
Bounce Problem with Weak Hypotheses of Regularity (*). 

DA~r,o PE~C~VA~E 

Summary. - I n  this paper the elastic bounce problem is ]ormulated in very general hypotheses. 

More precisely we consider the motion o] a material point constrained to qnove in a domain 
Y2 c R% bouncing against its boundary, and we suppose t h a t  Y2 is neither regular nor convex. 
Assuming that f2 is in the class o] p-convex sets introduced in [4] and ~[2 e C ~ an existence 
theorem is s t a t e d .  

Introduction.  

In  several recent papers the elastic bounce problem for a mater ia l  point  con- 
strained to move in a bounded regular domain .(2 c R~ elastically reflected by  the 
boundary  of [2 (see [1], [6], [7]) has been studied. We remark  explicit ly tha t  a 
funct ion x: [0, 1] --*R ~, x s Lip ([0, 1]) is said to be a solution of the elastic bounce 
problem if, sett ing Y2 ---- { x : / ( x ) < 0 }  with ] s C 2 and d](x) V= 0 on ~.(2, we have 

i) /(x(t)) < 0 ;  

if) there  exists a positive t~adon measure # on [0, 1] such tha t  

(P) sp t  s c { t : / (~( t ) )  = o} a n d  ~ = - s v / ( x ( t ) )  ; 

iii) the funct ion 8: t -~ 12(t)l ~ is continuous on [0, 1]. 

Indeed such a formulat ion applies only when ~9 is r egu la r  enough (namely 
~Y2 e C 1) and we have existence results only when ] is at least of class @,1, 

Another  formulat ion was given by  ]~. SCgATZ~Ar assuming the convexi ty  of 
and neglecting the regular i ty  of ~f2 (see [8]). 

In  both  eases we cannot  consider-- for  example - - those  domains of R ~ which 
are piecewise <~ regular ~> and piecewise <~ convex ~> (see Fig. 1). 

The aim of this paper is to find an adequate  formulat ion of the elastic bounce 
problem (which is equivalent  to the preceding ones in the ~ regular >> and in the 
~ convex ~> case) and a larger class of domains (in general nei ther  regular nor convex) 
to which such a formulat ion can be ~pplied. 

(*) Entrata in Redazione il 9 aprile 1985. 
Indirizzo dell'A.: Scuola Normale Superiore, 56100 Pisa, It~li~. 
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Fig. 1. 

Here  is an outline of the paper.  

In  Section I we give some definitions and results which are useful tools in p rov ing  

our main  theorems.  The notion of (p, @ c o n v e x i t y  is defined and its connection 

with F-convergence is pointed out. 

I n  Section I I  we reformula te  the  elastic bounce p rob lem in non convex and  non 
regular domains and  we s ta te  an <~ equivalence ~) theorem between the <~ classical ~ 

and this new formulat ion of the  elastic bounce p rob lem;  moreover  an existence 

theorem in p -convex  domains having Lipschitz continuous boundary  is s tated.  
Sections I I I  and I V  are devoted to the  proof of the  previous theorems;  as for 

the  la t ter  case we r em ark  tha t  the  method  consists in defining suitable app rox ima t ing  

problems whose l imit  (in the sense of ]"-convergence) is the generalized elastic bounce 

p rob lem itself. 

Acknowledgement. - I wish to t h a n k  Prof. E. Dn GIORGI who suggested this 

research.  

L - Notations and preliminary results. 

Let  (X, d) be a metr ic  space and ]h: X--~ R. We set 

1-'(X-) lira inf ]h(x) = ]~o(x) =- sup lira inf inf fh(Y) 
h---'-oo A e ~  h---~ r yeA  

F(X-)  lira sup ]~(x) = ]+~(x) = sup lira sup inf ]h(Y) 
h--~cr A e ~  h-+~ yea  

and we say t h a t  

F(X- )  l im ]~,(x) : / ~ ( x )  
h - - ~  

if and only if ]+~ (x) ~ ]7o(x) : ]~(x). 
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The following propert ies  will be useful in the  sequel 

P~oPosmmm~ 1.1. - Le t  (X, d) be a metr ic  space, fh, ]o~: X - - > R  such t h a t  

F(X-)  l im ]~ = ]~ 
h-->  c~ 

then  

inf ]~ > lira sup inf f~ 
A h--> oo A 

for every  open set A c X. 

P~ooF. - F r o m  the definition of F- l imi t  we argue 

f~(x) > l im sup inf ]~(y) 
h-->zo y~A 

whence the thesis. 

DEFINITION 1.2. -- Le t  xoe X, @ > 0; we put  

(Dm/)(Xo, e ) = / ( X o ) -  ini /(x) 

wi th  the  convent ion d- c ~ -  co = 0. 

(Dm])(Xo, @) is c~lled <<lack of minimality>> of x o in B(xo). 

P~o~0sITi0~ 1.3. - If @ > O, F(X-)  lira ]h= ]~ xh--> xoe X -  t hen  

(Din ]~)(Xo, o) < l i m  inf (Dm ]~)(x~, @) . 
h-->  co  

P~ooF. - The proof follows easily f rom Proposi t ion 1.1. 

I~E~A~K 1.4. - Xo is a m i n i m u m  point  for ]~ in B(xo) if and  only if (Dm ]~)(xo, 
~o) = 0; therefore if (Dm/h)(Xo, @ ) = 0  we argue (Dm/~)(Xo, @)=  0 and xo is a 
m i n i m u m  point  for 1~ in B(Xo). 

I n  addit ion to the  previous hypothes is  we suppose now t h a t  X is a t I i lbe r t  space, 

]i:]l its norm,  ( . , .  > its inner p roduc t  and  ]: X --> R is a proper  lower semicontinuous 
function. We set D(]) = {x E X:  ](x) e R} and for each y e D(]) we define 

,im l ( : / -  i IY / -  : -  >01 
/ .-+, 11~- yf] J 

the set of subdifferentials of ] a t  y. 

RE~A~K 1.5. - Suppose t h a t  (Din f)(mo, o) ~ 0 and ](xo) < -;- c~ then  0 ~ ~-](xo). 
We now need some fur ther  definitions. 
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DEFZ~T~ZO~ 1.6. - Le t  /: X -+ R LJ (-~ c~} a 1.s.c. func t ion .  W e  s a y  t h a t  ] is a 

(p, q) -convex func t ion  if for  eve ry  x, y ~ X t he r e  exis ts  z e X such t h a t  

z x § y <PIx i) - - y l ~ ;  
Z 

if) 2](z)<~](x) + f(y) -- 2q]x -- y]~. 

l~n~rhE~ 1.7. - I f  ] has  L ipsch i tz  con t inuous  g rad ien t  and  M is t he  L ipsch i t z  

cons t an t  of g r a d /  t h e n  ] is ( 0 , -  M/8) -convex .  
W e  recal l  now some p rope r t i e s  of (p, q) -convex func t ions  (see [4], [5]). 

PEoPosz~zo~ 1.7. - I f  / is (p, q) -convex t h e n  for  e v e r y  x, y ~ X,  16pHy]l <i and  

for  e v e r y  g e 3-](x) we h a v e  

(~) ](x § y)>~](x) § (a ,  y} - - 8 ( q -  I~[p)-llyi[ ~ . 

P~OPOSlTION 1.8. -- L e t  {xl~}t~ N be  a sequence  of po in t s  such t h a t  x~-+  Xo a n d  
/(x~) + ](xo)< ~ - ~  a n d  suppose  t h a t  t he re  exis ts  a sequence  (~l~}~N such t h a t  

~ ~-](x~) and  a~ ~>  :~ ~ X.  T h e n  g ~ ~-](Xo) and  ](x~) -+ ](xo). 

PzcooF. - L e t  y ~ D(]) and  let  Yh be  a sequence  such t h a t  ](y)-~ l im ](y~) and  

y~ -+ y. Since ](xo) <lim_.inf ](x~) f r o m  (i) we a rgue  

and  the re fo re  

I (yD > / ( x D  + (o:~, y ~ - -  x,,} - -  S(q - -  Ia :~ lp) - ] ly~-  x,il ~ 

](y)>~](Xo) + ~ ,  y - x> - s ( q  - l ~ l p ) - i l y  - Xo~i ~ 

a t  leas t  when  IIY - -  xo]l < 1 / 1 6 p  a n d  the re fore  ~ ~ ~-](x• Le~ n o w  x'~ -+ x o snch t h a t  
](x'~) -~ ](Xo). B y  pass ing  to  the  l ira sup  in the  fol lowing i nequa l i t y  

" i ~ 8 - r ](X~)>](x~) + <~,  x~--X~> --  (q - -  l~[p) I lx~--x~l l  

we o b t a i n  f (Xo)~ l im sup/(xh)  and  the  p roof  is over .  

I t  is no t  difiicutt to  genera l ize  this  p roof  to  ob ta in  the  fol lowing resu l t  (see [5]). 

P~OPOSTTIO~ 1.9. -- L e t  (]h)~ be  a sequence  of (p, q).-convex func t ions  such t h a t  

/ ' ( X - )  lira ]h ~- 1: X -> R u { §  ~z}. T h e n  ii  x~ -> xoo in X wi th  2pd(u, D(])) < 1 and  

a~--> a wi th  a~,E 3-]~(x~), t h e n  c e  ~-](xoo) and  ]~(xh)-.](x~). 
L e t  n o w  ~9 _c X be  a closed set ;  we say  t h a t  ~9 is p - c o n v e x  if the  i unc t i on  

0 if x e / 2  
J ( x ) =  + c ~  if x r  

is (p, O)-convex. 
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W e  r e m a r k  expl ic i t ly  t h a t  this  is equ iva l en t  to  say ing  t h a t  for  e v e r y  x, y a 

t he re  exis ts  z ~ D such t h a t  

x + y < p l L x -  yil ~ 
2 

L e t  us recal l  he re  some p roper t i e s  of p - c o n v e x  sets (see [4]). 

PROPOSITION 1.10. -- I f  D _cX is p - c o n v e x  t h e n  for  e v e r y  x ~ X  such t h a t  
8pg(x, f 2 ) 4 1  t he r e  exis ts  a un ique  T ( x ) e  z9 such t h a t  

4(x ,  9 )  = [!x - r (x ) l l  �9 

PROPOSITIO~ 1.11. - Le t  E = {x ~ X :  64pd(x, f2)<1} .  The  m a p  T:  E - - >  f2 de- 
fined b y  T(x)  in the  a b o v e  t h e o r e m  is a L ipsch i t z  m a p .  

P~ooF .  - L e t  x, y ~ E,  t h e n  

1 
]lr(x) - T(y)]I < / IT(x )  - xi] + lIT(y) - yi] § fix - Yl] < ~ + ilx - y[] 

a n d  the re fo re  two  cases m a y  occur  

i) ]]x- -y i]>1/32 p which yields i lT ( x ) - -T (y ) ] l<2[ l x - - y ] l  and  the  thesis  is 
p r o v e n ;  

if) [Ix-- YlI <1 /32p  yie lds  !IT(x) - -  T(y)i ] < l / 1 6 p  and  the re fo re  t he  fol lowing 
inequal i t ies  hold.  

( . )  <T(x) - -  T(y) ,  y - -  T(y)} - -  8p I/T(x) - -  T(y)II I l y -  T(y)]] < 0 

(**)  <T(y) - -  T(x);  x - -  T(x)} - -  8pl[T(x ) - -  T(y)] l Ux " T ( x ) I  l < 0 .  

A d d i n g  ( , )  and  (**)  we ge t  

4 iT(x)  - -  T(y) ,  y - -  x § T(x)  - -  T(y)> < liT(x) - -  T(y)]l~ ~ 

since we m a y  suppose  T(x): / :  T(y)  the  a b o v e  i nequa l i t y  yields  

l iT(x)  - T(y)][  <@ [Ix - -  y ! ! .  

Combin ing  this  i n e q u a l i t y  wi th  i) we ge t  

liT(x) - -  T(y)]l <21Ix - -  y[] 

for  e v e r y  x, y e E.  [] 
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F r o m  the  above  resul t  we argue t h a t  the  m a p  W: E -> R+ defined b y  W(x) = 

= [[x - -  T(x)][ ~ is a C ~ func t ion  wi th  Lipschi tz  con t inuous  grad ien t  g r a d ~ 0 ( x ) =  

= - r ( x ) ) .  

F r o m  now on we will denote  by  t9 a closed p - c o n v e x  subset  of R ~' such t h a t  

= D and  we p u t  O ~ =  {x~R~: d(x~ ~Q)<e}. We  p rove  the  fol lowing 

PROP0SITI0~ 1.12. - I f  D is p - c o n v e x  then  ~ is 4p-convex .  

P~OOF. - We  have  to  show t h a t  for eve ry  x, y e s9~ there  exists z ~ D~ such  t h a t  

I z x ~ - y  < 4 l x _ y l ~  
2 

Since D is p - c o n v e x  there  exists z ~ ~2 such t h a t  

z ~(x) § T(Y)'<<'PlT(x) -- T(y)l 'z 

for eve ry  x, y e D~ and therefore  

I z _~ x ~-2 y T(x) .~-2 T(y) _ x -~2 y [ <p IT(x) - T(y)t' < 4p tx -- yi ' .  

P u t  z '= z § (x + y)/2 -- (T(x) -k T(y))/2; we claim t h a t  z ' e  9~; in fac t  

d(z', .(-2)<d(z', z) = x +2 y T(x) -J-2 T(y) 1 
< 5 {Ix - r(x)t  + ] y -  

and  the  t h e o r e m  is comple te ly  proven.  

Le t  now g: R "-~ -> R be a Lipschi tz  func t ion  such t h a t  epi g = {(x, y) ~ R ~-~ • 

•  g(x)<y} is a p - c o n v e x  set ;  if A c R "-~ is a n y  open b o u n d e d  set, we p rove  the  

fol lowing 

PROP0SITION 1.13. -- Fo r  every  s smal l  enough  there  exists ~o~: A -+ R,  ~o~e C~,t(_4) 

wuch  t h a t  if we set E ~ =  {(x, y) c A •  d((x, y), epiglx)} then  8 E ~ =  {(x, y):  y = 
= 

PROOF. - We  argue b y  con t rad ic t ion  and  suppose  t h a t  there  exist  e2"~O and  

(x~, yk) ~ ~E~., x~sA  such t h a t  (e~, O) s 8-Js~,(x~, Yk) with  I~l - -  1. I t  is easy  to  
see t h a t  F ( ( X  •  lira Js.~ = J ~ , l ~  and  m o r e o v e r  we m a y  suppose t h a t  (xk, y~) -+ 

-~(xo, g(Xo)) eZ I •  and  e,,-->, with  lc~[ = 1; since J~g,r~(xo,g(Xo) ) =- 0 we get  
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~ ~ J ~,~( o g(Xo) ). From the last inclusion we argue 

lim sup < 0 
t~o V / t ~ l  ~ § lg(xo 4- t~) -- g(Xo)l ~ 

but  g is a Lipschitz function and then 

t<~, ~> tint ~ 1 
Vt~l=p + ]g(Xo + t~) - g(xo)I ~ > I~lt V l  + M s -  V l  + i -~ 

which is a contradiction. 
We conclude this section with the following 

PI~oPosITIo~ 1.13. - Let  g: R'~->R,  geC~,~(R'); set 9 = { x e R " :  g(x)<0} and 
suppose tha t  /2~=0 and ldg(x)l>a>O on ~9. Then ~Q is 3M/8~-eonvex, where M 
is the Lipschitz constant of grad g. 

P~ooF. - By  Remark  1.7 (see also [4], Thm. 1.8) we have tha t  g is ( 0 , -  M/8)- 
convex and therefore for every x, y ~ $2, g((x ~ y ) /2 )<(M/8 ) l x - - y l  ~. Take 5 e  f2 
such tha t  

x §  : } l_ x ~ - y  = - m i n  z g ( z ) = 0  ; z -  - - f =  

by a s tandard argument  there exists )~o > 0 such tha t  (x + y)/2 ---- 5 § toVg(5) and 
then the lo]lowing inequali ty holds 

g(5 § >~g(2) § iolVg(~)i ~ -  )~ MIVg(z)I 2 = ~olVg(2) ]" --  A~ MIVg(5)t 2 

and then 

i.e. 

toIVg(5)12< M Ix - yi 2 + Mt2o]Vg(5)] ~ 

M ix _ yt2 _~_ M).~ M Mi~ iolVg(~)]<81Vg(~)l ~ - t V g ( 5 ) I ~ <  I x -  y12§ ~ -  tVg(~)P 

which is equivalent to 

r !~ x 4 - y  
2 

i 

M ix_  y l ~ + ~  e - -  < ~  - - - -  x +Y-~<2 M~ lx_yt2 § ~ ] x - Y i  ~ 3M 
<-ST Ix-  yJ~ 

This inequali ty completes the proof. [] 
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II. - Statement  o f  the  problem. 

Let ]: R ~ -+ R be a C 1,~ iunction such tha t  d](x) ~= 0 on the set .O = {x: ](x) <0}. 
In [1], [6], [7] we have studied the elastic bounce problem for a material  point 

constrained to move in the region ~ = {x: ] ( x )<0}  and elastically reflected by 
the ~( wall ~> ~s = {x: ](x) - -  0}. Without  loss of generality in this paper we assume 
tha t  no external forces are acting on the point. 

Denoting by x(t) the position of the material  point at t ime t~ we say, in accord- 
ance with [1], [6], [7], t ha t  x ~ Lip ([0~ 1]; R ") solves the elastic bounce problem, if 

i) 1(x(t)) > o; 

if) there exists a positive l~adon measure /~ on [0~ 1] such tha t  spt # c 
c {t: ](x(t)) = 0} ~nd 

= - ~V/(x( t ) )  ; 

iii) the function g: t -> 12(t)l "~ is continuous in [0, 1] 

where 2+, 2 respectively denote the right and left derivatives of x since x is a B V  
function (see [1] and [6]). Following [1] we introduce the set 

E -- {x e Lip ([0, 1]; R"):  x solves P} 

and 4efine the initial trace g: [0, 1] x R  ~ -~ R 8~+1 

w h e r e  ~ ( t )  = I V / ( x ) i ~  - -  <~, e l ( x ) >  W(x) .  
As observed in [1] when the initial trace b is assigned then the initial Cauchy 

data  are given; without  writing complicated formulae we will denote &+(0) by 
(which is a completely determined function of b). 

Now, let toe [O, 1] and b e ~({to}• : :5 be fixed; we set 

a(to, b) = {x e Lip fro, 1]; Ro): x e ~ ,  v(t0, x) = b}. 

We recall (see [ ]) tha t  the set G(to, b) is non empty  at  least when ] E CI,I(R~). 
Let  now ~2 be a closed subset of R n satisfying the following conditions 

(It1) f2 is p-convex; 

(H~) ~f2 is locally the graph of a Lipschitz function. 
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Set 

0 if x ~ D  
J I ( x ) :  -~-co if x ~  

and fixed to = 0, b ~ ff~, we introduce the spaces 

X = {x e Lip, ~ e B V :  x(O) = b,, :~+(0) = b, I ~'] = Ibl = V ~ ,  Jo(x(t)) = 0}, 

= {y e ( ~ ( o ,  1))~: y(1) = o} 

and consider the problem 

(P*) Find 5 ~ X  ~nd a constant  K(~, f2, b) such tha t  

min I(~, y) -~ K(~, .('2, b)]ly][~ = I(~, 0) ---- 0 
y E Y  

64~llvll <~ l 

~nd 

1 

I(x ,  y) =f[(~+(O),  y(O)} - -  (~, ~t~ § J~(x  § y)] t i t .  
0 

The aim of this paper is to show tha t  problems (P) and (P*) a re - - in  a suitable 
sense--equipMent problems and there exists a large class of domains (indeed those 
verifying (Ito), (H~), (It2)) in which problem (P*) has a solution. More precisely we 
will prove the following 

TKEOtCEM 1. -- I f  ] ~ C~.~(R ~) and ~ e G(0, b) then 

I(x,O) = min 
y e Y  

64prlyl]~l 

y) + KHyJF  } = o 

with K = M.#([O, 1](2 + 1/4o) and 4o = min {IV/(r r e n  (b2, 
Conservely, if there exist ~ ~ X and /~(~ 9 ,  b) such that  

then Z e if(0, b). [] 

0 = I(~, 0) = rain {/(~, y) -~ gp]yl]~l} 
y ~ Y  

64~lv IJ ~ 1 

THE01~E~ 2. -- If  ~ satisfies hypothesis (Ho), (g~), (H~) then problem (P*) 
admits a solution. [] 
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III .  - Proo f  o f  T h e o r e m  1. 

Before beginning the proof of Thm. 1 it is useful to make some simplifying 

assumptions: 

(11) 

(L) 

the set ~Q (~ S(b~, 2]bl) is supposed to be non empty; 

by virtue of the previous assumption we may suppose that ~/2 is compact 
so that setting ~ =  rain [Vft > 0 the set ~ = {x: f(x)<0} becomes 3M/8~-convex 

as soon as ] is ~ C~,~-function and M is the Lipschitz constant of V]. 

Now we may state the following 

LEiV~A III. 1.- If 2---- --#Vf@) and J,(~(t)) = 0 (i.e., f(~(t))<0) then setting 
1 

G(r =fJ,~(r c/t we have 
0 

1 

(3.1) o(~ + y)>f<y,  vf(~)> d~ - ~ } e([o, ~])ilyll~ 
0 

for every y ~ Y such that Hyn,,<~3M/).. 

1 1 

PROOF. - We first observe that fJz@ J_ y)d#<fJ,~(~ + y)dt  au4 therefore 
0 0 

(3.2) 

1 1 1 

0 0 0 

since ~2 is 3M/8~-convex we get 

3 
(3.3) J~(~ + y) -- <y, V](~)>>-- i ~  lYP , Vt e [o, 1] 

for every y ~ 1 z such that Ilylt ~<~0/2M(2,~0 + 1). 
The last inequality yields: 

(3.4) 

1 1 

3 flyP d# G(g, -t- Y)>f<Y, Vf(g~)) d# -- M ~  
0 0 
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and we observe t ha t  

(3.5) 
1 

fly(s)l ~ d~ 
0 

1 1 

- ~  - 2 f <y, ~>~([o, t]) dt < f (lyl ~ - lyp)~([o, t]) ,Zt< 
0 0 

1 

<~([o, 1])f(lyl ~ + I~t ~) d t  ~- /~([0, 1]) I]yl[~, ; 
0 

combining the last  two inequalities we get (3.1). [] 

F r o m  the previous L e m m a  we argue 

(3.6) 

and then  

(3.7) 

i.e. 

(3.8) 

I 

J . ( ~  + y) 

0 

3 at + <~, y>>-- M~([O,  1])IIyl[~, 

1 

f{j.(~ + y)-<~, y>} dt + <~, y(o)>>- ~ . ( [ o ,  l~)llyll~,. 
0 

z(~, y) + M ~ ( [ 0 ,  1])]lyHi,>o 

~n4 being 1(5, 0) = 0 we obtain 

(3.9) maxmin{I(~,y)~z ~Y § M~#([0'I])IIY[]~} : 0 '  
6 4 ~ ] l y l J ~ l  

and the  first pa r t  of Thin. i is proven.  

Suppose now tha t  there  exis%s 5 ~ X and K > 0 such t ha t  

min  
y e Y  

64p[lYTI~< 1 

{z(~, y) § Kriy[15} _~ 0 

then  there  exists ~ e X such tha t  ~or every  y e Y we have  

(3.10) 

1 

f - -  <~, ~} § J~(~ T y) T <b, y(0)}} dt § K X I y X I w  �9 

0 

choose ~ ~ (c;~([o, 1]))oc r such that spt ~ c {t: f(~(t)) < 0}; since 
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an easy calculation shows tha t  if s is small enough ( independently of t) then  ](x(t) § 
+ sqJ(t)) < 0 for every t e [0, 1]. 

Therefore f rom (3.10) we argue 

1 1 

0 0 

but  J~(~ ~- sF) = 0 if e is small enough an4 then 

1 

f { -  ~ ,  r + ;b, ~(o)}} at>O. 
0 

Since the same arguments hold when ~ is changed into - - ?  we argue 

1 

f { -  (~, r + (b, ~(0))} at = 0 
0 

and then  (x, ~) = 0 for every ~ such tha t  spt ~ c {t: ](~(t)) < 0} (~). 

Choose now 0 e Co([0, 1]), 0>~0 an4 set yo~- --0V/(~)~ yoeY; since Z is the de- 
r ivat ive  of a L2-function, the dual i ty  between 5 an4 yo makes sense ned we get 

(3.11) ((x, y0)) = ~ ~=~ ~ - 0 = - (<x, v]>, 0) 

so tha t  f rom (3.10) we argue 

(3.12) l im inf 
s<---0 

since 

1 

0 

t(5(t)) - -  sO(t) V](~,(t)) <](~(t)) - -  ~o(~)lVt(x)I~(1 - ~o(t) ~) 

taking s < 1/Ml[Olloo we get 1 ( ~ -  eOV](~)) < 0  for every  t e [0, 1] and therefore (3.12) 

yields 

(3.13) (<~, V/(~)}, 0) d 0  

and then <~, V](z)> = - v with v e &+([o,  1]). 

(1) From now on we denote with ( , )  the duality between ~)'(0, 1) and ~D(0, 1), and 
with ((,)) the duality between (~'(0, 1)) ~ an4 (~D(0, 1))". 
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~ow,  ta~e ~ ~ (C:(E0, ~])) o and set 

then  sF~eY as e is small  enough a n d - - a s  in the  previous case~J .e (~  ~ - e f t ) =  0 

when e goes to 0; since the  same arguments  hold when ~ is changed into - -  F we get 

an4 then 

((Ivip~, ~)) 

for every ~ (Co(IO, i])) ~ so that 

((~, [ v / l ~ ) ) =  ((~, v ) ) ,  (~,  v / ) )  = - (~, (~,  v](~))) 

= - ( p v t ( ~ ) ,  w)) 

since V/(~)v6 0 on spt 5 we m a y  write 

x = - ~v](~) 

with # ~d~5+([0, 1]), # = u/IV]] "2 and spY# _c{t: ] ( ~ ( t ) ) =  0} and Theorem 1 is com- 

ple te ly  proven.  

]~E]~At%K 1. - As we can see in a moment ,  if the funct ional  contains t e rms  of the 

t ype  U(t, x) which are Z ~ in the t ime-var iab le  and C ~ in the  space-var iable  then  

Theorem 1 can be easily generalized and the  proof remains  the  same. 

RE~_A~K 2. - I t  is not  difficult to see t ha t  the  theorem remains  t rue  if ] is 
supposed to be only a Lipschitz m a p  which is C ~,~ only in a neighborhood V of ~f2. 

IV.  - P r o o f  o f  T h e o r e m  2. 

Let  f2~ = {x e R~: d(x, ~)Ks};  as we have  seen iu Proposi t ion 1.12, fi~ is (16/9 § 

~- 3)/9-convex and 8 f ) ~  C1.1. Since &-~ = S(b2, 2Ibl) n ~ 0, b y  using Proposi-  

t ion 1.13, we argue t h a t  ~-e is a finite union of graphs of C 1,1 functions,  so tha t ,  

wi thout  loss of generali ty,  we m a y  suppose 5r = {x: Xn = g~(xl, ..., X._I)} and there- 

fore 8d/Sx~:/= 0 on 3:~. Since ~-~ is compac t  we m a y  suppose 0 ~ m~KSd/3x~Km2 
o n  5"7e. 

Let  now us be a solution of the  p rob lem 

i) d(u~, t 2 ) - - s < 0 ;  

ii) there  exists a l~adon me~sure ~ 0  such t h a t  

(P~) 

18 - A n n a l i  di  Matemat i ca  
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and 

i~ = - -  #Wd(u~)  ; 

iii) t~1 = Ibl, 

Since ~9~ is 4p-convex we have 

Jno(u,(t) § v(t)) >~ <v(t), V](u~(t))> -- 32plv(t) l ~ 

for every  t e spt #~ und for every  v ~ ]( with I[viI <6~:p. The last inequali ty yields 

I 1 i I 

0 0 0 0 

- 6 2 p  ~ ( [ o ,  1]) !lvlli~ --- (~o, ~ ) -  a2p ~ ( [ o ,  1])llvlll, = 
1 

~-f <it~, i~} dt -- <b, v(O)} -- 32p #~([0, I])nv[[~, 
0 

und then 

1 

]]v[I ~ 1116C~ 0 

32pttr , 1])(Iv[ ~ + [~J[ ~) + Jn~(u~ ~- v)) dt} 

We observe thut  

and then 

which yields 

~d 

m l ~ e  ~ - -  Un,~ ~ m 2 / z e  

0 <#~([0, 1 ] )<  g~+,~(O) -- 4~,~(1)< const .  
m l  

Then there exists a subsequcnce u~ ~ #, and then #~ ([0, 1]) -+#([0,  1]). 
We consider on V the topology induced by  H ~ and we observe tha t  

(*) 
/,co ~ ~ 

}]~,I]~<K and therefore we m ay  suppose tha t  u~--> U~o and u~-~ ~ so tha t  
1 

, �9 �9 2 _ 2[[~[t~,_ 2fit/~ dt --> O. Assuming tha t  
0 

zcQ 
#~ ~ #, u~ --> u~, 4~ --~ 4~ in L 2, we define f~:  Y -~ R u { +  oo} 

1 

F~(v) : f {<b ,  v(O)> -- <it~ i;> + J o6(U~ -~ v)} dt + K~Hv]t~I 
0 
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where  Ks = 32p/~([0,  1]) a nd  we c la im t h a t  

F(V-) l im Fs(v) = F~(v)  = I(u, v) q- 32pp#([O, 1])llvl[ ~ . 
~"~0 

I n  fac t  i t  is easy  to  see t h a t  for  eve ry  v~--> in H ~ we h a v e  l im inf _Fs(vs)>/V~(v); 
8-->0 

m o r e o v e r  if we choose vs = v q- ( u ~ - - u s )  we have  

1 1 

0 1 0 

= nm sup f[@, v~(0)) - <~, ~ )  + J~o(u~ + v~)] at + K~[Iv!I~ 
o 

Since d(u~, ~Q)<s and  u s =  u~ we have  u ~ s . Q  so t h a t  J~(u~) = 0 and  UooeX; i~-->i~ 
in L ~ a nd  t h e n  

1 1 

0 0 

and vd0) -+ v(0).  

I t  r ema ins  to  p rove  t h a t  

1 

(**) n 22p f Jo ( us + 
0 

t w o  cases m a y  occur  

1 

dt =fJ~(u~ ~ v) ; 
0 

A) There  exists t ~ [0, 1] such t h a t  u~(t) q- v(t) r zg. I n  this ease for  e small  

enough  we have  Ja,(u~ q- v) ~ q- c~ and  observ ing  t h a t  us q- v~ ---- ue q- v q- (u~- -  u~) = 

---- u~ q- v (**) easi ly follows. 

B) u~o(t) § v(t) ~ t9 for  eve ry  t e [0, 1]. This fac t  yields J~,(u~ + v) = J~,(u~ § 
§ v ) =  0 for  e smal l  enough  and  (**) is p roven .  

W e  recal l  now t h a t  

D m  F~ O, = 0 

and  b y  us ing P ropos i t i on  1.11 we argue 

and  T h e o r e m  2 is comple te ly  proven .  [] 

= 0  
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