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Bound State due to the s-d Exchange Interaction 

--Effect of the Higher Order Perturbation--
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Higher order corrections to the binding energy of the singlet bound state obtained by 
Yosida for the case of an antiferromagnetic s-d exchange interaction are calculated. T t is 
found that higher order terms up to the sixth order in J mcrease the binding energy and 
consequently that the stahility of singlet hound state is increased 

~ 1. Introduction 

The system considered in this paper consists of the conduction electrons 
which couple with a localized spin by the s-d exchange interaction. In this 
system it ha:s been shown that when the interaction is antiferromagnetic, the 
usual perturbation expansion for physical quantities such as the scattering am­
plitude1l and the magnitude of the localized spin2l loses its meaning below a 
critical temperature. Many investigations have been made to explain the ongm 
of these anomalies.1l, 2l 

In view· of this situation, Yosida has recently shown that a singlet bound 
state is realized for the case of an antiferromagnetic exchange interaction,3l and 
concluded that the usual perturbation method breaks down for this reason. In 
his theory he starts with the state of a free electron gas in which one electron 
is excited above the Fermi sea and treats the effect of the s-d exchange 'inter­
action of the conduction electrons with a localized spin whose magnitude is one 
half by a generalized perturbation methocl. In the zeroth approximation of this 
theory the localized spin couples with an electron excited above the Fermi level 
by the s-d exchange interaction and makes a singlet bound state. In the first 
approximation which takes into account the effect of an excited electron-hole 
pair, this singlet bound state still survives for the case of antiferromagnetic 
interaction. From this calculation he concluded that the unphysical results 
obtained by the, usual perturbation method which starts from the degenerate 
localized spin states originate in the fact that it disregards the existence of the 
singlet bound state. 

However, it· is not clear whether the singlet bound state obtained in the 
first approximation remains unchanged even when the approximation proceeds 
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Round State due to the s-d Exchange Interaction 713 

up to higher order. The purpose of this paper is to calculate the higher-order 
effects and to confirm the above conclusion obtained by Yosida. 

~ 2. The method 

The Hamiltonian of the system consisting of the conduction electrons and 
a localized spin situated at the origin is given by 

H -" * J"{(* * )cY+ * cY * 5} - L..J Skrra!.rr a""'- ;_.~ a~c· t akt- a,:/ 1 ak 1 ... J, a:"' t ak 1 .._)_ + a:c' 1 akt + , 
krr 2Nk!./ , 

(1) 

where a"''; and akrr are creation and annihilation operators of a conduction elec­
tron with wave vector /;: and spin rJ, sk is its ban4 energy 11?-easured from the 
Fermi energy, Sz and S± are the components of the localized spin and J is the 
coupling constant. 

We expand the ground state wave function in the following· series according 
to Yosida: 

(2) 

where cjJ,, denotes the wave function for the Fermi sea and a and (J mean up 
and down spin states for the localized spin, respectively. Henceforth we re­
present the indexes ki by i. 

Then, the Schrodinger equ~tion can be written as follows : 

[~ (s1- E) {T
1
a at1 a+ T/ ai't /9} 

I 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/36/4/712/1909942 by U

.S. D
epartm

ent of Justice user on 16 August 2022



714 A. Okiji 

J "' {T t ~ * r d . * r -ct * 2T13 ~ * } - --- - .L...J 1n a2 i a- 123 a1 ,~ a- 123 a2 1 a+ 123 a1 i a 
4N 12s 

J "'{r.ei * (.) T 13 i * (.) T 13 ,~ * (.)+2T""i * (.)} - ·
4
-N·-- .L...J_ 123 a2i JJ- 12s ali JJ- 123 a2i JJ 123 a1i JJ 

123 

J "' { T 13 i * * (.) + T 13 1 * * (.) + T 13 1 * * (.) .L...J - 123 a2i a3 i a4 i JJ 123 a1 t a3 t a4 t JJ 123 a1 t a2 t a4 t JJ 
4Nl234 

2rxi * * (.)} - 12s a1 t a3 t a4 t JJ 

J "' {Tx ~ i ( * * * * ) ----.L...J 12345 a1.1 a3i a5i -a2,1 a3i a5i a 
4N 12345 
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Bound State due to the s-d Exchange Interaction 715 

+ 2rx t i ( * * * * ) (.)} 12345 az r a3 t a5 t - a2 t a3 r a4 t tJ 

J " {T~ t t ( * * * * ) r.; ---'-----..:...... 12345 a1r aat a5t -a~t aa~ a5~ tJ 
4N12a45 

(3) 

Here, the terms of the expansion needed up to the third approxi1nation have 
been written down. From this expression, we can easily obtain the following 
simultaneous equations which determine the energy eigenvalue and Th T 123 • ··, 

etc.: 

(6) 

(7) 
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716 A. Okiji 

r d ( + " E) + J r a J r 13 + J ~· (T tt r d + r <~ 12 3 C1 C2- C3- -- ? - - 1 --- 14 3- -12 3 1~ 4 
' 4N 2N 4-N 4 ' ' ' 

+ 2rf31 2TI'Il ) + J " cr -: t t + r d t _j ')rf3i 1 ) - o [41J,3- 21,1 --N--L..J p4J1,53 2L14J,[u;;JT'-' 141]2,35 - , 
'4 45 

(8) 

r fit ( E) J 1..,(3 J ra J l::C1..,!3t rrq rrq 
12 3 e1 + c2- c3- + 2 - - 1 + 11 :J- -12 3 + u 4 

' 4N 2N 4N 4 ' ' ' 

+ 'JTc' 1 2r d ) + J y1 ( 1, .s t 1 + T,e 1 t + 2r d t ) _ O 
'-" [41l, 3- 21,4 

4
N L..J [24~1, 53 2[HJ, Lu3J 1:41]2, 35 - , 

' 45 ' 
(9) 

+ r 1 1 ) + J ,---, cr tl t + r • 1 t + r I 1 1 r 1' 1 1 
[23], 5 iN~ [ H23], [45] [1G3J, [•40] [126], [ 45]- [12:3][60 J 

r ,q 1 2rf3t 1 + 2T,6' 1 t zr(3 1 1 ) + - o - [123J,L46]- [U20~1,[45] , [61:J],[45'- [612],[_45] ... - , (10) 

r .s1t c'O "" _ _ ,..,-E) __ J ·c-r,er rf3t r·f!1 _rf:Jt -rf:Jt [ 1~3] [451 "1 + "2 + C3 CJ Co I 112 1 -1 + [-1~] 5 + L13l 4 1 '[13] 5 L23' 4 ' - 4N . _, . ' _, , ~· 

+ r (:J t ) + J ~ cr(:J i t· + r(:J l t + r(:J t t r.s 1 t 
[_23],5 4N ~ [623],[45] [163],[·15] r:12u],f45]- p~3J,[ruJ 

_ J'P'lt _ 0r ~-t t _ . + 2r d I' _ ')r.t r r ) + _ 0 Ll13_],[4GJ '-' [623},[151 [613~,[45] '-' [612],L'45l ... - ' (11) 

Tc'tbL5 (c1 + Cz + cs- C4- Co- E) + 4~ crL:1h4- T3'L + Ta\:5- 2T~.14+ 2Tf3;4) 

+ J n (T" t t t-, r-.<t t r·" t t 1..,.,, 1 t + T'tt t --N-- L..J [62:3,45- [1H]3,45- [12]6,45- [U]J,65 p2=J,46 
4 6 ' 

+ 2r (:J t t ?Tf:J t 1 1- zr(:J t t ) + -- 0 [u:J]1, 54 - "-' L 63~2, 54 - 3 12~, [46] ' '' - , (12) 

r (:J 1 1 c + + · E) + J cr(:J r r(:J 1 + r· ,cq 2r d + 2r-<~ ) r12]3,4o c1 cz c3- c4- c5- 4N [11];4- 32,5 31,3- 13,4 _' 23,4 

+ J "(T,at 1 +TP't 1 TP't 1 rf3t 1 +T.st 1 '4-N ~ [_ 62=J, -15 L 16Jl, 45 - l U]6, 45 - [UJ3, 6ii [12]3, 46 

t- 0r ~ ' t 21.., x 1 1 + 2r-d t ) + - o - '-' [61J[, 54- [63j~. 54 :J[l~]. [46] •.. - ' (13) 

r "" t C + + E)+ J C rd t-r·<t +T""r T'l.+')rf3t 1[23l,[45J c1 e2 ca-c4-c5- 1 

4
N - H,4- u.u 31;4- 31,5 ..., [23J,4 

2r .s t ) + J " (T Yi t T"' t t r"' t t + r d t + r tt t - [23~, 5 4N 7" 6[2:JJ, [15]- 1[63J, [45]- 1[26], ['15J 1[nJ, [65] 1[23], [46J 

2rf! t I t- 2T,6' I 1 2T(:J t 1 ) + -- 0 - [623], C45] - [23]1, 4G- [23]1, ii6 ... - ' (14) 

r P'11 c -E) J c r/:11 r81 J"f3!., r(3~ + ')r~t 1L~JJ,[-1oJ c1 + E.j + es- c4- c5- " + 
4

N - 2',4 + 21,u + 31,·1- 31,5 ..., [23J,4 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/36/4/712/1909942 by U

.S. D
epartm

ent of Justice user on 16 August 2022



Bound State due to the s-d Exchange Interaction 717 

2r d ) I J "'CJ~fiJ,J, rt-lt 1 r.eJ,-~, +J~iitl +T(lj,j, 
- L2:l], G T N L.i lL~Jl, [4'l] -- l[U3], [J5]- l[:W], [45] 1[23], [65} 1[23], L-JGl 

4 G 

21-, ( I I + 2F d t 2F q 1 ) + - 0 - [G23],[40] [1~]1,4G- [~~Jl,iJii ' .. - • (15) 

In the above expressions, we use abbreviation symbols such that TcizJ,s 
means T12 , 3 - T 21 , 3• The suffixes attached to r, 1 and 2 on the left side of the 
comma and 3 on the right side of the comma represent, respectively, the wave 
vector of the electron and the hole. 

~ 3. The solution to the secular equation 

First we shall explain the process of solving the somewhat complicated 
secular equation given by the 'series Eqs. (4) to (15). For simplicity, we 
represent rl2 n or the sum of r12 n by rn and (cl + CJ + ... - Cn- E) by (n). Then 
we can write down Eqs. ( 4) to (15) symbolically as follows : 

(1) rl =Jrl + Jrs, (16) 

(3) r3 =JF1 +JTs+ JF5, (17) 

(5) r5 =JT3+ JI'5 + Jr7, (18) 

(7) Tr = · ·etc. 

Putting Eqs. (17), (18), etc., into Eq. (16) successively, we can cli1ninate r3, 
F 5, etc., frmn Eq. (16) and obtain the following expression: 

(1) rl = Jrl + J2 ~) + J3 (303) + J4 ( (5)-(s) (3) + (3) ~1)(3)) 

+ J5 ( rl + 2r1 + _ rl ) + ,r c- .. ). 
(5) (5) (3) (3) (5) (3) (3) (3) (3) (3) (3) (3) 

(19) 

As is seen in Eq. (19), there are two kinds of processes in fourth order in J 
and three kinds of processes in fifth order in J, etc. The calculations are 
carried out up to fifth order in J. However, in order to avoid lengthy expres­
sions, we write down here only the expression up to fourth order in J: 

rica (e~.; -E) =- J ~ (T1a- 2F/) - ( J ) 
2 

2: - -- 1 - ----- (J'1a + 4J'/- 6T~.;a) 
4N 1' 4N l2 Cs~c+s1-s2-E) 

-( J) 3 

I:; [ _ --1---~----l) --- 1-- -~---(-5rsa-2T/+12r.,a) 
4N 120 (cJc+sl-82-E) (s.,+ss-Bz-E) 

+ - -l ---~---- (- '2T3a + 4_F/- 5Tt- 2T/) 
(s1 +e3-cz -E)· 

+ ~ -- l -- -- (T1a -14F/ + 12rlca)} J 
(c~c+cl-8s-E) 
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718 A. Okiji 

- (4~) 
4 

~4 [(ek+-81 +-~~-~ 8-;=-~~-~ E)(8k-+ ~1-=~~-- E) 

X {-----_!----~-- (- 36Tk a+ 6T1a + 24T/) 
(8k+81-82-E) · 

+ ~------! _____ (7 T1a- ST/ + 22T3a- ST/) 
C81+83-82-E) 

+ ______ l ____ (- 6Tk a + 7 r3a - 8T313 ) 

(8k+83-82-E) 

+ 1 (- 6Tka- ST1a + 16T/) 
(8k+8l-84-E) 

+ __ ___,_ _ _!_, ___ (12Tk a- 2T3 a- 8T313 ) 

(8k+83-84-E) · 

+ - 1 --(-2T1a-8T/+3T3a)}-
(81+83-.s4-E) 

+ 1 ( - 3T a + 4T a - 8T 13 ) 4 .3 3 

(83+.s4-.s2-E) 

1 +------------
(8k+81-.s2-E) (8k+8l-83-E) 
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Bound State due to the s-d Exchange Interaction 

+ -- ---- 1---(7 Tt- 8T/- 6T~c a) 
( CfG + C4 - cs -E) 

+ --- 1~-~ (- 42T,c a + T1 a + 40T/) fl J 
Cs~c+s1-s4-E) 

719 

(20) 

The terms proportional to T~c on the right-hand side of Eq·. (20) can be regarded 
as the energy shift of the band energy c~c and this gives no essential effect on 
the result, as has been discussed in reference 3). 

For the singlet state (T~ca = -T/), we write Eq. (20) in the form 

(21) 

where 

The higher order terms in J are included in f(s). Then we insert Eq. (21) 
into Eq. (20). Neglecting the energy shift, we can write down Eq. (20) up 
to fourth order in J as follows : 

DDDO 

+ 3 (:~) ' [)} ~ Lc "• _:_E)(;, -E) (E, + c,~-~;-= if) -(S:+e;:__ c,= E) ds,dc,ds,ds, 

DDDO 

+ ( ( ( ( ~~~-6~--~~~ds~cdc1de2d8s ))J~n(8~c-E) (8a-E) (e~c+81-82-E) Cs1+8s-82-E) 

DD 0 0 

+ )~Lbe,-Ef(c, -E5C£,+c;l1>e,-EJ ce, ,s; -c;-E)ds,ds,dc,dc,] . 

(22) 

There is no contribution to Eq. (22) from f(8) in Eq. (21) up to fourth order 
in J but the contribution of f(8) (i.e. the contribution of the second iteration) 
appears at the fifth order in J. Here we assume a constant state density p, 
and take 2D as the band width. Considering the above equation up to third 
order in J, we obtain Yosida's result.3

) The integrals for the fourth order in 
J are evaluated in the Appendix. In Eq. (22) the second integral of the fourth 
order in J gives a logarithmic term of lower order and a regular term. Thus, 
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720 A. Okiji 

by retaining the logarithmic terms of the highest order, Eq. (22) 1s reduced 
to 

1 = 3x + 3x3 + 6x4
, 

where x means (pJj4N) log\E/D\. The solution to this equation 1s 

Xo =0.295. 

The calculation for the fifth order in J becomes somewhat complicated but 
is similar to that for the fourth order in J. In this order there appear many 
terms which do not contribute to the logarithmic terms in the highest order. 
The result reduces to 

The first and second terms in the above expression correspond to T1/ (5) (3) (3) 
and T 1/ (3) (3) (3) in the symbolical equation (19), respectively. It should be 
noted here that there is another contribution to this order in J, which arises 
from the second iteration. This, contribution which .ha"s been calculated by 
Yosida (see Eq. (31) of reference 3)), amounts to + (18/5) :1;

5
• Thus the total 

contribution to the terms of fifth order in J is obtained as + 18x5
• Taking 

into account this term, we obtain the root of. the polynomial with respect to 
x, Xo, a~ follows : 

Xo=0.286. 

For the terms of sixth order in J the calculations become complicated but 
in principle they are similar to those of lower order in J. Therefore, we show 
only the final result, 

I 

The first, second and third terms in this expression correspond to T1/ (5) (5) 
(3) (3), T1/ (5) (3) (3) (3) and T1/ (3) (3) (3) (3) in Eq. (19), respectively and the 
last term comes from the second iteration in Eq. (20). 

Thus, the secular equation for the singlet state up to sixth order in J 
becomes 

1 =3x+ 3x3 + 6x4 + 18x5 + 54x6
, 

the solution to which is obtained as 

Xo=0.280 or pJ I E 'I ' · log1 --- = 1.12. 
N :D 

(23) 

(24) 

It should be noted that since each coefficient of xn has a plus sign, the value 
of x 0 decreases as one goes to higher approximations. This means that the singlet 
bound state becomes more stable as a result of the higher order corrections. 
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Bound State due to the s-d Exchange Interaction 721 

Therefore, we may consider that the excited electron-hole pairs give an effect 
favorable to the singlet bound state which has been obtained in the zero­

approximation. 
For the case of a ferromagnetic interaction (T~c a= T/), the calculations are 

similar to those for the antiferromagnetic interaction. Omitting details of the 

calculations, we give the final result below. 

1 = ~x+ _5 __ xs+ 10 x4+J-_Axb+ 62 x6. 
3 3 3 9 

(25) 

In the zeroth approximation, the solution x 0 = ~ 1 is obtained. Howevt:;,r, up to 
x 3 there is no solution for negative values of x. 3

l This situation is repeated 
up to x 6

• That is, if we take into account the x 4 term, there is a solution 
for negative values of x but there is no solution when we take into account 
the x 5 term. In this situation it is natural to conclude that there is no bound 
state for the case of a ferronwgnetic interaction. 

In the above calculations we omitted the self-energy parts. 
terms proportional to T~c on the right-hand side of Eq. (20). 
written up to third order in J as 

These are the 
They can be 

( 
J ) 

3 
{ -12 ~ 12 } 

+ 4N fti (c~c+el-c,2~E) (c~c+s3-s2-E) +-(.s~c+sl~c,2~E) (e~c+c1 ~~~-Ii)- riGa 

+···. 

As can be easily seen, the parts, JE, which are independent of c~c and E, namely 
the expression obtained by putting e"' = 0 and E = 0 in the above expression, 
can be included in E on the left-hand side of Eq. (20). (The parts dependent 
on CJG may be renormalizable in e~c itself.) The expressions for JE are obviously 
equal to _the free energy shift obtained by the usual perturbation method for 
the normal state. Similarly, we can show that the expression for LJE obtained 
for the fourth order term in J is the same as that for the fourth order energy 
shift calculated by the normal perturbation approach,4

l as far as the energy shift 
which should be included in E on the left-hand side of Eq. (20) is concerned. 

Finally we add one result obtained for the case of a localized spin S which 
is greater than one half, although we do not enter into details. T'he calculation 
for the case in w'hjch one conduction electron spin is trapped by the localized 
spin S, can be carried out by a simple extension of the present calculatio~. The 
result obtained up to the fifth order in J for the case of antifeuornagnetic In­
teraction is 

1 = (S + 1) 2x-l/3 (S + 1) (5 2 -1) (2x)B ~ 1/3 (S + 1) (5 2 ~ 1) (2x)4 

+ (1/30) (S + 1) (25 2
- 3) (25 2 ~ 5) (2xY. 
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722 A. Okiji 

In the limiting case where s~oo, J~o and J·S=constant, the equation becomes 

1 =2Sx- (1/3) (2Sx)3 + (2/15) (2Sxl- ···. 

If we notice that the right-hand side of this expression coincides with the ex­
pansion of tanh(2Sx) with respect to 2Sx, it may be written 

1 =tanh (2Sx). 

Therefore in this limiting case no bound state appears, as we should expect. 
This result can be considered as a partial justification of our treatment of the 
present problem. 

§ 4. Summary and conclusion 

As the zeroth approximation, we have considered the state in which an 
electron excited above the Fermi sea couples with a localized spin (of magnitude 
one half) by the s-d exchange interaction. Then, we take into account the 
effect of excited electron-hole pairs by a generalized perturbation method. These 
calculations have been carried out up to the fourth' approximation. The results 
are as follows : 

1) For the case of an antiferromagnetic exchange interaction there appears 
a singlet bound state which is formed by the localized spin and the conduction 
electrons. Its binding energy is given by D exp( -1.12·N/pJJJ) in the highest 
approximation made in this paper. 

2) For the case of a ferromagnetic interaction, the bound state which 
appeared in the zeroth approximation vanishes in approximations up to odd 
powers of x but reappears in approximations up to even powers of x. In this 
sense, the bound state is unstable and it seems to be plausible that there is no 
bound state for the ferromagnetic interaction. 

The results obtained here strongly support the conclusion derived by 
Y osida that for the case of antiferromagnetic interaction the ground state of 
the system is a singlet bound state and that the unphysical results obtained by 
the usual perturbation method which starts from degenerate localized spin states 
originate in the fact that it disregards the existence of the singlet bound state. 
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Appendix 

For the fourth order In J, we must calculate the following three kinds of 
integrals. The first is 
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Bound State due to the s-d Exchange Interaction 723 

(Al) 

In the above integral we can easily integrate the factors (sk + 81-82-E) - 1 and 
(sk + 81- ca-E) - 1 with respect to 82 and ca: 

0 

Lcs,rS, ~~,=EYds,= -log ls.~~~;~E I· (A2) 

This can be approximated by 

- log~-~k_±_ ~-:]f.__ I· (A3) 

The difference between (A2) and (A3) gives logarithmic terms of lower order 
and regular terms in the result. Thus, the essential part of (Al) becomes 

(A4) 

In the next step we write the integrand as follows : 

(s,- E h s, --E) log'l e, +;-E I = ( e:=- E) ( :.~- zE) log'l t•+;- E_ I 

= rc~.-E)(~+S.-E)+ (s,~E),!;; (s.+t~E)•+'}log'l ~-+:_;-E I· 
Neglecting the second term in the curly brackets for the same reason as stated 
above, we can integrate (A4) as 

-} 
0 

D 

2 

3 

Thus, we get it log4 IE/ Dl as the essential term. Here we have used the fact 
that E is negative. 

The second integral IS calculated in a similar way : 
D D D 0 } } ) t (s,- E) (s,- E) (e,+ s, ~ ,;:,--_ ]i;) -(8;+ s,_: 8, _:E) ds,de,ds,de, 
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724 A. Okiji 

The last one IS 
DDDO mL (e, -E) (c,- E)(f:~ z ~,,-~/;;)(~; + s, e;~-E) de,de,ds,de,. 

This integral has no log4 [E/DI term. 
For the fifth order in J, there are many types of integraL We choose 

the following two integrals as examples : 

DDD 0 0 

) ~} L Lc~-: -E) (e,- E) (e, I e,- e,- E)-(e, ~ e, e, -~E) ci.+ e; + e, - ,,::_ s: ::_E) 

DD 0 0 

~-)) L L (e,- E) (e,- E) (e, +e, ~ e,-_:: E) (e, +-e, :::;,-__:];;) 

D D D 0 0 

)))tL ct.--E) (e,- E) (ed e,- e,- E)
1 

(e,+ e,- e,- E) (e,+ s,- e, __:E) 

DD 

~-) )-}- -ce, _: E)\e, -E) log' i e, + ;; E de,de,~- 2~ log'\~ I· 
Other terms of this order and sixth~order terms can be calculated In a 

similar way but the calculations are somewhat complicated. 
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