TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 364, Number 8, August 2012, Pages 4169-4205
S 0002-9947(2012)05542-5

Article electronically published on March 19, 2012

BOUNDARY HARNACK PRINCIPLE FOR A + A%/?

ZHEN-QING CHEN, PANKI KIM, RENMING SONG, AND ZORAN VONDRACEK

ABSTRACT. For d > 1 and a € (0,2), consider the family of pseudo-differential
operators {A 4+ bA%/2;b € [0,1]} on R? that evolves continuously from A to
A + A®/2_ In this paper, we establish a uniform boundary Harnack principle
(BHP) with explicit boundary decay rate for non-negative functions which are
harmonic with respect to A 4+ bA®/2 (or, equivalently, the sum of a Brownian
motion and an independent symmetric a-stable process with constant multiple
bl/@) in C11 open sets. Here a “uniform” BHP means that the comparing
constant in the BHP is independent of b € [0,1]. Along the way, a uniform
Carleson type estimate is established for non-negative functions which are
harmonic with respect to A 4+ bA®/2 in Lipschitz open sets. Our method
employs a combination of probabilistic and analytic techniques.

1. INTRODUCTION

Discontinuous Markov processes have been receiving intensive study recently
due to their importance both in theory and in applications. Many physical and
economic systems could be and in fact have been successfully modeled by discon-
tinuous Markov processes (or jump diffusions as some authors call them); see, for
example, [29] [34] [36] and the references therein. The infinitesimal generator of a
discontinuous Markov process in R? is no longer a differential operator but rather a
non-local (or integro-differential) operator. For instance, the infinitesimal generator
of a rotationally symmetric a-stable process in R? with a € (0,2) is a fractional
Laplacian ¢ A®/? ;= —¢(—A)*/2,

Discontinuous Markov processes include the very important Lévy processes as
special cases and they are of intrinsic importance in probability theory. Integro-
differential operators are very important in the theory of partial differential equa-
tions. Most of the recent study concentrates on discontinuous Markov processes,
such as the rotationally symmetric a-stable processes, that do not have a diffusion
component. For a summary of some of these recent results from the probability
literature, one can see [10, [15] and the references therein. We refer the readers to
[12, [13], 14] for a sample of recent progress in the PDE literature.
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However, in many situations, such as in finance and control theory, one needs
Markov processes that have both a diffusion component and a jump component;
see for instance, [28] [35] [36]. The fact that such a process X has both diffusion and
jump components is the source of many difficulties in investigating the potential
theory of the process X. The main difficulty in studying X stems from the fact
that it runs on two different scales: on the small scale the diffusion part dominates,
while on the large scale the jumps take over. Another difficulty is encountered when
looking at the exit of X from an open set: for diffusions, the exit is through the
boundary, while for the pure jump processes, typically the exit happens by jumping
out from the open set. For the process X, both cases will occur which makes the
process X much more difficult to study.

Despite these difficulties, in the last few years significant progress has been made
in understanding the potential theory of such processes. Green function estimates
(for the whole space) and the Harnack inequality for a class of processes with both
continuous and jump components were established in [37, [38]. The parabolic Har-
nack inequality and heat kernel estimates were studied in [39] for Lévy processes in
R? that are independent sums of Brownian motions and symmetric stable processes,
and in [2I] for much more general symmetric diffusions with jumps. Moreover, an
a priori Holder estimate is established in [2I] for bounded parabolic functions. For
earlier results on second order integro-differential operators, one can see [25] and
the references therein.

The boundary Harnack principle (BHP) is a result about the ratio of positive
harmonic functions. We say that the BHP holds for an open set D C R? if there
exist positive constants Ry and C' depending on D with the property that for any
Q € 0D, r € (0, Rp], and any positive harmonic functions « and v in D N B(Q, )
that vanish continuously on 0D N B(Q,r), we have

w@) _ Luly)
(1.1) @) ch(y) for all x,y € DN B(Q,r/2).

The BHP for Brownian motion (or, equivalently, for the Laplacian) is a funda-
mental result in analysis and PDE. It was independently established for Lipschitz
domains in the late 1970s by Ancona, Dahlberg and Wu ([I} 23] 43]). Later, Bass
and Burdzy developed a probabilistic method in [5] to prove the BHP and extended
the BHP to more general domains (see also [4]). When D is a Lipschitz domain
and xp € D fixed, the Green function Gp(x,z¢) in D is harmonic in D \ {zo}
and vanishes continuously on 9D, hence it can be taken as v(z) in (LI). When
D is a bounded C*! domain, it can be shown that Gp(x, () is comparable on
D\ B(xg,¢) to the Euclidean distance function dp(z) between x and D¢, where
¢ is sufficiently small so that B(zp,2¢) C D. In this case, one can equivalently
express the BHP by using v(z) = ép(x) in () although this latter function is not
harmonic. Therefore, when D is a C*! domain, the BHP (IT)) can be strengthened
to the following version that gives the explicit boundary decay rate of non-negative
harmonic functions u that vanish on the boundary:

u(z) u(y)
(1.2) 5p () §C§D(y) for all z,y € DN B(Q,r/2).

Observe that (L2) clearly implies (L)) but with C? in place of the C' (see Remark
below).
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The BHP plays a vital role in the study of potential theory of Brownian motion
and Dirichlet Laplacian in domains. For example, the BHP can be used to show that
the Martin boundary can be identified with the Euclidean boundary for a large class
of domains and to study the non-tangential limit of non-negative harmonic functions
near the boundary (see [2] for an analytic approach and [3] for a probabilistic
approach). In fact, the BHP has also been established for a large class of diffusions
(or, equivalently, for second order elliptic equations); see [1T], 24].

The study of the BHP for discontinuous Markov processes and integro-differential
operators is quite recent. It was first established for rotationally symmetric stable
processes in bounded Lipschitz domains in [7] and then extended to more general
open sets in [4I]. Subsequently in [9, [42], the BHP is extended to symmetric (but
not necessarily rotationally invariant) stable processes. Recently, the BHP has been
extended in [32] to a large class of pure jump Lévy processes that can be obtained
from Brownian motion through subordination. Very recently, the BHP for some
one-dimensional Lévy processes with both continuous and jump components was
studied in [33]. However, the BHP for processes on R? in dimension two and higher
that have both diffusion and jump components has been completely open until
now. Note that the fact that a pure jump process may (and typically does) exit an
open set by jumping out of it stipulates that, in the BHP for such processes, the
non-negative harmonic functions vanish continuously on D¢ N B(Q, ).

The principal goal of this paper is to establish the BHP for non-negative functions
which are harmonic with respect to the independent sum of a Brownian motion and
a symmetric stable process in C1!' open sets in R¢ for every d > 1. The process
X studied in this paper, although quite specific, serves as a test case for more
general processes with both continuous and jump parts. The study of this test case
will hopefully shed new light on the understanding of the boundary behavior of
non-negative harmonic functions of general Markov processes.

Intuitively, the independent sum X of a Brownian motion and a symmetric stable
process can be thought of roughly as some sort of “perturbation” of Brownian
motion. Thus some people might expect that the BHP for X could be established
through some general perturbation technique. However, this kind of approach may
not always work. See Remark below for details.

Let us now describe the main result of this paper more precisely and at the same
time fix the notation. A (rotationally) symmetric a-stable process Y = (Y, t >
0,P,,z € RY) in R? is a Lévy process such that

E, [eif'(yf_y‘))} = ¢tel” for every z € R? and ¢ € R?.

The infinitesimal generator of a symmetric a-stable process Y in R? is the frac-
tional Laplacian A®/2 which is a prototype of non-local operators. The fractional
Laplacian can be written in the form

(1.3) AY?y(z) = lim (u(y) — u(m))M

dy
el0 {yeRa: |y—z|>e} |I _ y|d+o¢ ;

where A(d, @) := a2~ 1r~4/2D(4E2)0(1 — 2)~1. Here I' is the Gamma function
defined by T'(X) := [, t*te~!dt for every A > 0.
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. . . . . 2 .
Suppose X is a Brownian motion in R¢ with generator A = Zle Z and Y is

a symmetric a-stable process in R?. Both X and Y satisfy a self-similarity, which
will be used several times in this paper. That is, for every A > 0, {/\_1/2 (X9, —
X),t > 0} and {A\"Y*(Yy, — Yp),t > 0} have the same distributions as that
of {X? — X§,t > 0} and {Y; — Yp,t > 0}, respectively. Assume that X° and
Y are independent. For any a > 0, we define X¢ by X? := X + aY;. We
will call the process X¢ the independent sum of the Brownian motion X° and the
symmetric a-stable process Y with weight a > 0. The infinitesimal generator of X ¢
is A+a*A%/2. For every open subset D C R?, we denote by X*P the subprocess of
X killed upon leaving D. The infinitesimal generator of X% is (A +a“A%/?)|p.
It is known (see [39]) that X% has a continuous transition density p% (¢, z,y) with
respect to the Lebesgue measure. We will use p®(t,z,y) to denote the transition
density of X (or, equivalently, the heat kernel of A + a®A®/2). The quadratic
form (£, F) associated with the generator A 4+ a®A®/? of X is given by

ou

3:1:i

F =W (RY) = {u € L*(R%; dx) : € L*(R% dx) for every 1 <i < d} ,

and for u,v € F,

(o) = [ Vala) Volw oty [ (o) —ulo) (o@) o) S dody.
R4 Re x R4 |z — y|¢t

In probability theory, the quadratic form (£, W12(R%)) is called the Dirichlet form
of X A statement is said to hold quasi-everywhere (q.e. in abbreviation) if there is
a set NV having zero capacity with respect to (&1, W12(R?)) such that the statement
holds everywhere outside N. Here & (u,u) := €(u,u) + [pq u(z)*dz. The function
J(x,y) := a® A(d, )|z —y|~(@**) is the Lévy intensity of X¢. Tt determines a Lévy
system for X ¢, which describes the jumps of the process X¢: for any non-negative
measurable function f on Ry x R x R? with f(s,y,y) = 0 for all y € R%, any
stopping time 7" (with respect to the filtration of X?) and any z € R,

T
(10 B | Y X2 X0)| <E, V ([ s xzmrexzna) as

s<T

(See, for example, [19] Proof of Lemma 4.7] and [20, Appendix A].)

The purpose of this paper is to establish the scale invariant version of the BHP in
Theorem [[4l To state this theorem, we first recall that an open set D in R? (when
d > 2) is said to be O if there exist a localization radius R > 0 and a constant
A > 0 such that for every Q € 9D, there exist a Cl'!-function ¢ = ¢ : R"! = R
satisfying ¢(0) = 0, Vo(0) = (0,...,0), [Véllos < A, [Vé(z) — Vo(y)| < Alx — yl.
and an orthonormal coordinate system CSg: y = (y1,...,Yd—1,Yd) =: (¥, ya) with
its origin at ) such that

B(Q,R)ND ={y = (y,ya) € B0, R) in CSq : ya > &(y)}-

The pair (R, A) is called the characteristics of the C'! open set D. By a Cl!
open set in R we mean an open set which can be written as the union of disjoint
intervals so that the minimum of the lengths of all these intervals is positive and
the minimum of the distances between these intervals is positive. Note that a C'1!
open set can be unbounded and disconnected.
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For any = € D, let dp(x) denote the distance between x and 90D. It is well
known that any C1'! open set D satisfies the uniform interior ball condition: there
exists R < R such that for every z € D with dp(z) < R, there is Q, € dD so that
|z — Q.| = 6p(z) and that B(Z, R) C D for ¥ = Q. + R(z — Qy)/|x — Q4|. Without
loss of generality, throughout this paper, we assume that the characteristics (R, A)
of a C1! open set satisfies R = R <1land A>1.

For any open set D C R, 78 :=inf{t > 0: X{ ¢ D} denotes the first exit time
from D by X*°.

Definition 1.1. A real-valued function u defined on R¢ is said to be harmonic in
D c R? with respect to X@ if for every open set B whose closure is a compact
subset of D,

(1.5) E, [‘u(X;’%)H <oo and u(z)=E, [u(Xﬁg)} for q.e. z € B.
Note that by using the Lévy system of X¢, we have
E, [Juxg)l] > B [luxs)); x2, e RO\ B

B A(d, a) a
E, [/0 </]Rd\§ |U(y)‘ Wd:y) ds] .

Hence if u is a harmonic function in D with respect to X ¢, then u(y)(1 A |y|~(¢+e))
is integrable on B¢ for any relatively compact open subset B with B C D. It follows
from Theorems 1.2 and 1.3 of [2I] that all harmonic functions in D with respect
to X are continuous on D, since every harmonic function in D with respect to
X% can be approximated locally uniformly in D by functions that are bounded
on R% and harmonic with respect to X in relatively compact open subsets of D.
Therefore, for any harmonic function v in D, ([IZ3) holds for every point € D. The
above also implies that any harmonic function w in D with respect to X ¢ is locally
bounded in D with [p, [u(y)|(1 A |y|~(@**))dy < co. A function u is said to be in

W1’2(D) if for every relatively compact subset B with B C D, there is a function

loc
f € WH2(R9Y) such that u = f a.e. on B. The following analytic characterization
of a function u being harmonic in D with respect to X® follows immediately from
Example 2.14 in [16].

Y

Proposition 1.2. Let D be an open subset of RY. Then the following are equivalent:
(i) u is harmonic in D with respect to X°;
(i) w is locally bounded in D, [p. |u(y)|(LA]y|~(4+*))dy < oo, u € W.2(D) and
(A+a*A%?)u =0 in D in the distributional sense: for every ¢ € C°(D)
[ V@) Vot e+ [ (ute) ) ot) - o) 2D
R¢ Re xRd

7 — y|ira dxdy = 0.

The following uniform Harnack principle will be used to prove the main result
of this paper. Its proof will be given in Section 4 below.

Proposition 1.3 (Harnack principle). Suppose that M > 0. There ezists a con-
stant Cy = Co(a, M) > 0 such that for any r € (0,1], a € [0, M], 29 € R? and any
function u which is non-negative in R and harmonic in B(xg,r) with respect to
X% we have

u(z) < Cou(y) for all x,y € B(xo,7/2).
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Let Q € 0D. We will say that a function v : R — R vanishes continuously
on DN B(Q,r) if u =0 on D*N B(Q,r) and v is continuous at every point of
0D N B(Q, ). The following is the main result of this paper.

Theorem 1.4. Suppose that M > 0. For any CY' open set D in R? with the
characteristics (R, ), there exists a positive constant C = C(a,d, A, R, M) such
that for a € [0,M], r € (0,R], Q € dD and any non-negative function u in R?
that is harmonic in D N B(Q,r) with respect to X® and vanishes continuously on
DN B(Q,r), we have

u(z) u(y)
1.6 <C or every x,y € DN B(Q,r/2).
(1.6) 0@ =) f Yy T,y (@Q,r/2)
Remark 1.5. As we mentioned earlier, this is a strengthened version of the BHP.
Interchanging the role of z and y, we have from (L)) that
o-1 U)o oul) L u(y)
ép(y) ~ dp(z) —  dp(y)

Hence for any two positive functions v and v that satisfy the condition of Theorem
[[4, by taking the quotient of the last display for v and v, we deduce that

for every z,y € DN B(Q,r/2).

1.7 Cc~2 uy) < we) <C? u(y) for every z,y € DN B(Q,r/2),

7 o) =@ = ) (@172
which gives the usual form of the BHP. While (L) clearly no longer holds for
Lipschitz domains, we expect that (7)) is true for Lipschitz domains. (I

When a changes from 0 to M, A + a®A®/? changes continuously from A to
A+ M~ A%/2. So Theorem [[4] says that the BHP holds uniformly for the family
{A +a®A%% a € [0, M]} of pseudo-differential operators in the sense that the
constant C' in (@) can be chosen to be independent of a € [0, M]. Note that a =0
corresponds to the classical case of the BHP for the Laplacian. In the rest of the
paper we will therefore assume that a € (0, M].

As far as we know, this is the first time that a BHP has been established for
non-local integro-differential operators that have second order differential operator
components in dimension two and higher. Unlike (IT]) and the paragraph following
it, in this paper we are only concerned with the above BHP for C''! open sets.
The main focus and goal of this paper is to get the explicit decay rate of harmonic
functions near the boundary of D as in (LO) and to show that the BHP is uniform
in a € [0, M]. We emphasize that (L8] is not true in Lipschitz domains even in
the classical case of the BHP for the Laplacian. However, a uniform Carleson type
estimate is shown to hold for Lipschitz open sets in Theorem 3l The BHP of
the above type is very useful in studying other fine properties of the process. For
example, it has been used in [I8] to derive sharp two-sided Green function estimates
of X% in CY! open sets. Very recently, it has been used in [I7] to obtain sharp
two-sided heat kernel estimates for X in C™! open sets.

For a > 0, X% and X := X! are in fact related by a scaling. More precisely,
for a € (0, M], X* has the same distribution as AX,-2;, where A = a®/(@=2) >
Me/(@=2) = Consequently, if u is harmonic in an open set U with respect to X,
then v(z) := u(A\r) is harmonic in A™1U with respect to X. Hence the uniform
Harnack inequality of Proposition [[.3] follows from the Harnack inequality for X.
The latter is known; see Theorem 6.7 of [2I] or Theorem 4.5 of [39]. However,
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the uniform BHP of Theorem [[L4] cannot be obtained by such a scaling argument
from the BHP of X. This is because for a C'*! open set D with the characteristics
(R,A), \71D is, in general, a Cb'! open set with C1! characteristics (R/\, AA),
which tends to (0,00) as A — oo.

For each fixed ag € (0,2), when a changes from o to 2, the operator A+a®A®/?
evolves continuously from A 4a®° A%/ to (14+a?)A. So in view of Theorem [[4] it
is reasonable to expect that one can get the BHP for A +a®A®/2 uniformly both in
a € (0, M] and in « € [ag, 2). We believe this is the case and that it can be achieved
by carefully keeping track of all the comparison constants in the arguments of this
paper. However, in order to keep our exposition as transparent as possible, we are
content with establishing the result stated in Theorem [[.4] and leave the details of
the proof for the last claim to interested readers.

Our method of establishing the above BHP is different from those in [7, 41]
for symmetric stable processes and in [32] for more general subordinate Brownian
motions. The reason that the approaches in [7, 41l 32] do not work well in our
setting lies exactly in the fact that X© leaves open set D by jumping out across
the boundary 0D as well as by continuously exiting D through the boundary of
D. To circumvent this difficulty, in this paper we adopt the ideas from [§] for the
BHP of censored stable processes, which were further refined in [27]. That is, we
use suitably chosen subharmonic and superharmonic functions of the process X
(or, equivalently, of A + a®A/?) to derive some exit distribution estimates that
are needed to establish the BHP. However, had we done it in this way directly,
we would only get the BHP for A + a®A%/? with a € (1,2). The reason is that
when D = HY := {& = (21,...,24) € R?: 21 > 0}, we need to consider testing
functions wy(z) = (z1 vV 0)P for p > 1. But for w, to be A®/2-differentiable in H%
(see (I3)), one requires p < «, which would be impossible when « € (0,1]. To
overcome this difficulty, for each A > 0 we consider the finite range (or truncated)
symmetric a-stable process Y2 obtained from Y by suppressing all its jumps of size
larger than A. The infinitesimal generator of Y is

(1.8)  A%2u(z) :=lim
’ el0 {yeR®: e<|y—z|<A}

When A = 1, we will simply denote ﬁj/f by 33/ ?. Then wp is ﬁj/ %_differentiable
in Hi for every p > 0. Observe that X :=X4+aYVisa Lévy process obtained
from X* = X% + aY by suppressing all its jumps of size larger than 1 and that

— u(x A(d, )
(uly) = )

the infinitesimal generator of Xois A+ aaﬁj/ ’. From this, we can obtain suitable
exit distribution estimates for the Lévy process X¢. The desired estimates for X®
can then be obtained from that for X@ by adding back those jumps of X* of size
larger than 1. Such an idea has already been used in [22] to study Schramm-Léwner
evolutions driven by one-dimensional symmetric stable processes. We remark that
the BHP in Theorem [[4] for the case of @ = 1 has also been mentioned in Remark
5.2 of Guan [27]. However, no precise statement (such as the range of «) or a proof
is given in that paper.

Remark 1.6. We point out here that even though the form of the BHP in Theorem
[[4 of this paper resembles the one for A, it is unlikely that it can be proved
through a general perturbation technique by viewing A + A%/2 as a perturbation
of A. Indeed, if such a general perturbation technique worked, it is reasonable to
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expect that it would have also worked for A + ﬁg‘/ 2, which can be viewed as a
smaller perturbation of A. But, by modifying the counter-example in Section 6
of [30], one can show that there is a rich class of non-negative harmonic functions

of A+ ﬁg/ ? for which the conclusion of Theorem [[4] does not hold for a general
non-convex but smooth open set D.

The rest of the paper is organized as follows. In Section 2, we derive estimates
on 33/ pr. These estimates are then used in Section 3 to obtain exit distribution
(or harmonic measure) estimates for the finite range process X% and then for the
desired process X“. In Section 4, we first give the proof of Proposition [[.3] and then
establish a Carleson estimate for non-negative harmonic functions of A+a®A®/2 in
Lipschitz open sets. Then using these results, the proof of Theorem [[4lis presented.

Throughout this paper, we use the capital letters C1,Cy, ... to denote constants
in the statement of the results, and their labeling will be fixed. The lowercase
constants c1, ca,... will denote generic constants used in the proofs, whose exact
values are not important and can change from one appearance to another. The
labeling of the constants cq,co,... starts anew in every proof. The dependence
of the lowercase constants on the dimension d > 1 and « € (0,2) may not be
mentioned explicitly. The constant M > 0 will be fixed throughout this paper.
We will use “:=” to denote a definition, which is read as “is defined to be”. For
a,b € R, a Ab := min{a,b} and a Vb := max{a,b}. For every function f, let

T := fVv0. We will use 0 to denote a cemetery point and for every function f, we
extend its definition to d by setting f(9) = 0. We will use dx or mg4(dx) to denote
the Lebesgue measure in R?. For a Borel set A C R%, we also use |A| to denote its
Lebesgue measure and diam(A) to denote the diameter of the set A.

2. TRUNCATED FRACTIONAL LAPLACIAN ESTIMATES
FOR POWER FUNCTIONS

In this section, we give some estimates which will be used later. Recall that the
fractional Laplacian A®/2 and the truncated fractional Laplacian Ag/ 2= Ag_/f are

defined in (I3)) and (L8], respectively.

Lemma 2.1. For z € R? and p > 0, set w,(x) := (x1)P. Then there are constants
R. € (0,1), C; > Cy > 0 depending only on p, d and « such that for every x € RY
with x1 € (0, Ry]

(2.1) Ay Pwp@)| < C1 forp>a,

(2:2) Ay 2wy (@) < Cr[logzi|  forp=a,

(2.3) Cox™* < 33/21,0[,(33) < Crai™® fora/2 <p<a,
(2.4) —C; < ﬁg/pr(x) < —Cs forp=a/2,

and

(2.5) —Cha™ " < 33/2101,(96) < —Chal ™ for 0 <p< a2
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Proof. First note that using integration by parts and a change of variable, we get
that for p,z >0 and € € (0,1/(z + 1)),

1—¢ 2P _ 1—¢
(2.6) /0 ﬁdz :é/o (2P = 1d(1—2)"¢

1 1—e P 1—e
*a(zp—l)(l—z)fo‘ . _5/0 P71 - 2) "%z
— )P — 1-e  ,p-1
(I-egP-1 1 B/ z s
e a oy Q-2
and
x+1 x+1
= 2P -1 1 g
(2.7) / ———dz = —— / (2P = 1)d(z—1)"¢
1+ (Z - 1)a+1 QA Jiqe

1 z41 z+1

_ @ p ® 1 _
= —— P _ 1 — 1 « - P - 1 Old
GV ICE) 1+5+a/1+€ PNz 1)z
1
1 r—1 1 1 e+1
= dtepr-1 + —z%— —(z+ )PP + P / 27PN — 2)7%dz.
e « « o) =

For p > 0 and z € (0,1), by a change of variable

T . wy(y) — wy(z)
AL o) A wp () = 18%1 T Liecpy—aj<1y dy

z+1 .p_ .p 0 d
. Yy T Y
= lim = 1, d —xp/ S
€10 Jo |z — y|t T {ly=sol>e} &Y oot T =yt
z+1
T P __ ]_
= 2P7% lim i

0
— 1, dz — xP
el0 J, 2 — 1|ite {lz=1|>¢/2} GZ — X /

- p_ =
_ op—ary z 1 /T z 1  iyp—a_ .p
T </ G-ty Gopme®) e
So we have by 2.6)-2.7) that for p > 0 and = € (0, 1),

(28) A(f a) 3?/211]?(“")

(x—y)~ 'y
1

1—¢)P 1 P—2
— 2P im (1 + ( e +(1+e¢) ) — (2P — 2P) 4 2P
€l0 e

P p bl - zp_ld =1 4317—1 d
_ 1 —a o S SO
(x4 1) + px /111 a=2)e 2 /0 d—a0 Yy
1 a—p—1 _ _p—1 T p—1
z z 1z
— 227 — (z+ 1) + paP—© L TF g "
P — (z+1)P + pa (/,L a=2)° z /0 a—a0 z)

1 Za—p—l o Zp—l %H Zp—l
[
z (1-2) 0 (

Note that for p > «,

sup P«
z€(0,1]
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So when p > a,

(2.9) sup |ﬁ'11/2wp(x)| < 0.
z€(0,1)

When p = a, there exists an r, > 0 such that for 0 < x < r,

1 -1 _ ja—1 T a—1
/ ;dz—/ J—
2 (1—2)~ 0 (1—z)~

1 .
g/ mdz < (1 +r)%log((1 4 r4)/x).

(2.10)

x+1
It is easy to see that
1 -1 _ ja—1 =T a—1
(2.11) sup / %dz—/ Ziadz < 0.
welr, 1] |/ 22 (1-2) 0 (1-2)

On the other hand, when p € (0, a),

/1 Zafpfl _ prldz 3 /m prl i
@ (1—2)e 0 (1—z)«

xz+1

(2.12) sup
z€(0,1]

As

1 ja—p-1_ ,p-1 =41 -1 i
lim / ;dz_/ R I itp & (a/2,0),
2=0+ \ ) s (1—2)> o (=2 <0 if pe (0,a/2),

+1

while for p = /2,

1 a—-p—1 _ _p—1 ey p—1 ey a/2-1
[ [ T,
= (1-2) o (1-2) o (1—-2)

z+1

we conclude from (Z8)—(2ZI2) that there are constants r1 € (0,1) and ¢ > ¢z >0
depending on p and « so that when p = «,

(2.13) |3(1"/2wp(x) < ¢y llogz| for z € (0,r1] and sup |3?/2wp(x)| < 00,

z€(ry,1)

when p = a/2,

(2.14) —c1 < AT/pr(a:) < —cg forz e (0,71] and  sup |3‘f/2wp(:1c)| < o0,
z€(ry,l)

when p € (a/2,a),

(2.15)

coxP™™ <A'11/2wp(x) <c aP™® forx € (0,71] and  sup |A‘f‘/2wp(:1c)| < o0,

x€(ry,1)

and for p € (0, /2),

(2.16)

—cpaP™e <3‘f/2wp(:1c) <—coxP™® for z € (0,r1] and  sup |A?/2wp(x)\ < 0.

x€(ry,1)
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On the other hand, for = > 1,

A?/Q p(z) =A(1, o) hm/ |1+£ )1{1 y|>e) Ay
x4+1

= oy —1
pP—
=A(l,0)x lslfol L =1

Liy-1]>c dy
1l—¢ D z+1 p
D Y 1 w y 1
=A(1,a) 2P~ lim / ———d —|—/ - d
e 6¢°< o G-y G y)

o [T AP+ (1 —u)r -2
=A(1,a) 2P / e du.

0

Note the above integrand

I+u)?P+(1—-—up-—2
u1+a

is of the order u!~® near zero. So for p > 0 and a € (0,2), there is a constant
cs = c3(p, ) > 0 so that

(2.17) |£‘f/2wp(x)| < czxP~? for x > 1.

With r; € (0,1) as in ZI3)—(ZI6]), the above inequality in fact holds for z > ry.
The estimates (Z9)—(2I6) prove the lemma in dimension d = 1. Now we consider
the case d > 2. For each fixed 2 € R%, we use the spherical coordinates

(Y1,---,Ya) == ax+(rcosby,rsinfy cosby,...,rsinby ---cosfy_q,rsinby ---sinfy_1),
where r > 0,0<6q,...,05_9 <mand 0 <6041 <27 Let

¢(§) = ¢(bh,...,04-2) = sin? 26, sin? 36y - - -sin .
Then for z € R? with z; > 0 we have

dy
lim (WP =)
10 {yeRd 1>|y—z|>e} ! ! | - |d+a

2 p
_ ((rcosby +x1)")P —af 4 4
= lslﬂ)l d01 / dfg—o ¢ dad 1 /6 rd+a r dr

27
=lim d91/ d92 / d9d 2 (b d9d 1 COSQl)

el0
« / (T + cos 01 ) (comslel )p

T1+a

dr

el0

2
+hm/ d91/ d92 / d@d 2 ¢ dgd 1 COSHl)
/2

« / -r-= cos@l) )p - (_cowslel )p
5

T.lJra

dr.
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By the change of variable r = t—x1/ cos 6, for § € [0,7/2) and r = —t—x1/cos by =
—t 4+ 21/ cos(m — 60) for 6 € (7w/2, 7], we get

dy

lim ()P = fﬁ))m

el0 {yeR®: 1>|y—zx|>c}

/2 27
=lim d91/ d92 / d9d 2 (]5 d9d 1 00891)

el0
v cos 61 (COS 01) dt
ey 1 |t—x1/cos01\1+@

cos 67

27
+ lim d61/ dfsy - - / dfy—o ¢ d9d 1 COS(?T—el))
el0 /2

dt

X/ R~ (t+) — (ot )’

pmn Jemw cos(r— B[

2m
:h\ILIOl/ d@l/ d92 / dgd 2 (b dgd 1 COSgl)
€

+
« / cos 91 t P _ (cowslel )I) dt
ey "1 |t—a?1/c0591\1+0‘

Cos 01

2m
—l—hm/ d@l/ dgg / d9d 2 (ZS dgd i COSgl)

1

« / co:. 91 t+ P (COS 91) dt
1+

|t — x1/ cosp|ite

cos 9

/2 T T 27
:/ d91 / d02 . / d@d,Q d)(@)d@d,l(cos 91)10
0 0 0 0

)P — (=Z )P
- hm/ o (C%GH)JF dt | .
el0 J{ter: 1>|t— |>e} |t — 21/ cos by |1

cos 91

Therefore we have

2w
Ag/pr(x):jE ) / del/ dfs - - / dba_s [ (0)db4r
pAC/2
X (cosf1)P A7 <c0591)

A(d,a) arccos(z1/7r1) ™ =N
= db 0 - Oq— 0)do,—
A(lya)/o 1/0dz /OddQ/O ¢(0)dba—1

X (cos@l)pﬁ?ﬂwp ( xl )

cos 01

A(d, a) /Tr/2 /Tr /Tr /27r .
do dfy - - dfg_ 0)dh,_
" A(lva) arccos(z1/r1) ' 0 ? 0 - 0 ¢( ) -t

X (cos@l)pﬁ?ﬂwp ( aal ) .

cos 01
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The conclusions (ZI)-(@3) now follow immediately from the above equality and
the estimates (Z9)—(ZI7T), where we use [2.I7)) to bound the second integral above
by cax3 /3 for some positive constant cy. O

Remark 2.2. A careful evaluation of (Z8)) in fact shows that lim,_,o+ 3?/2101,(:10) =
c # 0 when p > «. At first glance, this may look surprising, as in the Brownian
motion case (which corresponds to a = 2), Az? = p(p — 1)z?~ 2. The bound in

1) is due to the non-local nature of the operator AS/Q for a € (0,2). However a
more careful analysis of ([2.8) reveals that for p > 0,

A, (2) = (2 - ) (p—a)' =1)+pp—1)2P~*  forz € (0,r1)

as a1 2. It is not difficult to see that as o 1 2, 3?/2wp(x) converges to Awy,(z). O

Recall that for A > 0, the operator 83)/)\2 is defined by (L8). Note that
(2.18) AGRu(x) = A (A5 Pu(n ) (A L),
Thus, from Lemma 21l and [2I8)), we get the following corollary.

Corollary 2.3. For z € R? and p > 0, set wy(z) = (z)P. Then there are
constants R, € (0,1/2), C; > Cy > 0 depending only on p, d and a such that for
every A > 0 and x € R with z1 € (0, \R..),

(2.19) |337/>\2wp(:1c)| < CiAPTe forp>a,

(2.20) AgKwy(x)| < Cyllog(a/N)|  forp=a,

(2.21) Coxi™* < 337//\210[,(3:) < Crai™® fora/2 <p<a,
(2.22) —CyAT? < ﬁjpr(az) < —CoA™/? forp=a/2,
and

(2.23) —Cial™* < 337//\210,,(33) < —Coal ™ for 0 <p<a/2.

3. ESTIMATES ON HARMONIC MEASURES

Recall that for any open set U C RY, 78 = inf{t > 0: X ¢ U} is the first exit
time from U by X?.

Lemma 3.1. For every b € (0,00), there exist C3 = C3(M,b) > 0 and Cy =
Cy4(M,b) > 0 such that for every zo € R%, a € (0, M] and r € (0,],

(3.1) Cyr® < Eg, [Tg(mojr)} < Cyr?.
Proof. See Lemmas 2.2 and 2.3 in [38] or Lemmas 2.3 and 2.4 in [2]] for a proof. O

In the remainder of this section, we assume D is a C'! open set with charac-
teristics (R, A). Recall that we are always assuming that R < 1 and A > 1. For
notational convenience, throughout the rest of this section, we put

R Ry R

Ry = Ro(R,A) = —— and 1ro=r9(R,A) = = .

0=Ro(RA) = =3 0o =rolBA) = e T i A

Define
PQ(T) = w4 — g (T),
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where (z,z4) are the coordinates of z in C'Sg. Note that for every Q € 9D and
x € B(Q, R) N D we have
(3.2) (1+42) 712 po(a) < dp(a) < pola).
Recall that R, is the constant in Lemma 211
Lemma 3.2. Fiz Q € 0D and the coordinate system CSqg so that
B(Q,R)ND ={y = (Y, ya) € B(0, R) in CSq :ya > &(y)} -
Forp > «a/2, let
hp(y) == (p@(¥))" 1pnB(Q.Ry) (V)-

Then there exist C; = Ci(a,p, A, R) > 0, i = 5,6,7, independent of the choice of
the point Q € 0D such that

(i) in the case § < p < a, for all x € D such that pg(x) < 1o A R, and
|z] < ro, we have

(3.3) Cs (p ()P~ < A5 %hy(x) < Cs (po(x))” ™"

(ii) n the case p > a, for all x € D such that pg(x) < 7o A Ry and |Z| < 7o,
we have

(3.4) 1A%y ()] < Crs

(ili) in the case p = «, for all x € D such that pg(x) < ro A Ry and |Z| < 9,
we have

(3.5) |AS2h,,(2)] < Cy|log (po ()| .

Proof. In this proof our coordinate system is always C'Sg. Fix z = (Z,z4) € D such
that po(z) < ro A R, and |Z| < 19, and choose a point z¢ € 0D satisfying T = zg.
Denote by 7 (zo) the inward unit normal vector at zo for D and set ®(y) =
(y — zp, ﬁ)(:co» for y € RY. Then II := {y : ®(y) = 0} is the hyperplane tangent to
0D at the point zo. The function I'* : R4~! — R describing the plane II is given by
() = ¢ (F0) + Vo(Fo) (5 — o), and it holds that ( (7, T*(y)) — o, 7 (z0)) = 0.

We also let
A = {y T*(Y) < ya < ¢o(y) and |y — z| < 7‘0}
U{y :T*(Y) > ya > ¢o(¥) and |y — | < T‘()},
E = {yeD\A: [y—%| <rgand pg(y) <ro(2+A)}.

Note that, if |z —y| <19 and y € D,
PQ(Y) < lya — mal + |14 — (@) + 9@ (y) — ¢ (F)| < ro(2+A).
On the other hand if |y — Z| < 79 and pg(y) < ro(2 + A), then

4+ (2+ 3A)2

2 2
161+ A2 o < f.

lyI> = 1917 + lyal* < (2r0)* + (ro(2 + A) + | (@)])* <

Consequently, we have

(3.6) DNB(x,m0) C DN{y: [§—| <79 and pg(y) < ro(2+A)} € DNB(0, Ry).
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Let h(y) := he(y) == (ya — L*(§)) T for y € R Since Vg (Z) = VI*(Z), by the
mean value theorem and the C'*! condition on ¢q,

[7(y) = paW)| = (@) — T* @)
(37)  =leq®) — ¢a(@) — Veo(@) (§-7)| < Aly-2°, yek.
For y € RY, define 6, (y) := dist(y, 1) and Dp- = {y € R : y > I'*(y)}. Let
by = (1+ Voo (2)|?) and he p(y) = (h(y))? for p > a/2.

Note that 1 < b, < 1+ AZ and hy ,(x) = hp(z).
Recall that R, and C; > Cy > 0 are the constants in Lemma 211 Since h(y) =
b0, (y) on Drs«, by Lemma [ZT] it holds that for y € Dr« and 6, (y) < R,

(3.8)  CobB(8,(y)P~* < A hap(y) = bEAG? (6, (y))”
< C1B2(0,(y))P~" when /2 < p < «,

1/2

(3.9)
IAS 2k, L (y)] = BIAS2(6, ()P < CLBE < Cy(1+A2)P2  when p> o,

(3.10) A hyp(y)| =08IAT? (5, (1))P| < C18|1og(6, ()]

<O (1 + A2 [1og (6, (y)))] when p = a.
Note that b0, () = pgo(z). Applying (32) and (B8) to the point = gives that, for
a/2 <p<a
(3.11) Capa ()P~ < Cobpo ()"~ < Ay %h, ()

< Cibgpo ()P < Cr(1+ A2 po ()P,
Note that by (B.4)),
(3.12) AG (hy = ha ) (@)

el Jispy—aj>er T —yldte

|/ 1a) =late)
(>ly—a|>re} T —ylTe

hp(y) = Ty (y)]
| — y|dte

= A(d,«)

IN

A(d, «

+A(d, &) lim

0 Jhro>y—z|>e}

/ (hp(y) — h;ﬁ(y)) dy’
{1>|y—x|>ro} |z — y

+A(d, ) /A W) R IC) TR /E ip(y) = By ()]

|z — y|dt |z — y|dte

dy

IN

A(d, @)

= L+ L+ 1s.
We claim that, if p > «/2, then
(3.13) L+1I+13<

for some constant ¢y = co(w, p, A, R). Together with B9)—(BI2) this will establish
the desired estimates [B3)-(BX) with constants depending on «, p, A and R.
Clearly I; is bounded by some positive constant.
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For y € A, we have

|haep (W) + (V)] < Jya = T @) + lya — ¢ @)°
< 2lpo(y) =T ()P
< 2(9Q(Y) — 9o(7) — Voo(2) - (v — )P
< 2AP|j — 7P

(3.14)

Furthermore, since, on {|g — Z| =7 < ro}, |¢q(¥) — T*(9)| < Aly — 2> = Ar?,

ma—1 ({y: 72| =7,.T*¥) < ya < ¢0 (@) or I*(§) > ya > ¢o(@)}) < err?

for some constant ¢; > 0 if 7 < ro. This together with (814]) yields that

o ha + |h
I, < A(d,a)/ / lA(y)‘ ,p£y2|~dL§(y)| mq—1(dy)dr
0 |7—%|=r y— 7
< 02/ r*d”p*amd,l({y €EA: |ly—z|=r})dr
0
)
< 0102/ 2Py < ¢
0

Note that, since E C DN B(0, Ry) by B6), we have h,(y) = (po(y))? for y € E.
Thus, we have that for y € £

(3.15)  |hap(y) — ho(W)] =I(R(¥))* — (po(1))?| < ca(h(y)) PV |A(y) — po(y)l,

where (p —1)_ := (p — 1) A 0. In the last inequality above, we have used the
inequalities

|bP — aP| < P~ — al fora,b>0, 0<p<1
and
[P —aP| < (p+1)|b—al for a,b € (0,1), p> 1.
For iy = (7, ya) € R?, we use an affine coordinate system z = (Z, z4) to represent it
so that zq = y¢—T*(¥) and Z are the coordinates in an orthogonal coordinate system
centered at xg for the (d — 1)-dimensional hyperplane II for the point (7,T*(¥)).
Denote such an affine transformation y — 2z by z = ¥(y). It is clear that there is a
constant c5 = c5(A, R) > 1 so that for every y € R?,
G- <Pl <esly—7,  lly -2 < [P(y) - V(z)| < esly — 2
and that

U(E)C{z=(Z,29) €R?: |Z] < csr9 and 0 < 24 < c570}-

Denote x4 — ['*(Z) by w; that is, ¥(z) = (0, w). Hence by 7) and 3I5) and ap-
plying the transform ¥, we have by using polar coordinates for z on the hyperplane

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



BOUNDARY HARNACK PRINCIPLE FOR A + A®/2 4185

(p 1) |~ =2 (p—1)— |72
I3 < cG/ (liy 7l dy§07/ Zd~—|z| dz
e |y—aldte w(m) |z —(0,w)[*re

C5T0 C5T0 d
2D / r )
< ¢ dr ) dzq
/ ( o (r+lza—w)tte
- /Cm o ([ )
N 0 0 (r+ |za — w|)
Cs5T0 1 1
o (b )
0 |za —w|*=t  (csro + |24 — w|)*
C570 1
< 010/ — dzq < c11 < 00,
0 Z(l p)t |2q — w]o—1

where all constants depend on «, p, A and R. The last inequality is due to the fact
that since p > 0,0 <a <2and (1 —p)* +a—1=max{a —p,a—1} <1, by the

—(1—p)t
dominated convergence theorem, ¢(w) := [;°" z; (1=p) |zq —w|'~%dzq is a strictly
positive continuous function in w € [0, ¢57¢] and hence is bounded. Thus we have

proved the claim (BI3]), hence completing the proof of the lemma. O

Since D is a Ct! open set with characteristics (R, A), for every A > 1, AD is
a Cb! open set with uniform characteristics (R, A). Thus, by the previous lemma
and (2I8), we get the following as a corollary.

Corollary 3.3. Fiz QQ € 9D and the coordinate system CSq so that

B(Q,R)ND = {y= (¥, ya) € B(O,R) in CSq :ya > ¢(y)}.
Let
ho(y) = (pQ(1))" 1pnB(Q,Ry) (¥)-
Then there exist C; = Ci(a,p, A, R) > 0, i = 5,6,7, independent of the choice of
the point Q € 0D and A > 1 such that

(i) in the case § < p < a, for all x € D such that pg(x) < 1o A R, and
|| < ro, we have

(3.16) Cs (po(x))" ™" < AR hy(z) < Cs (p(x))"™";

(ii) in the case p > a, for all x € D such that pg(x) < 1o A Ry and |Z| < 7o,
we have

(3.17) ARy (2)] < CrAP™,

(ili) in the case p = «, for all x € D such that pg(x) < ro A Ry and |Z| < 1o,
we have

(3.18) A5y ()] < Cr llog (pg (@) /)] -

The following scaling property of X¢ will be used below. If (Xf’D,t > 0) is the
subprocess in D of the independent sum of a Brownian motion and a symmetric
a-stable process on R? with weight a, then ()\Xa DQt,t > 0) is the subprocess in AD
of the independent sum of a Brownian motion and a symmetric a-stable process on
R? with weight aA\(*=2)/®_ So for any A > 0, we have

(3.19) p2y" 7 (txy) = A (A2 A e, A Yy)  for t > 0 and 2,y € AD.
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By integrating the above equation with respect to t, we get
(3.20) ?\),‘3((172)/& (z,y) = \271G5 (A" ta, A7 ly) for x,y € AD,
where -
Gp(z,y) = / pp(t,z,y)dt

0
is the Green function of X® in D. It is well known that the Lévy measure of X!
has the intensity

THa,y) = 31 (je —yl) = A(d, @) |z —y|~ ().
Thus by a scaling argument, we get that the Lévy intensity of X is
T (x,y) = j*(Jz = y|) = a®A(d, @)z — y| 7T,

which gives the Lévy system (L4]) of X®.

By a A-truncated symmetric a-stable process in R? we mean a pure jump sym-
metric Lévy process Y = {Y} ¢t > 0,P,, z € R4} in RY with Lévy density
A(d, o)|z| 4=« 1{jz)<x}- Note that the Lévy exponent Y of Y, defined by

E, [eié‘(?f*f@)} = () for every z € R? and ¢ € RY,
is given by
(3.21) WN©) = Aldsa) |
{lyl<A}

Suppose that YMais a (\/a)-truncated symmetric a-stable process in R¢ which
is independent of the Brownian motion X°. For any a > 0, we define

)?ta’)‘ = X,?—l—az)‘/a, t > 0.
Note that from ([B.2I)) we can easily check that for any b > 0,
(3.22) P (bE) = b2 (€) for every £ € R%.
Thus for any a > 0 and &, 2 € R?,
E, {ez‘e()??‘*—)?g**)} = PR, [ez‘(a@m”“—?o”“)}

1 —cos(§-y)

[y|d+e dy.

— U+ (ad)) _ o= t(E1P+a 9 (8))

Therefore X %* has the same distribution as the Lévy process obtained from X* by
removing jumps of size larger than A. The above observation also gives us that the

infinitesimal generator of XX is A + ao‘ﬁj/l\z, and the Lévy intensity for XX s

Ja,)\(x7y) = aa'A(da Ot)|:E - y|7(d+o¢) 1{\w—y|</\} .
The Lévy intensity describes the jumps of the process XaA through a Lévy system:

for any non-negative measurable function f on R, x R? x R? with f(s,y,y) = 0

for all y € RY, any stopping time 7' (with respect to the filtration of X%*) and any
xz € R?,
(3.23)

E, |3 f(s, X2 XN | = E,
s<T

T
[ ([ e a2 @) ds] .

For our reader’s convenience, we summarize some notation below.
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Process Generator Lévy (jumping) kernel
Xx° A 0

Y Ao/ A(d, ) [2] 747

ay N a®A(d, a) [|z] 77~

v A A(d, @) [2]7 1y <ny
X=X+ ay A+aA%? 0 A(d, @) |z

XA = X0+ aVMe A+ aAGR a®A(d,a) 2] 1y <n
X = o1 A+aR57 0 A(d,0) |2~ Lypzia

For any open set U C RY, let 7% = inf{t > 0: X ¢ U} be the first exit time
from U by )A(av)‘, and denote by X oAU the subprocess of XX killed upon leaving
U. When A\ = 1, we simply write X for X! and 74 for 7’:5’1. The following scaling
property will be used in the next lemma: by [B:22]), we see that for every A\, a,b > 0
and &,z € RY,

E, [ O, ~X0M] = omtlePR, [oilabd) (V5,70

— ot bR A (ab) _ (€7 +a b T2y ()

Thus, if {X**” ¢ > 0} is the subprocess of {X**,¢ > 0} in D, then {b)A(l'fL)f;’tD,t >
~ (a—2)/a ~
0} is the subprocess of { X ’ A ¢ >0} in bD. In particular, if {X*7,t > 0}

is the subprocess of {X2, ¢ > 0} in D, then {AX®% ¢ > 0} is the subprocess of

A2
{)A(f)‘(aﬂ)/a’)‘,t >0} in AD. So for any A > 0, we have
(3.24)
~ax(@m2/e ) _y—doaliy—2, y—1_ y—1
Db (t,z,y) = A"Dy (At A 2, A y) for t > 0 and z,y € AD,

where ﬁg’)‘(t,x,y) is the transition density of X¢*»P. By integrating the above
equation with respect to t, we get
~ y(a—2)/a ~
(3.25) Gy AMa,y) = NTIGE (A, AT Yy) for z,y € AD,
where
A a A > ~ a,\
Gp(z,y) = / pp(t @, y)dt
0

is the Green function of X in D.

Recall that po(z) := x4 — ¢o(T) for every Q € D and =z € {y = (Y, ya) €
B(Q,R) : ya > ¢o(y)}. We define for 1,75 > 0

Dq(r1,m2) :=={y € D11 > pg(y) >0, [y| <ra}.

Lemma 3.4. There are positive constants o = 6o(R, M, A, «) € (0,719), Cs =
Cs(R, M, A ) and Cy = Co(R, M, A, &) such that for every a € (0,M], A > 1,
Q € 0D and x € Dgo(A" 00, \"1rg) with & =0,
(3.26) P, ()?Ea S DQ(Z/\l(So,)\l’I“Q)) > Cg/\(SD(J)),

7
Do(A—180, A~ 1rg)
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(3.27) P, ()?;a € D> < CoAdp ()
Do(A~18p,A71rg)

and

(328) ]Em |:7/:gQ()\7150,)\71’r‘0)1| S Cg)\_léD(.T)).

Proof. To derive the estimates in the lemma, it will be convenient to consider the
scaled process )\)?f,zt, which has the same distribution as X’“’\(ad)/a’)‘. The latter
has infinitesimal generator A + ao‘)\o‘”ﬁj’//\z.

Without loss of generality, we assume @ = 0 and let ¢ : R¥~! — R be the C'!-
function satisfying ¢(0) = 0, Vo (0) = (0,...,0), [Vollee < A, |Vo(§) — VH(Z)| <
Aly — Z] and let C'Sg be the corresponding coordinate system such that

B(Q,R)ND = {(y, ya) € B(O,R) in CSq : ya > ¢() }.
Note that, since D is a C1'! open set with characteristics (R, A), for every A > 1,
AD is a Cb! open set with the same characteristics (R, A). Let ¢ (7) :== ¢(A717) :
R%1 — R. Then ¢y satisfies ¢5(0) = 0,Vpxr(0) = (0,...,0), |[Vorlloo < A,
IVor(y) — V()| < Aly — z[ and
B(Q,R)NAD ={y € B(0,R) in CSq: ya > ¢x(y)} forall A>1.
We let p > 0 be such that p # o and 1 <p < (2 A (3 — «)), and define

oa(y) = ya— oY),

ha(y) = pa(¥)1B(0,Ro)naD(Y);
hap(®) = )P = (0a¥)” 1B0.Ro)ran (¥);
D\ ri,re) == {ye€AD: 0<pr(y) <riand |g| <ma}.

Since pa(y) < V14 A28 p(y) in view of (B2), we have 0 < hy < R < 1. It is easy
to see that D(X,ry,73) is contained in D N B(0, R/4) for every r1,r2 < ro. Note
that the (vector-valued) Lipschitz function V¢, is differentiable almost everywhere.
So for a.e. y € B(0,Ry) N AD,

(3.29) Ah(y) = A(ya — oa(H)) = —Ar(Y)

and

Ahyp(y) = Aya — ox(y))”
p(p— 1) (L+ [Vor@)*) (oa)" > = p (oa(y))? " Aga(Y)
plp— DA+ [Vor@I?) (ox@)P " = 2 (px ()" | Ao

Thus, since p € (1,2), we can choose a positive constant 61 = 61 (R, M, A, «) €
(0,70), independent of A, so that there is ¢; > 0 such that

(3.30) Ahyp(y) > ci(pa(y))P 2 >0  for a.e. y € D(\,01,70) -
We divide the rest of the proof into three steps.

Y

Step 1. Constructing suitable superharmonic and subharmonic functions with re-
spect to A—l—a"/\a_zAg’/f. Let 9 be a smooth positive function on R¢ with bounded

first and second order partial derivatives such that 1 (y) = 2P+ |g]?/rd for |y| < ro/4
and 2Pt < 4)(y) < 2PF2 for |y| > ro/2. Now we consider

u1 A (y) = ha(y) + hap(y)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



BOUNDARY HARNACK PRINCIPLE FOR A + A®/2 4189

and
uz A (y) = ha(y) +¥(y) — hap(y).

Observe that since 0 < hy <1 and p > 1, both u; » and ug \ are non-negative. By
Taylor’s expansion with remainder of order 2,

(3:31) | (& +a N 2RI w(y)| < |Av(y)|+Me

ﬁg’/f (y)‘ < co(a, M) < oo.
Note that the constant co above is independent of A. Moreover, since A > 1,
p > /2 and p # «, by BI0) and @BI1) there exist c3 = c3(R,A) > 0 and
02 = d2(R, A) € (0,0;] independent of A such that

337/>\2h)\,p(y) Z —03>\pia for Yy (S D(>\762,r0).

Thus by using ([B.30)), the fact that p < 2 and the inequality above, and by choosing
6o smaller if necessary, we get

(3.32) (A + a”‘)\(o‘_mﬁgf) hap(y) > cipa(y)P~2 = M@ ezA\P=)+(@=2)

_ c _
> cipA(y)P? — M%c3 > %PA(y)p ?

for a.e. y € D(), d2,70). Furthermore by BI06)-(BI8) and B329), there exist ¢4y =
cs(M) > 0 and d3 € (0,d2) independent of A > 1 such that for a.e. y € D(),d3,70)

(2R mat)
—a)T+(a— —a -
ca (1 + AT @72 5 ()70 g AT log(m(y)/k)l)

o) (e a _
< 04(1+>\(1 VT2 ) ()TN0 e 1+1{a:1}llogpx(y)\)~

(3.33)

IA

A

Thus by B31)-B33) and the fact that p < 2 A (3 — «), there exists d4 € (0,03)
independent of A > 1 such that

(3.34) (A& + a2 DALY uaa(v)
w c _
< ate (2 + [log pa(y)| + pa(y)* )AO) - %m(y)” <-1

for a.e. y € D(A,d4,70).
On the other hand, we have from BI7) and (BIJ),

(& +a A DAE) ha(y)
1A [loe — es M* (A= HO=2) L A" og X + A7 log pa(y)])

>
> —[|A¢]lw — csM*(L+e~ !+ [log pa(y)])

for a.e. y € D(A, d4,709). Combining the inequality above with ([8332), and choosing
04 smaller if necessary, we have for a.e. y € D(), d4,70),
(3.35)

_nva o c _
(8 +a™X@DRGR) w2 (0) >~ A0 es M2+ log pa(y) )+ 2 pr(9)" 2 > 0.
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Step 2. Translating super-/sub-harmonic functions into super-/sub-martingale

, Sare—2)/a . .
properties for X »A. For notational convenience, we let
~ ~ (a—2)/a ~a.\ ~ )\(a—2)/a A
XA = X A and TN =T .

We claim that the estimates (8:34) and [B35) imply that

(3.36) t— uo ()?a’)ia N ) is a bounded supermartingale,
’ AT (N 64.m0)
4:T0
~a,\
(337) Em |:TD()\,54,7“0):| é p)\(fﬂ),
and
(3.38) t— ug ()Z'a’)ia N ) is a bounded submartingale.
' tATDY(>\=54,'f'o)

Observe that if v is a bounded C?-function on R? with bounded second order
partial derivatives, then by Ito’s formula and the Lévy system (B.23)),

t
(3.39) MY = o(X{) = o(Xgh) - /0 (A + aaw—zmgﬁf) V(XN )ds

is a martingale (see the proof of Proposition 4.1 in [6] for the derivation of a similar
assertion). If the functions us » and uq  were C? with bounded second order partial

derivatives, then the claims 336), (B37) and [B38) would just follow from (339)
and the estimates ([3.34) and ([3.35). However they are not C? since D is C*! and
they are truncated on the outside of B(0, Ry) N AD. So we will use a mollifier. Let
g be a non-negative smooth function with compact support in R? whose value only
depends on |z| such that g(z) = 0 for || > 1 and [, g(x)dz = 1. For k > 1, define
gr(z) = 2Fdg(2%x). Set

ugi\)(z) = (gr ¥ uin)(2) == /

gr(Y)uia(z — y)dy, i=1,2.
R

As
(A + aa)\(o‘*mﬁg’/f) uz(k/\) = g * (A + ao‘)\(o‘ﬁ)ﬁjf,\z) Wi\ fori=1,2,
we have by (B34) and (3:35)) that
(A + ao‘)\(a_Q)ﬁg’/f) ugk; >0 and (A + ao‘)\(a‘_z)ﬁg’/f) uékz\ < -1

on Dy (X, 84,70) :={y: 64 —27% > pa(y) > 27" and |y] < ro —27F}.
Since ugk/\) ,i=1,2, are bounded smooth functions on R? with bounded first and

second order partial derivatives, it follows from ([B.39]) that

(k) [ yra,x ~a,\ . oL .
b ug ) Xt/\?g* o +iA TDr(Adarg) 15 @ positive supermartingale
k(X84,m0)
and
(k) (a2 : ;
tuy 3 (XD is a bounded submartingale.
’ t/\TDk(A»MWo)

. . . . k .
Since for ¢ = 1,2, u; » is bounded and continuous, ul(- A) converges uniformly to u; ».
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Thus
v a,A ~a,\ . s .
(3.40) &+ ug (Xm;g,}:(mmm) TEATD, (A 54,r0) 15 @ DOsItive supermartingale
and
t— ug ) ()N(a’i“ ) is a bounded submartingale.
EATD Y (M 64.70)

Since Dg (A, d4,70) increases to D (A, d4,70), we conclude that ([3:306]) and (33]) hold.
Moreover, for each fixed k¥ > 1 and ¢ > 0, we have from (B.40]) that

v a,A\ ~a,\
e [u“ (XM?B?(A,M,TD)) A TD’“(’\"S“’T“)] < uzalo).
Since ug x > 0, by first letting £ — oo and then ¢ — oo, we get E, [7';’();\ 54 To)] <

ug, A (). Since T = 0, ¢(z) = 0 and so ug x(x) < px(z). This proves B37]).

Step 3. Deriving the desired exit distribution estimates by utilizing the super-/sub-
martingale property. Since v > 2P*1 on |j] > ry and ¥ (z) = 0, we have by (B.36),

pa(x) > ug z ()

>, [uu (f(f;x );fcf;,x e(AD)\D(&oowO)]

TD(X,64,70) TD(X,64,70)
> (2P — 1) P, ()?_‘f;f\ € (AD) \D()\,oo,ro)) .
TD(X,84,70)

We also have from (338

pA(@) < pa() + pr(2)P = ur (@) < B, [u (X’i;,ﬂ )}

TD(X,84,70)
< 2P, (f(ﬁ;,ﬁ € /\D> .

7
D(X,84,70)

Combining the two displays above, we get

(3.41) P, ()?‘j;ﬁ € D(), oo,ro))

=a,
D(X,84,70)
TD(X64,70) TD(X.84.70)

=P, ()?f};,ﬁ € /\D) ~-P, ()?f};,ﬁ € (AD)\ D(\, o0, ro))

op+l _ 3

Zmﬂ/\@)~
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By B.23),
(3.42)

P, <X‘;§ € D(\, 00,70) \ D(X, 264, ro))
D()\ 54, 7‘0)
~a A

D(X,84,70) (a)\(a_2)/°‘)a.,4(d7 a)
=E, / / Za n l{l)}:,xny)\}dyds
0 D(X,00,70)\D(A,264,70) | Xs — y|dte

~a,\
TD(X,84.70) 2 =2 A(d

<E, /DA v / AL s
0 D(A,00,70)\D(A,284,r0) | X5 — y|dte

SCGA(daO‘)aaAaiz (/ |y|dady> E, {?Bé\,&;,m)}
D(A,00,70)\D(X,284,70)

<crA(d, @)a x> ( / Iyld“dy> Eo (7500 0m0)
D()\,254,T0)\D()\,354/2,7"0)

~a,\

TD(AS4,m0) aya—2 4 d,
/ 4:T0 / a,va)\—(af) 1{|Xa‘>\_y‘<)\}dyds
0 D(A264,70)\D(A,364/2,m0) | X7 — yldte o

=cg P, (Xila)\k S D(/\,254,’I”0) \D(>\7354/2,7‘0)) .

SC8 Ew

TD(X,64.m0)
Thus from B41)-(B-22)
(3.43) P, (Xfaﬁ € D()\,264,r0)> > copa(2).
TD(X,84,70)

Recall that 0 < hy, < 1. If |y| > 70/2, then ¥(y) > 2PT! and we have
uz A (y) = D) +ha(y) =hap(y) = P(y) —haply) =27 > 1 for y € B(0,70/2)°.
Furthermore, for y € B(0, Ry) such that d4 < px(y) < Ry,

uz A (y) = V() + ha(y) — hap(y) = pa(y) — pa(Y)* = cao0,

where ¢1p € (0,1) depends on §, and R. By using the last two observations, it holds
that ug x > c10 > 0 on (AD) \ D(\, d4,79). Therefore, by ([B36) we get

(3.44) pa(x) > ug a(x) > E, |:U27)\ <X~; N >} > cioP, <X~; \ € )\D> )
TD(X,64,70) TD(X,64,70)
Since the process {A(X? oy — X@),t > 0} under P, has the same distribution
(a=2)/a (ax— )/a
as {XM DA X VA > 0} under Py,, we have from (B3.43) that for

MRS DQ()\7154, /\717"0)

P, ( X% eD
m( i Q(AT1s4, 0" 1rg)

> ()?g € Do(2XA 7164, A1) \ DQ(A—154,A—1TO)>
(A—Lsg, 20— 1rg)
= < ~a>\ S D()\,2(54,7“0)\D()\,($4,7’0)>
TD(X,64,70)
> copa(Ax) > cridap(Ax) = c11Mdp(z),
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and, from (B.44)

P, ()?ga € D) = Py (f(ﬁ;i € AD)

Do(A~1s4,x71rg) TD(X,64,70)

cr2px(Az) < ci130ap(Ax) = c13A0p ().

IN

Finally by 23] and 331),
Bl = [y e
TDQ()\ 1647}\ 17"0) DQ(/\_154,)\—17‘0) DQ(A 1647)‘ 1""0)(‘% y) Y

_ d—2 Aa)\(a—2)/a7)\
= A / e Ghnbaro) (AT, Ay)dy
Do(A—164,A—110)

—2 Sax(@=2/a y
- / GDrbar) (AT, 2)d2
D()\,54,r0)

—2 ~a,A
= ATEx [TD()\7547T0)}

< )\72p)\()\$) < Cl4>\72(5)\D(>\.’E) = 014)\7151)(%).
This completes the proof by taking dy = d4, Cs = ¢11, and Cg = max{ci3,c14}. O

We now derive exit distribution estimates for the process X® from those for Xa
in Lemma 34 Recall that ro = Ro/(4(1 + A?%)).

Lemma 3.5. There are positive constants o = 6o(R, M, A, ) € (0,719), Cs =
Cs(R, M, A, ) and Cy9 = C1o(R, M, A, @) such that for every a € (0,M], A > 1,
Q € 0D and x € Dgo(A™ 00, \"trg) with & =0,

(3.45) P, (Xf_z € DQ(Q)\_léo,)\_lro)) > CsA\dp(z),
Dg(A 159, 20— 1rq)
(346) P, (.X;.la € D> < ClOA(sD (ZL’)
DQ(A*I(iO,)\*er)
and
(347) E(E [TBQ(X7150,)\71T0):| S Clo)\_léD(.’I}).

Proof. Without loss of generality, we assume @ = 0 and let ¢ : R 1 — R be
the C'M!-function satisfying ¢(0) = 0,V (0) = (0,...,0), [|[Vé|le < A, [Vé(7) —
Vo(Z)| < Aly — Z] and let C'Sg be the corresponding coordinate system such that
B(Q,R)ND ={(y, ya) € B(O,R) in CSqg : ya > ¢(¥)}.

Let 09, Cs and Cy be the constants from the statement of Lemma [B.4l Since

diam(Dg(A™'dg, A7) < 5, we have that
|z — y| 74 fjzmyl<1y = |2 — y|74 for all 2,y € Do (A~ 60, A" rp).
Let
j(x) = a’aA(dv a)|x|7(d+a)1{\w|21}-

Note that [,,j(z)dr < oo. Thus we can write X;' = X0 4 Z% where Z2 is a
compound Poisson process with the Lévy density j(x), independent of )A(ta Since
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the jump size of Z® is greater than or equal to 1 and diam(Dg(A~'d0, A"'rg)) < 3,
we see from (B28) that

Ex [mhoot0aire)] < Be [Far-1s0a-1r)| < CoA~"0p(2).

Moreover we have from ([B.20]) that

P, (Xga € DQ(Z)\_ldo,)\_lro)>

Dgo(A~150,x71rg)

=P, ()?ga S DQ(Q/\il(So, )\1T0)> > 08)\5D(I)

Do (A~150,A=1rg)
We recall the notation from the proof of the previous lemma:
pa(T) == ya — 9(A7'9),
D(\,r1,7r2) == {y € CSg :r1 > paly) >0, |y] < re},

Yar — )A(aw*—?)/”,,\ ~a,\ . ~ax@=D/a )

and TS =Ty
Let a(\) := aA(®=2)/® which is no larger than M. By (T4),

348) P (X2 € D)\ D20, 2m) )

TD(X,80.70)

_ EI /Tg((i\\),éo)m)/ a(/\(?\‘;‘fl(d,oz) dde
o (AD)\D(A,280,2r0) | Xg " — y|dte
—d— a(
crA(d, o) (a(N))” (/ ly|~¢ ad?J) E, [TD((/\),%,TO)}
(AD)\D(A,260,270)

c2A(d. @)(a(N)" ( / |y-d—ady> Ex [7p 0 s0ro))
D(X,280,70)\D(X,380/2,10)

L) N
/ D(X,80, 0)/ a()g\)A(d,oz) dyds
0 D(A,280,70)\D(A\,350/2,m0) | X5 — y|dte

— 3P, (X“igl € D(X,280,70) \ D(\, 350/2,7"0)> .

r
D(X,80,70)

IN

IN

IN

3K,

Thus by the above inequality and (344]), we have
(3.49)
a(A
P, (X N e /\D)

=
D(X,50,70)

- P, (Xagfg) € (AD) \ D(), 260, 27"0)) +P, (X"j;,ﬁ € D(, 25, 27"0))

=
TD(X,80,m0) D(X,50,70)

IN

e3P, (Xagﬁﬁ) € D(X, 250, 70) \ D(X, 360/2, r0)> +P, <5(f;,§ € )\D>

TD(X,50,7m0) TD(X,80.70)

= 3P, ()?ff;ﬁ € D(\, 280, 70) \ D(\, 360/2, r0)> +P, ()?ff;,& € AD)

TD(X.80.7m0) TD(X.80.m0)

IN

(3 + 1P, ()foif} € )\D) < capr().

TD(X,80,70)
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Since (AX Szt 2> 0) is the independent sum of a Brownian motion and a sym-
metric a-stable process on RY with weight a()\), we have from ([@3.49) that for

T e DQ()\_I(S(), )\_17“0),

P, (Xga € D) =Py, (X“(S?Q) € AD)
Do(A~150,2x71rg) TD(X.80.70)

capr(Az) < c50ap(Ax) = csAdp(x).

The proof is finished by taking C19 = max{Cy, c5}. O

IN

4. BOUNDARY HARNACK PRINCIPLE

In this section, we give the proof of the BHP for the independent sum of a
Brownian motion and a symmetric stable process. We first prove the Carleson
estimate for the independent sum of a Brownian motion and a symmetric stable
process on Lipschitz open sets.

We recall that an open set D in RY (when d > 2) is said to be a Lipschitz open
set if there exist a localization radius R; > 0 and a constant A; > 0 such that
for every @@ € 0D, there exist a Lipschitz function ¢ = ¢ : R¥~! — R satisfying
#(0) =0, |p(z) — ¢(y)| < Aq]x — y|, and an orthonormal coordinate system CSq:
y=(Y1,---,Yd-1,Yd) =: (Y, ya) with its origin at Q such that

B(Q, R1) N D ={y = (y,ya) € B(0, R1) in CSq : ya > ¢(y)}-

The pair (Ry,A;) is called the characteristics of the Lipschitz open set D. Note
that a Lipschitz open set can be unbounded and disconnected. For Lipschitz open
set D and every @ € 9D and x € B(Q, R;) N D, we define

pQ(x) =14 — $q(7),

where (Z,zq) are the coordinates of « in C'Sg.

We recall that X2 = XD + aY; is a Lévy process with characteristic expo-
nent ®(x) = |z|*> + a®|z|*. This process may be obtained by subordinating
a d-dimensional Brownian motion W = (W;, ¢ > 0) by an independent subor-
dinator T2 := t + a*T;, where T = (T}, t > 0) is an a/2-stable subordinator.
More precisely, the processes Xj' and Wrs have the same distribution. Note that
the Laplace exponent corresponding to T is equal to ¢*(\) = A + a®\/2. Let
M o(t) =300 o (—1)"t"/2 /T (1 +na/2). It follows by a straightforward integra-
tion that

< 20/(2—a) _ 1
/0 € lea/Q(a t) dt ¢a()\) )
which shows that the potential density u® of the subordinator T is given by
WO(t) = My p(a2/@=0)t)

Since, for any a > 0, ¢® is a complete Bernstein function, we know that u®(-) is a
completely monotone function. In particular, u®(-) is a decreasing function. Since
u®(t) = u' (a®*/=2)t), we know that a — u®(t) is a decreasing function. Therefore,
if 0 < a1 < ag, then u® () > u®2(t) for all t > 0. We will need this fact in the
proof of the next lemma.
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Lemma 4.1. Let D C R be a Lipschitz open set with the characteristics (Ry, Ay).
There exists a constant § = 6(Ry, A1, M) > 0 such that for all a € [0, M] and
Q € 0D, x € D with pg(x) < R1/2,

Py (X7 € D°) 26,
where T(x) := TBAB(2.200 () = inf{t >0: X ¢ DN B(z,2pg(x))}.
Proof. Clearly,
P, (Xg(,;) € DC)

v

P, (X;}(w) € DN B(x, 2pQ(a;))>
> P, (Xf(m) € 0D N Bz, 2pQ(:c))) .

Let D, := DN B(z,2pg(z)) and WP= be the subprocess of Brownian motion W
killed upon leaving D,. The process Z? defined by Zg := WP=(T2), where T3 is
an independent subordinator described in the paragraph before the statement of
the lemma, is called a subordinate killed Brownian motion in D,. We will use ( to
denote the lifetime of Z®. It is known from [40] that

P, (Xf(x) € 0D N B(x, 2pQ(l‘))) > P, (Z¢ €0DN B(x,2pq(x)))
= E, [ua(?pl,); Wz, €0DN Bz, ZpQ(x))} .

Here and below, 7y :=inf{t > 0: W, ¢ U} is the exit time of W from U. Denote
Cy :=0DnN B(xz,2pg(x)). Then

(4.1) E; [u*(7p,); Wap,, € Cil

Dy

E, [ua(;pm); W‘T'Dz € Cz,’IF:Dm < t]
u*(t)Py [Wr,, € Cy,7p, <t
u®

(t) (Pa:(W?L S Cm) - Pm(;Dz > t)) s

Do

AVAR\VARLY

where ¢ > 0 will be chosen later.
Since D is a Lipschitz open set with characteristics (Ry, A1), there exist n =
n(A, R1) > 0 and a cone

(4.2) C:= {y = (1, ya) ER 1 yy <0, (Y2 +-- 492 )2 < nlydl}

such that for every z € 0D, there is a cone C, with vertex z, isometric to C,
satisfying C, N B(Q, R1) C D°. Then by the scaling property of W and symmetry
considerations, we have

]PI(W;DZ S Cz) > Pm(W;B(I’QPQ(I)) S 83(x,2pQ(x)) mc(%,z}b@(i)))
> Py(Ws € 9B(0,2) N (C + (0, -1))),

TB(0,2)

which is strictly positive. Hence we can conclude that there exists ¢; = ¢1(D) > 0
such that
(43) Pm(WFDI € Cac) >cp.
Next,

~ E.[7 E:[TB(.2p0(x P _ R
(44)  P.(Fp, > 1) < ”[ZD“] < Eala( — ol (pQ(f)) <et,
for some constant ¢z > 0. By using (£3) and @) in [@1l), we obtain that

~ R?
E, [ua(Tpm); Wz, € C’x] > u’(t) (cl — 0271) .
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Now choose t = t(Ry, A1) > 0 large enough so that ¢; — caR?/t > ¢1/2. Then
E. [u(Tp,); Wsp, € Ca] > cru®(t)/2 > cru(t)/2 =: 6.
The lemma is thus proved. (I

Suppose that D is an open set and that U and V' are bounded open sets with
VCV CcUand DNV # (. If u vanishes continuously on D¢ N U, then by a finite
covering argument, it is easy to see that v is bounded in an open neighborhood of
opnvV.

Lemma 4.2. Let D be an open set and U and V' be bounded open sets with V' C
V C U and DNV # 0. Suppose u is a non-negative function in R?® that is harmonic
in DNU with respect to X and vanishes continuously on D°NU. Then u is reqular
harmonic in D NV with respect to X?, 1i.e.,

(4.5) u(z) =E,; {u(Xaam/)} forallze DNV.

™D

Proof. Forn > 1,let B,, ={y € DNV : dp(y) > 1/n}. Then for large n, B, is a
non-empty open subset of D NV whose closure is contained in D NU. Since u is
harmonic in D N U with respect to X¢, for € DNV and n large enough so that
x € B,,, we have that

u(z) =E, {u(X;_’%ﬂ)} =E, [U(ng )i B, < T,%mv} +E, {U(ng ) T, = Tgmv} .

n n

Hence
(4.6) ‘u(w) —E, [U(ngmv)} ‘
< E, [u(X‘T’Bn); 75, < T,%mv} +E,; [u(XﬁBmv); 75, < T,%mv} .
Since lim,, oo 73, = Ty almost surely under each P, the second term in (4.G)
converges to Ey[u(X7s ); A], where A := Np—1{78 < THAy}- Note that
Xl €0DbnNV on A.
DNV

T

Hence U(ng‘énv) =0on A, as u is assumed to vanish on DN U. Consequently
nll_)ngo E, [u(Xmev); T8, < Tpav| =0.

For the first term in (L.6), note that 0p (X7, ) <1/non{rf < 7pqy }. Therefore,
by the assumption that u vanishes continuously on D® N U, limy—o0 u(X7, ) = 0.
Moreover, since u vanishes continuously on (0D) N U, there is ng > 1 so that u is
bounded in D NV \ B,,. So by the bounded convergence theorem we have

nlgxgo E, [u(XfB"); T, <Tphav|=0.
This proves the lemma. O

Proof of Proposition [L3l We know from the parabolic Harnack inequality from
Theorem 6.7 of [21] that the Harnack inequality holds for the process X := X'
That is, there exists a constant ¢; = ¢; (a, M) >0 such that for any r € (0, M/ 2=)],
7o € R? and any function v > 0 harmonic in B(zg,r) with respect to X, we have

(4.7) v(z) < crv(y) for all z,y € B(xq, g)
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Now the proposition is an easy consequence of (7). In fact, note that for any a €
(0, M], X has the same distribution as AX 2, where A = a®/(®=2) > pfe/(a=2),
Consequently, if « is harmonic in B(zo,r) with respect to X* where r € (0,1],
then v(x) := u(\z) is harmonic in B(A~1xg, A"1r) with respect to X and A\~!r <
Me/2=2) So by (@)

u(Az) = v(z) < crv(y) = cru(Ay) for all z,y € B\ tzo, A1 /2).

That is,
u(x) < cru(y) for all z,y € B(xo,7/2). O

Theorem 4.3 (Carleson estimate). Let D C R? be a Lipschitz open set with the
characteristics (Ry, A1). Then there exists a positive constant A = A(a, Ay, Ry, M)
such that for a € (0, M], Q € 0D, 0 <r < Ry/2, and any non-negative function u
in R that is harmonic in DN B(Q,r) with respect to X and vanishes continuously
on D°N B(Q,r), we have

(4.8) u(z) < Au(zo) forz e DN B(Q,r/2),
where o € DN B(Q,r) with po(xo) = /2.

Proof. Fix a € (0, M]. Since D is Lipschitz and r < R1/2, by the uniform Harnack
principle in Proposition[[3 and a standard chain argument, it suffices to prove (4.8))
for x € DN B(Q,r/12) and Ty = @ Without loss of generality, we may assume
that u(zg) = 1. In this proof, the constants 4, 5,1 and ¢; are always independent
of r and a.

Choose 0 < v < a/(d + ) and let

By = DN B(z,2pq(x)), By = B(x,r' 7 po(x)7).
Further, set
By = B(wo,pq(%0)/3),  Bs = B(xo,2pq(w0)/3)
and
7o =1inf{t >0: X{* ¢ By}, 7o =inf{t > 0: X' ¢ Bo}.

By Lemma 1] there exists § = 6(Ry, A1, M) > 0 such that
(4.9) P, (X% € DY) >05, xcB(Qr/4).

By the uniform Harnack principle in Proposition [[L3] and a chain argument, there
exists 8 such that

(4.10) u(z) < (pQ(x)/r)fﬁu(xO) , x€DNB(Q,r/4).
In view of Lemma [£.2] u is regular harmonic in By with respect to X*. So

(4.11)
u(w) =By [u(X2); X2 € By| + By [u(X2); X2 ¢ By for x € B(Q,r/4).
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We first show that there exists > 0 such that
(4.12) E,[u(X2); X2 ¢ B1] <u(xg) if x € DN B(Q,r/12) with po(x) < nr.
Let 19 := 272(d+)/d_ Then for pg(z) < nor,

(@)D < 1/4  and  20(2) < ' 7pg(x)" — 2pq(a).

Thus if x € D N B(Q,r/12) with pg(x) < ner, then |z — y| < 2|z — y| for z € By,
y ¢ By. Thus we have by ([4) and Lemma 3]

(4.13)
]Ez [U(Xgo);Xgo ¢ Bl]

—Ad,a) [ G (z,2) / 0|z — 4~ u(y) dy dz
ly—z|>r1=7pg(x)Y
<290 A(d, o) / % (2, 2)dz / 0¥z — 4|~ u(y) dy
ly—z|>r1=7pg(x)V

<21 A(d, ) Ea[T5(0 290 (o) / 0|z — | u(y) dy

ly—z[>r1=7pq (z)7

<2 A(d, a)erpg (x)° </| a®|z —y| ™" u(y) dy
Y

—z|>r!=7pq ()7, ly—z0|>2pq(w0)/3

+ / a®lz —y| = “u(y) dy
ly—z0|<2pq (x0)/3

::CQpQ(x)z(Il + Ig) .

On the other hand, for z € By and y ¢ Bs, we have |z — y| < |z — zo| + |20 — y| <
pa(z0)/3 + |zo — y| < 2|zo — y|. We have again by ([4) and Lemma 3]

(4.14) u(zo) > Eqy [u(XE), X2 ¢ Bs]

> A(d, ) / G, (v0, 2) / 0|z — 4~ u(y) dy dz

Ba ly—zol>2pq (w0)/3

> 27470 A(d, a) / G, (w0, 2)dz / a0 -y~ uly) dy

Bs ly—z0|>2pq(z0)/3

> 27 A(d, a)es(pg(0) /3)? / a®leo — ™ uly) dy

ly—=z0|>2pq (z0)/3
— cuplan)® [ a® [0 =y uly) dy .
ly—z0[>2pq(z0)/3

Now suppose that |y — x| > r'=7pg(z)? and = € B(Q,r/4). Then

ly —zo| <y —z[+7r<|y—2|+77pq(x) |y —z| < 2r7pg(x) |y — z|.
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Therefore

(4.15) I, a®lz — y| " u(y) dy

/y—w>T1‘VPQ(w)”,Iy—wo>2PQ(wo)/3

/ (2 Y (pol@)/r)T) 4 a%ly — zo|~*u(y) dy
ly—z0|>2pq (x0)/3

IN

= 90t (pg(z)/r) V) / a®ly — ol uly) dy
ly—z0|>2pq (x0)/3

< 28 (pg(a)/r) Ve po (o) ~Pul)
= cs(po(a)/r) 1) po (o) ~Pulao)
where the last inequality is due to

If [y — ol < 2pq(w0)/3, then |y — x| > |zo — Q| — |z — Q| — [y — 0| > pq(0)/6.
This, together with the uniform Harnack principle in Proposition [[L3] implies that

Iy = / a®lz — y| =" u(y) dy
ly—x0|<2pq (x0)/3
@ <af @l — |~ u(zo) dy
ly=zo0l<2pq (20)/3
< CGU(xO)/ a®|lz — y|7d*°‘ dy = cra®po (o)™ “u(xo) .
ly—z|>pq(x0)/6

Combining (I3)-(@I8) we obtain

< cpq) (c5<pQ<x>/r>—W*a)pQ(xo)-%(xo) + ¢10% g (w0) " u(x) )
< csu(@o) (po(@)*(pa(@)/r) 7 po(wo) 2 + a*po (@) g a0) )
< cou(o) ((pala)/m)* 14+ 4 a®pg ) =) |

where in the last inequality we used the fact that pg(zo) = 7/2. Now choose
n € (0,m9) so that
co (772—7(654‘@) +772Ma) <1.
Then for x € DN B(Q,r/12) with pg(x) < nr, we have by (@I7)
B, [u(Xe) X2 ¢ B1] < coulao) (17744 + 2o o)

Cy (nz_"’(d'm) + n2MO‘) u(zo) < u(xp) .

We now prove the Carleson estimate [.8) for x € DNB(Q,r/12) by a method of
contradiction. Recall that u(z¢) = 1. Suppose that there exists 1 € DNB(z,7/12)
such that u(z) > K > 77V (1+67!), where K is a constant to be specified later.
By ([@I0) and the assumption u(x1) > K > n~?, we have (pg(z1)/r)™" > u(w1) >
K >n~", and hence po(z1) < nr. Let By, By and 79 now be defined with respect
to the point x; instead of x. Then by (@I1), @I2) and K > 1+ 61,

K <u(21) <Eq, [w(X3); X2 € Bi| +1,

IN

and hence

Ea, [u(X2); X2 € By] > u(w1) — 1> ——u(z1).

1+06
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In the last inequality of the display above we used the assumption that u(x;) >
K >146"1 If K > 28/7 then D°N B, C D°NB(Q,r). By using the assumption
that « = 0 on D°N B(Q, ), we get from (£9)

EII [u(Xgo)7 Xgo € Bl] = ]Eml [U(X$0)7'Xg(] € Bl N ‘D]
< P.(X;, €D)supu < (1—9)supu.
B1 Bl
Therefore, supg, u > u(z1)/((1+ 6)(1 —0)), i.e., there exists a point x» € D such
that
|z1 — 22| <7 7 7po(21)Y  and  w(wg) > Lu(ajl) > ;K
- 1-462 —1-62

By induction, if z;, € DN B(Q,7/12) with u(zy) > K/(1 — §2)k~! for k > 2, then
there exists xp41 € D such that

(4.18)
ok — @il <71 7p(xr) and  w(@gn) > 75 ulwk) > a=or

From ([ZI0) and @IR) it follows that pg(zy)/r < (1 — §2)F-D/EK=1/8 for every
k > 1. Therefore,

o0
lzr —Q < a1 — Q|+Z|$a+1—%|<—+z
Jj=1 Jj=1

IN

—+r1 vz 52 G=D/B /By

e —/8 _ 52)i/B
- - +r VYK Z(l 6%)77
7=0
T 1
- K-8 -
et 1 (1—02)/B
Choose
K=nVv(1+6Y)vi128/7(1 - (1 - §2)/8)=8/,
Then K~7/# (1 — (1 —6%)"/#)~1 < 1/12, and hence x;, € D N B(Q,r/6) for every
k > 1. Since limg_, o u(zr) = +00, this contradicts the fact that u is bounded on

B(Q,r/2). This contradiction shows that u(z) < K for every x € D N B(Q,r/12).
This completes the proof of the theorem. O

Proof of Theorem [[L4l Since D is a C%! open set and r < R, by the uniform
Harnack principle in Proposition [[L3] and a standard chain argument, it suffices to
prove ([8) for x,y € DN B(Q,rro/8). In this proof, the constants n and ¢; are
always independent of r and a.

We recall that ro = 4(TRA?) and dg € (0,79) is the constant in the statement of
Lemma

For any r € (0, R] and x € DNB(Q,rro/8), let Q. be the point @, € D so that
|2— Q2| = dp(x) and let zo := Qu+ §(z — Qz)/|z — Qz|. We choose a C'!-function
¢ : R - R satisfying ¢(0) = Vo(0) = 0, [[Vé]lw < A, [Vo(y) — Vé(2)| <
Aly — z|, and an orthonormal coordinate system C'S with its origin at @, such that

B(Qa, R)ND ={y = (y,y4) € B(0,R) in CS : yq > ¢(y) }.
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In the coordinate system C'S we have T = 0 and 7o = (6, r/8). For any by, bs > 0,
we define

D(b1,b2) :=={y = (¥,y4) in CS: 0 < yq — d(y) < b1100/8, |y| < barro/8} .

It is easy to see that D(2,2) C DN B(Q,r/2). In fact, since ro < gy and &y < g,
for every z € D(2,2)

2= QI < 1Q-al+1o—Qul +1Qu — 2l < £+ £ +]2a=9()|+[6(3)] < T(1+60) < £

Thus if u is a non-negative function on R? that is harmonic in D N B(Q,r) with
respect to X and vanishes continuously in DN B(Q, r), then, by Lemma 2] v is
regular harmonic in DN B(Q, r/2) with respect to X*, hence also in D(2,2). Thus
by the uniform Harnack principle in Proposition [[.3], we have

(4.19)  wu(z)

E, [u(X8 )] 2B [u(Xs  )iXe €D

D TD(1,1

%

cru(zo) By (X;}B(M) e D(2, 1)) > cou(z0)dp (@) /-

In the last inequality above we have used (B3.45]).

Let w = (67 r79/16). Then it is easy to see that there exists a constant 1 =
n(A, r9,00) € (0,1) such that B(w,nrro/16) € D(1,1). By ([[4) and Lemma B}

ww) > Eg {u(Xfa ) X° ¢D(2,2)}

D(1,1) TH(1,1)

U
— A(d,a)aa/ G%(Ll)(w,z)/ %dydz

D(1,1) RI\D(2,2) |z —
u(y)

> c3a"Ey | TB(w nrr / ——dy
3 ("B warro/(16)] R\ D(2.2) | — Y|

> C4a°‘7"2/ L)d_i_ady.
R4\ D(2,2) lw — y|

Hence by 3.47),
E, [u (Xa ) X%, ¢ D(2,2)]

TH(1,1) TH(1,1)
u(y)
= A(d, a)aa/ G¢ x,z / ——2—dydz
D(1,1) by 2) Ri\D(2,2) |2 — y[TT™
u(y)
< ce5a®ErH / — L dy
7ha.0)] RI\D(2,2) W — Y|P
)
< c6a°‘5D(x)r/ u(y)d+ dy < % D(I)u(w).
RI\D(2,2) |W — Y|4 cqr

On the other hand, by the uniform Harnack principle (Proposition [[3)) and the
Carleson estimate (Theorem E.3]), we have

a . a a
E, [u (XTB(M)) P Xd € D(Z,Q)} < cru(ao)P, (XTB(M) € D(z,z))
< cgu(xg)dp(x)/r.
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In the last inequality above we have used ([84f). Combining the two inequalities
above, we get

(4.20) wz) = E, [u (X;z(

D(1,1)

+E, [u(xga );X“ ¢D(2,2)}

D(1,1) TH(1,1)

) X9, ¢ D(2,2)}

TH(1,1)

IN

Cg (SD (l‘) u(w)

cs
75D($)U($0) + =

= 5 (@) (ulwo) + u(w))

< % Sp(x)ulzo).

IA

In the last inequality above we have used the uniform Harnack principle (Proposi-

tion [L3]).
From (LI9)-#20), we have that for every x,y € DN B(Q, rro/8),

u(x) < 10 op(x)

u(y) = e op(y)

which proves the theorem. O
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