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BOUNDARY HARNACK INEQUALITY
FOR MARKOV PROCESSES WITH JUMPS

KRZYSZTOF BOGDAN, TAKASHI KUMAGAI, AND MATEUSZ KWASNICKI

ABSTRACT. We prove a boundary Harnack inequality for jump-type Markov
processes on metric measure state spaces, under comparability estimates of
the jump kernel and Urysohn-type property of the domain of the generator of
the process. The result holds for positive harmonic functions in arbitrary open
sets. It applies, e.g., to many subordinate Brownian motions, Lévy processes
with and without continuous part, stable-like and censored stable processes,
jump processes on fractals, and rather general Schrédinger, drift and jump
perturbations of such processes.

1. INTRODUCTION

The boundary Harnack inequality (BHI) is a statement about nonnegative func-
tions which are harmonic on an open set and vanish outside the set near a part of
its boundary. BHI asserts that the functions have a common boundary decay rate.
The property requires proper assumptions on the set and the underlying Markov
process, ones which secure relatively good communication from near the boundary
to the center of the set. By this we mean that the process starting near the bound-
ary is going to visit the center of the set at least as likely as to creep far along the
boundary before leaving the set.

BHI for harmonic functions of the Laplacian A in Lipschitz domains was proved
in 1977-78 by B. Dahlberg, A. Ancona and J.-M. Wu ([4[38[83]), after a pioneering
attempt of J. Kemper ([57)58]). In 1989 R. Bass and K. Burdzy proposed an alter-
native probabilistic proof based on elementary properties of the Brownian motion
([13]). The resulting ‘box method’” was then applied to more general domains, in-
cluding Hoélder domains of order r > 1/2, and to more general second order elliptic
operators ([14,[15]). BHI trivially fails for disconnected sets, and counterexamples
for Holder domains with r<1/2 are given in [I5]. In 2001-09, H. Aikawa studied
BHI for classical harmonic functions in connection to the Carleson estimate and
under exterior capacity conditions ([IH3]).

Moving on to nonlocal operators and jump-type Markov processes, in 1997
K. Bogdan proved BHI for the fractional Laplacian A®/? (and the isotropic a-
stable Lévy process) for 0 < o < 2 and Lipschitz sets ([I9]). In 1999 R. Song and
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J. -M. Wu extended the results to the so-called fat sets ([75]), and in 2007 K. Bog-
dan, T. Kulczycki and M. Kwasnicki proved BHI for A®/2 in arbitrary, in particular
disconnected, open sets ([26]). In 2008 P. Kim, R. Song and Z. Vondracek proved
BHI for subordinate Brownian motions in fat sets ([63]) and in 2011 extended it
to a general class of isotropic Lévy processes and arbitrary domains ([65]). Quite
recently, BHI for A + A®/2 was established by Z.-Q. Chen, P. Kim, R. Song and
Z. Vondracek [32]. We would also like to mention BHI for censored processes [211[44]
by K. Bogdan, K. Burdzy, Z.-Q. Chen and Q. Guan, and fractal jump processes
[BALTT by K. Kaleta, M. Kwasnicki and A. Stés.

Generally speaking, BHI is more a topological issue for diffusion processes and
more a measure-theoretic issue for jump-type Markov processes, which may trans-
port from near the boundary to the center of the set by direct jumps. However,
[19,26] show in a special setting that such jumps determine the asymptotics of har-
monic functions only at those boundary points where the set is rather thin, while
at other boundary points the main contribution to the asymptotics comes from
gradual ‘excursions’ away from the boundary.

We recall that BHI in particular applies to and may yield an approximate fac-
torization of the Green function. This line of research was completed for Lipschitz
domains in 2000 by K. Bogdan (|20]) for A and in 2002 by T. Jakubowski ([52])
for A®/2. Tt is now a well-established technique (J47]) and extensions were proved,
e.g., for subordinate Brownian motions by P. Kim, R. Song and Z. Vondracek ([66]).
We should note that so far the technique is typically restricted to Lipschitz or fat
sets. Furthermore, for smooth sets, e.g. C! sets, the approximate factorization
is usually more explicit. This is so because for smooth sets the decay rate in BHI
can often be explicitly expressed in terms of the distance to the boundary of the
set. The first complete results in this direction were given for A in 1986 by Z. Zhao
([84]) and for A®/2 in 1997 by T. Kulczycki ([67]) and in 1998 by Z.-Q. Chen and
R. Song ([36]). The estimates are now extended to subordinate Brownian mo-
tions, and the renewal function of the subordinator is used in the corresponding
formulations ([66]). Accordingly, the Green function of smooth sets enjoys approx-
imate factorization for rather general isotropic Lévy processes ([29,66]). We expect
further progress in this direction with applications to perturbation theory via the
so-called 3G theorems, and to nonlinear partial differential equations ([25,47,70]).
We should also mention estimates and approximate factorization of the Dirichlet
heat kernels, which are intensively studied at present. The estimates depend on
BHI ([24]) and reflect the fundamental decay rate in BHI ([31L/44]).

BHI tends to self-improve and may lead to the existence of the boundary limits
of ratios of nonnegative harmonic functions, thanks to oscillation reduction ([13]
191[26.54]). The oscillation reduction technique is rather straightforward for local
operators. It is more challenging for nonlocal operators, as it involves subtraction
of harmonic functions, which destroys global nonnegativity. The technique requires
a certain scale invariance, or uniformity of BHI, and works, e.g., for A in Lipschitz
domains ([I3]) and for A®/? in arbitrary domains ([26]). We should remark that
Holder continuity of harmonic functions is a similar phenomenon, related to the
usual Harnack inequality, and that BHI extends the usual Harnack inequality if,
e.g., constant functions are harmonic. Holder continuity of harmonic functions is
crucial in the theory of partial differential equations [6L[16], and the existence of
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limits of ratios of nonnegative harmonic functions leads to the construction of the
Martin kernel and to the representation of nonnegative harmonic functions ([5,26]).

The above summary indicates further directions of research resulting from our
development. The main goal of this article is to study the following boundary Har-
nack inequality. In Section 2] we specify notation and assumptions which validate
the estimate.

(BHI) Let 29 € X, 0 <r < R < Ry, and let D C B(xg, R) be open. Suppose that
nonnegative functions f, g on X are regular harmonic in D with respect to
the process Xy, and vanish in B(xo, R)\ D. There is c¢qqy = ¢ (wo, 7, R)
such that

(1.1) J(@)g(y) < cem f(W)g(z), z,y € B(zo, 7).

Here X, is a Hunt process, having a metric measure space X as the state space, and
Ry € (0,00] is a localization radius (discussed in Section [2). Also, a nonnegative
function f is said to be regular harmonic in D with respect to X; if

(12) f(l‘) = Ezf(X‘rD)7 T €D,

where 7p is the time of the first exit of X; from D. To facilitate cross-referencing,
in (LI) and later on we let c(;y denote the constant in the displayed formula ().
By ¢ or ¢; we denote secondary (temporary) constants in a lemma or a section, and
c=c(a,...,z), or simply c¢(a,...,z), means a constant ¢ that may be so chosen to
depend only on a,...,z. Throughout the article, all constants are positive.

The present work started with an attempt to obtain bounded kernels which re-
produce harmonic functions. We were motivated by the so-called regularization of
the Poisson kernel for A%/2 ([22], [26, Lemma 6]), which is crucial for the Carleson
estimate and BHI for A®/2. In the present paper we construct kernels obtained
by gradually stopping the Markov process with a specific multiplicative functional
before the process approaches the boundary. The construction is the main technical
ingredient of our work, and is presented in Section @l The argument is intrinsically
probabilistic and relies on delicate analysis on the path space. At the beginning of
Section [l the reader will also find a short informal presentation of the construction.
Section 2] gives assumptions and auxiliary results. The boundary Harnack inequal-
ity (Theorem [B1]), and the so-called local supremum estimate (Theorem [B4]) are
presented in Section[3] but the proof of Theorem B.4lis deferred to Sectiondl In Sec-
tion [fl we verify in various settings the scale-invariance of BHI, discuss the relevance
of our main assumptions from Section 2] and present many applications, including
subordinate Brownian motions, Lévy processes with or without continuous part,
stable-like and censored processes, Schriodinger, gradient and jump perturbations,
processes on fractals and more.

2. ASSUMPTIONS AND PRELIMINARIES

Let (X,d,m) be a metric measure space such that all bounded closed sets are
compact and m has full support. Let B(z,r) = {y € X : d(z,y) < r}, where
xz € X and r > 0. All sets, functions and measures considered in this paper are
Borel. Let Ry € (0,00] (the localization radius) be such that X \ B(z,2r) # @
for all z € X and all » < Ry. Let X U {9} be the one-point compactification of
X (if X is compact, then we add 9 as an isolated point). Without much mention
we extend functions f on X to X U {9} by letting f(9) = 0. In particular, we
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write f € Co(X) if f is a continuous real-valued function on X U {0} and f(9) = 0.
If furthermore f has compact support in X, then We write f € C.(X). For a
kernel k(z,dy) on X ([39]) we let kf(xz) = [ f(y)k(z,dy), provided the integral
makes sense, i.e., f is (measurable and) elther nonnegatlve or absolutely integrable
Similarly, for a kernel dens1ty function k(z,y) > 0, we let k(z, E) = [,k (dy)
and k(E,y) = [ k( dx) for E C X.

Let (X, ¢, M, P ) be a Hunt process with state space X (see, e.g., [I8, 1.9]
or [40] 3.23]). Here X, are the random variables, M, is the usual right-continuous
filtration, P, is the distribution of the process starting from = € X, and E,, is the
corresponding expectation. The random variable ¢ € (0, o] is the lifetime of X3, so
that X; = 0 for ¢ > ¢. This should be kept in mind when interpreting (2] above,
1) below, etc. The transition operators of X; are defined by

(2.1) T f(z) = B, f(X4), t>0,x€X,

whenever the expectation makes sense. We assume that the semigroup 7; is Feller
and strong Feller; i.e., for ¢ > 0, T; maps bounded functions into continuous ones
and Cy(X) into Cy(X). The Feller generator A of X; is defined on the set D(A) of
all those f € Cy(X) for which the limit

o Tf(2) - fla)
Af(@) = lim ———=———

exists uniformly in € X. The a-potential operator,

= Ew/ F(Xy)e tdt = / e T, f(x)dt, a>0,z€X,
0 0

is defined whenever the expectation makes sense. We let U = Uy, the potential
operator. The kernels of T}, U, and U are denoted by Ti(z,dy), Uy(z,dy) and
U(z, dy), respectively.

Recall that a function f > 0 is called a-excessive (with respect to T;) if for all
z € X, e T f(x) < f(z) for t > 0, and e~ T, f(z) — f(x) as t — 07. When
a = 0, we simply say that f is excessive.

We enforce a number of conditions, namely Assumptions [A] [B] [C] and [D] below.
We start with a duality assumption, which builds on our discussion of X;.

Assumption A. There are Hunt processes X; and X, which are dual with respect
to the measure m (see [18, VI.1] or [B7, 13.1]). The transition semigroups of X;
and X; are both Feller and strong Feller. Every semipolar set of X; is polar.

In what follows, objects pertaining to X, are distinguished in notation from
those for X; by adding a hat over the corresponding symbol. For example, T, and
U, denote the transition and a-potential operators of X,. The first sentence of
Assumption [Al means that for all a > 0, there are functions Uy (z,y) = Ua(y, )
such that

Ui () = /x Un(e, ) f@)m(dy),  Uaf(z) = /x U, y) f(y)m(dy)

for all f > 0 and = € X, and such that z — U, (z,y) is a-excessive with respect
to Ty, and y — Uy (x,y) is a-excessive with respect to T} (that is, a-co-excessive).
The a-potential kernel U, (x,y) is unique (see [37, Theorem 13.2] or the remarks
after [I8, Proposition VI.1.3]).
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The condition in Assumption [Al that semipolar sets are polar is also known as
Hunt’s hypothesis (H). Most notably, it implies that the process X; never hits irreg-
ular points; see, e.g., [I8 I.11 and I1.3] or [37, Chapter 3]. The a-potential kernel is
nonincreasing in « > 0, and hence the potential kernel U(x, y) = lim;_,o+ Us(x,y) €
[0, 00] is well-defined.

We consider an open set D C X and the time of the first exit from D for X; and

Xh
Tp =inf{t >0: X, ¢ D} and tp =inf{t >0: X, ¢ D}.
We define the processes killed at 7p,
Xy, ift . X, ift<7?
XP = t 1 < Tp, and XP - ts 1 <7:D7
0, ift>np, 9, ift>7p.

We let TP (z, dy) and T (x, dy) be their transition kernels. By [37, Remark 13.26],
XP and XtD are dual processes with state space D. Indeed, for each z € D, P -a.s.
the process X; only hits regular points of X\ D when it exits D. In the nomenclature
of [37, 13.6], this means that the left-entrance time and the hitting time of X\ D
are equal P®-a.s. for every x € D. In particular, the potential kernel Gp(z,y) of
XP exists and is unique, although in general it may be infinite ([I8, pp. 256-257]).
Gp(z,y) is called the Green function for X; on D, and it defines the Green operator
GDv

Gof(a /f )Gp (2, y)mldy) = /th reX,f>0.

Note that U (z,y) = Gx(x,y). When X, is symmetric (self-dual) with respect to m,
then Assumption [Alis equivalent to the existence of the a-potential kernel Uy (z, y)
for X;, since then Hunt’s hypothesis (H) is automatically satisfied; see [37].

The following Urysohn regularity hypothesis plays a crucial role in our paper,
providing enough ‘smooth’ functions on X to approximate indicator functions of
compact sets.

Assumption B. There is a linear subspace D of D(A) N D(A) satisfying the fol-
lowing condition. If K is compact, D is open, and K C D C X, then there is f € D
such that f(z) =1 forxz € K, f(x) =0 forz € X\ D, 0< f(z) <1 forz € %X,
and the boundary of the set {x : f(x) > 0} has measure m zero. We let

(2.2) o(K,D) = ir}f 51612 max(Af(z), Af(z)),

where the infimum is taken over all such functions f.

Thus, nonnegative functions in D(A) N D(A) separate the compact set K from
the closed set X \ D: there is a Urysohn (bump) function for K and X \ D in the
domains. Since the supremum in (2.2)) is finite for any f € D and the infimum is
taken over a nonempty set, (K, D) is always finite.

Note that constant functions are not in D(A) or D(A) unless X is compact.
In the Euclidean case X = R?, D can often be taken as the class C°(R%) of
compactly supported smooth functions. The existence of D is problematic if X is
more general. However, for the Sierpiriski gasket and some other self-similar (p.c.f.)
fractals, D can be constructed by using the concept of splines on fractals ([55L[78]).
Also, a class of smooth indicator functions was recently constructed in [71] for heat
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kernels satisfying upper sub-Gaussian estimates on X. Further discussion is given
in Section Bl and Appendix [Al Here we note that Assumption [Bl implies that the
jumps of X; are subject to the following identity, which we call the Lévy system
formula for X;:

(2.3) E, > f(s, X, X,) //stS (X, dz)ds.

s€[0,t]

Here f:[0,00) X X x X — [0,00], f(z,2) =0 for all x € X, and v is a kernel on X
(satisfying v(z, {z}) = 0 for all z € X), called the Lévy kernel of X; see [T'7L[74L[80].
For more general Markov processes, ds in (23)) is superseded by the differential of
a perfect, continuous additive functional, and ([2.3]) defines v(z,-) only up to a set
of zero potential, that is, for m-almost every = € X. By inspecting the construction
in [I7.[74], and using Assumption[Bl one proves in a similar way as in [12, Section 5]
that the Lévy kernel v satisfies

. T f(x)
(2.4) vf(z) = }{% —

This formula, as opposed to (23], defines v(x,dy) for all x € X. With only
one exception, to be discussed momentarily, we use (Z.4) and not (Z3); hence we
take (2.4) as the definition of v. It is easy to see that (2.4]) indeed defines v(x, dy): if
f € D(A) and z € X\supp f, then vf(x) = Af(x). By Assumption[Bl the mapping
f— vf(z)is adensely defined, nonnegative linear functional on C.(X\ {z}); hence
it corresponds to a nonnegative Radon measure v(z,dy) on X\ {z}. As usual, we
let v(z, {x}) = 0. The Lévy kernel (y, dz) for X, is defined in a similar manner.
By duality, v(z,dy)m(dz) = 0(y, dx)m(dy).
As an application of (2.3) we consider the martingale

ts Y f(s, Xeo, Xo) //sts, v(X,_,dz)ds,

s€[0,t]

felC(%), x € X\ supp f.

where f(s,y,2) = 14(8)1g(y)1r(z). We stop the martingale at 7p and we see that
(2.5) P.(tp €dt,X,,_ €dy,X,, € dz) = dt TP (z,dy)v(y,dz),

on (0,00) x D x (X\ D). A similar result was first proved in [51]. For this reason
we refer to (2] as the Ikeda-Watanabe formula (see also (Z12) and (2.6]) below).
Integrating (28] against dt and dy we obtain

(2.6) P (X:p— # Xrp, Xrp EE):/GD(x,dy)V(y,E), xeD, ECX\D.
D

For zyp € X and 0 < r < R, we consider the open and closed balls B(zg,r) =
{x € X :d(z9,7) <7} and B(zo,7) = {z € X : d(zg,z) < r}, and the annular re-
gions A(zo, 7, R) = {z € X : 7 < d(z0,7) < R} and A(zg,m,R) = {zr € X : r <
d(zg,x) < R}. Note that B(xo, r), the closure of B(xg,r), may be a proper subset
of E(Jﬁo, )

Recall that Ry denotes the localization radius of X. The following assumption
is our main condition for the boundary Harnack inequality. It asserts a relative
constancy of the density of the Lévy kernel. This is a natural condition, as seen in

Example 5141
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Assumption C. The Lévy kernels of the processes X; and X, have the form
v(z,y)m(dy) and o(z,y)m(dy) respectively, where v(z,y) = v(y,z) > 0 for all
x,y € X, x # y. For everyzg € X, 0 < r < R < Ry, * € B(xg,r) and
y € X\ B(xo, R),

(2.7) gV (@o0,y) < v(z,y) < cgmr(o,y),
cgn?(@o,y) < D(z,y) < cgm(0,y),
with cgm = cgm(vo, 7, R).
It follows directly from Assumption [Cl that for zo € X and 0 < r < R,

(2.8) cem)(wo,m, R) = _inf min(v(zg,y), ¥(xo,y)) > 0,

yEA(zo,r,R)
where A(xg,7, R) = {z € X : r < d(z9,7) < R}. (Here we do not require that R <
Ry.) Indeed, we may cover A(zg,r, R) by a finite family of balls B(y;,r/2), where
yi € A(wg,m, R). For y € B(y;,7/2), v(xg,y) is comparable with v(zg,y;), and
v(xo,y) is comparable with D (z, y;).

Proposition 2.1. Ifzy € X and 0 <r < Ry, then
(2.9) cem) (o, 7) =  sup maX(ExTB(xOJ),Exf'B(wmr)) < 00.
z€B(zo,T)

Proof. Let B = B(xg,r), R € (r,Rp), z,y € B and F(t) = P,(rp > t). By
the definition of Ry, m(X \ B(zo,R)) > 0. This and [2.7) yield v(y,X \ B) >
V(yvf \ B(ﬂ?o,R)) > (Cm(iﬂo,'f‘, R))_ly(x(hx \ B(ﬂ?o,R)) = ¢ By the Tkeda-
Watanabe formula (2.3),
P.(rp € dt) < P.(rpedt,X,,— # X;,,X:; € X\ B)

dt - dt

— [ vl x\BITE ) 2 ¢ [ 18y = P (0.
x x
Hence P,(tp > t) < e . It follows that E,75 < 1 /c. Considering an analogous
argument for E, 7, we see that we may take

. cem (€0, R) cem (%o, R)
cam(wo,r) = ok e << X\ B(wo, R))’ (0, %\ B(ao, B))

—F'(t) =

In particular, if 0 < R < Rp and D C B(xg, R), then the Green function Gp (z,y)
exists (see the discussion following Assumption [A]), and for each x € X it is finite
for all y in X less a polar set. We need to assume slightly more. The following
condition may be viewed as a weak version of Harnack’s inequality.

Assumption D. Ifzg € X,0<r <p< R < Ry and B = B(xzg, R), then

(2.10)  c@mm(wo,7,p, R) = sup sup  max(Gp(z,y), GB(x,y)) < 0.
x€B(xo,r) yeX\B(z0,p)
Assumptions[A]l Bl [JJand [Dlare tacitly assumed throughout the entire paper. We
recall them explicitly only in the statements of BHI and local maximum estimate.
When saying that a statement holds for almost every point of X, we refer to
the measure m. The following technical result is a simple generalization of [I8]
Proposition 11.3.2].
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Proposition 2.2. Suppose that Y; is a standard Markov process such that for every
x € X and o > 0, the a-potential kernel Vo, (x, dy) of Y is absolutely continuous with
respect to m(dy). Suppose that function f is excessive for the transition semigroup
of Yz, and f is not identically infinite. If function g is continuous and f(x) < g(z)
for almost every x € B(xq,r), then f(x) < g(z) for every x € B(xg,T).

Proof. Let A = {x € B(zo,r): f(x) > g(x)}. Then m(A) =0, so that A is of zero
potential for Y. Hence B(zg,r) \ A is finely dense in B(xg,r). Since f — g is finely
continuous, we have f(x) < g(x) for all z € B(zg,r), as desired. (See e.g. [I8,37]
for the notion of fine topology and fine continuity of excessive functions.) ]

If X, is transient, (ZI0) often holds even when Gp is replaced by Gx = U. In
the recurrent case, we can use estimates of U, as follows.
Proposition 2.3. Ifzg € X,0<r<p< R< Ry, a>0,

Cl(x()arapv a) = sSup sup max(ua(l'vy)az;{a(xay)) < o0,
z€B(zo,r) yeX\B(z0,p)

and Ty (z, dy) < ca(t)m(dy) for all x,y € X, t > 0, then in I0) we may let
Cm(IO’T’p’ R) = ai,?io (eatcl(,r(),r’p, Oé) + CQ(t)CM(IOv R)) )
Proof. Denote B = B(xzo, R). If © € B(xg,7), to > 0 and E C B\ B(zo,p), then

GB]_E(I) :/ TtB]_E(l‘)dt
0
to o0
Seoato/ e—atTtBlE(x)dt+/ TSB(thlE)(x)ds
0 0

< eato/ e Tl p(x)dt + (sup thlE(y)) / TsBl(y)ds
0 yeB 0

< e U 1p(x) + <sup TtolE(y)> Gpl(x)
yeB
< (¢ + c2Gpl())|E|,
where ¢1 = ¢1(zo,r,p,a) and co = co(ty). If y € B\ B(xg,p), then by Proposi-
tion 221 Gp(z,y) < e*0c; + coGpl(z). By Proposition 21 Ggl(x) = E,75 <
cem) (o, R). The estimate of Gp(z,y) is similar. O
We use the standard notation E,(Z; E) = E,(Z1g). Recall that all functions f
on X are automatically extended to X U {9} by letting f(9) = 0. In particular, we
understand that Af(0) = 0forall f € D(A), and E; Af(X;) = E,(Af(X;);7 < ().
The following formula obtained by Dynkin (see [40), formula (5.8)]) plays an
important role. If 7 is a Markov time, E,7 < oo and f € D(A), then

(2.11) E,f(X,) = f(z) + E, /OT AF(X,)dt, xeX.

If D C B(zo,Ro), f € D(A) is supported in X\ D and X; € D Py-as. fort < r
and x € X, then

B =B, [ ([ e somta) ) a

- [m ( A u(Xt,mdt) F(y)midy).

(2.12)
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We note that ([2I2) extends to nonnegative functions f on X which vanish on D.
Indeed, both sides of ([ZIZ) define nonnegative functionals of f € Co(X \ D), and
hence also nonnegative Radon measures on X\ D. By (ZIZ), the two functionals
coincide on D N Co(X \ D), and this set is dense in Cy(X \ D) by the Urysohn
regularity hypothesis. This proves that the corresponding measures are equal. We
also note that one cannot in general relax the condition that f =0 on D. Indeed,
even if m(0D) = 0, X, may hit 0D with positive probability.

Recall that a function f > 0 on X is called regular harmonic in an open set D C X
if f(x) = Eo f(X(7p)) for all 2 € X. Here a typical example is z — E, [ g(X,)dt if
g > 0 vanishes on D. By the strong Markov property we then have f(z) = E, f(X,)
for all stopping times 7 < 7p. Accordingly, we call f > 0 regular subharmonic in
D (for X;), if f(z) < E,f(X;) for all stopping times 7 < 7p and = € X. Here a
typical example is a regular harmonic function raised to a power p > 1. We like to
recall that f > 0 is called harmonic in D, if f(z) = E,f(X (7)) for all open and
bounded U such that U C D, and all z € U. This condition is satisfied, e.g., by
the Green function Gp(-,y) in D \ {y}, and it is weaker than regular harmonicity.
In this work however, only the notion of regular harmonicity is used. For further
discussion, we refer to [35,140,[48|[R1].

3. BOUNDARY HARNACK INEQUALITY

Recall that Assumptions [A] [B] [C] and [D] are in force throughout the entire
paper. Some results, however, hold in greater generality. For example, the following
Lemma B.1] relies solely on Assumption [Bland (2.9)), and it remains true also when

X; is a diffusion process. Also, Lemma[3.2land Corollary 3.3 require Assumptions[B]
and [C] but not [Al or

Lemma 3.1. Ifzg € ¥ and 0 < 7 < R < R < oo, then for all D C B(xo, R) we
have

(3.1) P.(X,, € A(zo, R, R)) < cgnE.7p, x € B(xo,7)N D,
where cgm) = c@m(zo, 7, R, R) =inf._p o(A(zo, R, R), A(zo,7,7)).

Proof. We fix an auxiliary number # > R and € B(zo,7). Let f € D be a

bump function from Assumption [B] for the compact set A(zo, R, R) and the open
set A(zg,7, 7). Thus, f € D(A), f(z) = 0, f(y) = 1 for y € A(zo, R, R) and
0 < f(y) <1 for all y € X. By Dynkin’s formula ([2I1]) we have

P,(X., € Az, R, R)) < By (f(X+,,)) — f(2) = Gp(Af)(z) < Gpl() Sup Af(y).
Since Gpl(z) = E,7p, the proof is complete. ! O

We write f ~ cg if c71g < f < c¢g. We will now clarify the relation between BHI
and local supremum estimate.

Lemma 3.2. The following conditions are equivalent:
(a) Ifxzg € X, 0<r < R< Ry, D C B(zg, R) is open, and [ is nonnegative,
regular harmonic in D and vanishes in B(zo, R) \ D, then

(3.2) /(@) < caa /x o T pmidy)

for x € B(xo,r) N D, where cgzmy = cgmy(wo, 7, R).
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(b) Ifzp € X, 0 <r <p<qg< R < Ry, D C B(xg,R) is open, and f is
nonnegative, reqular harmonic in D and vanishes in B(xzg, R) \ D, then

63 @)= @B [ T ymid)
X\B(z0,q9)
for x € B(xg,r) N D, where cgm) = cgm)(wo, 7, p, ¢, R).
In fact, if @ holds, then we may let

cgm) (o, 7,0, ¢, R) = e (o, 7, 0, ) c@m) (20, ¢, R) + e (20, P, ),
and if @ holds, then we may let

Cm(.@o,’l", R) = ipan Cm($0,r7p,q7R)Cm(Io,R)-

r<p<g<R
Proof. Since X \ B(xg,q) € X\ B(xo,7) and E.(TpnB(z,p)) < Ea(TB(20,r)) <

cem) (wo, R), we see thatimplies (a)| with cgz) = c@gm) (zo, 7, p, ¢, R)egy) (2o, R).
Below we prove the converse. Let|(a)| hold, and U = D N B(zq,p). We have

(34) f($) :Ez(f(X ) X € B(xO, ))+Em(f(X‘rU);XTU ex\g(anQ))'
Denote the terms on the right hand side by I and J, respectively. By (3] and (32)),

0<1I<P.(Xs, €Alzo,p,q) sup  [f(y)
yEB(x0,q)

< CmCmeTU/ f(y)y(an y)m(dy),
X\B(zo,q)

with ¢ (zo,7,p, q) and c@z) (w0, ¢, R). For J, the Ikeda-Watanabe formula (Z.12))
yields
J :/ B (/ GU(:E,z)u(z,y)f(y)m(dz)) m(dy)
X\B(zo,q) U

(36) ~omn ([ 6ot smia) ) miay
—cgnBor [ vlag)fw)m(ds),

X\B(z0,9)

with constant cgz)(zo,p,q). Formula [33) follows, as we have cgpcmz) + C(IZZI)
in the upper bound and 1/cgz) in the lower bound.

(3.5)

We like to remark that BHI boils down to the approximate factorization (3.3)
of f(z) =P,(X(rp) € E). We also note that P, (X (7p) € E) ~ v(zo, E)E,7p, if
E is far from B(zg, R), since then v(z, E) ~ v(zo, E) in (26]). However, v(z, F) in
[23) is quite singular and much larger than v(zg, F) if both z and E are close to
0B(zg, R). Our main task is to prove that the contribution to ([Z8]) from such points
2 is compensated by the relatively small time spent there by X when starting at
x € D. In fact, we wish to control (Z8) by an integral free from singularities
(i.e. 32)), if z and E are not too close.

By substituting ([83) into (II)), we obtain the following result.

Corollary 3.3. The conditions [(a)], [(b)] of Lemma imply |(BHI)| with
Cm(xoﬂ"a R) = lpan (C@(xo,r,p,q,R))4. U

r<p<g<R
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The main technical result of the paper is the following local supremum estimate
for subharmonic functions, which is of independent interest. The result is proved
in Section @

Theorem 3.4. Suppose that Assumptions [A], [B], [Cl and [Dl hold true. Let o € X
and 0 < r < q < R < Ry, where Ry is the localization radius from Assumptions [Cl

and [Dl Let function f be nonnegative on X and regular subharmonic with respect
to X; in B(xg, R). Then

BT J@= [ @) manmld) v € Blao,r),
X\B(zo,q)
where
_ C(B:EDQ foryEB(xo,R)\B(xo,q),
(38:8) Tao.ran(y) = {20@ min(p, ¥(y, B(xo, R))) for y € X\ B(xo, R),

0= 0(B(xg,q), B(zo, R)) (see Assumption [Bl), and

c@m (%o, R) (g (o, P, Q))2>
m(B(xo,p)) '

Theorem B4 (to be proved in the next section) and Corollary lead to BHL
We note that no regularity of the open set D is assumed.

Theorem 3.5. If assumptions [Al [Bl, [Cl and [Dl are satisfied, then [(BHI)| holds true

Cm(.fo,’l",q, R) = inf <Cm($0,T,p,R)+

pE(r,q)

with
(3.10)
. — ~ 4
Cm(anTaR): rlnf;. (Q(A(xo,p,q),A(xO,r,r))cm(xo,q,R)—I—cm(xo,p,q)),
7‘<P}<)7<;1,<R<7"
(3.11)
cm(anqu): i~n1£ 2Cm(anQ7(}4,R)
B(xo,q), B -
< max (2B@0 2 B@o.R) o R Rym(B(eo,R) ).
c@s) (o, 4, R)

Proof. We only need to prove condition @ of Lemma with cgz) equal to

cern = c@m (o, 7, R) given above. By B.1) and ([B3) of Theorem B.4] it suf-
fices to prove that inf e, r) SUP e\ B(zo,q) Tzoma,R(Y)/V(T0,Y) < cgam- For y €

A(zg, g, R) we have

2c

0
Tao.ma,R(Y) < 2c@mo < v(xo,y),

‘@a

with ‘g = C(m(x()vrvq’R)v 0= Q(E(me),B(anR)) and ‘c@z® = C(m)(x()vq’R)'
If y € X\ B(zo, R), then

Tao.ra.R(Y) < 2c@m?(y; B(wo, R)) < 2cqmcgmm(B(zo, R))v(zo,y),
with cgm) as above and cgz) = cgm (2o, R, R) The proof is complete. O
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Remark 3.6. is said to be scale-invariant if ¢ may be so chosen to depend
on r and R only through the ratio r/R. In some applications, the property plays
a crucial role; see, e.g., [14,26]. If X; admits stable-like scaling, then cqm) given
by BI0) is scale-invariant indeed, as explained in Section [ (see Theorem [5.4]).

Remark 3.7. The constant ¢y in Theorem depends only on basic character-
istics of X;. Accordingly, in Section [ it is shown that BHI is stable under small
perturbations.

Remark 3.8. BHI applies in particular to hitting probabilities: if 0 < r < R < Ry,
x,y € B(xg,r) N D and Ey, E; C X\ B(xp, R), then

P.(X,, € E\)P,(X,, € B) < ¢ Py(Xrp, € E1)P,(X,, € Ey).

Remark 3.9. BHI implies the usual Harnack inequality if, e.g., constants are har-
monic.

The approach to BHI via approximate factorization was applied to isotropic
stable processes in [26], to stable-like subordinate diffusion on the Sierpiniski gasket
in [55], and to a wide class of isotropic Lévy processes in [65]. In all these papers,
the taming of the intensity of jumps near the boundary was a crucial step. This
parallels the connection of the Carleson estimate and BHI in the classical potential
theory; see Section [l

4. REGULARIZATION OF THE EXIT DISTRIBUTION

In this section we prove Theorem [3.4l The proof is rather technical, so we begin
with a few words of introduction and an intuitive description of the idea of the
proof.

In [26] Lemma 6], an analogue of Theorem B.4] was obtained for the isotropic
a-stable Lévy processes by averaging the harmonic measure of the ball against the
variable radius of the ball. The procedure yields a kernel with no singularities and a
mean value property for harmonic functions. In the setting of [26] the boundedness
of the kernel follows from the explicit formula and bounds for the harmonic measure
of a ball. A similar argument is classical for harmonic functions of the Laplacian and
the Brownian motion. For more general processes X; this approach is problematic:
while the Tkeda-Watanabe formula gives precise bounds for the harmonic measure
far from the ball, satisfactory estimates near the boundary of the ball require exact
decay rate of the Green function, which is generally unavailable. In fact, resolved
cases indicate that sharp estimates of the Green function are equivalent to BHI
([20]), hence not easier to obtain. Below we use a different method to mollify the
harmonic measure.

Recall that the harmonic measure of B is the distribution of X (7). It may
be interpreted as the mass lost by a particle moving along the trajectory of X,
when it is killed at the moment 75. In the present paper we let the particle lose
the mass gradually before time 7p, with intensity ¥ (X;) for a suitable function
1 > 0 sharply increasing at 0B. The resulting distribution of the lost mass defines
a kernel with a mean value property for harmonic functions, and it is less singular
than the distribution of X (75).

Throughout this section, we fix o € X and four numbers 0 <r <p <g¢< R <
Ry, where Ry is defined in Assumptions[Cland[Dl For the compact set B(zo, ¢) and
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FIGURE 1. Notation for Section [l

the open set B(xg, R) we consider the bump function ¢ provided by Assumption Bl

We let

(4.1) 6 = sup max(Ap(@), Ap(x)),
and

(4.2) V={zxeX: p()>0}.

We have V' C B(xg, R); see Figure I By Assumption [Bl m(0V) = 0. Note that
Ap(z) < 0 and Ap(z) < 0 if © € B(xg,q), and § can be arbitrarily close to

Q(B(:EO7 Q)a B(‘TOv R))

We consider a function ¢ : X U {0} — [0, c0] continuous in the extended sense
and such that ¢ (z) = oo for x € (X \ V) U {0}, and 9(x) < oo when z € V. Let

t+e
(4.3) Ay = lim P(Xs)ds, t>0.
eNo Jo

We see that A, is a right-continuous, strong Markov, nonnegative (possibly infi-
nite) additive functional, and A; = oo for ¢ > ¢. We define the right-continuous
multiplicative functional

M, = e 4.

For a € [0,00], we let 7, be the first time when A; > a. In particular, 7, is
the time when A; becomes infinite. Note that A; and M; are continuous except
perhaps at the single (random) moment 7., when A; becomes infinite and the left
limit A(7.—) is finite. Since A; is finite for ¢ < 7y, we have 7o, > 7. If ¢ grows
sufficiently fast near OV, then in fact 7. = 7y, as we shall see momentarily.

Lemma 4.1. If ¢y, ca > 0 are such that ¥(x) > c1(¢(z)) ™t —co for all x € V, then
A(ry) =00 and M(1y) =0 P-a.s. for every x € X. In particular, Ty = Teo-

Proof. We first assume that € X\ V. In this case it suffices to prove that
Ay = c0. Since Ap(y) < § for all y € X, and ¢(z) = 0, from Dynkin’s formula

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



490 KRZYSZTOF BOGDAN, TAKASHI KUMAGAI, AND MATEUSZ KWASNICKI

for the (deterministic) time s it follows that E,(p(X;)) < ds for all s > 0. By the
Schwarz inequality,

([ 3] < ([ 2520) (] g)

where 0 < € < t. Here we use the conventions 1/0 = oo and 0 - 0o = oo. Thus,

([ ) )= ([ ) w (] =50

t1 N rts §
< — — =
</ st> /d og(/2)

with the convention 1/00 = 0. Hence,

E, (ﬁ) <E, (( / (X)) + c2>ds>1>
= E((/ A% d)) < T

1
Ex (At + Cgt) - 0

It follows that A; = oo P, -a.s. We conclude that Ag = co and My = 0 P,-a.s., as
desired.

When z € V, the result in the statement of the lemma follows from the strong
Markov property. Indeed, by the definition 3] of A;, A(ry) = A(rv—)+
(Ao o ¥, ), where ¥, is the shift operator on the underlying probability space,
which shifts sample paths of X; by the random time 7y, and A(7y—) denotes the
left limit of A; at ¢t = 7. Hence, M(1y) = M(1y—) - (Mp 0 ¥, ). Furthermore,
X(rv) € X\ V Pg-as., so by the first part of the proof, we have Ex (., )(Mp) =0
P,-a.s. Thus,

(4.4)

By taking € N\, 0, we obtain

EIMTV = EZIZ(MvaEX(Tv)(MO)) = 07
which implies that M (1) = 0 Py-a.s. and A(1y) = oo Py-ass.. O

From now on we only consider the case when the assumptions of Lemma [£.]]
are satisfied, and ¢;, ¢y are reserved for the constants in the condition v (z) >
c1(¢(z)) "t —co. By the definition and right-continuity of paths of X;, A; and M, are
monotone right-differentiable continuous functions of ¢ on [0, 7y ), with derivatives
(X)) and —(Xy) My, respectively.

Let €,4(-) be the Dirac measure at a. Lemma [ ] yields the following result.

Corollary 4.2. We have —dM; = (X)) Mydt + M (1y —)er, (dt) Py-a.s. In par-

ticular,
(4.5)
B [t =B ([ ORK M) 4 B (00X )7 > )
0,7) 0
for any measurable random time 7 and nonnegative or bounded function f. ([l
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We emphasize that if M; has a jump at 7, in which case we must have 7 = 7y,
then the jump does not contribute to the Lebesgue-Stieltjes integral f[o 9 f(Xe)dM;

in (@H). The same remark applies to ({8 below.
Recall that 7, = inf {t > 0: A; > a}. Note that 7, are Markov times for X,
a — T, is the left-continuous inverse of ¢ — A;, and the events {t < 7,} and
{A; < a} are equal. We have A(7,) = a unless 7, = Ty, and, clearly, 7, < 7o = Tv.
The following may be considered as an extension of Dynkin’s formula.

Lemma 4.3. For f € D(A), Markov time 7, and x € V, we have

(4.6) E, /OT Af(X)Mydt = By (f(X,) M) — f(z) — B, , )f(Xt)th.

Ifg=(A—Y)f and 7 < 1y, then

(4.7) . | " (X0 Myt = B (f(X)M, ) — f(2).

In fact, [@0Q) holds for every strong Markov right-continuous multiplicative func-
tional M;.

Proof. Since fjf e *da = My and {t < 7,} = {A+ < a}, by Fubini,

E, /O " AF(X,)Mydt = E, /0 " AF(X) ( /O h 1(0,Ta>(t)eada) dt

oo min(7,7q)
_ / (Ez / Af(Xt)dt> ¢~*da.
0 0

Since min(7, 7,) is a Markov time for X;, we can apply Dynkin’s formula. It follows
that

min(7,7q)
E, / AF(X)dt = By (f(Xinrirny)) — £(2).
0

By Fubini and the substitution 7, =t, a = A, e™% = M,,
Ew/ Af(Xy)Mdt = / (B (f Xmin(r,r))) — f(2)) e da
0 0
(o)
=E,; (/ f(Xmin(T,‘ra))e_ada) - f(i[])
0

=-E, (/ f(Xmin(‘r,t))th> - f(.l?)
[0,00)

We emphasize that the last equality holds true also if 7 = 7y with positive proba-
bility. We see that ([@.6]) holds. By (£I) we obtain ([@.T]). O

The functional M; is a Feynman-Kac functional, interpreted as the diminishing
mass of a particle started at * € X. We shall estimate the kernel 7y (z, dy), de-
fined as the expected amount of mass left by the particle at dy. Namely, for any
nonnegative or bounded f we define

(4.8) rof(x) = —E, /[O soxan, rEX.
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Note that 7y f(xz) = f(z) for x € X\ V. By the substitution 7, = t, a = A,
= M; and Fubini, we obtain that

(49 mf(e ( JC “da>— | Earx e da

The potential kernel Gy (z,dy) of the functional M; will play an important role.
Namely, for any nonnegative or bounded f we let

(4.10) Gyf(x / F(X,) M,dt = / </ F(Xy) dt) e da.

In the second equality above, the identities M; = fAt e %a and {t <7,} =
{A; < a} were used together with Fubini, as in the proof of Lemma We note
that Gy (x, dy) measures the expected time spent by the process X; at dy, weighted
by the decreasing mass of X; (compare with the similar role of Gy (x,y)m(dy)).
There is a semigroup of operators TY f(z) = E, (f(X;)M,) associated with the mul-
tiplicative functional M;. Furthermore, TZ/’ are transition operators of a Markov
process XZ/’, the subprocess of X; corresponding to M;. With the definitions of [I§],
M, is a strong Markov right-continuous multiplicative functional and V is the set of
permanent points for M;. Therefore, th is a standard Markov process with state
space V; see [I8] II1.3.12, I11.3.13 and the discussion after 111.3.17]. (From (Z4)
and [I8, Proposition I11.5.9] it follows that M; is an exact multiplicative functional.
Furthermore, since M; can be discontinuous only at t = 7y, the functional M,
is quasi-left-continuous in the sense of [I8| III.3.14], and therefore XZ/’ is a Hunt
process on V. However, we do not use these properties in our development.)

Informally, X;/’ is obtained from X, by terminating the paths of X; with rate
W(X,)dt, and m,(x,dy) is the distribution of X, stopped at the time when X} is
killed. Furthermore, Gy(z,dy) is the potential kernel of XZ/’ . To avoid technical
difficulties related to subprocesses and the domains of their generators, in what
follows we rely mostly on the formalism of additive and multiplicative functionals.

The multiplicative functional M, is defined just as My, but for the dual process
X,. We correspondingly define 7y and Gw Since the paths of X; can be obtained
from those of X; by time-reversal and M; and M, are defined by integrals invariant
upon time-reversal, the definition of M; agrees with that of [37, formula (13.24)].
Hence, by [37, Theorem 13.25], M; and M, are dual multiplicative functionals. It
follows that the subprocess X'tw of X, corresponding to the multiplicative functional
M, is the dual process of th; see [37, 13.6 and Remark 13.26]. Hence, the potential
kernel G, of th admits a uniquely determined density function Gy (z,y) (z,y € V),
which is excessive in = with respect to the transition semigroup Tt’/’ of XZ/’ , and
excessive in y with respect to the transition semigroup Ttw of thp . Furthermore,
Gy(x,y) = Gy(y, ) is the density of the potential kernel of X, Since Gy(z,dy)
is concentrated on V', we let Gy(z,y) = 0if x € X\ V or y € X\ V. Clearly,
Gy(z,dy) is dominated by Gy (z,dy) for all 2 € V, and therefore

Gy(z,y) < Gy(z,y), z,y€eX.

There are important relations between my, Gy, ¥ and A. If f is nonnegative or
bounded and wvanishes in X\ V, then by Corollary we have

(4.11) mf (@) = Gy f) (@), rev.
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Considering 7 = 7y, we note that M (7y) = 0, and so for bounded or nonnegative

/,
[ s = [ M, - 1) Mo
[O,Tv] [O,Tv)

If f € D(A), then formula ([@0) gives

(4.12) GypAf(z) =myf(z) — f(2), zeV.
Furthermore, by @), for f € D(A) we have

Gy(A—=v)f(z) = Es(f(X7, ) M7, —) — f(2), zeV.
In particular, if f € D(A) vanishes outside of V, then we have
(4.13) Gy(A=)f(z) =—f(z), reV

(which also follows directly from ([{I1]) and (£12))). Formula (@I3]) means that the

generator of th agrees with 4 — ¢ on the intersection of the respective domains
We now introduce the Green operators Gw and harmonic measures 7TU for X; v,

Let U be an open subset of V. For nonnegatlve or bounded f and x € V, we let

7 f (1) = B (f(Xry )Mo, ), Y f () / F(X0) Mdt.

We note that Gl‘l}f =Gy f. Also, 7r$f = my f, if f vanishes in V. Furthermore, G’[l]’
admits a density function ng(:c,y), and we have Gﬁ(x,y) < Gy(z,y), G%(x,y) <
Gy(z,y). If f vanishes outside of V', then we can replace M (7y—) by M (7y) in the
definition of 71'[1@. By (@), for any f € D(A) we have

(4.14) i f(x) = Gu(A =) f (@) + f(2), zeV.
In particular, by an approximation argument,

(4.15) T (x, E) = /Uag(x,y)y(y,E)m(dy), reU ECX\U.

Formulas [@I4) and ([I5) can be viewed correspondingly as Dynkin’s formula
applied to the first exit time, and the Ikeda-Watanabe formula for X v,

Recall that zp € X, 0 < 7 < p < ¢ < R < Ry, B(zo,q) €V C B(xo, R)
(see Figure [Il), ¢ € D is positive in V and vanishes in X \ V, and <p( ) = for
x € Bz, q).

Lemma 4.4. Let U =V \ B(zo,q). If (A—v¥)p(z) <0 forz € V, then
(4.16) mo(x, V\U) < o(a), zel.
Proof. By [@I4), for z € U we have
he(r) — p(x) = G (A - ¥)p(e) <0.
It remains to note that ¢y =1 on V' \ U. ]

Essentially, we use here (and later on) superharmonicity of ¢ with respect to

A —1.
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Lemma 4.5. If (A—¢)p(x) <0 for x € V, then
(417) Gw(x’y) < CMW(x)v reV \ B(anp)v Y€ B(foﬂ")a

where

(o) (an R)(C(IZ'_ZD (xo,pa Q))Q
m(B(zo, p))

Proof. Let U = V \ E(:EO, q) and x € U. Let f be a nonnegative function sup-
ported in B(zo,7), [ f(y)m(dy) =1 and g(z) = Gy f(z) (this is done to regularize
Gy(z,y)). Using the deﬁmtlon of Gy, the relation f(X;) =0 for ¢ < 7y and the
strong Markov property, we obtain that

‘@I — C(m(xo,T,p’q,R) = C(IZEID(CCO,T,]?, R) +

4(z) = E, ( / °° f(Xt)Mtdt> = B (g(Xoy )My, ) = ().

We split the last expectation into two parts, corresponding to the events X (1) €
B(xo,p) and X (1) € A(zo, p, q) respectively. By (Z10) and the inequality M (rv)
< 1, we have g(2) < cgm(zo,7,p, R) for z € A(zo,p,q). From [@IG) it follows
that

(418)  wh(glge, ) (@) < cemri(e Bleo 0)) < cgme(@),
For the other part, we use (LIH) and (Z7):

T (91 (ep)) (T) = /U ( /B (movp)g(Z)V(yw)m(dz)) G (x,y)m(dy)
< cam /U vy, 70)GY (2, y)m(dy) - / g(2)m(dz),

B(zo,p)
with constant cgm(zo,p,q). Again using [2.7) and (@.II), and then [@.IG), we
obtain
c
v(y,x wa, m(d gﬁ/u , B(xg,p Gwm, m(d
| va0)Gi ety < — 2B | oy, Ban.p) G ppmd)
- ED e, Bao,p) < DAY

m(B(wo,p)) " m(B(zo,p))

By (29), we have

/ g(=)m(dz ( y)m(dz>> F(y)m(dy)
B(zo,p) B(woﬂ”) B(xo, p)
< /B B Gm(@) < e,

with constant cgm)(zo, R). Hence,

(cem)’cEme(x)
wﬁ(glsm,p))(x) < m(B(zo,p))

This and (.I8) yield that g(x) < cgamw(x), with c@gy) given in the statement of
the lemma.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



BOUNDARY HARNACK INEQUALITY FOR MARKOV PROCESSES 495

Recall that ¢ = G f, where f is an arbitrary nonnegative function vanishing
outside B(zg,r) with integral equal to 1. Hence, by approximation, for each z €
X\ B(zo, q), formula ([fLIT) holds for almost every y € B(xg,r). By Proposition Z.2]
(applied to X}'), @IT) holds for every y € B(xo, ).

For x € A(xg,p,q), the result follows easily from [@ZI0). Indeed, we have
Gy(z,y) <Gv(z,y) < ceam = ceam (), with constant ¢y (zo, 7, p, R). Hence,
formula (ZIT) holds also for x € A(x,p,q), with the same constant. |

The above arguments can be repeated for the dual process X;,. Hence, the dual
versions of Lemmas [£.4] and hold true, with the same cgy)

We are very close to the estimate of my(z, dy) for « € B(zo, ). Indeed, fory € V
we have 7y (z,dy) = Gy(z,y)(y)m(dy) (see @II)). When y € X\ V, then, at
least heuristically, my(z,dy) = AGﬁ(y)m(dy), where G (y) = Gy(z,y) vanishes
outside of V' (see (£12])). This will give satisfactory bounds when y € X\ V. Before
we proceed, we first show that my(z,0V) = 0.

Lemma 4.6. Suppose that for some cs, ¢y > 0, we have ¢(x) > c3+(p(z)) L Ap(z)
and P(x) < ca/p(x) for x € V. Then for every nonnegative function f we have

(4.19) c;;/VW,/,f(x)@(x)m(dx) §C4/Vf(:c)m(dx)+ o f(@)Ap(z)m(dz).

Proof. First, suppose that f € D(A). Denote h(x) = —(A — ¢)p(z) for = € V.
Note that & is nonnegative. Let g(z) = my f(x) for z € X, and hence g(z) = f(z)

for z € X\ V; see (@8). By @I2), we have g(z) = f(z) + GypAf(x) for z € V.

Hence,

/Vg(x)h(x)m(dx):/Vf(x)h(x)m(dx)—l—/VGwAf(:E)h(x)m(da:).

For the second term, we have
/ Gy Af()h(z)m(dz) = / Af(2)Gyh(z)m(dz).
By @I3) (the dual version), Gyh(x) = —Gy(A—1)p(x) = ¢(z) for = € V. Hence,
/v Gy Af(z)h(z)m(dz) / Af(z)p(x)m(dx) = /36 (x)Ap(z)m(dz).

In the last equality, we used the fact that ¢(z) =0 for x € X\ V. It follows that

| s@hteman) = [ s@n@min) + [ f@)dpmds)

But 2(z) = —(A — ¢)p(z), so that finally, after simplification,
| s@h@mian) = [ r@e@i@min)+ [ @) Asam).
x\V

Using the inequalities 1(x)p(z) < ¢4 for z € V and h(z) = ¢ (z)p(z) — Ap(z) >
csp(x) for z € V, we obtain [@I9). The general case of nonnegative f (not neces-
sarily in D(A)) follows by approximation. O

Lemma 4.7. Suppose that for some cs, cq > 0, we have (z) > s+ (p(z)) "t Ap(x)
and Y(z) < ca/p(x) for x € V. Then M(tv—)loy(X(1v)) = 0 Py-a.s. and
(2, 0V) =0 for allz € V.
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Proof. For x € V define g(x) = my(x,0V). By @I9), [, 9(z)e(z)m(dx) = 0,
so that g vanishes almost everywhere in V. We claim that g is excessive for the
transition semigroup TZ/’ of XZ/’ . Indeed, we have

9(x) = Eu(M(rv—); X(1v) € OV),
so that by the Markov property, for any t > 0 and x € V,
Ex(Mtg(Xt)) = Ex(Mtg(Xt),t < TV) = EI(M‘,—Vf; XTV c 6‘/, t< TV).

The right hand side does not exceed g(x), and by monotone convergence, it con-
verges to g(x) as t N\, 0. Hence g is an excessive function equal to zero almost
everywhere in V. By [I8], Proposition 11.3.2 (or by Proposition 22)), g(x) = 0 for
allz e V. (]

Recall that according to the remark following Lemma [Tl we keep assuming that
Y(x) > er(p(x)) ™t — ¢y for 2 € V. Consider ¢(z) = ¢y 10(1h(x) 4 ¢2) + c3 for some
¢3 > 0, and let M; be the multiplicative functional defined in a similar manner as
M, but with v replaced by ). Clearly, for all £ > 0 we have M; = 0 if and only
if M, = 0. Since ¢(z) > ¢3 + 6/@(x), an application of Lemma BT to ¢ yields the
following result.

Corollary 4.8. Suppose that for some ¢ > 0, we have ¥(z) < ¢/p(x) for x € V.
Then M(tv—)1pv (X (1v)) = 0 Py-a.s. for x € V. In particular, my(xz,0V) =0
forzeV. |

Now we make the actual choice of 1.

Lemma 4.9. Let § be given by [@I), and
max(Ap(@), Ap(x), 6(1 — p(x)))

(4.20) Y(z) = () ) x € XU {0},
where 1/0 = oo. For all x € B(xo,r) we have my(z,dy) < 7y (y)m(dy), where
(421) ﬁ—d’ (y) = C(m) (61V\B(mo,q) (y) +2 min(év ﬁ(yu V))lx\V(y))

with cgTn = c@rm (®o, 7, v, ¢, R) given in Lemma E5l

Proof. Note that ¢(z) > d(p(z))™' — 8, (A — ¥)p(@) < 0, (A —¥)px) <0
and ¥(z) < §/p(z) for x € V. Hence, we may apply Lemmas 1] B4l and [£5]
Corollary B8, and their dual versions. By Corollary 8 7y (z,0V) = 0 for all
x € V. Since Ap(z) < 0 and Ap(z) < 0 for = € B(xg,q), we have ¢(z) = 0 for
x € B(xo,q), and therefore my(z, B(xg,q)) =0 for all x € V.

Fix € B(xg,r). If f is nonnegative and vanishes in B(xg,q) and in X\ V,
then ([@II)) yields that

Mo f(@) = GuN)@) = [ Gula)vl) fe)midy).
V\B(z0,q)
Using @I7) for G, and the inequality ¢(y)i(y) < d for y € V, we have

(4.22)
Ty f(z) < cam / oY () f(y)m(dy) < cgamd fy)m(dy),
V\B(0.q)

VAB(z0,q)
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with constant cgg) (20,7, p,q, R). Suppose now that f € D(A) vanishes in V.

By @12),
r () = GuAf(x) = /V Gyl ) ( /X \Vf<z>u<y,z>m<dz>> m(dy)

-/ . ([ Gotewty mian) sopmiaz).

We estimate the inner integral for z € X\ V. Using @I7) for Gy, we have
/ Gy(z, y)v(y, z)m(dy) < caam e(y)v(y, 2)m(dy)
VA\B(z0,p) VA\B(z0,p)
= carnAv(2).
The integral over B(xg,p) is estimated as in the proof of Lemma 5]
[ Gulwty ) < cgavieos) [ Guleyma)
B(zo,p) B(zo,p)
< capv(zo, 2) Bty < cmemv(To, 2)
cem (cen)’
~ m(B(zo,p))
with constants cgm) (7o, p, q), cem) (2o, R) and cgm) (20,7, p, ¢, R). Since fl(p(z) <
6 and Ap(z) < (2, V), we obtain that
(4.23)

Ty f(2)< 2c@Tn /36\\/ f(2)Ap(z)m(dz) < 2c@T) ., f(z) min(d, &(z, V))m(dz).

(2, B(wo,p)) < Cm/‘tp(z),

By approximation, (@Z3)) holds for any nonnegative f vanishing in V. Formula (Z21))
is a combination of (@22), @23), 7y (x,0V) = 0 and my(z, B(xo,q)) = 0 for all
zeV. g

Lemma 4.10. If a nonnegative function [ is regular subharmonic in B(xg, R),
then f(x) < my f(x) for x € B(xo,r). If f is regular harmonic, then equality holds.

Proof. If f is regular subharmonic in V, then f(z) < E,(f(X(7,))) for all a €
[0,00]. If f is regular harmonic in V, then equality holds. The result follows

by ([@.9). O
The local maximum estimate is now proved as follows.

Proof of Theorem B4l Fix p € (r,q). Choose € > 0 and ¢ as in the beginning of this
section, and so that § = sup,cy max(Ap(z), Ap(z)) < o(B(zo,q), B(zo, R)) + &.
Define ¢ as in (£20). By Lemmas and BI0, we have B7) with 7y, 4 r(Y)
bounded from above by 7y (y) defined in ([@21]). Note that o(y, V) < 0(y, B(zo, R)).
Since € > 0 and p € (r,q) are arbitrary, formulas (B:8)) and B3]) follow. O

We conclude this section with a result on diffusion processes. The above argu-
ment remains valid when v vanishes everywhere, i.e., X; is a diffusion process. In
this case (2.9) is not a consequence of Assumption [C] so we need to add (2] as an
assumption. No other changes in the argument are needed, and in fact the proof
of Lemma (4.5 simplifies significantly, since X; exits U through the boundary of U,
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and therefore X (7y) is never in B(zg,p). Therefore, we have proved the following
result.

Theorem 4.11. Assume that X; is a diffusion process satisfying Assumptions [Al
Bl and D], and formula 23). Let z9 € X and 0 < r < q < R < Ry, where Ry is the
localization radius of [Z3) and Assumption Dl Let f be a nonnegative function on
B(xo, R), regular subharmonic in B(xo, R) with respect to X;. Then

(4.24) @) < o | T, # € B(ao,r).

Here cgzmy = c@mm(wo.m,q, R) = cgmd, where § = o(B(wo,q), B(xo, R)) and
cem = cem (o, ¢, R) are defined in Assumptions Bl and [DL

Remark 4.12. For diffusion processes, the local supremum estimate (Z24]) for sub-
harmonic functions is typically proved analytically, using Sobolev embeddings and
Moser iteration; see, e.g., [42]. Theorem B4 requires more regularity of the process
X; as compared to the analytical approach because we assume the existence of
bump functions in the domain of the Feller generator (Assumption [B), while Moser
iteration is based on the energy form. However, our approach does not depend on
Sobolev embeddings, and so it applies also to Sierpinski carpets and some other
highly irregular state spaces X. It would be interesting to find an analytical proof
of the local supremum estimate for jump-type processes, which would not require
Assumption Related results have been recently studied when the Lévy kernel
v(z,vy) is comparable to (d(x,y)) 9~ (see [56] and the references therein). Further
comments on this subject are given in Example and Appendix [Al

5. EXTENSIONS AND EXAMPLES

In this section we study several applications of our boundary Harnack inequality,
and discuss limitations of Theorem We sketch the range of possible applica-
tions by indicating rather general classes of processes satisfying the assumptions
of Theorem [3.3], without getting into technical details. Before that, however, we
discuss an important notion of scale-invariance introduced in Remark This
property can be proved in a fairly general setting, which we call stable-like scaling.

Definition 5.1. The process X; is said to have stable-like scaling property with
dimension n > 0, index a > 0 and localization radius Ry € (0, 00] (a-stable-like
scaling for short), if the following conditions are met:
(a) X is locally an Ahlfors regular n-space; that is, ¢~ 1" < m(B(z,r)) < er™
when 0 < r < Ry and z € X;
(b) cgm(xo,m, R) < c(r/R) when 0 < r < R < Ry, r9g € X in the relative
constancy of the Lévy measure condition in Assumption [C}
(¢) cem)(zo,7, R) > c(r/R)R™™® when 0 < r < R < Ry, zo € X; that is,
v(z,y) > c(d(z,y))~" when d(z,y) < Ro;
(d) e@m(zo,7) < er® when 0 < 7 < Ry, ¥o € X in the upper bound for mean
exit time from a ball;
(e) cem(wo,mp, R) < c(r/R,p/R)R*™™ when 0 < 7 < p < R < Ry and
g € X in the off-diagonal upper bound for the Green function of a ball;

() Q(E(:Eo,r),B(xo,R)) <e(r/R)R~* when 0 < r < R < Ry and z¢ € X, and

o(A(xo,p, R), A(zo,7,7)) < c(r/R,p/R,R/T)R™ when 0 < r < p< R< T
in Assumption [Bl
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Proposition 5.2. If the scaling property @ s satisfied, then conditions @
and @ are consequences of:

(g) the Lévy kernel of X, satisfies
¢ Hd(z,y)) 7" exp(—qd(z,y)) < v(z,y) < c(d(z,y)) """ exp(—qd(z,y))
for some g > 0 and for all x,y € X.

Note that the same parameter g appears in the lower and the upper bound.

Proof. Conditions @ and follow directly from Furthermore, by @ and
the triangle inequality, there is Ry > 0 such that if xp € X and 0 < r < Ry, then
for some y € B(xg,c17) \ B(zg,r) where ¢; > 2, the balls B(zg,r) and B(y,r) are
disjoint. Hence, for all € B(zo,r) we have by [(a)] and

Z/(J,‘7 X \ B(l‘o, T)) 2> V('Ta B(ya ’I")) 2> 027470"
As in the proof of Proposition 2T}, it follows that P, (Tp(s,,r) >1t) <exp(—car™°t),
and therefore E;(7p(4,,r)) < cglro‘. O
We also have the following sufficient condition for scaling properties @ and @

Proposition 5.3. Assume that scaling property @ holds. Suppose that the transi-
tion density Ty(x,y) of a Hunt process X; exists, and that for some o > 0, ro > 0,

(5.1)

! min <t”/a ;> < Ty(z,y) < ¢ min (t”/a ;>
cED " (d(w, gyt ) = TY = CED  (d(w, )t

for x,y € X with d(x,y) < ro, and any t € (0,ry). Then Assumption [Dl and scaling
conditions @ and @ hold. The constant cggy and the localization radius Ro
in 2I0) depend only on the constants in (BI) (including o and ro) and in the
Ahlfors reqularity condition.

Proof. Both cases a > n and o < n are very similar (in fact, slightly simpler) to
the remaining case @ = n. Hence we give a detailed argument only when a = n.

With no loss of generality we may assume that rop < diamX. We choose k > 2
so that m(B(zo, kr) \ B(zg,r)) > r™ for all zp € X and r < ro/k. Let r <
ro/(1+ k)Y 2o € X, D = B(xg,7), and let T}” be the transition kernel of the
killed process X. Recall that Gp(x,y) = fooo TP (x,y)dt. Let z,y € D and let
t1 = (d(z,y))®, t2 = (2r)*. Since d(x,y) < 2r < rg, we have

" cEm [, cen(dey)
TDx,ydtgﬁ/ tdt = "B ,
|| v gt | 2

and

t2 t2 2r
TP (z,y)dt < ¢ / =" dt = ae lo .
/ ¢ (w,y) (o) " EI) 108 d(z,y)

t1

Note that for @ > n or a < n, we simply have a different expression for the
above integral. When t € [ta,2t5], we have t < 2ty < 2'7%r® < & and hence
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TP (z,y) < cgmtz ™ = cgq (2r)~". Furthermore, since 7;,1 < 1 and d(z, 2) <
(14 k)r < rg for z € B(xg, kr),

Ttgl(aj) <T,lp(x) <1 —/ T:, (x, z)m(dz)

x\D
1 / to
<1- ———=———m(dz)
CED B(zg,kr)\B(zo,r) (d(x’z))n—i-a

<1 2¢m(B(xo, kr) \ B(zo,T)) 1 2¢

- CED (k+ 1)""'“7‘" - CcED (k + 1)"+a '
For s = jty + 1, t € [ta,2ts], j > 0, we have T” = (T2)ITP. 1t follows that

2 7 cgm
TP <(1-
S (xay) — < c@ (k+ 1)n+a> (27")’"’ )

and therefore, by summing up a geometric series,

(oo}
/ TP (z,y)dt < 27%e@m)?(k+ 1) "t (2r) " =27 (k + 1)" T (c@m)*r* "
to

We conclude that Gp(z,y) < (cgm /2)+neg log(2r/d(x, y))+27 " (k+1)*" (cgm))*-
This gives Assumption [D] and property |(e)l Property @ follows by simple integra-
tion. ([

If X; has a-stable-like scaling, then, by a simple substitution, in Theorem
we have

c@m (€0, 7,4, R) < ¢(r/R,q/R)R*™7,
c@m (o, ¢, R) < c(q¢/R)R*,
ca (wo, 7, R) < c(r/R).
Hence the boundary Harnack inequality is uniform in all scales R € (0, Ry), or scale-

imwvariant, as claimed in Remark 3.6 We state this result as a separate theorem for
future reference.

Theorem 5.4. If the assumptions of Theorem are satisfied, and the process
X, has a-stable-like scaling, then the boundary Harnack inequality is scale-
invariant: cq)(wo,r, R) depends only on r/R.

In typical applications, one verifies (typically quite straightforward) conditions
[(a)] and formula (BJ) (which has been proved for a fairly general class of
processes), and condition [(f)} When dealing with processes given by the Lévy
kernel v(x,y), condition rns out to be the most restrictive one.

Example 5.5 (Lévy processes). Theorem applies to a large class of Lévy pro-
cesses. In this case, the notion of processes in duality and properties of the Feller
generator simplify significantly; see [72].

Let X; be a Lévy process in X = R¥ (with the Euclidean distance d and Lebesgue
measure m). Then X, is always Feller, and it is strong Feller if and only if the
distribution of X is absolutely continuous (with respect to the Lebesgue measure).
If this is the case, Assumption [Alis satisfied: the dual of X; exists, and it is the
reflected process, X, — Xy = —(Xy — Xg). Assumption [Blis always satisfied with
D = CX(RF). The Lévy kernel of X, is translation-invariant, v(z, E) = v(E — z),
where v(dz) is the Lévy measure of X;. Therefore, Assumption[C]can be restated as
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follows: the Lévy measure of X; is absolutely continuous, and its density function
v(z) satisfies

(5.2) 0<C&_z|) v(z0) < v(z) < cgm v(20), |zo| > R, |z — 20| <,

whenever 0 < r < R, with constant cgz) (0,7, R). If, e.g., v(2) is isotropic and
radially nonincreasing, then (5.2) is equivalent to v(z3) > cv(z1) > 0 being valid
whenever z1,20 € RF, |z1| > 1 and |23] = |21 + 1. Indeed, let us assume the
latter condition. By radial monotonicity, v is locally bounded on R* \ {0} from
above and below by positive constants. Therefore, ¢; = ¢1(c,v,r, R) > 0 exists
such that v(z2) > civ(z1) if |21] > R —r and 22| = |z1] + 1. It follows that
(c1)"v(z1) < v(ze) <wv(z) if R—71 < |z1| < |22| < |z1|+nand n =1,2,....
Taking n > r we obtain (5.2), as desired. Finally, Assumption [Dl in many cases
follows from estimates of the potential kernel U(x,y) = U(y—=), or, in the recurrent
case, the a-potential kernel U, (x,y) = U, (y — x); see Proposition 2.3

We conclude that boundary Harnack inequality holds for a Lévy process X,
provided that its Lévy measure satisfies (£.2]), one-dimensional distributions of X
are absolutely continuous, and the Green functions of balls satisfy Assumption
This class includes:

e subordinate Brownian motions which are not compound Poisson processes
and have non-zero Lévy measure density function satisfying v(z2) > cv(z1)
if |z1] > 1 and |22] = |z1] + 1 (for properties of these processes, see, e.g.,
(23,6

e (possibly asymmetric) Lévy processes with nondegenerate Brownian part
and Lévy measure satisfying (5.2));

e (possibly asymmetric) strictly stable Lévy processes, whose Lévy measure
is of the form |z|=4=%f(z/|z|)dz for a function f bounded from below and
above by positive constants.

Scale-invariance depends on more accurate estimates. We give here some examples
and directions.

e For the class of strictly stable Lévy processes just mentioned above, scale-
invariance follows from the estimates of the transition density given in [82]
Theorem 1.1] and Proposition B3} see also [28] and the references therein
for related estimates in the symmetric (but anisotropic) case.

e Some Lévy processes for which Theorem gives scale-invariant BHI are
included in Example [5.6] (stable-like Lévy processes) and Example 58] (mix-
tures of isotropic stable processes, relativistic stable processes, etc.).

e A non-scale-invariant case (mixture of an isotropic stable process and the
Brownian motion) is discussed in Example 513

e Our results may be used to recover the recent scale-invariant BHI given
in [65, Theorem 1.1]. More specifically, using our results and the first part
of [65], one can obtain scale-invariant BHI for the Lévy processes considered
therein (isotropic Lévy processes with the Lévy measure comparable to that
of a rather general subordinate Brownian motion with some scaling prop-
erties), thus replacing the second part of [65] and significantly simplifying
the whole argument of [65].

e Similarly, the estimates given in [60], combined with Theorem B.5 should
give a compact proof of scale-invariant BHI for a class of subordinate Brow-
nian motions with Lévy-Khintchine exponent slowly varying at oco.
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Example 5.6 (Stable-like processes). Let X be a closed set in R*, and let m be
a measure on X such that X, with the Euclidean distance, is an Ahlfors regular
n-space for some n > 0. For example, X can be the entire R¥ or the closure of an
open set in R* (with the Lebesgue measure m; then n = k). On the other hand, X
can be a fractal set, such as Sierpinski gaskets (n = log(k + 1)/log2) or Sierpinski
carpets (n = log(3* — 1)/log3) in R?, equipped with an appropriate Hausdorff
measure. By this assumption, scaling property @ is satisfied.
Let « € (0,2), and suppose that v(z,y) = v(y,x) and

(5-3) ale—y|m"" <wv(ay) < cole—y[m", z,y € X.

This immediately gives Assumption [C| with scaling property

By [33, Theorem 1], there is a Feller, strong Feller, symmetric pure-jump Hunt
process X; with Lévy kernel v, and the continuous transition probability T3 (z,y)
of X; satisfies (51)) for some ry. Assumption [D] and scaling property @ follow by
Proposition Since X; is symmetric (self-dual) and has continuous transition
densities, Assumption [Alis also satisfied.

Finally, we assume that Assumption [B] holds with scaling property (see be-
low). Under the above assumptions, scale-invariant boundary Harnack inequality
holds with some localization radius. When X is unbounded, o # n and scaling
property [(a)] holds for all r > 0, then (5. holds for all ¢ > 0 and all z,y € X
(see [33]), and therefore we can take Ry = oc.

We list some cases when Assumption [B] with scaling property is known to
hold true:

e When X = R” and v(x,y) is a function of x — g, then X; is a symmetric
Lévy process and we can simply take D = C°(RF).

e More generally, let X = R*, and assume that v(z,y) = s(x,y)|y — x|+~
for a Cg°(R* x R¥) function k. We claim that Assumption [Bl with scaling
property [(f) holds for D = C°(R¥). Indeed, for f € C°(R¥) let

Af(:l:):/m <f(x+z)—f(x)—ﬁ.vf(x))%dz

z  K(x,r42) — Kz, x)
([ e i) v,

Then A is a symmetric pseudo-differential operator with appropriately
smooth symbol, and by [50, Theorem 5.7], the closure of A is the Feller
generator of a symmetric Hunt process X; (we omit the details). Since the
pure-jump Feller processes X; and X, have equal Lévy kernels, they are in
fact equal processes, and hence the closure of A is the Feller generator of
X;. Assumption [B] with D = C°(RF) follows, and scaling property is
a simple consequence of (5.4)). See also [491[79].

e When « € (0,1), X is the closure of an open Lipschitz set, and v(z,y) =
c|lz—y|~F~%, then the desired condition is satisfied by D = C°(R¥) (see [45,
Theorem 6.1(1)]).

e When a € [1,2), X is the closure of an open set with C™#-smooth boundary
for some 3 > a — 1, and v(z,y) = c|r — y|~*~%, then one can take D to be
the class of C2°(R¥) functions with normal derivative vanishing everywhere
on the boundary of X (see [45, Theorem 6.1(ii)]).
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e For the case when X, is a subordinate diffusion on X, see Example 5.7 In
this case, when X is a fractal set, one can even deal with « greater than 2.

Note that an analytical proof of Theorem [B4] discussed in Remark [£12] may lead
to a generalization of this example, which would not require Assumption [Bl

Example 5.7 (Stable-like subordinate diffusions in metric measure spaces). Sup-
pose that (X,d,m) is an Ahlfors regular n-space for some n > 0. Assume that
the metric d is uniformly equivalent to the shortest-path metric in X. Suppose
that there is a diffusion process Z; with a symmetric, continuous transition density
T7Z(x,y) satisfying the sub-Gaussian bounds

c d I, doy 1/(dw71)
tn/ldw exp <—C2 (%) < T (2,y)

1/(dw—1
_e (e
< ey, ©XP 4 "

for all z,y € X and ¢t € (0,t9) (o = oo when X is unbounded). Here d,, > 2
is the walk dimension of the space X. The existence of such a diffusion process
Z; is well-known when X is a Riemannian manifold (d,, = 2; see [43]), the k-
dimensional Sierpinski gasket (d,, = log(k + 3)/log2 > 2; see [I1]), more general
nested fractals [41L[68], or the Sierpinski carpets [71[8]; see [59] for more information.

Let a € (0,d,,) and let X; be the stable-like process obtained by subordination
of Z; with the a/d,-stable subordinator 7;, Xy = Z(n;). These processes were
first studied in [27,[69,[76]. By the subordination formula, the transition density
estimate (5I) holds for some 7o (if X is unbounded, then it was proved in [27] that
we can take ro = 00).

Since X; is symmetric and has continuous transition densities, Assumption [A]
is clearly satisfied. The Lévy kernel of X, satisfies ¢~ d(z,y) ™" * < v(z,y) <
cd(z,y) "> (see [27]), and Assumption [C] with scaling property follows. As-
sumption[D]and scaling property@follow from the transition density estimate (5.1])
by Proposition (.3} see also [27, Lemmas 5.3 and 5.6]. Finally, Assumption [B] with
scaling propertyfollows by the construction of [71], Section 2]. Roughly speaking,
the method of [71] yields smooth bump functions in the domain of the generator
of the diffusion Z; with appropriate scaling. By the subordination formula, these
bump functions are in the domain of A, and the constants scale appropriately.
Since there are some nontrivial issues related to the construction, we repeat the
construction with all details in Appendix [Al By Corollary [A.4] there, Assump-
tion [Blis satisfied with scaling property

We conclude that scale-invariant boundary Harnack inequality for X; holds in
the full range of « € (0,d,,). Noteworthy, we obtain a regularity result also for
a > 2, when Lipshitz functions no longer belong to the domain of the Dirichlet
form of X;.

This example can be extended in various directions. Instead of taking 7; to be
the a/d,-stable subordinator, one can consider a subordinator 7; whose Laplace
exponent ¢ is a complete Bernstein function regularly varying of order «/d,, (a €
(0,dy)) at infinity. Such subordinators have zero drift, and they have Lévy measures
with completely monotone density functions which are regularly varying of order
—1 — a/d, at 0. Their potential kernel is regularly varying of order —1 + a/d,,
at 0. We refer the reader to [23,[64,[73] for more information about subordination,

(5.5)
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complete Bernstein functions and regular variation. By the subordination formula,
following the method applied for the Euclidean case X = R* in [64,[65], one can
obtain two-sided estimates for the Lévy kernel v(x,y) and the potential kernel
U(x,y) in terms of ¢, at least when X is unbounded and o < d. These estimates
are sufficient to prove the scale-invariant boundary Harnack inequality.

Similar methods should be applicable also when X is recurrent (that is, X is
bounded, or > d). In this case, estimates of U(z,y) need to be replaced by
estimates of the A-potential kernel Uy (z,y). Other interesting directions are the
case of slowly varying v, which corresponds to a = 0, and, on the other hand, the
case of pure-jump processes with ¢ regularly varying of order 1 (that is, a = dy,).
Finally, one can perturb processes considered above, in a similar way as in the next
example.

Example 5.8 (Stability under small perturbations). Let X = R¥, d be the Eu-
clidean distance, m be the Lebesgue measure, and « € (0,2). Suppose that o(z,y)
is a Lévy kernel of a Hunt process X, considered in Example 56, and A is the
corresponding Feller generator. For example, 7(x,y) can be any function of y — x
satisfying (B3]). In this example we consider a perturbation v(z,y) of the kernel
v(z,y).

Although a more general construction is feasible, we are satisfied with the fol-
lowing setting. Let v(z,y) = P(x,y) + n(z,y), where n(z,y) is chosen so that
v(x,y) satisfies the scaling property n(z,y) and n(z,y) = n(y,z) are kernels
of bounded operators on Co(RF), and

/ n(z,y)dy =/ n(z,y)dy, z € RY;
RF RF

the last assumption guarantees that m is an excessive (in fact, invariant) measure
for the process X; defined below.

The formula N'f(z) = [5.(f(y) — f(z))n(z,y)dy defines a bounded linear op-
erator on Co(R*), and A = A + N (defined on the domain of A) has the pos-
itive maximum property. By a standard perturbation argument, A is the Feller
generator of a Hunt process Xy, and v(x,y) is the Lévy kernel of X;. The pro-
cess X, and its Feller generator A are constructed in a similar manner, using the
Feller generator of the dual of X, and the kernel fi(x,y). It is easy to see that
Jr Af(@)g(z)dz = [q, f(2)Ag(z)dz for f,g € C(RF), from which it follows
that X, is indeed the dual of X;.

The transition density of X, satisfies (51)) (see Example [5.6). The process Xy
can be constructed probabilistically using X; and Meyer’s method of adding and
removing jumps. Hence, by [0, Lemma 3.6] and [10, Lemma 3.1(c)], the transition
density of X; exists and also satisfies (B.1]) for smaller ro (see also [30, Proposi-
tion 2.1]).

It follows that Assumption [Al is satisfied. Assumption [Bl holds with D =
C>(RF), and scaling property (with finite Ry) follows from the a-stable-like
scaling of A and boundedness of . Since we assumed that holds true, As-
sumption [C] is satisfied with scaling properties Assumption [D] and scaling
properties [(d)] follow from transition density estimate (G by Proposition (.3l
Hence, scale-invariant boundary Harnack inequality holds true for X;.

The above setting includes mixtures of isotropic stable processes (Lévy processes
generated by A = —(—A)*/2 — ¢(=A)P/2? with 0 < 8 < a < 2 and ¢ > 0) and
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relativistic stable processes (Lévy processes generated by A = m — (—A +m?2/®)*/?
with m > 0). Also, the dependence of constants on the parameters ¢, 3, m can
be easily tracked. Since the perturbation n(z,y) can be asymmetric, many non-
symmetric processes are included. Finally, this example can be adapted to the
setting of Ahlfors regular n-sets in R*, as in Example

Example 5.9 (Processes killed by a Schrédinger potential). Suppose that the
assumptions for the boundary Harnack inequality in Theorem B3] are satisfied. Let
X’ be an open set in X. Let M, be a strong right-continuous multiplicative functional
quasi-left-continuous on [0, c0), for which all points of X’ are permanent, and such
that M; = 0 for t > 7¢. Finally, let X be the subprocess corresponding to M; (in
a similar way as in Section f} see [I8] for definitions). Then XM is a Hunt process
on X', uniquely determined by the relation PM (XM € E) = E,(M;; X; € E) for
any £ C X’ and z € X'.

Assume that M, is a continuous function of ¢ € [0,7x/). We claim that in this
case the Lévy kernel vM (x, 1) of XM is again given by v(x,y), restricted to X’ x X'.
Indeed, by formula ([@6) of Lemma 3] for € ¥’ and f € D(A) vanishing in a
neighborhood of z, we have

EMN(f(XM) - f(z) = Eo(f(X) M) — f()

=E, (/Ot Af(Xt)Mtdt) +E, (/Otf(Xt)th> .

When divided by ¢, this converges (for a fixed z) to Af(x) as ¢ — 0*. Hence,
vMf(z) = vf(z). By an approximation argument, this holds for any f € C.(X’)
vanishing in a neighborhood of x, proving our claim. (Note that, however, in
general, functions in D(A) need not belong to the domain of the generator of XM,
even if X' = X.)

We remark that many such functionals M, are related to Schrodinger potentials
V: for a nonnegative function V', we have M; = exp(— fg V(Xs)ds) for t < 7¢s;
see [18]. A similar construction was used in Section Ml for a particular choice of V.
In some applications, the potential V' can take negative values, the case not covered
by this example.

Let D C X be an open set. By the definition of a subharmonic function, a
nonnegative function f regular subharmonic on D N X’ with respect to the process
XM extended by f(z) = 0 for x € X\ X/, is also regular subharmonic in D
with respect to X;. Hence, the hypothesis of Theorem [3.4] holds for X with the
same constant cgg). Of course, one needs to replace the sets in the statement of
Theorem [34] by their intersections with X'.

We also claim that Lemma B.1] holds for X with the same constant. Indeed,
with the definitions of the proof of LemmaBdland D' = DNX/, for « € B(zg,7)N¥’
we have

PY(XM €X'\ B(zo, R)) = E4(Mr,; X7, € X\ B(zg, R))
< El’(f(XTD)MTD) - f(:L‘)
By formula (£6) of Lemma 3]

B, (f(Xrp)My,) — f(z) = Es ( / v Af(Xt)Mtdt> +E, ( /[OJDH f(Xt)th> .
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The second summand on the right hand side is nonpositive. It follows that

PM (XM € %'\ B(xo, R)) < E, < / Mtdt> sup Af ()
0 yeXxX

= E;' (tp/) sup Af(y),
yeXx

as desired.

In Lemma B2 only the estimates of the Lévy measure and mean exit time
are used. Therefore, Lemma also holds for the process XM with unaltered
constants. In a similar way, the proof of Theorem works for the process XM
without modifications. We conclude that the boundary Harnack inequality holds
for XM with the same constants. For convenience, we state this result as a separate
theorem.

Theorem 5.10. Suppose that Assumptions [A] Bl [O and DI hold true. Let X' be
an open subset of X, and let XM be a subprocess of X;, with state space X', corre-
sponding to a strong right-continuous multiplicative functional for X, continuous
before X; hits X\ X', vanishing after that time, and quasi-left continuous on [0, 00).
Then the boundary Harnack inequality holds true for the process XM with the same
constant cqyy given by BI0). More precisely, if vo € X, 0 < r < R < Ry,
D C B(zg, R) is open, f,g are nonnegative regular harmonic functions in D N X’
(with respect to the process XM ), and f,g vanish in (B(zg, R) \ D) N X', then we
have

f(2)g(y) < em 9(2) f(y) . a2,y € B(zo,r)NDNX,
where ¢y = ¢ (2o, 7, R) does not depend on M.

We remark that the continuity assumption for M, is essential. If, for example,
M, is equal to 1 until the first jump larger than 1, and then 0, the boundary Harnack
inequality typically does not hold, by an argument similar to one in Example .14
below.

Example 5.11 (Actively reflected and censored stable processes). Let X’ C R* be
open and let X be the closure of ¥’ in R¥. Suppose that X satisfies property @
Let v(z,y) = clx — y|7™ . As in Example (6] under suitable assumptions on X,
there is a stable-like process X; with the Lévy kernel v(z,y), and scale-invariant
BHI holds for X;. In [21], the process X; is called an actively reflected a-stable
process in X, and the process X, obtained from X; by killing it upon hitting
X\ X', is called a censored a-stable process in X’ (see [2I, Remark 2.1]). Clearly,
the boundary Harnack inequality for X7 is the special case of the boundary Harnack
inequality for X, corresponding to open sets D contained in X’. (Note that this is
in fact a special case of Theorem .10, with M; = 1 for ¢t < 7x/.) Hence, we have
scale-invariant BHI for the actively reflected a-stable process X; and the censored
a-stable process X{, whenever X’ is a Lipschitz set in the case a € (0,1), and X’ is
an open set with C"#-smooth boundary for some 3 > a — 1 in the case a € [1,2).
The above extends the results of [211[44].

Example 5.12 (Gradient-type perturbations of stable processes). Let a € (1,2).
If b: R* — RF is bounded and differentiable, partial derivatives of b are bounded,
and divb = 0, then the process X, generated by —(—A)O‘/2 +b-V and the process
X, generated by —(—A)"‘/ 2 -V are mutually dual. Such processes are considered
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in the recent paper [53]. The Lévy kernels of X; and X, are the same as that of
the isotropic a-stable Lévy process generated by (—A)®/2; see [25]. Furthermore,
D = C°(RF) is contained in the domains of A and A. Therefore, a scale-invariant
(with finite Ry) boundary Harnack inequality holds for the process X;.

We conclude this article with some negative or partially negative examples.

Example 5.13 (Lévy processes with Brownian component). Let X = R*, d be the
Euclidean distance, m be the Lebesgue measure, and « € (0,2). Let X; be the sum
of two independent processes, the Brownian motion and the isotropic a-stable Lévy
process. That is, X; is the Lévy process with generator A = ¢; A — c2(—A)(’/2.

Clearly, X; is symmetric and has transition densities, so Assumption [A]is sat-
isfied. Furthermore, D(A) contains C2°(R¥), and hence Assumption [B]is satisfied
with 2-stable-like scaling: the property holds with « replaced by 2. On the
other hand, Assumption [C] clearly holds with a-stable-like scaling Further-
more, detailed estimates for the transition density of X, can be established ([34]),
from which Assumption [Dl follows as in Proposition (.3 with 2-stable scaling.

It follows that boundary Harnack inequality holds despite the diffusion com-
ponent. However, the constant cgy)(zo,r, R) is not bounded when, for example,
R =2r and r — 07. This is typical behavior for processes comprising both jump
and diffusion parts, and for general open sets one cannot expect a scale-invariant
result: the boundary Harnack inequality in the form given in does not hold
for the Brownian motion without some regularity assumptions on the boundary of
D; cf. [T4]. On the other hand, the scale-invariant boundary Harnack inequality for
X, in more smooth domains was established in [32].

Example 5.14 (Truncated stable processes). This example shows why Assump-
tion [Clis essential for the boundary Harnack inequality in the form given in
Consider the truncated isotropic a-stable Lévy process X; in X = R*, a € (0,2),
n > 1. This is a pure-jump Lévy process with Lévy kernel

v(z,y) =clz —y| " U1 (y)

Clearly, Assumptions[Al [Bland [D] as well as formula (23], hold true with a-stable-
like scaling and Ry = 1, but Assumption [(] is violated.

We examine two specific harmonic functions. Let v be a vector in R? with
lv| = 2/3, let r € (0,1/6) be a small number, and define B; = B(z1,r) and
By = B(za,r), where 1,29 € R” are arbitrary points satisfying x1 — xo = v. Let
D = B1UBy, Ey = B1+v, Ey = By—v, and let f;(x) = P, (X (7p) € E;). Suppose
that x € By. By ([Z12), we have

37"7QC|E1‘E1731 < fl(x) < 3n+ac|E1|EwTD-
When a € Bsg, then, again by (212,

fi(@) < P(X(7B,) € B1) - sup f1(y)

< 3" By|E, 7, - 3"T%c|Ey| sup E,mp.
yEB>
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Similar estimates hold true for fo. It follows that

Ji(x2) fo(x1)

2
<cia3”°‘63 B (su ET)
fi(wy) folz2) = ™ ( ) ‘ 1|| 2' er vip

Y

2

< ¢ (30 B(0,1)[Pr*” ( sup EyTB(0,1)> .

yeB(0,1)

This ratio can be arbitrarily small when r — 0, and therefore cannot hold
for the truncated stable process uniformly with respect to the domain. We remark
that by an appropriate modification of the above example, one can even construct
a single domain (an infinite union of balls) for which is false. Also, modi-
fications of the above example for other truncated processes or for processes with
super-exponential decay of the density of the Lévy measure can be given.

On the other hand, if the regular harmonic functions f and g (of the truncated
a-stable process X;) vanish outside a unit ball, then clearly f and g are harmonic
in D also with respect to the standard (that is, nontruncated) isotropic a-stable
process in R*. Therefore, the boundary Harnack inequality actually holds true for
such functions. A different version of boundary Harnack inequality was proved for
X under some regularity assumptions on the domain of harmonicity in [61.62].

APPENDIX A. SMOOTH BUMP FUNCTIONS ON METRIC MEASURE SPACES
WITH SUB-(GAUSSIAN HEAT KERNELS

In this part we repeat the construction of smooth bump functions of [71]. We
adopt the setting of Example 5.7k Z; is a diffusion process on an Ahlfors regular
n-space X, the transition semigroup T/ of Z; satisfies sub-Gaussian bounds (5.H),
and X is defined to be the process Z; subordinated by an independent a/d,,-stable
subordinator, a € (0,d,,). The generator of Z; serves as the (Neumann) Laplacian
A on X, and T7Z is the heat semigroup.

Let h = TZg for some t > 0 and g € L*(X). One of the main results of [71],
Theorem 2.2, states that given any compact K and € > 0, there is a function f such
that f € D(A!) for all I > 0, f(x) = h(z) on K and f(x) = 0 when dist(x, K) > ¢.
There are at least three issues when one tries to apply this result in our setting.

First, Theorem 2.2 in [71] is given under the assumption that the spectral gap
of A is positive. However, this assumption is used only in the proof of Lemma 2.6,
which contains a flaw: positivity of the spectral gap A does not imply the inequality
I1Pef — flleexy < Atl|fll2(x) (see line 3 on page 1769 and line 12 on page 1773
in [71]). This issue has been resolved by the authors of [71] in an unpublished
note, containing a corrected version of the proof of Lemma 2.6. The new argument
does not involve the condition on the spectral gap, which therefore turns out to be
superfluous. For future reference, we provide the corrected version of the proof of
Lemma 2.6 below.

Second, to get Assumption [B] we need to apply the above theorem with h(z) =1
for x € K, where h = TZg. This condition is satisfied when g(z) = 1 for all x € X.
However, such a function g is in L?(X) only when m is a finite measure, and
the general case is not covered by [7I]. For that reason, we choose to repeat the
construction of [71] in the L>(X) (instead of the L?(X)) setting.

Finally, for a scale-invariant boundary Harnack inequality, we need an upper
bound for [|Afl| e (x) with explicit dependence on scale, that is, explicit in € and
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the size (e.g. the diameter) of K. Such properties of the estimates are irrelevant
n [71], but it turns out that they can be obtained by carefully following the proof
of Theorem 2.2 in [71].

For the above reasons, we decide to give a complete proof of an L (X) version
of Theorem 2.2 in [7I]. However, it should be emphasized that this method was
completely developed in [71]. Although we only need the result for g(z) = h(z) =1
for all x € X, for future reference we consider the general case.

Theorem A.1 (A variant of [71, Theorem 2.2]). Suppose that K C X is a compact
set, e,5 > 0 and h = TZ g for some g € L>°(X). Then there is a function f € L>=(X)
such that f(z) = h(x) for x € K, f(x) = 0 when dist(z,K) > ¢, and f € D(A!)
for any l > 0. Furthermore, the L>°(X) norm of f is bounded by the L*°(X) norm
of g, [ is nonnegative if g is nonnegative, and for all I > 0 we have

. < CED (diam K + £)"/2
(A1) HA fHLoo( = glduw+n/2 gl e -

where ey = e (L, €% /s, Zy).

Proof. We divide the argument into five steps. All constants in this proof may
depend not only on the parameters given in parentheses, but also on the space
X and the process Z;. Since we never refer to the semigroup of the subordinate
process Xy, in this proof for simplicity we write T; = T/Z. Furthermore, also in this
proof only, we extend A to the L>°(X) generator of T} (recall that originally A was
defined as the Cp(X) generator), and denote by Arz(x) the L?(X) generator of T3,
that is, the generator of the semigroup of operators T} acting on L?(X). Clearly,
Af = Ap2x)f m-a.e. whenever f € D(A) ND(Arz(x))-

Step 1. We begin with some general estimates. By the spectral theorem and the in-
equality ANle™* < (le/t)!, for any f € L?*(X) and [ > 0, we have T, f € D((Arz(x))"),
and

||(AL2(.%‘) thHLz(.’{) (le/t) ”fHL?(x)

Furthermore, by sub-Gaussian estimates (E5), ||T3(z,")||r2x) = (Tau(z,2))Y/? <
et~/ (2dw) - Hence,

ITefll e ey < ™™ C [ fl oz -

We find that
T.,T,f — T,
HM — Ap2)Tuf
5 L= (X)
c1 TsTyjof —Tyjaf
(t/2)n/(2dw) H s @ L2(%)

as s — 0T. It follows that T;f € D(A), with AT, f = Ap2x)Tif. By a similar
argument, T; f € D(A!) for any [ > 0, and

C
AT | ey = (T2 A Tl 2y < Gy 1A Toro |
cs(l)

= tl+n/(2d ) Hf||L2
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Sub-Gaussian estimate (5.5) and Ahlfors regularity of X also give the following
estimate: for any set E C X, any ¢ > 0 and any f € L>°(X) or f € L*(X) vanishing
in the e-neighborhood of E, we have

ITifll ooy < D& Loy and [ Tefllpamy < D) 1l 1y -

where

D(e,t) = sup / Ti(w, y)m(dy) < caexp(—cs(e /1)t 4 D).
z€X JX\B(z,¢)

In particular, given any s > 0 and € > 0 it is possible to choose a strictly increasing
sequence s; > 0 convergent to s, with sg = 0, such that if ¢; = s; —s;_1 (j > 1),
then

= D(27%, t; [, gdw
lim D(277e, s —s;) =0 and Z ( l £ ti) Scﬁ(afd /s) < o0
e i=1 tita gxe

for any £ > 0, I > 0. For example, one can take s; = (1 — 4~ 9»7)s. Note, however,
that the above series would diverge if ¢; decreased either too slowly or too rapidly.

Step 2. Let g € L>®(X), €,s > 0, and h(xz) = Tyg(x), as in the statement of the
theorem. Following [71], for j > 0 we define

K;={z e X dist(z, K) < 277¢}, L;={reX:dist(z, K)> (1-277)e},

and A; = X\ (K; U L;). Furthermore, let s; and ¢; be chosen as in Step 1. For
7 > 1 we define

up(x) =0, wj(w) = 1g,; (o) Ts; 9(w) + La,; (2) Tt uj—1 ().
Below we prove that T, u; converges to a function f with the desired properties.

Step 3. By induction, [u;]|zex) < |lgl/zee(x) for any j > 0. For j > 1 we have
uj_y(x) =Ty, ,g(x) for z € K;_1, and dist(K;, X\ K;_1) > 277¢. Hence,

(A2) [ — Tou;— 1HLoo(K) 1T, (T, 19— uj—a HLco(K)
S D(2 jg,tj HTsj,lg - uj*lHLm(x) S 2D( _j67tj) Hg||L°°(3€)’

where D(277¢,t;) is as in Step 1 (cf. [71, Lemma 2.3]). Also, u; vanishes on L;,
u;—1 vanishes on L; 1, and dist(Lj, X\ L;_1) > 277¢, so that
H“J Ti;uj- 1HL°°(L y HTt Uj— 1”Loe(L ) S D(277¢, t;) flu;- 1HL°°(3€)’
and (using X\ L;j—1 C Kj)
i = Tyl oy = 1T i1l
< D(2_]E=tj) Huj*IHLl(x)
< D27, t)m(Ko) lluj1ll oo ) -

Hence, using also [|u; 1|z (x) < [|gllLe(x), we obtain (cf. [TT, Lemma 2.5])

Juj — thuj_lnL?(Lj) < \/H“J - th“j—IHLoo(Lj) s — thuj_lnLl(Lj)

< D(7e,t;)y/m(Ko) llgll e x) -

(A.3)
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Step 4. We follow the corrected version of the proof of |71 Lemma 2.6]. Let [ > 0.
For j > 1 we have

J
AZTS,Sjuj = Z AZTS,Si (u; — Ty, ui—1).

Observe that the results of Step 1 and the equality u;(z) = T}, u;—1(x) for z € A;
give

oo

Z HAlTs—si (ui — i”zeiui—1)HLoo Z W lui = Ty ui-1ll g2 x)

i=1
o a()
<D Trniedn (Hui = Tyuill e, + llui — Ttiuiflan(L,;)) :
=1 ti+1

Hence, by (A2) and (A3),

Z | AT, (u; — Ttiuifl)HLw(x)

D(27 %, t;)
< 3ez(1)/m(Ko) ||9||L°°(3€)Z l+n/(2dw)

i=1 z+1

Cg l+n 2dw 75dw S
< 3es(l)v/m(Ko) Nlgll L (x) ( €Z/r1(w+n/)2 B,

It follows that the sequence AlTS,Sjuj converges in L>®(X) as j — oo for every
I > 0. Therefore, if f(z) = lim;_,c Ts—s,u;(x), then for all I > 0 we have f € D(A!)

and
HAlfHLoc(x) S Z HAlTsfsi (uz - Ttiuifl)HLoo(x)
(1,
< im Vm(Ko) 9/l )
as desired.

Step 5. By the definition of u;, for j > 1 we have
TS*Sjuj = TS*Sj(lKjTSjg + ]-Agczjtjujfl)
= Sg + TS*Sj(lA]‘Tt]‘U’jfl - 1%\Kstjg)-
It follows that

HTs—sjuj Ts- s; ]-A Tt Uj—1 — 135\1{ T,

Tl oo sy = | s oo )

< D276, s = s5) |14, Ty uj-1 — 1x\KstngLoc(3€)
<2D(277e,5 = 55) 9]l oo () -

The right hand side converges to 0 as j — co. Hence, f(x) = Tsg(x) = h(z) for z €

K. Furthermore, [|u;| %) < ||gl £ (x), and therefore also || f[| Lo (x) < (9]l (x)

Finally, if g > 0, then u; > 0 for all 7 > 1, and so f > 0.

By choosing g(x) = h(z) = 1 and s = %, we obtain the following result.
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Corollary A.2. Suppose that K C X is a compact set and € > 0. Then there is a
function f € L>(X) such that f(z) =1 forz € K, f(x) =0 when dist(z, K) > ¢
and f € D(AY) for any 1 > 0. Furthermore, 0 < f(x) <1 for all x € X, and for all
[ >0 we have

. ¢ (diam K + )"/?
(A4) A fHLoo(x) = ld,, /2 ’
where ey = @y ([, Zt)- O

In general, the boundary of the set {x € X : f(z) > 0} might be highly irregular.
However, when we relax the smoothness hypothesis on f, we can require f to be
positive on an arbitrary given open set.

Proposition A.3. Suppose that K C X is a compact set, € >0 and L > 0. Then
there is a function f € L>®(X) such that f(x) = 1 for x € K, f(z) = 0 when
dist(x, K) > ¢, and f € D(A!) forl =1,2,...,L. Furthermore, 0 < f(x) <1 for
all x € X, the boundary of the set {x € X : f(x) > 0} has zero m measure, and for
alll =1,2,...,L we have

e (diam K + £)"/2
(A.5) ||AlfHL°°( <63 cldy /2 ’

where cgxm) = c@m) (L, Zt).

Proof. Let fq be the function constructed in Theorem [Ad] for h(z) = g(z) = 1, and
denote by V' an arbitrary open set with the following properties: {z € X: f(z) >
0} CV C{z e X:dist(z,K) < 2¢}, and m(9V) = 0. For example, one can take
V ={z € X : dist(z, K) < r} for a suitable r € (g, 2¢).

Let Bj, j =1,2,..., be a family of balls contained in VN{z € X : fo(z) < 1/2}
such that twice smaller balls B} form a countable covering of VN {z € X : fo(z) <
1/2}, and let f; be the function as in Corollary [A-2] equal to 1 on B; and vanishing
on X\ B;. Finally, choose ¢; > 0 so that for [ =0,1,...,L,

oo

S I ey < 5 18 ol e

=1

Then f = fo+ Y .o, €:fi has all the desired properties, with ¢ replaced by 2e. O
Corollary A.4. Assumption [Bl holds with a-stable scaling.

Proof. Given any compact subset K of an open set D C X, choose € > 0 such that
dist(X\ D,K) > e. Since D(A) C D(A), the function f given in Proposition [A:3]
(for L = 1) satisfies all conditions of Assumption [Bl Furthermore, if 1, (s)ds is the
Lévy measure of the subordinator 7, then

ATl = | [ @21 = ptoras| < [T ey (ol

Le= (%)

< [ min (518 Ly 215 ) (51,

Note that ||f||z=) = 1. Furthermore, min(As,2) < ¢1(1 — ™) (with ¢; =
2¢%/(e? — 1)), and

/ (1 — e ), (s)ds = A/ 4w,
0
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Therefore,

a/dy
Ay < €1 (1Al pez) -

Let 0 < r < R, and take K = B(xg,r), D = B(zo, R), ¢ = R — r. We see that
a/dy,

e (1, Z0) (2R)"2 = e(r/R, Z)R™".

(R _ r)dw+n/2

[AFll Lo () < 1

This gives half of the a-stable scaling property and the other half is proved in
a similar manner. ]
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