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Electromagnetic Induction Problem 
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Summary 
General boundary conditions for the problem of electromagnetic induction 
in a two-dimensional model of a conductor with an arbitrary sub-surface 
conductivity structure are considered. Program subroutines for both 
E-polarization and H-polarization cases are given. These boundary 
condition subroutines can be used to replace the previously presented 
subroutines and allow the solution of any conductivity configuration within 
the conducting region by use of the same numerical technique. An 
example of a particular model with a sub-surface step structure is illus- 
trated. Also, an improved method of calculating the surface values of the 
tangential component of the H-field (E-case) and the tangential com- 
ponent of the E-field (H-case) at the surface of the conducting region is 
given for the numerical solution. This new method uses a derivative 
approximated from the true functional form of the fields instead of a 
linear approximation and may be applied when a layered or subsurface 
anomaly is modelled. Some general discussion of the numerical method 
is given. 

1. Introduction 

At present there is considerable interest in the solution of the problem of electro- 
magnetic induction in the Earth and the local perturbations of the fields when a 
lateral inhomogeneity is encountered. Jones & Price (1970) considered a two- 
dimensional problem with a conducting half-space made up of two quarter-spaces of 
different conductivity, and Jones & Price (1971) considered a surface or buried 
region of rectangular cross-section of one conductivity surrounded by a region of 
different conductivity. Jones & Pascoe (1971) extended this work to consider a 
region of arbitrary shape and of several conductivities surrounded by a region of 
different conductivity and gave computer programs for the numerical solution of 
this problem for both the E-polarization (E parallel to the strike of the structure) and 
the H-polarization (H parallel to the strike of the structure) cases. 

The programs given by Jones & Pascoe (1971) may be used to consider long 
cylinders composed of several conductivities and of arbitrary cross-section embedded 
in a region of uniform conductivity, but cannot be used to solve the problem in which 
the surrounding region is not uniform. It is important to be able to solve the more 
general case in which the surrounding medium is a layered one and is not necessarily 
the same at great distances from the conductivity inhomogeneities on both sides. In 
*Received in orginal form 1971 June 2. 
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the previous work (Jones & Pascoe 1971) it was necessary to place the sides of the 
mesh over which the equations were solved far enough away from any inhomogeneity 
so that a uniform conducting region could be assumed at these boundaries. It is also 
true in the more general case presented here that the sides of the mesh must be far 
from any vertical discontinuity in conductivity so that a horizontally layered medium 
may be assumed at these boundaries. The subroutines for the boundary conditions 
for the E-polarization and H-polarization cases which we now present can be used in 
place of the previous boundary condition subroutines (Jones & Pascoe 1971) and 
allow the solution of any conductivity configuration within the conducting region as 
long as the above condition is met. 

2. The boundary conditions for layered media 

Jones (1971) investigated the problem of induction in a two-layered Earth model 
with a general layer contact topography and derived analytic expressions for the 
boundary. However, the analytic expressions for the fields at the boundaries in terms 
of the conductivities and the depth to the interface became cumbersome even for this 
two-layered case. Therefore, to proceed to a situation which involves more than two 
layers, a different approach is taken. 

(a) E-polarization 
If we consider the same co-ordinate system as before, namely with the origin on 

the surface, x and y co-ordinates horizontal and the z co-ordinate vertically down- 
ward, (Jones & Pascoe 1971), then for a uniformly layered conducting region, 
(aEJ8y) = 0 everywhere. The equation which must be solved, 

V2 Ex = iq2 Ex 
where q2 = 4naw reduces to 

This equation has the solution 

and 
Ex = D1 exp (-qzJ(i))+ D,  exp (gzJ(i)) for q # 0 

E x =  D,+D,z for q = 0. 
If we now consider Fig. 1 and assume that Exlk and (8E,/az)lk are known, then by 

using the proper functional form in region qj and the boundary conditions [the 
continuity of Ex and the tangential component of H, (aE,/az)] at the horizontal 
interface, k, then the constants D ,  and D2 may be evaluated for layer qj.  Once D ,  
and D2 are known, EXu and (8Ex/az)lj may be calculated. In this way a knowledge of 
Ex and (aEJ8z) on the lowest grid row allows the determination of Ex and (aEJ8z) 
for the remaining grid rows. 

(b) H-polarization 
For the H-polarization case a similar form of the solution is encountered: 

H,  = D ,  exp (- qzJ(i)) + D2 exp (qzJ(i)) for q # 0 

H,  = D , + D 2 z  for q = 0. 
Again, if Hxlk and (8Hx/az)lk are known, the constants D ,  and D ,  may be deter- 

mined by using the conditions of continuity of H and continuity of the tangential 

and 
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General two-dimensional electromagnetic induction problem 181 

FIG. 1. Notation used to describe boundary of layered medium. 

component of E on line k. After D ,  and D, are thus determined for qj, we may 
calculate H x l j  and (8Hx/8z)lj and proceed as described in the E polarization case. 

It should be noted that to be certain that Ex (or H,) remains finite as z -+ 00, we 
have set,the value of Ex (or H,) on the lowermost grid row according to 

Ex = exP (-qzzJ(i)) 
(or H, = exp (-qz,/(i)); 

that is D ,  = 1, D, = 0. 

(Jones & Price 1970). 
Also, in the H-polarization case, H, = H ,  everywhere in the free-space region 

In the E-polarization case, it is necessary to take (Jones & Price 1970) 

Hylleft-hand surface = Hylrilht-hand surface 

and also to place the upper boundary high enough to ensure that any perturbations 
in H due to discontinuities in the conductor are negligible there. 

Furthermore, since the above applies for a horizontally layered conducting 
medium, we must ensure that the boundaries are far enough away from any vertical 
discontinuity so that this assumption holds. 
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3. Tbe boundary value subroutines and example 
Figs 2 and 3 give the boundary value subroutine for the E-polarization case and 

Figs 4 and 5 for the H-polarization case. In these subroutines complex variables are 
used directly, and the real and imaginary parts are separated at the end to accommodate 
the main program. 

Fig. 6 gives the conductive configuration for the example illustrated. The model 
is that of a layered medium with a step discontinuity. The different conductivities are 
illustrated by the different letters. 

Fig. 7 gives the E-polarization surface values of the three components, the phase 
and apparent resistivity. Fig. 8 is the solution for the H-polarization case. In the 
model illustrated, a slightly different method of calculating the surface values using 
a non-linear approximation of the functional form at the surface is employed. 
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FIG. 2. E-polarization boundary condition subroutine. 
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FIG. 3. E-polarization boundary condition subroutine. 

4. Calculation of the surface values 
In the previous work (Jones & Pascoe 1971), it was found that some error was 

encountered in the calculation of Ey in the H-polarization case and Hy in the E- 
polarization case. This error is exhibited by a difference between the computed value 
of the apparent resistivity @,J on the surface over the uniform conducting regions 
at the extremities of the mesh and the value expected there. 

Since for the H-polarization case 

and for the E-polarization case 

1 aE, H y =  -- - 
io 82 

(Jones & Price 1970), the components E, and H, 
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were calculated by taking finite 
differences in the z direction. This approhat ion to the derivative is adequate when 
the grid spacing is not too large. However, a better approximation which is in- 
dependent of the grid spacing and which uses the true form of the function can be 
applied. 

For the conducting region, the usual method for approximating (aEx/az) (or 
(aH,/az)) at the surface is by using a linear approximation to the derivative. For 
example, from Fig. 9 we would have 

aF AF - FI-FO 
aZ lo AZ lo zl-zo ’ 
- *- - 

where F equals Ex or H,. This is a reasonable approximation to the derivative when 
the grid spacing is small, since the derivative is the value of this gradient in the limit 
as z1 +z0.  
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Fro. 4. H-Polarization boundary condition subroutine. 
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FIG. 5. H-polarization boundary condition subroutine. 

However, in most instances, the grid spacing is such that the above is only a 
first approximation to the derivative. If we consider the true form of the function 
we may obtain a better numerical value for (aF/az),,,. For Fig. 1 we have the usual 
functional form for the conducting region (q,): 

where D ,  and Dz are constants. 

(aF/i3z),o may then be determined from 
If we know Fl0 and FI1, D ,  and D, may be calculated numerically. The value of 

where the origin of the z-axis has been taken at the surface. This will give a more 
accurate value for (aF/i3z)lo over a uniformly stratified conducting region, and is 
likely to be at least as accurate as the linear approximation above regions where 
lateral discontinuities in conductivity occur. It must be applied with care near regions 
with discontinuities at the surface, since the above functional form may not necessarily 
apply near such regions. 

5. "he new surface value subroutine and comparison with the linear approximation 
Figs 10 and 11 give the new surface value subroutine for the H-polarization case 

which may be used to replace the previous subroutine (Jones & Pascoe 1971) if the 
new approximation for the surface values is desired. The altered or inserted statements 
are those numbered 12-23. The E-polarization subroutine would require similar 
changes. Also, in the new H-polarization subroutine a statement (No. 35) is in- 
corporated to indicate where a discontinuity exists at the surface. 
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no. 6. Conductive configuration for example illustrated. Horizontal (H) and 
vertical (Ki nrid dimensions and skin deDth are in multi~les of scale km). Freauencv 

used is 0400253 Hz. . 
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FIG. 8. H-polarization surface values. Amplitudes of components normalized, 
phase differences in radians, apparent resistivity in emu. 
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FIG. 9. Notation used to describe surface value. calculations. 

In Fig. 12 the surface values of apparent resistivity comp’uted by the improved 
method (solid curves) are compared with the surface values obtained before (dashed 
curves), (Jones & Pascoe 1971). With the new calculation, the value of apparent 
resistivity near the boundaries of the mesh approaches the expected value for the 
uniform subsurface. In the previous calculations, the value of apparent resistivity 
differed by approximately 6 per cent in the E-polarization case and by approximately 
11 per cent in the H-polarization case from the expected values. The profiles also 
show some change across the conductor surface when the new and old calculations 
are compared. 

6. Dimensional considerations and the iterative procedure 

The use of this new method of calculating surface values and the above con- 
siderations about accuracy, made it desirable to obtain a better feel ’ for the mode 
of solution and the relationship between the convergence criteria applied and the 
various parameters used. To do this, a uniform subsurface case was chosen and the 
model was run for various convergence conditions and grid-size to skin depth ratios 
for a uniform square grid. Since in the initialization procedure the boundary values 
are carried horizontally throughout the mesh, the number of iterations required to 
satisfy the convergence condition is a measure of the accuracy of the result. Fig. 13 
shows a model constructed to illustrate the relationship between the number of 
iterations (proportional to the height of the rod; terminated at a maximum of 150 
iterations), the residual (EPS) and the ratio of grid size to skin depth (GS/SD). It is 
seen that the iteration should be carried out when the grid size to skin depth ratio is 
small. 

In the solution of the problem the equations are solved by the numerical iterative 
method over several conductive regions. In each region there is a basic functional 
form which sets limits on the grid spacing we can use there in order to accommodate 
the numerical difference equations. For example, in the free-space region the function 
is approximately linear in both directions and consequently a relatively large grid 
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FIG. 10. W-polarization surface value subroutine. 
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FIG. 11. If-polarization surface value subroutine. 
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ha. 12. Apparent resistivity profiles for the previous (dashed lines) calculation and 
the improved (solid lines) calculation (emu). (a) H-polarization. (b) Epolariza- 

tion. 

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/27/2/179/732298 by U

.S. D
epartm

ent of Justice user on 16 August 2022



FtG. 13. Model constructed to investigate iteration procedure and relationship of 
various parameters. 
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spacing can be used. In the conducting regions we have taken the phenomenon as 
approximately linear in the horizontal direction, but exponential in the vertical 
direction. Therefore, in the conducting region, in order to fit the form of the function 
the grid spacing is restricted in the vertical direction. 

Also, the solution is based on the assumption that as y + f 00, the subsurface is 
uniformly stratified. To accommodate this restriction in the model the boundaries 
must be several skin depths from any vertical discontinuity. 

7. Conclusions 
The general boundary subroutines as presented provide a two-dimensional model 

when combined with the previous program (Jones & Pascoe 1971) which is completely 
general, subject only to the restriction that a uniformly stratified subsurface is required 
at both sides of the mesh. Although the subsurface must be uniformly stratified at 
the two extremities, it is not necessary that both sides have identical stratification. 
In use, some consideration must be given to the relationship between grid size, skin 
depth and dimensions of the mesh when particular models are considered. This 
general program is flexible to use and provides a modelling technique which should 
be of considerable use in studying observed phenomena. 

Acknowledgments 

supported by the National Research Council of Canada. 
The authors wish to thank Dr J. A. Jacobs for his assistance.- This work was 

Department of Physics and the Institute of Earth 
and Planetary Physics, 

University of Alberta 

References 

Cagniard, Louis, 1953. Geophys., 18,605635. 
Jones, F. W., 1971. Geophys. J. R.  ustr. SOC., 22, 17-28. 
Jones, F. Walter & Price, Albert T., 1970. Geophys. J. R. astr. SOC., 20, 317-334. 
Jones, F. Walter & Price, Albert T., 1971. Geophys. J. R. ustr. SOC., 22,333-345. 
Jone., F. W. & Pascoe, L. J., 1971. Geophys. J. R. astr. SOC., 24, 3-30. 

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/27/2/179/732298 by U

.S. D
epartm

ent of Justice user on 16 August 2022


