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ABSTRACT: We develop a Mellin space approach to boundary correlation functions in
anti-de Sitter (AdS) and de Sitter (dS) spaces. Using the Mellin-Barnes representation of
correlators in Fourier space, we show that the analytic continuation between AdS;,1 and
dSg.1 is encoded in a collection of simple relative phases. This allows us to determine the
late-time tree-level three-point correlators of spinning fields in dS441 from known results
for Witten diagrams in AdSgy; by multiplication with a simple trigonometric factor. At
four point level, we show that Conformal symmetry fixes exchange four-point functions
both in AdS;4+1 and dSz4; in terms of the dual Conformal Partial Wave (which in Fourier
space is a product of boundary three-point correlators) up to a factor which is determined
by the boundary conditions. In this work we focus on late-time four-point correlators with
external scalars and an exchanged field of integer spin-¢. The Mellin-Barnes representation
makes manifest the analytic structure of boundary correlation functions, providing an
analytic expression for the exchange four-point function which is valid for general d and
generic scaling dimensions, in particular massive, light and (partially-)massless fields. It
moreover naturally identifies boundary correlation functions for generic fields with multi-
variable Meijer-G functions. When d = 3 we reproduce existing explicit results available
in the literature for external conformally coupled and massless scalars. From these results,
assuming the weak breaking of the de Sitter isometries, we extract the corresponding

correction to the inflationary three-point function of general external scalars induced by
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a general spin-/ field at leading order in slow roll. These results provide a step towards
a more systematic understanding of de Sitter observables at tree level and beyond using
Mellin space methods.
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1 Introduction

Holography has by now inspired a great number of tools to understand boundary observ-
ables for theories on asymptotic anti-de Sitter (AdS) space in terms of simple consistency
requirements on correlators in Conformal Field Theory (CFT) [1-4]. CFT correlators
have, step-by-step, acquired the flavour of actual “S-matrix”-like observables for scattering
processes in AdS. The Mellin space representation of conformal correlators [5-13] and Har-
monic Analysis for the Euclidean Conformal Group [12, 14-17] have proven instrumental
in making this connection manifest, which encode bulk physics in a way which shares key
similarities with the flat-space scattering amplitudes.

In contrast, our understanding of boundary correlators in de Sitter space is in a pri-
mordial stage. As opposed to scattering amplitudes, these are spatial correlations at late
times which encode the imprints of past scattering processes. Because of this, correlators
in the dual Euclidean CFT are not bound to satisfy the Osterwalder-Schrader axioms such
as reflection positivity. Currently we do not have a complete grasp on the rules that the
corresponding late-time correlators have to obey, in particular how they encode consistent
bulk time evolution.

In recent years there has been a drive to refine our understanding of late-time correla-
tors in de Sitter space, which has been largely motivated by inflationary cosmology [18-21].
Cosmological observations can be traced back to spatial correlations of primordial fluctu-
ations at the end of inflation, which lie on the boundary of an (approximate) de Sitter
space-time. Non-Gaussianities in primordial correlation functions encode the physics of in-
flation, including interactions and field content, and the ultimate goal of the “Cosmological
Collider Physics” programme [22-36] is to classify the possible shapes of non-Gaussianities
for comparison with observations. To this end it is important to develop new tools to
systematically carve out the shapes of non-Gaussianities generated by a given spectrum
and couplings.

In this work we propose a new framework for the computation of late-time correlators
in de Sitter space, which is tailored to bridge the gap with our (comparably better) under-
standing of boundary correlators in anti-de Sitter space. This is based on the Mellin-Barnes
representation of boundary correlators in Fourier space, in which the analytic continuation
from anti-de Sitter to de Sitter turns out to be encoded in a collection of simple relative
phases.! This observation allows the systematic derivation of late-time correlators in dS
from the Fourier transform of boundary correlators in AdS, which are simpler to obtain
and, in many cases, already known. This in particular includes correlators involving scalars
and totally symmetric fields of arbitrary integer spin, for which there are few results avail-
able to date in de Sitter, where in AdS the complete kinematic map between bulk cubic
couplings for any triplet of spinning fields and boundary three-point conformal structures
has been worked out explicitly [40].

Within this framework, bulk tree-level exchange four-point functions both in AdS and
dS are naturally expressed directly in terms of the boundary Conformal Partial Wave

IThe relation between correlators in AdS and dS through analytic continuation has been considered in
previous works [37-39]. In this work we propose a slightly different approach to the analytic continuation,
which we discuss in detail in section 2.
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Figure 1. Comparison between a scattering process in AdS and dS. In AdS the boundary con-
dition is imposed at the conformal boundary at z — 0, while in dS it is imposed at the infinite
past n — —o0.

(CPW) that is dual to the exchanged single-particle in the bulk.? The CPW is the ba-
sic kinematic object which is fixed by conformal symmetry,® and in Fourier space it is
factorised into the two three-point boundary correlators generated by the cubic couplings
that participate in the exchange. In the Mellin-Barnes representation of the exchange
four-point function, the CPW is dressed by a factor whose poles that generate the Ef-
fective Field Theory (EFT) expansion and a second factor consisting only of zeros that
implement the boundary conditions. The EFT expansion is also constrained by conformal
symmetry up to a finite number of bulk contact terms, which is related to the freedom
of adding higher-derivative improvement terms to the cubic vertices (i.e. higher-derivative
terms which vanish on-shell).* We show that there is a natural basis of contact interactions
in which the factor in the Mellin-Barnes representation that encodes the EFT expansion
is given by a simple csc-function. In particular, for the exchange of a spin-/ field of scaling
dimension A = % + iv between fields ¢*3) of scaling dimension A= g + iv;, we have the
Mellin-Barnes representation:

Mellin-Barnes representation of exchange four-point functions in (A)dSgi1

(OB ¢TI = N, (sisu,als ),

EFT b.c. CPW

V7

21 277@
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ds]/ du du 5 4csc(m(u+ @) 0(u, @) F,
—_—— N —

—’LOO

where the Mellin variables s; and the momenta k:_;-, j=1,...,4, are associated to the four
external legs, while the Mellin variables u, % and the momentum k are associated to the
exchanged field. The Mellin variables in the argument of the CPW indicate that we are
using its Mellin-Barnes representation. The prime indicates that the momentum-conserving
delta function has been stripped off and the constant Ny is fixed in section 2.

2See also [41] where the same form for de Sitter exchange four-point functions was obtained taking a
direct bulk approach which also employs the Mellin-Barnes representation.

3In particular, Conformal Partial Waves are single-valued Eigenfunctions of the Casimir invariants of
the Conformal Group SO(1,d + 1).

4This is the usual contact term ambiguity of exchange Witten diagrams.



The above form of the exchange four-point function, which holds both in AdS,4y; and
dSg.1, makes manifest how the exchange four-point function can be completely specified by
the CPW, which is recovered upon evaluating the discontinuity of the correlator in s = k2,

2i Disc[f(s)] = f(e™"s) — f(e™"Ts), (1.1)
where
. (I/ l/2 (I/3 100 4 dS] Fioo du du _ " B
Discs <¢k1 ¢ o s N4/ 27”/ 46 (u, w) F, o(si5 u, ulks; k).

The zeros of the Mellin integrand, which are encoded in the function d(u, @), are not fixed
by conformal symmetry and are determined by the boundary conditions. Accordingly,
this factor takes different forms in AdS and dS, where in AdS it implements the Dirich-
let/Neumann boundary conditions at the conformal boundary, while in dS it implements
the Bunch-Davies vacuum condition at early times.

Aside from providing a convenient framework which places anti-de Sitter and de Sitter
scattering processes on an equal footing, the Mellin-Barnes representation is advantageous
on various other levels. It makes manifest the analytic structure, which allows to efficiently
study analytic continuations of the correlator with respect to all of its parameters. This not
only includes the momenta, but also both the boundary dimension d, the scaling dimensions
A of the fields and their spin ¢. Interestingly, this also allows to establish simple recursion
relations among boundary correlators with fields of different scaling dimensions and spin,
as we shall demonstrate. On top of this, well-established Mellin-Barnes methods allow to
straightforwardly derive asymptotic expansions of boundary correlators in the momenta
for regimes of interest.

In this work we focus on late-time exchange four-point functions in dSz4; with general
external scalars and a general exchanged spin-¢ field, though the above expression for the
exchange holds more generally. As an intermediate step, we also derive the Mellin-Barnes
representation for the late-time tree-level three-point function of two general scalars and
a general spin-¢ field. Our results are valid both for massive, light and massless external
scalars, and for massive and (partially-)massless exchanged field of arbitrary integer spin-/.
For (partially-)massless exchanged fields, extra care needs to be taken due to divergences
that emerge in the general expression for the exchange four-point function at those values
of the scaling dimension, which can be treated systematically in the Mellin framework —
as we shall demonstrate.

From the result for general external scalars, we can obtain closed form analytic ex-
pressions for the leading slow-roll correction to inflationary three-point functions induced
by the exchange of a spin-£ field. This is extracted by taking one of the external scalars
in the de Sitter exchange four-point function to soft momentum and a small mass [42, 43],
which is straightforward to implement at the level if the Mellin-Barnes representation by
taking the appropriate residues. In the squeezed limit, where k3/k; < 1 (if we took the
momentum k4 to be soft), we find:



Squeezed limit of the correction to the inflationary 3pt function from a spin-¢ exchange
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with slow-roll parameter e. This exhibits the characteristic power-law behaviour in ks3/k;
for a particle exchange [24, 25, 27, 29, 44, 45], which is oscillatory for massive exchanged
particles on the Principal Series, v € R. The phase of the oscillatory behaviour arises from
the quantum interference between two processes [27, 29] (the expansion of the universe
and particle creation), which turns out to be determined by the factor 6(u,u) in the de
Sitter exchange four-point function. The fact that we are exchanging a spin-¢ particle is
encoded in the angular dependence of the Gegenbauer polynomial, which reduces to the
usual Legendre polynomial for the d = 3 case considered in [29]. The ease at which this
result could be obtained for general external scalars, which is new even for d = 3 (as far as
we are aware), is testament to the strength of the Mellin formalism.

Outline. This paper is organised as follows. We begin in section 2 with a discussion on
propagators of scalar and spinning fields in (A)dSg41. We show that Wightman functions in
dS and Harmonic functions in EAdS are related by analytic continuation. In Fourier space,
this analytic continuation is encoded in a simple phase at the level of the Mellin-Barnes
representation. This observation allows us to establish a dictionary to obtain late-time
correlators in dSgy1 from Witten diagrams in AdS4y1. In section 3 we apply this dictionary
to obtain late-time tree-level three-point functions for two general scalars and a general
field of integer spin £ in dS411 from the Fourier transform of the known corresponding result
in AdSg11. In section 4 we consider late-time exchange four-point functions in dS;y1. We
show how a Mellin-Barnes representation for the exchange can be obtained by dressing the
dual Conformal Partial Wave with appropriate factors which encode the EFT expansion
and the boundary conditions. We show how to extract both the OPE and EFT expansion
from the Mellin-Barnes representation, and moreover how it reproduces existing results in
the literature when d = 3 and the external scalars are conformally coupled or massless.
In section 5 we show how our results for exchange four-point functions in de Sitter can
be used to extract the correction at leading order in slow roll to inflationary three-point
functions induced by the exchange of a spin-¢ field.

Various technical details and brief reviews of relevant material are relegated to the ap-
pendices.



1.1 Notations and conventions

We primarily work in (d + 1)-dimensional de Sitter space with “mostly plus” metric sig-
nature (— + + ... +). Greek letters denote space-time indices, p = 0,1,...,d, lower-case
Latin letters denote spatial indices, ¢ = 1,...,d, while Ambient space indices are denoted
by M,N =0,1,...,d+ 1. Bulk scalar fields of scaling dimension A = % + iv are denoted
by ¢ and spin-¢ fields by goéy). Momentum vectors are represented either by k or K,
with magnitude k = |l; |. The spatial auxiliary vectors 3 (or equivalently &%) encode spatial
tensor indices. The momentum of the n-th external leg in a correlation function is denoted
by En, while we use k for the exchanged momentum. It is sometimes convenient to express

three-point correlators in terms of the combinations p = kl,j; k2 and q = klk_g k"’, while ex-
change four-point functions in terms of py,, = w and @mp = @ The symbols s, u

and @ are reserved for Mellin-variables.

2 Propagators

This section is dedicated to the propagators of scalar fields ¢ and fields ¢y of integer spin-£
in dSgy1. After reviewing some basics of classical geometry in (anti-)de Sitter space in
section 2.1, we begin with the scalar propagators in section 2.2, demonstrating how the
Wightman two-point function in the Bunch-Davies vacuum can be obtained via analytic
continuation of Harmonic functions in FEuclidean AdS;y1. This gives a so-called “split
representation” of the dS Wightman function, in which it is expressed as a product of
bulk-to-boundary propagators. In section 2.2.1 we present a Mellin-Barnes representation
in Fourier space, where the analytic continuation from EAdS;;; is encoded in a simple
phase. We give the extension to spinning fields ¢, in section 2.3. In section 2.5 we derive
the corresponding Keldysh propagators, giving the dictionary of phases required to go from
the Mellin-Barnes representation of Harmonic functions in EAdS;4; to a given branch of
the in-in contour. In section 2.4 we use this framework to derive the late-time limit of
scalar and spinning two-point functions in dS4z41. For clear pedagogical reviews for some
of the topics touched upon in this section, e.g. [46-52].

2.1 Classical geometry of (anti)-de Sitter space

It is often convenient to realise (d + 1)-dimensional de Sitter space dS4y; as the follow-
ing embedding;:
—(XO)2+(X1)2+--'+(Xd+1)2:LQ, (2'1)

into a (d 4 2)-dimensional ambient Minkowski space with metric
ds® = nundXMdx™,  guy = diag(— + ... + +), (2.2)

and M, N =0,...,d+ 1. The constant L is the de Sitter radius. It is manifest that the de
Sitter embedding can be obtained from that of the Euclidean sphere S%t!

(X1)2 NI (Xd+1)2 + (Xd+2)2 — L2 7 (23)



through the analytic continuation
X2 5 44X0, (2.4)
or from Euclidean AdS space EAdS 41 via
XM +ixM, (2.5)
If one considers complexified de Sitter space
{(Z=X+iYy eC¥? | 7%2=1%, (2.6)

both dS411 and EAdS441 can be obtained as appropriate real submanifolds. To focus on

de Sitter space we set Z = X. Throughout we shall work in the expanding Poincaré patch,
s L? 2 i i

ds® = ?(—dn + da*dz’) (2.7)

which solves the embedding constraints as:

L(LQ—n2+xixi . L2 +n? —xia:Z)

XM=
oL & oL

; (2.8)

where 1 € (—00,0] is the conformal time and the 2! parameterise the spatial slices of
dS space, including the conformal boundary at late-times = 0. This patch only covers
X~ > 0 and is therefore not geodesically complete. When considering instead Euclidean
anti-de Sitter space we set Z = ¢Y, and in the Poincaré patch we have

L <L2 + 22 +atat | L2 - 22 —xixi)

M—i
Y= 2L & 2L

- (2.9)

where z € [0,00) is the AdS radial co-ordinate and here the x' parameterise the AdS
conformal boundary at z = 0. Note that the parameterisations (2.8) and (2.9) are related
under z = +in and changing the sign of the metric. The condition Y? > 0 selects one of
the two disconnected branches of the hyperboloid. From this point onward we set the de
Sitter radius to one, L = 1.

The conformal boundary is identified with light rays:

P2=0, P~AP, \#0, (2.10)

where the boundary points are parameterised by:
ZM—»F”:%u+x%mﬂ1—ﬁy (2.11)
(Anti)-de Sitter invariant two point functions are functions of the geodesic distance D [53],

cos(D/L) =20 —1 (2.12)



]

Figure 2. Analytic continuation from Fuclidean anti-de Sitter space to de Sitter space. Here z
is the radial coordinate in EAdS while 7 is conformal time in dS and we display the two possible
analytic continuations from complexified dS.

which is convenient to express through the chordal distance o, where:

1+Y1-Y (21 — 20)% + |71 — Xo|?

p— = — 2-13
OAdS 5 A7129 ) ( a)
1+ XX (7]1+772)2—|fl—fg|2
= = . 2.13b
7ds 2 4n1meo ( )

The dS chordal distance o4g can be obtained from the AdS chordal distance oaqg by taking
opposite analytic continuations for 7, and 7s:

a=—meE, = —mpets, (2.14)
which is equivalent to®
Yi = :Fin, Y2 = :tiXQ. (215)

These correspond to the possible Euclidean orderings of two operators in EAdS;41 associ-
ated to the following e-prescriptions:

. 2
. 1€
(m —m2)® £isgn(m —m2) e ~ (771 —mn2t 2) . (2.16)

Further details about out-of-time ordered correlators are given in appendix A. In the fol-
lowing sections we shall employ (2.14) to consider Wightman two-point functions in dSg;
as an analytic continuation from EAdSgy.

2.2 Review: scalar fields

Let us consider a scalar field ¢ with mass m

(Vis —m*)¢o =0, (2.17)

®In position space we shall refer to (2.15) as equivalent to (2.14).



which at late times 1 — 0 behaves as

¢, &) ~ Oa (B> + Oa_(E)n-, (2.18)
where the mass is related to the scaling dimensions via
2
Ag = d, iv, m?= (d> + 2. (2.19)
2 2
The Wightman function
G(X1, X2) = (0]9(X1)$(X2)[0), (2.20)
obeys the free field equation
(Vis —m*)G(X1,X2) =0, (2.21)
whose solution in the standard Bunch-Davies vacuum [54, 55] reads [53, 56, 57]:
(4 +iv)T(4 —iv) v, g —iv
X1, Xp) = —2 2 2N R : 2.22

The Hypergeometric function has a singularity at oqs = 1 (i.e. at short distances) and a
branch cut for o4g € [1,00). The two possible ie prescriptions for going around the singu-
larity in the complex plane are given in (2.16) for the flat slicing of de Sitter, in particular:

(m —me+£)? — |7 — Do

oh =1+ prow : (2.23)

where
Go— (X1, X2) = (0](X2)(X1)[0) = G(ofy), (2.24a)
G4 (X1, Xa) = (013(X1)9(X2)[0) = Glogs), (2.24D)

and the F+ subscripts refer to the analytic continuations of the two points as in (2.15).
The Wightman two-point function serves as the basic object from which other de Sitter
two-point functions (retarded, advanced, Feynman,. .. ) can be obtained, as we shall discuss
in section 2.5 when we introduce the Schwinger-Keldysh formalism.

The corresponding object in (d 4 1)-dimensional Euclidean anti-de Sitter space is the
Harmonic function

(Vias —m?)Q(1,Ya) = 0, (2.25)
where (see e.g. appendix 4.C of [58])

1 F(%%—iy)l“(%—m/) 7 g—i—iy,%—iy (2.26)
X X ;OAdS | - .
T(i)D(=iv)  (4m) "3 T (451) =

The short distance limit in this case corresponds to oaqs — 0, which is non-singular. It is

QV()/I7 YZ) -

straightforward to see that through the analytic continuations (2.14) we can obtain the de
Sitter Wightman function (2.22) from the Harmonic function (2.26). In particular,
Gy (X1, X9) =T(iw)I'(—iv) Q,(—iX1, +iX2), (2.27a)
G,+(X1, X2) = F(ZI/)F(—ZV) Qy(—i—in, —iXQ) . (227b)



The Harmonic function (2.26) admits the following useful representation (see e.g. [59, 60]):

1/2
0, (Y1, Ys) = /dPKd

T 5t+iv

(Y1, P) Ka_,;, (Y2, P), (2.28)

which is an integrated product of EAdS ;1 bulk-to-boundary propagators,

Cao r)

Cap = (2.29)

In the AdS/CFT literature, the representation (2.28) for the Harmonic function is often
referred to as the “split-representation”. From the analytic continuations (2.27), a split
representation for the de Sitter Wightman function (2.22) naturally follows:

Split representation for the scalar Wightman two-point function in dSgziq

G (X1, X2) = / AP Ky, (FiX1, P)Ky_,, (£iXs, P). (2.30)
where, in going to dS, it is convenient to adopt the normalisation:
rA-4941
Ka = MKA, (2.31)

V&S
which we shall use henceforth. The discussion of this section naturally extends to spinning
fields, which we consider in section 2.3.

The split representation has proven to be an instrumental tool in the evaluation of
Witten diagrams in EAdS [7-9, 40, 60-76] and is particularly suitable to obtain the Con-
formal Partial Wave decomposition of tree-level exchange Witten diagrams, which factorise
on Harmonic functions into an integrated product of three-point Witten diagrams. In this
work we show that the split representation is also useful in de Sitter space, where late-time
tree-level exchange diagrams in dS;y1 can be obtained from existing results for EAdS 1
three-point Witten diagrams through the analytic continuations (2.30).

2.2.1 Mellin-Barnes representation in Fourier space

Cosmological correlators are generally studied in Fourier space. In Fourier space the split
representation (2.28) for the EAdS Harmonic function conveniently factorises as a conse-
quence of the Convolution theorem:

-,

D(in)D(=iv)Q, g(21,22) = Ky (21, K) Ka_y, (22, ~k). (2.32)

The Fourier transform of the EAdS bulk-to-boundary propagator is given by a modified
Bessel function of the second kind [2], which admits a convenient representation as a
Mellin-Barnes integral:

o 00 du N
Koo (2.F) = /_ e ) (2.33a)

iy pico ; ; —2utiv
z2 du w W zk
L B N LA | T T . 2.
0T s 2mi <”+2> (“ 2><2> (2.33b)



This implies the following Mellin-Barnes representation for the Harmonic function:

Q%E(zl,zQ):/[du] Q (2’1,22|U1,UQ) (2.34&)

d 2 . . —2u;
k J
L) (=), p(21, 22[u1, ug) = 2122 )2 H <u] ) <u]_z;/) <2j2> . (2.34b)

&

At the level of the Mellin-Barnes representation (2.34b), the analytic continuations (2.14)
to the flat slicing of de Sitter space are encoded into simple phases owing to the power-
law dependence on the AdS radial co-ordinate. In particular, for the Wightman two-point
function (2.30) in Fourier space we have:

G, zlm,me) = F(—iV)F(iV)/[du]2€6<(ul’u2) Q, z(=n1, —m2lur, u2), (2.35a)
G g(n,m2) = D(—iv)L (i) /[du]265>(u1’u2) Q, p(=n, —m2lur, ug), (2.35b)
with phases:

<(uy,ug) = —im(ug — ug), (2.36a)

4]
O (u1,uz) = +im(ur — uz). (2.36b)
Late-time limit and bulk-to-boundary propagators. Within the Mellin-Barnes rep-
resentation (2.35) the late-time limits of the de Sitter Wightman function are encoded in
the residues of the leading I'-function poles. For example, the limit 7y — 0 with 7; fixed is
given by the leading poles in the corresponding Mellin variable us, which are at ug = :I:“’
This gives

Jim G pm,me) = Fpmom) + FL (o), (2.37)

where we introduced the de Sitter bulk-to-boundary propagator

+i00 dS

v + s —
Fmom) = o) [ 55 O (), (239)

—100

im (d i
im(d in -
e¥ 2 (2 “/)’C%-Hy (—eiTnhk)

277@

and the overall constant

Notm) = (-m g2, (2.39)

Like for the Wightman function, the analytic continuation of the bulk-to-boundary prop-
agator from EAdS to dS is encoded in a simple phase:

6= (s) = Tim <s + Z2V> . (2.40)

Above we relabelled u; — s and we henceforth use the variable s to denote external legs
connected to the boundary (or s; when there is more than one).

~10 -
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Figure 3. A pictorial representation of the dS in-in contours, of bulk-to-boundary propagators on
the left and of the split representation for bulk-to-bulk propagators on the right. The horizontal
direction parameterise the momentum space coordinates while I'1 represent the (anti-)time ordered
contours which we unfolded above the late time de Sitter horizon to distinguish the path ordering
along the contour from the actual time-ordering relations.

Relation to the mode functions. To gain some further intuition it is instructive to
review the standard derivation of two-point functions in Fourier space. One expands each
Fourier mode of the field in creation and annihilation operators:

6p(n) = fe(m)al+ Je(m)a_g, (2.41)

where the Klein-Gordon equation

(V3s = m?)gp(m)e™ =0, (2.42)

implies that the mode functions satisfy the equation:

n((d—=1)f'(n) = nf" () + (AA = d) = ?*k?) f(n) = 0. (2.43)

For the Bunch-Davies vacuum the solution is given by the following combination of Han-
kel functions

) = ()3 T 2 () (2.41)
hiw (k)

Fuln) = (=)%Y 21D (), (2.45)
hiw (kn)

where the overall normalisation is fixed by requiring that a_j and a% satisfy canonical
commutation relations. From the Mellin-Barnes representation for the Hankel functions
various similarities between the mode functions and the bulk-to-boundary propagators
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become manifest:

i (k) / s b (e Y (L ) (2.462)
i\ 2f i 2 2 2 ’ ‘
Fico ds v i nk .-\ %
w B | LS 2.4
i [ B (B)

from which one can also read off the following relations:

hiy(k’r]) = hfil,(k‘n), (2.47&)
hiv(kn) = h_i, (kn), (2.47b)
i (o) = —hi (e~ k) = iy (k) (2.47)

In terms of the mode functions the Wightman two-point functions are
G, i(m,m2) = (0lo_g ()5 (m)[0) = fi(m) fu(n2), (2.48a)
G_, z(m,m) = (Olop(m)d_z(m2)10) = fe(m) fi(n2), (2.48b)

from which one can identify:

Felm) fi () = D) T (=)@, ¢ (=" F s, —~Fp ), (2.49)
Fi ) fim) = D) D (=iv) 2, (=~ Fm, e F ), (2:50)

by comparing with equation (2.35). These relations generalise to mode functions for fields
of non-zero spin, which we consider in the following section.

2.3 Fields of arbitrary integer spin

The discussion of the previous section carries over to fields of non-trivial spin. In the
following we consider a totally symmetric spin-¢ field ¢, .. ,, of generic mass m, which at
zeroth order in interactions satisfies the Fierz-Pauli conditions:

(v2 - m2)§0m...p4 - 07 (251&)
vulgpul...w =0, (2.51b)
9" 0p oy = 0. (2.51c)

The boundary behaviour of the spin-¢ field is

(pzllz(nwi:) ~ OA+,’£1...Z'£(:Z:)?7A+ £+OA 1. ’L[(f)TIA _Z? (252)

where the mass is related to the scaling dimensions by:°

d ., (d\?
Ai:§:|:w, me= |3 + 5=V (2.53)

®In this work “mass” is defined by the Fierz-Pauli system (2.51). Another convention for mass is such
that m? = 0 for gauge fields, which is used e.g. in [29], in which case:

d 2
mgherezy2+(£+§_2) )

where
mfhere = miere - (ﬁ +d - 2)(2 - é) + 4L
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When considering fields of arbitrary spin it is convenient to use an operator notation in
which fields are represented by generating functions:

1
Oproopy — Playw) = a Opy g (@)W W (2.54)

where w* is a constant (d + 1)-dimensional auxiliary vector. In this formalism the Fierz-
Pauli conditions read

(V2 —m?)p(z;w) =0, (2.55a)
(V- )25 w) = 0, (2.55b)
where requiring that the auxiliary vector is null, w? = 0, implements the trace con-

straint (2.51c). The Thomas-D operator [77] (see also [15]):
A d—1 1
o = <2 +w- 8w> ok — 5 wh (O + Ow) (2.56)

implements the trace-less contraction of indices. For boundary operators we instead use
&' to denote the corresponding null auxiliary vectors, i.e.

Onin.iad) = OAGE) = Oxs il DE" €0, £=0,  (250)
and the corresponding boundary Thomas-D operator reads
. d 2N o1 .o
8%2<2—1+f~8§>8§—2§’(8§~85). (2.58)
Following section 2.2, to obtain the corresponding Wightman two-point function
Go(X1, Xo3 Wi, Wa) = (0pe(X1; W) e (X2; W2)[0), (2.59)
we first consider the corresponding spin-¢ Harmonic function in EAdSgy1,
(Vias — m?)Qu,e(Y1, Yo; Wi, Wa) =0, (2.60a)
(VAds : 5W1)Qu,z(Y1,Y2; W1, Wa) = 0. (2.60Db)
This admits the split representation (see e.g. [60, 78]):

1 2 .
Q0 (Y1,Yo; W1, Wh) = V/dPKgH,,,g(Yl,P; Wh,0=)K 4

fl( _]_) T afiy,é(}/z’P;W%E))
' l

[\ClIsH

(2.61)

where the vectors W™ and =M are the ambient space representatives of the bulk and
boundary auxiliary vectors w# and &' (see e.g. [79-83]):

M M
Y v 0P

M __ et
W= Oxr’ B _5&@“

(2.62)
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N

with J= the ambient space counterpart of the boundary Thomas-D operator (2.58), im-
plementing the symmetric and traceless contraction of the boundary indices. The spin-¢
EAdS4; bulk-to-boundary propagators in (2.61) read [60]:

Cay

KaelY, PsW,E) = o= x W - I(Y, P) - =), (2.63)
where
PyY;
Iun(Y. P) =y — 5 (2.64a)
A1 T(A)

Cayp = .
ST TAT gpdr(A- 240

(2.64b)
While it shall not be used explicitly in this work, it may be useful to note that in Poincaré

co-ordinates (2.9) the bulk-to-boundary propagator (2.63) reads [84]:"

_,/)Q)A (w (2,2 -7) - E)E, (2.65a)

K M= =C ;
selei®) = Cau i

w-I(z,f—f’)-gzi[w-g— ~ ﬂ,;], (2.65b)

where w = (w?, ).

The ambient space auxiliary vectors (2.62) are unaffected by the analytic continuations
from EAdS to dS. The corresponding de Sitter Wightman functions are therefore

Gi$7g(X1, Xz; Wl, WQ) = F(Z'I/)P(—’L'I/)QMZ(ZFZ'XM :tiXQ; Wl, WQ), (266)

where, as before, the F4 subscripts refer to the analytic continuations of the two points
as in (2.15) and the coefficient of the Harmonic function is the same as for the scalar
Wightmann function (2.27).8 Equation (2.66) combined with (2.61) provides a split repre-
sentation for spin-¢ Wightman functions in de Sitter space.

Fourier space. Notice that the tensorial structure of the bulk-to-boundary propaga-
tor (2.63) is invariant under the above analytic continuations. A useful consequence of this

"This can be derived from the ambient space expression (2.63) using that

2 = 2\2
_oy.po 2 FE=T)

z
combined with

W I(Y,P)-Z=(P-Y)(Z 0p)(W - 8y)log(Y - P) = (P- y)(f. af/)(w -0,)log(Y - P),

where in the second equality we used the relation (2.62). Evaluating the derivatives recovers (2.65b).
8This is fixed by the normalisation of the short-distance behaviour, where the short distance limit of the
spin-¢ Harmonic function (2.61) is given in [60].
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observation is that the phase factor in the Mellin-Barnes representation for the Fourier-
space Wightman function is independent from the spin £. In other words,

Gy rlm,mswi, wa) = T(—iw)L(iv) /[dubeé*(ul’UQ)QM&;;(—UL —12; w1, WUy, u2),

G, i, meswi, wa) = D(—iv)I(iv) /[du]2€6>(u1’u2)Ql,ng(—?h, —12; W1, Wa|u1, uz),
(2.67)

where the phases are the same as those for the spin £ = 0 Wightman function which were
given in (2.36).

2.4 Late-time two-point functions

Before discussing interactions it is convenient to consider the late-time limit of the bulk
two point function with respect to both points, i.e. 71, 7o — 0.

Using the relation (2.66), one way to obtain the late-time limit of the bulk two point
function is to analytically continue the boundary limit z1, zo — 0 of the Harmonic function
in EAdS;,1.° The latter can be straightforwardly obtained in position space using the
identity [60]:

1w

Qo(x1,22) = o I, e(21,22) + (v — —v), (2.68)

which expresses the Harmonic function as a sum of spin-¢ bulk-to-bulk propagators in
EAdSg4y1. The boundary limit of the Harmonic function is then fixed by the boundary
limit of the bulk-to-bulk propagators, which is

4. . . ¢
. (2120)2T 0 [ o 26 - Ty - Do
lim II,4(21,%1,20,%0) =Ca,, ,——F— . _ = 2.69
o (21,71, 22, T2) 4y (5%2)%“” §1-&+ 2, , (2.69)

where the 5_1,2 are the boundary auxiliary vectors (2.57) and the coefficient Ca iy 18 the
coefficient of the bulk-to-boundary propagator (2.64b). This has the structure 2required by
conformal symmetry [85].

In appendix C.1 we derive the Fourier transform of the above conformal structure,
which gives the following expression for the boundary limit of the Harmonic function in
Fourier space:

- -1 4 h(m)T(—i
O o(21, K, 29, —K) ~ = (Zg)ngwJ _ §sc (mv)T'(—iv) |
7 4 (§+iv—1),0(1—{+iv)

- — - — — Z — —
KN ( 26 k& -k 0,4 4iv—1 k2%
- () — 252* oo ThET L Kl + = -v), (2.70)
2 k L—l+iv 26 - k& -k

where we have dropped analytic terms in k. It is then straightforward to obtain the corre-
sponding late-time two-point function in dSzy; through the analytic continuation (2.14):

9 Another way was outlined in section 2.2.1 using directly the Mellin-Barnes representation for the Wight-
man function.
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Spin- late-time two-point function in dSqiq

) - -\ 1 d i, csch(mv)I(—iv)
1 7 N - ) = — 2+ZV ¢
11 <80£,k(771 fl)%,—k(% 52)> 4 (mn2) (% i 1);(1 )

7n1,m2—0

N2 (28 RE K\ [~ dviv—1 K2 €

<> B R R Y I L S IRV, ST X )
2 k IL—l+iv 26 k& -k

Helicity decomposition. In the following we derive the helicity decomposition of the
two-point function (2.71), which is the projection onto spherical harmonics in the plane
orthogonal to the exchanged momentum k. In general d these are the Gegenbauer polyno-

mials ‘ o
Em(a) = m#‘gcr(,?)(a), (2.72)
2m(%5%),,
where a = éf‘ . é} is the contraction of the transverse polarisations!”
gok=0, & -k=0. (2.73)
In particular, we can choose
& = (£1,1,1), (2.74a)
gé = (éJ_,Qa _Z) ) (274b)
k=(0k), (2.74¢)
so that
& &=a+1, & -k=ik, & k=—ik. (2.75)

The helicity decomposition of the two-point function

¢
/ a
~ (o i €0)) = ()2 S O -
771}717£ri>0<(pé,k(771agl)@ﬁ,—k(n27§1)> = (mmn2)2 m§()cm Em(a) + (v v), (2.76)

(£)

can then be obtained using the standard inversion formula to extract the coefficients ¢,’:

y4
fla) =" emEmla), (2.77a)
m=0

10The transverse mode can be obtained through the application of a simple projector
M (k) = 855 — kaks

where k = /;/k, yielding

€L =17 (k)
where £ is Ehe transverse component of the polarisation with respect to t}qe momentum k and therefore
satisfies £, - k = 0. The longitudinal component is instead proportional to k and simply reads

¢ =ik,

where we have normalised for convenience € - k = i so that £2 = 1.
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1 - d—3
. ::j%f, da(1— a5 f(a) 7 ) (a), (2.77h)
n J—-1
AU NCET)
- _ 2.
N T(d+n - 3) (2.77c)
This gives
o _ (! D(E22)T(4 40— D)T(d+ £ — A—1)
m m 25—d—€—m7r3/2r(g +A-1)
(& r A—1
(7 +m)C(m + ) (2.78)

“Tdt+lrm—2(d+rm—A—1)’
()

where A = %l+iu. The divergences of the coefficients ¢,y are associated with the emergence
of gauge symmetries in the bulk, where some of the helicity components decouple (see
also [29, 86-90]).

2.5 Dictionary from EAdS44; to dSq4+1

In this section we summarise the Mellin-space dictionary which allows us to go from Witten
diagrams involving totally symmetric bosonic fields in EAdS 41 to the corresponding late-
time correlators in dSg; ;.

In time-dependent backgrounds like de Sitter, the standard approach to compute vac-
uum expectation values is the Schwinger-Keldysh (or in-in) formalism [91-93]. The first
applications of this formalism to the calculation of cosmological correlation functions in-
clude [37, 94]; for clear pedagogical reviews see [49, 51, 52]. In this formalism one carries
out a time-ordered integral from the initial time (7 = —o0) to the time of interest 7, fol-
lowed by an anti-time ordered integral back to the initial time. To this end one introduces
propagators with points along different parts of the contour, which in the usual way are
given in terms of the Wightman functions (2.24):

G (X1, X2) = 0(m — m2) G (X1, X2) + 0(n2 — 1) G (X1, X2), (2.79a)
G (X1, X2) = 0(n2 — m)G—1 (X1, X2) + 0(m — n2) G4 (X1, X2), (2.79Db)
G (X1, X2) = (0|$(X2)$(X1)|0), (2.79¢)
G4 (X1, X2) = (0|$(X1)$(X2)|0), (2.79d)

where the +(—) subscripts correspond to the (anti-)time ordered part of the integration
(“in-in”) contour respectively, with the 7" and T denoting time and anti-time ordered
products. The expression (2.66) for the Wightman functions provides a split representation
for the above Keldysh propagators via (2.61).

As we saw in the preceding sections, at the level of the Mellin-Barnes representation the
analytic continuation (2.67) of EAdS Harmonic functions to de Sitter two-point functions
is encoded in a simple phase (2.36), which for the Keldysh propagators above depends on
the path ordering of n; and 72 along the in-in contour. This can be summarised by

G..’g71§(7713772) = F(iV)F(—iV)/[du]zeé(ul’uz)%&g(—ﬁl; —nolur, ug), (2.80)
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where

for nm <mny: d(ur,ue) = d<(ug,uz) = —im(ug — ug), (2.81a)
for = ma: O(ur,ug) = 5>(U17U2) = +im(ug — uz). (2'81b)

The e serve as place holders for the labels which denote the branch of the in-in contour.
Note that the +— and —+ propagators are described by a definite phase (as in (2.67))
since 1 and 72 lie on different branches of the in-in contour and so have a definite path
ordering.!! For the ++ and —— propagators, where 7; and 7 lie on the same branch of
the in-in contour, there are two phases (corresponding to the two theta functions in (2.79))
which depend on whether 7; is ahead or behind 7,.

For the spin-¢ bulk-to-boundary propagators we instead have:

—

F) (n.m0iw,€) = Nive(mo) / 5 O (B w ), (2.82)

oo 21 2

at some late time 79 ~ 0, where the subscripts refer to the branch of the in-in contour, and

+: 0F(s) = —ims + TR (2.83a)
— 5;(3)::+@W3—»%;. (2.83b)
For spin-¢ fields the overall constant (2.39) is
dy iy I'(—w
Noalm) = (v HE) (2.8)

while, as for the spin-0 case (2.31):

H(A—-2+1
Kay = (\f;)KA,e,

which is the same as the spin-0 case (2.31) as a consequence of equation (2.66).

(2.85)

With the above dictionary we can straightforwardly translate the results of [40] for the
tree-level three-point Witten diagrams of a generic triplet of totally symmetric spinning
fields in EAdS441 into late-time three-point functions for the same triplet of spinning
fields in dSg11. We need only work out the Fourier transform of the spinning three-point
conformal structures appearing in each Witten diagram, which is straightforward using the
Mellin-Barnes representation.'?> The contributions to the corresponding late-time three-
point function from the 4+ and — branches of the in-in contour are then obtained simply by

1E g. if m lies on the + branch and 72 on the — branch then 7, < 72, since one first traverses 4+ branch
of the in-in contour before the — branch.

12This is demonstrated in appendix C.2 for the spinning three-point conformal structures considered in
this work.
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multiplying with the appropriate phase (2.83) and re-normalising the three-point function
coefficient (e.g. equation (3.29) in [40]) with (2.84) and (2.85):

S T(A -4 41)

B(tj,nj, A7) = B(t,my, A5) T ] Ve (2.86b)
j=1
N
Ny = [ No e, (mo)- (2.86¢)
j=1

This is considered in detail in section 3. The {A;,¢;} with j = 1,2,3 denote the scaling
dimensions and spins of the triplet fields participating in the three-point interaction. The
variables n; label the three-point conformal structure concerned (see [40]) and will not play
a role in this work since we focus on three-point Witten diagrams involving only a single
spin-/ field, for which n; = no = ng = 0.

As we shall see in section 4, the split representation (2.61) of the spin-¢ Harmonic
function allows us, via the analytic continuation (2.80), to obtain expressions for the late-
time exchange four-point functions of spinning fields in dS;11 simple from the above results
for tree-level three-point Witten diagrams.

3 Three-point correlators

In this section we consider late-time three-point functions in dSg4; at tree-level. We show
that they can be obtained solely from the knowledge of the corresponding Witten diagrams
in EAdS;41 using the dictionary detailed in section 2.5. In particular, from the Mellin-
Barnes representation of the Fourier-transformed Witten diagram, the result for the de
Sitter late-time correlator in Fourier space can be obtained by multiplying with the appro-
priate interference factor. We carry out this analysis both for correlators involving only
scalar fields (in section 3.1) and for correlators involving a single spin-# field and two scalar
fields (in section 3.2). We shall present the more general case of correlators with more
than one spinning fields in [95], which simply requires to Fourier transform the three-point
Witten diagrams given in [40]. In section 3.3 we consider some examples in which the
three-point functions simplify, which includes conformally coupled and massless scalars. In
section 3.4 we demonstrate the utility of the Mellin-Barnes representation in taking the
soft limit of both scalar and spinning external legs.

3.1 General external scalars

In this section we consider the cubic interaction ¢1¢o¢s of general scalars ¢ with scal-
ing dimension Ay = % + i, which is unique on-shell up to total derivatives. We shall
demonstrate how to obtain the late-time three-point correlator from the corresponding
three-point Witten diagram from Euclidean anti-de Sitter space, using the dictionary given
in section 2.5. Strictly speaking, in the following we assume that Ay lie on the Principal
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3 can be obtained with due care

Series, i.e. v, € R, though results for other representations’
about the analytic continuation of v, as we shall discuss in detail in section 4.6 and touch
upon briefly in section 3.3.

In position space, the three-point Witten diagram in EAdS;.1 reads [96, 97]:

(O, (71)0n,(T2)On;(T3)) = B(0; 03 Ay, Ag, Ag) Iny ap,05(T1, T2, ), (3.1a)
1
IA17A2,A3(flvf27f3) = A +hs-Ag Apthz—Ag AstA Ay - (3.1b)
(z15) 2 (235) 2 (23;) 2

where the function (3.1b) is fixed by conformal symmetry while its coefficient in (3.1a)
arises from the integration over the volume of EAdS441 and, in the view of the analytic
continuation to dSg4y1, we used the normalisation (2.86b). In appendix C.2 it is explained
how to derive the Fourier transform of the above, which for general A; is given by the
following Mellin-Barnes integral:

(O, (F1)O, (F2) Oy (Fa)) = (7)) (B + Fa + ki ) (O, (F1) O, (B2) Oy (), (3:20)
(O, (E1)On, (k2)Ony (k3)) = B(0;0; Ay, Ao, Ag)Ta, a, a4 (k1 ko, k3) (3.2b)
. d i\ ~ 285t
= [lastaing(§ =152 50) posmn(ores [T(%)
Jj=1

where we defined

1 Nz Nz
pljl,llg,ljg(81782783) = H MF<SJ + 2J>P<Sj - ;) ) (33)

and employed the shorthand notation

10 dsy dsy,
/[ s} /Z-OO 27 27 (34)

The above two variables Mellin-Barnes integral is Appell’s function Fy [98, 99] which, up
to a constant coefficient, can be defined by the Mellin-Barnes integral above. Conformal
symmetry in fact requires momentum-space scalar correlators to be given by Appell’s Fy
function up to a coefficient [100, 101], which was automatically implemented in the above
by starting from the conformal structure (3.1b) in position space. The above Mellin form
is advantageous over the Appel representation since at the level of the Mellin-Barnes rep-
resentation (3.2b), conformal symmetry fixes uniquely the locations of the poles in the
Mellin variables, including the ones associated to the Dirac delta distribution. Further-
more, this representation for the correlator also follows from the bulk calculation for the
Witten diagram in Fourier space (see [41]):

* dz

<OA1 (El)oﬁz (EQ)OAS (E3)> = /O Zdﬁ,CAl (Z; El)lcﬁz (Z; EQ)’CA:a (Z; E?))? (35)

13Complementary series results are connected to the principal series and can be obtained with no major
problem. Some additional subtleties arise for discrete and exceptional series, as we shall discuss.
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by employing the Mellin-Barnes representation (2.33) of the bulk-to-boundary propaga-
tors, which combine into the function (3.4) with the Mellin variable s; associated to the
propagator of the scalar field ¢;. The Dirac delta function in (3.2b) is generated from the
integral over the radial co-ordinate z of EAdSg,1:!4

d *® dz 34
3 — _ _ = 1 =2 —2(s1+s2+s3) )
z7r5<4 S1— S92 33> ZOH—%{/ZO s (3.6a)
1 a_
= lim |-~ 2; Horteztes) , (3.6b)
20| 5 —2(s1+ 82 + 83)

where convergence of the z-integral restricts where the integration contours intersect the
real axis. In particular:

d
9{2[81 + s9 + 53] > Z s (37)

which requires the integration contour in s; passes on the right of the pole at % —(s1+
s2 + s3) ~ 0, which encodes the leading contribution in the limit zyg — 0 while A lie on
the Principal Series.

The presence of the Dirac delta function (3.6) implies a freedom to add terms propor-
tional to positive powers of % — (s1 + s2 + s3) in the Mellin-Barnes representation (3.2b).
In the bulk, this corresponds to the freedom of adding terms to a given cubic vertex which
vanish on-shell — i.e. improvements. Such terms do not contribute to the three-point
Witten diagram at tree level.

de Sitter late-time correlator. Given the Mellin-Barnes representation (3.2b) of the
Witten diagram, using the dictionary detailed in section 2.5 we can immediately write
down the corresponding late-time correlator in dS441. The Schwinger-Keldysh formalism
prescribes that we sum over the time-ordered (+) and anti-time-ordered (—) branches of
the in-in contour:

<¢%il)¢léz2)¢%zg)>, = ./\/3 |:~'4—Hu1,ug71/3 (Ela E2a E3) + A—|u1,1/2,y3 (Ela E27 ]23)1| ) (38)

Aul,ug,u:») (E17E2»];:3)

where

oo o . _(d
.A:Hyh,,%y:ﬁ (kl, kz, k’3) = 43 /[ds}g ’L7T5<4 — 81 — S — 83),01,1,,/27,,3 (81, 59, 83)

3 —28i4iv;
k. j T '
<11 (3) o 39
J:

1To be precise, because the Mellin integration contours run over the imaginary axis, the identity to use

/ 2*7 = 2m6(is)
0

where along the integration contour from —ioco to +ioo one indeed recovers is € R. However, since up to

would be:

change of variables we have:

“+ico s
/ 95 onb(is) £(s) = £(0),

Cico 2t

for simplicity we shall often write §(is) = 1 d(s).
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This was obtained from the Mellin-Barnes representation (3.2b) of the corresponding
EAdS;1 Witten diagram by dressing each propagator with the appropriate phase fac-
tor as prescribed in equation (2.83) at the level of the Mellin-integrand. The + factor
multiplying the integral comes from inverting the range of integration [0, —oc] — [—o0, 0]
of n for the anti-time-ordered (—) branch of the in-in contour. The factors of ¢ naturally
arise from the analytic continuation of the volume form.

Combining the contributions from the + and — contours, which differ only by a phase,

gives
<¢(Vl)¢(l’2)¢('/3)>/ _N [ds] Yids) g — 81— 89 — 8§ (5 S9.8 ) (3 10&)
i i P = JV3 3 4 1 2 3 | Pvy,va,v3\S1, 52, 83 .
. 3 —28;i+1v;
. (v1 4+ v2 + 13)i k; s
9 Wi y2 Y30 )
X 31n<7r<81+32—|—33+ 5 ]1;[1 9
d .
— N3 2sin <7r<4 n W)) (3.10b)
3 —2si+iv;
) d k; J J
X /[d5]5 275(4 — 81— S2 — 53)/)1/171/2,1/3 (51,52, 53) H <2j>
j=1

where in the second equality we used the Dirac delta distribution to translate the analytic
continuations (2.83) from EAdS4y; into an overall phase for the & contributions (3.9). At
the end, the sinusoidal function nicely encodes the interference pattern. We note that,
while conformal symmetry fixes the location of the poles in the Mellin integrand, the zeros,
encoded in the sine function in (3.10), are fixed by the early time boundary conditions
(Bunch-Davis in our case).

The expression (3.10) is also obtained by simply evaluating the late-time correlator
directly in de Sitter space using the Mellin-Barnes representation for the propagators [41].
Here, we directly evaluated the Fourier transform of the known result [96, 97] for tree-
level three-point Witten diagrams of scalar fields in Euclidean anti-de Sitter space (which
is most naturally given by a Mellin-Barnes integral) and applying the dictionary spelled
out in section 2.5 to each propagator at the level of the Mellin integrand to obtain the
corresponding late-time correlator in de Sitter space. This approach also straightforwardly
extends to correlators of spinning fields, where it is readily applicable for totally symmetric
fields in general d using the results derived in [40] for their tree-level three-point Witten
diagrams. We shall demonstrate this in the following section for correlators involving a
single totally symmetric spin-¢ fields in general d, and discuss the more general spinning
case in a forthcoming work [95].

3.2 Two general scalars and a spin-£ field

In this section we consider late-time correlators involving two general scalar fields ¢1 2 and
a field ¢y, .., of integer spin-¢ and scaling dimension A3, whose tensor structure is fixed
uniquely by conformal symmetry [85, 102-105] up to a coefficient.'> In position space

15For three-point correlators involving a generic triplet of spinning fields, there are various tensor struc-
tures consistent with conformal symmetry [23, 103—105].
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it reads

o = l
R . R oo L - T - T
(O, (1)O0n, (72)Ong (T3;€))) = Iny,np,05—0(T1, Ta, T3) (gxz - 6952 32) , (3.11)
31 23

where, following [40], the notation ((e)) indicates that we have stripped off the Operator
Product Expansion (OPE) coefficient. This is the scalar conformal structure (3.1b) dressed
with the conformally covariant tensor structure Ys. The Witten diagram generated by the
vertex (which, up to total derivatives, is unique on-shell):

VO,O,Z = ¢1vm s wabQ Py ugs (3.12)

is given by multiplying the three-point structure (3.11) by the coefficient (2.86b):

(Oa, (#1)On, (#2)On, (E3:€))
= B(0,0,£;0; A1, Ao, Ay — £){({Oa, (71)On, (T2)Ony (#3;€))). (3.13)

As we detail in appendix C.2, through the replacement

— - = — —

§-Tij — i€ O,y = i€ - (B, — Ok;) (3.14)

the Fourier transform of the three-point conformal structure (3.11) can be expressed in
the form of a differential operator acting on the Fourier transform of the scalar conformal
structure (3.1b). The differential operator generates the tensorial structure, which is given
by a polynomial in E - ki, i = 1,2,3. The naive application of the differential operator
gives a cumbersome expression involving numerous terms, but the Mellin-Barnes repre-
sentation (3.2b) affords some useful simplifications which we detail in appendix C.2. The
final result for the Mellin-Barnes representation of the Witten diagram (3.11) in Fourier

space is:'6

Mellin-Barnes repesentation of the 0-0-¢ Witten diagram in Fourier space
<0A1 (El)OAQ (EQ)OA:J, (ng))
*© dz  3d_ ko T8t
:/[ds]g/ T 55 —2(s1t+s24s3)+¢ pyhl/271j3(81,82,$3)1_‘[ <2j)
0

J=1

VA «
¢ - e
> ( )(—5-1@,)“2 <g> Hyy vy nfa(51,52,55) V) o o(EF1,ER) . (3.15)

¢ [
P£1>,u2,u3 (&-k1,€-k2,6 k3 |51,52,83)

1The tensorial structure, which is fixed by conformal symmetry, re-produces existing expressions for
spinning conformal structures in Fourier space e.g. [29, 101, 106-109].
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This expression has some useful similarities to the analogous expression for the scalar
three-point correlator (3.2b). In particular, the first line is of the same form as the scalar
correlator but with d — d + 2¢. This shift originates from the factor of z=* in the spin-/
propagator (2.65), which when combined in the cubic vertex (3.12) is accompanied by a
factor of (22)6 coming from the index contraction. The second line is the tensor struc-
ture generated by the action of the differential operators (3.14), which is encoded in the
polynomial pl(f;)yw,?, (€ - Kqg|s;) in € k;. The dependence on £ - ky and € - ky given by the
two-variable polynomial:

(4—d—2€—2i(1/1—1/2+1/3) ) (d—4a+4ﬁ+2€—2i(u1—ug—u3) )
YO s EFLER) = (<) 4 z : =

1/1,1/2,1/3|CM,5

(%+Z'V3—1)g_a(%+il/3+£—04—1)a

X‘fz‘:“ <d—4ﬁ+2£—4n—|—2i1/1—2iV2+2iV3> <d+4ﬂ—2f+4n—2w1+2i’/2+2i’/3>
4 n 4 l—a—n

n=0

«(7,7) @R € (3.16)

The dependence of the polynomial p,(f;),,,zyl,g (E . EZ|SZ) on the Mellin-variables is given by
the function

(81 + %)a76(32 + %)ﬁ
(s3+7%5 —a),

HVl,VQ,Vg'(X,ﬁ(817$2’S3) = (317)

Recursion relations. Interestingly, the Pochhammer factors in H,, ,, ,uja,8(51, 52, 53)
are precisely of the right form to telescopically combine with the function py, v, 5 (51, S2, 53):

Qly(j?uz,us\aﬂ (k17k27k3) :/[d8]3lwd(4_51_32—33>p1/1,l/2,l/3(81>82’83) (3.18)
3 —2s;i+iv;
k, J J
X Hyy s (51,52,83) [ | <2])
j=1
L —2s" +iv!
:/[ds,]gmq_8/1_Sg_sg)pyiv%,%(s’l,s’g,sg) I1 (;) i
j=1
where
Vé — oy —iB, (3.19Db)
Vi = g + i, (3.19¢)

and we have performed the change of variables s} = s; + #, sh = s9 +g and s3 = 53— G,
noting that s} + s, + s4 = s1 + sz + s3. In this way the Fourier transform of the Witten
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diagram (3.13) can be expressed as a sum of scalar Witten diagrams (3.1) with integer-
shifted scaling dimensions, each of which is dressed with a given tensor structure:

l a
— — a (87 Vi - = - -
(O, (k1) Oy, (F2) Oy 4 Z( ) 90 (/B)yﬁlfwwﬁ(gkl,g-kz)
a=| B=0
X <OV1—i(o¢—5)(kl)OVz—iﬁ(E2)OV3+ia(E3)>}d_)d_._gg . (3'20)
Qll(/ayug v3la, B(E E;ZJ;B)

The telescopic property of the Mellin-Barnes integrals (3.18) makes manifest various
recursion relations that exist among them. For example, the shifts in the scaling dimen-
sions (3.19a) and (3.19b) associated to the scalar fields can be simply lifted from the
Mellin-Barnes integral via

(z) ronT

2[1/17112,1/3|C¥,5(k1’ k2, k3)

_ (_1)ak?(a—5+iu1)kg(ﬂ-!—il/z)ag%—ﬁa% [kl 2wlk 22y (w,0) (kla EQ, E3)1| : (3'21)

v1,V2,V3

where

. T
2[1(/1 VQ) l/d(k17k27 kS) = /[dS]g Z7T(5(Z — 81 — S9 — 33)

3 ~25;+iv;
% pV1,I/27V34(51, 52, 83) H (k;]> N “’J7 (3.22)
(ss+ % —a) 2

a j=1

which shifts only the scaling dimension associated to the spinning field. This in turn can
be generated from the expression with fixed o = £ via

iv] vy

AE) (Ko, ) = O Aot B R0 2 AR )] L (3.23)

In other words, the full correlator (3.20) can be generated from the Mellin-Barnes inte-
gral (3.22) with a = ¢ through the recursion relations (3.21) and (3.23). This is useful for
scaling dimensions where the integral (3.22) simplifies with respect to (3.18).

Similarly we can write down recursion relations which raise and lower the scaling
dimensions of the scalar fields by integer units. In particular, the operations

(z) 7N 1+2iv1+2(a—p) —2iv1 —2(a—B) o (z—2) 7
A =i pala,sKi) = ——k: O, [k: w2 i), (324a)
(z) 7Y — 1+2iv5+28 —2ivg 2B (z—2) -~
A oo) = —SRE g, [igmaiged )], (3.24b)
increase the external scaling dimensions by an integer, while the lowering operators are
given by:
(z) 7 2 (m 2) >
Qlul—&-z ug,zz3|a,ﬂ(k ) = k 0 2 ,/171,27,,3‘(175(]{3 ) (3.25a)
() 7. 2 (z—2) =
le vo+1, y3|a75(k ) k‘ 8 QlVLVQ 1,3‘a ﬂ(k ) (325b)
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The recursion relations discussed in this section are useful for scaling dimensions where
the initial or “seed” Mellin-Barnes integral simplifies. We shall consider some examples of
this type in section 3.3. These recursion relations also carry over at the four-point level,
which we shall discuss in further detail in section 4.4.

de Sitter late-time correlator. The expression (3.20) for the 0-0-¢ Witten diagram as
a sum of scalar Witten diagrams allows us to immediately write down the corresponding
late-time correlator in dSz4; from the result (3.10) for general scalars. In particular, the
tensor structure on the first line of (3.20) is unchanged in going from EAdS;41 to dSg41,
which can also be seen at the level of the propagators due to the independence of the
phases (2.83) from the spin of the field. For the contributions from the + and — branches
of the branches of the in-in contour, this gives

oL L R . d+2¢ (v1+vo+r3)i d 2£
A:HVLVZ,I/3 <k1ak2a k3§§) = iie:Fm( o 1 % : ) /[ds]3i7r6<—z — 81— S2 — 53)

e oL L 3 k. —2s;+iv;
X pl(f;),l/2,l/3 (5 k1, & k2, € k3|817 52, 33)101/1#271/3(81’ 52, 53) H <2]> ) (3'26)

Jj=1

where the phase factor now also depends on the spin £ due to the Dirac delta-function.
The full late-time correlator is therefore:

Mellin-Barnes representation of the 0-0-£ late-time correlation function in dSqyq

(1) ((v) (v8)y/ _ : d+2¢  i(vi+ve+us)
<¢E1 ¢122 CL, >—2N381n<7r< 1 + 5
x/[ds]?)z'ﬂé(dz%—sl—@—s;g) (3.27)
L 3 /po\ 28t
Xpl(/l;),yg,ljg(g'k‘.17£'k‘2>€'k3|81782753)pl/1,l/2,l/3(51782,53)H(2J> ,

J=1

Equivalently the result can be manifestly expressed as a sum of scalar correlators (3.2b) as
in (3.20):

(A2 i SN .
(B4 %) =2Ngsln(7r( - +z(m+z;2+u3)>>;)2<a><g>(_g.k3)

B=0
x Y (€ F1,€ k2) (O, —itamp) (k1) Orpig(F2) Oviia (Fs)) |y gsgp (3:28)

V17V27V3|a76

(d+20) oo o
A vgwgla,s(k1k2:k3)

and the recursion relations discussed in the previous section continue to apply. In the
following we discuss the helicity decomposition.

Expansion into helicity components. Before concluding this section let us discuss
the helicity decomposition of the correlator (3.27), which can be obtained along the same
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lines as for the two-point functions in section 2.4. For the 0-0-¢ conformal structures (3.15)
we have a single polarization vector £, which we can parameterise as:

5: (gJJi) ) E3 = (07 k3) ) (gL)Q =1, (329)
so that
g:fl—i—z’l%g, fl‘lgg:O, E'Egzikg. (3.30)
Employing momentum conservation one can then expand:
- 1> o 1 .
§hi=458L Qutiks k= +§[b —ik3(1 + p12q12)], (3.31a)
- - 1 - N .3 ' 1 .
§- ko= —3 §1 - Gia + ks - ko = _§[b +ik3(1 — pr2q12))], (3.31b)
where
qQi2 = k1 — ko, b=¢1 - qia, (3.32)
and for convenience (following [29]) we introduced
k1 +k ki —k
Pb12 = : 2 ) q12 = : 2. (3.33)
kg kS

The helicity decomposition of the correlator (3.27) can be obtained by expanding the
polynomials (3.16) in powers of b (which is straightforward using the above replacements):

Y4
Y as € HLE Z 0 s alans (P12 @12)0 (3.34)

and then decomposing each power in terms of Gegenbauer polynomials using the inversion
formula (2.77):

= 3mEm(d), (3.35a)
m=0
pdtm=Ap(d (P +m—3) ! dt . (450
rm = db(1-b%)"2 b"Cp 2 (b 3.35b
3. it [ - B (3350)
2m=r=lrl(1 4 (-1 (45 +
- T(Q ) d) (31 m). (3.35¢)
ml T (3572 ) 1 (S52=)
This gives the helicity decomposition
¢
Py 0y (€ K1, € - o, € Kslsy, 52, 83) = Z p$ (P12, qi2. k3|s1, 52, 83)Em (D), (3.36)
m=0
where
P%)(p127Q12’51782,S3 ZZ( )( ) (—iks)® HV17V27V3‘O[7B(81,82783)
a= 0,8 0
X Z Uul,ug v, B p127 Q12) 3r,m, (337)
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where b = o cos() = £, 12 with 0% = —k3(1—p25)(1—¢3,). The highest helicity component
receives contributions only from the o = 8 = 0 term, and takes the simple form:

Y
1
Pée)(P127Q12!81,82,S3) = (—2> : (3.38)

In the following we give a couple of lower spin examples. We moreover set v = v5 =
and v3 = v just to simplify the expressions.

£=1:

Pél)(p127 q12|s1, 82, 83) = s p122 2 zﬁSfZ; 5_1)2 : (3.39)
L= 2: ' .
P17 (D12, qiafs1, 52, 53) = Zkgp;qm zfi{s;s;?; ) (3.40a)
pg)Q)(pl% q12]51, 52, 53) = kg(— %+ 1 + 3pTadis — Pl — G2 + 1> (3.40D)

n k3(—2ip 4 2ivpiaqia(s1 — s2) + s1(p12qiz — 2) — s2(pr2qiz + 2))
(2iv + 1)(iv + 283 — 2)
k3 (202 + 2iv (ip — 25152 + 57 + 514 53 + 52))
(2iv + 1) (iv + 2s3 — 4)(iv + 2s3 — 2)
(65152 + 57 + 51+ 53 + 52) k3
(2iv + 1) (iv + 2s3 — 4)(iv + 2s3 — 2)
ip(4sy + 4sg + 1)k3
(2iv + 1) (iv + 283 — 4)(iv + 283 — 2)°

3.3 Examples

In the preceding sections we considered three-point correlators of two scalars and a spin-£
field with generic scaling dimensions, which are given by the Mellin-Barnes integral (3.27).
For certain special scaling dimensions that are away from the Principal Series, the Mellin
representation simplifies. In the following we illustrate some examples of this type.

Two conformally coupled scalars. The Mellin representation simplifies when one or
more of the fields is conformally coupled, which corresponds to v = % This is because when
v= % the two I'-functions in the Mellin-Barnes representation of the propagator (2.33) are
replaced with a single I'-function by virtue of the Legendre duplication formula, which
allows to lift the corresponding Mellin integral.

Let us suppose that the two scalars in the three-point function (3.27) are conformally
coupled, 115 = £. The seed Mellin-Barnes integral (3.22) in this case reads

—~

20 (B Ty Ka) = o o (% s sy e e s
21;,;,;;3(]{:1’]{:2’]{:3)_ﬁ/[ds]3l7ré(4 51 —82 83)F<251 2>F<282 B r S3 B
. 9si_1 _9g 1 k —2s3+1iv3
><I‘<53—a+lg3>k121 2y 2<23> (3.41)
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2 k 731/3—%4-1 i g .
_ 2 po (ks / 45 pgg ) Eoso 8
V7 kika \ 2 oo 271 4 2
w2 —s—a+ 2 ) (2p1a) 2, (3.42)
4 2

where in the second equality we eliminated one of the Mellin variables using the Dirac delta
function and then evaluated one of the two leftover Mellin integrals using Cauchy’s residue
theorem. The remaining Mellin-Barnes integral in fact represents a Gauss Hypergeometric

function with argument z = 1_5 12 " so that

—~

A (Fy o Fig) = 2 (K WD (§ —ivs — 10(§ — 20 +ivs — 1)
Ldws DS kika  \ 2 T(%L —a)
s—1—iv3, & —2a+iv3—1 1—
2F1 <2 3.7}—21 ° ; 21)12) . (343)
PR

From the above expression, all terms (3.28) in the correlator (3.27) are generated by acting
with the differential operator (3.21).

When the spin-/ field is massless, 3 = %(d — 4 4 2/), the term with o = 5 = 0 gives
the physical helicity-¢ component. When d = 3 this reads:

I'(2¢0) N3 r
(4 1) ky okl 21

9[(3+2f) (k1, k2, k3) = T

) 1 —pi2
i.1,4(20-1)0,0 <17 2060+ 1; > : (3.44)

2

Note that when ¢ = 0 we have a divergence. This divergence is however cancelled upon
including the sinusoidal factor in (3.27) which arises from combining the contributions from
the + and — branches of the in-in contour, giving [29]:

N3

. 3.45
kikoks ( )

(i/2) ,(i/2) (i/2)\r _

A

Two massless scalars in d = 3. From the simplified result (3.43) for two conformally

coupled scalars, using the raising operators (3.24) we can obtain expressions for when the

two scalars have scaling dimension v = % + n for any n € N. The simplest application is
when n = 1, which for d = 3 corresponds to a massless scalar. In this case we have

T, oo 4 r—4,a) 77 777
AT (Ey, Ky, k) = 7%13@91(1 14’ (K, ko, Fs) (3.46)
v ]431]{52 V3

PREELE 213

A nice application of this formula is for the graviton three-point function with two massless
scalars in d = 3, which corresponds to v3 = % and x = d 4+ 2¢ = 7. The physical helicity-2
component is given by (3.46) with o = 0. Inserting (3.43) for these values and evaluating
the derivatives straightforwardly gives

16 _k:lkgkg _ kiko + k1ks + koks n

AT (Ky, Ey, k) = —
3i 317 3( 1, 2, 3) (klkgk;g)S th ]Ct

2020

kil (3.47)

where k; = ki + ko + k3, which matches the result in [101].
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Although the relation (3.46) gave the result with little effort from the conformally
coupled scalar case, it is instructive consider the simple graviton example in more detail
directly at the level of the Mellin-Barnes representation (3.22).

Since results for scaling dimensions away from the Principal Series are defined by
analytic continuation it is wise to set d = 3 + ¢, for which we have

—3—4 100
(7‘+e‘0) P 32k:32 / ﬁ 1— §)(ds — e — 6T (2—2 €
Ay ar s (B ho ) = TBE e o (L7845 —€—6) ( 8+2>

x (k3p3ol(2s — 3) + kkol' (25 — 2))piy . (3.48)

To evaluate the Mellin integral it is simplest to close the integration contour to the right,
which encloses the sequence of poles

23:2+%+n, n € No, (3.49)
which gives the helicity-2 component of the three-point function as the following series

-£-1

—£—4 —n
2((% iy %(kl,l@,kg kgkg Z 1 —n)ky 2 (20 + €)ppy

x [kgpur(n +z- 1) 4 kol (n n %)} . (3.50)

From the above it is interesting to notice how the n = 1 term does not contribute Ve # 0,
16 k3
kyksks
exhibits how the limit ¢ — 0 does not in general commute with the integration over

the Mellin variables. The result (3.47) is only obtained by taking the limit ¢ — 0 after
the Mellin integration has been performed (i.e. after re-summing the series in n). This

while exactly at ¢ = 0 it gives a non-vanishing contribution This example therefore

illustrates the importance of keeping d arbitrary in the calculation in order to keep these
subtleties under control.

3.4 Soft limit and inflationary two-point function

The Mellin-Barnes representation of correlators in Fourier space is a convenient tool to
extract kinematic limits in the phase space of momenta. When considering cosmological
correlators we are often interested in soft momentum limits & — 0, which for a scalar of
small mass v = z(% — e) gives the leading slow-roll correction where € is related to the slow-
roll parameter [29, 43]. In the following, for the 0-0-¢ correlator (3.27) we detail how to
extract the soft limits of both scalar and spinning legs within the Mellin formalism. From
the expression for the soft limit of one scalar leg we also give the corresponding inflationary
two-point function of a scalar field and a spin-£ field at leading order in slow roll.

Soft limit of scalar legs. Let us consider the soft limit ko — 0 of the scalar field
#("2). Assuming vy € iR, the dominant term as ko — 0 is encoded in the residue of the
pole at so = —ﬂ which is the leading Gamma-function pole that generates non-analytic
terms in the momentum ko in the Mellin-Barnes representatlon (2 82) of the corresponding

propagator. Momentum conservation implies that { kl ~ —5 k:g as ka — 0, for which
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the polynomial py encoding the tensor structure in (3.27) becomes proportional to a single

monomial (€ - ks)¢:17

py?,z/g,ug(_f'k3707£'k3|51’52’83)‘5 ivo (3'51)
==
¢ i (d—2£+2w3—2w1 +2ivs ) <d+2£—4a+2iu3—2iu1 +2ivs )
Ry ¢ (31+7)a 4 —a 4 a
_(_Z£'k3) Z o ivs d | - 1 d / . 1
a=0 (T_O[—’_S?’)a (§+“/3_ )Z—a(§+ —Oé—|—’U/3— )a

<d—2£—2i(l/1—l/2—l/3) ) <281+283—2€+i(1/1+l/3) >
4 2

4

¢
(%+iy3_1)z(53+%3_€)e .

:(15123)4

This implies that only the zero helicity component contributes in the soft limit ky — 0,
since components with non-zero helicity are orthogonal to Eg. Using this expression, upon
eliminating the Dirac delta function in (3.27) the soft limit is given by a single Mellin-
Barnes integral:

No T
=2 gin(Z(d+20+2i )
koa—0, k_ifvf];:‘:g 47 Sln(4< + + 1/(1/1 + V2 + V3))
d72£72i(l/171127113)> (d72€+2i(l/1+l/2+l/3)) 747[4»1.(1/ .
1 1 ks\ "2 imvets)
x T : <3> (i€ - ks)"
(§ + 3 — 1)£ 2

x/ dil,l‘ slfﬂF51+EFd+€ s1+ 2i(vy — v3)
ico 21 2 2 4
><F<d_2£_481+27;(1/2+1/3)>.

(v1) (v2) (v3)\s
<¢E1 ¢E2 ‘P];B >

4

This Mellin integral can be easily lifted using Barnes’ first lemma, which gives

No (71'
L= e sin( S (d+ 20+ 2i(vy + v v )

« F<d_ 20 + 2411 —|—2i(1/2 + 1/3)>F(d— 20 — 2411 —|—2i(V2 +V3)>

<¢(V1)¢(V2) (V3)>/

ki k2 Tks

4 4
" P(d+2€+2iul + 2i(vy — 1/3)>F<d+2€ 2ivy + 2i(ve — Vg))
4 4

( d—2£—2i(u1 —v9 —1/3) ) ( d—2f—|—2i(l/1 +vo +l/3) )

—é—é-i-i(l/l—llg-l—l/g)

4 Y4 4 /¢ (k?)) 2 )

X ; = (i€ ks)", (3.52)
(% s — 1)4 2

where we also divided by the two-point function of the leg with respect to which we are
taking the soft limit.

"Tn deriving this expression note that the pole at s; = — %2 is only present in the 8 = 0 contribution to

2
the correlator (3.15).
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Inflationary two-point function. The inflationary two-point function can be obtained

from the above by giving the soft leg a small mass: vy = z(g —¢€), and collecting the terms

linear in e:
Inflationary two-point function
(1), (v3)ys _ & . (E ; . ) %
(O, g, Ny = € sin{ 5 (04 iv +ivs) HF 5
++
1 <k3>—€+il/1+il/3 ey
X g~ |5 (1€ k3), (3.53)
(4 +ivs — 1),\ 2
This matches and generalises equation (C.211) in [29] where it was given for v3 = &

(massless scalar) in d = 3.

Soft limit of spinning leg. In the previous part we took the soft limit of a scalar leg.
It is also straightforward to take the soft limit of the spinning leg in (3.27), i.e. k3 — 0. In
this case it is useful to note that

- = - - - - Vi - - - -
P s (€ € o € Falsr s0,5)| = V0, 00 B =€ K1) (354a)
= (—if - k)" (3.54D)

which is independent of the Mellin variables s;, and we used that ki ~ k9 as k3 — 0. At
the level of the full correlator (3.27), like for the soft limit of the scalar leg considered
earlier, the leading term in the limit k3 — 0 is given by the residue of the leading pole
encoding the non-analytic dependence on k3 in the Mellin-Barnes representation (2.33) of
the corresponding propagator, which is at s3 = —% Together with the behaviour (3.54),

this gives:
: d i(v1+va+v3+L) ) .
<¢(V1)¢(U2) (V3)>/ B /\ésm(w T+ %)) HF d+2¢ n 1(1/3 + V1:|:V2)
Beo%F P8 koo 4 [(4 +ivs + ¢) 1 4 2

i ]{3 Z'(l/1+l/27113)7%7€1—\ o k 2ivs
X (—zg.k1)4<1) (21\/;”)<23> . (3.55)

4 Four-point exchange diagrams

In this section we consider late-time exchange four-point functions in dS441 at tree-level.
Throughout we shall consider four-point functions with general external scalars, though
the approach is applicable to general external spinning fields which shall be detailed else-
where [95]. We start in section 4.1 with the derivation of the Mellin-Barnes representation
for the exchange of a general scalar field in Fourier-space, and then the exchange of a
general field with integer spin ¢ in section 4.2.

The remaining sections are dedicated to the discussion of various properties of the
Mellin-Barnes representation for exchange diagrams in Fourier-Space. In sections 4.3
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and 4.5 we detail how the representation encodes the Operator-Product- and Effective-
Field-Theory-expansions of the exchange four-point function. In section 4.4 we show how
the representation makes manifest recursion relations between correlation functions with
fields of different scaling dimensions and spins, which can be reformulated as the action
of weight-shifting operators. In section 4.6 we discuss the simplifications that occur for
certain scaling dimensions, and the extra care that needs to be taken when analytically
continuing the Mellin-Barnes representation away from the Principal Series. We conclude
in section 4.7 by comparing the Mellin-Barnes representations of exchange four-point func-
tions in anti-de Sitter and de Sitter space.

4.1 Exchange of a general scalar

In this section we derive first the Mellin-Barnes representation for the late-time limit of a
general tree-level four-point scalar exchange in de Sitter space. We shall detail how this
result can be obtained simply from the knowledge of the associated tree-level three-point
Witten diagrams in EAdS;1; — i.e. those generated by the cubic vertices participating
in the exchange under consideration — and enforcing causality as we go from Euclidean
anti-de Sitter space to de Sitter. This approach lends itself to the extension to spinning
fields, which we consider in section 4.2.

The defining feature of the four-point exchange diagram is the bulk-to-bulk propagator
for the exchanged particle. As we saw in section 2.5, this is expressed in terms of EAdS
Harmonic functions (2.28) which are appropriately analytically continued on the various
branches of the in-in contour. The boundary dual of a bulk Harmonic function is a Con-
formal Partial Wave (CPW), which gives the contribution of the Harmonic function to the
boundary correlation function. These comprise a complete basis of single-valued orthogo-
nal Eigenfunctions of the Casimir invariants for the Conformal group [16, 17, 110, 111]. In
momentum space they are completely factorised [85]:

1 o(kis k) = (01(k1) Oa(k2) Oa (k) (Oa—a (—k ) O3(k3) Ou(ks)), (4.1)

where Oy4_a is the scaling dimension d — A of the shadow of the boundary operator Oa.
Momentum conservation implies k= k1 + kg = —k3 — k4 The scaling dimension A of
the exchanged massive representations (in the s-channel in this case) is taken to lie on the
Principal Series: A = % + v, v € R for dS exchange. Other representations including
complementary series, can be obtained with due care on the analytic continuation of the
Principal Series result, which we discuss in more detail in section 4.6. The three-point
function factors are given explicitly as a Mellin-Barnes integral (3.2b), which implies the
following Mellin-Barnes representation for a CPW in momentum space

. Rl du du R
1’,70(1@‘;]{:)—/' [ds]4 (2772)2 Fo(sisu, )z, 2k k) (4.2a)

B\~ (u+7) 2s;+1iv;
, R ) ;
Fo0(si5w, Ulkis k) = puy (81,52, 1) s a,—v (83, 54, 1) (2) 11 <2>

J=1

x (m)@(j — s — sy — u) (m)&(j — 55— 84— u> . (4.2b)
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The Mellin-Barnes representation makes manifest the duality between CPWs and bulk
Harmonic function € . In particular, we have

z//,O(Ei§E) = /0°° % %]ﬂ’,’o(z,ﬂ%;%), (4.3)
with
L0 2VRs ) = Ko (5 Ry (500, 520K (B K (55
B / :o[ds] éﬁ; v o(sisu, )2, 2| Ei; k), (4.4a)

L k —2(u+tu) 4 k. 2s;+iv;
‘lez,O(Si; u, ﬂ‘zv Z‘ki; k) = pV17V2,V(817 52, u)pV37V47—V(537 S4, ﬂ) <2> H <2j>

%z 2(51+82+u)—*— (83+84+ﬂ)’ (4.4b)

recalling the Mellin-Barnes representation for the bulk propagators (given in section 2.2.1),
where the Mellin variables u and u are associated to the internal legs of the Harmonic
function. The integrals over the radial co-ordinates z and Zz generate the delta functions
n (4.2), just as for the three-point functions (3.6). The identification (4.3), which is
unique owing to the on-shell uniqueness of cubic interactions with two scalars,'® will be
instrumental for the extension of the results in this section to the exchange of spinning
particles — where the CPW (4.1) is also known [40].

To go from Euclidean AdS to Lorentzian de Sitter we send (z, Z) — (—n, —7) and dress
the Mellin representation of each propagator with the appropriate phase as prescribed by
the dictionary in section 2.5. Recall that for the external legs the phase depends on the
branch of the in-in contour while for the internal legs it depends on the path ordering of n
and 7. In particular:

]:(+_)(Si;u,ﬂ|n,ﬁ!l%) — eéjl (51)462%, (52) 460 (s3) 405, (sa)+6< (u1,uz2) (4.5a)
X f/(Si; u, ﬂ| -, _77|]_{;Z) )
.7:(_"')(82'; U;m%m’%) — eIn (81)4605 (52)4655 (s3) 467 (s4) 48, (u1,uz2) (4.5D)
X *F,(Si; u, ﬂ| - _7_]|]ZZ) )
FEB) (s u,aln, 7k:) = e 0, (51)+050 (52)+055 (s3)+07; (s4) 0 (w1 ,u2) (4.5¢)
x F'(sisu, 1| —n, —nlk;),
FEB (555w, aln, k) = e 8y (81) 0y (52)+ 675 (s3) 400, (s4)+0< (u1,uz) (4.5d)
X F,(Si; u, ﬂ| -, _7_]|]ZZ) )
where the subscripts < and > denote the path orderings n < 1 and n > 7, respectively
on the in-in contour and the phases 6 (s) and d<(u, %) and 8. (u, @) are defined in (2.81)

8 This statement is strictly true only at the level of Conformal Partial Waves/bulk Harmonic functions.
The full exchange amplitude includes contact terms, which are sensitive to the choice of improvements of
each cubic coupling. We shall comment on this point shortly when discussing the full exchange amplitude
and the associated contact interactions.
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and (2.83) respectively. The superscripts denote the branch of the in-in contour, i.e. ++,
+—, —4 or ——. Note that these analytic continuations also hold for spinning fields,
owing to the independence of the phase factors from the spin as discussed in section 2.3.
With (4.5) we can construct the full late-time exchange amplitude:’

<¢(u1)¢k2 ¢ (v ¢(V4)> — N lim Z(ii)(:Ei)A:I::E|V1,V2,V3,I/4(Ei; E) + t — and u—channels,

k1 10—0

(4.6)

where we sum over all pieces of the in-in contour, with:

- - o - -

At (FisF) = / dndi|0(n—)FE Gyl + 0 - FS O (nalk)], - (4.7a)
- - o -

Ajo |V1,V2,V3,V4(k k)= dndﬁfH_)(n,ﬁl i) (4.7b)
- 1m0 _ -

Ao ®B)= [ dndn 7O k), (47¢)
e [ (=) (=) () A1F

Ao ®)= [ dndnfotn-nFC oalh) +0G-nF alf)]. (@470

cf. equation (2.79) for the de Sitter bulk-to-bulk propagator in terms of analytically con-
tinued EAdS Harmonic functions. When writing this expression for the exchange we want
to stress that we are reconstructing the dS exchange from first principles via our dictio-
nary. In particular, on the bulk side, this implicitly entails making a choice of improvement
terms in the bulk cubic couplings. This naturally corresponds to the physical freedom of
adding contact interactions to the exchange amplitude by modifying cubic couplings with
terms proportional to the equations of motion. In the following we shall stick to the above
minimal choice to define a basis of exchange amplitudes due to its strikingly simple relation
to conformal partial waves.

The integrals over conformal time in (4.7) are simple combinations of the following
basic integrals:

(z,7) e z_9 1 z_g 1
08 (5,1, 1) = / dndi(—n) F 2o+l ) § =2 sa - (4.83)

4(7770)1[:v+:ff4(81+82+33+84+u+ﬂ)}
4(s1 + so+u))(T — 4(s3 + s4 + 1))

(xz o 0 z 2(sl+32+u)—1 —
Q3 (843 u, 1) dndn -n)? (=)

4(_770)5[x+:’nf4(31+82+33+54+u+ﬂ)]
(Z—4(sg+sa+u)(z+T—4(s1+s2+83+sa+u+a))

)

[SIET

—2(31+52+u)—19(77 . 77) (48b)

9Tn the following we focus on the contribution from the s-channel exchange. Expressions for the t- and
u-channel contributions can be obtained in the same way (or just by permuting the external legs). From this
point onwards, for ease of presentation we shall leave the contributions from the t- and u-channel exchanges
implicit.
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(z,) — o o Z_2(s1+s24u)—1 \Z_9(s1+satu)—1lpg/=
QU™ (sy;u, ) = / / (—n)3 (—7)5 07— ) (4.8¢)

4(=m0) 1z+Z—A(s1+s2+s3+sa+ut)]

(x—4(s1+sa+u)(z+T—4(s1+s2+s3+sa+u+a))

where the contour prescription we used to evaluate the 1 and 7 integrals is?"

R(s1+s2+u)>—, R(sg+s4+u)>—, (4.9)

~ R
>~ 8

so that the integration contour passes to the right of poles. For scalar exchange diagrams
we have: © = T = d, as can be read off from (4.4b). For spinning exchange diagrams, x and
z will also depend on the spin, which can already be anticipated from the expression (3.27)
for a three-point function involving one spinning field. Since, as we shall see, many of the
results presented in this section can be recycled when we consider spinning exchanges, we
shall often keep x and T as arbitrary real numbers in the following — the dependence on
which we display in the superscripts.

It is useful to organise the exchange four-point function in terms of contributions that
are given by the same basic integral in conformal time as in the kernels (4.8). These are:

+i00 =
(2,2) T dudd @) . -
A®|V17V27,,37V4(k¢,k) = 2/_ioo [d5]4(27m')2 Q5 (si3u, ) (4.10a)
X cos(w(wl + e ; st + 81 +82+uU— 83— 84 —ﬂ>>
[k —2(uta) 4 k. —2sj+iv;
X pV17V27V(81’52’u)p1’37’/4a_’/(537847U) <2> r{<;> )
J:
+100 —
(2,2) Ty — dudi @z) -
Al s (Fis K) = Q/ioo [ds]4w QL7 (s45u, ) (4.10b)
X cos<7r(w1 Ralle —;leg i + 81+ S2 + 83+ 54 — u+u)>
X pyl’y2’l’(81’827u)pl’311’47—1’(837847u> (2> 1_[1<2]> )
J:
+i00 =
(2,2) T dudi @z) . -
A<|V1,V27V3,V4(ki’ k) =2 /_ioo [ds]4W Qs (545 u,u) (4.10¢)
1] + vy + 13 + iy -
X cos| 5 +s1t+s2t+s3+satu—u
k —2(uta) 4 k. —2sj+iv;
X pV17V27V(81’527u)pV3,V47*V(53754,ﬂ) <2> 1_[1<2]) )
J:

20WWe assume that the integrand is well behaved at infinity. This puts constraints on the real part of the
exponents of 7 and 7 in (4.8) which constrains the Mellin integration contour. After performing the 1 and
7] integrals we can move the contour around, but we will have to pick residues according to the initial choice
of the integration contour.
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where the subscript “©” denotes the sum of the +— and —+ contributions (4.7b) and (4.7¢),
while the subscripts < and > denote the sum of ++ and —— contributions (4.7a) and (4.7d)
for n <  and n > 7 respectively. The appearance of the sinusoidal factors in the Mellin
integrands originate from the combination of contributions from different branches of the
in-in contour, which have relative phases given by (4.5). The Mellin-Barnes representation
for exchange diagrams makes it simple to take the late-time limit 79 — 0, whose leading
contribution is controlled by the Mellin-poles in the integrals (4.8) over conformal time.
For the total contribution (4.10a) from the +— and —+ contours, the leading term in the
late-time limit is given by the residues of both poles in (4.8a) and the resulting expression
is completely factorised:

(@) PR Y e T
nlou—>n0 A@\m,ﬂz,us,w;(ki; k)= 5/ [ds]a cos<§(y1 + vy — vy — 1/4)> (4.11a)
—100
X plll,l/g,l/(817827w)pl/3,y4,—l/(837s47w) <2> H(ZJ) w:%*SI*SQ
j:l w:%—53—54
—g5=d 1
T=E=d 5 cos(%(ul e el 2 1/4)) (4.11Db)

X (qu (El)ouz (EQ)O,,(E)Y(@,V(*E)O% (E3)OV4 (E4)>,,

which, setting x = Z = d, is proportional to a single conformal partial wave (4.1), as shown
in the second equality where we used equation (3.2b).

For the remaining contributions (4.10b) and (4.10c), the leading contribution in the
late time limit is of the same order and is given by the residue of the pole at x +z —4(s1 +
Sg + s34+ sS4 +u+u) ~0in (4.8b) and (4.8¢c), respectively. This gives,

Fioco dfu Fico Cos(g(él(sl+52+u)—|—z’1/1+i1/2+i1/3+2'u4))

% - - 1
i A(x,x) ki k :/ d
nolglo >|V17”2’”37”4( iik) 2 ) e 27 J_joe [dsla u+e
i g\ ~2wt@) 4 g\ =284y
XpV1,I/2,Z/(817527wiu)pl/3,l/4,71/(535847w+u) (2) H(;) w:%fr—sl—sga
j:l @:%—33—34
(4.12a)
. (z,7) - o] oo oy [0 cos(g(4(83+54+u)+iy1+iug+i1/3+iu4))
nlolgloA<|V1,V27V3,V4(ki’k)25 o 2mi ) [ds]a u+e
—100 —100
) L\ ~2(wto) 4 Eo\ 28t
Xpljl,llgﬂj(sla827w+u)pu3,u4,—l/<837847w_u) <2> H(;) w:%—sl—sg'
j:l ’LD:%783734
(4.12b)

where, due to the restrictions (4.9) on the Mellin-variables, the u-integrals run over the
imaginary axis to the right of the pole at u ~ 0, as indicated by the e-prescription. These
contributions, which originate from the ++ and —— branches of the in-in contour, are
not factorised due to the presence of bulk contact terms.?! Factorised terms within these
contributions are however generated by the residues of the poles at u = 0.

2Te. contributions generated by the collision of the points on the same branch of the in-in contour
between which the particle is exchanged.
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The leftover u-integral in the ++ and —— contributions can in fact be lifted to give a
Mellin-Barnes representation for the exchange which employs the same number of Mellin-

22 We give the details for the evaluation

variables as the factorised contribution (4.11).
of this integral in appendix C.3. The resulting expression for the exchange (4.6) after
combining all terms of the in-in contour acquires the following general form:

(g apor oy =N tim (ALY Ry = AL ek = AL (i ))

B ko Olv1,ve,vs,va <|v1,v2,vs,va >|v1,v2,v3,v4

d

g / [ds]a esc(m(ut-@))5@D (u, ) (4.13)

o\ —2(ud) A N =28+
X101/1,112,1/(517527u)p1/3,l/4,*l/(53a547ﬂ) <2> H<2j>
d

u=
jzl ﬂ:z—83—54

The poles of the Mellin integrand are manifest and the zeros are given by the function??

5 (u, @) = 5 sin(w(u-+@)) (4.14)

X [Sin(%(l’—l—?i(vl +179) —4u)) sin(%(i’—l—%(yg—l—lq) —4u)> +u— a]
- % sin(g r+T+2i(v1+ra+v3+uy) —4(u+ﬂ))) (cos(2mu) —cosh(mv)+u— 1),

which encodes the interference between the different physical processes as dictated by the
early-time boundary conditions. The final line of the expression (4.13) for the exchange
should be recognised as the Mellin-Barnes representation (4.2) for the dual Conformal

Partial Wave, which implies the following more compact expression for the exchange:

Mellin-Barnes representation for a general tree-level four-point exchange diagram

v v v v +ioco dudu B B
<¢1(511)¢l(§22)¢l(§33)¢1(544)>,:N4 /_ioo (27i)2 /[ds]44csc(7r(u—l—u))é(d’d)(u?u)

x F,o(siyu, ks k) (4.15)

which is manifestly in terms of the dual Conformal Partial Wave (4.1). This expression
was also derived in [41] using a direct bulk approach which employs the Mellin-Barnes
representation of the propagators. As we shall see, this form of the exchange four-point
function is universal, extending to spin-¢ exchanges (section 4.2), exchanges in anti-de
Sitter space (section 4.7), and external spinning fields [95]. Each case is characterised by
the interference factor 6(*® (u, ). The expression (4.15) neatly encodes various properties
of the exchange-four-point function, as we discuss in the comments below.

e The Mellin-Barnes integral (4.15) is a general expression for a late-time scalar ex-
change in dS4; 1, where all scaling dimensions are generic and on the Principal Series.

22Tn general this is the minimal number of Mellin variables to represent a function of four variables.

ZThere are two further equivalent representations of this function depending on how we evaluate the
u-integral, which we give in appendix C.3. The representation (4.14) is the most symmetric under exchange
of u and a.
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Figure 4. Pole structure of the Mellin-Barnes representation (4.15) for the scalar exchange four-
point function, focusing w.l.o.g. on that of the Mellin variable s;. The different coloured “e”
(red, yellow and blue) denote the different sets of Gamma function poles in sy, while the green
line represents the integration contour which w.l.o.g. we take to be indented along the imaginary
axis with Re(s;) = 0. Notice that the poles of the csc factor, which are in blue, run from —oo
to 400 and are split by the integration contour according to (4.21) with ¢ = 0. For Principal
Series representations, where vy, € R, the different sets of Gamma function poles do not collide
as the red and yellow poles can only move vertically along the imaginary axis as one varies the
scaling dimensions. Away from the Principal Series these poles can move horizontally, which for
certain scaling dimensions pinches the integration contour, generating singularities. Such cases can
be treated by regulating the contour pinching to obtain the analytic continuation of the exchange
four-point function for these values of the scaling dimensions, as we shall see in section 4.6.

Other representations e.g. the complementary and discrete series can be reached with
due care about the analytic continuation away from the Principal Series. For generic
scaling dimensions on the Principal Series, the exchange four-point function is a func-
tion of four variables k;/k and is accordingly described by a quadruple Mellin-Barnes
integral of the Mejer G type. For certain scaling dimensions there are simplifications.
For example, in analytically continuing some or all of the external legs to be confor-
mally coupled, some of the Mellin-Barnes integrals can be lifted and the exchange
is accordingly a function of fewer variables (see equation (4.62)). Further simplifi-
cations arise when the exchanged field lies on the Discrete Series, as we discuss in
section 4.6, which requires extra care in the analytic continuation.

e The cosecant factor csc(m(u + @)) gives contact contributions to the exchange four-
point function. In particular, the residues of the poles at

u+u=-n, n=20,1,2,... (4.16)
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generate only analytic contributions in the exchanged momentum k in (4.13):

k 2n
u+u=-n — <2> : (4.17)

These are not factorised and thus give the EFT expansion of the four-point function.
The non-perturbative corrections to the EFT expansion are encoded in the remaining
poles, which are those of the Mellin representation (4.2) for the Conformal Partial
Wave. On these poles, by construction, the interference factor (4.14) factorises so that
these terms just generate factorised contributions to the exchange four-point func-
tion, associated to the genuine exchange of a single-particle state. This in particular
includes non-analytic terms in the exchanged momentum, which are characteristic
of particle production [25, 29]. We shall discuss these contributions in more detail
towards the end of section 4.2, where we consider the OPE expansion of exchange
four-point functions, and section 4.5 where we derive the EFT expansion from the
Mellin-Barnes representation of the four-point function.

e It is interesting to note that the EFT expansion is entirely specified by the CPW (4.2)
multiplied by the interference factor (4.14) in a minimal way through the overall
csc(m(u+u)) function. This is not a priori required due to the contact term ambiguity.
It is however interesting to point out that the most general EF'T expansion would only
differ by our minimal choice by a finite number of pure contact terms. Furthermore,
the discontinuity in s = k2 precisely compensates the csc(7m(u + @)) factor in (4.15),
setting to zero all EFT terms:

Discs (kQ(“J“])) = sin(r(u + @) k2D | (4.18)
with
2i Discs[f(s)] = f(e'™s) — f(e™™s) . (4.19)
One is then left with the factorised contribution to the exchange:

Discs <¢1(2?)¢§f) ¢](;:~,> ¢l(i4)>,}

Fioo du du (d,d) _ / 7.1
=N oy [ds]s 40\ (u, ) F, o(s:;u, ulki; k) . (4.20)
—100 ( 7”)

e It is important to stress that the integral (4.15) does not, a priori, specify an integra-
tion contour.?* In particular, the csc-function in the Mellin integrand has an infinite
series of poles spanning from —oo to 400 and it is necessary to provide the location
where the contour cuts across them. The various possible choices for the contour
correspond to the identities:

mese(m(u+a)) =T(1 —u—a)l(u+a) (4.21a)
=(-D)TQl-uv—u—q¢l(u+u+q), VgeN, (4.21b)

24In contrast, Mellin-Barnes integrals which are given explicitly in terms of I-functions automatically
specify an integration contour by requiring that all Gamma function poles accumulating at +o0o are sepa-
rated by the poles accumulating at —oo [112].
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which arise from the periodicity of the csc-function, where for each ¢ the contour is
chosen to separate the poles accumulating at +oo from the poles accumulating at
—o0. The different ways of splitting the csc-function given above differ by contact
terms in the exchange four-point function and correspond to the freedom of including
improvement (on-shell trivial) terms in the bulk cubic vertices. This is discussed in
further detail at the end of appendix C.3. In this work we fix the latter contact
term ambiguity by making the minimal choice of improvement terms corresponding

to g =0.

Another reflection of the freedom to add improvement terms to the bulk cubic vertex
is the possibility of including terms which are proportional to the argument of the
Dirac delta function in the Mellin representation (3.2b) for the corresponding three-
point conformal structures, which are sy +so+u—7 or s3+s4+u—7%. At the three-point
function level, such terms would vanish identically. However, the same terms will give
a non-vanishing contributions to the exchange four-point function along the ++ and
—— branches of the in-in contour, where the internal leg is off-shell. For such terms,
it is possible to show that when taking the residue z +Z —4(s1 + s2 + s3+ s4 +u+u)
in (4.8b) and (4.8c), one recovers the following integration rule:

n m
(sl—i—sz—l—u—%) (83+S4+ﬂ—£> — v (4.22)

so that the corresponding As and A take the same form as in (4.12a) and (4.12b)
but with the integrand multiplied by a power u”™, which cancels the single pole
at v = 0. This turns out to be the physical counterpart of the standard fact that
adding cubic couplings which vanish on-shell generates contact terms in the exchange
amplitude, which here can be neatly associated with polynomial contributions p(u)
in (4.12a) and (4.12b) in addition to the single pole at u = 0:

1 1
_>
U+ € U+ €

+ p(u). (4.23)

In the following we shall set p(u) = 0 without loss of generality. It is perhaps useful
to keep in mind the existence of such contact term ambiguities, especially when
considering exchange four-point functions involving fields of non-zero spin, where it
might be used to simplify the expression by removing potentially complicated contact
terms — allowing to focus on the singular part of the exchange.

The representation (4.15) for the exchange makes manifest the relation between the
original bulk Harmonic function (4.4a) and the exchange amplitude. In particular,
via (4.3), we can write:

+i00 ~
(v1) 4 (v2) ,(v3) (va)yr _ . M
<¢E1 (bEQ ¢Eg ¢E4 > 7./\[477101&10 oo (27”')2

mo mo d’l’] dﬁ B -
X/ / (C)d (—q)d+1 Fuo(sisu,u|—n,—n|ki; k).
(4.24)

/ (ds)a dcse(m (uta))5 @D (u, @)
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In the above all #-function insertions along the various in-in contours in the expres-
sion (4.7) have been replaced/mapped into an integral kernel in the Mellin variables
u and @. These are encoded into the zeros of 6% (u, ).

All of the above points carry over to exchange four-point functions involving spinning
fields, which we consider in the following section.

4.2 Exchange of a spin-£ field between general scalars

The approach presented in the previous section naturally extends to exchange four-point
functions involving fields with spin. In the following we shall demonstrate this for the
exchange of a field with integer spin-£ between two pairs of general scalar operators. The
result, given in (4.37), can be expressed in the same form as the expression (4.15) for the
scalar exchange diagram but with x =z = d + 2/.

When considering fields with spin, the only difference with respect to the scalar ex-
change is a technical one due to the tensorial structure of the each three-point function
factor in the Conformal Partial Wave. The extension of (4.1) to a spin-¢ exchange is:

1 . - . - -

(ki k) = E'(d_l)<0u1(kl)ol/2(k2)ou7é(]% DN O—1e(—K: )0, (k3) Ouy (K1), (4.25)
“\2 1

where the explicit form of the three-point functions was derived in section 3.2, which gives
the following Mellin-Barnes representation for the CPW (4.25):

o o tiee o dudu .
! (i k) = M CIRTRTIIE 4.2
V,é(k 7k) /—zoo [ds]zl (27Ti)2 V,Z(S 7u,u|k: 7k)7 ( Ga)
S d+2¢ d+2¢
FL (55w, aloss ) = (m)a(Z sy —sp— u> (m)a(Z ey — 4 — u) (4.26b)
X pV1,I/2,l/(817 823u>p1/3,1/4,7l/(337 545 U) (2> 1—[1(2]>
]:

1 ~ — ~ — A~ — - - [ - -
X E'(d_l)pl(/?,ugy(af : kla a§ : k278§ ’ k|31a 527u)p1(/?,1/4,7u(£ : k37£ : k4a _5 : k’|83, 84, I_L),
\2 4

4 M _
@1(/1),u2,u3,u4;u(ki§k|5ivuvu)

and where we introduced the function 61(,?,1,271,3,1,4;,,(&; k|si,u,u) which encodes the trace-
less contraction of the three-point tensor structures given in (3.15).

To obtain the spin-¢ exchange four-point function, one can proceed much in the same
way as for the scalar exchange in the previous section. In this case the identification with
the dual bulk Harmonic function,

[ ds dE o,
LR B) = [ S P AR ) (4.27)
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is given by

I

1//,5(27

Lo —+100 d d
|ki;k;):/‘ (ds], (;m,)“ (i, 2R B), (4.280)

! R ST 34 0—2(sy+satu 13d+8723+s+u 1 ,_’ —
fy7€(5¢,u,u|z,2”ki,k) Z2 (s1tsatu) (Eahouti 91(/1),112,1/3,1/4, (k klsi,u, )

k —2(u+a) k —2s;+iv;
XpV17V2,V(517827u)pV37V4,—V(337847a) <2> H<2> )

(4.28D)

recalling the integrand (3.15) of the 0-0-¢ Witten diagrams in the bulk radial co-ordinate.
The analytic continuations from EAdS to the various branches of the in-in contour in
de Sitter were given in equation (4.5).2° It is convenient to express the contraction
95,61)7”2,”37”4;”(161-; k|si,u,u) in the form

¢ 7Tl ar) [(¥2) 50 LT
sl = 3 35 () () (2 ()60l (120

;=0 B;=0

X HV17V2,V\011,B1 (51,82, u) HV37V4,*V|042752 (83,84, 1),

where we used the definition (3.15) of the three-point structures and we introduced the con-

traction
) s 1 5, . 1y p® A
@1/1,1/2,1/3,1/4,14041,Bl,ag,ﬁQ(k k) f‘(% 1)6(_85 ’ k) ! yvl,ug,u|a1,,81 (8& : ]{1, ag . k2)
x (€ k)™ ) (€ ks, ko), (4.30)

v3,va,—v|az,82 £=0

which is independent of the Mellin variables. In this way the contributions to the spin-£
exchange four-point function

(o0 o 6oy
— A, lim [ (d+2€ d+2¢0) (1—5 ]z) A(d+2€,d+2€) (Ei;E) _A(d+2é,d+2e) (Ei;ﬁ)], (4.31)

no—0 L Olviwve,vs,va <|v1,v2,v3,va >|v1,v2,v3,0

can be decomposed as

A(d+2£ d+2€)(E E) _ Zez (ﬁ > < Y > Q1,02 <a1) <042>
Slvvz,va,va Lo \a1/ \az/ B1) \B2

aq,a2=0

=0
9(é) (E IZ) (d+2¢,d+2¢0) (EZ,E), (4.32)

v1,v2,vs,va;v|al,Briaz, B2 °|V1,V27V37V4|041,51;a2,ﬁ2

Z5Recall that the phases in (4.5) do not depend on the spin, as discussed in section 2.3.
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where

+i00 77
o) oo dudi (2 7) e
AED i) =2 /_ )y 3 9 (i) (4.33a)
XCOS(F(WlJrW?;W:‘_ZM+31+sz—|—u—83—s4—u>>
i o 2 k’ —2sj+iv;
><Hu17u27’/|041751(81782’u)pyl’l/27y(81’82’U)<2> <2]
j=1
i I A NEe A
><H,j3,y47—y|a2,ﬁ2 (83,S4,U)p1/3,u4,71/(53784yu) <2> ]__[3<2]> >
J:
+ic0 T
(,7) Lo I — dudi o) i3 U, U
A s prsan, 50 R B) =2 /_ N ds], 2n1)? QL (s43u,1) (4.33Db)
><cos<7r<wl+w2_;w3+w4+51+52+53+54—U+ﬂ>>
I —ou 2 k. —2s5+iv;
XHl/17lj2,l/|a1,51(817827u)pyl7y2’y(817827U)<2> H ?J
j=1
) N —ony 4 k. —2s5+iv;
XHV3,V4,u|a2,,32(337347u>pV37V47—V($3’S4’U)<2> H<2J> 7
j=3
+i00 7]
o) oo dudi (2 7) o
«4<|,,1,y2,y3,u4m,ﬁl;azﬁz(k“k)_Q/_m [d8]4w Q- (s4;u,u) (4.33c)
w1 +ivs+ivs+ivy U
xcos| 7 5 tSs1+s2ts3tsatu—u

—2u 2 —28j+il/j
k k;
><1{1/1,1/27V|6V1,51 (51732’1‘)9111,1/2,1/(31’52’U) 5 H b}

4 k:] —2Sj+iVj
ms)

This way of decomposing the exchange is advantageous as the functions

- - k —21
X HV3,V4,—V|a2,52 (s3, 54,“)/7113,1/4,71/(53, S4,1) ()

Hy\ s sla,8(51,52,83) telescopically combine with the function py, u,us(s1,52,83) to
shift the arguments of the Mellin integral by integers «, 5 (see section 3.2):

Hl/1,u2,1/3|a,,8(317 52, 53)pl/1,ug,u3 (317 52, 33) = Py 77j(a7ﬁ)71/27iﬁ,l/3+’i04(8/17 3I27 Sg)v (434)

where s} = s1 + O‘T_ﬁ, sh = 89+ g and sy = s3 — 5. We thus see that the leading term

in the decomposition (4.32) (i.e. that with «; = f8; = 0) is equal to the corresponding
contribution (4.10) to the scalar exchange but where now x = & = d + 2¢, while the
sub-leading terms differ only by integer shifts in the arguments.

From the decomposition (4.32), the steps to lift the u and @ integrals in the late-time
limit are therefore the same as for the scalar exchange four-point function — the details of
which we give in appendix C.3. The resulting expression for the spin-¢ exchange four-point
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function is

¢ 1,000
(v1) (v2) (v3) (va)\r 14 14 : o «
wooay =nn Y (1)) X (5)(5)

a1,00=0 B1,82=0
x W (kg3 o) AL 20120 (ki k), (4.35)

v1,v2,v3,v4;v |0, 81502, 62 v1,v2,v3,v4]a1,01;02,02

which is a finite sum of the Mellin-Barnes integrals:

A(Vjii)l,ﬁuaz,ﬁz(a; E) (4'36)
— 3 (Z‘,J_J) _’,. e _ (J?,i’) _’,. s _ (I,i‘) _’,. e
- ﬂlc)lgo [A®|Vj\a1,,31;042752 (ki k) A<|Vj|a1ﬂ1;az,52 (ki3 k) A>|Vj\0‘1751§042752 (ki; k)]

= /[d3]4 cse(m(u + fb))(s(x’j) (u,u)

k —2u 2 k. —2s;+iv;
J
X HV17V27V|041751 (51,52, u)pl/hl’z,l/(sl’ 52, ) (2> 1_[1 <2>
]:

k —2u 4 k: —28j+iVj
x HV37V47—V\042752 (53’ S4, a)pvs,l/4ﬁl/(537 84, ﬂ) <2> H (2]>
=3

u %751752‘
T

a=2 —sg—s4
Due to the telescopic nature (4.34) of Hy, 1, vs|ay,8 (51, 52, 53), these take the same form as
the Mellin-Barnes representation (4.13) for the scalar exchange four-point function but with
integer-shifted arguments.?® Fascinatingly, since the dependence on the spin and bound-
ary dimension d always enters in the combination d 4 2¢ through x and Z, the knowledge
of the scalar exchange four-point function for general d is equivalent to knowing the ex-
change four-point function for general spin £ when combined with the Mellin-independent
©-polynomials (4.30) in the momenta.

By comparing with the expression (4.26) for the Mellin-Barnes representation of the
spin-¢ Conformal Partial Wave, it follows that the spin-¢ exchange four-point function can

moreover be equivalently expressed in the more compact form:2”

Mellin-Barnes representation for a spin-€ exchange diagram in dSgi+q

v) g (v2) o (vs) (v oo du du ) i
<¢l%11)¢]%22)¢%33)¢]%44)>’ =Ny /[ds]4/ e 4ese(m(u + u))5(d+2e,d+2£) (u, @)
XFL7Z(51‘;U,@|E¢;E)7 (437)

which displays explicitly the relation to the corresponding spin-¢ Conformal Partial Wave
mellin representation. This confirms that the expression (4.15) for the scalar exchange
extends straightforwardly to the exchange of spinning fields. This universal form also
carries over to external spinning fields, the details of which will be presented in [95].

26This key property of the Mellin-Barnes representation can be used to establish recursion relations
between exchange four-point functions with scaling dimensions differing by integers, which we consider in
section 4.4.

*"The factor of 4 arises from the compensation of the factor (27i)? in the measure for the u and @-integrals,
together with the factor of (i7)? included in the definition (4.2) of the CPW.
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Before exploring various properties of this expression in the subsequent sections, below
we discuss the helicity decomposition, which can be performed entirely at the level of the
Conformal Partial Wave.

Helicity decomposition. The helicity decomposition of the four-point exchange (4.37)
can be obtained directly at the level of the ©-polynomials (4.30). Using momentum con-
servation these can be expanded in the form:

V4
(£) Ty (n) Lo
@V1,V2,V3,V4;V|Oé1,51;a2752 (ki’ k) - Z CV1,Vz,V37V4;V|6¥1,51;Oé2,52 (k“ k) (Q12 ) Q34)n ) (4.38)
n=0
where?8 1 1
G2 = §(k1 — ka), B4 = 5(163 — ka). (4.39)

The helicity decomposition then simply amounts to a projection of each monomial (q12-G34)"
onto spherical harmonics =,,, for the rotation group of the plane orthogonal to the exchanged
momentum E, which in our case is SO(d—1). We first decompose ¢12 and ¢34 in components
transverse and longitudinal to k

Giz = ity + (T2 k)b, @ k=0, (4.40)

G =i+ (B k)b, k=0, (4.41)
so that
Gz G50 =0 iz @i+ P, (4.42)
where
_ Ll — (N T
o = |qia||Bal, p= (12 k) (G4 k). (4.43)
We then expand
n
(@12 @) = (04 i+ )" = D c(0,0) Zm (s 051 ) (4.44)
m=0

where the coefficients are determined using the orthogonality properties of the Gegenbauer

polynomial:
e (0,p) = ="t T"T <2 +m+ 1) (4.45)
1. 1zn 2-n
_F(S;);(iw)?»F? ﬁ 2 7% ; m odd,
% 2 2 P} 772
= ———3Fa |, T2, m even.
() | 2om mean

28Note that |@12| # q12, where instead gi2 is defined in this work according to (3.33) as gi12 = %
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Using the above it is straightforward to obtain the helicity decomposition of each ex-
change amplitude.

It may be also useful to note that the helicity decomposition above can also be ob-
tained from the helicity decomposition of the corresponding three-point conformal struc-
tures (3.36). We have

l
l 2 77 4 —_ —
y151),1/2,1/|a1751 (5 k1, € 2) = Z pl(/1),uz,u|a17/31|m(p12’ q12) :m(&- ’ Q12)’ (4.46&)
m=0
(0 ; (0
yl/3,l/4,—l/|a2ﬂ2 (£ s, & 4) - Z pvg,v47—l/|6¥2,52\m(p34’ 934) Em (8L - G3)- (4.46b)
m=0
In terms of the above helicity components, the contribution of helicity-m to (4.30) is
given by:
(,m) — (i1 (a2 (D)
@m7V2,V3,V4;V|O<1,61;a2752 = (—ik)™ (ik) 2pl/17V27V|0117,31\m(plQ’(]12)
4 = NN
X plgg),u4,fu|a2752|m(p347 q34)Em (%2 : 934> ; (4.47)
where
) _ (€;m)
@lll,Vz,V37V4;V|Oé1ﬁ1;a2,B2 - Z v1,v,v3,vav|o,Briae, B2 (4.48)
m=0

and we recall the definition (3.33) of p12, pss and ¢12, g34:

ki1 + ko k1 — ko

P12 = ———> G2 == (4.49a)
ks +k ks — k
p3s=— A :, g3 = — 3 <3 (4.49b)

The highest-helicity component receives contributions only from the leading theta poly-
nomial ((4.30) with a; = 3; = 0) and is universal:

V4
(€0 . 1 =
@V1,V2,V37V4;V|0,0;0,0 - <_4> = - (4.50)

Lower helicity components instead depend on the external operator dimension.

4.3 OPE limit

From the Mellin-Barnes representation (4.37) it is straightforward to obtain Operator Prod-
uct Expansion (OPE) limit of the exchange four-point function, which is the limit & — 0
whilst keeping all external momenta hard.?? In this limit, non-analytic terms in k are
characteristic signatures for the exchange of the single-particle state [29]. These can be
extracted from the Mellin-Barnes representation in a systematic fashion, as we detail in
the following.

2Note that the OPE limit is often referred to in the literature as the “collapsed limit”.
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Fourier space, k; — 0 Position space, 12, ¥34 — 0
Figure 5. OPE limit in momentum space vs OPE limit in position space.

As discussed at the end of section 4.1, only the Conformal Partial Wave (4.26) encodes
non-analytic contributions in the exchanged momentum, which in this limit reads:

d ) )
. - o _ - o 4 PR k i(v1+v2) k i(v3+va)
i 7l ) = 0000 () (R2) ()

k—0
2 2
x (im)d d+T£ — 851 — u> (m)5<dz€ — 83 — 11> (4.51)

2K\ 2K\
X ,Olll,llg,lj(sl — 52,592, U)pug,m,fu(si% — 54, 54, U) k'712 ?34 )

where we used that El ~ —Eg and Eg ~ —E4 as k — 0 due to momentum conservation,
and that only the leading term (with a; = 8; = 0) in the contraction (4.29) survives in the
limit k£ — 0, where it reduces to

A0 > = . ¢ o
6(@ (q12, Q34) = ]ili% @1(/1)7112,1/371’4;1/\0,0;0,0(ki; k) (4'523‘)
0(=1)" <k12k34>£ (452)
= - C, ? (cosb), (4.52D)
752, 4

where cosf = l%l . 12:3. For convenience we also made the change of variables s; — s1 — s9
and s3 — s3 — S4, so that the expansion in k is obtained from the integrals in s; and s3 by
closing the contours to the right. This encircles the following poles of the CPW:

d (1 .
51:f+fi%+n, 83 = i%+m, n,m € No. (4.53)

4 2 +

| Q.
N s

Since the exponent of k depends on s; and s3 through their sum, only the residues of the
poles (4.53) with the same sign for v generate non-analytic terms:

d 0 v d £ v
81=*+§ﬂ:*+n, S3=*+§if+m, —

; . 0 . (kg)iiquner’ (454)

where only the terms generated by the leading poles (those with n = m = 0) survive in
the limit £ — 0. The remaining Mellin integrals in s and s4 can be lifted using Barnes’

first lemma, which gives
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OPE limit of a general spin-{ exchange in dSgqiq

. V1 1% v3 Va)\/ N 16 % 4
im (0006 = (1) ()

k—0 ' k1 o ks (47r)3
20! d=2 AE2 \" T(—iv)2 . .

d—f Cé( ? )(COS 0) ( u > (=) 2CSCh(m/)(S(d'"%d"'%) <_w’ _W>

(T)e k12k34 F(% +iu+€) 2 2

(R (2 gy _V]_ (455)
+3

X

4 2 2 4 2 2

As far as we are aware, this is the first expression available for general external scalars
both for d = 3 and general d > 3.

Note that the expression (4.55) contains oscillatory terms in log< k1§i34>730 when the
exchanged particle is a massive particle on the Principal Series, v € R, which was previously

worked out explicitly for external conformally coupled and massless scalars when d = 3
in [29]. The phase of the oscillations in particular depends on the interference factor (4.14).
The angular dependence is encoded in the Gegenbauer polynomial, which signals that we
are exchanging a spin-f particle. When d = 3 the Gegenbauer polynomial reduces to a
Legendre polynomial, as consistent with the d = 3 analysis in [29].

As a consistency check, for d = 3 and for external conformally coupled and massless
scalars this expression coincides respectively with equations (5.120) and (5.123) in [29].

For example, for external massless scalars in d = 3 (where v; = %) we have?!
3
i/2) ,(3i/2) (3i/2) ,(3i Ni (kizkza)? (=10 (%52
Jim (C1/2) 31/2) g 31/2)  (30/2)yr _ 24 2 Cy 7/ (cosh)
E—0" ' k1 ka k3 ka 2w k%kg’k%ki 8Z(%)£ ¢
2 )”(3+£+iu)2 , ) < 1)2
X 14 ¢(—=1)"sinh(mv) |['(—iv)T| £+ v+ -
(3 e [ s :
+ (v — —v). (4.56)

The factor (—1)° is not observed in the analysis of [29] since equal external scalars are
assumed from the beginning, which precludes the exchange of odd spin £.

4.4 Recursion relations

A nice feature of the Mellin-Barnes representation is that it makes manifest certain re-
cursion relations between late-time correlators with different scaling dimensions — as we
briefly saw in section 3 at the level of three-point functions. Such recursion relations are
valid also at the level of four-point functions, and can be useful for the scaling dimensions
where the initial (or “seed”) correlator has a simpler form with respect to the Mellin-Barnes

representation for generic scaling dimensions.? For this reason similar recursion relations

+iv
30This can be seen by noting that one can write: (%) = exp (:tivlog(ﬁ)).

*!Note that there is a typo in (5.123) of [29], where the factor (3 — ¢ — i) has a “+" in front of £ instead
of “~",

32We shall consider some examples of this type in section 4.6.
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are often used in the study of scattering processes on (anti-)de Sitter space, in particu-
lar for the technically more complicated case of correlators involving spinning fields, see
g. [34, 40, 64, 65, 73, 83, 108, 109, 113, 114].

As we saw in section 4.2, a spin-f exchange four-point function is defined by the col-
lection (4.36) of Mellin-Barnes integrals. The external scaling dimensions in these Mellin-
Barnes integrals can then be raised and lowered by acting with simple operators in the
external momenta. In particular, the raising operators

(z,7) A
‘Am —i Vz,V37V4|Oé175170¢2,,32 (Ks: k)
1+2iv1+2(a1— 1) —2iv1—2(a1—p1) 4(z—2,%) T
k " Ok, [kl 1 s AV17V2,1/37V4|041751;C¥2,52 (ks k)} , (4.57a)
(z,7) A
Am,Vz—i,V37V4|Oé17,31;a27/32 (Ki: k)
L 1420128 —2ivs—281 4(x—2,F) o o
= §k2 2T O, [kQ ’ 1Au1,l/2,1/3,l/4\0<1,51;042752 (ki; k)] ’ (4.57b)
(z,%) A
Al/l,V27V3*i71/4|0¢17/31;a2752 (ki; k)
1 142i0542(as—Bs) —2iv3—2(az—Ba) 4(z,5—2) oo
- §k3 Oy [k3 AV17V2,V3,V4|041151;CV2752 (ks k)} , (4.57¢)
(z,7) T
AVl,V27V3,V4*i|041751;a2ﬁ2 (i; k)
1 11 i - -

— iki+2“/4+2ﬁ26k4 |:k24 2ivy 2B2Al(jf:ig,vi,u4\a1,ﬁ1;a2ﬁz (ki; k?)] s (4.57d)
increase the external scaling dimensions by an integer, while the lowering operators are
given by:

(2,7) 2o 2 (z—2,2) > o
”41/1+i,l/2,1/3,l/4\011,51;042752 (ki k) = — kq aklAul,1/2,1/371/4|a1,51,042,ﬁ2( ik (4.58a)
(2,2) TRy - 2g @23 s
AVth-H vs,vala1,Biiaz,B2 (is k) = _k2 a’@‘Aul,uz,ug,u4|a1,51,a2,52(k k), (4.58b)
(2,2) L NG e) s
'Al/1,V2,l/3+i,l/4\a1,ﬂ1;a2ﬁ2 (kis k) = ks ak?)‘Alq,V2,V3,1/4|a1751,&2,,32( i1k), (4.58¢)
(2,2) roy 2 (2,2-2) LT
AV17V2,V3,V4+i\011,ﬂ1;042752 (k“ k) - _?48]“4“4111,V27V3,V4|011,51,Oé2,/32( & k) ’ (4'58(1)

These relations are straightforward to establish due to the simple power-law dependence
of the momenta on the Mellin variables. Since the dependence of exchange four-point
functions on the internal spin ¢ and boundary dimension d enters through x and Zz in
the combination d + 24, the above operators can also be used relate exchange four-point
functions with different internal spins ¢ and/or d. We shall see some examples of this type
in sections 4.4 and 4.6.

In a similar way we can lift the Pochhammer factors carried by the functions
Hy s ,v5]01,81
nal momentum. For example, the shifts (Pochhammer factors) associated to the external

by replacing them with the action of a differential operator in the exter-

scaling dimensions can be lifted from (4.36) via

(2,7) ta 201 —Bi-+iv) 21 +ivs) | 2aa—Ba-tivs) | 2(Ba-+iva)
sl 0,5y (it B) = (= 1) o2 g et
—ﬂ B2 af —2iv1 7,—2iv0 7,—2iv3 7,— 21V z,T o
<GB o [k g e A (ER)]L (4.59)
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where

A@®) (ki; k) = [ [ds]a cse(m(u+ @)@ (u, u) (4.60)

v1,02,V3,V4| Q15002

v :01/1:7/27’/(517 52, u)pl/s,wlﬁl/(s?n 54, ﬂ) <k> ~2ur®) ﬁ <kj) A

(ut g —a),, (@-F —a),, \2 2

u —s1—89)

NN

j:l U= —s3—54
so that only the shifts associated to the internal scaling dimensions remain. This recursion
relation will turn out to be useful for the scaling dimensions where some of the Mellin-
Barnes integrals can be straightforwardly lifted from the seed integral (4.60), as we shall
see in section 4.6.

The seed integral (4.60) can furthermore be expressed recursively in terms of that with
a1 = ag = £ via:

(fofzi;ygyydal;a?(a; E) _ 8§:a18§;a2 )\1—041—1-%—71_72 %—1)\2—&2—7—7_7 i1

- - - -

A e O RN PR, 0 R, 0 PR ) - (461)

v1,v2,V3,V4 |40
1,V2,V3, 4| ) 1’)\2:1

In this way the entire spin-£ exchange four-point function can be generated from the sin-
gle seed integral (4.60) with a; = as = ¢, combined with the ©-polynomials (4.30) in
the momenta.

4.5 EFT expansion

As discussed at the end of section 4.1, the effective field theory expansion of the exchange
four-point function is encoded in the poles (4.16) of the csc-factor in the Mellin-Barnes
representation (4.37). We expand upon this in the following section, for simplicity focus-
ing mostly on correlators with external conformally coupled scalars and external massless
scalars, though all the steps carry over to the general case with a few minor technical com-
plications.

External conformally coupled scalars. A useful example to consider is when all ex-
ternal scalars are conformally coupled. In this case, two of the four Mellin-Barnes integrals
can be lifted by virtue of the Legendre duplication formula, which simplifies the extraction
of the expansion coefficients. Furthermore, when d is odd, the result for external mass-
less scalars (or scalars anywhere on the discrete series) can be obtained by acting on the
result for external conformally coupled scalars a finite number of times with the raising
operators (4.57), which we consider towards the end of this section.

Let us first review the case where the exchanged field is a scalar, which was pre-
sented in [41]. In this case, the Mellin-Barnes representation of the exchange four-point
function reads

2—d 100 —
(601D 12 4012 yli/2yr _ L 1 k / %0 dudu (2p1a)l= 4+ (2pgg) 1= 4+
k1 k2 k3 k4 T k1koksky \ 2 oo (27Ti)2

><csc(w(u—i—u))5(d’d)(u,u)f‘<d_2—2u>F(d_2 —2u>

><F<u+zj>1“<u—i2y>r(u+i;)r<u—i;>, (4.62)
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where the interference factor simplifies to:
dd) () N 2 d . _
0\ 4 (u,u) = cos” | 7 14 sin(7(u + 1))

le(f )l )l D)

Re-defining ©v — u — @ so that the csc factor is just a function of u, the above Mellin-
Barnes integral can be expressed as a series expansion in 1% and % by evaluating the

residues of the csc poles (4.16) in u and the poles @ ~ % +m + 5, with m,n € N,

which gives??
: wd 2—d o0 n
(#/2) ,(i/2) ((i/2) ,(3/2)\r _ s1n(7) E (d) ,2—d—2m [ P34 4.64
<¢E1 ¢E2 ¢E3 ¢E4 >EFT_ N4k‘1]€2k3k:4 2 n%;()cmnpm P12 ’ (6)
where
@ _  (=D" (x 4+ 2m+n — 3)!
Cmn = Sr_i42ma.) (ai2nt2iv—2 T+ 2n—2i—2 ) (4.65)
2r-1+2 TL'( + —Z )erl( + 4 )erl

and recall the definition (4.49) of pi2 and p34 in terms of k; and k. The non-perturbative
corrections to the EFT expansion are generated by the remaining poles (4.53) of the Con-
formal Partial Wave, which gives the factorised contributions:

— - - —

k1 ko ks kg

<¢(i/2)¢(i/2)¢(i/2)¢(i/2)>/

(4.66)

non-pert.

N, k 2—d .
= #’;M <2> [csch2(7ru) cos? (Z(d — 2w)> (3@ (p12) — 3@ (pu))S(,d) (p34)
+ csch2(7r1/) cos? (%(d + 2iu)> (3@ (p12) — Sf) (pu))S(j) (p34)
d
+ i cosh(rv) Sin<7;> (3@ (p12)§(+d) (p3a) — Sf) (p12)5'? (p34)>}
where3?
() (2) = (2o)- s LG EW = 1) (e, o 1
81 (2) = (22) raxw) 2\ ea 2) (4.67)

which are three-point conformal structures contributed by a single series of poles (4.53)
in the Conformal Partial Wave. Note that for certain (imaginary) values of v the above
expressions exhibit singularities that require regularisation, as we discuss in section 4.6.
In the same way one obtains the EFT expansion for a general spin-¢ exchange (4.37).
In fact, for the leading helicity component, the above result for the scalar exchange can
be recycled using that the leading term in the decomposition (4.35) (with a; = ; = 0) is

33Gimilarly one can obtain an expansion in ﬁ and % by instead re-defining u — @ — wu.
34Tn the language of [29, 34], the functions (4.67) are homogeneous solutions to the conformal invariance
condition on exchange four-point functions.
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proportional to the scalar exchange four-point function but with d — d+ 2¢. In particular,

. w(d+20)
l sin| ——=—~ 2—d—20
S

(i/2) ,(i/2) . (i/2)
(¢ ¢>2 ¢>

k1 k4 EFT, helicity-¢ 4 kikoksky 2
n
x Z d+2€ —2(é4+m) (]?34> (4.68)
P12
n,m=0

and
(B B . O —
k1 ko k3 kg non-pert., helicity-¢ 4 k‘l koksks \ 2
X csch2(7w) cos? (g(d + 20 — 2@'1/)) (S (d+20) ( 9) — S(:H%) (p12)>3(,d+2£) (p34)
+csch?(7v) cos? (%(d + 20 + 2@’1/)) (3(,‘“2@( 2) — 3( * e)( ))3&”2@ (p34)

d+2¢
+i cosh(7v) sin (7r(;r)> (3(—d+2€) (P12)35:l+2£) (p3a) — SS:IHE) (p12)F\ 42 (P34))} :

Similar expressions for the sub-leading terms in (4.35) can be easily obtained using the

recursion relations in section 4.4. When the exchanged particle is massless, these sub-
leading terms are just local contact-terms since they contribute only to the lower helicity
components of the exchange four-point function — which, for the exchange of massless
particles, do not encode the propagating degrees of freedom.

External massless scalars. The EFT expansion for external scaling dimensions differ-

ing from that of the conformally coupled scalar by an integer can be obtained from the

expressions (4.68) and (4.69) by acting with the raising operators (4.57). When d is odd

this includes external massless scalars.?> We shall focus on d = 3, for which massless scalars
3i

have v = 3, so we only need to act once with each raising operator (4.57). In particular,

( ¢1(23i/2) qbgﬂ-/z) 53112 31/2)y:
1 2 3

helicity-£
16

-0 /2) 4l6/2)y1
Fikakska

ol (4.70)

O, Oy O Oty [<¢>W Dot gl

helicity-¢, x—d—4+2£j| '

Evaluating the action of the differential operators gives3%

Y i 6—d—2€sin(w>
EFT, helicity-Z:_ 4<_4) =t <> (k1koksky)3

(n— DI(d + 20+ 2m + n — 4)
" ; p3,20+20+2m=5y | (dLE2HIN-Iw=06)  (dE2HIntIiv=0)

(34/2) ,(31/2) (3t/2) ,(3i/2)\s
(B2 1 G112 o 3172y

m+1 m+1

d+20+2m+n—2 4—d—2(0+ paa\"
(0= 03— ) (oo R g Yl (L)

35This is because conformally coupled scalars have scaling dimension v = 5 while massless scalars have

v= %, so one can only be reached from the other in integer steps if d is odd.
36Note that in d = 3 the sum over m should start from m = 2. This is possible up to contact terms

making use of the ambiguity in the splitting of the poles in the csc factor, as discussed towards the end of
section 4.2.
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Setting d = 3, this gives the EFT expansion of the helicity-¢ component of the spin-£
exchange four-point function with massless external scalars.

Let us stress that in obtaining the above EFT expansion using the raising opera-
tors (4.57) we are not requiring that the corresponding cubic coupling for the massless
scalars is shift-symmetric. To impose shift-symmetry, these raising operators need to be
modified. This only affects the EFT expansion by a finite number of additional contact
terms since the field redefinition relating the couplings are local.3” The non-perturbative
corrections are only changed by an overall factor which is a polynomial in the scaling di-
mensions.>® For d = 3, the operator corresponding to the shift-symmetric coupling o(V¢)?
of two massless scalars ¢ to a massive scalar o was given in [29] and reads

k2

Oy = (a5 = pip) (1 = pi5)05, + 2035 + 45 = 2)(1 = Pisp,))] (4.71)

so that the corresponding exchange four-point function is generated from the result (4.62)
for external conformaly coupled scalars via:

(3i/2) 4 35/2) 431/2) 4(3/2)y _ (2) 4512) 4(5/2) 40/2)y
Or Ok R %) = 0120 | (670, " 0p "o, ™)

(4.72)

0=0,d=3 eo,d?l '

For shift-symmetric couplings of massless fields to spin-£ fields, differential operators for
spin-1 and spin-2 were obtained in [34]. An equivalent systematic approach to obtain the
result for shift-symmetric couplings is to add a finite number of contact terms either via
a field redefinition or by fixing the contact term ambiguity through the requirement of
reproducing the correct Adler zero.

4.6 Simplifications and subtleties away from the principal series

A crucial aspect of the Mellin-Barnes representation is the contour prescription [112]. In
writing a Mellin-Barnes representation for a late-time correlator, one is implicitly assuming
values of the parameters for which the poles of I'-functions of the type I'(a + s) do not
collide with those of the type I'(b — s), where a and b depend on the scaling dimensions,
¢ and d. Otherwise, the integration contour gets “pinched”, leading to divergences for
the values of the parameters where such poles collide.?® This is depicted in figure 6. In
these cases, one introduces a regulator to separate the poles, which can then be set to zero
after evaluating the Mellin integral. This gives the analytic continuation of the late-time
correlator to such values of the parameters.

For particles on the Principal Series (figure 7), where the scaling dimensions are of the
form A = %l + v with v € R, there is no possible pinching of the integration contour (see

3"The fact that our couplings are related to shift-symmetric couplings by a local field re-definition follows
from the fact that couplings of two scalar fields to a spin-£ field are unique on-shell.

38These polynomials are straightforward to work out in each case using the formalism developed in [40, 81].

39The canonical example of such a singularity is:

Cieo 2mi(s+a)(s—b)  a+b

which has a single pole at a + b ~ 0.
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Figure 6. Depiction of contour pinching. When the poles in the red sequence collide with poles
in the blue or yellow sequence, the integration contour (which is prescribed to separate such poles)
is no longer defined.

figure 4) in the Mellin-Barnes representation (4.37) for the exchange four-point function.
Away from the Principal Series however, where v is now imaginary and the poles move
horizontally, extra care should be taken since contour pinching can occur — in which
case regularisation is required.?® To illustrate how the Mellin-Barnes technology works in
these cases we shall consider some examples of this type below. This includes physically
interesting cases like the graviton and (partially-)massless exchanges [86, 115-118], which
in d = 3 lie on the Discrete Series.

Correlators for representations away from the Principal Series furthermore exhibit
simplifications for certain special values of the scaling dimensions, so it is furthermore
interesting to understand how these arise from the Mellin-Barnes representation (4.37).
An example we have already touched upon in section 4.5 and 3.3 is when the external
scalars are conformally coupled or massless (which we shall also review below), for which
some of the Mellin-Barnes integrals can be lifted. Further simplifications can occur when
the internal field is also conformally coupled or lies on the discrete series,*! which appear
to arise naturally from the Mellin-Barnes representation. To see this, it is most convenient
to employ the expression (4.33)*? for the contributions (4.32) to the exchange four-point

40Note that in section 4.5 we took the external fields to be either conformally coupled scalars or massless
scalars, which are on the Complementary and Discrete Series respectively. The value of v associated to the
exchanged field was taken to be generic, though divergences associated to the pinching of the integration
contour arise when v is on the discrete series. For these values of v the results presented should be re-visited
using the regularisation described above.

“n particular, for d = 3, tree-exchanges of conformally coupled and massless scalars are given by
(Di)-Logarithms in the momenta [29, 34], while exchanges of (partially)-massless fields (which are further
constrained by the corresponding gauge-symmetries) have been observed to be given by rational functions
of the momenta [33-35, 38, 101, 119].

421 e. before we evaluated the u-integral.
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function and combine them with the recursion relation (4.59). This gives:

ETIZC)VQ v3,v4lon,B1;02,082 (k“ k) ( )a1+a2k 2o BH_WI)k2(51+iy2)k§(a2_,82+w3)ki(ﬂ2+iy4)
x O o003 [kl 20 oo 2ive g2 g2 kisk)|  (4.73)
1 2 3

0|V1,1/27V3,V4|a1,012(

with
lim, A®? Fofy=2 [0 L Goaan @y Ba0eo) Ry Ry )
no—0 " >lviwvasvalan;an M0 T g oo 2miuAe TPV 1, 2, V3,4 3,K4,K),
(4.74a)
+1i00
i (z,7) Lo 1 du 1 (u,z,00) (12, 1. D o wza2) 7 D
77101210 A<‘1/17l/2,l/3,l/4 a0 (kz; k’) = 5 /ioo %u T GQ[VLVLI} (kl, ko, k)Qly&%_y(k;;, ky, k),
(4.74Db)
where we defined the three-point structures:
- o o +ioo
A2 () oy ) :/[ds]Q/' dwé(— —s1— s - w) (4.75a)
« pI/l,l/Q,V(Sla So, W + u) <k‘> 2(wtu)tiv 2 (J) —2s5+iv;
(w+u—|—%—a1)a1 2 i 9 )
~ S LS +1700
A(2) (£, Ky, F) :/[dS]Q/' dwé(— — 51— - w) (4.75b)

™ . . . .
X 008(5(4(81 + s9 4+ u) + vy + vy +ivs + z1/4)>

— - v 2 —9gitivs
P (81,52, w —u) [k 2(w—u)+iv H k; 2sj+iv;
X - _ .
w ) 2 2
1

(w—u+7—a1a i

In terms of these, the remaining contribution to exchange four-point function is given by:

x,T . _ »T,001 )T, 002
,}OIEO A®|V1,V27V3,V4|a1,012 (kis k) = 52[V1,V2,V|041w31 (1, k2, k )Q[VS v3,— (kg, k4’ k) (4.76)
This representation is convenient because when the external scalars are conformally cou-

pled the three-point structures (4.75) reduce to Gauss Hypergeometric functions (see sec-
tion 3.3):

220&1—7:1/—2u—%+2ki1/—2u—%+1
k1ks
T(2u—2a1 + 2 +iv— )T (2u+ 2 —iv — 1)
p(%)

r4+4u—4oq +2iv— 2 z+4u—2iv—2 _
% oF D) P} 1 p12
241 r+4u— 2a1 1 ) 9 ’
2

Ql(um al)(El’ E% E) —

V1,V2,V

(4.77a)

X
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= yrowo 22a1—iu+2u—%+2kiu+2u—%+1

U, T, _

Qllll,l/Q,l} (kl’ ko, k) - ko1 ko (477b)
(201 —2u+ 3% +iv— 1) (-2u+§ —iv—1)

X F(m—2a1—4u—1)
2
m—4a1—4u+2i1/—2’ r—4u—2iv—2 1 _|_p12
X COS(27TU) o F1 ( 2x—2a1—4u—1 2 ; 9 )
2
so that the contributions (4.74) take the following simple form:
lim 4@ (Fie) ~ " du cos(ru) T(a—201+w)T(b+u)l(a—20z —uw)[(b—u)
7701310 <|v1,v2,v3,va]on;02 N oo 2mi ute I(c—ai+u)l(c—az—u)
¥ oI a—2a1+u,b+u; 1—pi2 JF a—2a2—u,b—u; 1+pas ’ (4.78a)
c—ai1+u 2 c—a—1U 2
i A(x,i) (EE) N 1o du cos(mu) I'(a—2a1 —u)I'(b—u)I'(a—2a2+u)I'(b+u)
nolino >|v1,v2,v3,va] a1 500 VY oo 2m ute Iec—ar—u)'(c—az+u)
¥ oI a—2a1—u,b—u; 1+4p12 ) a—2a2+u7b+u; 1-psa ’ (4.78D)
C—a1—Uu 2 c—oao+u 2
where in the above
x4+ 2iv — 2 x — 2iv — 2 a+b+1 z—-1
=, b = = = . 4-79
¢ 2 2 ¢ 2 2 (4.79)

The arguments of the Gamma functions on the first line coincide with those of the Hyper-
geometric functions on the second line. There are further simplifications for certain values
of v. For example, when

1
1/:@'<n+2>, n € 7, (4.80)

the Gauss Hypergeometric functions truncate to a rational function. These values of v
include the conformally coupled scalar (n = 0) and (partially-)massless fields for d odd.
In the following, we shall study the exchange four-point function for such representations,
focusing on regularisation of divergences which arise from the pinching of the integration
contour. To this end we shall restrict to d = 3, which provides the simplest setting to
demonstrate the approach. We start with the exchange of conformally coupled and massless
scalars, before considering (partially)-massless fields of arbitrary integer spin. At the end
of this section we also consider the graviton exchange between massless scalars.

Exchange of a conformally coupled scalar. When the exchanged particle is a scalar

there are only terms with «; = 3; = 0 in the contributions (4.32). For a conformally

coupled scalar we have v = £, in which case the u-integral (4.74) with d = 3 reduces to:

2
£348) 7 = 1 1 o du cos(2mu) /€ €
lim ACHE349 (F,. R :/ 7r(7—2 )r(f 2 )
M A R = e e | 2m ute D\g2)Tlg
(1= p1o)® =5 (1 + pgg) 2475, (4.81a)
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- o 1 1 o du cos(2mu) /€ €
lim ACTSHD By = & / 77r(7—2 )r(f 2)
S AL (Ris k) = Shikakaka e | 2mi wte \g W)t gt

100

x (12 + 1) 7272 (1 — pag) 23, (4.81b)

We see that the poles of the two I'-functions overlap at u ~ 0, for which we set d = 3+¢€ to
regulate the pinching of the integration contour. Recall that the latter runs to the right of
the single pole - + , so to evaluate the integrals (4.81) it is simplest to close the integration
contour to the right of the imaginary axis. Evaluating the residues and expanding then

gives:*3

2
(4340) (. T 11 2 2(log(k)+log(psa+1)+v) =* 4.89
770—>0A>|2’2’2’2( ) k1k2k3k4]€ € 12+7 ( a)
- _
+<1og(k>+10g<p34+1>+27>1og<k(p34+1>>+mz<p34i1§> +0(0)|,
catd) 7 o 1 12 20og(k)+log(piat1)+y) 72 _
lim A9 (k) = ———— - 4.82b
7701—>0A<|272%§( )= k1k2k3k4k e € 12+’7 (4.82b)
(1= N
+log(h) +log(p+1)+2) og((pna 1))+ Lia (124 ) +0(@).

which exhibits poles at € = 0, as anticipated. All of these poles are however cancelled when
we include the contribution (4.76), which also has poles at € = 0 and this case reads:

11 4 2(2log(k)+log(pi2+1)+log(psa+1)+2)

(3+€3+€) ik 2~2
770—>0A®|2’2’2 5( )= ki kokska k € i
L (log(k )+10g(p12+1)(p34+1)+4'Y)(210g(k')+10g((p12+1)(p34+1)))+O(€)]
6" 2 '
This gives the following finite result for the exchange four-point function:
(i/2) ,(i/2) ((i/2) ,(i/2)yr
(o " op e e (4.83)

= N lim <A(3+€3 ) (ki k) — AT
2

m—0\" ©l3.5:53 < 3
N L . (1 —p3a . (1 —pi2 1. of1+p3
- T, iy ~ log ,
kkikoksks | 3 1+ pi2 1+ paa 2 1+ p12

which matches equation (5.74) of [29].44

43 Although here we expanded in ¢, the Mellin integral can be evaluated for arbitrary e very easily. In
this case one can recognise the Mellin representation of a standard Gauss Hypergeometric function giving
the corresponding general ¢ = d — 3 result valid in arbitrary dimension.

44T compare with (5.74) of [29] one needs to massage the above expression using some properties of the
Dilogarithm function, including the identity:

Liz(z) = —Lig(z i 1) — %log2(1 — z).
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Exchange of massless scalar. The exchange of a massless scalar in d = 3 presents an
interesting example. This is the simplest case in which the divergences of the individual
contributions (4.74) and (4.76) do not cancel among each other, so it is necessary to add
a counter-term. For the massless scalar with d = 3 we have v = % and in this case the

u-integrals reduce to,

(348348 (7.7 1 1 /HOO du cos(2mu) 2u—£ —ou—=£
li ki k -_ —_— 2 (1 - 2(1 2
30 A>\;,5,5,3( )= Tkokaba 7 | 2w wge (L TP2) (e
X (—4u — 2p12 + €)(4u + 2p34 + E)F(% —2u — 1)I‘<§ +2u — 1)
2 pioapu

_ L _Ppu 4.84
& Ly kokaky (4.842)

L L Apeps log(k(psa + 1)) + 4(y — Dpiapsa — pra(pi2 +4) +p3y

2¢ kkykoksky
+0(1),
lim A (7 ) = L 1_/“C>O du cos(2mu) (1= p1o) 25 (1 + pg) 25
no—0" >15:5:5:% Akykoksky K1T€ |0 2mi u+te
% (—du — 2p1a + ©) (4u + 2pss + g)r(% —u— 1)r(§ +ou— 1)
2 pi1epx

—_—— 4.84b
€2 kk1kokska ( 8 )

1 4piapsalog(k(p12 +1)) +4(y — )p1opsa — paa(psa +4) +pis
2¢ kk1koksky

+ O(1),

where, as before, we set d = 3 + € to regulate the pinching of poles and we closed the

+

integration contour to the right of the imaginary axis. As in the conformally coupled case
the integral is convergent at infinity and no further singularity is generated. The constant
and higher order terms in the e-expansion are quite cumbersome so we do not display them
here. For the remaining contribution, we have
(B4E3+8) (7. 7 F(Efl) 1
J A P = e e
_ Apiopn
N kkikokskye?
2 —p1apas log(k?* (p12 + 1) (psa + 1)) — 2(y — 1)p1opsa + p12 + psa
tz Kk koksky
+0(1).

Upon combining these contributions as in (4.83), one finds that the leftover poles are

w\m
ol

~(2p12 + €)(2p3a + €) (P12 + 1) 2(p3a + 1)~

(4.85)

proportional to those of the factorised contribution (4.85):

lim | ABTESE (B ) — ABTESE (B k) — ABTERE (B E) (4.86)
n0—0|" Ol5:5:53 >13:33:3 <|§§§§
__ 8piapsa 4 —prapsalog(k*(p12 + 1) (psa + 1)) — 2(y — 1)p1apsa + p12 + paa
kk1k2k3k4€2 € kk1koksky
+0(1).
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A minimal conformally invariant counter-term with the right singularities is therefore

given by
A lim ABTESE (B E), (4.87)
n—0" Ol355:3
where complete cancellation of the poles fixes A = —2. This gives
(1/2) ,(i/2) ,(i/2) ,(i/2)
(b “bp e ey (4.88)

1 1+ s +1 +1
+P1234 (logQ( plz) —) +2p12 log(plz) +2p3410g<p34) _a],
2 D12+D34 P12+P34
(

which matches equation (4.59) obtained in [34].

Massless spin-1 exchange. Similarly we can consider the exchange of spinning fields
on the discrete series. In this case it is necessary to combine the contributions (4.73) with
the ©-polynomials (4.30). The simplest example is the mass-less spin-1 exchange, which
in d = 3 corresponds to v = % The O-polynomials in this case have the following helicity
decomposition (see the end of section 4.2):

1,1) 1_ (1,0) 1., =

G)(- R =——= e, = —k“p12p34q12G34 = 4.89a
§LE0000 47 Soaisl0000 " g P12Psad12ge =0, (4.89a)
1,0) (1,0) (1,0) (1,0)

oo =0\ =-0Y" —@ k? 12912 =0
G000 T T £, 855100510 Gk 810,051,1 fodidLn00 T 40 Prd12=0,

(4.89b)
2

1,0) (1,0) (1,0) (1,0) k= _

ol =6l =00 =1 ) 4.89¢
5033511,0,1,0 531111 rogiglL, 01,1~ $o3isL1L0 4 o ( )

where we recall that only the leading terms (4.89a) contribute to the component with
helicity one.

In contrast to the scalar exchanges considered above, when the exchanged field has non-
zero spin the leading terms in the exchange four-point function are finite. In particular,
for the massless spin-1 exchange we have

1 1 [Hiee du cos(2mu)
k1k2k3k4 k —ico 2w u+e€
x (1= p12)® t(pga + 1)1

lim A%, (kis k) =

0" >14,4,4,410,0,0,0 Pl =2u)I(1 + 2u)

1 1 1 (4 90 )
- _ il , .90a
kikoksky k3 (psa + 1)(p12 + p34)
I 1 1 (1 du cos(27u)
lim A®Y Rik) = —— U COTTY P — 2u)D(2u + 1
170190 <‘;7;7;7;‘0707070( ¢ ) k1k2k3k4 ks —ico 27T2 u—+ € ( U) ( u+ )
% (p12 + 1)72u71(1 _p34)2u71
1 1 1

__ — , 4.90b
k1koksky k3 (p12 + 1)(p12 + p34) ( )

— 60 —



1 1 1
 kikoksks k3 (P12 +1)(p3a+1)’

where we note that the ['-function poles in the u-integrals do not overlap.

lim A%?) (Fii ) =

R 4.90c
770*)0 Q‘%7%7%7%‘0707070 ( )

For the sub-leading terms, the u-integrals (4.74) take a similar form to those we evalu-
ated for the scalar exchange diagrams and they all have divergences due to contour pinch-
ing. For example, to obtain the contributions (4.33c) with oy = 0 and ay = 1, the basic
integral (4.74) is:

I (5+€5+¢) = 401
iy Ay 434102 (Fis B) (4.91)
1 [ du 1 ¢ ~(u5te
— / S0 (o) (g ke, k) AT (g ke, k)

. 7
2 ) o 2miu-+e 2302 2273

a1=0,a2=1

1 1 i du, cos2mu_ /€ €
S au I‘<f _9 )r(2 < 1)
Fnkakshs KoV /_Z-OO omi ute 2 TR

X (p12 + 1)_2u_§_1(1 —P34)2u_§

1 1 4
= 2 log(k) — 21 1 4+ O
P12+1k:3k:1k2k3k:4[e 0g(k) — 2log((p12 + 1)(p12 + p3s)) ’v+0(e)}

which has a simple pole at € = 0. One then evaluates the derivatives as prescribed in (4.73).
Upon combining all contributions to the exchange four-point function, these divergences
in the helicity-0 components do not cancel and it is necessary to add a counter-term.
The conformally invariant counter-term with the correct singularity structure is the spin-
1 analogue (4.32) of the counter-term (4.87) we used for the massless scalar,®® with the
same coefficient A = —2. This contains the term (4.90c) and therefore also induces a finite
correction to the helicity-1 component. The result for the exchange four-point function is:

(607 30/ 5(0/2) 4(i/2)yr _ 1 N E1 k2q12q34 =,
ki Tka Tky o Tka 2 k3 kikokska | (1 + p12)(1 4 paa)(p12 + p34) (P12 + p3a)
(4.92)

Notice that the helicity-1 component is singular not only at pi2 + p34 — 0, but also at 1+
p12 — 0 and 14+ p34 — 0 which correspond to setting either of the cubic interactions on-shell
(for energy conservation at the vertex) and thus carries information about the propagating
degrees of freedom. The helicity-0 component does not have these singularities and is only
singular for pis + p3s — 0. The helicity-0 component is therefore a contact contribution
to the exchange four-point function, consistent with the fact that a massless spin-one
particle has only helicity |[A\| = 1. It is therefore tempting to interpret the divergences we
encountered in the subleading terms, which contribute only helicity-0 components, as a
consequence of the decoupling of the lower-helicity modes in the massless limit.

The helicity-1 component matches with that in equation (4.55) of [34]. The helicity-
0 component differs by a local contact term which can be accounted for by a choice of

improvement (on-shell vanishing) terms in the cubic vertex.*6

“*In particular it is given by equation (4.32) with e = ®, £ =1and v; = v = %

46More generally, the contact terms in any helicity component can be changed ad libitum by adding
improvements to the cubic vertex.
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Massless spin-2 exchange. In this case, we have v = % for d = 3. Similar to the mass-

less spin-1 example above, the leading terms in the exchange four-point function are finite:

lim A"7 (ks ) (4.93a)

no—0" >13:3:3,5(0,0,0,0
B 11 /”OO du cos(2mu)
kikoksky k5
X (2 = p12 — 2u)(2 + p3a + 2u)(1 — p12)”* (psa + 1) 7272
_ 1 1 —(psat 2)piy — 2p12p34(p3a + 2) — (p3a — 1)p3a(psa + 3) + p12 + 2
k1koksks k° (psa + 1)*(p12 + p3s)’
lim A7 (ks ) (4.93b)

00" <3:33510,0,0,0
1 1 [T du cos(2mu)
" Kikakaka k5 /
X (2 = pas — 2u)(2 + p12 + 2u) (p12 + 1) 7 72(1 — p3g)®* >
11 —(pi2 4+ 2)p3y — 2p1opaa(piz + 2) — (pr2 — Dpia(pi2 +3) + paa + 2
 Fkoksky kP (P12 + 1)*(p12 + p3a)®

— ra—2u)l'(1+2
Cico 2m u+e€ ( w)T(1 +2u)

)

— ' —2u)l'(1+2
Cico 2mi u+e€ ( wT(1 +2u)

)

where the integration contour is not pinched by the Gamma function poles, and

- > 1 1 (pi2+2)(p3a +2)
lim AT i k) = - . 4.94
nolglo ®|§,§,§,§|0,070,0( ) kikoksky k5 (p12 + 1)%(p3a + 1) (4.94)

The sub-leading terms, which contribute only to the helicity-1 and -0 components,
instead diverge. As before, a conformal invariant counter-term with the right singularity
structure is provided by (4.32) with ¢ = ® and coefficient A = —2. Combined with the
helicity decomposition (4.48) of the O4, 8,:a,,3,-Polynomials (4.30) this gives

i/2) /) @/2) @2 1 N
O % %h %) T I Rk (4.95)

p12p3a+2(p12+psa)+1 =, 2k Q1234 —
(14p12)?(1+p34)?(pra+p3a)® — (pr2+psa)®

1+,

where the ... are the helicity-0 components which are a bit cumbersome so we do not
display them here. As before, the counter-term induces a finite correction to the helicity-
2 component. The helicity-1 and -0 components are only singular for pi2 + p3g — 0
and are therefore contact terms which are sensitive to the choice of improvements in the
cubic vertex. The highest helicity component on the other hand also has singularities at
1+ pi2 — 0and 1+ p3y — 0, as consistent with the propagation of a helicity-2 degree
of freedom. Accordingly, the helicity-2 component matches that of equation (4.61) in [34]
and differs by a local contact term in the lower helicity components.

Massless spin-£ exchange. The four-point exchange of any given massless spin-¢ field
follows in the same way as for the low spin £ < 2 examples detailed above. The leading
terms in the contributions (4.73) (with «; = §; = 0), which encode the highest helicity
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component, are always finite. The subleading terms instead exhibit divergences, which
can be interpreted as a consequence of the decoupling of the lower helicity modes in the
massless limit. Interestingly, for any spin ¢, these divergences can all be cancelled with the
conformally invariant counter-term (4.32) where @ = ® and coefficient A = —2.47

The helicity-¢ component has the following general form

Ny fe(p12, p3a) -

(i/2) ,(i/2) ,(i/2) ,(i/2)\r
b hN hN N = A y
<¢k1 %% %5 % ) K2 Uk kokaka | (14 p12)f(1 + paa)f(pia + paa)2-1 "
(4.96)
where the ... denote non-singular contact interactions and f;(p12,p34) is a polynomial in
p12 and p34 of degree ¢ — 1. Below we list a few examples for higher-spins £ > 2:
f3(p12,134) = 8(Pr2+D34)* +9(P12p34+1) (P12+p34) +3(p12p3a+1)°, (4.97a)
fa(p12,p34) =9 (16(]312 +p34)° +29(p12p3a+1) (p12+p34) (4.97b)
+20(p12p3a+1)* (pr2 +p34)+5(p12p34+1)3) ;
S5 P12,931) =9 (128(p12+p31)* +325 (12091 +1) (Pr2+psa)? (4.97¢)

+345(p12p3a+1)% (p1a+p3a)? +175(p1apsa+1) (p1a +p34)+35(P12P34+1)4)
and so on for higher and higher spins.

Partially-massless spin-2 Similarly we can consider the exchange of the partially mass-
less spin-2 field, which has v = % In this case the I'-function poles in the u-integrals (4.74)
do not overlap and there are no divergences. We obtain

<¢g/2)¢g/2)¢g/2)¢g/2)>, _ Ny (p12 + p3a)* + 2(p12 + p3a) + propsa + 1 =
ki ke ks ks kS kikoksks | 4((p12 + 1)2(p3a + 1)2(p12 + p34)?)
k2q12q34 ((p12 + p34)® — (p12 + p3a) — propss — 1)

2(p12 + 1)(p3a + 1) (p12 + p34)3

El+--- R

(4.98)

where the ... is the helicity-0 contribution, which is singular only for pi2 + p34 — 0 and so
does not encode propagating degrees of freedom. Note that partially massless spin-2 fields
also propagate a helicity-1 degree of freedom, which is manifest in the above expression
from the singularities as 1 + p1o — 0 and 1 + p3q4 — 0 for the helicity-1 component, in
addition to those in the helicity-2 component.

The expression (4.98) agrees with equation (4.56) in [34] up to local contact terms (i.e.
those singular only for p12 + p3s — 0) in the helicity-1 and -0 components, corresponding
to the freedom of adding improvements (on-shell vanishing terms) to the cubic vertices.

47Tt is tempting to explain this as a consequence of higher-spin symmetry, which would relate all coun-
terterms together into a single higher-spin symmetric counterterm.
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Maximal-depth partially-massless fields. More generally one can consider partially-
massless fields of spin £ > 2. The simplest are those of maximal depth which lie on the
boundary with the complementary series, where the scaling dimension is spin-independent
and given by v = %
For the contributions (4.74), the u-integrals for the leading terms are given for ¢ > 0 by:

R 1 oy cos(2mu)
1i (3+2¢6,3+20) ki k _/ — P — 2u)D (2
n§§0A>|é,§é,§lo,0,o,o( k) k20 ke koksky | oo 270 u—+e€ (€= 2u)T(£+ 2u)
> (1 - p12)—€+2u(1 +p34)—€—2u
cos(ml)T'(2¢) 1 0,20 1 —pi2
= ; 4.99
P kykokak (L4 pa® 2 \ 0+ 1 Tpad ) 4
- 1 +i0 du cos(2mu)
lim AGH#3+20  (pL :/ — (0 — 2u)T(0 + 2
TIOIQOAQ%’%’%:%MO:QO( ’ ) ]{72£+1k‘1/€2k3k‘4 —ico 2 u+ € ( u) ( + u)

> (1 +p12)7572u(1 o p34)f€+2u
cos(ml)I'(2¢0) 1 0,20 1 —1p3a
= 2 oIy ;

k2 ke koksky (1 + pro 0+1"1+po

> . (4.99b)

which, like for the ¢ = 2 case given above, do not exhibit any divergence for £ > 0. The
above expressions however do not hold for ¢ = 0, where the integration contour becomes
pinched, which manifests itself in the pole at £ = 0. The analytic continuation to ¢ = 0,
which corresponds to the exchange of a conformally coupled scalar, was treated earlier in
equation (4.81). The remaining contribution (4.76) reads

. . T(0)? 1
lim ABT263+20 ki k) = 4.1
7701—>0 ®|%’%’§’%|0707070( ’ ) k2£+1k1k2k3k4 (1 + plg)g(l + p34)é7 ( OO)

so that the leading-helicity contribution to the exchange of a maximal depth partially

massless spin-/¢ field is:

<¢(j/2)¢g/2)¢g/2)¢g/2)>/: (_1)£ N4
2 3 4

- I'(¢)?
k1 4 = k2£+1k1k2k3]€4

(14p12)f(1+p3qs)t

cos(ml0)T'(20) 1 0,20 1—p12 1 0,20 1—paa
+ F ; + F ; +
¢ Ltps)2 > T\ U Tpaa | (L) P\ 041 Tpra

Setting £ = 1,2 this recovers the leading-helicity contributions in the massless spin-1 ex-

change (4.92) and the partially massless spin-2 exchange (4.98) respectively. In writing
this expression we are assuming that there are no divergences in the lower-helicity compo-
nents — as was the case for the partially massless spin-2 exchange (4.98) — which can be
extracted in a similar way.

Graviton exchange between massless scalars. Using the raising operators (4.57),
from the above results for external conformally coupled scalars one can obtain expressions
for external fields with integer shifted scaling dimensions. In the following we shall con-
sider the example of the graviton exchange between massless scalars. The leading helicity
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component, which encodes the propagating degrees of freedom, can be simply obtained
from the contributions (4.84) and (4.85) to the massless scalar exchange by acting once
with each raising operator (4.57). In particular,

nloiglo AE7%E”3;T§7%|O,O,O,OU%; k) = nl()ir—>n0 [lﬂ]{ii}gkzlakl ak28k38k4-/4£3‘+7€‘:?%6.) (ku k):| . (4101)
Interestingly, upon acting with the above operators, each of the contributions above are
non-singular in the limit € — 0. In particular,

k)= [ fo =2 +]

lim A(7§7¢) 3i 3i 3i (

(4.102)

where the ... represent lower helicity components which are proportional to contact terms,
and the functions f, are given by:

fo = (P12 + p31)® (3ply + 6pTs + p12(ats + 8) +2(qiy +2))
x (3pdy + 6p3s + p3a(ass +8) +2(a34 +2)) (4.103)

and

fz = f<+f> = 934P%2+ 18p34pTo+3p34434072 + 634072 +24p3apTo +12p05 +27p54p3y
+72p34D72+108p3, P70 +9P34 034012 +24D34034P 70 + 12034070 +84p3apia +24p3y
+27p34p1a+108p54p1s +204p3y 1y +188p3,p15 +3p34atapls +6134aT2p1a +8P31diapis
4GP0+ 93403412+ 36P34 034D 2 + D340 T2 BaD o+ 2012 B3P 1o +44D3445415 + 16434115
+56p34p1y —8pia+9p54pTs + 7234050 + 2043 4pTy +228p5, pla +40p34pTs + 9p34aiaps
+24p31aT2p}a +36p34aTap o+ 28P31aTapta + 8aTapls +3p54 @ Ts + 24P34 Gap
+60p34034PYs +3P34aT2 34D 0 +8P34aTa@3apia + 4072 0P Ts + 64p34a3,p,
+3243,p72 — 56p3apiy + 16pTs+18pS, pTs +108p3,piy + 188p34pis +40p34pio — 100341
+9p34 072D 0 +36D340T2P 10 +60p34q12PT0 +68D34qT9P T +40p34qTapTs +807D10 +6P34034D 1o
+36p34034P1 0+ 68D34034P T2+ 3340120340 2 + 121344120340 2+ 12D34072434PT2 +64p343, 7T
+2003 40Ty — 48psaply +24p%4p12 +84p34p1o+56ps,p12 — 56p3p12 — 48p34p12+ 3pSaadapia
+24p34qTp12 +44p3aTap1a +64p3 4012+ 64P340Top12 + 24p3aaiap12+8P3aaapiz
+28p5,4454012+ 4034034912+ P34 G2 GaaP12+ 8P4 GTo Bap12+12D34 072 @34 D12
— 43412 @34P12 — 801203412+ 24P34q3ap12+12p5, +24p5, —8piy — 16p3, +6pSyats
+16p54430 +32p3407> +200540Ts +4D54034 +8D34034 + 8034054+ 2054472034+ 4D340T203
—8P34q 2051 — 4419434+ 12p34 415 - (4.104)

In this case it is therefore not necessary to add a counter-term, and the corresponding

leading helicity component to the graviton exchange is given by

(/2 (3912 03/2) 3i/2)yr _ Ny (fo — f2) =2 L
ki Tk Thks o Tha (k1kokska)3 k5 [ (1 + p12)2(1 + p3a)?(p12 + p3a)? ’
(4.105)

which we confirmed matches with equation (2.26) of [119].
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Figure 7. Depiction of the Unitary representations in dS;y; for symmetric tensors (p = 1) and
scalar (p = 0) representations. Representations differing by v — —v are shadow of each other and
are partially-equivalent. In red we display the principal series, in green the complementary series
and the dark-blue dots are the boundary of the complementary series known as the exceptional
series. All boundary operators dual to curvature tensors of bulk (partially-)massless gauge fields sit
at this blue point [120]. The yellow dots denote the (partially-)massless points v = —2[d —242({ —
¢) — 2] for totally symmetric representations where ¢ = 0,1,...,£ — 1, with {( = 0 corresponding
to the massless representation. The maximal depth partially-massless point coincides with the
exceptional series point. In dSy the exceptional series is supplemented by the discrete series, which
gives a unitary representation for each dual operator to (partially-)massless gauge fields. In grey
we instead highlight the usual unitary representations in AdS4y1, on the boundary of which (the
grey dot) lie the massless representations. In light-blue we highlight instead the shadow-dual of
the yellow dots. It is worth stressing that for generic d the discrete series does not involve totally
symmetric fields (and is thus absent from our diagram), and remarkably in d = 3 it coincides with
the yellow dots furnishing a unitary representation for each gauge field otherwise absent in generic
dimensions. It is remarkable that the existence of short unitary representations with the quantum
numbers dual to Fronsdal fields is an accident of dS3 as opposed to what happens in AdS;41, where
massless representations, instead of maximal-depth partially-massless fields, can be always found
at the boundary of the unitary region (the grey dot at the end of the grey line).
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4.7 Exchanges in dS vs. exchanges in AdS

It is instructive to compare momentum space exchange diagrams in de Sitter and anti-de
Sitter at the level of the Mellin-Barnes representation considered in this work, to better
appreciate differences and similarities between these two cases. In the following without
loss of generality we shall consider the tree-level exchange of scalar fields. AdS spinning ex-
changes can be obtained following the same steps we have taken in the dS case. The Witten
diagram for the exchange of a general scalar field in AdSy4; in terms of the corresponding
Conformal Partial Wave reads (see e.g. [7, 59, 85]):4

A oL o) 1 1“‘2 .

ki k) = dp ————— — Faas(ki; k), 4.106
nas(Bsf) = [ du e I Fras(RiF) (4.106)
where the exchanged scalar has scaling dimension A = g +i(v —i€), € > 0, and where we
introduced an epsilon prescription to avoid crossing the contour of the spectral integral (i.e
the real line) as we analytically continue v from the imaginary axis to the real line. The
Conformal Partial Wave for the AdS exchange is:

Faas(kis k) = [0y, (k1) Ouy (k2) O (k)] [O— 1 (— k) Oy, (F3) O, (Ka)], (4.107)

where the three-point factors are given by scalar three-point Witten diagrams (see equa-
tion (2.86a)):

- —

[OV1 <k1)OV2 (/{72)01,3(];)] = BV1,V2,V3<<OV1 (EI)OW (EQ)O% (E») (4'1083‘)

3
- jl—Il F(l\—/l—il/]) /[ds]g i7T5<Z — 81— 52 — Sg) (4.108b)

3 728j+il/j
kj
X pl/1,1/2,1/3(31)82783) H E )

j=1
which gives the following Mellin-Barnes representation for the exchange Witten diagram:

S io0 dudu d d
AAdS(kz‘;k’) :Nfds/ [d8]4 uu2”r5< — 81 — 89 — U>Z7T5< — 83 — S4 — u)
oo (27i) 4 4

o0 d,u k —2(U+’l_L) 4 k] —2Sj +iVj
—_ | = — 4.1
X/_OOMQ—V2+Z'€<2> jHl 2 (4109)
pul,uz,,u(slv 52, u)pug,m,f,u(s& 54, ﬂ)
L(ip)T (—ip) ’

where we have factored out the normalisation:

4
NP — HF(H% : (4.110)

“8Here we used p as the spectral parameter in the spectral integral to distinguish it from the spectral
dimension of the exchanged particle, which in this work is given by v. Note that in the AdS literature the
spectral parameter is instead usually taken to be v.
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In the above form the spectral integral in p is factorised and can be easily evaluated using
the following identity:

/oo F(a1 + %‘)I‘(al — %)F(az + %)P(CLQ — %)P(ag + %)F(ag, — %)

dp

—oo F(—iu)F(iu)F(a4 +% 1)F(a4 -4y 1)
_ 8nl'(a1 + a2)'(a1 + a3)(ag + a3)['(—a1 — a2 — az + ag + 1) (4.111)
I'(1—a1+a)l(1 —ag + ag)T(1 — az + a4) ’ '
the proof of which can be found in [121]. In particular, we have that*->°
/+°° L Dt $w— @+ $)r@-4)
oo u? —v? +ie T(ip)T(—ip)
_ 212 ese(m(u+ a))T(u+ 2T (a+ 2) (4112)

Ml-u+%r(1-a+%)

Using the Mellin-Barnes representation (4.2) for Conformal Partial Waves, the resulting
expression for the AdS exchange is then

Four-point exchange Witten diagram for generic scalar fields in AdSgi1

N +i00 du d oL
Apnas (ki k) :Wfds/' (;;i)l;/[ds]zl csc (m(u+ ) daas (u, @) F'(si;u, ulki, k)
(4.113)

where the function daqs(u, ) in the Mellin-integrand in this case reads simply:

Saas(u, @) = ;sin<7r <u - ;”)) sin<7r <u - Z;)) . (4.114)

We thus see that the representation (4.113) for the exchange diagram is universal in both de
Sitter and anti-de Sitter, which differ only in the interference factors ¢(u,w) which encode
the zeros of the Mellin integrand. In AdS, the factor (4.114) precisely cancel the poles

r<u2’>r<u12”> (4.115)

in the CPW (4.2) associated to contributions from the shadow conformal multiplet (labelled
by scaling dimension d — A), which go as:

(K2) " [# + O(k)). (4.116)

“9To apply the identity (4.111) to the spectral integral in (4.109) one notes that

1 _ L(ip —iv + €)I'(—ip — iv + €)

u2—v2+4+ie Tlp—iv+e+1)I(—ip—iv+e+1)

50We have explicitly checked this to be equivalent to using the more standard representation of the
momentum-space AdS bulk-to-bulk propagator:

(2, 2) = 24222 Ky, (k2) L (k2)0(2 — 2) + 2222 [, (k2) K (k2)0(Z — 2) .
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The role of the spectral integral in the expression (4.106) for the EAdS exchange is to
precisely project away the shadow contributions, which is translated into the zeros of the
function (4.114) in the Mellin-Barnes representation for the exchange. In the dS case
both the shadow and non-shadow multiplets contribute, as can be seen from the OPE
limit (4.55).

As for the de Sitter case, the poles (4.16) of the csc-function in the Mellin-Barnes
representation (4.113) encode the EFT expansion for the exchange Witten diagram. Con-
sidering for example external conformally coupled scalars, for which the Mellin-Barnes
integral (4.113) takes the same form as (4.62) but with interference factor (4.114), pro-
ceeding as in section 4.5 one obtains the EFT expansion:

Lo AfAdS p\2-d = s\ "
oy _ 4 K (d) 2—d—2m [ P34 4.11
AAdS( ) )‘EFT 2k51 k2k3k4 <2> Z Comn (p12) P12 ) ( 7)

n,m=0

(d)

where the coefficients ¢, are the same as in the de Sitter case and are given by equa-
tion (4.65), while for the non-perturbative corrections we have

I AdS k 2—d
Apas(kis k) = i csch(mv) m Ni ( >

non-pert. 2]€1k2]€3k4 5
X |8+ (p12)+ (p34) — T+ (P12)T—(P34) — S—(p12)S+(p34) |, (4.118)

where one notes the absence of terms §_(p12)§—(p34), which would give non-analytic con-
tributions corresponding to the shadow conformal multiplet. The zeros of the interference
factor (4.114) ensure that such terms do not arise when evaluating the residues of the
poles (4.53), in contrast to the de Sitter case.

We note that, just as for the de Sitter exchange, the EFT contribution is entirely
specified by the factorised contribution (4.118). The latter can be recovered from the
discontinuity of the exchange four-point function in s = k2.

In would be interesting to explore Witten diagrams in AdS further using this formalism.
To date there are only a handful of works on momentum space approaches to Witten
diagrams see e.g. [38, 39, 122-127].

5 Inflationary correlators

The Mellin framework can also be used to study inflationary three-point functions. These
can be obtained from de Sitter four-point functions under the assumption of slightly bro-
ken conformal symmetry by taking the soft momentum limit of a scalar external leg with
a small mass v = z(% — e), where € is related to the slow-roll parameter [29, 42, 43]. A
simpler example of this idea was followed in section 3.4, where we obtained the corre-
sponding inflationary two-point function from the late-time de Sitter tree-level three-point
functions (3.27). In contrast, inflationary correlators obtained from de Sitter exchange
diagrams contain signals for particle exchanges, which manifest themselves in non-analytic
contributions in the squeezed limit k3 ~ k — 0. This limit has some similarities to the
OPE limit considered towards the end of section 4.2, but a key difference is that there one
takes k < ks while for the squeezed limit we have k3 ~ k (see e.g. figure 8).
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Generic configuration of momenta Soft limit 324 —0

Figure 8. The soft limit is closer in spirit to the collapsed triangle limit in which ps4 — 1. In the
Mellin-Barnes representation this is manifestly non-singular.

Before proceeding let us note that in this setting the inflaton ¢, which we are approx-
imating by a massless scalar, is usually assumed to couple in a shift-symmetric fashion —
i.e. in a way which is invariant under ¢ — ¢ + ¢ where c is a constant. The shift-symmetry
implies that there are no O(1) terms in € in the soft limit of the exchange four-point func-
tion. i.e. there is an Adler zero. It should be kept in mind that, while we do not explicitly
consider shift symmetric couplings in this work, since any non-trivial coupling of two scalar
fields and a spin-/ field is unique on-shell, the exchange four-point function differs from that
generated by a shift symmetric coupling only by a finite number of contact terms and an
overall polynomial in the scaling dimensions which multiplies the factorised contributions.
This in particular means that, even for couplings which are not shift symmetric, there are
no O(1) terms in € when focusing on the non-analytic terms in the exchanged momentum

in the soft limit.

Soft limit. First we take the soft momentum limit of a scalar external leg, say QS]%:“), in the
spin-¢ exchange four-point function (4.37). Like in section 3.4, this is given by the residue
of the leading pole s4 = —’% in the corresponding bulk-to-boundary propagator (2.82).
At the level of the Conformal Partial Wave, which carries the pole in question, this reads:

244 .
R, 2 2
hm]: o(sisu,ulki k) = (k4) (m)d(dze_sl_@_u)(m)5<dzg_33+2;4_ﬂ)

2
X Py, (83,0) P o, (51, 52, 1) <2> II(5
j=1
x@l(ll)’y%yg’m’ (ki k|si,u, ) e o F (5.1)
where we used that k ~ —Eg, as E4 — 0 and defined
Ress __ |:p1/3,l/4, (537 S4,U )i| ( )
9.2a

pl/s,l/(53v ﬂ) = [

4ﬂ(

(51— )0(s4 + )|

(g—w>r<u+i2”>r<u—i2”>. (5.2b)

Y
2
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This is equivalent to taking the soft limit of one of the three-point functions in the factorised
expression (4.25) for the Conformal Partial Wave. The soft limit of three-point functions
was considered in section 3.4, where it was in particular shown that

@ (g'lgfivové" E3’337841a)

pV37V4,*V 34:7ﬂ
2
(d—2€—2i(V3—V4+V)) (253+2a—2e+i(u3—u))
4 ¢ 2 (=i € Fa)t
= 4 - — —i&-k3)", (5.3)
(i —w= 1)2(“ -5 _f)e

-~

HU3,—V;U4|Z(337E)

where for convenience we introduced the function 7(ss, @), so that in the limit k4 — 0 the
contraction (4.29) reads

@(Z) (EHE‘S“U)@)

V1,V2,V3,V45V

54:—%%4:07 k~—ks

!/ «
V4 a ~ (e e o
= Z Z (O[) (ﬁ) Hul,yg,u|a,6(317 52, u)HVg,fl/;VALM(S?)? 'LL) 91(,1)7,,2,1,‘&’5(14717 k27 k3)7 (54)

a=0 3=0

where we defined

é“) (ElaE%ES) =

v1,v2,v|a,f

! ik O (=€ k)Y © =
M(—Zkg.ag) (=& - k3) yVLVz,u\a,ﬁ(g . ]4;175.]{;2)]' (5.5)

This gives the soft limit k4 — 0 of the Conformal Partial Wave (4.26) which, via (4.37),
gives the soft limit of the spin-¢ exchange four-point function:

li (1) (v2) ,(v3) ((va)ys _ [ Ka 2iy4N ['(—ivy) L 0\ [« é(z) P
kig0<¢121 ¢132 ¢123 ¢;;4 ) = ) 4WZZ AV ,,1,,,271404,5( 1, k2, k3)

a=0 =0
~(d+2¢ R,
X Al(/1jl_/2,l)/3;u4;y72|a,5(k1a k27 kB) s (56)
where
AI(/T?VQ,Vs;Vz;;V,ﬂa,ﬁ(Elv 52, E:a) = /[ds]g cse(m(u + a))g(x7d+2é) (u, @)

X Hul,ug,u\a,,é’(sla 52, u)pl/1,l/2,l/(317 52, U)Hug,—u;m\f(s?n ﬁ)pl/3,1/(337 ’L_l,)

<(3) 15 na (1)
j=1 = T2E sy T
Setting vy = z(% — e) and collecting the terms linear in € gives the leading slow roll cor-

rection to the inflationary three-point function with three general external scalars due to
a general spin-£ field, which we shall consider in more detail in the following sections.
Note that, strictly speaking, one should also include contributions from exchange di-
agrams in the other channels (i.e. the t- and u-channels). These can be computed in the
same way as we did for the s-channel exchange (or simply by permuting the external legs),
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and they contribute only analytic terms in k& ~ k3.%! Non-analytic terms in k ~ k3, on
the other hand, signal the presence of new particles in the inflationary three-point func-
tions [22, 24, 25, 27, 29, 30, 44, 45, 128, 129]. In the following sections we focus on the
non-analytic terms generated by the exchange of a general spin-¢ particle, starting in sec-
tion 5.1 with the leading terms in the squeezed limit k3 ~ k& — 0. In section 5.2 we consider
the full non-analytic contribution.

5.1 Squeezed limit

If we take the squeezed limit k3 ~ k — 0, at the level of the CPW (5.1) this corresponds
to taking the soft limit of the spin-£ leg in the other three-point function factor, which we
also carried out in section 3.4. In particular, using (3.54) and (3.51), in the squeezed limit

we have

61(/?,V2,V3,1/4;1/(Ei; E‘Sia u, ?TL) ~ HV;;,—V;V4\€(337 Q)W(_ZE?) ’ éi)é(_ig' ]%’1)6
(5 —1),
d_

DicosO) Kk, (5.8)

S
)

where we used that k:_é ~ —El as k — 0 and defined cos ) = 1;'1 . 12:3.

In the squeezed limit the integrals in s and s3 can be lifted in the usual way with the
residue theorem. The easiest is the integral in so which, after using that ko ~ k1 as k — 0
and re-defining s; — s1 — so, can be lifted using Barnes’ first lemma, which gives

() 4(02)  (03) 4 (00)
Y5 %% %k %%

T(—ivy) (ke \ 2™ (—=1)%0 4_q Lo
o 4><4> 2( O G (os ORI T s (i, Fr)s (5.9)

e \2) w(Edo),
where
- o 1 k _(d+i(V4_V3)+2£) k i(Vl-f—l/g)
Im;m;u,ﬁ(k‘l, k’3) = E (23) <21> (5.10)
(d72€+2i(71/3+1/471/)> <d72€+2i(1/3+1/471/))
4 ¢ 4 ¢
X —
(Q_Zy_l)g
% dsq dss d iy d d-+2¢ d-+2¢ 1y
bt D Sy S §(d+2¢,d+20) . . Wy
X/QO’Qm' CSC(”(f g Tim 83>> g Ty ety

1 iV - ivs d+20 vy d4-20 k) 2
F :l:ij:i V—' 1% 77_ 777_ ' *
XF@&)E (51 5 T )Pug, A <S3 A R s

51Recall that k is the exchanged momentum in the s-channel.
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The integral in s3 can be evaluated by closing the contour on the positive real axis, which
encloses the following sequences of poles:°?

d— 204 2iv 4 2ivy
n,
4
d+ 20+ ivs +2n — 281

83 ~ 5 +m, m € Zx>o, (5.11b)

S3 ~ nec ZZO7 (5.11&)

where the second sequence originates from the csc-factor. Closing the contour on the left,
the re-summation of the residues from the first two sequences (5.11a) is given by a Gauss
Hypergeometric function 9F; at argument z = 1, which is a simple ratio of I'-functions
by virtue of Gauss’ theorem.?® Instead the re-summation of the residues from the csc-
poles (5.11b) gives a generalised Hypergeometric function 3F5 at argument z = 1 with
parameters depending on the remaining Mellin variable s;.

The remaining integral in s; can be evaluated as a series expansion in k3/k1. In the
squeezed limit we are required to close the integration contour to the right of the imaginary
axis, where the non-analytic terms in k are encoded in the residues of the sequence of poles:

d+ 20+ 24
S1 = % — n’, = 2207 (5.12)

where the leading term is given by the residue of the poles with n’ = 0.5* Nicely, the 3F
Hypergeometric function generated by the ss integral has simple residues on the above

poles, which are given by a basic ratio of I'-functions.

Setting vy = z(% — e), one can first verify that the terms of order in e vanish identi-

cally. One can then collect the terms linear in €, which give the following leading slow-roll

correction in the squeezed limit:*>

521t is also important to keep in mind that the behaviour of the integrand for sz = Re® with R — oo is
(see section B):
e(%727$(1/4)) log(R) )
This means that there are no potential divergences when vy = z(g - e) for e — 0.
33Gauss’ theorem is the identity:

I'(e)I'(c—a—Db)

2Fi(a,b;c;2=1) = m.

541t is interesting to note that while in the OPE limit, where & — 0 and k < ks, we observed that the
cosecant function generates only analytic terms in k, for the squeezed limit we instead have k ~ ks — 0 so
that non-analytic terms may also be generated from the residues in (5.11b) — as we have just confirmed.

55Tt may be useful to note that, in order to arrive to the simplified expression (5.13), in the last step we
used the identity

esc( T (0 +i(v —vs)) ) sin(F (~0 +i(v =) = (=1)",

which is valid only for ¢ € N.
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Squeezed limit of the correction to the inflationary 3pt function from a spin-¢ exchange
N (-2 )é@ L i(r1+v2) k —Ztivg
<¢(V1)¢(V2)¢ v3) Y . _ &V aas ~3
(nfl) = 32/ (4— ), \ 2 2

1
(22) (o W T(i) (—5—%+%41),
<G 0>[(k1> (¢—iv—1),(¢4+l—iv)

X sin(%(d—l—%—%(l/—ul —Vg))>csch<g(16+y+y3 ) Hr<d+2€—22(4yi1/1i1/2)>
+4

+v——v], (5.13)

where we divided by the two-point function of the leg with respect to which we are taking
the soft limit. To the best of our knowledge the above result for general external scalars is
new, even when d = 3, and its generality demonstrates the effectiveness of the Mellin space
tools developed in this work. In the next section we shall moreover consider the subleading
corrections to the squeezed limit.

The expression (5.13) is consistent with the signatures described in [27, 29] when d = 3
for new particles in inflationary three-point functions, whose form is constrained by the
slightly broken conformal symmetry [29]. In particular, for exchanged massive particles on
the Principal Series, v € R, we have oscillatory terms in 10g<%”>, while the fact that the
exchanged particle has spin ¢ is indicated by the Gegenbauer polynomial (which reduces
to a Legendre polynomial when d = 3).

Considering external massless scalars (i.e. v; = %) and setting d = 3, one recovers
equation (6.144) of [29]:

3_iu . .
(G gy (-8)~e ks ) L((+ivt3)T((—iv+3)
k1 ko ks infl.

LR ((+1) Feleosd) <4k1 (0—3)7 102
r  (5+0—iv)(1—i(—1)*sinh(7v))T(iv)
cosh(mv) (3 —t+iv)D (iv+3)

+v——v. (5.14)

Note that the (—1)6 was not predicted in [29] since their analysis assumed equal external
scalars from the beginning which precludes the exchange of odd spins.

We emphasise that the above result was obtained by considering the canonical /-
derivative coupling of a spin £ field with two scalars. Higher derivative couplings change
the above result (and the subleading corrections) just by an overall polynomial factor in
the scaling dimensions.

5.2 Beyond the squeezed limit

In this section we shall consider the subleading corrections to the squeezed limit. For
simplicity we focus on the case where two of the external scalars, &) and ¢(”2), are
conformally coupled while the remaining external scalar ¢(*#) is kept general. By acting
with the raising operators (4.57) we then obtain the result for v4 5 = 3¢, which for d = 3
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correspond to massless scalars. We compute all subleading corrections to the squeezed
limit, focusing on the non-analytic terms in & = k3 which, quite remarkably, re-sum to a
Gauss Hypergeometric function which moreover provides the analytic continuation away
from the regime k ~ k3 < k1 2.

To this end we consider the basic seed integral:

(d—2€+2i(—1/3+y4—u)) (d—2K+2i(V3+V4—V)>
4
4 L

T
(% _i’/_l)e

A (R, Ko, k) =

v1,v2,u3;v4;0,8 o
X /[ds]g ese(m(u + @))5(36@”@)(“’ u)

py17y2,y(51, s9, U)py& (83, ’(_L) (l{g) —2(u+u) f[ (]C] > —2sj+iv;

X :
(ut+%-a), (@-%- )o \ 2 j=1 2

(5.15)

u:£731752 )
a=G2l gy 0

from which all contributions (5.7) to (5.6) are given through the recursion relations (4.59):

Al (k1, ko, k3)

v1,v2,v3; V450, o, B
2(a=p+iv1)  2(B+iv2) go— —2ivy 1, —2ivy f(T) SN
— (_l)akl @ w kQ w2 8;:% Ba}f% |:k71 Zl/1k2 ZV2AVT,VQ,V3§V4;V7£|a(k17 kQ,k‘g):| . (516)
When ¢®*1) and ¢(2) are conformally coupled, Vi = %, both the integrals in s2 and
s3 can be lifted. As before, the sy integral is the easiest after re-defining s; — s1 — s9, and
is a simple application of the residue theorem:

z T—40—2i(v—v3—14) T—40—2i(v+v3—14)

i(@) (k1,k2,/€3) ! <k3>w3w4§2+1( 4 )e( 4 )é

visvaivitlo Vrkiky (%—E—iy—l)é
120 g1 dss T+T 1y
o e— 4 ) @)
x/_m 9 9mi csc(w( S 83+ >> ( 31, —83+— 5 >
—21 4 21
xr(231—1)r<x 4“’—31>r<x ataw > 2p19)! 72 (5.17)

e (o (PR o (P )

The integral over s3 can be evaluated by closing the integration contour on the positive

T=d+2¢

real axis, which encloses the following sequences of poles:

T — 40— 2i(v —vy)

S3 ~ 1 +n, neN, (5.18a)
o; _

53 ~ WJrn, neN, (5.18b)
2ivy — 4 T

S ~ W Si+x+x+n, neN, (5.18c¢)

where the final sequence comes from the csc-function. The re-summation of the residues
for the first two sequences of poles above is given by Gauss oF} hypergeometric functions

— 75 —



at argument z = 1. The resummation of the residues of the last series of poles gives instead
a generalised Hypergeometric function 3F5 at argument z = 1.

k
ik, o the

following we shall focus on the non-analytic terms, which are encoded in the residues of

The remaining integral in s; can be evaluated as a series in pf21 =

the poles ‘
slwfiz—i-n n e N. (5.19)

4 2
It is further possible to resum the corresponding series using the fact that the residues of
the 3F5% hypergeometric function collapse to a o F} at argument z = 1, so that all terms can

be simplified using Gauss’ theorem to a ratio of I'-functions.

Setting vy = z(% — e) and expanding in e, it is lengthy but straightforward to check
that the order zero result in € cancels identically. For the terms linear in €, the residues of

each sequence of the poles (5.19) re-sum to a Gauss Hypergeometric function:*°

Aln a. (1, k2, k3)

§7§,V37%(§ )7Va€|0<

3/2 /1 —Ativz—5+1 o z—2iv—2 z-2iv
™ 3 _z Y
— (=1 s ) =5+l p 4 4.
e(=1) A1 kg (2> (2p12) 241 a—iv+l ' pl,

( —l—ivtivy+2 ) ( —Ofivtivs+2 )
2 1 2 1

(%_iy_l)e(%_iy_l)a—g+2

+(v — —v)+local. (5.20)

csc(imv) cse (%(6—1’(1/—1—1/3))) cos (%(w—%u))

Through the recursion relation (5.16), this gives all the contributions (5.7) to the leading
slow-roll correction from a general spin-£ field to the inflationary three-point function with
two conformally coupled scalars and a general scalar ¢(*3):

Leading slow roll correction induced by a general spin-£ field to the inflationary 3pt function

{ «
i i v L Q\ Xy 7o P a—p+iv i
200y =06 303 (1) (5) 81 g o) (1) 0

a—B gf | .—2iv1 3, —2ivy f(d+20) 5 - -
xﬁk% 3k§[k‘1 'k, 2,41,/2’1,/271/3;1.(%76);M'a(kl,kg,kg)_ (5.21)

Furthermore, by acting with the raising operators (4.57),

i@ _ 4 @)
vitivetivsivlla kiko 6k1 8k2 Ay17y2’l/3;1/7[|a ; (522)
one obtains the corresponding result for when the two scalars have vy = %, which in

d = 3 is the massless scalar.

®6In obtaining (5.20), only for the last step we used the identity
sinh(%(ié +v— 1/3))CSCh(g(7’M +v— 1/3)) =(-1)",

which requires the assumption £ € N.
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When the correction is induced by a scalar field, we see that the contribution (5.6)
with «, 8 = 0 gives the full inflationary correlator (5.21) at leading order in slow roll, so
in that case there is no need to apply the recursion relation (5.16) and the result takes a
simpler form:

Leading slow roll correction induced by a general scalar field to the inflationary 3pt function

<¢ /2)¢(1/2 ¢(V3)>1n :N?)A(l‘d)i (k?bEZ,EB)
k1 3+3V3:1,0(0
d ., -
. T (kg 2ttt Cd
g () b

y L(iv)T'(4 — iv — 1) cos(Z(d — 2iv))esch (3 (v + v3))
(v —u3)(v+13)

d—2iv—2 d—2iv
X 2k 47t — )+ (v = —v) +local. (5.23)
11— Dl

By acting with the raising operators (4.57) as in (5.22), from the above expression we can
3

obtain the corresponding result for when the two scalars have vy 2 = 5:

Inflationary Spt function of a general scalar and two scalars with v 2 = %

<¢ljl/2 ¢(3Z/2 ¢k3 >1nﬁ NS aklakZA( Y (k;h EQ’ ES)

i 4
3,3.V35V v,0/0

N YT VT <k3>—2+w3+3r(¢u)r(g —iv — 3) cos(Z(d — 4 — 2iv))esch(F (v + v3))
2 (v —vs)(v +13)
y k:lkrg(d — 2iv — 6)(d — 2iv — 4) + 2k3p3,(d — 2iv — 6) + 4k3p3,
k3k3k32
1haR3

d—6-2iv+2 d—4—2iv | )

(21712) s 2F1 4 oy 5
11— Dl

n (d — 2iv — 6)(d — 2iv — 4)(k1k2(d — 2iv — 3) + k3p%y)
k3k3k3(1 —iv)
) d—2—2iv d—2iv
% (2}?12)2”_%_1 2F1 ( 4 >. 4 : 1>

2 —v p%Q

n (d —2iv —6)(d — 2iv — 4)(d — 2iv — 2)(d — 2iv)
k3k3k3(1 —iv)(2 —iv)
. d+2—2iv d+4—2iv |
X (2p12)" 7270 o Fy ot =

3—iv Dia

+ (v = —v) + local.

When d = 3, the two scalars with v1 o = % are massless.

6 Conclusions and outlook

In this work we have presented a new systematic approach to de Sitter and Inflationary
correlators based on the Mellin-Barnes representation in momentum space. The machinery
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of Mellin space gives a firm grasp on the analytic structure of momentum space correlators,
through which we have identified key general features of tree-level exchange four-point
functions, that are common to both de Sitter and anti-de Sitter space, which appear to be
universal consequences of conformal symmetry and the boundary conditions.

This framework has allowed us to obtain, in a straightforward manner, analytic ex-
pressions for late-time exchange four-point functions with generic external scalars and a
generic exchanged spin-/¢ field, moreover for general boundary dimension d. As an interme-
diate step we also obtained analytic expressions for late-time three-point functions of two
general scalars and a general spin-£ field. From these results, assuming the weak breaking
of the de Sitter isometries, we extracted the corresponding correction to the inflationary
three-point function of general external scalars induced by a general spin-£ field at leading
order in slow roll. In the squeezed limit this exhibits the power-law/oscillatory behaviour
expected from the presence of new particles [24, 25, 27, 29, 44, 45], with the angular de-
pendence associated to the exchange of a spin-£ field encoded in a Gegenbauer polynomial
for general d.

We conclude by highlighting a few interesting future directions which naturally follow:

e The universal form (4.37) of the exchange four-point function admits a natural ex-
tension to the case of spinning external fields, directly in terms of the corresponding
Conformal Partial Waves for spinning external legs [40]. These details will be pre-
sented in [95].

e The central role of the Mellin formalism in uncovering analytic properties of late-
time correlators at tree-level motivates the exploration of quantum corrections within
this framework. It would be desirable to obtain a better understanding of quantum
corrections at both the perturbative and non-perturbative level, which a bootstrap
approach to de Sitter correlators may facilitate.

e Having considered four-point correlators both in AdS and dS, it would be interesting
to explore the more challenging case of flat space holography in this framework. In
this context various new ideas have been set forth recently [130-134] and it would be
interesting to further understand the possible relation between the results obtained
in this paper and the corresponding flat space analysis which lies in between. The
differences between dS and AdS cases with a time-like and a space-like boundary
respectively, compared to the light-like nature of null-infinity in flat space, make
clear that key differences are expected and that these dualities cannot be smoothly
connected to each other. On the other hand our analysis clarifies quantitatively how
some specific signatures of conformal symmetry are in fact universal. It would be
interesting to clarify if these universal features do play a role for flat-space holography.

e Another advantage of the Mellin formalism presented in this work is that higher-point
correlators may be easily constructed by multiplying together three-point structures
in a way that generalises the construction of exchange four-point functions. What
remains is to determine the corresponding interference factor §, which may be fixed
by demanding the correct singularity structure.
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e Utility of the Mellin-Barnes representation extends beyond the context of boundary
correlation functions in (anti-)de Sitter space, and may more generally be used to
study conformal structures in momentum space. It would be especially interesting to
explore possible applications of this framework to the Conformal Bootstrap,®” partic-
ularly its incarnation due to Polyakov [85], who in the 70s proposed expanding CFT
four-point functions in a crossing-symmetric basis of building blocks in momentum
space and using consistency with the Operator Product Expansion as a constraint on
the CFT data. At the time this approach was little explored due to the technical com-
plications in implementing conformal symmetry in momentum space, but recently it
has experienced a revival due to the observation that these building blocks are es-
sentially boundary exchange diagrams (i.e. exchange Witten diagrams) in anti-de
Sitter space [136]. The success of this revival came from combining this observation
with the Mellin representation of Witten diagrams in position space [12], which has
led to important advances in analytic approaches to the Conformal Bootstrap (see
e.g. [60, 121, 137-141]). Given the pivotal role of the Mellin space machinery in this
progress, it would be very interesting to understand whether the tools presented in
this work could help overcome the difficulties of implementing the Polyakov Bootstrap
in momentum space, potentially offering new perspectives on the analytic bootstrap.

We leave these questions for the near future.
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A Wick rotation

In this appendix we briefly review the Wick rotation from Euclidean to Lorentzian signa-
ture. For definiteness, we will focus on the leading short distance singularity of the 2pt
function, which reproduces the flat space singularity and in Euclidean signature reads:

(¢(71, 71)(72, T2)) = o e T (A1)
(11— 72) + |71 — #2?] 2

*"For a recent comprehensive review see [135].
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where the ... give less singular contributions. The Wick rotation to Lorentzian signature

is defined by specifying the corresponding domain of analyticity. In the case of Wightman

functions, positivity of the energy implies the following ie prescription:®®

€ 1€ c
<<b(t1 — 5,%1)(;5@2 + 2,x2)> = d =t (A.2a)
[—(tl — tg — i€)2 + |Zfl — 52‘2] 2
€, 1€ c
<d>(t2 — 5 T2)e(t + 2,x1)> = d s+,  (A2b)
[—(t1 — t2 +i€)? + |71 — Z2|?] 2

One can therefore see that the Wightman correlator has an e-prescription which depends
on time-ordering:

($(t1,71)(t2, T2)) = o e (A3
[—(t1 — t2)? + [Z1 — T2f2 + isig(ts — t2)e] 2

The above analytic continuations for time-like separation 2, < 0 can be summarised as

P(t1)p(t2) : aly = |za? eTimsisli—tz) (A.da)
P(t2)o(t1) : aly = |za|? e T siBli ) (A.4b)

one for each operator ordering.

From the above it is manifest that the non-singularity of the Harmonic function in
EAdS is equivalent to the Hadamard condition for the corresponding analytic continuation.
Indeed, following the above prescription, the dS short distance singularity reads:

—d
11 P4l (1-X; Xo\ 2
1-d
1 D) (=l —m)* + |7 = B £ isgn(m —m) e *
2T (iwv)[(—iv) (2r)(d+1)/2 2 Y

thus recovering the dS Wightman functions directly from the EAdS Harmonic function up
to an overall coefficient.

B Convergence of Mellin-Barnes integrals

In this appendix we review the convergence of the Mellin-Barnes integrals of the type:

I= /wo d—%g(s)z“s, (B.1)

—ico 211

%More generally a Wightman correlator defines an analytic functions:

(P(tr,@1) -+~ G(tn, Tn)) = lim (p(t1 —i€r, &1) - - - p(l2 — ien, T2))

€;—0
in the domain €1 > €3 > ... > €, which corresponds to the Euclidean ordering of the operators. This
analyticity region in terms of the complex coordinates z; = z; — in; can be extended to the “tube”

n; — Nj+1 € Vi where Vi is the forward cone. Analyticity can be proven starting from the Laplace
transform of the correlator and using positivity of the energy to show that the integral representation for
the position space correlator is exponentially suppressed in the tube above (see e.g. Theorem 2-8 and 3-5
of [142]).
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where the function g(s) is assumed to have the form

[(a; + Ais)...T(an + Aps)['(by — Bys) ... T(by, — Bms) . (B.2)

9(s) = [(c1 + Cys)...T(cp + Cps)I'(dy — Dys) ... T(dyg — Dgs)

where A;, B;, Cj, D; > 0. The integration contour runs parallel to the imaginary
axis with suitable indentations to separate the poles from Gamma functions of the type
I'(a; + Ajs) from those of the type I'(b; — Bjs). In this work all Mellin-Barnes integrals
considered are of this type, usually with A; = B; = C; = D; = 1. In the following we
mostly follow the treatment of section 2.4 in [112].

In order to study the convergence of integrals of the above type, one has to determine
the behaviour of the integrand as |s| — co. There are two useful parametrisations for this
limit. One is

s=o0+it, t — +oo, (B.3)

and the other
s=Re? R— . (B.4)

The first parameterisation (B.3) can probe the convergence of the integral with contour
as prescribed along the imaginary axis, while the second parameterisation (B.4) can also
probe the convergence for completions of the contour by an arc of infinite radius.

Using Stirling’s approximation

logT'(2) ~ <z — ;) logz — z+ %log(Qﬂ) , |arg z| < , (B.5)
and the standard identity: .
I(l—2) = $@ : (B.6)
for each Gamma function factor in the integrand (B.2), for (B.4) one has
log [T (v + BRe™)| ~ BR cos() log(BR) (B.7a)
~ RB[0sin(6) + cos(0)| +log R(D‘ie(a) _ ;) +o(1),
log |T'(ae — BRe™)| ~ —BR cos(6) log(SR) (B.7b)

+ B8R [9 sin(0) + cos(d) — ﬂ\sm(e)@ + logR<iﬁe(a) . ) +o(1),

where we have assumed § > 0 and || < 7, while for (B.3) we have

log |I'(a+ S o +1i8t)| ~ log(Blt]) [Sfie(a) +po— ;] - 7@“’ +0(1), (B.8a)
log |I'(aw — Bo — i 5t)| ~ log(B|t]) [iﬁe(a) —po— ;] - 7r62]t| +0(1). (B.8b)

59In the case of multiple Mellin-Barnes integrals, the parameters aj, bj, cj, d; may depend on the other
Mellin variables.
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Combined with
log \zaJ“BRew] ~ Re|BR(cosf +isinb)(log(|z]) +iarg(z))| + O(1), (B.9)
using the above formulas we can estimate
log |g(s)= "] = Rellog g(s)=" (B.10)

by combining the behaviour of each Gamma function in the integrand (B.2).

For the parametrisation (B.3), or equivalently (B.4) for § = :i:%i, exponential decay of
the integrand ensures that it converges. Unless stated explicitly otherwise, this is the case
for all Mellin-Barnes integrals evaluated in the main text.

When the integrand decays exponentially for the parametrisation (B.4), the integration
contour can be closed and Cauchy’s residue theorem can then be applied to evaluate the
integral. For all Mellin-Barnes integrals considered in this work, it is possible to close the
Mellin integration contour.

C Various integrals

In this appendix we give further details on some of the more involved integrals appearing
in the main text.
C.1 Fourier transform of spinning two-point conformal structures

Here we detail how to derive the expression in (2.70) for the Fourier transform of the
spinning two-point conformal structure (2.69). This entails evaluating the integral

. - . - ¢
s o o o etkidi—tked [ 9g L7 .7
Z(k1,k2;€1,§2)=/dd$1ddfv2 — s | &St 3 142252 2, (C.1)
(212) T12

where {12 = 41 — ¥». Translation invariance allows to perform one of the two integrals for

free, replacing it with a momentum-conserving delta-function:

I(ky, ki €1,6) = (2m) 10D (ky + ko) T' (k13 €1, &) (C.2a)
7 — — ¢
- o o Lotk I L 98 L F by T
T'(k; &1,62) = /ddl‘12 W(ﬁl 2+ ;2%22 2. (C.2Db)
Using that
(251 . fé . f)nefik.i _ (_251 . 5kg2 . 5k)nefik-f, (03)

this can be evaluated by expressing it in terms of the basic integral

—ik-7 A+n—4¢
/dda‘;’ek _ap (BTG - A—n) (C.4)
()5 1 T(A + n)

~ 82 —



To wit,

e
—ik-Z

¢
"(k;€1,6) Z( ) &) " (— 25'5ké'5k)n/ddf(;—»g)ml (C.5)
¢ D(&4l—n—A) [E\227¢ . . 26 K&\ "
R o (5659

Carrying out the sum over n gives the Gauss Hypergeometric function in (2.70).

I

I\J\Q.

C.2 Fourier transform of three-point conformal structures

Here we give further details on the Fourier transform of three-point conformal structures,
expressing the result as a Mellin-Barnes integral. Conformal structures in Fourier space
have been widely studied in the literature, see e.g. [23, 29, 34, 85, 100, 101, 106, 108, 109,
143-149]. In the following we will emphasise some simple properties of the Mellin-Barnes
representation, which appear to have been little explored (to the best of our knowledge).
Basic integral one considers is of the form:

—iky -1 —1ke-To—iks T3

- e
Loy .05 (F1, b, ki3) = / Az d%zodas , (C.6)
aremas (w7y)02 (w55) 1 (23, )2
which for
Ao+ Az — Ay A+ Az — Ay A+ Ay — Ag
ap = - 5 Qg = -5 a3 = -9 (C.7)

is precisely the Fourier transform of the three-point conformal structure (3.1b) for scalar
fields. Spinning three-point conformal structures such as (3.11) can be decomposed in
terms of a finite sum of the integrals of the type (C.6), as we shall see below.

Any one of the three integrals in (C.6) can be replaced by a momentum conserving

delta function. For instance, introducing @ = #13 and ¥y = T3 where &2 = 712, we have®

T s (Fr, K, ) = (210 (Fy 4 B + B ) Th, (R Bz B), (C.8a)

- (k E E) /dd dd e—iE1~171—’ik2'172 (C b)
o1,a0,a3 \F1, K2, K3) = V16 V2 @ o @ .8
e (7)™ (03)™ (v1,)™

The remaining integrals can be reduced to Gaussian integrals by employing Schwinger
parameterisation. In particular,

N 1 oodtldthtg
7 i, ko, k) = 1%t
al,a2a3( 1: k2, ks) F(al)F(O[Q)F(Oég)/O t1tats b
« /ddvlddvzetzvftlvgtsvfz“51'171iE?‘@, (C.9)

SOWith this change of variables the delta function arises from

(27r)d6(d) (El + EQ + Eg) = /ddCUg e*ifa<(E1+Ez+E3)‘
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which upon evaluating the Gaussian integrals becomes

d 00
O ™ dtldtgdtg d/2— ) — o —
7! ki, ko, k3) = / o1 o203 pd/2—a1—az—a3
o¢1,o<2,oz3( 1, 2, 3) F(al)r(a2)r(a3) 0 t1tots 1 Uo7 lg
t1 k24 tokZ 1 tak2
xe T (C.10)

where T' = t1to+tats+tst;. To obtain the Mellin-Barnes representation of the integral (C.6)
we use the following representation of the exponential function

+ioco
e™" :/ S 0(s)a, (C.11)
i 2Tl
which gives
L oL . d °° dt1dtadts
7 ki, ko, ks) = u / 7 s
041,042,043( 1, 2, 3) F(Ql)F(QQ)F(afi) 0 t1t2t3 L2
AN A A
« | [ds]3r<sl>r<82>r<sz>(11) (4) (T’)

1 > @)\aﬁaﬁ%—%e—m, (C.12)

XF(Oél—i-OzQ-f—ozg—%l) 0 A

where we also used Schwinger parameterisation to exponentiate the dependence on 7. The
integral in the ¢; can be performed after re-scaling t; — t;/ VA and making the change
of variables

mia meo ms
where the resulting integrals in m,; are of the form:
oo
dm; .
I(z) = T e, (C.14)
o My
The resulting integral in A is
/oo % /\a1+a2+0¢3+251+52+53*d — o 5(041 + a2 + a3 +251 +s9+s83—d > (015)
0

which is the origin of the Dirac delta function in (3.2b). This gives the following Mellin-
Barnes representation for the integral (C.6):

o o o d d
T oo (K1, ko, k3) = T /ds i7r5<—3 -5 —3)
e Vs e e R A VI

d—209—2 d—2a3—2 d—2a1—2
XHF(Sliai a3>r<52:|zai al)r(s;g:l:ai 042>
+

k1 —281+a2+a3—% ko —2S2+a1+a3—% ks —283+a1+a2—%

For the parameters (C.7) this gives the Mellin-Barnes representation (3.2b) for scalar three-
point conformal correlators in momentum space. The expression (C.16) can also be used
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to derive the Mellin-Barnes representation (3.15) for the Fourier transform of the spinning
conformal structure (3.11). To this end we find it useful to expand the tensor structure
as follows

—.

{((Oa, (fl)OAg(fQ)OAg(fg;é)» (C.17)
- - ¢
Y1, Lo, T £ 2 1 1 552 ffl
=In; Ao, ng—t(T1, T2, T3) | €T3 <_> N Rt e
1,82,A3 x%l 3%3 3%3 ;c%l
{ « ; g’ B 5 \t-a
@\ 7 2 a oL L T -7
- ZZ(_l)ﬁ < ) ( >(€‘T3) IA1+04*,3,A2+57A3*E+04(-751;1’27-7)3) TQ_ 3 ! ,
a=04=0 @)\ Ty3 Ty

We can then Fourier transform of each term in the sum, where the tensor structure trans-
lates into a differential operator via

x5 — i€ Oy, , (C.18)

which acts on the result (C.16) for the Fourier transform of the three-point structures (C.6).
The above expansion and the Mellin-Barnes representation simplify the action of the dif-
ferential operator. Avoiding trivial details one finds (where the symbol F denotes the
Fourier transform):

(—=1)°B(0,0,£;0; A1, Ay, Az — ¢)

- - l—a
» o \@ N A R
x F (f : $3> IA1+0175,A2+5,A375+&($17x27x3) T T T
T23 T31

C(d+2 L
= /[ds]3 z7r6<4 — 81 — Sg — 33> (=& - k3)* Hy p(s1, 52, 53)

- -5 5 o

(Z) 3 k: . —25j+iVj
X Vo5& k1, € k2) puyvas(s1, 52, 53) ]__[1<2j> : (C.19)
]:
which yields the Mellin-Barnes representation (3.15) for the Fourier transform of the spin-
ning conformal structure (3.13).

C.3 The u-integral

To obtain the expression (4.13) for the exchange diagram we evaluated wu-integrals ap-
pearing in the contributions (4.12a) and (4.12b). We give the details on how to do
this in the following, encompassing also the contributions (4.33) to the spin-¢ exchange
four-point functions.

It is useful to combine the contributions of the type (4.12a) and (4.12b) as it sim-
plifies the evaluation of the u-integral, as we shall see below. One way to do this is to
re-define u — —u in either contribution, so that they share the same p factor. This ma-
nipulation changes the e-prescription of the contribution concerned. Maintaining the same
e-prescription for both contributions requires to subtract the residue of the pole at u = —e¢
in the contribution concerned, which generates a factorised contribution which can then
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be combined with (4.33a). There are two ways to carry out this manipulation, denoted
by £ and b, which correspond to the choice of re-defining u — —u in (4.12a) and (4.12b)

respectively. We have®!

lim #4(%) (ki k) (C.20a)

no—0 ~ Olvivawsvalar,friaz,f2

- /[ds]4 sin (7r (33+34+i(”1;”“)>> sin (ﬂ (53+34+i(”32+”“))>

X HV17V2,V‘011,51 (517 52, U)Hl/3,l/4,fl/‘ag,182 (537 5S4, a)plll,ljg,l/(slu 52, u)pl/g,w;,—ll(si’n S4, a)

L\ ~2(uta) 4 kj —2s;+iv;
)ik

j=1
(2,7) (kis k) (C.20Db)

2|v1,v2,v3,v4|01,B1502,82

—s81—589
—83754

PSS

lim A
7]04)0

+i00 1
:/ diui [dsh Sin(ﬂ'(51+82—53—34+2u))

ico 2miu-+te
xsin(w <31+52+83—|—34+l(V1+V2;—V3+V4)>)
X Hl/l,l/z,l/\m,,@l (81,Sg,w—u)H,js,,,47,V|a2’52 (3373477D+u)
X Pz w (81582, W =) Pug vy, —v (83, S4, W+ 1) <2) H (2j> w=F—s1-92°
j:l w:%—53—54
where in (C.20a) we combined the residue of the pole at u = —e in (4.12a) with the
contribution (4.11), with the remaining contribution to the exchange given by (C.20b). If

we instead send u — —u in (4.12b) we have

lim 4% (ki k) (C.21a)

n0—0 Olv1,v2,v3,v4|00,B15002,02

_ /[ds]4 sin <7r (81+82+i(m;y2)>> sin <7r <sl+82+i(”3;”4)>>

X Hl/l,uz,u\m,bﬁ (51,82, U)Hus,w;,fv\az,ﬂz (83,54, 0) Py a0 (51552, U) Pug vy~ (83, 54, T0)

L\ ~2(utw) 4 kj —2s;+iv;
X 5 H D) u=%—s1-sp)
'E:%753754

j=1
(@) (ki k) (C.21b)

Z2|v1,v2,v3,v4|a1,81 502,62

lim *A
no—0

:/loo 2’7Tiu+€/[d8}4 Siﬂ(ﬁ(53+84—51_82+2u))
i(l/1+1/2—|-1/3—|-1/4)>)

Xsin<7r<31—|—32—|—83+54+ 5

x HV17V2,V\061751 (51,52, w+u)HV3,V47—V|a2,52 (83,84, W—1)

Xpl/1,l/2,l/(517327w+u)pV3,V47—l/(837$4au_}_u) <2> H <2j)

Jj=1

w

:%751752 .
u’):%753754

51For the scalar exchange four-point function, o; = 8; = 0.
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Both (C.20) and (C.21) give equivalent expressions for the exchange. The e-prescription is
such that closing the u-contour on the positive real axis is more natural — as it avoids the
residue at u ~ 0.

The u-integrals appearing in (C.20b) and (C.21b) are of examples of the general type

m%ﬁ%=/‘ du$Mﬂt“MDF<A—u—“vF<B+u+“j

ioo 2T U+ € 2 2
xF(A—a—u+22y>F<B—ﬁ+u—Z;>, (C.22)

where a = 1 or ag and 8 = a9 or a;. To evaluate this integral we close the contour on
the positive real axis, which encloses the following two series of poles

u=A-— 5 +p, (C.23a)
1%

u:A—i—E—oH—p, (C.23b)
where p € Z>(. If we instead closed on the negative real axis we would in addition capture
the pole at u = —e. Each series in (C.23) contributes a 3F» Hypergeometric function,®?
giving:

INa—iw)I'A+B—-p—a)'((A+ B — '
f)‘iffg.)t = (o — i)l(A+ b - a)l(A+ ot iv) sin(2rA + inv — 2w + 7t)

A—i—%”—a

w3 Fy A—l—B—B—a,AV—oH—5,A.—i—B—a+w;1 (C.24)
A-a+5+1,—a+iv+1
N INA+B)'(iv —a)T(A+ B — 3 —iv)

, sin(2r A — inv + 7t)

w
A_Q

A+B,A-% A+B—-B—i
X3 Fy Mt oW 27 +. b Y1),
A-S+lLa—ww+1

A priori with this expression we do not get much further than the original Mellin-Barnes
integral in the variable u, since Hypergeometric functions themselves are generically defined
by a Mellin-Barnes integral. Fortunately, there exist three-term relations for the function
3F, (see e.g. sections 3.5-3.8 of [150]) which in particular allow us to relate the above
combination of two 3F5s to a single 3F5 which can be re-summed as a simple ratio of
Gamma functions. The relevant identity is:

Sin(ﬂ'ﬁg)o)
['(v124) T (134) T (e234)

sin(7fo4)
I'(cv125) I (v135) T (e235)

where, adopting the notation of section 3.5 in [150],

sin(7f45)
I'(012)T (c013)T (n23)

F,(0;4,5) + F,(4;0,5)

F,(5) =0, (C.25)

1 Aywz; Cvwy; Cvwz
FP(“;”’“’):r<amy2>r(ﬁw>r(ﬁwu>3F2< B B ’1>’ (0.26)

621 . the re-summation of the residues from each series is a 3F» of argument z = 1.
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and u, v, w, x, y and z are unequal integers in the range 0,...,5 and with

1
Oélmn:i“‘rl"‘rm‘i‘rna Bmn =1+ 1m —Tn, ZTZ'ZO, (C.27)

and the r; are six free parameters. Each of these identities is a linear combination of the
fundamental three term relation which can be obtained from the following Mellin-Barnes
integral:

— sin(7w(s — a1))

+ico  Jg I'(s)I'(a; — s)I'(az — s)(ag — s)
/_ioo 2mi T(b — )T (bs — 5) ; (C.28)

where closing the contour on the left gives a single 3F5 while closing on the right gives a
sum of two 3F>. When the parameters r; are tuned so that:

A+BA-% A+ B—-f3—iv

) — A-5, 1 C.29
p(0;4,5) 32( A-%Y+1L,1+a—iv ’)’ ( )

we have ,

A+BA-a+% A+ B—-a+iv
Fp(4;0,5) = 3F. W 1 €30
p(4;0,5) 32( A—a+%+1,1—a+iv ) (€50
and
1

e (C.31)

FM1-A+2)T(1-A+a—-%)T2-24-2B+p+a)

The above three term relation becomes useful to evaluate (C.24) when ¢t = B — A. In this

case the three term relation allows to sum the two Hypergeometric functions in (C.24) into

a simple ratio of Gamma-functions obtaining:

mese(m(A+ B))L(A—2)T(A—a+%)
I(1-B-YT(1-B+4+%)

This result allows us to lift the u-integral in any exchange diagram appearing in this work,

Ry =Ry 4= (-1)° (C.32)

where
A= M—Sl—SQ, B= M—Sg—&;, (C33)
4 4
witht =B — A =83+ 54 — 51 — $9.

Since the expression for the exchange diagram is still given as a Mellin-Barnes integral
upon lifting the u-integral, extra care has to be taken with the contour prescription for
the poles encoded in the cosecant function. The standard prescription for the integration
contour of a Mellin-Barnes integral is that it should separate the Gamma function poles
which extend along the positive real axis from those which extend along the negative
real axis (see e.g. [112]). Naively, there thus appears to be an ambiguity in the contour
prescription when there is a cosecant function in the Mellin-integrand, since there are
infinitely many ways one can split it into a product of Gamma-functions:

mese(m(A+ B))=T(1—-A— B)I'(A+ B) (C.34a)
=(-1)TT1-A-B—-qT'(A+B+gq), VgeN, (C.34b)
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where each possible splitting (labelled by ¢) requires a different contour. This freedom
has an interesting interpretation within exchange diagrams, where it corresponds to the
possibility of adding contact interactions/improvement contributions.%3

For scalar exchange diagrams, for which o = 0 and 8 = 0, the correct splitting is
mese(m(A+ B))=T(1-A—-B)JI'(A+ B), (C.35)

which can be understood from the expression (C.24), where the first 3F5 is proportional
to I'(A+ B — 8 — a) and the second 3F» to I'(A + B), so to have a consistent contour
prescription for both terms we require the splitting (C.35).

For the exchange of spinning particles we need to consider a, 8 # 0 and in this case
the contour prescription for the two terms in (C.24) has to be chosen compatibly with both
terms in the sum (C.24). With this proviso, and up to simple contact terms, we can still
use (C.32) with the minimal prescription (C.35) for the integration contour regardless of o
and 3, fixing a choice of contact terms/improvements in the exchange amplitude. In this
work we use the different prescriptions for the splitting of the cosecant function as an organ-
ising principle for the improvement terms that can be included in an exchange amplitude.

Before concluding this appendix we take the opportunity to give two equivalent rep-
resentations for the interference factor (4.14). The following representations arise directly
from the u integrals (C.20b) and (C.21b) for *4 and * A respectively:

5§m>(u,a) = sm(w(um))sin<%(x+27;(u1+u2) —412)) sin(%(f+2i(V3+V4) —4ﬂ)>

. _ iy . _ i (T s . . ) _
+sin <7T <u+ 2>> sin <7T <u—2>> 51n(1(x+x—|—2w1 +21y2+2zy3—|—221/4—4u—4u)) ,
(C.36a)

~

and
5éz’5)(u, u) =sin(m(u+a)) sin(%(x%—%(m +17) —4u)> sin(%(a‘c—i—%(yg—i—m) —4u)>

+sin <7T <u+ Z;)) sin <7r <u—gj>> sin(%(xjhfi‘—l—%yl —|—2i1/2—|—2i1/3—|—2i1/4—4u—4ﬂ)) )

(C.36b)

The first line of both expressions in (C.36) comes from the factorised contributions (C.20a)
and (C.21a), while the second line from the corresponding u-integral (C.32). The interfer-
ence factor we gave in (4.14) is then obtained by making the above manifestly symmetric
under the exchange of u and 4.
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631 . interactions which are trivial on-shell.

— &89 —


https://creativecommons.org/licenses/by/4.0/

References

[1] J.M. Maldacena, The large N limit of superconformal field theories and supergravity, Int. J.
Theor. Phys. 38 (1999) 1113 [hep-th/9711200] INSPIRE].

[2] S.S. Gubser, I.LR. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical
string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [INSPIRE].

[3] 1. Heemskerk, J. Penedones, J. Polchinski and J. Sully, Holography from Conformal Field
Theory, JHEP 10 (2009) 079 [arXiv:0907.0151] [NSPIRE].

[4] S. El-Showk and K. Papadodimas, Emergent Spacetime and Holographic CFTs, JHEP 10
(2012) 106 [arXiv:1101.4163] [INSPIRE].

[5] G. Mack, D-independent representation of Conformal Field Theories in D dimensions via
transformation to auxiliary Dual Resonance Models. Scalar amplitudes, arXiv:0907.2407
[INSPIRE].

[6] G. Mack, D-dimensional Conformal Field Theories with anomalous dimensions as Dual
Resonance Models, Bulg. J. Phys. 36 (2009) 214 [arXiv:0909.1024] InSPIRE].

[7] J. Penedones, Writing CFT correlation functions as AdS scattering amplitudes, JHEP 03
(2011) 025 [arXiv:1011.1485] [INSPIRE].

[8] M.F. Paulos, Towards Feynman rules for Mellin amplitudes, JHEP 10 (2011) 074
[arXiv:1107.1504] [INSPIRE].

[9] A.L. Fitzpatrick, J. Kaplan, J. Penedones, S. Raju and B.C. van Rees, A Natural Language
for AdS/CFT Correlators, JHEP 11 (2011) 095 [arXiv:1107.1499] [INSPIRE].

[10] A.L. Fitzpatrick and J. Kaplan, Unitarity and the Holographic S-matriz, JHEP 10 (2012)
032 [arXiv:1112.4845] [NSPIRE].

[11] A.L. Fitzpatrick and J. Kaplan, Analyticity and the Holographic S-matriz, JHEP 10 (2012)
127 [arXiv:1111.6972] [INSPIRE].

[12] M.S. Costa, V. Gongalves and J. Penedones, Conformal Regge theory, JHEP 12 (2012) 091
[arXiv:1209.4355] [INSPIRE].

[13] V. Gongalves, J. Penedones and E. Trevisani, Factorization of Mellin amplitudes, JHEP 10
(2015) 040 [arXiv:1410.4185] [INSPIRE].

[14] G. Mack, Osterwalder-Schrader Positivity in Conformal Invariant Quantum Field Theory,
Lect. Notes Phys. 37 (1975) 66 INSPIRE].

[15] V.K. Dobrev, V.B. Petkova, S.G. Petrova and I.T. Todorov, Dynamical Derivation of
Vacuum Operator Product Ezpansion in Euclidean Conformal Quantum Field Theory,
Phys. Rev. D 13 (1976) 887 [iINSPIRE].

[16] V.K. Dobrev, G. Mack, V.B. Petkova, S.G. Petrova and I.T. Todorov, Harmonic Analysis
on the n-Dimensional Lorentz Group and Its Application to Conformal Quantum Field
Theory, Lect. Notes Phys. 63 (1977) 1 iNnSPIRE].

[17] S. Caron-Huot, Analyticity in Spin in Conformal Theories, JHEP 09 (2017) 078
[arXiv:1703.00278] [INSPIRE].

[18] A.H. Guth, The Inflationary Universe: A Possible Solution to the Horizon and Flatness
Problems, Phys. Rev. D 23 (1981) 347 [INSPIRE].

- 90 —


https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://inspirehep.net/search?p=find+EPRINT+hep-th/9711200
https://doi.org/10.1016/S0370-2693(98)00377-3
https://arxiv.org/abs/hep-th/9802109
https://inspirehep.net/search?p=find+EPRINT+hep-th/9802109
https://doi.org/10.1088/1126-6708/2009/10/079
https://arxiv.org/abs/0907.0151
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.0151
https://doi.org/10.1007/JHEP10(2012)106
https://doi.org/10.1007/JHEP10(2012)106
https://arxiv.org/abs/1101.4163
https://inspirehep.net/search?p=find+EPRINT+arXiv:1101.4163
https://arxiv.org/abs/0907.2407
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.2407
https://arxiv.org/abs/0909.1024
https://inspirehep.net/search?p=find+EPRINT+arXiv:0909.1024
https://doi.org/10.1007/JHEP03(2011)025
https://doi.org/10.1007/JHEP03(2011)025
https://arxiv.org/abs/1011.1485
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.1485
https://doi.org/10.1007/JHEP10(2011)074
https://arxiv.org/abs/1107.1504
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.1504
https://doi.org/10.1007/JHEP11(2011)095
https://arxiv.org/abs/1107.1499
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.1499
https://doi.org/10.1007/JHEP10(2012)032
https://doi.org/10.1007/JHEP10(2012)032
https://arxiv.org/abs/1112.4845
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.4845
https://doi.org/10.1007/JHEP10(2012)127
https://doi.org/10.1007/JHEP10(2012)127
https://arxiv.org/abs/1111.6972
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.6972
https://doi.org/10.1007/JHEP12(2012)091
https://arxiv.org/abs/1209.4355
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.4355
https://doi.org/10.1007/JHEP10(2015)040
https://doi.org/10.1007/JHEP10(2015)040
https://arxiv.org/abs/1410.4185
https://inspirehep.net/search?p=find+EPRINT+arXiv:1410.4185
https://doi.org/10.1007/3-540-07160-1_3
https://inspirehep.net/search?p=find+J+%22Lect.Notes%20Phys.,37,66%22
https://doi.org/10.1103/PhysRevD.13.887
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D13,887%22
https://doi.org/10.1007/BFb0009678
https://inspirehep.net/search?p=find+J+%22Lect.Notes%20Phys.,63,1%22
https://doi.org/10.1007/JHEP09(2017)078
https://arxiv.org/abs/1703.00278
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.00278
https://doi.org/10.1103/PhysRevD.23.347
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D23,347%22

[19] A.D. Linde, A New Inflationary Universe Scenario: A Possible Solution of the Horizon,
Flatness, Homogeneity, Isotropy and Primordial Monopole Problems, Phys. Lett. 108 B
(1982) 389 [INSPIRE].

[20] A. Albrecht and P.J. Steinhardt, Cosmology for Grand Unified Theories with Radiatively
Induced Symmetry Breaking, Phys. Rev. Lett. 48 (1982) 1220 [INSPIRE].

[21] A.A. Starobinsky, Dynamics of Phase Transition in the New Inflationary Universe Scenario
and Generation of Perturbations, Phys. Lett. 117B (1982) 175 [INSPIRE].

. en an . ang, uasi-oingie r'ie nflation an on- aussmmtzes,
22] X. Ch dY. W Quasi-Single Field Inflati d Non-G janities, JCAP 04
(2010) 027 [arXiv:0911.3380] [INSPIRE].

[23] J.M. Maldacena and G.L. Pimentel, On graviton non-Gaussianities during inflation, JHEP
09 (2011) 045 [arXiv:1104.2846] [INSPIRE].

[24] D. Baumann and D. Green, Signatures of Supersymmetry from the Early Universe, Phys.
Rev. D 85 (2012) 103520 [arXiv:1109.0292] [INSPIRE].

[25] V. Assassi, D. Baumann and D. Green, On Soft Limits of Inflationary Correlation
Functions, JCAP 11 (2012) 047 [arXiv:1204.4207] [INSPIRE].

[26] X. Chen and Y. Wang, Quasi-Single Field Inflation with Large Mass, JCAP 09 (2012) 021
[arXiv:1205.0160] [INSPIRE].

[27] T. Noumi, M. Yamaguchi and D. Yokoyama, Effective field theory approach to quasi-single
field inflation and effects of heavy fields, JHEP 06 (2013) 051 [arXiv:1211.1624] [INSPIRE].

[28] V. Assassi, D. Baumann, D. Green and L. McAllister, Planck-Suppressed Operators, JCAP
01 (2014) 033 [arXiv:1304.5226] [INSPIRE].

[29] N. Arkani-Hamed and J. Maldacena, Cosmological Collider Physics, arXiv:1503.08043
[INSPIRE].

[30] H. Lee, D. Baumann and G.L. Pimentel, Non-Gaussianity as a Particle Detector, JHEP 12
(2016) 040 [arXiv:1607.03735) INSPIRE].

[31] H. An, M. McAneny, A.K. Ridgway and M.B. Wise, Quasi Single Field Inflation in the
non-perturbative regime, JHEP 06 (2018) 105 [arXiv:1706.09971] [INSPIRE].

[32] S. Kumar and R. Sundrum, Heavy-Lifting of Gauge Theories By Cosmic Inflation, JHEP
05 (2018) 011 [arXiv:1711.03988] [INSPIRE].

[33] D. Baumann, G. Goon, H. Lee and G.L. Pimentel, Partially Massless Fields During
Inflation, JHEP 04 (2018) 140 [arXiv:1712.06624] [INSPIRE].

[34] N. Arkani-Hamed, D. Baumann, H. Lee and G.L. Pimentel, The Cosmological Bootstrap:
Inflationary Correlators from Symmetries and Singularities, arXiv:1811.00024 [INnSPIRE].

[35] G. Goon, K. Hinterbichler, A. Joyce and M. Trodden, Shapes of gravity: Tensor
non-Gaussianity and massive spin-2 fields, JHEP 10 (2019) 182 [arXiv:1812.07571]
[INSPIRE].

[36] S. Kim, T. Noumi, K. Takeuchi and S. Zhou, Heavy Spinning Particles from Signs of
Primordial Non-Gaussianities: Beyond the Positivity Bounds, JHEP 12 (2019) 107
[arXiv:1906.11840] [iNSPIRE].

[37] J.M. Maldacena, Non-Gaussian features of primordial fluctuations in single field
inflationary models, JHEP 05 (2003) 013 [astro-ph/0210603] [INSPIRE].

~9] —


https://doi.org/10.1016/0370-2693(82)91219-9
https://doi.org/10.1016/0370-2693(82)91219-9
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B108,389%22
https://doi.org/10.1103/PhysRevLett.48.1220
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,48,1220%22
https://doi.org/10.1016/0370-2693(82)90541-X
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B117,175%22
https://doi.org/10.1088/1475-7516/2010/04/027
https://doi.org/10.1088/1475-7516/2010/04/027
https://arxiv.org/abs/0911.3380
https://inspirehep.net/search?p=find+EPRINT+arXiv:0911.3380
https://doi.org/10.1007/JHEP09(2011)045
https://doi.org/10.1007/JHEP09(2011)045
https://arxiv.org/abs/1104.2846
https://inspirehep.net/search?p=find+EPRINT+arXiv:1104.2846
https://doi.org/10.1103/PhysRevD.85.103520
https://doi.org/10.1103/PhysRevD.85.103520
https://arxiv.org/abs/1109.0292
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.0292
https://doi.org/10.1088/1475-7516/2012/11/047
https://arxiv.org/abs/1204.4207
https://inspirehep.net/search?p=find+EPRINT+arXiv:1204.4207
https://doi.org/10.1088/1475-7516/2012/09/021
https://arxiv.org/abs/1205.0160
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.0160
https://doi.org/10.1007/JHEP06(2013)051
https://arxiv.org/abs/1211.1624
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.1624
https://doi.org/10.1088/1475-7516/2014/01/033
https://doi.org/10.1088/1475-7516/2014/01/033
https://arxiv.org/abs/1304.5226
https://inspirehep.net/search?p=find+EPRINT+arXiv:1304.5226
https://arxiv.org/abs/1503.08043
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.08043
https://doi.org/10.1007/JHEP12(2016)040
https://doi.org/10.1007/JHEP12(2016)040
https://arxiv.org/abs/1607.03735
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.03735
https://doi.org/10.1007/JHEP06(2018)105
https://arxiv.org/abs/1706.09971
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.09971
https://doi.org/10.1007/JHEP05(2018)011
https://doi.org/10.1007/JHEP05(2018)011
https://arxiv.org/abs/1711.03988
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.03988
https://doi.org/10.1007/JHEP04(2018)140
https://arxiv.org/abs/1712.06624
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.06624
https://arxiv.org/abs/1811.00024
https://inspirehep.net/search?p=find+EPRINT+arXiv:1811.00024
https://doi.org/10.1007/JHEP10(2019)182
https://arxiv.org/abs/1812.07571
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.07571
https://doi.org/10.1007/JHEP12(2019)107
https://arxiv.org/abs/1906.11840
https://inspirehep.net/search?p=find+EPRINT+arXiv:1906.11840
https://doi.org/10.1088/1126-6708/2003/05/013
https://arxiv.org/abs/astro-ph/0210603
https://inspirehep.net/search?p=find+EPRINT+astro-ph/0210603

[38] A. Ghosh, N. Kundu, S. Raju and S.P. Trivedi, Conformal Invariance and the Four Point
Scalar Correlator in Slow-Roll Inflation, JHEP 07 (2014) 011 [arXiv:1401.1426]
[INSPIRE].

[39] D. Anninos, T. Anous, D.Z. Freedman and G. Konstantinidis, Late-time Structure of the
Bunch-Davies de Sitter Wavefunction, JCAP 11 (2015) 048 [arXiv:1406.5490] [INSPIRE].

[40] C. Sleight and M. Taronna, Spinning Witten Diagrams, JHEP 06 (2017) 100
[arXiv:1702.08619] [NSPIRE].

[41] C. Sleight, A Mellin Space Approach to Cosmological Correlators, JHEP 01 (2020) 090
[arXiv:1906.12302] [INSPIRE].

[42] N. Kundu, A. Shukla and S.P. Trivedi, Constraints from Conformal Symmetry on the Three
Point Scalar Correlator in Inflation, JHEP 04 (2015) 061 [arXiv:1410.2606] [INSPIRE].

[43] N. Kundu, A. Shukla and S.P. Trivedi, Ward Identities for Scale and Special Conformal
Transformations in Inflation, JHEP 01 (2016) 046 [arXiv:1507.06017] INSPIRE].

[44] X. Chen and Y. Wang, Large non-Gaussianities with Intermediate Shapes from
Quasi-Single Field Inflation, Phys. Rev. D 81 (2010) 063511 [arXiv:0909.0496] INSPIRE].

[45] C.T. Byrnes, K. Enqvist and T. Takahashi, Scale-dependence of Non-Gaussianity in the
Curvaton Model, JCAP 09 (2010) 026 [arXiv:1007.5148] [INSPIRE].

[46] J. Bros and U. Moschella, Two point functions and quantum fields in de Sitter universe,
Rev. Math. Phys. 8 (1996) 327 [gr-qc/9511019] [inSPIRE].

[47] M. Spradlin, A. Strominger and A. Volovich, Les Houches lectures on de Sitter space, in
Unity from duality: Gravity, gauge theory and strings. Proceedings, NATO Advanced Study
Institute, Euro Summer School, 76th session, Les Houches, France, July 30 — August 31,
2001, pp. 423-453, 2001, hep-th/0110007 [INSPIRE].

[48] E. Joung, J. Mourad and R. Parentani, Group theoretical approach to quantum fields in
de Sitter space. I. The principle series, JHEP 08 (2006) 082 [hep-th/0606119] [INSPIRE].

[49] D. Baumann, Inflation, in Physics of the large and the small, TASI 09, proceedings of the
Theoretical Advanced Study Institute in Elementary Particle Physics, Boulder, Colorado,
U.S.A., 1-26 June 2009, pp. 523-686, 2011, DOI [arXiv:0907.5424] [InSPIRE].

[50] D. Anninos, de Sitter Musings, Int. J. Mod. Phys. A 27 (2012) 1230013 [arXiv:1205.3855]
[INSPIRE].

[61] E.T. Akhmedov, Lecture notes on interacting quantum fields in de Sitter space, Int. J. Mod.
Phys. D 23 (2014) 1430001 [arXiv:1309.2557] [INSPIRE].

[52] X. Chen, Y. Wang and Z.-Z. Xianyu, Schwinger-Keldysh Diagrammatics for Primordial
Perturbations, JCAP 12 (2017) 006 [arXiv:1703.10166] [INSPIRE].

[63] B. Allen, Vacuum States in de Sitter Space, Phys. Rev. D 32 (1985) 3136 [INSPIRE].

[54] G.W. Gibbons and S.W. Hawking, Cosmological Event Horizons, Thermodynamics and
Particle Creation, Phys. Rev. D 15 (1977) 2738 [InSPIRE].

[65] T.S. Bunch and P.C.W. Davies, Quantum Field Theory in de Sitter Space: Renormalization
by Point Splitting, Proc. Roy. Soc. Lond. A 360 (1978) 117.

[56] C.J.C. Burges, The de Sitter Vacuum, Nucl. Phys. B 247 (1984) 533 [INSPIRE].
[57] E. Mottola, Particle Creation in de Sitter Space, Phys. Rev. D 31 (1985) 754 [INSPIRE].

~ 92—


https://doi.org/10.1007/JHEP07(2014)011
https://arxiv.org/abs/1401.1426
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.1426
https://doi.org/10.1088/1475-7516/2015/11/048
https://arxiv.org/abs/1406.5490
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.5490
https://doi.org/10.1007/JHEP06(2017)100
https://arxiv.org/abs/1702.08619
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.08619
https://doi.org/10.1007/JHEP01(2020)090
https://arxiv.org/abs/1906.12302
https://inspirehep.net/search?p=find+EPRINT+arXiv:1906.12302
https://doi.org/10.1007/JHEP04(2015)061
https://arxiv.org/abs/1410.2606
https://inspirehep.net/search?p=find+EPRINT+arXiv:1410.2606
https://doi.org/10.1007/JHEP01(2016)046
https://arxiv.org/abs/1507.06017
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.06017
https://doi.org/10.1103/PhysRevD.81.063511
https://arxiv.org/abs/0909.0496
https://inspirehep.net/search?p=find+EPRINT+arXiv:0909.0496
https://doi.org/10.1088/1475-7516/2010/09/026
https://arxiv.org/abs/1007.5148
https://inspirehep.net/search?p=find+EPRINT+arXiv:1007.5148
https://doi.org/10.1142/S0129055X96000123
https://arxiv.org/abs/gr-qc/9511019
https://inspirehep.net/search?p=find+EPRINT+gr-qc/9511019
https://arxiv.org/abs/hep-th/0110007
https://inspirehep.net/search?p=find+EPRINT+hep-th/0110007
https://doi.org/10.1088/1126-6708/2006/08/082
https://arxiv.org/abs/hep-th/0606119
https://inspirehep.net/search?p=find+EPRINT+hep-th/0606119
https://doi.org/10.1142/9789814327183_0010
https://arxiv.org/abs/0907.5424
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.5424
https://doi.org/10.1142/S0217751X1230013X
https://arxiv.org/abs/1205.3855
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.3855
https://doi.org/10.1142/S0218271814300018
https://doi.org/10.1142/S0218271814300018
https://arxiv.org/abs/1309.2557
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.2557
https://doi.org/10.1088/1475-7516/2017/12/006
https://arxiv.org/abs/1703.10166
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.10166
https://doi.org/10.1103/PhysRevD.32.3136
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D32,3136%22
https://doi.org/10.1103/PhysRevD.15.2738
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D15,2738%22
https://doi.org/10.1098/rspa.1978.0060
https://doi.org/10.1016/0550-3213(84)90562-5
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B247,533%22
https://doi.org/10.1103/PhysRevD.31.754
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D31,754%22

[58] J. Penedones, High Energy Scattering in the AdS/CFT Correspondence, Ph.D. Thesis,
Porto University, (2007), arXiv:0712.0802 [INSPIRE].

[59] U. Moschella and R. Schaeffer, Quantum theory on Lobatchevski spaces, Class. Quant.
Grav. 24 (2007) 3571 [arXiv:0709.2795] [INSPIRE].

[60] M.S. Costa, V. Gongalves and J. Penedones, Spinning AdS Propagators, JHEP 09 (2014)
064 [arXiv:1404.5625] [INSPIRE].

[61] T. Hartman and L. Rastelli, Double-trace deformations, mized boundary conditions and
functional determinants in AdS/CFT, JHEP 01 (2008) 019 [hep-th/0602106] [INSPIRE].

[62] S. Giombi and X. Yin, On Higher Spin Gauge Theory and the Critical O(N) Model, Phys.
Rev. D 85 (2012) 086005 [arXiv:1105.4011] [NSPIRE].

[63] X. Bekaert, J. Erdmenger, D. Ponomarev and C. Sleight, Towards holographic higher-spin
interactions: Four-point functions and higher-spin exchange, JHEP 03 (2015) 170
[arXiv:1412.0016] [INSPIRE].

[64] C. Sleight, Interactions in Higher-Spin Gravity: a Holographic Perspective, J. Phys. A 50
(2017) 383001 [arXiv:1610.01318] [INSPIRE].

-Y. en, E.-J. Kuo an . Kyono, Anatomy of Geodesic Witten Diagrams,
65] H.-Y. Chen, E.-J. K d H. K A f Geodesic Wi Ds JHEP 05
(2017) 070 [arXiv:1702.08818] [INSPIRE].

[66] K. Tamaoka, Geodesic Witten diagrams with antisymmetric tensor exzchange, Phys. Rev. D
96 (2017) 086007 [arXiv:1707.07934] InSPIRE].

[67] S. Giombi, C. Sleight and M. Taronna, Spinning AdS Loop Diagrams: Two Point
Functions, JHEP 06 (2018) 030 [arXiv:1708.08404] [INSPIRE].

[68] C. Sleight and M. Taronna, Feynman rules for higher-spin gauge fields on AdSqi+1, JHEP
01 (2018) 060 [arXiv:1708.08668] [INSPIRE].

[69] E.Y. Yuan, Loops in the Bulk, arXiv:1710.01361 [INSPIRE].

[70] S. Giombi, V. Kirilin and E. Perlmutter, Double-Trace Deformations of Conformal
Correlations, JHEP 02 (2018) 175 [arXiv:1801.01477] [INSPIRE].

[71] E.Y. Yuan, Simplicity in AdS Perturbative Dynamics, arXiv:1801.07283 [INSPIRE].

[72] M. Nishida and K. Tamaoka, Fermions in Geodesic Witten Diagrams, JHEP 07 (2018) 149
[arXiv:1805.00217] [iNSPIRE].

[73] M.S. Costa and T. Hansen, AdS Weight Shifting Operators, JHEP 09 (2018) 040
[arXiv:1805.01492] [INSPIRE].

[74] D. Carmi, L. Di Pietro and S. Komatsu, A Study of Quantum Field Theories in AdS at
Finite Coupling, JHEP 01 (2019) 200 [arXiv:1810.04185] [INSPIRE].

[75] X. Zhou, Recursion Relations in Witten Diagrams and Conformal Partial Waves, JHEP 05
(2019) 006 [arXiv:1812.01006] INSPIRE].

[76] C.B. Jepsen and S. Parikh, Propagator identities, holographic conformal blocks and
higher-point AdS diagrams, JHEP 10 (2019) 268 [arXiv:1906.08405] nSPIRE].

[77] T.Y. Thomas, On conformal geometry, Proc. Nat. Acad. Sci. 12 (1926) 352.

[78] T. Leonhardt, R. Manvelyan and W. Riihl, The group approach to AdS space propagators,
Nucl. Phys. B 667 (2003) 413 [hep-th/0305235] [INSPIRE].

— 93 —


https://arxiv.org/abs/0712.0802
https://inspirehep.net/search?p=find+EPRINT+arXiv:0712.0802
https://doi.org/10.1088/0264-9381/24/14/003
https://doi.org/10.1088/0264-9381/24/14/003
https://arxiv.org/abs/0709.2795
https://inspirehep.net/search?p=find+EPRINT+arXiv:0709.2795
https://doi.org/10.1007/JHEP09(2014)064
https://doi.org/10.1007/JHEP09(2014)064
https://arxiv.org/abs/1404.5625
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.5625
https://doi.org/10.1088/1126-6708/2008/01/019
https://arxiv.org/abs/hep-th/0602106
https://inspirehep.net/search?p=find+EPRINT+hep-th/0602106
https://doi.org/10.1103/PhysRevD.85.086005
https://doi.org/10.1103/PhysRevD.85.086005
https://arxiv.org/abs/1105.4011
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.4011
https://doi.org/10.1007/JHEP03(2015)170
https://arxiv.org/abs/1412.0016
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.0016
https://doi.org/10.1088/1751-8121/aa820c
https://doi.org/10.1088/1751-8121/aa820c
https://arxiv.org/abs/1610.01318
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.01318
https://doi.org/10.1007/JHEP05(2017)070
https://doi.org/10.1007/JHEP05(2017)070
https://arxiv.org/abs/1702.08818
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.08818
https://doi.org/10.1103/PhysRevD.96.086007
https://doi.org/10.1103/PhysRevD.96.086007
https://arxiv.org/abs/1707.07934
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.07934
https://doi.org/10.1007/JHEP06(2018)030
https://arxiv.org/abs/1708.08404
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.08404
https://doi.org/10.1007/JHEP01(2018)060
https://doi.org/10.1007/JHEP01(2018)060
https://arxiv.org/abs/1708.08668
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.08668
https://arxiv.org/abs/1710.01361
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.01361
https://doi.org/10.1007/JHEP02(2018)175
https://arxiv.org/abs/1801.01477
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.01477
https://arxiv.org/abs/1801.07283
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.07283
https://doi.org/10.1007/JHEP07(2018)149
https://arxiv.org/abs/1805.00217
https://inspirehep.net/search?p=find+EPRINT+arXiv:1805.00217
https://doi.org/10.1007/JHEP09(2018)040
https://arxiv.org/abs/1805.01492
https://inspirehep.net/search?p=find+EPRINT+arXiv:1805.01492
https://doi.org/10.1007/JHEP01(2019)200
https://arxiv.org/abs/1810.04185
https://inspirehep.net/search?p=find+EPRINT+arXiv:1810.04185
https://doi.org/10.1007/JHEP05(2019)006
https://doi.org/10.1007/JHEP05(2019)006
https://arxiv.org/abs/1812.01006
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.01006
https://doi.org/10.1007/JHEP10(2019)268
https://arxiv.org/abs/1906.08405
https://inspirehep.net/search?p=find+EPRINT+arXiv:1906.08405
https://doi.org/10.1073/pnas.12.5.352
https://doi.org/10.1016/j.nuclphysb.2003.07.007
https://arxiv.org/abs/hep-th/0305235
https://inspirehep.net/search?p=find+EPRINT+hep-th/0305235

[79]

[80]

[81]

[82]

[91]

[92]

[93]

[96]

[97]

[98]

M.S. Costa, J. Penedones, D. Poland and S. Rychkov, Spinning Conformal Blocks, JHEP
11 (2011) 154 [arXiv:1109.6321] [INSPIRE].

E. Joung and M. Taronna, Cubic interactions of massless higher spins in (A)dS: metric-like
approach, Nucl. Phys. B 861 (2012) 145 [arXiv:1110.5918] [INnSPIRE].

E. Joung, L. Lopez and M. Taronna, Solving the Noether procedure for cubic interactions of
higher spins in (A)dS, J. Phys. A 46 (2013) 214020 [arXiv:1207.5520] [INSPIRE].

M. Taronna, Higher-Spin Interactions: three-point functions and beyond, Ph.D. thesis, Pisa,
Scuola Normale Superiore, (2012), arXiv:1209.5755 [INSPIRE].

C. Sleight, Metric-like Methods in Higher Spin Holography, PoS(Modave2016) 003
[arXiv:1701.08360] [INSPIRE].

A. Mikhailov, Notes on higher spin symmetries, hep-th/0201019 [INSPIRE].

A .M. Polyakov, Nonhamiltonian approach to conformal quantum field theory, Zh. Eksp.
Teor. Fiz. 66 (1974) 23 [InSPIRE].

S. Deser and A. Waldron, Partial masslessness of higher spins in (A)dS, Nucl. Phys. B 607
(2001) 577 [hep-th/0103198] [INSPIRE].

L. Dolan, C.R. Nappi and E. Witten, Conformal operators for partially massless states,
JHEP 10 (2001) 016 [hep-th/0109096] [INSPIRE].

E. Joung, L. Lopez and M. Taronna, Generating functions of (partially-)massless
higher-spin cubic interactions, JHEP 01 (2013) 168 [arXiv:1211.5912] [INSPIRE].

E. Joung, W. Li and M. Taronna, No-Go Theorems for Unitary and Interacting Partially
Massless Spin-Two Fields, Phys. Rev. Lett. 113 (2014) 091101 [arXiv:1406.2335]
[INSPIRE].

E. Joung, K. Mkrtchyan and G. Poghosyan, Looking for partially-massless gravity, JHEP
07 (2019) 116 [arXiv:1904.05915] [INSPIRE].

J.S. Schwinger, Brownian motion of a quantum oscillator, J. Math. Phys. 2 (1961) 407
[INSPIRE].

L. Kadanoff and G. Baym, Quantum statistical mechanics: Green’s function methods in
equilibrium and nonequilibrium problems, Frontiers in Physics, W.A. Benjamin, (1962).

L.V. Keldysh, Diagram technique for nonequilibrium processes, Zh. Eksp. Teor. Fiz. 47
(1964) 1515 [INSPIRE].

S. Weinberg, Quantum contributions to cosmological correlations, Phys. Rev. D 72 (2005)
043514 [hep-th/0506236] [INSPIRE].

C. Sleight and M. Taronna, to appear.

W. Mueck and K.S. Viswanathan, Conformal field theory correlators from classical scalar
field theory on AdS(d+1), Phys. Rev. D 58 (1998) 041901 [hep-th/9804035] [INSPIRE].

D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Correlation functions in the
CFT(d)/AdS(d+1) correspondence, Nucl. Phys. B 546 (1999) 96 [hep-th/9804058]
[INSPIRE].

P. Appell, Sur les séries hypergéometriques de deux variables et sur des équations
différentielles linéaires aux dérivées partielles, Comptes Rendus 90 (1880) 296.

— 04 —


https://doi.org/10.1007/JHEP11(2011)154
https://doi.org/10.1007/JHEP11(2011)154
https://arxiv.org/abs/1109.6321
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.6321
https://doi.org/10.1016/j.nuclphysb.2012.03.013
https://arxiv.org/abs/1110.5918
https://inspirehep.net/search?p=find+EPRINT+arXiv:1110.5918
https://doi.org/10.1088/1751-8113/46/21/214020
https://arxiv.org/abs/1207.5520
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.5520
https://arxiv.org/abs/1209.5755
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.5755
https://pos.sissa.it/contribution?id=PoS(Modave2016)003
https://arxiv.org/abs/1701.08360
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.08360
https://arxiv.org/abs/hep-th/0201019
https://inspirehep.net/search?p=find+EPRINT+hep-th/0201019
https://inspirehep.net/search?p=find+J+%22Zh.Eksp.Teor.Fiz.,66,23%22
https://doi.org/10.1016/S0550-3213(01)00212-7
https://doi.org/10.1016/S0550-3213(01)00212-7
https://arxiv.org/abs/hep-th/0103198
https://inspirehep.net/search?p=find+EPRINT+hep-th/0103198
https://doi.org/10.1088/1126-6708/2001/10/016
https://arxiv.org/abs/hep-th/0109096
https://inspirehep.net/search?p=find+EPRINT+hep-th/0109096
https://doi.org/10.1007/JHEP01(2013)168
https://arxiv.org/abs/1211.5912
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.5912
https://doi.org/10.1103/PhysRevLett.113.091101
https://arxiv.org/abs/1406.2335
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.2335
https://doi.org/10.1007/JHEP07(2019)116
https://doi.org/10.1007/JHEP07(2019)116
https://arxiv.org/abs/1904.05915
https://inspirehep.net/search?p=find+EPRINT+arXiv:1904.05915
https://doi.org/10.1063/1.1703727
https://inspirehep.net/search?p=find+J+%22J.Math.Phys.,2,407%22
https://inspirehep.net/search?p=find+J+%22Zh.Eksp.Teor.Fiz.,47,1515%22
https://doi.org/10.1103/PhysRevD.72.043514
https://doi.org/10.1103/PhysRevD.72.043514
https://arxiv.org/abs/hep-th/0506236
https://inspirehep.net/search?p=find+EPRINT+hep-th/0506236
https://doi.org/10.1103/PhysRevD.58.041901
https://arxiv.org/abs/hep-th/9804035
https://inspirehep.net/search?p=find+EPRINT+hep-th/9804035
https://doi.org/10.1016/S0550-3213(99)00053-X
https://arxiv.org/abs/hep-th/9804058
https://inspirehep.net/search?p=find+EPRINT+hep-th/9804058

[99] P. Appell and J. Kampé de Fériet, Fonctions hypergedmétriques et hypersphériques:
Polynomes d’hermite, Gauthier-Villars, (1926).

[100] C. Coriand, L. Delle Rose, E. Mottola and M. Serino, Solving the Conformal Constraints
for Scalar Operators in Momentum Space and the Evaluation of Feynman’s Master
Integrals, JHEP 07 (2013) 011 [arXiv:1304.6944] INSPIRE].

[101] A. Bzowski, P. McFadden and K. Skenderis, Implications of conformal invariance in
momentum space, JHEP 03 (2014) 111 [arXiv:1304.7760] INSPIRE].

[102] S. Ferrara, A.F. Grillo and R. Gatto, Tensor representations of conformal algebra and
conformally covariant operator product expansion, Annals Phys. 76 (1973) 161 [INSPIRE].

[103] H. Osborn and A.C. Petkou, Implications of conformal invariance in field theories for
general dimensions, Annals Phys. 231 (1994) 311 [hep-th/9307010] [INSPIRE].

[104] J. Erdmenger and H. Osborn, Conserved currents and the energy momentum tensor in
conformally invariant theories for general dimensions, Nucl. Phys. B 483 (1997) 431
[hep-th/9605009] [INSPIRE].

[105] M.S. Costa, J. Penedones, D. Poland and S. Rychkov, Spinning Conformal Correlators,
JHEP 11 (2011) 071 [arXiv:1107.3554] [INSPIRE].

[106] I. Mata, S. Raju and S. Trivedi, CMB from CFT, JHEP 07 (2013) 015 [arXiv:1211.5482]
[INSPIRE].

[107] D. Anninos, F. Denef, R. Monten and Z. Sun, Higher Spin de Sitter Hilbert Space, JHEP
10 (2019) 071 [arXiv:1711.10037] [NSPIRE].

[108] H. Isono, T. Noumi and G. Shiu, Momentum space approach to crossing symmetric CET
correlators, JHEP 07 (2018) 136 [arXiv:1805.11107] INSPIRE].

[109] H. Isono, T. Noumi and T. Takeuchi, Momentum space conformal three-point functions of
conserved currents and a general spinning operator, JHEP 05 (2019) 057
[arXiv:1903.01110] [INSPIRE].

[110] S. Ferrara and G. Parisi, Conformal covariant correlation functions, Nucl. Phys. B 42
(1972) 281 [INSPIRE].

[111] S. Ferrara, A.F. Grillo, G. Parisi and R. Gatto, The shadow operator formalism for
conformal algebra. Vacuum expectation values and operator products, Lett. Nuovo Cim. 4S2
(1972) 115 [InSPIRE].

[112] R. Paris and D. Kaminski, Asymptotics and Mellin-Barnes integrals, no. 85 in Encyclopedia
of Mathematics and its Applications, Cambridge University Press, U.K., (2001).

[113] C. Sleight and M. Taronna, Higher Spin Interactions from Conformal Field Theory: The
Complete Cubic Couplings, Phys. Rev. Lett. 116 (2016) 181602 [arXiv:1603.00022]
[INSPIRE].

[114] A. Castro, E. Llabrés and F. Rejon-Barrera, Geodesic Diagrams, Gravitational Interactions
& OPE Structures, JHEP 06 (2017) 099 [arXiv:1702.06128] [INSPIRE].

[115] S. Deser and A. Waldron, Arbitrary spin representations in de Sitter from dS/CFT with
applications to dS supergravity, Nucl. Phys. B 662 (2003) 379 [hep-th/0301068| [INSPIRE].

[116] E. Joung, L. Lopez and M. Taronna, On the cubic interactions of massive and
partially-massless higher spins in (A)dS, JHEP 07 (2012) 041 [arXiv:1203.6578]
[INSPIRE].

— 95 —


https://doi.org/10.1007/JHEP07(2013)011
https://arxiv.org/abs/1304.6944
https://inspirehep.net/search?p=find+EPRINT+arXiv:1304.6944
https://doi.org/10.1007/JHEP03(2014)111
https://arxiv.org/abs/1304.7760
https://inspirehep.net/search?p=find+EPRINT+arXiv:1304.7760
https://doi.org/10.1016/0003-4916(73)90446-6
https://inspirehep.net/search?p=find+J+%22AnnalsPhys.,76,161%22
https://doi.org/10.1006/aphy.1994.1045
https://arxiv.org/abs/hep-th/9307010
https://inspirehep.net/search?p=find+EPRINT+hep-th/9307010
https://doi.org/10.1016/S0550-3213(96)00545-7
https://arxiv.org/abs/hep-th/9605009
https://inspirehep.net/search?p=find+EPRINT+hep-th/9605009
https://doi.org/10.1007/JHEP11(2011)071
https://arxiv.org/abs/1107.3554
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.3554
https://doi.org/10.1007/JHEP07(2013)015
https://arxiv.org/abs/1211.5482
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.5482
https://doi.org/10.1007/JHEP10(2019)071
https://doi.org/10.1007/JHEP10(2019)071
https://arxiv.org/abs/1711.10037
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.10037
https://doi.org/10.1007/JHEP07(2018)136
https://arxiv.org/abs/1805.11107
https://inspirehep.net/search?p=find+EPRINT+arXiv:1805.11107
https://doi.org/10.1007/JHEP05(2019)057
https://arxiv.org/abs/1903.01110
https://inspirehep.net/search?p=find+EPRINT+arXiv:1903.01110
https://doi.org/10.1016/0550-3213(72)90480-4
https://doi.org/10.1016/0550-3213(72)90480-4
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B42,281%22
https://doi.org/10.1007/BF02907130
https://doi.org/10.1007/BF02907130
https://inspirehep.net/search?p=find+J+%22Lett.NuovoCim.,4S2,115%22
https://doi.org/10.1103/PhysRevLett.116.181602
https://arxiv.org/abs/1603.00022
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.00022
https://doi.org/10.1007/JHEP06(2017)099
https://arxiv.org/abs/1702.06128
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.06128
https://doi.org/10.1016/S0550-3213(03)00348-1
https://arxiv.org/abs/hep-th/0301068
https://inspirehep.net/search?p=find+EPRINT+hep-th/0301068
https://doi.org/10.1007/JHEP07(2012)041
https://arxiv.org/abs/1203.6578
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.6578

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

C. de Rham and S. Renaux-Petel, Massive Gravity on de Sitter and Unique Candidate for
Partially Massless Gravity, JCAP 01 (2013) 035 [arXiv:1206.3482] [INSPIRE].

S. Deser, M. Sandora and A. Waldron, Nonlinear Partially Massless from Massive Gravity?,
Phys. Rev. D 87 (2013) 101501 [arXiv:1301.5621] [INSPIRE].

D. Seery, M.S. Sloth and F. Vernizzi, Inflationary trispectrum from graviton exchange,
JCAP 03 (2009) 018 [arXiv:0811.3934] [INSPIRE].

T. Basile, X. Bekaert and N. Boulanger, Mized-symmetry fields in de Sitter space: a group
theoretical glance, JHEP 05 (2017) 081 [arXiv:1612.08166] [INSPIRE].

C. Sleight and M. Taronna, Anomalous Dimensions from Crossing Kernels, JHEP 11
(2018) 089 [arXiv:1807.05941] INSPIRE].

G. Chalmers and K. Schalm, The large N, limit of four point functions in N =4
superYang-Mills theory from Anti-de Sitter supergravity, Nucl. Phys. B 554 (1999) 215
[hep-th/9810051] [INSPIRE].

G. Chalmers and K. Schalm, Holographic normal ordering and multiparticle states in the
AdS/CFT correspondence, Phys. Rev. D 61 (2000) 046001 [hep-th/9901144] [INSPIRE].

S. Raju, BCFW for Witten Diagrams, Phys. Rev. Lett. 106 (2011) 091601
[arXiv:1011.0780] [INSPIRE].

S. Raju, New Recursion Relations and a Flat Space Limit for AdS/CFT Correlators, Phys.
Rev. D 85 (2012) 126009 [arXiv:1201.6449] [iNSPIRE].

S. Albayrak and S. Kharel, Towards the higher point holographic momentum space
amplitudes, JHEP 02 (2019) 040 [arXiv:1810.12459] [InSPIRE].

S. Albayrak, C. Chowdhury and S. Kharel, New relation for Witten diagrams, JHEP 10
(2019) 274 [arXiv:1904.10043] [INSPIRE].

M. Mirbabayi and M. Simonovi¢, Effective Theory of Squeezed Correlation Functions,
JCAP 03 (2016) 056 [arXiv:1507.04755] [INSPIRE].

X. Chen, M.H. Namjoo and Y. Wang, Quantum Primordial Standard Clocks, JCAP 02
(2016) 013 [arXiv:1509.03930] [INSPIRE].

S. Pasterski, S.-H. Shao and A. Strominger, Flat Space Amplitudes and Conformal
Symmetry of the Celestial Sphere, Phys. Rev. D 96 (2017) 065026 [arXiv:1701.00049]
[INSPIRE].

S. Pasterski and S.-H. Shao, Conformal basis for flat space amplitudes, Phys. Rev. D 96
(2017) 065022 [arXiv:1705.01027] [INSPIRE].

C. Cardona and Y.-t. Huang, S-matriz singularities and CFT correlation functions, JHEP
08 (2017) 133 [arXiv:1702.03283] [INSPIRE].

S. Stieberger and T.R. Taylor, Symmetries of Celestial Amplitudes, Phys. Lett. B 793
(2019) 141 [arXiv:1812.01080] [INSPIRE].

D. Nandan, A. Schreiber, A. Volovich and M. Zlotnikov, Celestial Amplitudes: Conformal
Partial Waves and Soft Limits, JHEP 10 (2019) 018 [arXiv:1904.10940] [NSPIRE].

D. Poland, S. Rychkov and A. Vichi, The Conformal Bootstrap: Theory, Numerical
Techniques and Applications, Rev. Mod. Phys. 91 (2019) 015002 [arXiv:1805.04405]
[INSPIRE].

— 96 —


https://doi.org/10.1088/1475-7516/2013/01/035
https://arxiv.org/abs/1206.3482
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.3482
https://doi.org/10.1103/PhysRevD.87.101501
https://arxiv.org/abs/1301.5621
https://inspirehep.net/search?p=find+EPRINT+arXiv:1301.5621
https://doi.org/10.1088/1475-7516/2009/03/018
https://arxiv.org/abs/0811.3934
https://inspirehep.net/search?p=find+EPRINT+arXiv:0811.3934
https://doi.org/10.1007/JHEP05(2017)081
https://arxiv.org/abs/1612.08166
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.08166
https://doi.org/10.1007/JHEP11(2018)089
https://doi.org/10.1007/JHEP11(2018)089
https://arxiv.org/abs/1807.05941
https://inspirehep.net/search?p=find+EPRINT+arXiv:1807.05941
https://doi.org/10.1016/S0550-3213(99)00275-8
https://arxiv.org/abs/hep-th/9810051
https://inspirehep.net/search?p=find+EPRINT+hep-th/9810051
https://doi.org/10.1103/PhysRevD.61.046001
https://arxiv.org/abs/hep-th/9901144
https://inspirehep.net/search?p=find+EPRINT+hep-th/9901144
https://doi.org/10.1103/PhysRevLett.106.091601
https://arxiv.org/abs/1011.0780
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.0780
https://doi.org/10.1103/PhysRevD.85.126009
https://doi.org/10.1103/PhysRevD.85.126009
https://arxiv.org/abs/1201.6449
https://inspirehep.net/search?p=find+EPRINT+arXiv:1201.6449
https://doi.org/10.1007/JHEP02(2019)040
https://arxiv.org/abs/1810.12459
https://inspirehep.net/search?p=find+EPRINT+arXiv:1810.12459
https://doi.org/10.1007/JHEP10(2019)274
https://doi.org/10.1007/JHEP10(2019)274
https://arxiv.org/abs/1904.10043
https://inspirehep.net/search?p=find+EPRINT+arXiv:1904.10043
https://doi.org/10.1088/1475-7516/2016/03/056
https://arxiv.org/abs/1507.04755
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.04755
https://doi.org/10.1088/1475-7516/2016/02/013
https://doi.org/10.1088/1475-7516/2016/02/013
https://arxiv.org/abs/1509.03930
https://inspirehep.net/search?p=find+EPRINT+arXiv:1509.03930
https://doi.org/10.1103/PhysRevD.96.065026
https://arxiv.org/abs/1701.00049
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.00049
https://doi.org/10.1103/PhysRevD.96.065022
https://doi.org/10.1103/PhysRevD.96.065022
https://arxiv.org/abs/1705.01027
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.01027
https://doi.org/10.1007/JHEP08(2017)133
https://doi.org/10.1007/JHEP08(2017)133
https://arxiv.org/abs/1702.03283
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.03283
https://doi.org/10.1016/j.physletb.2019.03.063
https://doi.org/10.1016/j.physletb.2019.03.063
https://arxiv.org/abs/1812.01080
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.01080
https://doi.org/10.1007/JHEP10(2019)018
https://arxiv.org/abs/1904.10940
https://inspirehep.net/search?p=find+EPRINT+arXiv:1904.10940
https://doi.org/10.1103/RevModPhys.91.015002
https://arxiv.org/abs/1805.04405
https://inspirehep.net/search?p=find+EPRINT+arXiv:1805.04405

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

R. Gopakumar, A. Kaviraj, K. Sen and A. Sinha, Conformal Bootstrap in Mellin Space,
Phys. Rev. Lett. 118 (2017) 081601 [arXiv:1609.00572] [iINSPIRE].

R. Gopakumar, A. Kaviraj, K. Sen and A. Sinha, A Mellin space approach to the conformal
bootstrap, JHEP 05 (2017) 027 [arXiv:1611.08407] [InSPIRE].

O. Aharony, L.F. Alday, A. Bissi and E. Perlmutter, Loops in AdS from Conformal Field
Theory, JHEP 07 (2017) 036 [arXiv:1612.03891] [INSPIRE].

P. Dey, K. Ghosh and A. Sinha, Simplifying large spin bootstrap in Mellin space, JHEP 01
(2018) 152 [arXiv:1709.06110] [INSPIRE].

C. Sleight and M. Taronna, Spinning Mellin Bootstrap: Conformal Partial Waves, Crossing
Kernels and Applications, Fortsch. Phys. 66 (2018) 1800038 [arXiv:1804.09334] [INSPIRE].

R. Gopakumar and A. Sinha, On the Polyakov-Mellin bootstrap, JHEP 12 (2018) 040
[arXiv:1809.10975] [iNSPIRE].

R.F. Streater and A.S. Wightman, PCT, spin and statistics, and all that, Princeton
University Press, (1989).

A. Bzowski, P. McFadden and K. Skenderis, Scalar 3-point functions in CFT:
renormalisation, B-functions and anomalies, JHEP 03 (2016) 066 [arXiv:1510.08442]
[INSPIRE].

A. Bzowski, P. McFadden and K. Skenderis, Fvaluation of conformal integrals, JHEP 02
(2016) 068 [arXiv:1511.02357] INSPIRE].

C. Coriano and M.M. Maglio, Exact Correlators from Conformal Ward Identities in
Momentum Space and the Perturbative TJJ Vertex, Nucl. Phys. B 938 (2019) 440
[arXiv:1802.07675] [iNSPIRE].

A. Bzowski, P. McFadden and K. Skenderis, Renormalised CFT 3-point functions of
scalars, currents and stress tensors, JHEP 11 (2018) 159 [arXiv:1805.12100] InSPIRE].

C. Coriano and M.M. Maglio, The general 3-graviton vertex (I'TT) of conformal field
theories in momentum space in d = 4, Nucl. Phys. B 937 (2018) 56 [arXiv:1808.10221]
[INSPIRE].

M. Gillioz, Momentum-space conformal blocks on the light cone, JHEP 10 (2018) 125
[arXiv:1807.07003] [INSPIRE].

C. Coriano and M.M. Maglio, On Some Hypergeometric Solutions of the Conformal Ward
Identities of Scalar 4-point Functions in Momentum Space, JHEP 09 (2019) 107
[arXiv:1903.05047] [iNSPIRE].

[150] W.N. Bailey, Generalized Hypergeometric Series, Cambridge University Press, (1935).

- 97 —


https://doi.org/10.1103/PhysRevLett.118.081601
https://arxiv.org/abs/1609.00572
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.00572
https://doi.org/10.1007/JHEP05(2017)027
https://arxiv.org/abs/1611.08407
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.08407
https://doi.org/10.1007/JHEP07(2017)036
https://arxiv.org/abs/1612.03891
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.03891
https://doi.org/10.1007/JHEP01(2018)152
https://doi.org/10.1007/JHEP01(2018)152
https://arxiv.org/abs/1709.06110
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.06110
https://doi.org/10.1002/prop.201800038
https://arxiv.org/abs/1804.09334
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.09334
https://doi.org/10.1007/JHEP12(2018)040
https://arxiv.org/abs/1809.10975
https://inspirehep.net/search?p=find+EPRINT+arXiv:1809.10975
https://doi.org/10.1007/JHEP03(2016)066
https://arxiv.org/abs/1510.08442
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.08442
https://doi.org/10.1007/JHEP02(2016)068
https://doi.org/10.1007/JHEP02(2016)068
https://arxiv.org/abs/1511.02357
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.02357
https://doi.org/10.1016/j.nuclphysb.2018.11.016
https://arxiv.org/abs/1802.07675
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.07675
https://doi.org/10.1007/JHEP11(2018)159
https://arxiv.org/abs/1805.12100
https://inspirehep.net/search?p=find+EPRINT+arXiv:1805.12100
https://doi.org/10.1016/j.nuclphysb.2018.10.007
https://arxiv.org/abs/1808.10221
https://inspirehep.net/search?p=find+EPRINT+arXiv:1808.10221
https://doi.org/10.1007/JHEP10(2018)125
https://arxiv.org/abs/1807.07003
https://inspirehep.net/search?p=find+EPRINT+arXiv:1807.07003
https://doi.org/10.1007/JHEP09(2019)107
https://arxiv.org/abs/1903.05047
https://inspirehep.net/search?p=find+EPRINT+arXiv:1903.05047

	Introduction
	Notations and conventions

	Propagators
	Classical geometry of (anti)-de Sitter space
	Review: scalar fields
	Mellin-Barnes representation in Fourier space

	Fields of arbitrary integer spin
	Late-time two-point functions
	Dictionary from EAdS(d + 1) to dS(d + 1)

	Three-point correlators
	General external scalars
	Two general scalars and a spin-l field
	Examples
	Soft limit and inflationary two-point function

	Four-point exchange diagrams
	Exchange of a general scalar
	Exchange of a spin-l field between general scalars
	OPE limit
	Recursion relations
	EFT expansion
	Simplifications and subtleties away from the principal series
	Exchanges in dS vs. exchanges in AdS

	Inflationary correlators
	Squeezed limit
	Beyond the squeezed limit

	Conclusions and outlook
	Wick rotation
	Convergence of Mellin-Barnes integrals
	Various integrals
	Fourier transform of spinning two-point conformal structures
	Fourier transform of three-point conformal structures
	The u-integral


