(3.3)e(3.4) @
(1.3)
2(0,1) @ (0,2) ® (0,3) @
(2,2) (0.3) @ (3.1) (2,5) (3,3)@(3.3) @
2(3,2)e(1,2)8(1,3)
2(0,1)®2(0,2)26(0,2)23(0,1)24(0,2)®2(3.1) &
(2,8) 4(5,2)®6 (3,3)@6 (5.4)92 (3,5)@(1,3)®3 (1,3)@5 (1, 5)@
tpepedyer@ ez ey

Table 14. BPS spectrum of P? + 1Adj theory with d; < 2 and dy < 9. Here, d = (d1,dz) labels
the BPS states with charge dim + da¢.

The feasible magnetic fluxes that one can turn on are
neZ+1/6, Bsy=-1/6. (4.20)

The blowup equation with this flux choice is a unity blowup equation. We solve this
equation and find the BPS spectrum of the local P2 + 1Adj theory listed in table 14. As
expected, this result also agrees with the RG flow from the BPS spetrum in the SU(2), +
1Adj theory given in table 12 in the limit —¢ + 2my — 4m — oo while ¢ and m are
kept finite.

5 Rank 2 theories

In this section, we will compute the BPS spectra of all rank-2 KK theories by employing
our bootstrap approach. The computations will then guarantee that all rank-2 5d and
6d QFTs have solvable blowup equations and their BPS spectra can be obtained by the
bootstrap method. To support our claim, we will present computations of the BPS spectra
of three non-geometric 5d SCFTs: SU(3)g, P2 UF3 + 1Sym, and P2 UFg + 1Sym.

5.1 KK theories

In this subsection, we solve the blowup equations for all rank-2 5d KK theories classified
in [7, 11, 17].

5.1.1 Sp(2) + 3A?

The 5d Sp(2) gauge theory with 3 anti-symmetric hypermultiplets (Sp(2) + 3A2) is the
KK-theory arising from the twisted compactification of the 6d SU(3) gauge theory with 6
fundamental hypermultiplets,

su(3)®?

Sp(2) + 3A2 =
2 (5.1)
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This theory has a geometric description [11] as

e 2h+4f—2> " a;

IF6‘1 F%

g (5.2)

and the fiber-base duality of F§ exchanges two dual descriptions: the 5d Sp(2) gauge theory
with 3 anti-symmetric hypers and the 6d SU(3) gauge theory with 6 fundamentals on a
circle with Zo twist.

In 5d Sp(2) gauge theory description, the cubic prepotential on the chamber described
by the above geometry is

6F = 801 + 126702 — 18610 + 8} + 6mo(201 — 20162 + 65) (5.3)
3
- %Z (82 +ma)® + (261 — do +ma)® + (=261 + b2+ mi)* + (62 — my)?)
=1

where my is the gauge coupling and m;—; 2 3 are mass parameters for the 3 antisymmetric
hypermultiplets. The full effective prepotential on the 2-background is

2 2
8:61162 (;_612—862(4&;51—2¢2)+ei(¢1+¢2)> ' (5.4)

The volumes of the primitive 2-cycles in the geometry (5.2) in terms of the Sp(2) gauge
theory parameters can be written as

vol(f1) = 2¢1 — ¢2, vol(fa) = —2¢1 + 262,
vol(ea) = —4é1 + 2¢2 + My, vol(z;) = —2¢1 + p2 +m; (i =1,2,3). (5.5)
From this information, we can choose a set of magnetic fluxes as
ni €%Z, Bm,=0, By =1/2 (i=1,2,3), (5.6)

which gives rise to a unity blowup equation. The unity blowup equation can be easily
solved and the resulting BPS spectrum is summarized in table 15.

Now we consider the 6d SU(3) gauge theory. Under the Zy twist, the vector multiplet
and the hypermultiplets in 6d are decomposed into the representations of the invariant
subalgebra su(2) as

8 of 5u(3) — 30D 21/4 ©® 23/4 S 11/2 of 511(2) s
3 b 3 Of 511(3) — 20 D 11/4 b 21/2 &b 13/2 Of 5u(2) s (57)
where the subscripts denote the shifted KK charges due to the Zso twist. Collecting the
1-loop contributions from these KK states and the classical Green-Schwarz contributions,
we obtain the full effective prepotential on the )-background as

1

6% + E% 2
&= E gtree + -/rl—loop + 24 ¢1 + 6+¢1 )

1 3
gtree = TQZ)(Q) + 2¢0 (Qb% - 5 ZmZQ + 263_> 5
=1
1

5 3 3 2 & 2
Frioop = 501~ 15701~ 3 2 midn (5:8)
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d ONg . (is dr) d SNS (s dr)
(1,0,0,—1) 3(0,0) (1,0,0,0) (0,3)
(1,0,1,-3) (0,0) (1,0,1,-2) 3(0,3)
(1,0,1,—1) 3(0,1) (1,0,1,0) (0,2)
(1,1,0,0) (0,3) (1,1,1,-2) 3(0,3)
(1,1,1,-1) 3(0,0)®3(0,1) (1,1,1,0) (0,2) & (0,2)
(2,0,1,-3) (0,1) (2,0,1,-2) 3(0,3)
(2,0,1,-1) 3(0,2) (2,0,1,0) (0,2)
(2,1,1,-3) (0,0) & (0,1) (2,1,1,-2) 3(0,2)®3(0,2)
(2,1,1,-1) 3(0,1) ©3(0,2) (2,1,1,0) (0,2)®(0,3)

Table 15. BPS spectrum of Sp(2) + 3A2 for d; < 2, dy < 1, d3 < 1. Here, d = (dy,do,d3,dy)
labels the BPS states with charge dies 4+ do f1 + d3 fo + d4x; and d4 counts collective degrees of all
anti-symmetric hypermultiplets.

Here, the Kéahler parameters in the 6d gauge theory description can be converted to the
parameters in the 5d Sp(2) gauge theory description simply by the following reparametriza-
tion:
1 3 mo mo
do— b1+ 2 — =S ¢1%¢2*2¢1+7, T 2mo, Mg mi— (5.9)

16 44

One can easily check that the effective prepotential of the 6d theory with this reparametriza-
tion reproduces that of the 5d theory given above up to terms independent of ¢;.
It is convenient in the 6d perspective to use the 6d parameters shifted as

5

¢0%¢0*§T**Zmz, ¢1 — ¢1 — 200 (5.10)

The volumes of 2-cycles in the geometry (5.2) can be written in terms of the shifted 6d
parameters as

vol(f1) = 2¢0 — é1 + % ; vol(f2) = —4¢o + 2¢1,

VOl(eg) = —2¢g + 2¢1 — g , VOI(%‘Z‘) = —2¢g + ¢1 +m; . (5.11)
One finds a pair of consistent magnetic fluxes as
m€Z, By=0, Bm =1/2, ng€Z+By with By=0,1/2, (5.12)

which lead to unity blowup equations. We checked that the solutions to the blowup equa-
tions match the result in table 15 from the 5d Sp(2) gauge theory.
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5.1.2 SU(3)4 + 6F, Sp(2) + 2A2 + 4F, G + 6F

This theory is a KK theory coming from the 6d SU(3) gauge theory with 12 fundamental
hypermultiplets on a circle with Zy twist. It has three different 5d gauge theory descrip-
tions: SU(3)4 + 6F, Sp(2) + 2A2% + 4F, and G + 6F,

) su(3)?
SUB)i+6F = Ga+6F = Sp(2)+2A%4+4F =
1 (5.13)
This theory is geometrically engineered by gluing Fo and F§ as [11]
e e+2f724.1_1 T;
F = S
2l ol (5.14)

We shall solve the blowup equations by using the SU(3) and G2 frames. We first
compute the cubic prepotential of the SU(3) gauge theory on the chamber ¢o > ¢1 > 0 as

6F = 8¢7 — 3o — 3p105 + 8¢5 + 12¢102(d1 — ¢2) (5.15)

6
- % > ((¢2 —mi)® + (¢2 — ¢1+mi)® + (¢1 + mi)?’) + 6mg(d? — p1oo + ¢3),
i=1

where my is the SU(3) gauge coupling and m;=; ... ¢ are mass parameters of 6 fundamentals.
The full effective prepotential is

1 €2+ €2 9
E=—IF- (491 — 8¢2) + €1 (o1 + ¢2) | - (5.16)
€1€9 48
A choice of magnetic fluxes
ni €7, Bmy=-1/2, B =1/2 (1<i<6) (5.17)

provides a solvable unity blowup equation. We solve the blowup equation and find the
BPS spectrum of the SU(3)4 + 6F theory listed in table 16.

On the other hand, the full effective prepotential in the G gauge theory in the same
chamber is

2 2
o 1(}__ €3 +€2(4¢1 — 8¢2) + €2 (1 +¢2)> )

€1€9 48
6F = 8¢7 + 1857 ¢ — 240165 + 8¢5 + 6mo (367 — 3p1¢2 + ¢3)

6
- %Z ((¢1 +mi)® + (=1 + d2 + M) + (201 — ¢ +my)?

i=1
+ (=261 + g2 + M)’ + (=1 + o — mi)* + (61 —my)® + m?) ~ (5.18)

Here, my is the G gauge coupling and m;—; ... ¢ are mass parameters of the G fundamental
hypers.
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d eNs . (i, jr) d &N (s dr)
(L-33) (0.3) (L.-33) (0.3)
(1,—1,0) 6(0,0) (1,—1,1) 6(0,1)
(1,-1,2) 6(0,2) (1,-2,2) 15(0,1)
(1.-%3) 15 (0, 3) (L-33) 20(0,0) @ (0, 3)
(1,-%,4) | (0,3)@20(0,1) @ (0,2) (1,0,1) 6(0’0)33751()0’2) @
(1,0,2) 6(0.1) @(15 ()o,g) (1,1,2) 6(0,0) & 15 (0, 1)

1 15 ( ) 601e 2 1 1
(1,5.3) 15(0,2) (L5.3) 20(0,0) @ (0, 3)

)
) 20(0,0)®2(0,3) &
(1.3.5) 20(0.1) (OE) (1,1,0) 6(0,0)
1 0)®15(0,3) @
w1y | 60 0)§é51§0 2) @ (1,1,2) )o15(0,3) @
’ 6(0,2)
(2,-2,1) 15 (0’%) (2’_2’ %) 20(0,1)
(2,-%.3) 15 (0, %) (2,—1,0) 6(0,0)
6(0,0)@15(0.3) @ 20(0,0) @37 (0,1) ®
3 2 2 ’ D)
2,-1,1) | 960, 1)@ 1 i(o,Q)ea (2,-2,2) 20(071)@(%55)
6(3,3)
102 (0,0) & 66 (0, %) @
(2,-%, %) (0,0)® 15 (0, 3) (2,0,1) 102(0,1) ®15(0,3) @
6(3,3) ®6(353)

Table 16. BPS spectrum of the SU(3)4 4 6F theory for (d; = 1,ds < 1,d3 <2) and (d1 = 2,ds <
0,ds <1) where d =

roots o = 2¢1

over.

(di1,da,ds) labels the BPS states with charge dymg + dac; + d3as for simple
— @2, g = —¢1 + 2¢2 of su(3) algebra, and 6 flavor charges are blindly summed

Under the duality between the SU(3) and G2 descriptions, the Kéhler parameters in

two theories have a natural map [76] given by

SU
P77 =
2
myV = fm(CfQ

.1l e 1o g
2_|_7m02_7zm‘2’
3 34"

3

6

6

SU _ ,G»>
2 — Y2
SU __
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2 e

my

2_7ZmG2

(5.19)

m? + ZmG2 (1<i<6).
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The magnetic flux quantization is satisfied by
ni €Z, Bm,=0, By =1/2 (1<i<6). (5.20)
This choice of magnetic fluxes provides a solvable unity blowup equation. We check that
the solution to the equation matches the BPS spectrum of the SU(3) theory in table 16
under the above parameter map.

5.1.3 SU(3)s + 9F, Sp(2) + 1A% + 8F

This theory comes from the circle compactification of the 6d rank-2 E-string theory. This
theory can also be described by two 5d gauge theories: SU(3)3/,+9F and Sp(2)+ 1A% +8F,

sp(0)M  su(1)M

SU(3)3/2 +9F = Sp(2) + 1A% + 8F =
I —— 2 (5.21)
The geometric construction for this theory is given by
f+e 3
IF0|1 IE‘??L|2 (5‘22)

The validity of the blowup equations for the 6d rank-2 E-string was checked in [89].
Here, we will solve the blowup equations from the perspective of two dual 5d gauge theories.
First, the full effective prepotential of the SU(3) theory on the Coulomb branch where
2> ¢1>01is

1 2 2
S _ 6162<f— 614‘:262 (4¢1 — 14¢2) + 62+(¢1 + ¢2)> )

. 9
6F = 867 — 36762 — 36103 + 803 + S0102(61 — b) + 6mo(9F — 916 + 63)
120
—3 > <(¢2 —m;)® + (d2 — 1 +m;)° + (¢1 + mz)g) ; (5.23)
=1
where myg is the SU(3) gauge coupling and m;—1.... g are mass parameters of the fundamental
hypermultiplets. A set of consistent magnetic fluxes
ni €%Z, Bpm,=-3/4, Bp,=1/2 (1<i<9). (5.24)
provides a solvable unity blowup equation. By solving the blowup equation, we obtain the
BPS spectrum given in table 17.
On the other hand, in the Sp(2) theory, the full effective prepotential in the same
chamber is

2 2
g— 1 (]-' D 14gn) + (61 + @)) , (5.25)
€1€9 48

6F = 807 + 129702 — 186105 + 8¢5 + mo (207 — 2¢1¢2 + ¢3)

8
- % > ((¢1 +mi)3 + (—p1 + do +mi)3 + (—p1 + o — my)> + (o1 — mi)3)
=1

- %((052 +m9)3 + (201 — b2 + mg)® 4+ (=261 + P2 +mg)> + (2 — m9)3> ,
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d oNs (i, jr) d oNg S (i Jr)
(1,-1,0) (0,0) (1,-1,1) (0,1)
(1,-1,2) (0,2) (1,-%2,2) 9(0,3)
(1L.-5:3) 9(0,3) (L —5:3) 36(0,0)
(1,-%,%) 36 (0,1) (1,0,1) | (0,0)®84(0,3) @ (0,1)
(1,0,2) | (0,1)®84(0,3)®(0,2) || (1,3,2) 126 (0,0) © 9 (0, 3)

. 9(0,2) ®126(0,1) ® -

(1,5:5) : 9(0,3) (1,5 5) 45(0,0)
(L3.4) | POOL 0D qg ®(0.3)
(0,0)®84(0,3) ®
a1, | 2008 (0.3) @ (1,1,2) | 85(0,1)@84(0,3) @
o1 02
(2,-1,1) 84(0,1) (2,-2,2) 126 (0, 3)
85(0,0) & 1219 (0, 3) &
(2,-%,3) 126 (0,0) (2,0,1) 85(0,1) & 84 (L, ’i)
(2,1,2) 801 (0,0?36%1’3%5)(0,5)@ (2,2, 1) 162 (0,0) (@95 3) @
1465 (0,0)®1387 (0, 3) ®
(2,1,0) | (0,00®(0,1)® (3,3) (2,1,1) Si?S (8)16)983(?;)59@
8 (5,:) @ (5,5) @ (1,1)

Table 17. BPS spectrum of the SU(3)3/2 + 9F theory for d; = 1, dy < 1, d3 < 2 and d; = 2,
da,ds < 1. All flavor mass parameters m;—;. ... 9 are turned off and d = (dy, d, d3) labels the BPS
states with charge dymg + daa + dsas for the simple roots a; and awg of su(3) algebra.

where my is the Sp(2) gauge coupling, m;—; ... g are mass parameters of the Sp(2) funda-
mentals and mg denotes the mass parameter of the antisymmetric hyper.
The Kéhler parameters in the Sp(2) theory are mapped to those in the SU(3) theory as

8 8
sp_ o su_ 1 sy 1 su 1 su sp_ su, su 1 su_1 su
"= ¢y T 50 +szj I o =y +mg +§ij — 3™
i= =
s_3 su ls su o osw_ L osu syl su L osy ,
my = 5mg +szz , Mt = gmgs —m; +4jz::1mj — 4% (1<i<T),
so_ L osu, sy Is~ su. 1l sv Sp _ U
mS = —§m0 + m8 — Z Z mj + ng s = mo + = Z m (526)
j=1
In the Sp(2) frame, we find a set of consistent magnetic fluxes
ni €%Z, Bmy=0, Bpn =1/2 (1<i<9). (5.27)
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This leads to a solvable unity blowup equation. We have checked that the solution to the
blowup equation agrees with the BPS spectrum of the dual SU(3) gauge theory given in
table 17.

The instanton partition function of the Sp(2) +1A2 + 8F theory can also be calculated
using the ADHM construction introduced in [35, 48, 121]. We checked that our result from
the blowup formula is in perfect agreement with the ADHM result in the Kéhler parameter

expansion.

5.1.4 SU(3) + 10F, Sp(2) + 10F

The 5d SU(3)p + 10F theory and the Sp(2) + 10F theory are two dual 5d descriptions for
the KK theory arising from the circle compactification of the 6d Sp(1) gauge theory with
10 fundamental hypermultiplets,
1))
SUGB)+10F =  sp@)+10Fk =  PW
1 (5.28)
This theory is geometrically engineered by gluing F® and Fy [11].

+2f e
Fol, ~ FY),

(5.29)

The blowup equation for this theory from the 6d gauge theory perspective was checked to
be satisfied by substituting the known one-string elliptic genus into the blowup equation
in [90].

We will now compute the BPS spectrum of this theory using the blowup equations in
the 5d gauge theory descriptions. First, the full prepotential of the SU(3) gauge theory on
the chamber ¢2 > ¢y > 0 is

1 2, .2
E= . <]—" _ 61;62 (4p1 — 16¢2) + 63_(¢1 + ¢2)> ,

6F = 8¢ — 36762 — 30105 + 8¢5 + 6mo(¢F — 162 + ¢3)
1 o
—3 > ((cf)z —m) + (d2 — 1 +my)® + (1 + mi)?’) : (5.30)
i=1
We find a set of consistent magnetic fluxes

ni €7, Bmg=0, Bpm, =1/2 (1<i<5), Bm,=-1/2 (6<i<10), (5.31)

which provides a solvable unity blowup equation.
In the Sp(2) gauge theory, on the other hand, the full effective prepotential on the
same chamber takes the form of

2 2
£— 1 (f_€1+€2(4¢1_16¢2)—{—63_(¢1+¢2)>7

€1€2 48
6F = 87 + 12¢75 2 — 18¢185 + 8¢5 + mo(2¢7 — 20162 + ¢3)

10
- %Z <(¢1 +m)’ 4+ (—¢1+ o+ mi)?’) , (5.32)
i=1
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d ®N5, ;. (i dr) d eNs . (i, jr)
(1,1,1) 512 (0,0) (1,1,2) 512 (0, 3)
(1,1,2) 512 (0,1) (1,2,3) 512 (0, 3)
(1,2,2) 512(0,0) @ 512(0,1) (2,0, 1) (0,3)
(2,0,—1) 20 (0,0) (2,0, 3) 20 (0,0)
(2,0,1) (0,3) (2,1,-1) (0,2)
(2,1,-3) 20 (0,1) (2,1,0) 192(2({’0%)5((;’1%)@

1180 (0,0) © 20 (0,1) ® 192(0,3) @ (0,2) @
2,1,% 1 1 27131 1 2 1 3
B1:3) 20(3.3) G | Goed)
(2,2,-1) (0,2) (2,2,-3) 20 (0,2)

20 (0,0) @ 1180 (0,1) @

(0.3)©192(0.3) & 1 11
R O EYC e R B ARY
)1 5230 (0,3) ©192(0,3) @ (0,2) ®192(4,0) 193 (3,1) @
sy CEETIELE)

Table 18. BPS spectrum of the Sp(2)+10F theory for d; = 1, do,d3 < 2andd; =2,dy <2,d3 < 1.
Here, d = (d;,ds,ds) labels BPS states with charge dimg + daay + dsas, where a; = 2¢1 — ¢o,
ag = —2¢1 + 2¢9 are the simple roots of sp(2) algebra, and 10 flavor charges are blindly summed
over.

where mg is the Sp(2) gauge coupling and m;—;.... 10 are mass parameters of the funda-
mental hypers. One possible choice of consistent magnetic fluxes in the Sp(2) theory is

ni €%, Bmy=0, Bm =1/2 (1<i<10). (5.33)

The Kéahler parameters in two 5d theories are mapped to each other by the relations [27]

10 10
s 1 1 s 1 s
= igU+§mOSU+ZZm?U7 ¢y’ = §U+mOSU+§Zm§gU7 my? =mg

=1 i=1
sp_ 1 sy sv . e~ su . Sp 1l oo 1 sv.3 sv
mg = gmg — mj +4ij (1<i<9), mig = —5Mp _sz] +Zm1

i=1 j=1

(5.34)

We list in table 18 some leading BPS states computed by solving the blowup equation
in the Sp(2) + 10F theory. We checked that this solution agrees with the result from the
SU(3)o + 10F description and also agree with the ADHM result for the Sp(2) 4+ 10F theory
computed in [28] as well as topological vertex [27] in series expansion of Ké&hler parameters.
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d @N;}J‘T(]’lajr) d @Nﬁ,jr(jlvjr>
(17071771a71) 2(030) (1307171771) 2(070)
(17 07 2a _27 O) (0’ %) (15 07 27 07 _2) (07 %)
(1,0,2,0,0) 4(0,3) (1,0,2,2,0) (0,3)
(1,1,-1,1,-1) 2(0,0) (1,1,0,2, —2) 4(0,3)
100, e (0,3
(1,1,0,2,0) <1 ?) (1 ?) (1,1,1,-1, 1) 2(0,0)
(3:00@(3.1)
(1.1.1.1.-3) 2(0,0) (- | HOOSIDE
(3.3)
10(0,3) @ (0,3) &
(17172a07_2) 4 Ovl (1717270?0) 'z 2
02 (1.0 (3.1
‘ 25(0,3)®14(0,3)®
10 (0. 3 ’2 ' 2
(1,1,2,2,-2) | ((0; 23)3;5((10’12)) 1 w220 | (03 e4(l0)e
2D 5(3:1) @ (3.2)
Table 19. BPS spectrum of the SU(2) x SU(2) theory with 2 bifundamentals. Here, d =

(dl,d27d3,d4,d5) labels the BPS states with charge diymq + domo + ds¢r + dads + dsm; where
ds counts collective degrees of two bi-fundamental matters with masses m;—3 4. There is a symme-
try exchanging (di,ds,ds, ds,ds) <> (da,d1,ds,ds,ds) and ds <> —d5, so we list BPS states up to
(ds,ds) <(2,2) and d5 < 0 for (1,0) and (1, 1) instantons.

5.1.5 SU(2) x SU(2) + 2bi-F

We will now give an example for 5d quiver gauge theories. The 5d theory with SU(2)xSU(2)
gauge group and 2 bi-fundamental hypermultiplets (bi-F) is the KK theory obtained from
a circle compactification of the 6d SU(2) gauge theory with 4 fundamental hypermultiplets.

The full effective prepotential of the SU(2) x SU(2) gauge theory on the Coulomb
branch where ¢2 > ¢1 > 0 is given by

1 2 2
£= = (f ~ L 61— o)+ o+ @)) , (5.35)
4
6F = 868 + 863+ 6mu g +6magh — 53~ (01 + b2 £ m)’ + (61 + 2 £ mi))
1=3

where my and mq are the gauge couplings for two SU(2) gauge groups respectively, while
mg and my4 are the mass parameters of two bi-fundamentals.

A unity blowup equation can be formulated with a set of the consistent magnetic fluxes
given by

n; €%, Bm =0, Bpy,=0, Buy,,=1/2. (5.36)

The solution to the blowup equation is given in table 19. We also computed the partition
function of this theory using the ADHM method and confirmed that the result agrees with
the BPS spectrum in table 19.
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5.1.6 SU(3)o + LAdj

The 5d SU(3)p gauge theory with one adjoint hypermultiplet is equivalent to a circle
reduction of the 6d N = (2,0) As theory [17],

su(2)M su(2)®

SUB3)y + 1Adj = , , .
— 5.37

The cubic prepotential of this theory on the chamber where 2¢o > ¢ > %(bg is
6F = 8¢ — 3¢7¢2 — 30105 + 83 + 6mo(¢f — 162 + &)
1
- §<(¢1 + go £ m1)® + (=1 + 202 £m1) + (201 — g2 m1)3>, (5.38)

where mg is the gauge coupling and m; is the mass parameter of the adjoint matter. The
effective prepotential is
1
E=_— (F+é ) 5.39
o (Frdeira) (5.39)
We find that a set of consistent magnetic fluxes

ni €%, Bmy =0, Bp, =1/2 (5.40)

gives rise to a solvable unity blowup equation. The BPS spectrum obtained by solving the
blowup equation is listed in table 20. We also computed the instanton partition function
for SU(3)g + 1Adj independently using the ADHM construction and confirmed that our
result agrees with the result from the ADHM method.

5.1.7  Sp(2) + 1Ad]

There are two Sp(2)g gauge theories with an adjoint hypermultiplet in 5d distinguished by
two distinct theta angles § = 0 or € = 7. In this subsection, we discuss the case with § = 0.

The 5d Sp(2)g + 1Adj theory is the KK-theory obtained by the Zy twisted compacti-
fication of the 6d N = (2,0) A3z theory [120],

su(D)®M su(1)®

Sp(2)o + 1Adj = S -
-2 5.41

This is a non-geometric theory. This theory on the other hand has a 5-brane web realization
with an O7" plane (or frozen singularity) which will be discussed in appendix B.

The BPS spectrum of this theory can be obtained by solving the blowup equation as
follows. The full effective prepotential of this theory on the chamber where 2¢1 > ¢o >
¢1>0is

1 2 + 2
E = E (f - o 4862 (4¢1 - 2¢2) + 63—(¢1 + ¢2)> )
6F = 87 + 12¢7¢2 — 18105 + 885 + mo(267 — 20162 + ¢3) (5.42)
1

-3 (201 ma) + (62 & M) + (=261 + 26 £ m1)* + (£(261 — 82) +ma)*),
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d ®N5, ;. (i dr) d SN (i, dr)
(1,0,1,—2) (0,3) (1,0,1,—1) | (0,0)® (0,1) & (3, 3)
(1,0,1,0) | 2(0,3) @ (3,00 @ (3,1) | (1,0,2,-2) (0,2)
(170727_1) (0’1)@(0’2)@ %’%) (1709270) 2(07%)@ (%’1) @(%’2)
(1,1,1,-3) (0,0) (1,1,1,-2) 3(0,3) & (3,0)
(1,1,1,-1) | 5(0,0)®2(0,1)®3(3,3) || (1,1,1,0) 6 (0, %; 69141()5’0) ©
(171727_3) (071) (171727_2) 2(07%)@2 (0’%>®(%’1)
(0,0)®5(0,1) @ (0,2) & 4(0,)24(0,2) &
S B (CO LT TR kR RO ETED YR
_ _ 1(0,5)@3(0,3) @
(1,2,2,-3) (0,0) @ (0,1) (1,2,2,—2) (20) @ (4,1)
5(0,00@7(0,1) @ 8(0,2)®6(0,3)®
(1,2,2,-1) 2(0,2)®4(3,3) @ (1,2,2,0) 4(3,0)®6(3.1) @
3(3:3) 2(3,2)
(270>1773) (030) (230’1772) 2(0’%) D (%’O) & (%’1)
5(0,3) ® (0,2) ®
4(070)@2(071)@ 1 2 12
2,0,1,-1 Y L 2,0,1,0 3(3.00@3(3,1
( ) 3(5,5)@ §7g>@(1’1) ( ) ((1’2)@@ ((1’2))@
140, H)e(0,3)®
(27171’_3) 5(070)@2 (0’1)@3 (%7%) (271’17_2) 9(%7 ) @7(%’1) ®
2(L,3)
22(0,0) ® 14(0,1) & 31(0,3) ®5(0,3) @
2.1,1,-1) | 22(3.3)@4(3.3) @ || (21,1,0) | 21(5.00@17(5,1) &
4(1,0) ®5(1,1) 9(1,H)®3(1,3)

Table 20. BPS spectrum of SU(3)¢ + 1Adj theory for dy =1, do,ds < 2 and dy = 2, da,ds < 1.
Here d = (d1, da, d3, d4) labels the BPS states with charge dymg+daa +dzas +dgmy, where oy and
ap are simple roots of su(3) algebra. The states related by the symmetries do <> d3 and dy <> —dy
are omitted.

where myg is the gauge coupling and m; is the adjoint mass parameter. One can choose
the consistent magnetic fluxes as

ni €Z, Bpy=0, Bp, =1/2, (5.43)

and formulate a unity blowup equation. The solution to the blowup equation is given in
table 21. We checked that this result matches the instanton partition function of the 5d
N =2 Sp(2)p gauge theory computed in [46, 122] using the ADHM construction.
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d @Nﬁ7jr(jlajr) d @N;lidr(jl’jr)
(1,0,1,—2) (0,3) (1,0,1,-1) | (0,0)@(0.1) & (3,3)
(1707170) 2(07%) ©® (%70) & (%’1) (1’0’2’72) (O’%)
(1,0,2,-1) | (0,1)@(0,2) & (%,3) (1,0,2,0) | 2(0,2) & (3,1) & (3,2)
(1,1,1,-3) (0,0) (1,1,1,—2) 2(0,3) @ (%,0)
(1,1,1,-1) | 4(0,0)® (0,1)®2(3,3) || (1,1,1,0) | 4(0,3)®3(3,0)e(3,1)
2012 | 20he (G061 | @oi-y | GITHEIE
5(0,5) @ (0,3) @
(2,0,1,0) 3(z:00@3(5.)@ || (2,1,0,-2) (0, 1)
(1,3) @ (1,3)
(2,1,0,-1) | (0,0)@(0,1) & (3,1) (2,1,0,0) | 2(0,3) & (3,0) & (3,1)
6(0,)m4(3.0)00
(2,1,1,-3) 2(0,0) @ (4, 3) (2,1,1,-2) >(21) @ (1,1)
11(0,0)&5(0,1) & 14(0,3) ® (0,3) @
@n1,-1| 10kthHeld e (2,1,1,0) | 11(3,0)®7(3,1)®
2(1,0)®2(1,1) 4(1L, Yo (1,3)

Table 21. BPS spectrum of the Sp(2)y + 1Adj theory for d; = 1,2 and do < 1, d3 < 1. Here,
d = (d1, d2, ds, d4) labels the BPS states with charge dymo—+daa; +dzas+dymy where a; = 2¢1— o,
ap = —2¢1+2¢9 are simple roots of sp(2) algebra. The theory has a symmetry exchanging dy <> —dy
which provides BPS states with flipped charge dy — —dy.

5.1.8 SU(3)s + 1Sym, Sp(2), + 1Adj
2
The 5d Sp(2), + 1Adj theory is the KK-theory obtained by Zs twisted compactification of
the 6d N = (2,0) Ay theory. This theory is also dual to the SU(3)3/, + 1Sym theory [7],
su(1)®  su(1)®
2 —— 2

-,

This theory has no geometric construction, but it can be realized by a 5-brane web with

SU(3)3/2 +1Sym = Sp(2).+1Adj =

(5.44)

an O77T plane as discussed in [76]. See also appendix B for more details.
In the SU(3) description, the effective prepotential on the Coulomb branch where
¢2 > ¢1 > 0 is given by
1
g=L (]—" -

€1€9

e% + e%
48

(461 — 209) + 2 (61 + @)) ,

6F = 8% — 36302 — 30163 + 863 +  b16a(61 — 02) + mo(63 — b1 + 03)
- %((%1 +m1)* + (g2 +ma)’ + (=201 + 262 + )’

+ (=1 + ¢2 — m1)® + (1 — m1)® + (2¢2 — m1)?) (5.45)
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where myq is the gauge coupling and my is the mass parameter of the symmetric matter.
The following magnetic fluxes give a solvable unity blowup equation for this theory,

ni €%, Bmy=—1/4, By, =1/2. (5.46)

On the other hand, the blowup equation from the Sp(2) theory perspective is rather
subtle. The effective prepotentials and the 1-loop GV-invariant of Sp(2), + 1Adj theory
are the same as those of the § = 0 case. Therefore the form of the blowup equation for the
Sp(2)p theory at 0 = 7 is expected to be determined by another choice of magnetic fluxes
different from the fluxes used for the theory at § = 0 in the previous subsection. Indeed,
there exists another set of consistent magnetic fluxes given by

n €Z+1/2, ny€Z, Bpy=0, Bpn =1/2. (5.47)

Rather surprisingly, we notice that the blowup equation coming from this set of fluxes

has two distinct solutions. While solving the blowup equation, we always find two inde-
(lalzla_3)

N

order has two solutions, either 1 or 0. Interestingly, it turns out that these two solutions of

pendent solutions at each order in the expansion. For example, at l-instanton
the single blowup equation correspond to the 8 = 0 and # = 7 cases respectively. Indeed,
we checked up to 3-instantons that the instanton partition functions of the N/ = 2 Sp(2)g
gauge theories both at § = 0,7 computed using their ADHM constructions satisfy the
same blowup equation formulated with the fluxes in (5.47). This example tells us that
two Sp(NN) gauge theories with different theta angles can be distinguished by flux choices
leading to different blowup equations, or by distinct solutions of a single blowup equation.
The map between Kéhler parameters of the SU(3) and Sp(2) theories is

SU sp, 1/ s s SU Sp, 2/ s 5
1= 1p+*<m0p_3m1p>a 5 = 2p+*<m0p_3m1p),

3 3
1 2
mSV = mdP — §mfpa miU = —ZmsP 4 m2P. (5.48)

Under this map, the BPS spectrum from the solution to the blowup equation in the SU(3)
description agrees with that from the dual Sp(2) description. Some leading BPS states of
the SU(3) theory are listed in table 22. We also confirmed that this result agrees with the
ADHM result for the Sp(2). + 1Adj theory.

5.1.9 SU(3)p + 1Sym + 1F

The 5d SU(3) gauge theory at CS-level 0 with a symmetric and a fundamental hypermul-
tiplets is the KK-theory obtained by a twisted compactification of the 6d rank-2 (Ay, A;)
conformal matter theory introduced in [123],

SU(3)o + 1Sym + 1F =

(5.49)
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d eNs . (i, jr) d &N (i, jr)
(1,-1,0,3) (0,0) (1,-1,1,3) (0,1)
(1,-3.3.3) (0,3) (1,-3.3.3) (0,3) @ (3,0)

2(0,0)®2(0,1) @&
(1,0,1,3) o) (1,L,2,-0) | 200 dd)
272
(1,5.%.3) (0,3) (1,3,5.-3) (0,0)
(1,%,3,3) (0,3) @ (3,0) (1,1,0,-3) (0,3)
(1,1,0,%) (0,0) (1,1,1,-2) 2(0, 1)@ (3,0
2(0,0)®2(0,1)®
272
(2,-3.3,1) (0,3) @ (3,1) (2,-3.3.4) (0,0)
11 11 2(0,0)®3(0,1)®
<2a 37372) 2(070)@(252) (27()’170) 2(%7%)@ %’%)@(1,1)
5(0,3) @ (0,3) @ 12 6(0,3) ®4(3,0) @
2013 1 i Deadny || @RY (e )
(2,3.3,4) (0,0) (2,3,5,-1) | 2(0,3)®2(3,0)
(2,3.5.2) 2(0,0) @ (3,3) (2,1,0,0) | (0,0)& (0,1) & (3.3)
11(0,0) ®9(0,1) @
0,2)@10(3.3) e 50, )@ (0,23
2(1,1)

Table 22. BPS spectrum of the SU(3)3/, + 1Sym for d; < 2 and dp,d3 < 1. Here, d =
(di1,da,ds, ds) labels the BPS states with charge dymg + dec; + dzae + dgymy for simple roots «y
and ag of su(3) algebra.

This is another non-geometric rank-2 theory that can be realized by a brane web with O7"
plane. The associated brane web will be given in appendix B.

We can compute the BPS spectrum of this theory using the blowup formula. The
effective prepotential of this theory on the chamber ¢o > 1 > 0 is given by

1 €2 + €2 €1+ €2\2
e= (7= T2 - a0 + (5 2) @1+ 00).

6F = 8¢; — 312 — 3165 + 8¢5 + 6mo(f — d1¢2 + ¢3)

- %((2¢1+m1)3+ (pa+m1)®+ (=201 4202 +m1)>+ (=p1+d2 — m1)>+ (p1—m1)?)
1

- 5(@)1 +ma)® + (=1 + d2 + m2)® + (¢2 — m2)?), (5.50)

where myg is the gauge coupling, m; and mo are mass parameters of the symmetric and
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d @Ng7jr(jlvjr> d @N](‘:ll,jr(jlvjr>
(1L-2.2.3.0) (0.4) (1L-353-8) (0.0)
0,00 (0,1) ®
(13450 0.0) (1.0.1.4.3) o
272
(1.0.1.5.-3) (0.4) (155 -38) 0.0)
(13 -3-41) 0.0) (15.2-3.-3) (0.0)
(L5350 0.0) C535-8 | ehHeko
L5330 | 2000 |Li-2-5-1 (0.4)
L350 200G | @ii-5) | 0o
(L2530 (0.0) (L2550 (0.0)
0,0) (0,1) &
(1.1,0,-3.3) 0.3) (Lo | @O0
27 2
5 3(0,0)® (0,1) ®
(11,5 (0.4) ri-p-p | PO
27 2
300,002 (0,1) &
(L113,3) 2(L, 1) (L1153, -3) 0.3)
272

Table 23. BPS spectrum of the SU(3)g + 1Sym + 1F theory. Here, d = (d1,ds,ds, dy, ds) labels
the BPS states with charge dymg + doay + dsas + dymq + dsmeo where a1 and s are simple roots
of su(3).

fundamental hypers, respectively. One finds a set of consistent magnetic fluxes
ni €%, Bmy=0, Bm =1/2, Bp,=1/2, (5.51)

which provides a solvable unity blowup equation. The BPS spectrum from the solution of
the blowup equation is given in table 23.

5.1.10 SU(3)1s + 1F, G + 1Adj

The last rank-2 KK theory is the theory obtained by Zg twisted compactification of the
6d N = (2,0) Dy theory. This theory has two 5d gauge theory descriptions: one is the Go
gauge theory with an adjoint hypermultiplet [120] and another one is the SU(3);5/2 + 1F
theory [97],

su(1)M  su(1)®

2 —3—= 2 (5.52)
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It can be geometrically described by

f+3h

[
F8‘1 IE‘(1)

2 (5.53)

However, this geometry is not shrinkable and there is no known shrinkable geometric phase
for this theory [11]. Nonetheless, it is expected that a series of flop transitions give rise to
a phase for the unitary KK theory [97]. As we will see below, this expectation is consistent
with the BPS spectrum which we can compute by solving the blowup equations.

We shall solve the blowup equations from both the G2 and SU(3) theory perspectives.
The effective prepotential for the SU(3) theory on the Coulomb branch where ¢2 > ¢ > 0
is given by

2 2
E = 1(]:'_ 61[;62 (4¢1 + 2¢2) + E?’_(le + ¢2)> )

€1€9
6F = 8% — 36302 — 3013 + 863 + 5 016261 — 62) + 6mo(} — dr62 + )
(B2 =)+ (62— 1+ ) 4 (61 +m)®) (5.54)

where mg is the SU(3) gauge coupling and m; is the mass parameter of the fundamental
hyper.
In the G2 gauge theory, the effective prepotential in the same chamber is

1 2 .2
€= m(;_ 61;;62(4@+2¢2)+63(¢1+¢2)>,

6F = 87 + 18¢1 2 — 240165 + 83 + 6mo (307 — 31002 + 3)
1
— (g2 m1)® + (£(3¢1 — ¢2) +m1)” + (61 +m1)* + (£(d2 — ¢1) + ma)’
+ (£(=3¢1 + 2¢2) +m1)? + (£(2¢01 — ¢2) +m1)?)), (5.55)
where myg is the G5 gauge coupling and my is the mass parameter of the adjoint matter.
Under the duality, the Kéhler parameters in the G2 +1Adj and in the SU(3),5/ + 1F
theories are mapped to each other as follows:
1
vl

3
m? = 5mi” + ZmiY | m{® = 2mg". (5-56)

G €] SU(3
G2 = pSU 4 U — G2 — §U+2m0() SU

) _ml )

One can check with this map that the effective prepotentials of two dual gauge theories
match well up to constant terms.

We first solve the blowup equation from the perspective of Go gauge theory. A set of
consistent magnetic fluxes

ni €7, Bpg=0, Bp, =1/2 (5.57)

provides a solvable blowup equation. By solving the blowup equation, we find the BPS
spectrum of the G2 gauge theory given in table 24.

— 69 —



d @SN3, ;, (s Jr) d NS (i, jr)
(1,0,1,0) | 2(0,3) & (3,0)® (3,1) || (1,0,1,1) (0,0)a (0,1) & (3, 3)
(1,0,1,2) (0,3) (1,0,2,0) | 2(0,2) & (3,1) @ (5.2)
(1,0,2,1) 0,)@(0,2)® (3, 32) (1,0,2,2) (0,2)
(1,1,1,0) | 4(0,3) @3 (3,00 (1,1) || (1,1,1,1) | 4(0,0) & (0,1) 2 (3, 3)
(1,1,1,2) 2(0,1) e (1,0 (1,1,1,3) (0,0)

4(0,3) ©4(0,3) @ (0,0)®5(0,1) @ (0,2) &
BL2O 0 i ey | 23D ey
(1,1,2,2) | 2(0,3)®2(0,2)a (£,1) || (1,1,2,3) (0,1)
(12,10 |40 e3(0e (1) [z [ 40000102} )
(1,2,1,2) 2(0,3) @ (3,0) (1,2,1,3) (0,0)

8(0,)®4(0,3)® 5(0,0)®6(0,1) @
1220y goes@yaede) | V2 02eid.de2d.d)
(1,2,2,2) 10.3)820:3)e (1,2,2,3) (0,0) & (0,1)

(3.0) @ (3.1)

5(0,3) ®1(0,2) @
(2,0,1,0) | 3(@z0)@3(z1)e | (2,01,1) 3<f(?;029@1220)’3§ )

(1,3) @ (1,3) v ’
(2,0,1,2) | 2(0,H) e (3,00@ (3,1) || (2,0,1,3) (0,0)

120, e (0,3) e 10(0,0) ®4(0,1) &
(2,1,1,0) | 10(3.00®@6(3.1)® || (2,1,1,1) 9oL, Haek e

4(1,3) @ (1,%) 2(1,0)®2(1,1)
ey | (0’12) o (2’?) ol e 2(0,0)® (4, 1)

2(3.1) @ (L 3)

Table 24. BPS spectrum of the Gy + 1Adj for dy = 1, do,d3 < 2 and d; = 2, da,d3 < 1.
Here, d = (dy,ds,ds,ds) labels the BPS states with charge dymg + de2ay + dsas + dymy, where
a1 = 2¢1 — @2 and as = —3¢1 + 2¢2 are simple roots of G3. The theory has a symmetry exchanging
d4 < 7d4.

In the SU(3) description, one can use the same magnetic fluxes to formulate a unity
blowup equation. The duality map (5.56) implies that the above fluxes in the G5 perspective
are converted into the magnetic fluxes in the SU(3) gauge theory given by

nm €Z+1/3, ny€Z+2/3, Bpmg=1/4, By, =-5/6. (5.58)

We checked that the blowup equation with these fluxes in the SU(3) perspective can be
solved and the solution perfectly agrees with the result from the Go + 1Adj description.

— 70 —



The BPS spectrum tells us how to move on to the unitary phase where all the BPS
states have non-negative masses in the UV limit. First note that the geometric phase (5.53)
is non-shrinkable due to an exceptional curve fo —x whose volume cannot be non-negative
while keeping volumes of all other curves non-negative at the same time. This implies that
we need to flop the fo — z curve in the UV limit. Unfortunately, this transition leads to a
phase which cannot be described by a smooth CY 3-fold.

However, we are able to trace all the phase transitions toward the unitary phase relying
on the BPS spectrum we computed. To move on to the unitary phase, we need to flop 4
curves associated with 4 hypermultiplets with the masses, consecutively as,

mi1—3¢1+¢2 — mi—¢1 — mi+ o1 — P2 — my+ 3P — 20 (5.59)

in the G2 description. In the SU(3) description, these hypermultiplets are all instantonic
states. In the geometry (5.53), the flop transitions performed on the exceptional curves as

fz—x — f1+f2—£C — 2f1—|—f2—£L‘ — 3f1+f2—£€, (5.60)

will lead to the unitary phase smoothly connected to the UV fixed point. One can check
that in the final phase all the BPS states have non-negative masses. This result provides
a strong evidence that the flop transitions in (5.60) in the geometric description (5.53)
are physically well-established transitions, though the phases after the flop transitions are
non-geometrical.

5.2 Rank 2 5d SCFTs
5.2.1 P2UT,

The local P2UF3 theory is a rank-2 analog of the SCFT engineered by a local P2. It is a non-
Lagrangian theory with no mass parameter. Its geometric construction is represented by

P, = " F
h = Fb (5.61)
The volumes of two primitive 2-cycles are given by
vol(€) = 3¢1 — g2, vol(fo) = —¢1 + 262, (5.62)

where £ is a curve with £2 = 1 in P? and f5 is the fiber in F3. The geometry can be obtained
by blowing down an exceptional cycle of F; in geometry F; — F3, which implies that this
theory can be obtained by an RG flow from the pure SU(3)s theory by integrating out an
instantonic hypermultiplet. The web diagram for this theory is depicted in figure 3.

The effective prepotential on the {2-background is

1 2 2
= P, (J:— 612;2 (61 + 42) + €2 (1 + ¢2)> )
6F = 963 — 99702 + 36165 + 8¢5 . (5.63)
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(a) (b) (©)

Figure 3. A 5-brane web construction for P2UF3. Starting from the web diagram of SU(3), theory
(a), flop transition for an instantonic hypermultiplet gives (b). Integrating out the hypermultiplet
gives a web diagram of P? U F3 depicted in (c).

d @N](':llyjr(jhj?‘) d @Nﬁ,jr(jlvjr)
(0,1) (0,3) (1,0) (0,1)
(1,1) (0,0) @ (0,1) (1,2) (0,1)
(1,3) (0,2) (2,0) (0.3)
(2,1) (0,3) @ (0,3) (2,2) (0,3) @ (0,3) ®(0,3)
2,3) | (0,3)@(0,5)®(0,3) (3,0) 0,3)@ (3.3)
(0,2) ®2(0,3) @ (0,4) ® (0,1) ®2(0,2) ®3(0,3) ®
. (3.3 e (.Y B2 | 0ne@.pel DY)
(0,0)®2(0,1) ®3(0,2)®3(0,3) @ (0,4 @ (3,2 (1.3 @
(3’3) 1 7 19
(3.3) ®(3.3)

Table 25. BPS spectrum of P2 U F3 for d; < 3. Here, d = (dy,d>) labels the BPS states with
charge dil + ds f>.

For a unity blowup equation, we choose the magnetic fluxes as
ni€2Z+1/5, ne €Z+1/10, (5.64)

which assign half-integral fluxes for £ and integral fluxes for fo. The BPS spectrum obtained
by solving the blowup equation is given in table 25. We checked that the result matches
the spectrum after taking an RG flow from the BPS spectrum of the pure SU(3), theory
by integrating out the instantonic hypermultiplet.

5.2.2 P2UFg

The local P? UFg theory is another non-Lagrangian rank-2 theory with no mass parameter.

Its geometric construction is given by

ST I N
L 0l2 (5.65)
The volumes of two primitive 2-cycles are

vol(£) = 3¢1 — 2¢2, vol(fa) = —p1 + 2¢2 (5.66)
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(a) (b) (©)

Figure 4. A 5-brane web construction for P2UFs. Starting from the web diagram of SU(3)4 theory
(a), flop transition of two instantonic hypermultiplets gives (b). Integrating out the hypermultiplet
gives a web diagram of P? U Fg depicted in (c).

where £ is the curve class in P? and f5 is the fiber in Fg. This theory can be obtained by an
integrating out an instantonic hypermultiplet of the pure SU(3)4 theory. The web diagram
and the RG flow of this theory are given in figure 4.

The effective prepotential is

1 €2 + €3 9
E=—|\F ——(6¢01+4¢2) + € (o1 + 2) | ,
€1€9 48
6F = 9¢7 — 18p7¢2 + 126165 + 8¢5 . (5.67)
We choose the magnetic fluxes
n €Z+1/4, no€Z+1/8, (5.68)

to get a solvable unity blowup equation. The BPS spectrum obtained by solving the
blowup equation is given in table 26. We checked that the result matches the spectrum
after taking an RG flow from the BPS spectrum of the pure SU(3)4 theory given in table 5
by integrating out the instantonic hypermultiplet.

5.2.3 P2UF3+ 1Sym

The P2 UF3 + 1Sym theory is a rank-2 analog of the local P2 4+ 1Adj theory. As proposed
in [97], we can obtain this theory from the UV Sp(2), + 1Adj theory or SU(3)3/, + 1Sym
theory by integrating out an instantonic hypermultiplet. See appendix B.5 for their 5-brane

constructions.

21 5
139397 9
¢1 — %ml in the UV parent theory, as listed in table 22. We flop this hypermultiplet and
integrate it out to get the P? UF3 + 1Sym theory in IR. This RG flow is realized in the

5-brane web in figure 5 as taking a limit —mg — ¢1 + %ml — oo while the lengths of other

More precisely, there is a hypermultiplet with d = (1 ) which has mass mg +

edges are kept finite.
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d ®N3, ;. (i, Jr) d &N . (i, jr)
(0,1) (0,3) (1,0) (0,1)
(1,1) (0,0) ® (0,1) (1,2) (0,1)
(2,0) (0,2) (2,1) (0,3) @ (0,3)
2.2) | (0,3)@(0,3)&(0,3) 2.3) | (0,3)®(0,3)®(0.3)
1 (0a2)@2(073)@(074)@
(370) (0,3)69(5,%) (3’1) (;% @(%7%)
(0,0)®2(0,1) ®3(0,2) &
(0,1)®2(0,2) ®3(0,3) ® .
(3,2) L N i (3,3) | 3(0,3)@(0,4) @ (3,2) @
0,49)@(3 3)®(3.3)®(5,3) (%7%)@(%7%)@2@’2%)

Table 26. BPS spectrum of P2UTFg for d; < 3. Here, d = (dy,dz) labels the BPS state with charge
dil + da fo.

—mo — ¢1 + Smy

mo +3¢1 — ¢2 — Ima

—¢1 + 2¢2

oTt

Figure 5. A 5-brane web for SU(3)3/2 +1Sym and Sp(2), + 1Adj, where a flop transition for the

edge with length ¢ + mg — gml is performed.

To compute the effective prepotential and the BPS partition function of this theory,
it is convenient to redefine the parameters in the web diagram in figure 5 as

~ 2 ~ m m .2
$1=¢1+ =mo—m1, Go=dst— ——1, dn=_my. (5.69)
5 5 2 5
Then the volumes of 2-cycles in figure 5 become
5 ~ 3. 3 - -
*m0*¢1+§m1=*¢1*§m+§m17 —¢1+ 202 = —¢1 + 202,
5 . ~ ~ -
mo + 3¢1 — ¢2 — sm1 = 3¢1 — P2, my — 2¢y = m — 299 . (5.70)

2

Hence, the RG flow corresponds to the limit m; — co, while keeping ggz and 7 finite.
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The cubic prepotential and mixed gravitational Chern-Simons term in the IR P2UF5+
1Sym theory can be obtained from those of the UV SU(3)3/, + 1Sym theory as follows:

1 5\ 5
Fir =Fuv + ¢ <mo +¢1— 2m1> , O =Cuv— 2<mo +¢1 — 2m1) , (5.71)

whereas the mixed gauge/SU(2)r Chern-Simons term remains the same. In terms of the
parameters in (5.69), the effective prepotential in the IR theory takes the form

2 2
e L (fm R S S AU A @) |
6Fin = 9% — 9020 + 36102 + 833 (5.72)

up to constant terms. One may notice that the prepotential is the same as that of P? UTF3.
However, this theory has an additional hypermultiplet coming from the symmetric matter
of the parent theory. The GV-invariant for this hypermultiplet

(p1pa)'/?

(1=p1)(1 —p2)

is an additional input for the blowup equation of the IR theory.

Zhyper(Gi, 15 €12) = PE l e(m%?)} (5.73)

We find a set of consistent magnetic fluxes
n €2Z-3/5, ny€Z—3/10, Bzp=-1/10 (5.74)

which leads to a unity blowup equation. The solution of the blowup equation provides the
BPS spectrum of the theory, summarized in table 27. This solution matches the spectrum
that we can obtain indirectly from the RG flow of the BPS spectrum in SU(3)3/, + 1Sym
in table 22 after integrating out the hypermultiplet.

5.2.4 P?UFg+ 1Sym

The theory P? U Fg + 1Sym is a non-Lagrangian theory obtained from the KK-theory
SU(3)p+1Sym+1F by integrating out the fundamental hypermultiplet and an instantonic
hypermultiplet together [97]. The corresponding 5-brane web is given in figure 6. This
theory can also be obtained from a non-perturbative Higgsing on SU(4)p + 1Sym. See
appendix B.7 for 5-brane construction and generalizations.

From SU(3)p+1Sym+ 1F, we can first integrate out the fundamental matter. The IR
theory then becomes the SU(3)_; /5 +1Sym theory, whose effective prepotential is given by

1 €2 + €2
Esus) = . (]:SU(3) - 124 2 (261 + 2¢2 — 3ma) + €2 (41 + ¢2)) :

6 Fsu(s) = 808 — 30762 — 36103 + 864 — S0102(01 — 62) + 6mo(6} — D160+ 63)
1

3

+ (¢1 — p2 +m1)> + (=1 +m1)® + (—2¢1 + m1)3) , (5.75)

(261 +m1)? + (62 + m1)? + (=261 + 260 +ma)”

where myg is the gauge coupling and m; is the mass parameter of the symmetric matter.
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d @Nﬁﬁﬁ(jlvjr) d @Nﬁ,jr(jlajr)
(1,0,0) (0,0) (1,0,1) (0,0)
(1,0,2) (0,0) (1,1,1) (0.3)
(17172) 2(07%) ® (%’0> (1’1’3) (07%) @(0’%)@ (%’1)
(1,2,1) (0,2) (1,2,2) | (0,0)®(0,1)®2(0,2)®(3, 2)
2(0,0)®3(0,1)&2(0,2) & s oo
(1,2,3) G1)e () 131 | (0.3)@(0,3) @ (54)
2(0,3)@6(0,3) &
2(0,3)®4(0,3) @ g ’
wsa | seDetge |y | tOHEI0DeL DS
1 1 7 bR bR
2@ o2y e . 2(3.4) @ (1.3) @ (1.3)
(2,1,3) 2(0,0)® (3 3) (2,23) | (0.3)e(0,3)e(31)
(0,1) ®3(0,2) ®3(0,3) &
(2,3,2) (0,3) (23,3) | (3:3)@2(3:3) @ (3,3) ©
(1,3)

Table 27. BPS spectrum of P2 UF3 + 1Sym for d; < 2, da,ds < 3. Here, d = (di,ds,d3) labels
the BPS state with charge dy (7 — 2¢2) + da(3d1 — P2) + d3(—¢1 + 2¢2). The dy = 0 sector is the
same with that of P2 UTF;.

This theory has a set of consistent magnetic fluxes
ni €%Z, Bpm,=-1/4, Bpn, =1/2, (5.76)

which gives a unity blowup equation. Solving the blowup equation yields the BPS spectrum
of this theory.

Among the BPS states in SU(3)_; s2 + 1Sym theory, there are instantonic hyper-
multiplets whose masses are mg + ¢1 — ¢2 — %ml and mgy + ¢2 — %ml. In terms of
SU(3)p + 1Sym + 1F theory given in table 23, they correspond to d = (1, %, —%, —%, —%)
and d = (1, %, %, —%, —%), respectively. We can perform flop transitions for these two
hypermultiplets to get a 5-brane web shown in figure 6.

The SU(3)_1 /2 + 1Sym theory has an RG flow to the P2 UFg + 1Sym theory. The RG
flow is generated by integrating out the instantonic hypermultiplet corresponding to the
limit —mg — ¢ + %ml — 00, while keeping the lengths of other edges finite, in the brane

web. To see this, it is convenient to use the parameters as

AL N Gy = g+ 10D AL U
pr=¢1+ 5 — i, d2=d2t g =g 1 (5.77)
Then volumes of 2-cycles in figure 6 become
5 ~ 15 _ 5 ~ -
—mgy — ¢2 + oM = —¢2 +3mgy — oM mo + 391 — 2¢2 — g = 3p1 — 209 ,
—¢1 + 202 = —¢1 + 202, my — 2py =1 — 24y . (5.78)

The RG-flow amounts to the limit mg — oo while ¢; and 7 are kept finite.
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\k—mo —¢a2 + Smy

—¢1 + 202

mo + 3¢p1 — 2¢2 — %ml

Figure 6. A 5-brane web for SU(3)_;/, + 1Sym, after flopping the edges with lengths mq + ¢1 —

5 5
¢2 — 5m1 and mg + ¢2 — gmy.

The cubic prepotential and mixed gravitational Chern-Simons term of the P? U Fg +
1Sym theory after the RG flow can be obtained from those of the UV SU(3)_; /5 + 1Sym
theory as follows:

1 5 \* 1 5 0\
Fir = Fsu) + glmot $1— g2 — gmi) +elmot P2 — 5m) (5.79)
) )
Cr = Csy(s) — 2<m0 +¢1— 2 — 2m1> - 2(mo + ¢2 — 2m1> : (5.80)

The mixed gauge/SU(2)r Chern-Simons term is unchanged along the RG flow. So, in
terms of the parameters in (5.77), the effective prepotential of the IR theory is

€1€9 48
6FiR = 965 — 18032 + 120165 + 865 . (5.81)

2., .2 . _
&R = L (J:IR ~ar9 (661 + 4da) + €7 (61 + ¢>2)> ;

This prepotential is the same as that of the P2 UFg theory, but one should remember that
this theory has an additional hypermultiplet coming from the symmetric matter of the
parent theory whose GV-invariant is given by

(P1p2)1/2 6—(m—2¢§2)

Z bi,;€12) = PE 5.82
hyper(gbl 1,2) (1 — pl)(l — p2) ( )

We find a unity blowup equation for this SCFT with the magnetic fluxes
ni €Z—-3/4, na€Z—-3/8, Bmy=-1/4. (5.83)

The solution to the blowup equation is listed in table 28. We checked that this result
matches the BPS spectrum that can be obtained from the RG flow of the SU(3)_; /,+1Sym
spectrum after integrating out an instantonic hypermultiplet.
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d &Ny, ;. (1 dr) d eNs . (i, jr)
(1,0,0) (0,0) (1,0,1) (0,0)
(1,0,2) (0,0) (1,1,1) (0,3)
(1,1,2) 2(0,1) @ (0,2) (1,1,3) (0.3)
(1,2,1) (0,2) (1,2,2) | (0,0)&(0,1)®2(0,2)®(3, 3)
(1,2,3) 2(0’0)??1(0’1)?3(0’2)@ (1,3,1) | (0,3) @ (0,5) @ (3.4)
(3.3) @ (3.3)
2(0,3) ®6(0,3) ®
2(0,3) ®4(0,3) @ 5Y o (0.7 en (1
(1,3,2) 3(0,3)®(5,2) @ (1,3,3) 8(0742()1 5 (6(9)’42()1 3()271)69
2(33) 0254 0 (1.5) NIV A A
(2,2,3) 0, e (0,2)a(%,1) (2,3,2) (0,3)
(2,3,3) 0,1)@3(0,2)®3(0,3)@ (3.3)®2(3.3) @ (3.5 @(1,3)

Table 28. BPS spectrum of P? U Fg + 1Sym for d; < 2 and do,d3 < 3. Here, d = (dy, do,d3)
labels the BPS state with charge d; (m — 2J>2) + d2(3¢~>1 — 2¢~)2) + d3(f¢~>1 + 2(;32). The d; = 0 sector
is the same with that of P2 U Fg.

5.2.5 SU(3)s
The SU(3) gauge theory with the CS-level 8 is geometrically realized as

F | e h+3f F |
oh 2 (5.84)
This geometry is non-shrinkable because the volumes of the primitive curves
vol(f1) = 2¢1 — @2, vol(f2) = —¢1 4+ 2¢2, vol(e2) = =3¢1 + d2 +m, (5.85)

cannot all be non-negative at the same time in the limit m — 0, and thus this theory
cannot have a UV completion in the geometric phase [11]. However, it was pointed out
in [97] that this theory can be obtained from an RG flow of the UV SU(3);5/2 + 1F theory
and the UV theory is dual to the N' = 2 G2 gauge theory (or G2+ 1Adj). So the duality of
its parent theory ensures that the SU(3)g theory has a consistent UV completion though it
has no unitary geometric realization having non-trivial Coulomb branch in the UV limit.

We will now compute the BPS spectrum of this theory by solving blowup equations
in the geometric (and also gauge theory) phase and show that this theory has a unitary
phase with non-trivial Coulomb branch which can be directly connected to the UV fixed
point. The effective prepotential is given by

2, 2
&= ! <]'——61+62(¢1+¢2)+61(¢1+¢2)>7

€1€9 12

6F = 8¢7 + 21972 — 27105 + 8¢5 + 6m(¢T — d102 + ¢3) - (5.86)
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d ®N; ;. G dr) d N3 ;. (s dir)
(1,0,0) (0,0) (1,0,1) (0,1)
(1,0,2) (0,2) (1,0,3) (0,3)
(1,1,0) (0,0) (1,1,1) (0,0) @ (0,1)
(1,1,2) (0,1) @ (0,2) (1,1,3) (0,2) @ (0,3)
(1,2,0) (0,0) (1,2,1) (0,0) & (0,1)
(1,2,2) (0,0) ® (0,1) @ (0,2) (1,2,3) (0,1) & (0,2) @ (0, 3)
(1,3,0) (0,0) (1,3,1) (0,0) & (0,1)
(1,3,2) (0,0) @ (0,1) @ (0,2) (1,3,3) | (0,0)®(0,1) @ (0,2)® (0, 3)
(2,0,2) (0,5) (2,0,3) 0,2)® (0,%) @ (%,4)
5 (0.3)@3(0,3) &
(2a1’2) (0’%) @ (075) (231a3) 2(07%;@ (%73) 629 (%,4>
(2,2,1) (0,2) (2,2,2) (0,3)®2(0,2)@(0,2)
(0.5)@3(0,3) @
(2,2,3) 5(0,3) ®2(0,7) ® (2,3,1) 2(0,) @ (2,0)
(3.2) @ (3,3) @ (3,4)

. 3(0,5)®6(0,3)®
esy| CGAEEET esy|sope20nee

2 2(3,2) @ (3,3) @ (3.4)

Table 29. BPS spectrum of SU(3)s for di < 2 and ds,ds < 3. Here, d = (dy,ds,ds) labels the
state wrapping curve dyes + ds f1 + ds fo.

We find a set of consistent magnetic fluxes given by
n €2Z+1/3, na€Z+2/3, Bp=-1/6. (5.87)

This set can be used to formulate a unity blowup equation. The solution to the blowup

equation is listed in table 29. Here, we have fixed Né}o’l’o) using the RG flow from the

™ order,

spectrum of the SU(3);5/5 + 1F theory since it remains undetermined until e 3
though it will possibly be fixed in higher order computations. All other states are fixed by
solving the blowup equation and the result is consistent with the expected RG flow from
the spectrum of the parent theories, the SU(3),5/2 + 1F theory and the "= 2 Gy theory.

From the BPS spectrum, one finds that three hypermultiplets with degree (1,0,0),
(1,1,0) and (1,2,0) have negative masses, in the limit m — 0, when we take masses of
all other BPS states to be non-negative. This implies that once we flop these three hy-
permultiplets, we can attain a unitary chamber where all BPS states including the three
flopped hypermultiplets have non-negative masses. This suggests that the SU(3)g theory
actually has a consistent UV fixed point, and the unitary chamber we obtained by flop tran-
sitions describes the Coulomb branch of the moduli space of the CFT fixed point (without
mass deformations). Thus, our computation of the BPS spectrum strongly supports the
existence of the UV completion for the SU(3)g theory.
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6 Theories of higher ranks

In this section, we apply our bootstrap approach for some interesting higher rank theories
and compute their BPS spectra.

6.1 SU(4)s

The first example is the 5d SU(4) gauge theory with the CS level 8. This theory can be
obtained from Zs automorphism twist of the 6d minimal SO(8) SCFT [124]

50(8)()

SU(4)8 -
4 (6.1)
It has a geometric realization as [17]

e h e h+3f
]F10|1 IE‘8|2 IF0|3 (62)

It is convenient to use the volumes of primitive 2-cycles in the geometry (6.2) as the basis
in the computation below,

vol(f1) = 2¢1 — oo, vol(f2) = —¢1 + 2¢2 — ¢3,
vol(fs) = =2 + 2¢s, vol(ez) = —3¢a + 2¢3 + M. (6.3)

We will now solve the blowup equations in both the 5d SU(4) and 6d SO(8) descrip-
tions. In the 5d description, the effective prepotential on the 2-background is given by

E= 1 <]—" i+ 2((/51+¢2+¢3)+6+(¢1+¢2+¢3)>

€1€9 12
6F = 8¢% + 24¢T — 300195 + 8¢5 + 18503 — 240203 + 865
+mo(¢7 — d1o2 + ¢35 — Pacds + B3) , (6.4)

where my is the SU(4) gauge coupling. We find a set of consistent magnetic fluxes as
ng €%Z, Bp,=0, (6.5)

which provides a solvable unity blowup equation. The solution to the blowup equation is
summarized in table 30.

We now turn to the 6d description. The subalgebra G2 of s0(8) is invariant under
the Zs twist. So in the 5d reduction the 6d SO(8) vector multiplet is decomposed into a
G2 adjoint with KK charge 0 and two Go fundamentals with KK charges 7/3,27/3. The
perturbative contribution to the GV-invariant is thus given by

1+ pip2 ( 1/3 .
Zidoop = PE | — e ¢ 4 ¢/ e W
T p) 1\ =, 2

423 3 VP 4 3 ee-qﬁ)] ’ (6.6)

weFR ecR T
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where RT denotes the positive roots and F denotes the weights in the fundamental repre-
sentation of G4 algebra. See appendix A for more details.
The effective prepotential in the 6d description reads

1

€2+ €3
&= (-Ftree + Fi- loop — A2

€1€9 12

(¢1 + ¢2) + €4.(d1 + ¢2)>

2, 2
F €] t+¢€
tree = 276 + o (1%% — 12¢1 ¢ + 4¢3 — - 5 2+ 661) ;

4 4 5
Frioop = 361 + 30162 — 4165 + 25 — 5T(36] — 3162 + 63) - (6.7)

One can check that after taking the shifts ¢; — ¢1 — 2¢0, P2 — @2 — 3¢, where the
coefficients of ¢ are the dual Coxeter labels of affine Df’) algebra, the cubic prepotential
Fi-loop reproduces the triple intersection numbers of compact 4-cycles in the geometry (6.2).
Also, the 5d effective prepotential in (6.4) agrees with this 6d effective prepotential after
redefining the 5d parameters as

G2 = @1+ 2¢0 — (6.8)

-
¢1—>¢0+§,

up to constant terms.

T T T
— 3 — —
97 ¢3_>¢2+ ¢0 37 m0_>37

To compute the BPS spectrum (or the elliptic genus), we can use three unity blowup
equations with three sets of consistent magnetic fluxes given by

11,2 €?Z, B;=0, nyoeZ+ By (30:*1/4, 0, 1/4), (6.9)

which preserve the affine Df’) structure. We can expand the three blowup equations
in terms of the instanton string number and solve them at each order to find a closed
expression for the elliptic genus of k-instanton strings, which is a similar procedure we did
for the 6d SU(3) gauge theory with Zs twist in section 3.2.3. We checked in the Kéhler
parameter expansion that the 6d solution perfectly agrees with the 5d result in table 30.

6.2 6d SO(8) gauge theory with Z, twist

We can also consider Zg twisted compactification of the 6d minimal SO(8) SCFT. This
theory has no 5d gauge theory description, but it has a geometric realization given by [17]

e 2h e e 2h e
]F6|0 - Fl‘l F1’2 ]F6|3

(6.10)

Upon this compactification, the 6d SO(8) gauge field is decomposed into a 5d gauge
field in the adjoint representation and another 5d field carrying KK-charge % in the fun-
damental representation of the invariant subalgebra so(7). The perturbative part of the
GV-invariant in this theory can then be written as

1+ p1p2 - 1/2
Zi_ =PE |- w-¢ / w-$ w-¢
1—loop (1_]71)(1_]?2 1_q(z€ +q ZC +(]Z e

ecR T weF eeRt+
(6.11)
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d ONg . (is dr) d ®Ng, ;. (i dr)
(1,0,0,0) (0.3) (1.0.0.1) 0.3)
(1,0,0,2) (0.3) (1,0,1,0) 0,3)
(1,0,1,1) (0,3) & (0,2) (1,0,1,2) (0,2)®(0,2)
(1,0,2,0) (0,3) (1,0,2,1) (0,5) & (0,3)
1,022 [ 0.He0.3 0.3 | 1,110 (0. 3)
GLLy | (0h)e©3) GLL) | (03)e©3)
a2y 205)e0d) | 0Lz | @b)e20.8) e 03
(1,2,2,0) (0.3) L221) | (0.5 e (0.3
(1,2,2,2) | (0,2)®(0,3)®(0,3) | (2,0,0,1) (0,3)
(2,0,0,2) | (0,3)®(0,3)@(34) | (20,1,1) (0.3) & (0.3)
2012 |, GGG [ oz | 0heeye0d

(0,5) ©3(0,5) &
2,0,2,2) | 4(0.3)@20.3)® | (2,1,1,1) (0,3) @ (0,3)
(3:2) @ (5:3) @ (5.4)

(2,1,2,1) | (0,3) ®2(0,3)®(0,2) || (2,1,2,2) 7((;,3
)

(2,2,2,1) | (0.3 @ (0,2 (0.3) || 2222 | 4(0,3) @2
2

Table 30. BPS spectrum of the pure SU(4)g theory for d; < 2. Here, d = (d1, d2, d3, d4) labels the
state with charge dies + do f1 4+ d3 fo + d4 f3.

where R™ denotes the positive roots and F denotes the fundamental weights of the so(7)
algebra.
The effective prepotential on the {2-background reads

1
E=— (Ftree + fl-loop -

€1€2

6% + e%
12

(61 + P2+ ¢3) + €1(d1 + P2 + ¢3)> ,

62 + 62
Firee = 2708 + o (4¢% — 4p1¢2 + 4¢3 — 83 + 8¢5 — - 5 2 1662 |,

Fraoop = 361 — %aﬁqﬁz — %m% + 503 — 30305 + 20205 + 5 ¢
228~ 0160+ 83— 2065 +263) (612

One can easily check that the cubic prepotential reproduces the triple intersection numbers
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d &N ;, (i, r) d NS (i, jr)
(1,0,2,3,3) (0,0) (1,0,3,3,3) (0,1)
(1,3,2,2,2) (0,0) @ (0,1) (1,3.2,3,2) (0,0) ® (0,1)
(1,%,2,3,3) (0,0) @ (0,1) (1,3.3,2,2) (0,1) @ (0,2)
(1,%,3,3,2) | (0,00®2(0,1)®(0,2) || (1,3,3,3,3) | (0,0)®2(0,1) & (0,2)
(1,1,1,1,1) (0,1) (1,1,1,2,1) (0,0) & (0,1)
(1,1,1,2,2) (0,0) @ (0,1) (1,1,1,2,3) (0,0) @ (0,1)
(1,1,1,3,1) (0,1) @ (0,2) (1,1,1,3,2) | (0,0)©2(0,1) @ (0,2)
(1,1,1,3,3) | 2(0,0)®3(0,1)& (0,2 (1,1,2,1,1) | (0,0)® (0,1) & (0,2)
(1,1,2,2,1) | 2(0,0)®3(0,1)®(0,2 (1,1,2,2,2) | 2(0,0)®3(0,1)®(0,2)
(1,1,2,2,3) | 2(0,0)®3(0,1)®(0,2 (1,1,2,3,1) | 2(0,0)@3(0,1)®2(0,2)
(1,1,2,3,2) | 4(0,0)@6(0,1)@2(0,2) || (1,1,2,3,3) 9(0 O) © 11((10 }3

(0 0)@3(0 ) ®
(1,1,3,1,1) (0,1) & (0,2) & (0, 3) (1,1,3,2,1) 3(0,2) & (0,3)
(0,0)®3(0,1) ® (0,0) ®3(0,1) @
(1,1,3,2,2) 3(0.2) @ (0.3) (1,1,3,2,3) 3(0.2) @ (0.3)
2(0,0)®5(0,1) @ 4(0,0)®8(0,1) @
(1,1,3,3,1) 3(0.2) @ (0.3) (1,1,3,3,2) 5(0.2) @ (0.3)
(1,1,3,3,3) 8(0,0)®17(0,1) ®10(0,2) ©2(0,3) @ (3.3) @ (3, 2)

Table 31. BPS spectrum of SO(8) gauge theory with Zs twist for di =1, do <1 and d3 45 < 3.
Here, d = (dy,ds, ds,d4, ds) labels BPS states with charge dq® + do7 + dsay + dyas + dsas, where
a1 =201 — ¢, ag = —@1 + 2¢2 — 2¢3, a3 = —da + 2¢3 are simple roots of s0(7) algebra.

of compact 4-cycles in the geometry (6.10) by shifting ¢1 — ¢1 — 2¢0, P2 — d2 — 2¢0 and
¢3 = ¢3 — ¢o.

We find three unity blowup equations from the 3 sets of consistent magnetic fluxes:

n1,23 € Z, Br=0, ng€Z+ By (BO = _1/87 1/87 3/8) : (613)

One can solve these three blowup equations together at each string order and compute a
closed expression of the elliptic genus of the 6d SO(8) gauge theory with Zo twist. The
solution is shown in table 31. We checked that this result agrees with the BPS spectrum
computed using topological vertex as well as the ADHM calculations in [117].

6.3 SU(5)s: undetermined

Our last example is the 5d SU(5) gauge theory with the CS level 8. This theory was clas-
sified as an ‘undetermined theory’ in [98] since its UV completion has not been identified.
Following our bootstrapping procedure, we found that this theory may have no consistent
UV completion. We now explain it below.
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To begin with, the geometric realization of this theory is given by

e h e h e h+2f
Fiify ———— Fol, Frl, Fil

(6.14)

However, this geometry is not shrinkable because it does not have non-trivial Coulomb
branch where the volumes of primitive 2-cycles

vol(f1) = 2¢1 — @2, vol(f2) = —¢1 + 202 — 3, vol(f3) = —¢2 + 203 — ¢4,
vol(fa) = —¢3 + 2¢4, vol(e4) = —2¢3 + ¢4 + mo, (6.15)

are all non-negative simultaneously in the UV limit where my — 0. Thus, from the
geometric perspective, it is unclear whether this theory is UV completable or not.

Let us try to solve blowup equations and compute the BPS spectrum of this theory.
The effective prepotential for the theory is given by

1 € + €3 2
5:(]—'— (¢1+¢2+¢3+¢4)+e+(¢1+¢2+¢3+¢4)>,

€1€9 12
6F = 8¢ + 27972 — 33¢105 + 8¢5 + 21503 — 2723 + 8¢5 + 15¢364
— 21¢30% + 8¢5 + 6mo (3 — P19 + ¢35 — dadz + B3 — d3¢4 + ¢3) . (6.16)

We can set a (trial) unity blowup equation using the following set of magnetic fluxes:
ni €Z, Bp,=1/2. (6.17)

The solution to the blowup equation is summarized in table 32. The solution involves many
negative volume hypermultiplet states at one- and three-instanton orders. As explained,
we should flop such states to move on to a unitary chamber where all the BPS states have
non-negative masses. For instance, the instantonic hypermultiplets with charges e4, e4+ f3,
and e4 + fo + f3 in table 32 should be flopped.

After a series of flop transitions, we find that all the BPS states up to certain higher
orders can be written as non-negative linear combinations of basis curves given by

{—es—2fi —2fs —2f3, —3es —2fy —4f3 — fa, =3es — f1 — fo —4f3s — fa,
3es+2fa+5f3+ f1, 6es+ f1 +4fo+8f3+2f4}. (6.18)

Here the minus signs in the first three curves indicate that the associated hypermultiplets,
which exist in the spectrum, are flopped. The spectrum also involves a BPS hypermultiplet
wrapping the fourth curve 3eq + 2f1 + 5f3 + fa1.

The higher order solution shows that there exists a vector multiplet wrapping the
last curve 6eq + f1 + 4fo + 8f3 + 2f4. One can then check that the volume of this curve
cannot be non-negative while satisfying the non-negative volume conditions vol(f;) > 0 for
the perturbative vector multiplets. Unfortunately we cannot flop vector multiplets. This
implies that the theory with the spectrum we obtained from the blowup equation has no
unitary chamber where masses of all the BPS states are non-negative. One may wonder
if the SU(5)g theory has other choices of magnetic fluxes leading to physically consistent
BPS spectrum, but we could not find any other solvable blowup equation for this theory.
Thus our computation suggests that the 5d SU(5)s theory may have no UV completion.
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d @SN3, 5, (s Jr) d N3 ; (i jr)
(1,0,0,0,0) (0,0) (1,0,0,0,1) (0,1)
(1,0,0,0,2) (0,2) (1,0,0,1,0) (0,0)
(1,0,0,1,1) (0,0)® (0,1) (1,0,0,1,2) (0,1) ®(0,2)
(1,0,1,1,0) (0,0) (1,0,1,1,1) (0,0) @ (0,1)
(1,0,1,1,2) (0,1) @ (0,2) (1,1,1,1,0) (0,0)
(1,1,1,1,1) (0,0) @ (0,1) (2,0,0,0,2) (0,2)
(2,0,0,1,2) 0,3)® (0,3) (2,0,1,1,2) (0,2)®(0,2)
(2,1,1,1,2) (0,3) @ (0,3)

(6,1,4,8,2) 0, 3)

Table 32. BPS spectrum of the pure SU(5)s theory up to di,ds < 2, do,ds,ds < 1 together with
the negative volume state of d = (6,1,4,8,2). Here, d = (d1,ds, ds, ds, ds) labels state with charge
dies +daf1 +d3fo +dafs + dsfa.

7 Conclusion

In this paper, we proposed a systematic bootstrap method for BPS spectra of 5d N = 1
field theories including KK theories, based on the Nakajima-Yoshioka’s blowup equation.
As the main input, we introduced the effective prepotential £ and the consistent magnetic
fluxes. The effective prepotential incorporates the usual cubic prepotential, the mixed
gauge/gravitational, and the mixed gauge/SU(2) gz Chern-Simons terms, which can be read-
ily obtained for every 5d SQFT, as discussed in section 2. The consistent magnetic fluxes
that one can turn on should satisfy the quantization condition. We discussed possible
quantization conditions in section 3.1. Equipped with these inputs, one can formulate
blowup equations and solve them recursively to obtain BPS spectrum for a 5d QFT. We
conjecture that our method applies to all the 5d A/ = 1 theories and 6d theories on a circle
with/without a twist. To support this we explicitly showed how to bootstrap for all rank-1
and rank-2 theories as well as some of interesting higher rank theories. In particular, we
computed BPS spectra of the theories whose partition functions still remain as challenges
from other methods such as the ADHM or topological vertex method, for instance, SU(3)sg,
SU(4)s, and some non-Lagrangian theories.

There are some open questions that beg to be resolved. The first question concerns
our main conjecture which asserts that BPS spectra of all UV finite theories in 5d and 6d
can be obtained by solving blowup equations. The bootstrapping method proposed in this
paper allows us to build a collection of blowup equations for any arbitrary supersymmetric
field theory in 5d or 6d. However, physical or mathematical proofs for our conjecture that
the blowup equations must be solved to compute the correct BPS spectrum of a QFT are
currently lacking. The proof may require a physical derivation of blowup equations and
further studies on the structure of blowup equations for general 5d and 6d field theories.
We would like to provide more discussions about this in the future.
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A related question is whether the blowup equations can always be solved. As shown
in [86], the blowup equations are solvable if there exists at least one unity blowup equation.
There is however a class of theories only admitting blowup equations of the vanishing type,
for example, 6d SCFTs with half hypermultiplets. Unfortunately, it is not proven yet
whether the vanishing blowup equations are enough to compute full BPS spectra of those
theories. Nevertheless, we claimed without proof that though vanishing blowup equations
may not be solved by themselves, we can still compute full BPS spectra for those theories
from them provided that they are supplemented with other additional constraints such
as non-negativity of BPS degeneracies and KK tower structure for 6d theories as well as
dualities, geometric descriptions. We have checked this claim for several examples including
the 6d minimal F7 SCFT with a half hypermultiplet up to certain lower orders, but we
leave the proof of solvability of vanishing blowup equations to future study.

In section 6, we saw that the SU(5)s theory has a solvable blowup equation, but its
solution shows that this theory has inconsistent BPS spectrum, by which we mean that
the theory does not have physical Coulomb branch where all BPS states have non-negative
masses in UV. This theory was classified as an ‘undetermined’ theory in [98] as its existence
couldn’t be proved or disproved yet. Our computation for this theory supports that this
theory has no UV completion. Similarly, one can try to compute BPS spectra for other
‘undetermined’ theories and see if they can have non-trivial Coulomb branches. If not,
such theories are inconsistent in UV with singularities on their Coulomb branches. Thus
we suggest that BPS spectra computed by our bootstrap method for such ‘undetermined’
theories can be used to distinguish UV completable theories.

Partition functions on other supersymmetric backgrounds are also important observ-
ables in 5d/6d field theories. Many of them can be factorized into a product of partition
functions on the 2-background localized at fixed points of spatial Lorentz rotations un-
der supersymmetric localization. For instance, a superconformal index which counts BPS
operators in a 5d CFT can be understood as a partition function on S* x S and a super-
symmetric localization factorizes it into a product of two partition functions on R* x S,
each of which we can compute by solving the blowup equations, around the north and the
south poles of S* [35]. This implies that in principle the blowup equations can be used
to compute the superconformal index as well. We notice however that the superconformal
index is usually expressed as a power series expansion of the fugacity x = e™“+ related to
conformal dimensions of local operators, and thus it is calculated in the parameter regime
where the {)-parameter e is much bigger than Kahler parameters ¢; and m; in the theory.
On the other hand, we have solved the blowup equations in a different parameter regime
where all the Kahler parameters are bigger than the Q2-deformation parameters. It would
be interesting to see if the blowup equations can be solved in the other parameter regimes,
in particular where e > ¢;, m;, so that we can also compute superconformal indices and
other observables having similar factorization structures by applying the blowup method.

Lastly, it is intriguing to ask whether the blowup equations can capture asymptotics of
BPS partition functions in the large N limit (or in the large rank limit) of 5d and 6d field
theories. Asymptotic behavior of supersymmetric partition functions at a large number of
degrees of freedom has been playing a crucial role in studying holographic dual theories.
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Holographic interpretation of the blowup formula in the large N limit, if well-defined, can
give us a new implication on physics of dual gravity theories.
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A 1-loop prepotentials of 6d SCFTs on a circle with twist

A.1 Affine root system and 1-loop prepotential of W-bosons

In this appendix, we determine KK-momentum shifts for perturbative states in 6d theories.
When a 6d gauge theory is compactified on a circle, the periodic boundary condition
imposed on the gauge algebra g defines a map from S! to g. The space of such map is
generated by T? = T* ® 2" for n € Z where T“ are the generators of g and z is the
coordinate along S'. The natural commutation relation is given by

[T, Th) = |17, @ 2mm = et (A.1)

where f%¢ is the structure constant of g. This defines a loop algebra of g, and its central
extension is called an untwisted affine Lie algebra. Thus, a 6d gauge theory compactified
on S! naturally has an affine Lie algebra structure. The untwisted affine Lie algebra for
a simple Lie algebra of type X, is denoted by X él). Dynkin diagrams of the untwisted
affine Lie algebras X él) are drawn in figure 7, where the nodes of the Dynkin diagrams are
labeled by the simple roots a; (i = 1,--- ,¢), while the affine node is labeled by ay.

There is another type of affine Lie algebras. Lie algebras of types Ay, Dy and FEg
have nontrivial outer automorphisms. Here, an outer automorphism on a Lie algebra g
is an automorphism which is not an inner automorphism, i.e., conjugation. An outer
automorphism of Lie algebras can be viewed as a symmetry of their Dynkin diagrams.
For Lie algebras of type Ay, their Dynkin diagrams have a Zo outer automorphism which
exchanges the simple roots «; and ay_; 1. For Lie algebras of type Dy, Dynkin diagrams
have a Zo outer automorphism exchanging the simple roots ay_1 and ay. In particular,
the Dynkin diagram of D4 has a triality and thus D, algebra additionally has a Zs outer
automorphism whose action on the simple roots is given by a; — a2 — ag — «a;. For
the Lie algebra of type Fjg, its Dynkin diagram has a Zy outer automorphism exchanging
a1 < a5 and ag <> ay.

Instead of imposing periodic boundary condition along S', one can impose twisted
boundary condition using an outer automorphism of a simple Lie algebra g associated
with a gauge group of a 6d theory. That is to say, instead of considering a function
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a1/ Xalg

a0 O1

@ o a1 a2 asg Qy_1 ay
0O—O0—O0— -+ —0=O0
(@) ﬁ O O_O— —O_O 1 2 2 2 1
1 1 5
(a) A (b) AV (£22) (c) Bi (¢23)
a0 O1 -101
(o) [e51 [e71 Qy
Oio_ —O;O al (e %) a3 Qy_2 (o7
1 1 1 O—O0—o0— —0—o0
2 2 1 2 2 2 1
(d) ¢V (1> 2) (e) DIV (£>4)
a0 Q1
ag O 2 a7 O 2
aq ag asl ag as ag ay az  as oy as ag
O——QO0—O0—0—0 oO—O—O0O—O0—0—0—0
1 2 3 2 1 1 2 3 4 3 2 1
(f) B (g) BV
as O3
g (e %1 a2 as a4 Qs (o3 a7
oO— 00— 00— 0—0—0—0—-0
1 2 3 4 5 6 4 2
(h) B
) @l a2 a3 Qg (eTy) a2 3}
0O—O0—0=—=0—0 0—0=0
1 2 3 2 1 1 2 1
4 2 3
() £y G) GV

Figure 7. Dynkin diagrams of untwisted affine Lie algebras X é

the dual Coxeter label (comark) d.
as a red number. Dynkin diagrams
simple Lie algebras X,.

f:R — gwith f(x+27) =

with central extension differs from untwisted affine Lie algebra.
called a twisted affine Lie algebra, denoted by X Z(T), where r = 2,3 is the order of the
gram. Dynkin diagrams of twisted affine Lie algebras are

automorphism in the Dynkin dia,
drawn in figure 8.

f(x)’

1)

we introduce f(z+27) = o(f(z)), where 0 : g — g is an
automorphism. When o is a non-trivial outer automorphism, the resultant loop algebra
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aQ aq Q1 [e%)
o&= o 0&=0— -+ —0<&=o0
1 2 2 2

1 2
2 1 2 1
(a) AP (b) AS) (£>2)
a0 O1
a1 Qa2 (6%} Qp—1 Oy aQ [e5] Qp_1 Qy
o) O—O0— -+ —0<&=0 04&=0— -+ —0=/O0
1 2 2 2 2 1 2 2 1
1 1 1
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1 2 3 4 2 1 2 3
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(e) B (f) DY

"=23) " The number assigned each

Vit is
i, 1t 18

Figure 8. Dynkin diagrams of twisted affine Lie algebras X é
node is the dual Coxeter label (comark) d;. If a Coxeter label (mark) d; is different from d
represented as a red number.

The 1-loop contribution to the prepotential of a 6d gauge theory on a circle is deter-
mined by matter representations of (twisted-)affine Lie algebras. Let us discuss the affine
root systems. A root « is called real if there exists an element w in the Weyl group such
that w(«) is a simple root. A root which is not real is called an imaginary root. It is
known that there is no imaginary root for a simple Lie algebra [125]. To describe a root
system of affine Lie algebras, let g be an affine Lie algebra of type X ér) and A be its root
system. We also define a simple Lie algebra h obtained by removing the affine node g in

(1)

the Dynkin diagram of g and its root system A. When g = X, is untwisted, h = g = X/,

but if g = X ér) is twisted, then b is different from g = X,. The root system of g can be
written in terms of the roots of h [125]. First, define

l
6= Z diai 5 (A2)
1=0

where d; are the Coxeter labels of g algebra. The set of imaginary roots of § is

A™ = {n5|neZ\{0}}. (A.3)
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The multiplicities of imaginary roots are as follows:

g= Xél) multiplicity of nd is ¢

§=4%  multiplicity of ng is

§=A%  multiplicity of 2nd is £, (2n + 1)§ is £ — 1

g= g_)l multiplicity of 2nd is ¢, (2n + 1)J is 1

g EéZ) multiplicity of 2nd is 4, (2n 4 1)0 is 2

g = Df’) multiplicity of 3nd is 2, (3n £ 1)0 are 1. (A4)

On the other hand, sets of real roots are given as follows: if § = X él), then
A ={a+nd|aecA, necl}. (A.5)
If§=X"">" and § # A, then
A ={a+nd|acA, neZYU{a+nré|acl, necl}, (A.6)

where A; and Ay denote the long and the short roots of h, respectively. If g = Agﬁ), then

Are — {;(a+(2n—1)5) ’ a € Ay, nEZ}

U{a+nd|aeAs, neZU{a+2nd|ac A, neZ}. (A.7)

The multiplicities of real roots are 1. The total root system of an affine Lie algebra g is
then given by Are y Am

Using the affine root system we can compute the 1-loop contributions of 6d vector
multiplets to the effective prepotential. We first identify rd as a KK-momentum for g =
X E(T). The reason for r factor is as follows: from the real root system (A.5)—(A.7), the total
root system A of the underlying simple Lie algebra b is repeated for every rd. This reflects
that rd is a KK-momentum.

For an untwisted affine algebra g = Xél), (A.4) and (A.5) implies that the 1-loop
prepotential is given by

1
Jrl-loop = E Z Z |Oé o+ TLT’B, (AS)

neZ acA

where A is the root system of X, algebra and ¢ denotes gauge holonomies and 7 is the
inverse of 6d circle radius. The ¢ imaginary roots can be understood as Cartan elements
in the adjoint representation of X, algebra and their contribution to the prepotential are
discarded because they only carry KK-charges and thus they provide only constant shifts
to the prepotential.
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( )

Let us now discuss the twisted cases. For g =
from (A.6) that

and g # A%, one can read

fl—loopzl]-22< x ’0& ¢+’ +Z|a¢+n7—|3)
ac

neL acl

Z (Z la-g+nrP+ > ‘a-¢+ (n+;>7

nEZ acA acAg

3
) SN

where A, A; and Ay are sets of all the roots, the long roots and the short roots of h
algebra respectively. The first term carrying integral KK-charges forms the root system
of b algebra. The second term carrying half-integral KK-charges amounts to the rank-2
antisymmetric representation of Cy for Aéi) , and the fundamental representation of B, and
F, for Dé Jr)l and Eé ), respectively. The imaginary roots correspond to Cartan elements in
each representation. This situation can be interpreted as

Age—1 — Cy Dyy1 — By E¢ — F}y

A.10
Adj — Adjy® A}, Adj — AdjyaFi,  Adj — Adjy@Fyps, (A-10)

which are branching rules of the adjoint representation of g to h. Here, the subscript

in a representation r stands for KK-momentum shift. For instance, the vector multiplet
contribution in the Zy twisted compactification of su(4) = so(6) gauge theory is given by

Filoop = ZZmere Tk +—Z > ( )

neZ e€R nEZ weA?
where R and A? are the root system and the rank-2 anti-symmetric representation of

(A.11)

sp(2) algebra, respectively. By evaluating the 1-loop contribution explicitly using the zeta
function regularization, one can compute

fl—loop ¢1 + 2¢1¢2 - 3¢1¢2 + ¢2 - 77_(2¢1 2¢1¢2 + (b%) ) (A12)

up to constant terms.
For g = D( ) , the 1-loop contribution can be obtained in a similar fashion with r = 3:

Fl-loop:1122( < ‘ ¢+‘ + Z ’a-¢+nq-|3) (Alg)
aE

nez OLEAI

S ja-¢+nrf+ Z (’a o+ (n+3 )T‘3+‘a-¢+(n+§>r‘3>

aEA

Z{

nEZ

The first term carrying integer KK-charge forms the root system of h = G algebra, while
the second and third terms amount to the fundamental representation of Go. This can be
summarized as

D4 — GQ
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The prepotential in (A.13) after performing the zeta function regularization reduces to

4
fl—loop = %Qb? + 3¢%¢2 - 4¢1¢% + §¢% - gT(ng% - 3¢1¢2 + Q%) ’ (A15)

which is used in subsection 6.1.
For g = Aéi), one can read from the root system (A.7) that

1 a-¢ 2n—1 3 nrt |3 3
Fraoop = 75 2 Z‘2+ T +Z‘a-¢+2 + > |a-¢+n7l
n€Z \acl, a€A; acl
1 3 - 1 P
:mz(zwmm e
neZ \a€A acN;
a-¢ 3\ |° 1\ P
+Z‘2+<n—|—4)7 +Z‘a-¢—|—<n+2)7 : (A.16)
aEA; aEA;

The first term in the second line forms the root system of Cy algebra. The second and
third terms carrying 7/4 and 37/4 are half of the long roots of Cy, so they amount to the
fundamental representation of Cy algebra. The last term carrying half-integral KK-charges
amounts to the rank-2 antisymmetric representation. There is one more singlet carrying
half-integral KK-momentum which arises from the imaginary root, so we can understand
the situation as a branching of Ay, algebra into C, algebra

Agg — Cg
Adj — AdjO@F1/4@F3/4@A%/2 @11/2 (Al?)

As an example, the vector multiplet contribution in Zy twist compactification of a SU(3)
gauge field is given by

1 1
Fl—loop:ﬁZZ|e'¢+nT|3+EZZ

neZ eeR neZ weF

Py Y

neZ weF

45 5
= 3<Z>1 167'(;51 . (A.18)

3

w'¢+<n+i>7

3

w- o+ <n+i>7'

This is used in subsection 3.2.3.

A.2 Graded representations and 1-loop prepotential

To find a KK-momentum shift for a hypermultiplet, we first reinterpret the KK-momentum
shifts for W-bosons we discussed in the previous subsection. Let g = X, be a simple Lie
algebra, » = 2,3 be an order of automorphism in a Dynkin diagram, s = (sg, $1,- -, S¢)
be non-negative relatively prime integers, and m = 7‘25:0 d;s; for the Coxeter labels d;.
For a given s, there is a unique outer automorphism o, of g up to conjugation such that
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ol =1 [125]. r is the smallest integer for which o¢, is an inner automorphism. An order
m outer automorphism o, naturally induces the grading

a= P g, (A.19)

jeZm

with [gs, 9] C gi+j, where an element of g; has an eigenvalue e2™i3/™ under 0. Thus,
under twisted compactification of a 6d theory with gauge algebra g, the W-boson states
in g; acquire additional fractional KK-charge j/m. In particular, W-boson states in the
invariant subalgebra go of o, have integral KK-charges. The affine root system demands
go to be b defined in appendix A.1. It is known that when s = (1,0,0, - -- ,0), the invariant
subalgebra gg is isomorphic to h, and gg-module g; is isomorphic to an irreducible module
with the highest weight —aq [125].

We now reproduce the branching rules with KK-momentum shifts of the adjoint rep-
resentations in appendix A.1, using the automorphism o, and grading (A.19). As a
representative example, consider g = Agp—y with s = (1,0,---,0), » = 2. Under the

corresponding outer automorphism oy, g is graded by

g=080Dg1, (A.20)

where gg is Cy algebra and g; corresponds to the rank-2 antisymmetric representation of Cy
algebra. We can also explicitly construct go and gi. Let E, be a ladder operator of Agy 4
algebra associated with a root . We write E; = E,, for a simple root ;. The Cartan
generators H; are given as H; = o) = [E,,, F_,,]. Note that [H;, Ej] = (aj, o)) E; =
a;;Ej, where a;; is a Cartan matrix element. An automorphism p in a Dynkin diagram
acts on the simple roots by p(a;) = ag—;, so we can use the outer automorphism o,
as the induced map o, (H;) = Hoy—; and o5, (E;) = E—; by uniqueness. The invariant
combinations of the Cartan generators under o, are

Hi=H;+Hy, ; (1<i<(-1), H,=Hy, (A.21)

and they become the Cartan generators of gg. In the case of the ladder operators cor-
responding to the simple roots, invariant and non-invariant combinations under o, are
given as follows:

{Ei+FEoy_ i, E/|1<i<l—-1}Cgo, {Ei—Fyu_;|1<i<{l-—1}Cag;. (A.22)

The eigenvalues of such elements in gy under the Cartan generators H; amount to the simple
root of go = Cp algebra, and hence the collection of charges makes the Cartan matrix of gg,
in this case sp(¢), as shown in table 33. For a general root a of Agy—1, 05, (Ea) = uaFE ),
where u,, = £1. If @ # p(«), then

E, + uaEﬂ(a) €go, Fo-— UaEu(a) SN (A.23)

When a = u(«), then E, € go and there is no corresponding element in g;. By considering
the eigenvalues of all such elements in gg and g; under H; defined in (A.21), one can
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9o g1 Charge
Ei + Ey Ey — Eyy (2,-1,0,0,---,0)
Ey+ Eopq Ey—FEy 1 (—-1,2,-1,0,---,0)

Ey 1+ Een B —Een (0,-0-,0,-1,2,-1)
E@ (0707 707_272)

Table 33. Classification of the ladder operators corresponding to the simple roots of Ay under
order 2 outer automorphism o. The charge implies the eigenvalues under the Cartan generators H;
of go.

confirm that charges of the elements in gg and g; form the weight systems of the adjoint
representation and the rank-2 antisymmetric representation, respectively. For g = Dyyy
and Fg, one can treat them in a similar way as the Aoy case and obtain the corresponding
branching rules.

As discussed for the affine root system in appendix A.1l, the g = Ay case is rather
involved. By setting s = (1,0,---,0) to construct an outer automorphism that leaves
h = Cy invariant, we get order 4 automorphism o, since the Coxeter label dy = 2. This
map o, induces the grading

0=00901Dg2Dgs, (A.24)
where gg is Cy algebra. To find g1,2,3, we consider the following choice of o, [120]:
Us,r(x) = -0 ngil ) (A25)

where z is a traceless (20 + 1) x (2¢ + 1) matrix and

1 0 0
Q=10 0 IZ@ 3 (A26)
0—-Iy O

with a 2¢ x 2¢ identity matrix I,. Explicitly, the action of o, , on x in the matrix repre-
sentation is as follows:

| —rn| -3 Z1 e | =~

2T A B | 2| - —pT BT sl -7 A B

T C D i’ cr AT -7 C D
(A.27)
where ¢1 = (212, -+ ,T1041), Yo = (Tie42, -, T12041), 21 = (o1, -+, Tpy11), 22 =
(g4, s x2041,1) and A, B,C, D are ¢ x ¢ matrices. The invariant subalgebra go lies

in the 2¢ x 2¢ matrix (the lower right part of (A.27)) which consists of A, B, C, D, satisfy-
ing D = —AT, B = BT and C = CT. This naturally identifies with C, algebra. Suitable
linear combinations of (71, 72) and (21, 22) are in g; and g3, and they form two fundamental
representations of Cy. The remaining g9 is identified with the rank-2 anti-symmetric repre-
sentation of Cy, because the lower right 2¢ x 2¢ matrix is nothing but an embedding of Agy_1
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algebra and it is decomposed to the adjoint and rank-2 anti-symmetric representations of
Cy algebra. As the adjoint representation belongs to go, this reproduces (A.17).

We extend the above argument to general representations. When a Lie algebra is
graded as (A.19), the representation m : g — gl(V) is said to be compatible with the
grading, if the vector space V is decomposed as

V=@V, (A.28)
GE€Lm
such that
@)V C Vi, (A.29)

for each i,j € Z,, and any x; € g; [126]. Consequently, for matter fields, the states in a
representation space V; acquire additional fractional KK-charge j/m, similar to the adjoint
representation. As an example, consider a twisted compactification of g = Agp_1 type gauge
theory coupled with matter in the (anti-)fundamental representation. Let 7 : g — gl(C%)
be the fundamental representation and {|u;) | 1 < ¢ < 2¢} be the basis of the representation
space C?* whose charges under the Cartan generators 7(H;) form the weight system of the
fundamental representation:

m(H;) [u1) = i [pa)
m(Hi) |pj) = (=0ij—1 + dij) ) (1 <j<26),
m(H;) |p2e) = —6i20-1 [p2e) - (A.30)

We note that |pi+1) = E_q, |#ti). An outer automorphism oy, induced by Dynkin diagram
automorphism acts on the Cartan generators as o, (H;) = Ha—;, so the charges of basis
vectors |p;) under the Cartan generators n*(H;) := mo 0,,(H;) = m(0s,(H;)) form the
weight system of antifundamental representation:

T (H;) |p1) = Si2e—1 |pa)
T (H;) [pg) = (0i20—5 — dioev1—5) [pg) (1< <20),
T (H;) |p2e) = =031 | p2e) - (A.31)

Hence, the representation 7* is naturally identified to the anti-fundamental representation.
The representation 7 @ 7* which is of the representation space C* is then compatible with
the grading (A.20). To see it, let |u;) be an embedding of the basis of 7 representation
space C?* into C* satisfying (A.30). Similarly, let |v;) be an embedding of the basis of 7*
representation space C2¢ into C* satisfying (A.31). Then we find that charges of |u;) £ |v;)
under the Cartan generators m @ 7*(H;) of the invariant subalgebra gy are given as

(m @ 7 (Hy)) (1) £ 1)) = Gia () £ 1))
(@& 7 (Hy)) (|1g) + |v5) = (=6ig1 + 0i) (g) £ |v)) 1 <j <),
(m @ 7 (Hi)(I15) £ |v3) = (Si20-5 = Giger1—5) () £ ) (€< j<26),
(m @ 7 (H;))(|pae) & |voe)) = —6i1(|p2e) £ [var)) - (A.32)
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Here, we see that the representation space C* of 7 @ 7* is decomposed into C2 @ C?
spanned by {|w;) + i)} and {|ui) — |v4)}, respectively. Therefore, the eigenvalues of the
basis vectors form the weight system of the fundamental representation of the invariant
subalgebra go = Cy. Moreover, if one applies element © & 7*(E_n, — E_q,, ;) in g1 to
|ps) £ |vi), then

(m & 7" (E—a; = Eag)) (i) £ 1) = [pig1) F vigr) (1 <i <L), (A.33)
Thus, the representation w@7* is compatible with the grading. If we identify one fundamen-
tal representation of Cy to integer KK-momentum modes, then the other one corresponds
to half-integer KK-momentum modes,
Agp—1 — Cy
F@F—)Fo@Fl/Q. (A.34)
Next, consider the twisted compactification of g = Ay, type gauge algebra coupled

with (anti-)fundamental matter. To use the explicit definition of o, (A.25), we note that
a matrix representation of H; of g is given by

(Hi)ap = 0iadig — dit1,a0i+1,8 » (A.35)

where 1 < «, f < 20 + 1. The automorphism o, acts on them by

41
Usr Hl Zsz UST(H):_HH-] (2<]<£)
osr(Hpi1) ZHZ : osr(Hj)=—Hj—y (L +2<j<20). (A.36)

The Cartan generators of the invariant subalgebra go = C are

Hi=Hj 1 —Hy iy 1<i<l-1) Z H;. (A.37)
i=0+1

Now, let 7 : g — gl(C**1), 7(z) = z be the fundamental representation and {|u;) | 1 < i <
20+ 1} be a basis of C?**! whose eigenvalues form the weight system of the representation

m(H;) [p1) = i1 |pa)
T(H;) |pg) = (=0ijo1 + 6ij) gy (1<j<20+1),
m(H;) |[p2er1) = —0ie | p2es1) - (A.38)

Explicitly, (|ii))a = dia for 1 < o < 2¢+41. The composition moo, , is the anti-fundamental

representation:
m(o(Hi)) [p) = —dix lw)
w(o(H;)) |1g) = (Giotj—1 — Oiers) 1) (2< 5540,
m(o(Hi)) [pes1) = 026 |pet1)
m(o(H:)) [pg) = (Gij—e—1 — dijj—e) l1g)  (€+2 <5 <20). (A.39)
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Similar to the Agy_q case, the direct sum representation 7 @ 7* is compatible with the
grading (A.24). To see it, let |u;) be an embedding of the basis of the fundamental rep-
resentation space C2*! into the direct sum representation space C**2 satisfying (A.38).
Likewise, let |v;) be an embedding of the basis of the anti-fundamental representation space
into C**2 satisfying (A.39). Following [126], define a (4¢ + 2) x (4 + 2) matrix

R= ( (;)2 IQE* 1) , (A.40)
which satisfies
(r @ 7*(o(z))) = R(r @ 7*(z))R™, (A.41)
where
Tdr(x) = <x OT 1) e gl(C*+2). (A.42)
0 —Qz"Q

Since R* is an identity matrix, it decomposes C**2 as

ct = P, (A.43)
JEZy
where an element of V; has an eigenvalue e2mi(n+3)/4 for some fixed integer n under R.

Moreover, for z; € g; and v, € Vj,
(7 & 7" (0(2))) ) Ruy = ™ H 04z @ 7 (@) v, = R(z @ 7 (2)))vn,  (A44)

from (A.41). This shows that (7 @ 7*(x;))vy € Vjik, so the grading on representation
space is compatible with Lie algebra grading. The remaining thing is to identify each V;
into a representation of the invariant subalgebra. The states |u1) £ 1) have eigenvalues
+1 under R, and |u;) £ i|v;) have eigenvalues +i for j > 1. The charges of these states
under the Cartan generators of the invariant subalgebra are

(m @ 7" (Hy)) () £ 1)) =0, (A.45)

(m @ 7" (Hy))(Jp2) £ ifve)) = dp(p2) £ilre)),

(r & 7 (T (s = 6 100) = (—Gga + 61y )(ls) £ i) 2 <5< £+ 1),
(7 ® 7 (Hy))(|pes2) £ i |vera)) = =0k (|pera) £ [vega))

(m & (Hp))(l14) £ i |15)) = (k-2 — Sk je-1)(lpg) £ il) (€ +3<j<2041).
Thus, the representation space spanned by {|u1) + [v1)} and {|p1) — |v1)} correspond

to two singlets, while {|u;) + i|v;)} and {|u;) — i|v;)} correspond to two fundamental

2mi(n+j5)/4

representations of Cy. We choose n = —1 in the eigenvalue e of the elements V;

in (A.43) so that V) and V4 correspond to fundamental matter, while V; and V3 become
singlets. This is because the 5d reduction of the theory contains fundamental matter. In
other words, under twisted compactification,

AQ[_)CK
F@F—)Fo@ll/zl@Fl/Q@lg/éL. (A46)

We summarize such rules for twisted compactifications in table 34.
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i | b R, — Ny
A2 | ¢ ACE = Adjy@F 1, A}, ® 11, @ Fy)
FoF — FoaloF ol
Adj — Adj, @ A2,
A9 1 a FoF — FyaF,
AMoA - AoA,e1@1),
Adj — Adj, @ Fy
D, | B F - Fyol,
S®C — So® 81/2
Eé2) £y A(E — Adjo®Fy)
FoF — FooF 20101,
oo | g Adj — Adjy®Fy/3 @ Fyp
FoSeC — FoolgoF 38130 Fy3® 13

Table 34. Summary of KK-momentum shifts on each representation under twisted compactifi-
cation. When § = X ,fr), Ry and Ry denote representation in g = X, and b, respectively. The
subscript in the representations of Ry denotes KK-momentum shift.

B 5-brane webs for theories of frozen singularities

In this section, we present 5-brane webs for some theories of frozen singularities, which
contain an O7"-plane.

B.1 5-brane webs for SU(2), + 1Adj and local P? + “1Adj”

A 5-brane configuration for SU(2), + 1Adj is depicted in figure 9(a). A little bit of de-
formation of this 5-brane web leads to a 5-brane web given in figure 9(b). By taking the
(1,—1) 7-brane painted in red through the cut of an O7"-plane, one gets a 5-brane web
in figure 9(c). Notice here that on the left hand side, the 5-brane configuration looks like
dP; geometry locally. Hence, if one decouples the adjoint hypermultiplet by taking an O7"
far away, then one obtains a 5-brane web for the pure SU(2), theory as expected. On the
other hand, recalling that dIP; has an O(—1) curve, we can flop this —1 curve, which gives
a b-brane web given in figure 9(d). By taking this flopped part away, one finds that the
remaining part is a local P? with the adjoint hypermultiplet inherited from SU(2), + 1Adj,
as depicted in figure 9(e). which we have referred to as P?+“1Adj”. One can also view this
decoupling as decoupling the ‘instantonic’ hypermultiplet as discussed in the main text.

B.2 5-brane web for SU(2)y + 1Adj

SU(2)p+ 1Adj is a KK theory which is also referred to as the M-string. The corresponding
web, depicted in figure 10(c), was discussed in [127]. We note that one also depicts it with
an O7T-plane as given in figure 10(a). It is not difficult to see that the Kéhler parameters
of these two 5-brane webs are equivalent as shown in figure 10(b) and figure 10(c).
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(d)

Figure 9. (a) A 5-brane web for SU(2), +1Adj. (b) An equivalent 5-brane web for SU(2),+1Ad]j
where the D5 brane located on the right hand side of an O7*-plane in figure (a) is moved to the left
hand side. (¢) Hanany-Witten transition associated with the (1,1) 7-brane painted in blue in figure
(b), going through the cut of the O7"-plane. (d) A flop transition. (e) Decoupling the flopped
‘instantonic’ hypermultiplet, giving rise to a 5-brane web for the local P? 4 “1Adj” theory. Clearly
putting an O7F-plane far away leads to a local P2 which corresponds to decoupling “1Adj”.

(a)
ort
‘20 +mop — 2my
(b)
I 2¢
—2¢ 4+ my
2¢ +mg — 2my
—

(© m i/

20 —my

_y _H_
Figure 10. (a) A 5-brane web for SU(2)g + 1Adj. (b) The reflected image of (a) is included. (c)
A 5-brane configuration for the M-string.
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Figure 11. (a) Type ITA configuration for 6d SU(1) — SU(1) — SU(1) theory or equivalently SU(4)
theory. (b) A Zs twisted compactification of (a), where 1/2 D5-branes are stuck along the cut of an
OT7*t-plane. (c) Type IIB 5-brane configuration after resolving an O7~ into two 7-branes of charge
(1,1) and (1,—1). Here a blue dot refers to a (1,1) 7-brane while a red dot refers to a (1,—1)
7-brane.

B.3 5-brane web for Sp(2)y + 1Adj

A 5-brane web for 5d Sp(2)¢ + 1Adj can be obtained by a Zo twisting of the 6d N = (2,0)
As theory whose brane configuration can be realized as a D6 brane suspended between
4 NS5 branes, as depicted in figure 11(a). The procedure of a Zy twisting of the 6d
N = (2,0) Ay theory is already considered in [73]. Such twisted compactification on 5-
brane gives rise to a pair of O77- and O7"-planes and the number of D6 branes in Type
ITA brane configuration is halved to yield half the number of D5-branes. For this Ag case,
the resulting 5-brane configuration is given in figure 11(b), where a half D5 is stuck along
the cut of an O7T-plane. By resolving an O7~ into two 7-branes of charges (1,1) and
(1,—1), one gets a 5-brane configuration for Sp(2)g + 1Adj as depicted in figure 11(c). We
note that in figure 11(c), we moved two half D5-branes on the right hand side of an O7"
to the left to form a full D5-brane so that they then can be away from the O7™ cut at the
bottom, which allows us to give the mass of the adjoint hypermultiplet.

B.4 5-brane web for Sp(2), + 1Adj, SU(3)% + 1Sym

A 5-brane web for Sp(2), + 1Adj can be obtained a Zy twisted compactification of the 6d
N = (2,0) Ay theory. The resulting web is given in figure 12, where two half D5 branes
are suspended either between an O71 and (1,1) 5-brane or between an O7" and (—2,1)
5-brane. As before, two half D5-branes can be put together to form a full D5-brane. It
can be then easily recognized that the resulting 5-brane configuration is nothing but that
for SU(S)% + 1Sym as given in figure 13(a).

B.5 5-brane web for P2UF; + “1Sym” or “SU(3)s + 1Sym — 1F”
2

In a similar way as done for the 5-brane configuration for P2 + 1Adj, one can easily get
a 5-brane configuration for P2 U F3 + “1Sym” or “SU(3)s + 1Sym — 1F” as depicted in
2
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Figure 13. (a) A 5-brane web for SU(3) 3 +1Sym which has a —1 curve on the left hand side of an
OT7*-plane. (b) A flop transition and allocating a D5-brane from the right to the left. (c) Decoupling
the ‘instantonic’ hypermultiplet, which leads to a 5-brane configuration for a non-Lagrangian theory,
P2UF; + “1Sym”.

ort

Figure 14. A 5-brane configuration for SU(3)y + 1Sym + 1F.

figure 13. Given a 5-brane configuration for SU(3)s + 1Sym in figure 13(a), which has a

2
—1 curve, one performs a flop transition to yield 5-brane web in figure 13(b). Decoupling
this ‘instantonic’ hypermultiplet gives rise to P? UF3 +“1Sym” whose 5-brane web is given
in figure 13(c), which we may be referred to as “SU(3)s + 1Sym — 1F”.

2

B.6 5-brane web for SU(3)p + 1Sym + 1F
A 5-brane configuration for SU(3)¢+ 1Sym+ 1F is depicted in figure 14, which is discussed
in detail in [76].
B.7 5-brane web for local P? U Fg 4 “1Sym”

A 5-brane web for P2 U Fg + “1Sym” is depicted in figure 16(e). It is worthy of noting
that this 5-brane web can be obtained from a non-perturbative Higgsing of SU(4)y +
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Figure 15. (a) A 5-brane web for SU(4)p+1Sym. (b) A non-perturbative Higgsing by putting two
N S5-branes together and perform a Higgsing such that the NS5-brane ending two (0,1) 7-branes
is taken away along the z7-39-directions.

ke -

Figure 16. Deformations of the 5-brane web given in figure 15(b) leading to a 5-brane web for
P2 UFg + “1Sym”.

1Sym in figure 15. By taking a non-perturbative Higgsing!! shown in figure 15(b), we
get a new rank-2 non-Lagrangian theory, P? U Fg 4+ “1Sym”. To see local geometry apart
from the frozen singularity, consider a series of deformations of the 5-brane web given in
figure 16. Lowering the D5-brane on the right side of an O7-plane leads to a transition
like figure 16(a) discussed in [129] giving rise to a 5-brane web in figure 16(b). A further
lowering of the D5-brane allocates the D5-brane from the right to the bottom left as
depicted in figure 16(c). The resulting 5-brane configuration then looks like locally P? UTFg.
Taking into account 1Sym inherited from SU(4)o + 1Sym, we call this P? UFg + “1Sym”.

1A simple non-perturbative Higgsing procedure is from SU(3)o + 5F to SU(2) + 5F where two parallel
N S5-branes are bound together in such a way that the resulting 5-brane web preserves the S-rule [21, 128].
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(a) (N —4,1) (c)

ort ort

Figure 17. (a) A 5-brane web for SU(N)% + 1Sym, where there are N D5-branes in total. (b)

A non-perturbative Higgsing. (c) 5-brane web for P2 UFg UFgU- - - UFyx + “1Sym” which is rank
of N — 2.

Figure 18. Various phases of 5-brane web for local P? + “1Adj”.

We note that it is straightforward to implement this kind of non-perturbative Higgsing
to SU(NN)a—n~ +1Sym to yield rank N — 1 non-Lagrangian theory with a frozen singularity,
2

P2UFgUFgU--- Uy + “1Sym”, as shown in figure 17. In particular, when N = 2,
it provides yet another way of obtaining a 5-brane web for the local P2 + “1Adj” theory
giving rise to various phases for the theory as depicted in figure 18(a)—(d). Note that a
5-brane configuration in figure 18(a) looks as if all W-bosons are legitimate so that the
resulting theory is a Lagrangian theory, but it appears that some of the W-bosons would
be annihilated so that the corresponding system is that of non-Lagrangian theory.

Equivalence between P2 UFg + “1Sym + 2F” and SU(3)g + 1Sym + 1F. We can
show that P2UFg+“1Sym +2F” and SU(3)p + 1Sym + 1F are equivalent by transforming
a 5-brane web for P2 U Fg + “1Sym + 2F” into that of SU(3)g + 1Sym + 1F that is given
in figure 14. Consider a 5-brane web for P? UFg + “1Sym + 2F” which is to add two flavor
D7-branes to P? U Fg + “1Sym” in figure 15(b). This resulting 5-brane web is depicted
in figure 19(a). The deformations given in figure 19(b) to 19(d) lead to a 5-brane web for
SU(3)p + 1Adj + 1F in figure 19(e) which is the same as the one in figure 14. This clearly
suggests that there is a new RG flow from SU(3)g+1Sym+1F to local P2UFg+“1Sym+1F”.
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Figure 19. From 5-brane web for local P? UFg + “1Sym + 2F” to that for SU(3)g + 1Sym + 1F.
(a) A 5-brane web for local P? UFg + “1Sym + 2F”. (b) Locating D5-brane on the right-hand side
of O7T to the left. (c) Pull down the (0,1) 7-brane (in red) in figure (b) toward the cut of O7"
and perform an SL(2,Z) transformation. (d) With some mass deformations, Hanany-Witten move
with the (—3,1) 7-brane in figure (¢) which gives rise to an 5-brane web for SU(3)¢ + 1Sym + 1F.
(d) A little deformation leading to the same web for SU(3)y + 1Sym + 1F given in figure 14.

The above equivalence relation is readily generalized to the following SU(N )y KK
theory,

SU(N)o+ 1Sym + (N — 2)F
is equivalent to
local P? UFsUFgU---UFony_o UFon + “1Sym + (N — 1)FH. (Bl)
We note that when N = 2, the equivalence reads

SU(2)r +1Adj <= local P* + 1Adj + 1IF. (B.2)
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