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structure of three distinct kinks. We argue that one of the kinks smoothly interpolates
between the d = 2, N' = (2,2) minimal model with central charge ¢ = 1 and the theory
of a free chiral multiplet in d = 4, passing through the critical Wess-Zumino model with
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1 Introduction

Recently, there has been a remarkable revival of interest in the 40-year-old conformal boot-

strap idea [1-7]. The basic method, developed in [8], has now matured to the point where

it is possible to extract the spectrum of operator dimensions and Wilsonian operator prod-

uct expansion (OPE) coefficients of particular conformal field theories (CFTs) with great



accuracy [9-12]. The ingredients for the bootstrap program are minimal, namely confor-
mal symmetry, unitarity, and crossing symmetry of the four-point function. Strikingly,
this is sufficient to derive highly non-trivial, non-perturbative constraints on the space of
generic conformal field theories. Beginning with [13, 14], it has been shown that, as it is
natural to expect, imposing additional symmetries on the CFT allows one to obtain even
stronger constraints. A particularly interesting possibility is to consider supersymmetry.
Supersymmetry leads to exact results for specific quantities such as the dimensions of chiral
operators. This is a nice complement to the conformal bootstrap approach, which, although
very powerful — it can determine and bound unprotected quantities — is a somewhat blunt
instrument, since it addresses general properties for the space of all consistent conformal
field theories. When supersymmetry is combined with the conformal bootstrap we expect
an interesting interplay where exact information is used to restrict bootstrap searches to
specific theories or classes of theories whereupon one can obtain accurate information about
the unprotected part of the spectrum.

Bootstrap methods have been previously applied to theories with various amounts of
supersymmetry. Theories with maximal supersymmetry are very constrained and thus
particularly suited for analysis using bootstrap technology. This has been explored in
four [15-18] and three [19] dimensions where various bounds on the spectrum of conformal
dimensions and OPE coefficients were found. It turns out that theories with at least sixteen
superconformal charges in various dimensions admit a remarkable algebraic structure which
leads to the closure of the crossing equations on the space of certain protected operators.
This was uncovered in [20] where it was shown that in four-dimensional CFTs with N =
2 supersymmetry one can solve analytically for correlation functions of some protected
operators by exploiting an underlying chiral algebra. This feature was further explored to
great efficacy in six [21], four [22, 23] and three dimensions [24]. These analytic results can
then be used as input to perform a numerical bootstrap analysis and obtain bounds on the
spectrum of unprotected operators in these highly symmetric theories [24, 25].

While theories with eight or more Poincaré supercharges are quite rigid and possess
deep mathematical properties, their dynamics is highly constrained. Thus it is worthwhile
to explore theories with less supersymmetry, which are harder to control, but perhaps of
greater phenomenological interest. This motivates our study in this paper of CFTs with
four Poincaré supercharges (eight superconformal charges). Some of the first papers on the
modern incarnation of the bootstrap program studied NV =1 SCFTs in d = 4 [13, 26, 27].
Very little has been done in two and three dimensions, a notable exception being the work
in [28] which studied SCFTs with four superconformal charges in d = 3, i.e. CFTs with
N =1 supersymmetry.

In this paper, we aim to fill this gap by applying bootstrap methods to SCFTs with
four Poincaré supercharges in any dimension in the range 2 < d < 4. This corresponds to
N = (2,2) and N = 2 theories in d = 2 and d = 3, respectively, and to N' = 1 SCFTs
in d = 4. Moreover, one of the advantages of bootstrap methods is that they allow for
a straightforward analytic continuation into fractional values of the spacetime dimension.
This has been explored before in [29], where the numerical bootstrap results were success-
fully compared with analytic calculations for the Wilson-Fisher fixed point in d < 4. Here



we follow a similar approach, tracking the four-supercharge version of the Wilson-Fisher
fixed point from four to two dimensions. This CFT is simply the critical Wess-Zumino
(cWZ) model, i.e. the theory of a single chiral superfield with cubic superpotential at its
infrared fixed point. As compared to the non-supersymmetric case, we have a lot less room
for error here, since the conformal dimension of the “spin” field is protected and equal
to (d — 1)/3 in any spacetime dimension d. Remarkably, we show that bounds on the
dimension of the leading scalar operator in a chiral-antichiral OPE exhibit “kinks” (as in
e.g. [9, 30]) at precisely this point for all 2 < d < 4. They range from the (2,2) ¢ = 1 su-
persymmetric minimal model in d = 2, where the numerical bootstrap agrees with various
exact results, all the way to the free theory in d = 4. In d = 3, we find a kink at conformal
dimension 2/3, and are able to read off the dimension of the leading unprotected scalar,
which is approximately 1.9098. Also in d = 3, our bootstrap prediction for the two-point
function of the stress-tensor is in close agreement with the exact localization calculation
of [31]. Furthermore, for d < 4 our results for the dimension of the leading unprotected
scalar agree with those of the one-loop e-expansion [32]. This strongly suggests that in 3d
our kink does indeed describe the super-Ising model. This theory is of some interest in
condensed matter physics [33-36], and we perform a detailed analysis of its properties in a
companion paper [37].

Part of the difficulty in bootstrapping supersymmetric theories lies in determining the
form of the superconformal blocks. Supersymmetry organizes conformal into superconfor-
mal multiplets, and accordingly conformal blocks of primaries with different dimensions and
spins also become grouped. The calculation of superconformal blocks for general external
operators can be a cumbersome technical problem. In this paper, we find the superconfor-
mal blocks in theories with four supercharges for external scalar superconformal primary
operators with arbitrary scaling dimensions. A crucial ingredient is that at least two of
these operators should be chiral primaries. Our approach is facilitated by the existence of
a formal dimensional continuation of the superconformal algebra with four supercharges to
arbitrary dimension d < 4. The commutation relations for the ordinary conformal algebra
formally make sense when we let the spacetime vector indices run from 1 to d, since Jacobi
identities can be verified without specializing to a fixed integer d. Here we show that this
picture can be extended to include fermionic generators, namely four Poincaré supercharges
and four conformal supercharges. We are able to write down (anti)commutation relations
among all generators without specializing to a fixed d and demonstrate the validity of all
super-Jacobi identities in an essentially dimension-independent way. The superconformal
blocks can then be found in general d using the fact that they are eigenfunctions of the
quadratic Casimir operator of this superconformal algebra. This method is similar to the
way in which non-supersymmetric conformal blocks were found in [38]. Our general results
reduce to previously studied cases, namely d = 2 and d = 4 [13, 39, 40]. Remarkably, we
find that for any dimension, the superconformal blocks take the same functional form as
ordinary, non-supersymmetric, blocks where the dimensions of external and propagating
operators are shifted. This fact was also observed for d = 2,4 in [40].

We begin our exploration in the next section, where we describe a construction of
the superconformal algebras in d < 4 in a unified framework. This is necessary in order to



properly define the Casimir operator of the algebra and its action on local operators, which
is used in section 3 to find the superconformal blocks. In section 4, we provide a short
review of the properties of the critical Wess-Zumino model in general dimension. Section 5
describes the set of crossing equations that we utilize in the numerical bootstrap procedure,
the results of which are presented and discussed in section 6. We finish with a discussion
in section 7. Several appendices complement the main text with technical results.

2 Superconformal algebra in continuous dimension

2.1 General results

We begin by presenting what we would like to call the dimensional continuation of the
superconformal algebra with four Poincaré supercharges to an arbitrary spacetime dimen-
sion d < 4. The superconformal algebras in the traditional sense exist only for integer
values of d. We will show however that some insight can be gained by considering a set of
(anti)commutation relations which formally make sense for any real 0 < d < 4, such that
we obtain the corresponding superconformal algebras for integer d. We believe that this
language is useful because it allows us to

ecastthed =4 N =1,d=3N =2,d=2N =(2,2)andd = 1N =14
superconformal algebras in a unified way, where d enters only as a real parameter in
the (anti)commutation relations (besides defining the range for the spacetime vector
index),

e derive unitarity bounds on highest-weight representations for the whole d-dependent
family in a unified manner, and verify they reduce to the correct results for the
algebras in integer d,

e find the superconformal blocks as analytic functions of d.

It is a well-known fact that the d = 3, N' =2, and d = 2, N' = (2, 2) Poincaré supersymme-
try algebras are dimensional reductions of the N' = 1 algebra in d = 4, with the extra U(1)
R-symmetry in d = 2 coming from rotations in the two “transverse” dimensions. Here,
we generalize this dimensional reduction to the full superconformal algebra. Imposing the
Jacobi identities in a superconformal algebra leads to non-trivial polynomial relations for
the generators of the Clifford algebra, this being the essential reason for the scarcity of
superconformal algebras [41]. Consistency of our approach requires a continuous version
of these identities valid in any d < 4. The identities can be checked for any d = 0,1,...,4
and at the level of traces even for continuous d. The superconformal algebra thus exists in
continuous dimension in the same sense as the ordinary conformal algebra, where Jacobi
identities can be checked formally without fixing spacetime dimension. Moreover, we show
in section 3 that superconformal blocks can be derived as analytic functions of d exactly
as in the non-supersymmetric case [38, 42].



We work in Euclidean signature, with reality conditions equivalent to those imposed by
unitarity in Lorentzian signature.! The unhatted Latin indices will run over the unreduced
spacetime directions ¢ = 1,...,d, while the hatted indices over the reduced ones P =
d+1,...,4. The bosonic generators include the usual momenta F;, special conformal K,
dilation D, and rotation M;; generators, with 4,5 =1,...,d, the U(1) R-symmetry R, and
finally the rotations in the reduced dimensions M;j.. Because of our formal approach, it
is important to keep the reduced rotations M%j‘ for any d, although there are no physical
generators for d > 2. In our conventions, the bosonic commutation relations are

[Mj, My] = —i(0u My, + 66 My — 63, My — 050 M)
[ng, M) = 1(5le + (5 i M — 5%12;Mj‘i — (55.ng,%) ,
[MZJaPk] —i(0P; — sz)
[Mij, K] = —i(0;0 K — i Kj) , (2.1)
[D, P;| = —iP;
[D, K] =1K;,
[P, K] = —2i(045D + My;)

with all other commutators vanishing. The Hermitian conjugation rules are

Dt=-p, R'=R, M,=My;, M =M Pl =K. (2.2)
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We note that in our conventions, the action of the dilation generator D on an operator O
is [D, O] = —1AQO, where A is the conformal dimension of O.

The fermionic generators include four Poincaré supercharges, (), and four conformal
supercharges, S. The former will be denoted QF, @, with o, & = 1,2, where the upper
index denotes the R-charge eigenvalue, £1, and the lower index transforms under the
SO(d) x SO(4 — d) rotations. As indicated by the dot, the supercharges with different R~
charge are allowed to transform non-equivalently under rotations, as is the case for N'= 1 in

d = 4. The conformal supercharges are Hermitian conjugates of the Poincaré supercharges
T = §*F = (@) (2:3)

With this convention for placement of indices, contraction of an upper and a lower index
of the same kind is an invariant operation since any representation of the compact group
SO(d) x SO(4 — d) is unitary. Let us now sketch how the structure of the superconformal
algebra, with the generators above, follows from the Jacobi identities. With the exception
of the anticommutator of Poincaré and conformal supercharges, we simply reproduce the
d = 4, N = 1 superconformal algebra, but we think it is worthwhile to show how the
structure emerges in a d-independent language.

Jacobi identities involving D or R imply that both sides of an (anti)commutation
relation must have the same scaling dimension and R-charge, and we always impose these

!The four-dimensional Euclidean superconformal algebra with four Poincaré supercharges does not admit
unitary representations. This is not important for us since we insist on unitarity in Lorentzian signature.
We thank Toine Van Proeyen for emphasizing this point.



constraints in what follows. Furthermore repeated indices always imply a summation. The
basic building block is the anticommutator of Poincaré supercharges, which takes the form

{QF, Q) =ZhaPi, (2.4)

where X! ; is an, as yet, unspecified tensor. Using the conjugation rules (2.2), (2.3) one finds

{541,827} = 8K, (2.5)

with $¢¢ = (¢ .)*. The only generators that can appear in the anticommutator of a

Poincaré and a conformal supercharge are D, R, M;; and ng.. Rotation invariance dictates

that D comes multiplied with one of the invariant tensors 0%, 50"/3. Let us normalize our
supercharges so that

{87, QE} =i0%D + ...,

at 1 s

{S ,QB}—15 BD+"' ,

where the dots stand for the contribution of other generators. The Jacobi identities coming

from the triplets [Q7, Q7 , K;] and [S¥T, S9~, P,] then determine the following commutators

(2.6)

[Ki) Q;r] = Ef:zdsd+ )
(K, Q5] = 5455,
[P, 5%F] = =58 QL 27)
[P, S%7] = -5%°Qy .

We denote the representation matrices of rotations on the supercharges as m;;, m;;, i.e.
[Mij, Q%1 = (miy) L QF
(M35, Q3] = (117)"4Q5
3 . (2:8)
[Mij, 8] = — ()%, 87T,
[Mij,5%7] = —(mij)g"S°~
where the latter two follow from the former two using the conjugation rules in (2.2)
and (2.3). Note that the matrices m;;, m;; are necessarily antisymmetric in the space-
time indices. The Jacobi identities for the triplets [P, K;, Q] and [P, K;, Q] imply

Ejii = 5ij + Qimij s

S . (2.9)
EiEj = 6ij + 21mij .
Taking the symmetric parts implies that the 3J; tensors satisfy the Clifford algebra
YiX; + X% = 265,
I al 7 (2.10)

iiEj + EJEZ = 25@' ,
while taking the antisymmetric parts leads to explicit formulas for the rotation generators
in terms of 3;

4 - (2.11)



Since we would like our algebras to be related by the dimensional reduction, we will
take (2.8), (2.10), and (2.11) to hold also for the hatted indices 1,7 =d+1,...,4, thus
defining the action of the extra R-symmetry. It remains to determine the anticommutators
between Poincaré and conformal supercharges, i.e. {5, Qg} and {S%T, Qg} It follows
from the [SO‘*,QZ,PZ-], [SC”,Q;},PZ'] Jacobi identities that M;; appears contracted with
the corresponding tensor m;; or 7;; with unit coefficient. The most general form of the
anticommutators which can be checked, using only (2.10), to be consistent with all Jacobi
identities except for those involving three fermionic generators, is
{Sa_, QE} = 5aﬂ(iD — aR) + (mij)ﬂaMij + b(m%j)ﬁaMgﬁ s

{S4+, Q;} = 56‘B(iD +aR) + (mij)dBMij + b(mzj)dBMg3 )

(2.12)

for some real constants a,b. It remains to check whether the Jacobi identities involv-
ing three fermionic generators are satisfied. The Jacobi identity coming from the triplet
Q. Q5,577 leads to
S0y 20 +1 ., o4 Qs NG YRR
LGy = —5 00 + (mij) g% (Mag)®; + blmy;) 6 (175)% - (2.13)
The rotation generators are traceless in the spinor indices, so taking the trace of this

equation with respect to both pairs of indices and noting that (2.10) implies
tr(2°%;) = 2d, (2.14)

we find Jo1
a= % : (2.15)

To fix b, we consider the Jacobi identity of the triplet [Q7, QE, S7~], which leads to

d—2

T5a5575 + (a <~ ’y) = (mij)ga(mij)57 + b(mgj)ﬁa(mgj)(;’y + (Oé — ’y) . (2.16)

There is an analogous identity with dotted indices. Contracting all spinor indices and using
that (2.10) and (2.11) imply

d(d—1) (4—d)(3—4d)
(mij)g*(mij)o” = — (m;3) 5% (mi)e” = B e— (2.17)
so we find g1 4 D)3 d
3(d—2) = (2_ )+b( — )2( — ), (2.18)
which holds in continuous d for b = —1. The final form of the sought anticommutators
is thus g1
{Sa—7 QE} = 5‘1/3 <iD - 2R> + (mij)ﬁaMij — (mij)ﬁaMij ,
(2.19)

. . d—1 . ~
at Ty — 5o, |3 i )& (M) o

We have demonstrated that identities (2.13), (2.16) are satisfied in any d after contracting
the spinor indices. We do not know of a d-independent way to argue for their validity in



their uncontracted form. However, one can make an explicit choice of the 4d ¥ matrices
satisfying (2.10), and check the identities for all dimensions of interest. Indeed, they are
satisfied for any consistent choice of ¥ matrices for any d = 0,1,...,4. This exhausts all
the constraints imposed by Jacobi identities, thus showing that our algebra is consistent
in any d < 4.

2.2 Realizations in integer d < 4

In this section, we illustrate that our interpolation reduces to the expected algebras in
integer number of dimensions. This is of course necessary since they are the unique su-
perconformal algebras with four Poincaré supercharges and a U(1) R-symmetry in the
respective number of spacetime dimensions.

For d = 4, our algebra is manifestly the AN/ = 1 superconformal algebra with com-
plexification si(4]|1), with two pairs of Poincaré supercharges, with opposite R-charge,
transforming in the two inequivalent Weyl representations. The value a = (d —1)/2 = 3/2
leads to the well-known chirality condition on scalar superconformal primaries, A = 3¢/2,
with A the dimension and ¢ the R-charge.

For d = 3, we reproduce the N' = 2 superconformal algebra, whose complexification
is 0sp(2|4). Choosing X!, = (0;)%, for i = 1,2,3, where o; are the usual Pauli matrices,
we find that @ transforms as a complex conjugate of QF, so that a lower (upper) dotted
index is equivalent to an upper (lower) undotted index, and all indices can be raised and
lowered using €*?, €a3- The complete algebra is presented in appendix A.

The relevant superconformal algebra in two dimensions is the global part of the N =
(2,2) superconformal algebra in the NS-NS sector. The complexified Lie superalgebra
is sl(2]1); @ si(2]1),. Working on the holomorphic (left-moving) side, we have the usual

bosonic generators L,, n = —1,0, 1, R-symmetry (2, and fermionic generators Gil /2" They
satisfy the following (anti)commutation relations
[Lim, Ln] = (m —n) Ly,
m
Lo, GE :(7_ )Gi :
L, G} =5 =7) G (2.20)

[Q,GF] = +GF,
{Gj,Gg} = 2Lr+s + (7“ - S)Q,

with all other (anti)commutators vanishing. The anti-holomorphic generators, which we
denote with a bar, satisfy exactly the same algebra. Making the traditional choice ng =
(0;)%, for i = 1,2,3 and ¥1, = i6%, our interpolating algebra from section 2.1 repro-
duces (2.20) after the following identification for the bosonic generators

Pi=—iL.1+L.), P=L—L,

K1 =i(L1 + Ly), Ko=1Ly— Ly,

D = —i(Lo + Lo), My = —Lo + Ly, (2.21)
_ Q-0

R:Q+Qa M34:T7



and the following for the fermionic generators

Qf = GJ—F1/2’ 5 = GJ—FUQ’
QR = 6:1/2v Qy = G:1/27 (2.22)
g+ — 61_/2 : g2t — GIL/2 :
ST =Gy, S =Gy
Finally consider the case d = 1. In this dimension, the generator R drops out from

equations (2.19), and indeed from the expression for the conformal Casimir as shown in
section 3.1. Hence, it may be safely dropped from the algebra. Since 4 = 1 + 3, the
situation is quite similar to the d = 3 case detailed above and in appendix A. In particular,
the rotation generators in the directions 2, 3,4 describe an su(2) algebra acting as an R-

symmetry on the supercharges. Analogously to d = 3, we make the choice Ei 5= (O’%_l)ﬁ o
for i = 2,3, 4, where o, are the usual Pauli matrices and E; 5= i5” «. A lower dotted index

has the same transformation under the R-symmetry as an upper undotted index and vice
versa, so that we can write

QR =Q,, SI=s5". (2.23)
Spinor indices can be raised and lowered using €5, €a3- We also define
1
H= P1 s K= Kl, R%—l = 562_173_17]%_1]\43’% y (224)

and find that the algebra becomes psu(1,1|2), described by the non-zero commutators:

[H,K] = —2iD (D, H] = —iH | D, K] = iK ,

_ . i _ i
{Qi_aQﬁ }Zl(saBHv [Dijy_]:_iQ:a [Dan ]:_ﬁQa )
(55,89 V = ~i5.P K | D, S+ = %S,j , (D, 5] = %Sa— :
(S, Q1) =iD &% — (00)%Ri, K, Q] =157 | K,Q°] = i5%

{5;7 Q/B_} =iD 5045 - (O—i)aﬁRh [Ha S(jé_] = IQ&'— s [Ha Sa_] = iQa_ s
, 1 S D
[Ri, Rj] = iejjn Ry [Ri, X1 = Q(O-i)ﬁongv [R;, X7 = i(gi)ﬂ Xh-,

(2.25)

where in the last line X stands for either ) or S.

2.3 Unitarity bounds in general d

It will be useful for section 3.4 to work out the unitarity bounds, in general dimension, for
the symmetric traceless representation and the representation in the tensor product of the
symmetric traceless and the spinors. The unitary representations in integer d were found
in [43, 44] but our goal here is to offer a derivation that formally makes sense in general
d. It was noted in [45] that the free scalar CFT in non-integer d contains negative-norm
states. This casts doubt on whether one can have unitary CFTs in fractional dimensions.



Here, we will be modest and will derive necessary conditions for unitarity in general d, by
focusing on the lowest levels, assuming that superconformal primaries have positive norm.
Suppose |O4) is a superconformal primary of dimension A, R-charge ¢, transforming
in a representation R of SO(d) x SO(4 — d). Using a standard argument, [43, 46-48], it
follows from (2.19) that the Q@ descendants of |O4) have non-negative norm when
d—1

A>—— — i / 2.26
2yt anche i (o) (2.2

where ap denotes the eigenvalue of representation R under the following Casimir

1 1
- ijMij — =M~ M-

: S MM (2.27)

and 7 denotes the spinor representation in which QF transforms, with a, its eigenvalue
under (2.27). Similarly, the @, descendants of |O4) have non-negative norm whenever

A> —d21q—|—aR+ar—R/Iél}%r(aR/) , (2.28)
where 7 is the representation in which @), transforms. In Euclidean signature, the bar
operation on SO(d) x SO(4 — d) representations corresponds to parity, rather than complex
conjugation, but we will refer to it as conjugation for simplicity. It remains to evaluate
ar on the representations of interest. Suppose R = .S is the symmetric traceless tensor of
spin s. Since it has no indices in the reduced dimensions, we find just the SO(d) eigenvalue

ag, =s(s+d—2). (2.29)

Consider now the spinor representations r, 7. It follows from (2.10) that their eigenvalue

under %MijMij is d(dg_l), which matches the expected values %, %,% in d = 2, 3,4, respec-
tively. The spinor indices «, & necessarily transform also under the reduced rotations M;j.,
and indeed, the eigenvalue under %Mg;M%j is related to the eigenvalue under %MijMij by
replacing d +— 4 — d. Hence the eigenvalue under (2.27) is

dd—-1) (A-d)(3—-d) 3(d-2)

ar = ap = g 3 =0 - (2.30)

Let us move on to the representation |Oqi, .. i.), symmetric and traceless in the s vector
indices, and satisfying the irreducibility criterion if‘la’(')az‘l...@ = (0. We denote this repre-
sentation as Ps;. The action of the SO(d) Casimir can be evaluated in general d using the
dimensional continuation of the superconformal algebra from the previous sections with

the result
d(d—1)

1
§Mjijk|Oai1...is> = 8

ts(s+d—1)| |Oiy.i)- (2.31)

This expression reduces to the expected (s + %)2 ind=2;j(j+1), with j = s+ %, in

d = 3; and 2[j1(j1 + 1) + j2(j2 + 1)], with j; = %, j2 = 5, in d = 4. We have already

seen that ) (4-d)3—d)
M5 M3 Oaiy i) = g

2" ik Oy i) » (2.32)

~10 -



leading to

3(d —2)

—

The same formula is valid for the conjugate representation |Osi, i, )-

ap, =s(s+d—-1)+ (2.33)

Finally, we will need the Casimir for the representation |Ong;,. i,), symmetric in of,
symmetric and traceless in the vector indices, and satisfying 2?‘10‘|(9a5i1._,-3> = 0. We
denote this representation by 5. The superconformal algebra is not sufficient to find the
individual eigenvalues of the SO(d) and SO(4 — d) Casimir operators because of the cross-
term occurring when the two rotation generators each act on one spinor index. Fortunately,
the identity in (2.16) is precisely what is needed to evaluate this cross-term in the difference
of the two Casimirs. The final result is

ag, = s(s+d)+2(d—2). (2.34)

This result is in harmony with the results in d = 3, 4, where the contribution of the SO(4—d)
Casimir must vanish. Indeed, in d = 3, ag, = (s+1)(s+2), corresponding to the j = s+1
S

representation, and in d = 4, ag, = (s + 2)2, corresponding to the j; = 5+1, jo =3

representation. Formula (2.34) applies also to the conjugate representation |0, Bil...is>'
We are now in a position to derive the unitarity bounds at level one for the S and
P, representations. Due to the covariance of the ¥ tensor, we have the decompositions
Ss®@r = Py 1®Pyy1, Ss®7F = P,_1® P,,1, valid for s > 0. The first direct summand has a,
smaller value of a, leading to the unitarity bound for the symmetric traceless representation

d—1
Ag >T\ql+s+d—2, s>0. (2.35)

s -

This formula reduces to the well-known results in integer d. For the special case s = 0,
unitarity at the first level implies only A > %M. However, this condition is not sufficient
for unitarity, since the level-two state |P) = *# QjQE!O ) has norm

d—1 d—1
<73|73>:4<A—2><A—2q—d—|—2>. (2.36)
An analogous result holds for |P) = €9b Qg QE|O A), leading to the unitary representations
d—1
ASO = T‘q| 9
do1 (2.37)

sy > o +d—2.

Consider now the representation P;. We have Ps @ r = Ss @ Qs, Ps T = Qs—1 P Ssa1,
with the first direct summand having the smaller value of ar. Equations (2.26), (2.28)
thus lead to the bound

d—1

Ap, > |——(¢+1) -1 +s+d—%. (2.38)

In d = 3, this reduces to the expected A > |g| +s+ 3 = |¢|+j+ 1, with j = s+ 1. In
d =4, it becomes A > |3q + 5| +5+5 =3¢+ j1 — jo| +j1+j2+2, with ji = =51, jp = 5,
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in perfect agreement with [43, 44]. The unitarity bound for the conjugate representation
P, is obtained simply by flipping the sign of ¢ in (2.38)
Ap > %(q—l)—l—l +s+d—%. (2.39)

The notions of short and semi-short representations are useful because operators in
these representations often have dimensions protected from quantum corrections. A super-
conformal chiral scalar operator belongs to a short multiplet and obeys the first equation
in (2.37) with ¢ > 0, an anti-chiral operator obeys the same equation with ¢ < 0. For the
symmetric traceless representation of spin s, the semi-short multiplets are those for which
the superconformal primary saturates (2.35), which for s = 0 is the same as saturating the
second equation in (2.37).

Necessary conditions for unitary representations of the nonsupersymmetric conformal
algebra in general dimension are presented in section 6 of [44] (see also [49]) and they are
generally weaker than the ones for the superconformal algebra discussed here. It is also
useful to recall that a free scalar field in d dimensions necessarily has

d—2

Afree = —5 (2.40)

and a conserved current of spin s in any CFT obeys

A =s+d—2. (2.41)

3 Superconformal blocks

A standard method for finding conformal and superconformal blocks is by utilizing the
Casimir equation [38, 40]. Having formulated a dimensional continuation of the supercon-
formal algebra with four Poincaré supercharges, we are in a position to find the Casimir
equation and its solution for a large class of superconformal blocks in general d. This is
done in sections 3.1, 3.2. Remarkably, as was already noticed in [40], superconformal blocks
are closely related to non-supersymmetric conformal blocks with shifted scaling dimensions
and we provide an interpretation of this fact in section 3.3. In section 3.4 we deal with
an important case not captured by the Casimir approach, namely that of superconformal
blocks in the chiral channel.

3.1 Superconformal Casimir

In this section, we find the quadratic Casimir of the relevant superconformal algebra in
general dimension. The quadratic Casimir must be a linear combination of the quadratic
Casimir C} of the bosonic conformal subalgebra so(d + 1,1), the Casimir of the reduced
rotations, so(4 —d), R?, and terms quadratic in the fermionic generators. Invariance under
D, R, M;;, and ng reduces the possibilities to

C=Cy+c18TQ, + c2Q, S 4+ ¢35 QY + QLS + csR? + 66M;3.M%3 , (3.1)
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with ¢; so far undetermined constants. Note that

1 1
The coefficients ¢; can be determined by requiring [C, Q] = [C,Q;] = 0. Using (2.19) and
looking at the coefficients of DQ/, DQ7, Qi D and Q3 D leads to ¢; = ¢3 = —cg = —¢4 =
1/2. Similarly, the coefficient of RQ} determines c5 = —(d — 1)/4. Finally, the coefficient
of M;zQ7 fixes cg = —1/2, leading to the final result
d—1 1 ~ _ _
R ([5U.Qa] + [57.Qd))
(3.3)
It is instructive to study the contribution of the R-symmetries in d = 2, where, after

1 1 1
— 2 e PYLZM- Mo — Z AMox Moan —
C = D~ S (PKi+KiPi) 5 Mij My — 5 My My

using (2.21), one finds

1 d—1_, 1
g My =y

_ _ 1 _
Kg—mﬁu9+mﬂ=§aﬂ+gﬂ. (3.4)
The contribution is a sum of a holomorphic and an antiholomorphic part as expected.
The eigenvalue of C' when acting on a superconformal family, where the superconformal
primary has dimension A, R-charge ¢, and transforms as a symmetric traceless tensor of
spin s under M;; and as a singlet under Mg;, is
d—1 ,

/\C:A(A—d+2)+s(s+d—2)—Tq. (3.5)
To find this, we have used the eigenvalue of the usual conformal Casimir operator Cj when
acting on a conformal primary [38]

Aoy, =AA—d)+s(s+d—2). (3.6)

3.2 Casimir equation and its solution

Here, we derive a formula for the superconformal blocks in theories invariant under the
superconformal algebra in section 2, for the four-point function (¢;¢2¢3d4), where ¢; are
scalar superconformal primaries with dimensions A; and R-charges ¢;. In addition, we
assume that ¢1 and ¢3 are chiral, i.e. QF¢13 = 0, or equivalently

d—1

A3 = 5

CI1,3 . (37)

A superconformal block corresponds to the contribution of a single superconformal family
produced in the OPE of ¢ and ¢o. It is therefore an eigenfunction of the superconformal
Casimir (3.3) applied to the first two operators. Due to the appearance of supercharges,
the resulting equation will relate the superconformal block of (@1¢2¢p3¢4) to the one of
(VS p30a), where 1Py 2 is a supersymmetric descendant of ¢15. In the limit |z4] — oo,
we can use a supersymmetric Ward identity to reduce the latter correlator to a differential
operator acting on (¢1¢2¢3¢4) and thus derive a differential equation for the original super-
conformal block. Consider the action of the fermionic part of the superconformal Casimir
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on the product ¢;(x1)pa(x2). Using the chirality of ¢; and the superconformal algebra,
one can show that

1 .
5 ([977,Qa] + 577, Q5]) (41(21)2(22)) [0) = (3.8)
= [(S*7 o1 (2))(Q P2(22)) — (Q5 61(21)) (S P2(2)) + 2(A1 + Az) 1 (1) da(w2)] [0)
where the action of conserved charges on local operators is the usual one via the commu-
tator. From
¢(x) = e Fo(0)e ™7, (3.9)
and using (2.7), it follows that
(S ¢1(x1)) = izt £7(Q d1(x1)) (ST pa(w2)) = 57 (QL a(2)) . (3.10)

It remains to relate the correlator

(Qz d1(21))(QF pa(x2))p3(23) pa(w4)) (3.11)
to (¢1(x1)d2(x2)ds(x3)da(x4)). Starting from the Ward identity
([QF,(Qg ¢1(21))d2(w2)p3(x3)Palwa)]) = 0, (3.12)

and using the anticommutator of Poincaré supercharges, (2.4), and the chirality of ¢s,
we find

((Qz01(21))(Qa b2 (w2))p3(w3)pa(wa) ) + ((Qg ¢1(71)) P2(72) P3(23) (Q pa(w4))) =

= —i%4507 (d1(21) b2 (w2) b3 (w3) da(w4)) -
(3.13)
Conformal invariance ensures that no information is lost if we take the limit x4 — oo.
The leading behavior of a correlation function containing a primary O(z) of dimension A
and arbitrary Lorentz quantum numbers as |z| — oo is |z| 7. Thus the second term on
the left-hand side of (3.13) is subleading in the limit |z4] — oo, since Q increases the
dimension of ¢4 by 1/2. In the derivation of the differential equation, we can then replace

((Qa01(21))(Q4 $2(2))3(x3) da(24)) (3.14)
with

— 130,507 (P1(z1) P2 (w2) P3(23) Pa(4)) (3.15)
while remembering that we must send |z4| to infinity at the end of the calculation. Com-
bining this with (3.10), and using

tr (3°5;) = 265, (3.16)

which follows from the Clifford algebra, we find the action of the fermionic part of the
superconformal Casimir on the four-point function to be

<; ([, Q5] + [5°7, Q%)) (¢1(m1)¢2(x2))¢>3(x3)¢4(x4)> ~

~2(z12 - Opy + A1 + A2) (P1(21) P2 (w2)P3(23)Pa(24))

where x;; = x; — 2, and the ~ symbol means equality up to terms subleading as |z4| — occ.

(3.17)
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The contribution of a single superconformal family of the superconformal primary O
to the four-point function takes the form

o A A
C C 12 34
_ $1¢p2 93040 |z24] |714] A2, Azgy, =
<¢1(x1)¢2($2)¢3($3)¢4($4)>‘O - ’x12’A1+A2|$34|A3+A4 ’.’L‘14’A12|$13|A34 AO:‘SO (27 Z) )
(3.18)
where Qﬁf’A‘“(z,Z) is the superconformal block and A;; = A; — A;. Here z and Z are

related to the usual conformally invariant cross-ratios u, v as

2 .2 2 .2
u= 33%21‘34 =2z, v = 3:%43333 =(1-2)(1-2). (3.19)
T13 L4 T13 L2y

The operator (3.17) translates into the following action on the superconformal block
2 [2(1— 2)0 + 2(1 — 2)0] G125 (2, 2) — Az + 2)G2 2% (2, 2), (3.20)

where @ = 0, and 0 = 0;. The action of the R-symmetry cancels on the two sides of the
superconformal Casimir equation, and using the result for the conformal Casimir [38], the
differential equation for the superconformal block becomes

DGR (2, 2) = [A(A — d+2) + s(s +d — 2)] G124 (2, 2) (3.21)
where the differential operator D is given by
D =222(1-2)0* +272(1 — 2)0 + (A12 — Agg — 4)(2%0 + 220) + 2 (20 + 20) +

zZ _ 3.22
[(1-2)0—(1-2)9] . (3.22)

z—Z

+ %(Alz —2)Asgs(z + 2) +2(d — 2)

It turns out that this equation has a simple solution in terms of the ordinary non-
supersymmetric conformal blocks. This has also been pointed out for d = 4 and
b1 =3 = g = @4 in [40]. Indeed, the solution with the correct z,z — 0 behavior is

gﬁ}f’AM (u’ U) _ u—l/2g§fisl,ﬁs4*1(u’ U) ’ (3'23)

where Gﬁ}j’AM (u,v) is the non-supersymmetric conformal block and we switched to the
usual cross-ratios u,v. We comment on the relationship between conformal and super-
conformal blocks in the next section. It is also possible to decompose the superconformal
block into conformal blocks using a relation found in [50]. Using the convention where the
u — 0, v — 1 behavior of the conformal blocks is

S
GA127A34 (_1) % 1 S 3 24
A28 0) Sl (1w (3.24)
the decomposition reads
A12,A34 _ ~A12,A34 A12,A34 A12,A34 A12,A34
Ons =GaA T aGAY S FaaG A T+ asGAL (3.25)
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where

0 = (A+A12+5)(A+Aszq+5)
2(A+s)(A+s+1)
0y = _s(s+d—3)(A+A1p—s—d+2)(A+ Az —s5—d+2) (3.26)
2(2s+d—4)(2s+d—2)(A—s—d+2)(A—s—d+3) ’ ‘
0 = A(A—d+3)(A+A12+3)(A+Ass+5)(A+A19—s—d+2)(A+Azy—s—d+2)

A2A—d+4)2A—d+2)(A+s)(A+s+1)(A—s—d+2)(A—s—d+3)

It follows that whenever a superconformal family contributes to a given four-point func-
tion, as in (3.18), it is through the superconformal primary, O, and three other conformal
primaries (and all their conformal descendants). The three conformal primaries are super-
symmetric descendants of O, with dimensions and spins that can be read off from (3.25).

A few comments are in order. Notice that for A1s = Agzy = 0 the coefficients do not
have poles for dimension and spin consistent with the unitarity bounds, and furthermore
their sign is consistent with unitarity. For Ao and Agsy different from zero, there can be
poles, for A, s saturating the unitarity bound, but this is expected since the leading block
itself diverges. This is related to the fact that conserved currents can only couple to scalars
with identical dimensions.

It is useful to pause for a moment and compare our solution for gﬁ};”A“ (u,v) to previ-
ous results in integer dimensions. For the special case of the d = 4, N’ = 1 superconformal
blocks studied in [13, 40], our solution is in agreement with their result since conformal
blocks are invariant under Ao <> —Asy. For d = 2, the explicit form of the solution is (up
to an overall constant)

G2 (2,2) = Jags(2)jazs(2) +2 & 2, (3.27)
where
A A
in(2) = 2" Fy <h— 212+1,h+234;2h+1;z> . (3.28)

This also agrees with the result found in [40], up to the transformation z <» z/(z — 1), or
equivalently x1 <> x2, and after taking into account the following identity

h

As a cross-check on the Casimir approach, appendix A contains a derivation of the coeffi-
cients in (3.26) for d = 3, using the constraints of superconformal symmetry and chirality
of ¢1,3 on the OPE. It is conceivable that this type of OPE derivation of the superconformal
blocks can be carried out in general d using the superconformal algebra of section 2.
Finally, we would like to point out some curious relations between the coefficients
in (3.26). For d = 2 and d = 4 one has a3 = ajas. This identity is not true in general
dimension. However, if one considers a; as a formal function a;(A, s, d, A1z, Asyg) one finds

az(A, s,d, A1z, Azq) = a1(A, s,d, D12, Azg)az(—s, —A, d, A1z, Azy) . (3.30)
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3.3 The relationship between conformal and superconformal blocks

The relation in (3.23) between superconformal and ordinary conformal blocks can be given
a simple interpretation. Consider the contribution of the superconformal family of the
superconformal primary O to the correlator (¢1pap3s) as in (3.18). It can be rewritten,
via (3.23), as

(P1(21)@2(22)P3(23)Pa(24)) |0 = (3.31)
@ Aqo— Aay—

_ ’33 ’2 Ch1 o Cp32O |:p24| 12—1 |$14| 34 1GA12—1,A34—1(U U)

= |T24 |x12|A1+A2+1‘x34‘A3+A4+1 |9014| |x13| Ao+1,50 , V).

Up to the |wo4]? prefactor, this has the form of the contribution of the conformal family of
a conformal primary O to the four-point function of some new fields ¢;

(01(21)d2(2) d3(23)9a(24)) o = w24]*(D1(21) P2(w2) d3(3) da(24))] 5 » (3.32)
where the quantum numbers of operators with a tilde are related to the original ones as
Az =g,
Ay, =Ag +1,
Ag, =Dy, (3.33)
Ay, =A¢ +1,

A@:Ao—i-l, S3 = S0 .

Hence, the terms in the superconformal block expansion of (¢ (z1)p2(z2)ds(x3)da(x4)) are
in one-to-one correspondence with the terms of the conformal block expansion of

~ ~ ~ ~ 1

(P1(w1)pa(2)P3(23)Pa(a)) = 5 (91(21)P2(22)P3(23) Pa(a)) - (3.34)

B2

Moreover, since the only difference between the four-point functions (¢1¢pa¢3ds) and
(h1p203¢4) is the factor |z24]?, we can mimic their relationship by writing

$13= P13,

- 3.35
¢2,4 = U<Z52,47 ( )

where o is a real scalar conformal primary field of scaling dimension A, = 1 not interacting
with any of the ¢;. Therefore, there is no regularization needed in defining the composite
operators o¢s 4, and the correlation function factorizes as

(P1(21)(02)(22)P3(w3)(0¢a)(24)) = (0(x2)0(24)){(P1(21)P2(22)P3(23)Pa(z4)) . (3.36)

It may sound surprising that the conformal block expansion of (¢1(cp2)ps(c¢s)) is the
same as the superconformal block expansion of (¢1¢2¢3d4). Each superconformal primary
OO in the ¢1 X ¢ OPE gives rise to four conformal primaries 0, 7=0,...,3, and each of
these gives rise to infinitely many conformal primaries in the ¢ x c¢2 OPE, of the schematic
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form ¢0"OW, n =0,1,.... For the proposed relationship between the two expansions to
hold, there must occur numerous cancellations among the various conformal primaries,
leaving only the contribution of the lowest one 0@, Indeed, denoting the conformal
descendant of O(©) with dimension Ay + 1 and spin sp + 1 as OW| the contribution of the

conformal primary cO®) is cancelled by the contribution of 030(0), which has the same
dimension and spin. Remarkably, this cancellation continues to hold for all the higher-lying
conformal primaries, leaving only O,

It will be curious to study whether the relation in (3.32) between correlation functions
in a superconformal field theory and those in a non-supersymmetric conformal field theory
can ever be realized for some theories of physical interest.

3.4 Spectrum in a chiral OPE

When considering conformal bootstrap for the correlator (¢1¢2¢3¢4) with ¢q 3 chiral pri-
maries and ¢g 4 superconformal primaries, there is another possibility for an OPE expan-
sion, namely fusing ¢; and ¢s3. Chirality implies that all conformal primaries appearing
in this OPE must be annihilated by Q7 and it is the goal of this section to derive which
components of superconformal multiplets have this property.

Suppose that P is a conformal primary of dimension Ap and R-charge ¢p in the
symmetric traceless representation of spin s, satisfying [QF,P] = 0. Further, assume
that P is a supersymmetric descendant of the superconformal primary O, where O has
dimension A and R-charge g. The SO(d)xSO(4—d) representation R in which O transforms
depends on the precise way P is obtained from O through the action of supercharges.
The relationship between O and P is constrained by observing that the superconformal
Casimir (3.3) must have the same eigenvalue on O and P. Since P is annihilated by both
K; and Qf, it is also annihilated by their anticommutator S%*. One can then use the
superconformal algebra to evaluate the action of C' on P purely in terms of its quantum
numbers, with the resulting eigenvalue

d—1
M =Ap(Ap —d) +s(s+d—2) — Tq% +(d —1)gp, (3.37)

where the last term arises from the fermionic generators. Similarly, one can evaluate the
eigenvalue of C' on O using the fact that it is a superconformal primary, the result being
d—1 ,

Ang(A—d+2)+aR—Tq , (3.38)

where ap is the SO(d) x SO(4 — d) Casimir familiar from section 2.3. Moreover, for
each conformal primary in the superconformal multiplet, there are relations of the form
Ap=A+5, m=0,...,4, gp =q+n,n=—2,...,2, and we can proceed case by case
and determine whether A\; = Ay is consistent. We label each case by (¢p, R) and use the
notation of section 2.3 for the SO(d) x SO(4 — d) representations.

e At level zero, we have the single case (¢p = q, R = Ss), and A\; = Ay implies

d—1
A=, (3.39)
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which corresponds to a unitary representation only if s = 0, i.e. P must be a chiral
primary. In other words, the chiral superconformal primaries must have s = 0.

There are four cases to consider at level one: (¢+1, Ps_1), (g+1, Py), (¢g—1, Ps_1), (¢—
1, P,), corresponding to P, i, = S0*Qf Osiy...ivs Piy.ie = €PQEOpiy iy Piy.iy =

E%O‘Qa._ Ouig..ias Piy.ie = B Qg O,é’h.‘.is respectively, where in the first and third case
we also need to symmetrize with respect to the extra vector index. For the first case,
A1 = Ao implies
d—1 d
A:Tq—l—s—l—|—§, (3.40)

which is precisely the unitarity bound (2.39) for Ps;_;. The first case is therefore
allowed only if the superconformal multiplet of O contains the non-trivial null states
QL P. We call a null state trivial if it can be seen to vanish without resorting to the
computation of its norm. For example, QfoO is a trivial null state. The shortening
condition (3.40) translates into

d—1

AP:TQP+55 s>0, (3.41)

and thus can be thought of as a natural extension of (3.39) to s > 0. The remaining
three cases all lead to non-trivial linear relations between A, g and s, but none of these
relations corresponds to the appearance of a non-trivial null-state. Therefore, they
all lead to a contradiction since we know that QX P must be non-trivial null states,
since if they were trivial null-states, the condition A\; = Ay would itself be trivial.

We simply state the results for level two. The only case not leading to the type

of contradiction we saw for the three disallowed cases at level one is (¢ + 2,S5),

ie. Py i, = eaﬁQgQg(’)ilmis, which can be easily seen to always satisfy QFP = 0

without the need for a shortening condition on . There are then two allowed types of

unitary representations. Either O is antichiral, i.e. s =0 and A = —%q, leading to
d—1

Ap = ——5 Tt d, (3.42)

or O is generic, satisfying (2.35) (including s = 0), which leads to
d—1
Ap > ?Qp—d—kl—i-s—l—d—l. (3.43)

We must also remember that for s = 0, the superconformal primary must satisfy the
unitarity bound A > d%Q.

Of the four cases at level three, the condition Ay = A9 does not lead to an immediate
contradiction only for (¢+ 1, Ps_1). Similarly to what happenes at level one, A\; = Ay
in this case implies a consistent shortening condition. The novelty here is that this
shortening also kills the state PP, and thus there are no consistent possibilities at
level three.
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e There is only one conformal primary at level four, but A\; = A2 does not lead to a
consistent shortening condition on O, so the primary at level four can not appear in
the chiral OPE.

Essentially identical results were derived in [26, 51] for d = 4, N' = 1 in the context
of the OPE of a chiral operator ® with itself. The new feature of the generalization to
d < 4 is the appearance of the level-two descendant of an antichiral primary (3.42). From
R-charge conservation we have %qp = 2A4 which, combined with the unitarity bound
A > % for the operator O, implies that the antichiral case can only be included if

Ap < 2. (3.44)

A~ Q.

Thus in d = 4, the antichiral case can only appear when ® is the scalar component of a
free chiral superfield, where we know it does not appear since there is no coupling between
® and any other fields. However, in d < 4, there is a finite window for Ag where the
level-two descendant of an antichiral primary can make a contribution, and we will see it
plays a crucial role in the Wess-Zumino model, since its appearance corresponds to the
Yukawa coupling.

It follows from the above discussion that only one kind of allowed conformal primary
P from the same superconformal multiplet can appear in the ¢1 x ¢3 OPE, and therefore
the superconformal blocks coincide with the usual conformal blocks. Supersymmetry plays
a role in this channel only through constraints on the spectrum of conformal primaries that
can appear in the OPE.

4 Intermezzo: review of the Wess-Zumino model

In this section, we remind the reader of some basic facts about the massless Wess-Zumino
model in d < 4 [52]. A nice review on the subject can be found in [53]. The model consists
of the theory of a single chiral superfield T with cubic superpotential W (Y) = %)\T?’.
Equivalently, this is a theory of a complex boson and fermion with the Lagrangian

Lwz = 0,00 ¢ + iy 0ut) + AP0 + (A dvhac™ s + c.c.) . (4.1)

The classical dimension of the coupling A is §, with € = 4 — d, and it is convenient to
define the dimensionless coupling A= p~</2), where f1 is the renormalization scale. Super-
symmetry implies that the superpotential is not renormalized. Therefore the S-function
of X is determined by the anomalous dimension of the chiral field ®, which is the lowest
component of the superfield T

~ 6 ~
B5 = A -5t 37@(/\)] ; (4.2)
where vp = —%lezi i and the factor of 3 comes from the fact that W (Y) is cubic. Since

we know from perturbation theory and unitarity that ’yq>(5\) > 0 for A < 1, we expect
that for sufficiently small €, the theory has an interacting IR fixed point with unbroken
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supersymmetry at a coupling A* > 0. This CFT is what we refer to as the critical WZ model
(cWZ). The exact relation (4.2) implies that at the fixed point the anomalous dimension is

4—-d

— (4.3)

Yo(A*) =

and hence i 9 i1
Ag = 5 +70(N) = 3 - (4.4)
This formula can also be deduced from the exact superconformal relationship between
scaling dimension and R-charge of a chiral field A = %q, since the R-charge of the
superpotential is gy = 2 and thus ¢p = 2/3.
An equivalent way to state the result in (4.4) is that the e-expansion of the critical

exponent 1 = 2Ag — (d — 2) is exact at the leading order
n=2v(7")==. (4.5)

The critical exponent v, characterizing the divergence of the correlation length as the
temperature approaches the critical temperature, is related to the scaling dimension of the
lowest uncharged scalar, [®®], as follows

V_l = d — A[@@} . (46)

It is not protected by supersymmetry and has been computed at one loop in the e-
expansion [32, 33]

_1l.¢€ 2
V—2+4+(9(6), (4.7)
leading to

The critical exponent w, characterizing the approach to scaling, is related to the scaling
dimension of the lowest irrelevant scalar operator, O, as

w=Ap—d. (4.9)

It is reasonable to expect that O is the supersymmetric descendant of [®@®] obtained by
acting on [®®] with four @ supercharges. This leads to Ao = Agg) + 2, implying the
exact relation

w=2-v1. (4.10)

Finally, let us note that the equation of motion for T can be written in superspace lan-
guage as
Do DY = oy W(Y), (4.11)

where D, is the superspace derivative corresponding to the action of the supercharge Q}
that annihilates the chiral superfield Y. This implies that the chiral ring of the fixed-point
theory has the relation

P*=0. (4.12)
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In the language of the CFT data, this means that the OPE ® x ® does not contain a chiral
primary. From the results of section 3.4 we can conclude that all operators that appear in
the OPE are then exact under Q7.

There is another piece of data available about the cWZ model in d = 3 that we will
seek to match with the bootstrap results, namely the coefficient of the two-point function of
the stress tensor, denoted by C'r. In SCFTs with four supercharges, the two-point function
of the stress tensor is proportional to the two-point function of the R-current 7rg. In [54],
it was shown how 7rp can be computed for d = 3, N/ = 2 SCFTs from the squashed-sphere

partition function F(b)

2 _ 9%*F(b)
TRR — pRe @bQ - 5

(4.13)

where b is the squashing parameter, b = 1 corresponding to the round sphere. A formula
for the squashed-sphere partition function of d = 3, N' = 2 theories was found using
localization in [55]. Denoting by ng’e) the two-point function of the R-current in the

theory of a single free chiral multiplet, it was found in [31] that?

C
(ff;e) - T(fR) ~ 0.7268 . (4.14)
Cr TRR

We will comment further on this ratio in section 6.

5 Bootstrap setup

In this section, we review the derivation of a set of crossing symmetry equations which we
later solve numerically. The results of the previous sections suggest that the structure of
these “bootstrap equations” should be very similar to those that were studied in the case
of d=4, N =1SCFTs in [14, 26, 51, 56], and indeed this is what we find.

We are interested in the crossing symmetry constraints for the four-point function
(®DPP), where @ is a chiral operator with dimension Ag and @ is its charge conjugate. The
chirality condition imposes that the R-charge is given by q¢ = % Ag = %A@ = —q3-
Conformal symmetry fixes the four point function to take the form

(@) Ble2)D(aapon)) = A 6.1

where the cross-ratios u,v are defined in (3.19). Let us ignore supersymmetry for the
moment but still insist on the presence of a U(1) global symmestry under which ® and ®
have opposite charges. The OPE leads to a decomposition of g(u,v) in terms of conformal
blocks Ga s(u,v). For instance, in the (12) channel we take 1 — x2, and get

g(u,v) =Y (=1)*1c951*Gas(u,v). (5.2)
(@]

2We are grateful to Simone Giombi, Igor Klebanov, and Silviu Pufu for bringing this result to our
attention.
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Recall that we are using the normalization (3.24). Equality of the OPEs in the three
channels leads to the constraints

VA 3 (<1)%1eQ5 PGa s (u,v) = ut* Y (—1)%]e95 PGas(v,u) (12) = (14), (5.3)
O (@)
VA3 1951 Gas(u,v) = ut* Y kg PGa (v, 1), (12) = (13), (5.4)
o P

where O, P are conformal primaries appearing in the ® x ®, and ® x ® OPE, respectively.
Symmetrizing and antisymmetrizing equation (5.4) with respect to u > v allows us to
write the equations in (5.3), (5.4) as the system

Py Py 0
o+ A o- A P A
Z|C<1>é’2 F%i’ “‘Z‘%cﬁ’z - %i +Z|C<I><I>|2 FAE =0. (5.5)
S A N B ¢

The first/second sum in (5.5) runs over uncharged conformal primaries with even/odd spin
respectively. The third term in (5.5) is a sum over conformal primaries of charge 2¢¢ and
contains even spins only. The functions F, H in (5.5) are defined as

Ag
FA,S

Agp
HA,S

(=1)° [UA‘I>GA7S(U,U) — UA‘I)GA75(U,U)] ,

(—1)® [UA‘PGA,S(U,U) + uACPGA’s(v,u)] . (5.6)

Including the effects of supersymmetry simply means replacing conformal blocks by the
superconformal blocks appropriate for each channel, and taking into account superconfor-
mal unitarity bounds. As we showed in section 3, the superconformal blocks in the ®®
channel are linear combinations of four non-supersymmetric conformal blocks, while in the
®® channel, at most one conformal primary from a superconformal multiplet can appear,
meaning that superconformal blocks are equal to non-supersymmetric conformal blocks.
Equations (3.25), (3.26) with A2 = Agy = 0, lead us to define

Aq; _ Aq> Aq) Ad) A@
]:A,s = FA7S + ClFA—l—l,s—i—l + CZFA+1,5—1 + C3FA+2,5 )
Ay s Ag Ag Ag Ag
‘FA,S = (_1) (FA,S - ClFA+1,S+1 B CQFA%*LS*l + C3FA+275) ’ (57)

YITAYS s Agp Agp Agp Agp
HA,S (_1) (HA,S - ClHA—‘,—l,s—i—l - C2HA+1,5—1 + C3HA+2,S> )

where

cl1 = —al\Am:AM:o, C2 = —a2‘A12:A34:07 C3 = a3’A12:A34:07 (5'8)

and the a; were defined in (3.26). The supersymmetric version of equation (5.5) then reads

(% - |

ot | £ o2 = 2

Z lcgs | -7:%,2 + Z [ ]f%,i + Z |cha| FAE =0, (59)
o+ HA:I; o~ 'HA:I; P fHA;{;

The first two sums run over superconformal primaries of vanishing R-charge and even/odd
spin respectively, while the third sum runs over conformal primaries of R-charge ¢p =
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2qp = ﬁAq» All terms in the sums are constrained by superconformal unitarity bounds,
and the third sum also by [Q},P] = 0, as analyzed in section 3.4. We can summarize the
constraints on the spectrum as follows

ot A=0,A>s+d—2, 5=0,2,4,..., (5.10a)

o™ A>s+d—2, s=1,3,5,..., (5.10Db)
A =2Ag + s, s=0,2,...,

P A:d—QAcp, SZO, Aq, Sd/4, (5.10C)
A>12As —(d—1)|+s+(d—1), s=0,2,....

Equations (5.9), together with the spectrum specifications (5.10), constitute a linear
program for the various OPE coefficients squared. Solving this kind of problem is the
basis of the numerical (conformal) bootstrap program, and the procedure has by now been
described extensively in the literature. Here, we shall provide a very brief description of
how such a problem can be solved, and refer the reader to [10, 57] for further details.

The first step is to reduce the continuously infinite functional equations to some finite
set of constraints. The usual bootstrap procedure is to Taylor expand to some given order in
the two cross-ratios u and v (or an alternative coordinate system). The number of derivative
components is most conveniently labeled by a parameter n,,.., in terms of which the total
number of constraints is %(nmax + 1)(Nmax + 2). Standard algorithms, such as Dantzig’s
simplex method, can then be used to try to obtain a set of OPE coefficients which solve
the equations. This may or may not be possible, depending on the set of operators that we
allow in the crossing equations. In particular, to derive bounds, one imposes constraints
on the sets of operators allowed in the sum rule (5.9) until a solution can no longer be
found. Typically, this constraint is a gap in the set of uncharged scalar operators, so that if
a solution cannot be found for a given n,,,,, then it is ruled out definitively. Increasing the
parameter n,,, can then only lead to tighter bounds. In this work, our calculations were

3 simplex method solver

done using a modification of a Python-based arbitrary precision
for semi-infinite linear programs [10]. The package [57] was also used as a cross-check on

some results.

6 Bootstrap results

Having developed the technology to analyze crossing symmetry for SCFTs with four
Poincaré supercharges in various dimensions, we now apply it to study and constrain the
space of allowed theories. Theories with only four Poincaré supercharges do not exist in
d > 4 and, while the status of SCFTs (and CFTs) in d < 2 is certainly an interesting
question, for this study, we choose to restrict ourselves to 2 < d < 4.

Since we made no use of parity invariance in our derivation of superconformal blocks
and crossing relations, our bounds also apply to unitary theories which do not preserve
parity, such as N/ = 2 superconformal Chern-Simons-matter theories in d = 3.

3In the implementation used in this paper arbitrary-precision arithmetic was used only for matrix inver-
sion as lower precision generation of conformal blocks proved sufficient at the values of nmax presented here.
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Figure 1. Upper bound on the lowest-dimension neutral scalar operator, [®®], appearing in the

® x & OPE. The dashed vertical lines correspond to Ag = %, the protected dimension of ¢ in

the ¢cWZ model in dimension d. The value of d associated to a line is indicated by its color, which
matches the corresponding bound plot.

Unless otherwise specified, all the plots shown in this section were made using nmax = 6
which gives 84 constraints (28 terms in the Taylor expansion of the three-vector identity
in (5.9)).

6.1 Scalar operator bounds

We begin our numerical exploration by determining bounds on the scaling dimension of
the first scalar operator in the ® x ® OPE as a function of Ag. This corresponds to the
lowest dimension scalar in the O channel in equation (5.9). Throughout this section, we
will refer to this operator schematically as [®@®], following the weak-coupling intuition of

it being the composite operator of ® and ®. Bounds in various dimensions, d = 2,...,4,
are shown in figures 1 and 2 for a range of conformal dimensions Ag < Ag < A+ % (with
Ay = % the conformal dimension of a free scalar in dimension d).

Figures 1 and 2 exhibit a variety of interesting features.

1. A clear kink at Ag = % where we conjecture that the bound is saturated by the

d-dimensional critical Wess-Zumino model with a cubic superpotential.

2. A second kink located at Ag = % that is very sharp for 3 < d < 4, but seems to
soften, and may no longer exist, for d < 3.

3. A third kink at some value of Ag > %. In d = 3 the value is Ag ~ 0.86. In d = 4 this
feature appears at Ag ~ 1.38 and is likely the same feature first observed in [26].
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Figure 2. A close-up of the bounds in figure 1. Note that the first kink in every dimension

corresponds to Ag = % (the locations of the vertical lines).

The location of the second feature described above, Ag = ¢, coincides with a kinematically

4’
special point. This is the value of Ag where the scalar operator P in the ® x ® OPE
with dimension d — 2A¢4 is a superdescendant of a superconformal primary which hits the
unitarity bound (see (5.10) and the discussion around (3.44)). The third kink, however,
does not seem to correspond to any kinematically special point. We will discuss these two

features in more detail in section 6.5.

6.2 OPE and central charge

In addition to placing bounds on operator dimensions, the numerical bootstrap allows us
to extract the spectrum and OPE coefficients associated with the “extremal” solution that
saturates these bounds [11]. In particular, we can use this procedure to deduce |cpgy|?, the
squared OPE coefficient of the stress-tensor in the ® x ® OPE, from which we can compute
Cr (the canonical normalization of the stress-tensor two-point function) associated with
the solutions lying along the bounding curves in figure 1. In two dimensions, C'r reduces to
2 ¢, where c is the central charge of the left /right Virasoro algebra. In general dimension,
Cr is not always related to a conformal anomaly, but we still refer to it as the central
charge. In terms of the OPE coefficient in our normalization, equation (3.24), the central

A2 d \?
Cr = o — ) . 6.1
’ lcaar? (d_ 1) O

In theories with four Poincaré supercharges, the stress-tensor is not a superconformal pri-

charge? is

mary, but rather lies in the supermultiplet of the R-current, so what we actually read

4We follow the normalization of [42], in particular equation (4.2) in that reference.
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Figure 3. The central charge, Cr, of the boundary solution, i.e. when A4 saturates the bounds

given in figure 1. The crosses denote the value of Cr for a free chiral multiplet in dimension d. The

dashed vertical lines lie at Ag = %7 corresponding to the chiral primary field of the cWZ model

in dimension d.

off with our approach is |cgg|> with J a conserved spin-one superconformal primary (of
dimension Ay = d — 1). From this, we extract the OPE coefficient of the spin-two descen-
dant using (5.8). Note also that unlike in [29], here we are not maximizing the stress-tensor
(or R-current) OPE coefficient, but rather simply extracting it from a particular solution,
characterized by having a maximal allowed dimension of [®®].

In the normalization given above, a free boson has C:S? ) = d%‘ll while a free Dirac
fermion has C:(Ff ) — d, so for a free chiral multiplet we have
d(d+1

cffre) — o0 1 o) = (d - ). (6.2)

The values of C’r}free) for d = 2,...,4 are shown in figures 3 and 4 as large crosses which,

as expected, sit at the limiting value of Cp as Ag approaches the unitarity bound in
dimension d.

The Cr plots share a lot of the structure of the Agg) plots. We find local minima
(that are global minima within the range of the plot) at Ag = % corresponding to the
exact dimension of the chiral field in the d-dimensional cWZ model. Moreover, a sharp
spike appears for 3 < d < 4 at Ag = %. This spike is a local maximum of the Cr curve
rather than a minimum. Once more, it is not clear if this last feature persists for d < 3.
There is also a third feature: another local minimum at the value of Ag corresponding to
the third kink in the bounds plot. This also implies a local C'r minimum in d = 4 for the

kink at Ag ~ 1.4, as first observed in [26].
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Figure 4. A close-up of the curves in figure 3. The minimum in every dimension exactly corresponds
to Ag = % (the locations of the vertical lines). Note that Cp in d = 2 lies precisely at 2,
corresponding to the known value ¢ = ¢ = 1 of the lowest A’ = 2 minimal model (see section 6.3).

It is important to emphasize that the curves depicted in figures 3 and 4 are not the
result of maximizing the stress-tensor OPE and hence are not, in any strict sense, lower
bounds on Cr. However, a preliminary comparison of A[q@] maximization and Cr min-

imization (analogous to the analysis in [29]) suggests that these two are equivalent, at
d—1

least in the region Ag < “5=. A more thorough investigation of this question is left to

future studies.

6.3 Two-dimensional N = 2 minimal models

As there is a great deal known about two-dimensional superconformal minimal models,
we can use them as a benchmark to compare various exactly known quantities with our
numerical estimates. In appendix C, we summarize some of the salient features of these
theories. The N = 2 minimal models are labeled by a positive integer k, which determines
their central charge via

3k

=—. 6.3

“Tht2 (6.3)

Superconformal primaries in these models are labeled by two integers n = 0,...,k and
m = —n,—n+2,...,n with (holomorphic) dimension h and R-charge 2

n(n+2) —m? m
h = - Q = Q. 6.4
e 4(k+2) 7 (k+2) (6.4)

The chiral (antichiral) primaries have m = +n, respectively. In principle, one can apply
the superconformal bootstrap to two-dimensional conformal theories with generic spectrum
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and only (0,2) supersymmetry. However, in our analysis, we have restricted to theories
with (2, 2) supersymmetry and a diagonal spectrum. Our conventions imply that Cp = 2c.

The model with & = 1 has Cr = 2 and two super-Virasoro primary operators of
dimension Ay 41 = % and R-charge q = :I:% (and of course the identity Agg = 0). The
®1 1 x @11 OPE contains only the super-Virasoro family of the identity, so that the first
primary of the global superconformal algebra appearing after the identity is Q_1Q_1]0),
which has A = 2. Indeed, this operator must appear in the OPE of any chiral primary
and its conjugate in any local two-dimensional N' = 2 SCFT. This immediately allows us
to determine that all hypothetical CFTs saturating our bounds for Ag Z 1/3 cannot be
local theories. It is possible that adding more constraints (i.e. derivatives in the crossing
symmetry relations) will bring the bound down, but we know that at best, it can asymptote
to the line Ajgg = 2Ag, corresponding to a supersymmetric version of mean field theory
(also known as generalized free field theory). Note that the latter indeed does not have
a local stress tensor and hence does not benefit from the standard enhancement to the
infinite conformal symmetry in d = 2.

In figure 5, we focus our attention on the d = 2 bound and superimpose the dimensions
of known minimal model operators. At Ag = %, we find that the bound is very close to
2, suggesting that the k¥ = 1 minimal model saturates our bound. This observation is
further confirmed in the left panel of figure 6, where we show that C'p ~ 2 at this point
as expected. As a further check we plot, in the right panel of figure 6, the absolute value®
of the OPE coefficient |cyg (¢g)|- There is clearly a cusp at Ag = %, cod [0a)] ~ %, which
is indeed the expected value for this OPE coefficient in the £ = 1 model (see appendix C
for a derivation). Let us emphasize once more that the OPE coefficients appearing in our
figures are not computed by maximizing any OPE coefficient but rather are extracted from
the solutions saturating the Agg) bound (see [11]).

As mentioned above, Ag = % is the expected dimension of the protected operator ®
of the cWZ model, which can be thought of as a super-symmetric generalization of the Ising
model. The k£ = 1 model fits naturally into this role, being the simplest super-Virasoro
minimal model. Moreover, it was shown in [58, 59] that precisely the minimal model with
k =1 arises from an N/ = 2 Ginzburg-Landau theory with a cubic superpotential, i.e. the

two-dimensional incarnation of the Wess-Zumino model.

To the left of Ag = 1/3, we see that the upper bound on Afgg) is very nearly saturated
at points corresponding to ® = ®; 1, & = @11, [PP] = Py in the minimal models with
k > 2, which lie at

1 4

From the left panel in figure 6 it seems, however, that for Ag < 1/3, the central charges
extracted from the boundary solutions do not precisely match those of the k£ > 1 minimal

5Since OPE coefficients only appear squared in the crossing symmetry relations we consider, we only
have access to their magnitude, not their sign.
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Figure 5. An extended view of the upper bound on Agg) in d = 2 (with nmax = 9). The blue
crosses mark the exact dimensions of operators from various superconformal minimal models. The
cross at (3,2) corresponds to the super-Ising model (i.e. the k = 1 super-Virasoro minimal model).
The dashed green like corresponds to A[q),i,] = 2Ag, the expected value in mean field theory.
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Figure 6. Central charges (left), and the OPE coefficient of [®®] (right), for d = 2, extracted from
the boundary solution in figure 5 . The blue crosses give the expected values of Cr for the first few
...,11). The dashed green line, C7 = 6Ag, is the unitarity bound
discussed in appendix C. Both figures were made with ny.x = 9.
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models. This suggests that the latter do not exactly saturate our bound® at the given
constraint level, a phenomenon which has also been observed for the higher minimal models
in the non-supersymmetric case. It may be that imposing further constraints, i.e. higher
values of nypax, will improve the situation but, as this is not our focus here, we leave this
question for future explorations.

The blue crosses in figure 5 to the right of the super-Ising point (1/3,2) correspond to
the fusion of @ 1, i.e. the chiral primary with the highest conformal dimension in the k-th
minimal model, with its conjugate @) _x. As noted above, in this case, [P®] = Q_1Q_1]0),
and thus Agg) = 2. Our numerical bound does show a short plateau with Agg) = 2 just
to the right of the super-Ising kink. These boundary solutions are ruled out however in a
full-fledged N' = 2 SCFT with super-Virasoro symmetry. This can be seen by the virtue
of the unitarity bound Cr > 6Ag
figure 6 as the green dashed line. However, it is reassuring that Cr corresponding to the

o (see appendix C), which is shown in the left panel of
numerical solution of the crossing on the boundary asymptotes to Cr = 6Ag, and hence
to the correct value in the minimal models.

6.4 Bootstrapping the cWZ model in 2 < d <4

In this section, we analyse in more detail the numerical bootstrap results at Ag = %

for 2 < d < 4. As previously noted, this value of Ag is significant as it corresponds to
the protected dimension of a chiral primary operator in the d-dimensional cWZ model.
As the bounds for every 2 < d < 4 in figure 1 have a kink precisely at this value of Ag,
we conjecture that the bounds are saturated by the operator [®®] in the d-dimensional
cWZ theory.

As argued in [45], it is likely that theories in fractional dimension are non-unitary
and may even suffer further pathologies. Nonetheless, they provide a useful interpolation
between theories in integer dimension, allowing us to track critical exponents and other
features as a function of the dimensions. This idea is similar in spirit to the e-expansion.
The literature on the cWZ model is rather sparse and very few critical exponents have
been computed and only to leading order, see [32, 33, 36]. This motivates a companion
paper [37] where we conduct a more detailed numerical study of the phenomenologically
interesting case of d = 3.

As discussed in section 4, the dimension of [®®] in this theory has only been computed

to the first order in the e-expansion
1 2

so we do not have precise estimates to compare with. Our numerical results for the maximal
value of Agg) at Ag = (d —1)/3 are presented in figure 7. To give a better sense for this
quantity, we plot both the anomalous dimension Agg) — (d — 2) against the anomalous

5The “extremal functional method” advocated in [11] requires a very precise determination of the max-
imal scalar gap in order to yield (generically) a unique solution. Moreover, if this maximal value is suffi-
ciently far from the expected value of Aj44) in a particular theory, then the resulting spectrum might be
quite different.
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Figure 7. Predictions for the anomalous dimension of [®®] in the d-dimensional cWZ model. The
e-expansion for this operator dimension is known to linear order and gives Ajgg) = 2+ O(€?) so on

the r.h.s. we show Ajg5) — 2 as a function of e.
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Figure 8. Our prediction for the central charge, Cr, of the cWZ model in d dimensions normalized
by the value for a free chiral superfield, Ce¢ = %. This data is extracted from the solution
which saturates the bounds given in figure 1 at Ag = %. The exact value in d = 3 can be

computed via localization to be ~ 0.7268 while in this figure (nmax = 6) we find ~ 0.7260 (see [37]
for a more precise determination).

dimension Agp — d_TZ, and the difference Aigg) — 2 as a function of e. The latter gives an
estimate for the form of the unknown O(€?) corrections in (6.6). We also plot, in figure 8,
the values of Cr at Ag = (d — 1)/3, normalized with respect to Cr for a free chiral field.
Recall, from figure 4, that these correspond to local minima of C7 which we conjecture to
correspond to the d-dimensional cWZ model.

The location of the kink and the fact that it corresponds to the exact result, Agg) = 2,
in d = 2 supports our claim that we are indeed studying the cWZ theory. Moreover,
equation (6.6) is consistent with what we observe in figure 2; namely that A[¢(f,] ~ 2 for
2<d<4.

The strongest evidence for our conjecture comes, however, not from a critical exponent,
but from the computation of Cp. As discussed in section 4, it is possible to determine this
quantity, in d = 3, by taking derivatives of the squashed-sphere partition function, a
quantity that is exactly computable via localization. This computation yields Cr/ C;free) ~
0.7268 while our best numerical estimate (in [37]) gives 0.72652(33), putting the exact value

just within our error bars. As noted in section 6.2, we have checked (in d = 3) that for
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Figure 9. Bound plots for [®#®] near d = 4 (left). On closer inspection, the kink in the bound plot

is slightly to the right of Ag = 95* (shown as dashed vertical lines). As explained in the text, we

read off and plot (Tight) A at the bound both at the local maximum (top curve) and the value
Agp = % (bottom curve).

Ag < 2/3, the value of Crp extracted from the OPE coefficients of the solution maximizing
A[q@] does, indeed, correspond to what one would get using C'r-minimization in the sense
of [10] (i.e. it is the minimal value of Cp, as a function of Ag, consistent with unitarity
and crossing symmetry under the very mild additional assumption of not having additional
scalars of very low dimension). Since the exact value of Cr is close to saturating this lower
bound (which will only increase as we increase npax) one could conceivably turn this into
a proof that the theory under consideration is necessarily the cWZ model.

Near d = 4, we expect that the e-expansion should yield good numerical estimates so,
as an additional test of our results, we would like to check the vanishing of the O(e) term
in (6.6) by studying our bounds for small €. In figure 9, we show the Agg bounds, now
computed for d = 3.95 — 3.99 in steps of 0.01. We expect that the low-order e-expansion
should yield reasonable results for these small values of € ~ 0.01 — 0.05. The first thing to
note about the bounds is that we see (at this resolution) that the kink does not exactly
coincide with Ag = % but rather is very slightly to the right of that value. Although
we know that the c¢WZ theory has an operator exactly at Ag = %, we also know our
bounds are not optimal (as we are using a relatively small number of Taylor coefficients
corresponding to npax = 6), and the bound curve will move down as we increase the
number of constraints. In fact, in [37] we show that, for d = 3, the minimum of the Cr
curve does indeed correspond much more closely to Ag = %, and that as we add more
derivatives, the kink in the Agg bound moves left towards Agp = % and towards the
minimum of the Cp plots.

We will nonetheless be conservative here and estimate the value of Agg) using two
different procedures and show that our results are relatively robust. In the first approach,
we simply extract the value of the bound at Ag = %. The second approach is to read
off the value of Aigg) at the local maximum in the left plot of figure 9. In both cases, we
find a quadratic fit for Aigg) — 2 as a function of € and read off the subleading terms in
equation (6.6). The two fits are shown in the right plot in figure 9 with the lower curve

corresponding to the values at Ag = %.
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Figure 10. Second kink: the anomalous dimension of A[@@] vs that of Ag at Ag = % for2<d<4

(left). The central charge, normalized by that of a free chiral superfield, at Ag = % (right).

The results for the two fits are:

Ajpg) —2=—0.283€" +7.76 x 10 %+ 7.17 x 107", Ajgg) at A = ——, (6.7)

Apg)—2=—0.648€" +22.3 x 10 %+ 77.4 x 1077, Alpg) at local max . (6.8)

It is clear that the quadratic coefficient depends on how we choose to extract Agg), meaning
that our bounds have not converged sufficiently. What does seem rather robust however,
is that the constant and linear pieces are orders of magnitude smaller than the quadratic
piece, consistent with the e-expansion prediction in equation (6.6).

6.5 Additional kinks

In every dimension in the range 2 < d < 4, we clearly observe a kink at Ag = % which,

as explained above, very likely corresponds to the cWZ model. For 3 < d < 4, there is also
a very clear kink at Ay = %, but it stops being sharp below d = 3. Moreover, for 2 < d < 4,
there is yet one more kink at some Ag > % that is an extension of the d = 4 kink first
observed in [26]. In this section, we initiate a very brief exploration of these two structures.
We will refer to them as the second and third kink even though the former may not exist for
d < 3, rendering the name “third kink” somewhat incorrect in those dimensions. Thus by
“third kink”, we will always mean the feature located at Ag > %. In figure 10, we plot the
dimension bound for A5 and the central charge extracted from figure 1 at Agp = 4. This
kink is distinct from the first and third kink, and from various other crossing symmetry
kinks that have appeared in the literature [10, 29], in two important ways. First, as is
clear from figure 3, it corresponds to a local mazimum of the central charge rather than a
minimum. This statement is not entirely accurate as figure 3 is not a central charge bound
plot, in the sense of [10], but rather the central charge corresponding to the saturating
solution, which, a priori, may not minimize the central charge. Second, this kink occurs
at a kinematically special point in terms of the constraints imposed by supersymmetry.
Precisely at Ag = %, the two additional scalar operators allowed in the R-charged channel
at dimensions A = d — 2Ag and A = 2Ags have equal dimensions, see (5.10). For this
reason, one might suspect that the second kink is a kinematical feature of the boundary
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the central charge, normalized by that of a free chiral superfield, for the third kink (right).

solution that may not correspond to any physically interesting theory. The fact that this
structure does not continue below d = 3, whereas the coincidence of the two operator
dimensions persists, might, however, suggest otherwise. Motivated by this possibility, in
section 6.5.1, we discuss some initial attempts to guess a physical theory corresponding to
the second kink, and provide some guidance for others who would try their hand at this
task. The third kink is much more “traditional”, since it locally minimizes Cr and also
appears at values of Ag which do not enjoy any known significance. As mentioned before,
these kinks seem to be a continuation of the one first observed at d = 4 in [26]. The third
kink merges with the first in d = 2, and thus becomes the N' = 2 minimal model with k£ = 1.
In figure 11, we display the anomalous dimension of Agg) as a function of the anomalous
dimension of Ag, as well as the ratio Cp/ C%”ee as a function of d, for the third kink. We
determine the location of the kink by choosing the minimum of Cp (or equivalently the
location of the kink in the Agg) bound) up to the resolution of figure 3, which is” ~ 0.005.
For d = 2, we do not see any distinct kink and since already at d = 2.2, the location of the
kinks seems to be merging, we assume that for d = 2 the first and third kink coincide. To
exhibit the structure of the third kink in more detail we also provide, in figure 12, plots of
the anomalous dimensions of Ag and Ajgg] at the kink as a function of d.

6.5.1 Some speculations

In this section, we would like to offer some speculations about the nature of the second
and third kinks.

The second kink is kinematically special, since here the two candidate scalar conformal
primaries in the ® x ® OPE (®2, with dimension 2Ag, and Q?¥, with dimension d —2Ag4)
have equal dimensions, see (5.10). Between Ag = (d — 1)/3 and this point, the bound on
[®®] is linearly decreasing, and an analysis of the ® x ® OPE coefficients shows that all
along this line, the ®2 operator is not present, see figure 13. At Ag = d/4, the chiral scalar
field ¥ becomes a free field, and so it should decouple from the spectrum. At this precise
point, the ®2 operator reappears, and it is this transition that marks the appearance of

"As we have not conducted any systematic convergence estimate for our bounds, we do not make any
claim that this resolution bounds the error in any way.
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Figure 13. Scaling dimensions (left) and OPE coefficients (right) for the first three scalar operators
in the the ® x ® OPE, extracted from the saturating solution, for d = 3 with ny.x = 9. Operators
appear in both plots with the same color (chosen according to ordering in the scaling dimension
plot). Note the decoupling of ®2 at Ag = 2/3, corresponding to the cWZ model, as well as at the
location of the third kink at Ag ~ 0.86.

the second kink. It is interesting to note that the kink persists all the way to d = 4, where
it seems to lead to a very abrupt change in the central charge. Although our numerics
present problems close to the free theory point in d = 4, it seems then that the second kink
describes free theory with more than one chiral superfields. A natural guess is three chiral
superfields, since this gives® C7 = 20, which seems to be very close to the asymptotic value
in figure 3.

We are then led to guess that the second kink describes a theory with three chiral
superfields, X,Y,Z. Furthermore, we expect a superpotential term X?2Y, which implies
that if Y becomes free at the fixed point, then one has Ax = d/4 as required. In d = 3,
we can use F-maximization to find the scaling dimensions of the chiral fields [60]. We have
found two superpotentials which seem to have the right properties, namely W = X2Y + X Z,
and W = X2Y + Y272, In the first case, the fixed-point conformal dimensions (which are

8 At precisely the free point, there are extra spin-1 and spin-2 currents which mix with the stress-tensor.
Our numerics cannot disentangle these, hence the discontinuous jump to the single-field value of Cr at the
free point.
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equal to the R-charges in d = 3), as fixed by F-maximization, come out to be Ax = 3/4,
Ay =1/2,and Az = 5/4. In the second case, one finds that the dimension of Z at the fixed
point is naively below the unitarity bound. This signals the emergence of accidental flavor
symmetries which mix with the R-symmetry, modifying the F-maximization procedure.
This accidental flavor symmetry is accounted for by noting that the field Z becomes free
and thus Az = 1/2. This then leads to Ay = 1/2 and Ax = 3/4.

To distinguish between the two guesses above, we need another observable. A conve-
nient choice is the central charge C'r. As mentioned above, by computing the partition
function on a squashed sphere, it is possible to determine Tpr/73% = Cr/ChEe, with Tgg
the R-current two-point function coefficient. For the two superpotentials above we find

Trr(3/4) + Trr(1/2) + ae(5/4)

=1, W=XY+XZ, 6.9

Trr(1/2) (69)

Trr(3/4) + 27rr(1/2) ~ 2.5603 W = X2y +Y272 . (6.10)
e (1/2) ’

This should be compared with the ratio Cp/Ci® ~ 1.24 that we obtain from figure 10 (to
avoid any confusion in the formulas above, we are normalizing by dividing by the values
for a single free chiral field). Indeed, it appears we would need Ay ~ 1.14, which seems
hard to obtain from a polynomial superpotential with three chiral superfields.

To finish the discussion on the second kink, we should mention the intriguing pos-
sibility that the corresponding theory is in fact non-unitary. Violations of unitarity are
not necessarily excluded by our bootstrap methods, as long as squares of OPE coefficients
remain. This exotic suggestion is motivated by the observation that

A1 (3/4) — Trr(1/2)
Trr(1/2)

This suggest that the field theory actually contains five chiral superfields, but one of

~1.2413 . (6.11)

them has the wrong sign kinetic term, so that in terms of Cr, they effectively appear
as three chiral superfields. Considering the superpotential W = (X2 + Z%2 + W2 + V?)Y,
F-maximization leads to Ay < 1/2, which is below the unitarity bound, and signals
that the field Y is actually free, i.e. Ay = 1/2. After taking this into account, we find
Ax = Ay = Ay = Ay = 3/4. Hence, it appears that this theory has all the right
properties to match our second kink.

The attentive reader may have noticed a small sleight of hand here. When a chiral
field becomes free, it decouples from the rest of the theory and hence stops contributing to
the OPE coefficient of the conserved spin-2 current. Therefore, C'r derived from numeri-
cal bootstrap measures the two-point function of the stress-tensor of the interacting part
of the CFT only, and we should leave out the free contributions in (6.9), (6.10), (6.11).
However, we expect that the extra field is free only precisely at the kink and not in its
immediate neigbourhood, and thus we should include its contribution by continuity. We
would then also expect that another spin-one superconformal primary approaches the uni-
tarity bound as we approach the kink, providing the extra U(1) symmetry of the free chiral.
Unfortunately, preliminary numerical studies suggest that this is not so.
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Let us focus now on the line of theories for (d —1)/3 < Ag < d/4. The decoupling of
®? suggests a chiral ring relation ®?> = 0. One particular such theory is the Wess-Zumino
model with two chiral superfields Y, A and a cubic superpotential of the form W = AT?A.
Denoting the lowest components of the superfields by ® and ¥ respectively, this model
yields the correct OPE & x & = Q?V, i.e. the operator ®2 is absent. In addition, we have
the relation Ay = (d — 1) — 2A4, which follows from chirality and R-charge conservation.
The exact dimensions in this model can be determined in d = 3 by F-maximization, as
shown in [31], giving Ag ~ 0.708. Could it be that our bound is saturated by this theory?
Unfortunately this is not so. In the same reference, the authors compute 7zr >~ 0.380,

whence it follows that
Cr TRR

= ~ 1.52. 6.12
Chee 1Rr(1/2) (6.12)

On the other hand, from figure 4, we read off that at Ag ~ 0.708, Cr ~ 6, and hence
Cr/Chee o~ 1, very different from what we obtain above.

Consider now the third kink, which was first observed in d = 4 [26]. Our analysis adds
a few more pieces of information about a putative theory sitting there. First, the kink
continues to exist all the way to d = 2, where it apparently merges with the Cpr = 2¢ = 2,
N = 2 minimal model. Second, the chiral field ®? disappears from the spectrum also at
this kink, as witnessed by figure 13. In d = 2, this corresponds to the non-existence of a
dimension-2/3 Virasoro primary in the ¢ = 1 model. This is a strong hint that the chiral
ring of the theory at the kink has a relation ®? = 0. Since the kink does not merge with the
free theory in d = 4, we do not expect it can be described by a Lagrangian for a collection
of chiral superfields. It is concievable it arises as an IR fixed point of a non-abelian gauge
theory in d = 4, or even an abelian gauge theory in d = 3. Note that the central charge Cr
in d = 4 is rather low — about 1.6 times that of the free chiral multiplet and only about
a half of a single free vector multiplet.

7 Discussion

In this paper, we have investigated the constraints of the conformal bootstrap on super-
conformal field theories with four Poincaré supercharges in d < 4. The cases d = 2 and
d = 3 have not been analyzed before and thus we provide new universal bounds on uni-
tary SCFTs with A/ = 2 supersymmetry in these dimensions. We have also shown that
the bounds display three interesting features (kinks), one of which we have conjecturally
identified as the infrared fixed point of the single-field Wess-Zumino model with cubic su-
perpotential. This conjecture is supported by the matching of the protected dimension of
the chiral field, comparison of the value of C'r with an exact calculation by supersymmetric
localization in d = 3, the structure of the OPE in the chiral sector, e-expansion computa-
tions, and the agreement with exact results in d = 2. In [37], we take this conjecture at
face value to provide a detailed study of the theory for d = 3.

It is clearly of great interest to elucidate the remaining two kinks. We expect that at
least the third kink corresponds to a physical theory, since it shares many features with
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the better-understood Ising-like kinks. Perhaps a good candidate theory can be found with
the correct value of Cr, and a gauge-invariant chiral operator ® with the right dimension
and chiral ring relation ®> = 0. It could also be interesting to see if Cr can be derived
using localization in continuous d, in the spirit of [61], and matched with our results for
the ¢cWZ model or used as a tool to probe the other kinks.

The crucial ingredient in this work was to formulate a dimension-independent ap-
proach to superconformal algebras with four Poincaré supercharges in d < 4. This allowed
us, among other things, to write down the action of the superconformal Casimir on a four-
point function as a differential equation, whose solutions in turn gave us the superconformal
blocks relevant for the bootstrap analysis. This approach can be extended to supercon-
formal theories with eight Poincaré supercharges in general dimension, the parent algebra
being the (1,0) superconformal algebra in six dimensions. Theories with this amount of
supersymmetry are particularly suited for bootstrap analysis since, apart from the case
d = 2,4, they do not admit marginal deformations. Work on this is currently in progress.

It is intriguing that the supersymmetric conformal blocks can be recast as non-
supersymmetric ones with shifted external dimensions. In this paper, we have extended
this observation, previously noted in [40] for d = 2,4, to any dimension and more gen-
eral external operators. In the same reference, the authors showed that certain N' = 2
superblocks in four dimensions are given by a similar expression, this time with a shift by
two units. It would be interesting to see if there is any deep reason for this connection and
if the latter result also extends to other spacetime dimensions.

We have only briefly touched upon the extension of our analysis to d < 2. While the
superconformal blocks we derived should be valid in any d < 4, it is not clear whether one
can use the numerical bootstrap techniques to extract interesting information in d = 1 [62].
This certainly deserves further study since superconformal quantum-mechanical models
are ubiquitous and should be dual to the AdS; near horizon regions of some extremal
black holes.

Another interesting avenue for future exploration is to combine the constraints from
superconformal symmetry studied here with the simplifications that occur in large N CFTs,
i.e. when correlation functions factorize. This was explored to some extent with N' = 4
supersymmetry in d = 4 in [18] but much remains to be understood. The interest in this
problem stems in part from the AdS/CFT correspondence and the fact that string theory
leads to a vast landscape of holographic duals to SCFTs with four supercharges.
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A OPE derivation of 3d N = 2 superconformal blocks

In this appendix, we provide further evidence for the formulae (3.25), (3.26) by explicitly
determining the coefficients a; from constraints imposed by d = 3, N' = 2 superconformal
invariance on the OPE.? As a first order of business let us present the explicit realization
of the d = 3, N/ = 2 algebra. The bosonic generators are just the conformal generators and
the R-charge {R, M;j, D, P;, K;}. They satisfy the commutation relations already presented
in (2.1). A realization of these commutation relations in terms of differential operators is
given by

M, = —i(l‘j@k — xkaj) ,
Kj = —i(xkxkaj — 2.’L‘j$k8k) , (Al)
P = —i0; , D =iz*9; , R=r.

Note that the action of the conformal generators on operators in the CF'T picks up a minus
sign relative to (A.1). See the discussion around equations (2.28)—(2.31) in [44].

The fermionic generators are QF, S®*, where a = 1,2 is the Dirac index. The Dirac
representation is self-dual, with the isomorphism with the dual representation provided by

12 _ _ 21

the antisymmetric tensor e = €91 = —€19 = 1. Thus in d = 3 there is no real

distinction between the o and ¢ index used in section 2 and we will omit the dots in this
appendix. Hermitian conjugation acts as (QI)1 = SF. Let (0i)%5 be the usual Pauli

a=() w=(05) w=(0). (A2

and further define

matrices

(01)as = €ar(00) g, (00) = (00)* 7, (01)a” = €arn(0) 5. (A.3)

Tt is quite possible that these results can be derived also using techniques from superspace similar to
the ones in [63].

40 —



The action of the bosonic generators on the fermionic ones is then

(R, QZ] = iQi, [R, SO%] = £8%F

My, Q5] = *%k(f"k) Q% [M;j, S°F] = %ij(o'k)ﬁasﬂia A
[D7Qa] :_iQiZ? [DaSai] = %Sai,

[P, %] = —(03)*Qp (K, QF] = (04)gaS™™

with all other commutators vanishing. Note that €;;; is the completely antisymmetric
tensor in three dimensions. Finally, the anticommutation relations among the fermionic

generators are
{Qa: Q) = Pi0)as {5°F,8°7} = Ki(o0)*”,
{87, QE} = (D - R)§% + %
{8°7,Q5} = (iD + R)0% + %Q‘jkMij(Uk)a,B ;

€ijeMij (k)% (A.5)

with all other anticommutators vanishing. This algebra is of course in harmony with the
general presentation in section 2 of the superconformal algebras in d < 4.

Generalities. Let us first consider a CFT without supersymmetry and review how a
conformal multiplet, with primary P;, ;. of dimension A in the symmetric traceless repre-
sentation of spin s, contributes to the four-point function, (¢;p2¢3d4), of scalar primaries
¢; of dimensions A;. Define the OPE coefficient, cZ;l b2 by writing the contribution of the
conformal family of P to the ¢; x ¢ OPE as'?

1(x)|d2) = ...+ c§1¢2|x]*A1*A2+A*Sa:"1 oz [|Piya) +desc] + ... (A.6)

The contribution of level-one descendants in the square bracket is

desc. = a(x - P)|Pi,. i) + Briy P!\ Pjig. i) + - - (A7)
where
g 1A+ALtSs
2 A+s
i N (A.8)

2(A+s)(A—s—-1)°
The two-point function of P and its conjugate P takes the form

(Piy.is(@)Pj. 5. (y)) = — o< o Z HIZHJU(H) —y) — traces | , (A.9)

_ 2A
|CC y| oc€Ss n=1
where S is the permutation group on s elements and

IZ](I) = 51']‘ — 2

T35
x|

(A.10)

1071 this appendix we freely use the operator-state correspondence, which is valid in any CFT in Euclidean
signature. The state corresponding to an operator ¢(z) will be denoted by |¢).
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It is useful to note that the coefficient fpp also appears in the scalar product

1 S
(Piy..i.|Pjy.ju) = fpp (3' Z H Oinjpim — traces ) . (A.11)

ceSs n=1

With these normalizations, the contribution of the conformal family to the four-point
function is

IPP BuosConon |waal2[z1al>
<¢1($1)¢2($2)¢3($3)¢4($4)>"p = ‘1’12‘A1+A2|$34|A3+A4 ‘$14‘A12|1}13|A34 A,152 34(“77})7

(A.12)
where Gﬁ}j’AM (u,v) is the conformal block whose normalization is determined as in (3.24).
The following derivation of the superconformal blocks relies on the observation that when
¢; are superconformal primaries and ¢ 3 chiral primaries, superconformal symmetry fixes
the OPE coefficients and two-point functions of all contributing conformal primaries from
the same superconformal multiplet in terms of those of the superconformal primary.
Consider now the correlator (¢1padsps) in a 3d, N = 2 SCFT, where ¢; are scalar
superconformal primaries, with ¢13 chiral, i.e. [QF,¢13] = 0. We wish to determine
which conformal primaries in the superconformal family of a superconformal primary P
can appear in both the OPE of ¢ x ¢2 and the OPE of ¢35 x ¢4. Only those conformal
primaries can contribute to the above four-point function. Consider the OPE ¢1(x)|p2).
It follows from the chirality of ¢; and the superconformal algebra that [S*T, ¢;(z)] = 0.
Hence
S i (2)]d2) =0, (A.13)

since ¢9 is a superconformal primary. Similarly,
S ¢3(z)|¢a) = 0. (A.14)

Consequently, the conformal primary with the lowest dimension from a given supercon-
formal family that contributes to both OPEs must be annihilated by S®*, and thus this
operator is necessarily the superconformal primary. It follows that the superconformal
primary has integer spin and its R-charge is given by ¢ = g1 + ¢2 = —q3 — q4. Let us
denote this operator with p©

i i, and its dimension and spin with A and s, respectively.

All other contributing conformal primaries from the same supermultiplet must have integer
spin and R-charge ¢. The conformal primaries in the multiplet have dimensions A + n/2,
with n = 0,...,4 labelling the number of @) supercharges acting on Pi(lo.)..is' These opera-
tors have integer spin only when n is even. For s > 0 and generic A — |q|, there are four
candidate conformal primaries with dimension A + 1. P(!) with spin s + 1, P? with spin
s — 1, and PT—, P~T, both with spin s. All four can be obtained by acting with linear
combinations of the products Qang on PO, Consider the action of spacetime parity
2’ + —x'. A proper tensor of spin s transforms as (—1)*, while a pseudotensor as (—1)*T!.
The supercharges QF “square to the momentum”, and thus must transform such that any
product transforms as ch@g — —QiﬁQjﬁF. It follows that P(1), P2 have the same par-
ity as P, while P*—, P~ have the opposite. In theories invariant under parity, this
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gives an argument why only P and P? can contribute. However, the Casimir approach
from the main text does not require parity invariance and thus shows that our formula
for superconformal blocks is valid in general. Finally, there is a conformal primary P®)
with dimension A + 2, spin s and R-charge ¢, obtained from P©) by acting with a linear
combination of products of four @)’s, which can also contribute to the four-point function.
In the following subsections, we show how the constraints (A.13) and (A.14) fix the OPE
coefficients of P, P and PG in terms of those of P and also compute the two-point
functions fp(i)r,s(i) for i =1,2,3 in terms of fp(o)rp(o). We find that
P P

_ Spirp) Cp162 p304 (A.15)

= — PO _pO)
fP(O)P(O) Cp1¢02Cpzpa

a;

reproduce the results in (3.26) for d = 3.

The contribution of PM. It is useful to define the operator
Ti(@,y) = (0)* (@ —»QEQ5 — (¢ +1)Qa Q7] - (A.16)

An explicit expression for P(1) is then given by

s+1
Y LS na s gP®. ) traces. (A7)
=1

11...is+1> - s+ 1 11l 1
n=

where the notation 4; ..., ...4541 means that the index i, is omitted from the string of
indices, and the traces are subtracted to make the resulting state traceless. Applying S to
the OPE ¢, (z)|¢2) mixes the contribution of level-one conformal descendants of P(©), (A.7),
with that of the conformal primary P(). Requiring that the result vanishes and looking
at the coeflicient of the highest power of z = x1 — izs leads to

p) i(A+App+9) p(0)

_ Al
102 T TUA+ ) (A + s+ 1)(A+s+q) o (A.18)
and hence also (A A )
1) 1{A+ Agz4+ s 5(0) A
= — . 1
€301 = TLA+ 5) (B + s+ (A +5—q) 08 (4.19)

Note the opposite sign of the R-charge in the denominators of (A.18), (A.19) resulting from
the presence of the conjugate operator. The two-point function can be found by using the
superconformal algebra

fropw =8(A+s)(A+s+1)(A+s+q)(A+s—q) fpopo - (A.20)
Putting the pieces together, we find

P pO)
_ Jpwpm) 61650010 _ (At Biz 4 5)(A+ Aga + 5) (A21)
fpopo ') D) 20A+s)(A+s+1)

ai

in agreement with (3.26).
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The contribution of P(®). The conformal primary P is given by the contraction

=Ty(A-s- 1Py , ). (A.22)

Ji1-is—1

P2

7,1...2'5_1>

so that the resulting state is automatically symmetric and traceless. Using again (A.13),
and this time looking at the next-to-leading power of z = x1 — ixo fixes

e is(A+App—s—1) p(0)
= — A2
102 T "YU + DA —s)(A—s—1)(A—s—1+q) N0 (4.23)
and similarly
B(2) iS(A + Agy — 5 — 1) 5(0)
Cosps — (A.24)

TA25+ )(A —s) (A —s5—1)(A—s—1_q) @b

The norm of [P} is

2s+1
fpope = 8§23—1;(A =) (A=s5-1)(A-s5-14+¢)(A-s-1-q)fpopo, (A25)
leading to
@ B
4y = 1RO CoronConss _ 8D+ By — s — 1)(A+Agy —s— 1) (A.26)
fpp© 051(;)205;21 2(4s2 = 1)(A = s)(A —s—1) ’

in harmony with (3.26) for d = 3.

The contribution of P®). In order to be able to write a relatively compact expression
for P(®) it is convenient to define the following operator, which takes symmetric traceless
tensors of spin s and dimension A, into symmetric traceless tensors of spin s, dimension
A + 1, and opposite parity

S
U iy i) = nePQaQblvn i) +1 €iik(0)*QeQbly: 5 i), (A27)
n=1
where a,b = £ are R-charge indices, n € C, and ¢;;;, is the standard antisymmetric tensor
with €103 = 1. This operator is useful also to write down the other four conformal primaries
with dimension A + 1. We find that

PT7) = U7, [P,

P = Uati P, (A.28)
[P = U PO,

P~y =U, [P,

are conformal primaries, the first two of which have been discussed below (A.14). The
parameter 7 is arbitrary for the last two cases since the second part of (A.27) drops out by
the symmetry of (aj)aﬂ , and the anticommutativity of supercharges of the same R-charge.
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We must remember that Uf;b acts not only on the Hilbert space, but also on the vector
indices. The conformal primary of dimension A 4 2 and spin s can then be written as

[PP) = (A+s—g)(A=s—1-q) (UX+UE_ URqUA 14q—Uat UAZ 1+q> PO)+

+ (A+5+q)(A—s—1+q) (U;Ug —U;_qU;_l_q—UA;qU;_l_q) POy,
(A.29)
Note that the second line is obtained from the first by flipping all R-charge indices and the
sign of the R-charge. Using once again (A.13), and looking at the leading power of z for
the lowest scaling dimension where |P®)) contributes, one can show that

p@ (A+ A+ 8)(A+ Ay — s — )b (4,30
Chuon = 16(4A2 —1)(AZ— 2)(A2— (s + 1)) (A + s+ q)(A—s—1+q)’ '
and so
B5(3) (A4 Aszs+s)(A+Agy — 5 — 1)65;251 (A.31)
C = — . .
P3¢ 16(4A2 — 1)(A2 — 2)(A2 — (s + 1)2)(A+s—q)(A—s—1—¢q)

The norm is

fporpe = 64A%(4A% —1)(A% = 5*) (A% = (s+ 1)) (A +5)* =) (A= s =1)* = ¢*) fporpo) »
(A.32)
so that

3) BE)

_ fpepe Cglqsz z;s¢4 _ A2(A+A1a+8)(A+A1s—s5—1)(A+Azs+3)(A+Az—s—1)

 fropo) cﬂécﬂ& 4(4A2-1)(A?—5%) (A2 —(s+1)?) ’
(A.33)

in complete agreement with (3.26) for d = 3.

B Decomposition of the generalized free chiral correlator

A natural solution to the crossing equation using the conformal blocks in (3.23) in both
channels corresponds to the supersymmetric analogue of the generalized free field. The
elementary fields of this theory are a chiral scalar primary ¢(z) of dimension Ay, its
supersymmetric descendants — a fermion ¢, (z) = (Q, ¢(x)), and the auxiliary field F(z) =
e“ngQb_é(x), as well as their conjugates. The correlators are computed using Wick’s
theorem, where each field only couples to its conjugate. The decomposition of the correlator
(¢pdpp) into ordinary conformal blocks was given in [64]. We can use this decomposition
together with (3.25) to find the decomposition into superconformal blocks

(Glan)ian)oan)dton) = axt—on |1+ (1) ] = (B.1)

|x12|2A¢|x34|2A¢ v

1
- |x12|2A¢|x34|2A¢

gOO U, ’U Z DPn sggA¢+2n+s s( ) )

n,s>0
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where

2
) (2" (o) (Bs = §+1)°
nls! (284 +2n + s), (s+%)n(2A¢+n—d—|—2)n (2A¢+n+s—%—|—1)n

Pn,s > (B'2)
and (z), = I'(z + n)/T'(z) is the Pochhammer symbol. This decomposition serves as a
further test of the validity of the superconformal blocks in (3.23). The result in (B.1), (B.2)
strongly resembles the decomposition of the four-point function of non-supersymmetric
generalized free fields into ordinary conformal blocks given in equation (43) of [64]. In
fact the two results are identical to each other (up to an overall normalization) if one fixes
A = Ay = Ay in equation (43) of [64], and performs the shift 2A4 — 2A, — 1 in the
denominator of (B.2). This is reminiscent of the observations in section 3.3.

C N = 2 minimal models

Generalities. Here we collect some well-known facts about N/ = 2 minimal models in two
dimensions, see for example [65]. For a discussion on N = 1 minimal models see [66]. The
(holomorphic) infinite-dimensional N' = 2 superconformal algebra in two dimensions is:

c

[Lns L] = = (0 = ) Bopnio + (m = 1) Lnin, {GF,GE} = {G; .G} =0,

(L, GF] = (% - r) G, ., [, GF) = G,

[Lns Q] = =1 Qg [, ] = 5B
(67,6} = 5(r = 1 )rro0 + 2Lrse + (r = 5)0ss. (C.)

Here m and n are integers and in the NS sector r and s are half-integers. The modes of the
energy momentum tensor are L,,, those of the superconformal R-symmetry are €2, and the
two supercharges have modes G;=. The real number c is the (left or right moving) central
charge and it is related to the conformal anomaly of the CFT.

The finite, sl(2|1), subalgebra of the superconformal algebra, given in (2.20), is ob-
tained from (C.1) by restricting to the generators {L_11,Q = Qy, Gil/Q}. Unitary rep-
resentations of the infinite-dimensional N' = 2 superconformal algebra exist for any real
¢ > 3 and for the discrete values

3k
c= Pra

This discrete series is usually referred to as the N/ = 2 minimal models. The dimensions and

k=0,1,2,... . (C.2)

R-charges of the superconformal primary operators in the NS sector of the k-th minimal
model are labeled by two integers m and n

n(n +2) — m? m
AN L — " 0<n<k
ak+2) k2 S o=

The fusion rules for ' = 2 minimal models are derived in [67, 68] (see also [69]).!! The

superconformal primaries in the k-th minimal model will be denoted by ¢, ,,. The fusion

—n<m<n, m+n=even. (C.3)

"Notice that there is a factor of 1/2 difference between our conventions for the R-charge and the ones
in [67, 68].
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rules are then
mo+ng

metn2
¢n1,m1 X ¢n2,m2 = Z ¢n17m2+2n,m1+m2 . (04)

n="m2-"m2

The k-th A/ = 2 minimal model has a Zj o symmetry generated by some of the primaries
in the Ramond sector, see [67]. Chiral, antichiral primaries are superconformal primaries
also annihilated by Gf1/2, G:1/2v
minimal models, these are operators with m = +n, respectively.

respectively, which is equivalent to {2 = +2h. In the

One can derive a universal bound for the central charge of a two-dimensional N/ = 2
SCFT using the infinite-dimensional superconformal algebra, see for example [70]. Using
unitarity and the algebra in (C.1) one finds

0 < (61630 Gaa0) = (0 (200 =302+ 5 ) 16). (€5)

for any superconformal primary |¢). Thus we arrive at the following constraint for the
dimension and R-charge of any superconformal primary

P
2h—3Q+§C20, (C.6)

which becomes h < ¢/6 for a chiral primary. The bound is saturated only if the state
G’J_r3 /2|qb> is null. The highest-dimension chiral primary in every minimal model has m =
n = k and saturates the bound. If we have a unitary (2,2) SCFT with a diagonal spectrum,
i.e. h =h = A/2, we arrive at the following lower bound on the central charge

C’T 2 6Amax ) (07)

where Apax is the highest dimension of a superconformal primary in the theory. One can

repeat the same analysis with the state Gf(2p+1)/2|¢> with p = 1,2,3,... and find the
bound

op > 12

p+1

Clearly the strongest bound is obtained for p =1 as in (C.7).

Amax 9 (CS)

In section 6.3 we claimed that in every unitary CFT with A/ = (2,2) supersymmetry
there is always an operator (or state) of dimension A = 2 which is a superdescendant of
the identity. This state is given by

Q_10Q_4/0) , (C.9)

where |0) is the NS vacuum and 2_; is defined in (C.1). This state clearly has dimension
A = h + h =2 and R-charge ¢ = Q + Q = 0. Moreover its norm is given by

2
_ _ c
(0102 0219-]0) = - (C.10)

Therefore in a unitary theory the state is never null since ¢ > 0.
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Super-Ising in d = 2. The theory with ¢ = 1 can be realized in terms of a single
compact boson, ¢, at a specific radius R = /3 [69, 71]. There are three superconformal
primary operators

4 i

¢1,i1 =:€e \/ggo - ¢0,0 =1. (Cll)
The operator ¢;; is chiral with A = ¢/2 = %, and is identified with the (holomorphic
part of the) operator ® in section 6.3. Similarly the operator ¢; _; is antichiral with

A=—q/2= %, and is identified with the operator ®. One can now use the formula
P elaPE1) 1 lbe(22) 1= () 5p)eb oz Hibe(z) (C.12)

where a and b are some constants, to find the OPE

P11(21)¢1,-1(22) ~ T —=0m0(22) (21 — 22)77 + ... (C.13)

(21—22)'3 " /3
We normalize all two point functions in the theory to have coefficients 1 and define the
operator O.(z) = 10,p(z), which has dimension h = 1. The operator of dimension A = 2,
which should be identified with [®®] from section 6.3, is obtained by taking O.(2)O(z) =
0.¢(2)0:p(Z). Another useful OPE is given by

. : eia@('zQ) :
i0,,0(z1) : €962 (v g e (C.14)
21 — 22
With these OPEs at hand one finds the following three point function
1 1
_ O = — . C.15
<¢1,1(Zl)¢1, 1(22) (z3)> \/g (Zl - 2'2)_2/3(22 - 23)(2’1 - 23) ( )
Combining the left and right-moving sectors one finds the three-point function
- - 1 1
D(21,21)P (22, 22)[PP](23,23)) = = . C.16
(@(21,21) 2 (22, 2)[22](23, 23)) = 3 71 = 2l 3120 — 2371 — 232 (C.16)
Thus we find that the OPE coefficient denoted by cpp(pg) is given by
1
Cop[ed) = 3 - (C.17)

This matches nicely with the numerical value at the kink in the right panel of figure 6.

A comment on two supercharges. Finally, let us mention a tangential observation
about bootstrap of (1,1) SCFTs in d = 2, complementing the results of [28] with N/ =1
supersymetry in d = 3. Analogously to that study, also with (1,1) supersymmetry in
d = 2, the superconformal blocks are equal to the conformal blocks, so that there are
no additional constraints from crossing symmetry besides the numerical bounds obtained
in [8, 9]. However, it may happen that the leading scalar appearing in the o x o OPE is
the superdescendant of o itself. In this case, we have the extra constraint A, = Ay + 1.
The result is that the two lines intersect at A, ~ 1/5 and A, ~ 6/5 for d = 2. These
dimensions correspond to the Virasoro minimal model with central charge ¢ = 7/10, i.e.
the tricritical Ising model. This is in fact the first A/ = 1 minimal model [66], in harmony
with the analogous results of [28] in d = 3.
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