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B o u n d e r » U > r  r l ' « r m i  Hun in  th# F i n c h  

J o h n  Ki l l e e n ,  G o r d o n  G i b s o n .  a n d  S A ( g a t e

l 4 * r » m *  Ra d i a t i o n  L a b o r a t o r y ,  U n i v e r s i t y  of 

L i v t N M H ,  C t t i l s m i i

* I. INTRODUCTION

C o n t a i n m e n t  of p l a s m a s  m a y  be  a t  h i e v e d  by e i t h e r  v » « m i m  magnet i c  

ft a id s  o r  p i n c h  m a g n e t i c  f i e ld# Vat  u u m  magne t i c  l i r i d a  a r e  < r r a t a d  by 

e x t e r n a l  c o l l t .  w h e r e a t  in the p i n c h  d e v i c e  the p r i m a r y  t o r  r en t  ia inda* r d  

in t he  p l aa r n a .  a n d  W ithout thta no con ta i n ing  h e l d  n u l l  t h e

c u r r e n t  a n d  m a g n e t o  h e l d  s p a t i a l  d i a l n b u t i o n a  a r e  o l  i n t e r e a t  l l g t l  the 

d e g r e e  of s t a b i l i t y  ol the p inch p tilB W I I “ iuinn I f  deper  dec t M  lb* a b 4 r p  

R i l l  >1 the b o u n d e r  y

In t h i s  p a p e r  p r n . r s i e s  t hat  d e t e r m i n e  the pi m h c u r r e n t ' s  s pa t i a l  

d i s t r i b u t i o n  f o r  t i m e a  p r i o r  to t he  i m p l o s i o n  ol a d e u t e r i u m  p l a s m a  a r e  r *  

a r m n e d .  A o n e - d i m e  natunal  p r o b l e m  i s  t r e a t e d  w h e r e  t h e r e  is  an e x t e r n  ft 

a pp l i e d  s t a b i l i s i n g  m a g n e t i c  f i e ld  In t h e  d i r e c t i o n  ol t he  e l e c t r i c  f i e ld  whi ch  

i m m o h i l t t e s  t he  < h a r g e d  p a r h e t e a  i n  t h e  p l a s m a  It i» a s a u m e d  tfegl HtfV 

f i e ld  is of s u c h  a m a g n i t u d e  aa  to m a k e  t h e  hea t  a n d  c h a r g e d  p a r t i ,  le d ilf tl  

•  ton  t e r m s  a c r o s s  t h e  f i e l d  n e g l i g i b l e .  In this  m a n n e r , wal i  r l ( r .  | g  a r e  

a l s o  c o n v e n i e n t l y  e l i m i n a t e d .  F u r t h e r ,  the s t r e n g t h  uf  t h e  se l f  o r  p inch i ng  

magnet :* f i e l d  ( c o m p o n e n t  of t h e  m a g n e t i c  f i e ld  n o r m a l  t o  t h e  e l e c t r i c  f i r i d i  

.» * o n s t d e r e d  to  be  s m a l l  r e l a t i v e  t o  t he  s t a b i l i s i n g  m a g n e t i c  f id Id  OVd r t hr  

m t e r v a i  of  t i m e  f o r  whi< h the r e s u l t s  a r e  s igmf ic  ant  Hp h . r , m a n  ti 

of the  p l a s m a  i s  i g n o r e d .  Aa a r e s u l t  ol t h r u  a s  i• i m p t i o n s  , the l t | | | ) t i t l n |  

f i e ld  does  not  a p p e a r  e xp l i c i t l y  in t h e  c ale u l a t i on .  T h e  v a l i d i t y  of t h r e e  

a s s u m p t i o n s  i s  e x a m i n e d  tn the d i s c u s s i o n  of t he  r e s u l t s .
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The  p l a s m a  # ^ a ' t Wyld And W i t i u n  I f f  j e n e r *  L i e d  to i i « M

epa t tAi  d e p e n d e n c e . T h a  d i f f e r e n t  p a r t i c l e *  Are  t r e a t e d  a t  h a v i n g  to* at 

M l n v t l U l t  d i e t r i h . .♦••*»■*•, i e . t e m p e r a t u r e s  a r e  llllfMd T h is  »a a 

i i n i ' i u o n  on t h i s  w o r k ,  a i m  e f<»r the p a r t . *  t* d e n s i t i e s  a n d  e l e c t  rt< h e l d  

a t r e n g t h e  u t i l i s e d  tn  p i n c h  wor k  a o m e  e l e c t r o n *  s h o u l d  t e n d  ( 9  1 » ttfi*AW*f 

H o w e v e r ,  a h o u l d  f h i a  r i l e* t r e m i t  o n l y  in  a r e d  ». t urn of  t he  •(!« <  t u r  r e s i s t  - 

a n t e ,  t h a n  wi t h i n  t h e  f r a m e w o r k  of  t h i a  c a l c u l a t i o n  the a k i n  d e p t h s  ahou l d  

b a  a m a l l e r  t h a n  t h o a e  < a l c u l a t e d .  In a d d i t i o n  to  t h*  ale* i r o n  a n d  ion tern* 

p e r a t u r e s ,  t h a  v a n a b l a a  of  t h a  p r o b l e m  a r e  t he  p#P€A A t#g* •>< 1 M d r a t i o n ,  

t h e  r a a i a t i v i t y  of  t h e  g a s ,  a n d  the t o r r e n t  d e n s i t y .  S i m  e  t h e  c u r r a n t  and  

r e s i s t i v i t y  a r e  i n t e r d e p e n d a n t ,  t he  p l a s m a  a q u a t i o n *  a r e  c o o p te d  to  t ha  

f i e l d  e q u a t i o n s

At  the b o u n d a r y  of  the p l a a r n a  t h e  e i e t t r u  f i e l d  i s  s e t  e q u a l  to  a « on* 

a t a n t a p p h e d e l e . t r i .  f i e l d  m i n u *  a a e t  f - i n d u c e d  c le« t r u  f i e l d  It i s a l s o

a s s u m e d  tha t  the  c u r r a n t  d en s i t  / and  i t s  d e r i v a t i v e  go to a e r o  at  U r g e  die* 

tan * p • f r o m  the p l a s m a  b o u n d a r y .  S o m e  p h y s u a l  s i tu a t i o n *  !<>r w h o h  t l m  

m od#! »a a p p l i c a b l e  a r e  d i s c u s s e d  a l o n g  wi th  the r e s u l t s

The p r o b l e m  c o n s i d e r e d  ( s e e  F i g .  1) la ona  d i m e n i t o n a l . i . e .  , the 

a l r c t r t c  f ie ld  £ ,  tha  m a g n e t i c  f ie ld  H ,  a n d  the c u r r e n t  d e n s i t y  j a r e  

func t ions  of y a n d  t .  T h a  x c o m p o n e n t  of the m agnet ic  f i e l d ,  H  I f  * t ) ,  is 

tha  s e l f  • m a g n e t i c  f i e l d  that  r e s u l t s  f r o m  the  c u r r a n t  d e n s i t y  j ^ y . D ,  the 

t  c o m p o n e n t  of t h e  m a g n e t i c  f i e l d ,  i s  the e x t e r n a l l y  Appl ied co n s ta n t

s t a b i l i s i n g  f i e l d .  T h e  f ie ld  e q u a t io n s  th e n  a r e

II. F I E LD  EQUATIONS

0 )

i
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~ir • r  J» * < y < *  .

Kt * V t  * • i  * * *

whe r*  •  | y , | |  i t  th« r e a i a t i v i t i f  of t h r  p l a sm a

o »  .

O U liP M tll liR I  Eq (>) w ith  r»«|>«it to y g»v«« ( l*t  j • ĵ  a nd  t| *

*E

Th r n  f r u m  Eq  ( I )

* d . .
~ W  * i y  , ’V '

I .
" T ' l f W

Now d t f l v r r n t lA t i ng  the  «Wv«  ys r i da

I JI * d . .
I T T  W *

U’.f t r  r r  r e l a t i n g  Eq .  (2) wi th r r a p r « t t o  t g t vaa

4» d.
• 2h

* r *7
* . i  i n  f i
'V <! :r

Ut i n g  then g t v r a

If * ~T  '*> «»

l or  i  < y < • ,  1 > 0.

Equa t i o n  (4)  »• t he  i K l f l R t t i l  e q ua t i o n  to be s o l v e d  (or  t h r  » u r r n  t d e n t i l  y 

j (y,  t ) .  It i t  a  nonhn«*»r e q u a t i o n  a i m *  q d e pend*  on  j t h r ough  t h r  p l a s m a  

e qua t i on* .

T h r  b ou n da r y  < ond i t i on*  t ha t  a r r  uaed  ( o r  E q  (4) a r e

and

) -  0 a i  y »* •  ,

E t  -  l> • q(*. t) j(.» . t  )

CM
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where E # t« a c onstant appl ied  elec trie f ield,

L is a constant inductance.

and i is (he total c u r r e n t ,  i s . ,

i • J  ) dy. (7)

Equation (6) may be rew ri t ten  as

c « ~ L X T  j  J ,lv * •

or e

E# -  L j* dy • q(a, l) j ( a . t )  .

Substi tuting Eq. (A)  into the above equation

l * r m  hZ
■* ....l^klf •

or

E.  * u f

where

0 i s  y

i m i

* ’ i r ^  * ,8>

then the boundary  condition b e co m e s

E ,  .  ^  | • (9)

As an Initial condition the res is t iv i ty  of the  ga* is  taken to .be un i fo rm ,  

1. ®.. q(y, W * The in it ia l  c u r r e n t  density m ay  then be taken as s e r o ,

o r  an in i t ia l  c u r re n t  density  m a y  be chosen which sa t i s f ie s  the conditions 

h  y «. g . .
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UO)

and  to be ( o n m i r n i  wi th  the  b ounda ry  c o n d i t i o n  Eq  ( I )  wr h«v r

j ( y , t )  it the  c a r r a n t  dei t t i t>  .

• # it an a v e r a g e  l i m i t a t i o n  p o t e n t i a l  (l<» ' *v),

it t h e  a v e r a g e  e ne rgy  e x p e n d e d  per  ion p a i r  ( ion  p l o t  »l*M

(IM tli

n ^ ( y , t )  •  t he  e l ec t - fun a n d  ion d e n s i t i e s ,

f l j y . t )  • kT^ ,  *hr •*l*, ‘ *ton t e n i p e  rat  if «■. and 

^ ( y . t )  • k T ,  the ion t e m p e r a t u r e

The left hand  a id e  of E q . (12) it the r a t e  of ohrrn* hea t ing  j . * i  ,i it 

vo lum e .  It la a s s u m e d  that this  ene rg y  g o e a  into the ion i sa t ion  of n e u t r a l s  

and  heat ing of the c h a r g e d  p a r t n  let . The ft rat te r m  on the r igh t  hand t ide  

of Eq (12) it the e n e r g y  expended on io n i s a t i o n .  It ttventltliy reyrcitRlI 

an  e n e r g y  d ra in  on the  elec t rons  Now th e  ion i sa t ion  of the d e u t e r i u m  

m o le c u le  may p r o c e e d  in va r io u s  ways and  in g en e ra l  it not a o n e - s t e p  

p r o c e s s .  H o w ever ,  th is  com plex ity  is a v o id e d  by t r e a t in g  t h r  4 h t t | f i t u n  

g a s  as  monatomic  with an a v e ra g e  i o n i s a t i o n  potentia l  «f . The  i r o t s

( I I )

111 P1.ASMA EQUATIONS

The en e rg y  Uaian* e equat ion is

I I I )

w h e r e  q ( y , t )  »• the  r e t i s t i w t *  of the p l a s m a ,

s e c t io n  for  ion i sa t ion  is taken  to be the s a m e  a t  (or  the i o n i s a t i o n  of (), .•
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E n e r g y  l o s s e s ,  l u i h  a s  i ne l a s t i c  c o l l i s i o n s  o! e l e c t r o n s  wi th n e u t r a l * ,  * r r  

inc l u d ed  in thr  | * i t g r  « F o r  • s a m p l e ,  if o n  t h e  a v e r a g e  * '  n <  i t a t i or .  . »!• 

l i i i o n t  o c c u r  (or  r a t  h t o n u a t i o n  c o l l i s i o n  wi t h  ( h r  s am e  ( l i n i p a t i u n  of  e n e r g y ,  

t h e n  t he  r a t e  o! t h i s  e n e r g y  l o s s  per  uni t  v o l um e  is t ' l j a n  / PO  Wr t h o o i t  

a •  l

Be c au s e  of t he  m o b i l i t y  of lh# e l e c t r o n s ,  t h e i r  U m p t r i l u r r  

m u c h  f a t t e r  u nd e r  t he  i n f l ue nc e  of the  elec t r u  f i e l d  t han d- > na f

e le« t m  f i r  Ms of t he  m ag n i t u d e  emp l o y e d  in  pinc h e s ,  t h f  • I tCl f tMU Will 

r a p i d l y  r e a c h  a k i ne t i c  t e m p e r a t u r e  c o r r e s p o n d i n g  to thr  i on i c  a t  ton pa t en-  

t i l l ,  B e c au s e  of t h e  m a a a  d i f f e r en t  e ,  t he  e l e c  i r o n s  give  up l i t t l e  e n r r g v  10 

t h e  n e u t r a l s  d u r i ng  t h e i r  l i f e t ime ,  i . e . ,  t h e  i o n i s a t i on  t im e  i t  l l o r t  as  

p a r e d  to  an  e n e r g y  • e x c h a n g e  t u n e .  It is f o r  t h i s  r e a s o n  that  t h e  c h a n g e  in 

t e m p e r a t u r e  of t he  n e u t r a l s  i t  not  ini ludei i  in E<q ( U )  At t he  c om p le t io n  

of i»>rnration the e l e c t r o n s  l o t e  e n e r g y  p r i m a r i l y  by  t r a n s f e r r i n g  it to the 

l o n e .  It  i t  a s s um e d  t ha t  the h r r m u t r a h l t l f t g  r a d i a t i o n  i t  n e g l i g i b l e  f o r  tl.»- 

e l e t  i r o n  t e m p e r a t u r e s  a t  h i eved  du r i ng  t h r  t im e  b e fo r e  the im p l o s i o n .  

C h a r g e - e a t  hang# e f f e c t s  s hou ld  a l s o  be  s m a l l  for  the t u n e s  of i n t e r e s t  at 

t h e  d e n s i t i e s  and  e n e r g i e s  of t h i s  p r o b l em .

The  r e t i e t i v i t y  of t h e  p a r t i a l l y  i o n i s e d  p l a sm a  is

n .  ----j  („ 4 „ ) .
n e

h m

e

w h e r e  rn i s  the  e l e c t r o n  m a s s ,  

e  is the  e l e c t r o n  c h a r g e ,

v( i s  t he  c o l l i s i o n  f r e qu e nc y  of elec t r o n t  wi th i ons ,  and  

i s  the co l l i  st  o n  f r e qu e n t  y of e l e c  t r o n s  wi th n e u t r a l s  .

E l e c t r o n  c o l l i s i on s  w i t h  n e u t r a l s  a r e  r e t a i n e d  m  the def in i t i on  of  s t fC t r lC l l  

r e s i s t i v i t y ,  s ini  e t he  c o l l i s i o n s  imp ed e  t h e  mo t i o n  of the e l e c t r o n s  in the 

d i r e c t i o n  of t he  e l e c t r i c  f i e l d .
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i r n r r u ?

»
*

a
KsjtSr'!'
H i

M l  4  Y b  ■ \
t  • . m a  « «

S?  “ " T T S  i n  £  —

< I  *Tv I

» b r r «  t h e  U i U > >  0 s H*' *<•.«> i f . l t  f a  f r » e • * t* .‘ii # »#«  t l '

I t  4 I

*f*4

v *
R

<n -  n \  «
» r  »

w h r r #  ». •  f a #  d c n i i U ,

a n d  <» * * r u » »  • • C t l » ( i  f o r  e i e <  t  r o n  t o i l i i u m *  w i t h  n « a l r « U

> t h  *
W e  t a k e  0  * \ * 1 0 C M '  f k r t f  t l l # l  111#. » • d * l m * d  « k » t*

, e n d  or« t h #  to r ;  <1 e n » i t >  ft  ,  O f  a  t h e  I f  M |M I r » , btt t  t t l  . < t i  •

•  t c «  I r o n  t c m p e t e t u r r  * ;  4  •}.«■ f r * «  I t  O ft o f  t o o i M I N M i

t r i  t r e a t e d  4 1  • U t l o m r y  t a r g e t *  ( t .  0  , M f t  < r m ( » « r « t t i f r  >.

T h #  l o m j t a t t o t i  e q u a t i o n  1*

l i t  '

- e r -  ■ n  f l i .  n  |  0  v ' ' .
iH 0  • e  » r

w h e r e  i t  t h e  i o n i * 4 t i <  ; r > •  • # <  t u n . ,  fel td t #  t h #  e .«  I f  f i o i t t y  

T h #  t u r i ig .4 t i . u t i  i r u n  » e « t t o n  i s  o b t a i n e d  h  ^ p u b t t l h i

m e n t a l  N l t t t t l

0  ̂ * 0 , |  <  * #  * ( k , f t  x  1 0 *  )  « r g «

•1 * 1 2 0  “  TH C^T * f  ‘

a • ! . ) * > -  0 . 0 4  YL .  4 « .« » • ^ 0  .
»

«i • O.Sh , « > 20 , ft 7»

wher« 0  ̂ 1 • e x pr e » » e d  in u m l i  of

‘‘S e e  L y m a n  S p t t z e r ,  J r . ,  P h y t U *  o f  F u l l y  l o m t » d  G a # e t  ( l r . t r r # »  >en< e  

I'  . M i a h e r f t ,  I t u  . N e w  Y o r k ,  19">6),  p . 8 4 .

B  g . . N Y  . M o t t  a n d  H . S .  W .  M a u r y ,  T h #  T h r r o r y  o f  A t o m i c  C o l t t n o n i  

( C l a r e n d o n  P r e * » ,  O x f o r d ,  1 9 4 9 ) ,  • • t e n d  e d i t i o n ,  p «!4‘>
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T h e  q u a n t i t y  ; i *  o b t a i n e d  b y  « v t r « | t n |  o v e r  a  M a x w e l l •  B o l t a m a n n  

d i e t  n t i . i t  i o n ,  T h e n

w h e r *  «  •  « £  .
•  e

T h e  e q u a t i o n  l i v i n g  t h e  r a t e  a t  w h u h  e n e r g y  11 t r a n s f e r r e d  f r o m  

e l e c  t r o n *  t o  i n n *  i t

U e )
l / M

\ / l  0

e  rt*~ir -j v t
e

m a x

n u n

( 1 9 )

w h e r e  M  » •  t h e  t o n  m a n

I V .  S U M M A R Y  A N D  M E T H O D  O F  S O L U T I O N

L e t  f  « n  / n  •  t v / n  ,  a n d  l e t  fl ,U  b e  r x p r e i e e d  i n  u n i t *  o f  « , t h r  
e  *  i  *  e l  o

i n d i c a t i o n  p o t e n t i a l .  L e t  i\ b e  i n  u n i t *  o f  •  4 * p / c ^ ,  t h e n  w e  t a n  i M m >  

m a r t a e  t h e  e q u a t i o n *  t o  b e  s o l v e d :

O y

( J O )

A feE #  •  n ( a , t )  j ( a , t )  -  a  ^

»y » a

< * o

”  •  A l ( 7 - ' ) fle , / 2 ’ A 3 9. ' 3 , / i
(Li)

5 - - - 2 - -(**• .  m ) U
A 1 , 2

♦ A j  - j  n j ( L  j )
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T T  ’ V

• A 4*(l -  f i « ,1/2 |o.« •  ̂ • -<) .» » f j ,

I  t \
♦ I ~  0 . 1 *  ♦ V . W  Ot  ♦ 0 .1  I •

4 10 8 ♦ 0 . 0 8  $ ) t
e

2 0 / 8

w h e r e  t h e  l o m t a n t i  a r e

A .  . I  A .
I T  n # t #

•  — " " 2

V
I

.  , *  - M l
a j  * I z r ) m  r v n u r ^

•  Z » /  n ,  1

l ( i t t n ) 1 ^  < - > / i  .
h S .  T  '' H —  n # .  In

m a x

m i n

m a x

m m

( 2 4 )

U M

A .  * -
6  q

T h e  s o l u t i o n s  o f  E q s .  ( 2 2 ) * ( 2 S )  w i t h  J  •  c o n s t a n t  i s  t h e  p r o b l e m  c o n  

■ i d e r e d  i n  t h e  p a p e r  o f  W y l d  a n d  W a t a o n .  '  T h e  r e s u l t i n g  a e t  o i  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n a  c a n  h e  s o l v e d  n u m e r i c a l l y  

U  w e  l e t  q  ■ c o n s t a n t ,  E q .  ( 2 0 )  b e c o m e s
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w i t h  b o u n d a r y  c o n d i t io n *

®j  . 1 1

v  •  a

J ( y , t )  -  0 « •  y  -  «
■ t

a n d  i n i t i a l  c o n d i t i o n

j ( v . 0 )  .

w h e r e

T h i *  p r o b le m  c a n  b *  s o lv e d  b y  u l i n g  th e  L a p la c e  t r a n s f o r m a t i o n  a n d  th e  

s o lu t io n  is

) < y .O  -  ^ l - 4  1 ^  i  (  
7 7  «  » J ,

• u

tTTT*  ‘ "  “ •  H A  " ]

■ r - j j r - s

T h e  a b o v e  s o lu t i o n  to  t h is  s p e c ia l  c a s e  c a n  b e  e v a lu a te d  in  t e r m s  o f  e r r o r  

f u n c t io n s  a n d  i s  q u i t e  u s e f u l  in  c h e c k in g  th e  r e s u l t s  in  th e  e a r l y  s ta g e s  o f 

th e  m o r e  g e n e r a l  c a lc u la t io n .  I n  o r d e r  to  s o lv e  th e  c o m p le t e  s y s te m  o f  

e q u a t io n s  ( 2 0 ) - < l 5 ) ,  w e  s o lv e  a s e t  o f  f i n i t e  d i f f e r e n c e  e q u a t io n s .  C o n s id e r  

th e  m e s h  ( F i g .  i), w h e r e  a •  tQ&y .  T h e  i m p l i c i t  d i f f e r e n c e  e q u a t io n  c o r 

r e s p o n d in g  t o  ( 2 0 )  is

2 ( ^ y )

A t

, n i l  . n  A t  /  n i l  . n 4 l  , n M  . n t l  n 4 l  . n 4 l

i .  - J ,   - - - - - - - r  h | , i  i nx  - * i i  J ,  * V t  J i - >

+ - = T ( i , u n  O v . "  > i - "
2 ( A y ) '

I 1

1 * 1 .  + >............... L  -  1 .
0

? f i P S p "
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T h e  b o u n d a r y  c o n d i t i o n  a t  y  •  a  b n o m e i

n * l
i
V 1

-  n. J ,

n  ♦ !

T h e  m a x i m u m  v a l u e  o f  y  i n  t h e  m a t h  i t  L A y .  In  o r d a r  t o  t r a a t  t h a  i m p o s e d  

c o n d i t i o n s  o n  j a t  y  ••  •  , i a  t a t  e q u a l  t o  a e r o ,  b u t  t h a  d i s t a n c e  L A y  

m u s t  b a  t a k a n  l a r g a  e n o u g h  t o  t h a t  t h a  a o l u t l o n  l a  n o t  a f f e c t e d  b y  t  h a n g e t  in 

t h a  c u t - o f f .  T h a  c u t - o f f  d i s t a n c e  i t  a  r e s u l t  o f  n u m e r i c a l  e x p e r i m e n t a t i o n  

a n d  d i f f e r s  w i t h  t h a  v a r i o u s  c a s e s  p r e s e n t e d .  T h e  m e t h o d  o f  s o l u t i o n  o f  t h e  

i m p l i c i t  d i f f e r e n c e  a q u a t i o n s  i s  g i v e n  b y  K i c h t m y e r . ^

T h a  E q e .  < 23 ) -< 2S > m u s t  b e  s o l v e d  a t  e a c h  v a l u e  of f  in  t h a  m a s h  

S i n c e  t h e y  d o  n o t  c o n t a i n  e p a t i a l  d e r i v a t i v e s ,  t h e y  c a n  be  c o n s i d e r e d  a s  

o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  a n d  s o l v e d  b y  a  s t a n d a r d  m e t h o d  f o t  e a c h  f .

V .  R E S U L T S  A N D  M O D E L S

It i s  k n o w n  t h a t  i n  a d d i t i o n  to  a n  e x t e r n a l l y  a p p l i e d  a  s u r r o u n d i n g  

c o n d u c t i n g  w a l l  e n h a n c e s  t h a  s t a b i l i t y  o f  a  p l a s m a  c o l u m n .  S u p p o s e  i n  F i g .  1
*  V

t h a t  t h a  p l a n e  a t  y  •  0  ( l  •  c o n d u c t o r .  If t h a  r e g i o n  0 < y * a  I f  PCt u p t e d  

b y  a  d i e l e c t r i c  a n d  a  p l a s m a  o c c u p i e s  t h e  r e g i o n  y > a ,  t h e n  a  c h a r g e  d e n s i t y  

i s  d e p o s i t e d  o n  t h e  s u r f a c e  o f  t h e  d i e l e c t r i c  w h i c h  n e u t r a l i s e s  t h e  p o l a r i s a 

t i o n  c h a r g e  d e n s i t y ,  a n d  t h e  e l e c t r i c  f i e l d  k l n e e  i n  t h e  p l a s m a  t h e n  d o  n o t  

t e r m i n a t e  o n  t h e  s u r f a c e  b u t  r u n  i n  t h e  s  d i r e c t i o n  a s  a s s u m e d  i n  t h e  m o d e l  

W e  c a n  d e r i v e  t h e  b o u n d a r y  c o n d i t i o n  a t  y  « a  u n d e r  t h e s e  c o n d i t i o n s .  

I n t e g r a t i n g  E q .  ( I )  w i t h  r e s p e c t  t o  y g i v e s

Ei(y,„_Eo .-i ». »,(..«)- i l $\(c.o<K •

K .  D .  R i c h t m y e r ,  D i f f e r e n c e  M e t h o d s  f o r  I n i t i a l - V a l u e  P r o b l e m s  

( I n t e r s c i e n c e  P u b l i s h e r s ,  N e w  Y o r k ,  1 9 5 7 ) ,  p .  101 .
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W e m u t t  h a v e  E ^ y . t )  «•* 0 t t  y «• «•, t o

E .  ' !  F  « , « • . » ) - i  I -  r  B . C y . O  d y .

I n t e g r a t i o n  o f  C q .  (2) g i v e *

H s (y .* > - H x (« , t>  •  -  £  j y J d . o  d ;  .

W e  m u t t  h a v e  H ^ ( y . t )  -  0 » i  y • •  • ,  i o  

HK(a , t )  ■ i !  y  J ( y , t )  d y  .

• t t  5 KiaMtf

H ( y . t )  •  ~  C  j ( C . t )  d t  .
J y

U s i n g  E q t .  ( 2 7 )  e n d  ( 2 8 )  i n  (26)  w e  h a v e  

E 0 ■ *gf* J  J ( t . t )  d £  ♦ ^  ^  ^  J i t * * )  <K

( 2 6 )

H e n c e

U 8)

I n t e g r a t i n g  t h e  s e c o n d  t e r m  b y  p a r t s  w e  h a v e

E o ■ ^  F  [ *  i* |  J ( l . t )  d t  ♦ j* y M y . O d y j

E o •  £  v If d r  • ( 2 9 )

N ow  u s i n g  E q .  (4) in  E q .  (29)  we have

*. • f  r ^  <»
J a  dy

g p p ie p e * C
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I n te g r a t in g  b y  p a r t i  w t  Hava

*• • [» v ] *  - [ '  ^  a>

W e h a v e  i i a u m t d  n ( y . t )  j ( y , t )  *• ® aa  v •  * .

a n d  i f  w e  a n u m i  y -  0 a a  y -  •  ;

th a n

e ,  * -5 ^ -

7  ■ a

is  th e  b o u n d a r y  c o n d i t io n  a t  y m . T h u  c o r r e s p o n d !  to  K q  (V ) , w h e re  a 

i i  n o w  ta k e n  t o  b e  th e  t h ic k n e e i  o f  a n  in e u U t in g  r e g io n  b e tw e e n  th e  c o n d u c t*  

in g  s h e l l  a n d  th e  p la s m a .  T h is  d is t a n c e  f ix e s  th e  in d u c  ta n c e  in  E q . (6 )  b y  

u s in g  £ q .  ( 8 ) .

F o r  a n  a  ■ I c m  w e  p r e s e n t  tw o  c a s e s  o f  i n t e r e s t .  T h e  f i r s t  c a e e  is  

f o r  an  a p p l ie d  e l e c t r i c  f i e l d  E # ■ 100  v / c m ,  a n d  th e  g a a  d e n s i t y  n # •  1 0  / a m  , 

T h is  c a s e  c o r r e s p o n d s  to  p in c h  d e v ic e s  a t  L i v e r m o r e  a n d  L o s  A la m o s .  In  

F ig .  4 t h e 'v a lu e s  o f  th e  p la s m a  a n d  f i e l d  v a r ia b le s  a t th e  p la a m a  b o u n d a r y  

a r e  p lo t te d  a s  a f u n c t io n  o f  t im e .  In  F ig .  *>, j ( y , t )  i s  p lo t t e d  a s  a fu n c t io n  

o f d is ta n c e  f r o m  th e  w a l l  f o r  s u c c e s s iv e  t im e s .  In  F ig .  6 th e  p la s m a  * a r l -  

a b le s  a r e  p lo t t e d  a s  a  fu n c t io n  o f  d is t a n c e  f r o m  th e  w a l l  a t  a  t im e  c o r r e 

s p o n d in g  to  c o m p le t io n  o f  io n is a t io n  a t  th e  p la s m a  b o u n d a r y .

T h e  s e c o n d  c a s e  f o r  a * l  c m  is  f o r  an  E # ■ 2 v / c m  a n d  n # « 10  / t i n  , 

T h is  c a s e  is  in te n d e d  to  c o r r e s p o n d  to  a la r g e  p in c h  d e v ic e  s u c h  as / .e ta  

a t H a r w e l l .  S i m i l a r  r e s u l t s  f o r  t h is  c a s e  a r e  p r e s e n te d  in  F ig s .  1 0 -1 2 .

A n o th e r  p h y s ic a l  s i t u a t io n  f o r  w h ic h  th e  m o d e l a p p l ie s  is  s h o w n  in  

F ig .  3 . C o n s id e r  a  t o r u s  w i th  a  n o n c o n d u c t in g  s h e l l ,  a n d  a s s u m e  th a t  th e  

m in o r  r a d iu a  r Q is  s m a l l  c o m p a r e d  to  th e  m a jo r  r a d iu s  R ,  a n d  th a t  th e  

c u r r e n t  s k in  d e p th  6 is  s m a l l  a a  c o m p a r e d  to  th e  m in o r  r a d iu s ;  i . e . , 

r j R  < <  1; 6 / r Q < <  1 .
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I n t e g r a t i n g  V  * M •  ~  J  o v e r  t h e  a r e a  e n c l o s e d  b y  t h e  c u r v e  AM*" D, 

w h i c h  l e  w i t h i n  t h e  c u r r e n t  l a y e r ,  g i v e e

^  H  • d»  « l !  J  * 2 « r J  d r

o r ,  u s i n g  t h e  a b o v e  a s s u m p t i o n ,

* * r. He ‘  T  2wr.  J c * J d r  •

S u p p o s e  t h e  f i e l d  in  t h e  s y m m e t r y  p l a n e  c o n t a i n i n g  t h e  t o r u s  ie  o b 

t a i n e d  b y  t r e a t i n g  t h e  t o r u e  a s  a  s i n g l e  c i r c u l a r  c u r r e n t  l o o p .  T h i s  f i e l d  

m a y  b e  a p p r o x i m a t e d  b y  t h e  a n a l y t i c  e x p r e s s i o n

T h e  t o t a l  f l u x  d u e  to  t h e  p l a s m a  c u r r e n t  t h a t  p a s s e s  t h r o u g h  th e  

s y m m e t r y  p l a n e  a n d  e n c l o s e d  b y  t h e  t o r u s  i s

4  ■ r )  d r  ,

a n d  u s i n g  t h e  a b o v e  e x p r e s s i o n  f o r  g i v e s

+ •  4 t p R  ^  ( t t ^ - o -  In a )  ,

w h e r e a ■ r
, / R

U s i n g  t h e  a n a l y t i c  e x p r e s s i o n  f o r  | L  g i v e s  a  t o t a l  e n c l o s e d  f l u x  t h a t  a g r e e s  

t o  w i t h i n  o f  t h e  n u m e r i c a l  r e s u l t .  N o w  i n  t h e  c e n t e r  o f  t h e  t o r u s ,  i . e . , 

a t  r  ■ R ,  a s s u m e  t h a t  t h e r e  i e  a  c h a n g i n g  e x i e r n a l l y  a p p l i e d  m a g n e t i c  f i e l d  

t h a t  g i v e s  a  c o n s t a n t  e l e c t r i c  f i e l d  E # a t  t h e  p l a s m a .

E
1 1 a * .

o c TtPT 6t

H e n c e  t h e  e l e c t r i c  f i e l d  a t  t h e  b o u n d a r y  o f  t h e  p l a s m a  ia

i l  . . di
— (o  — Q — In  a )  -gj- .E „  ■ E  

B  o
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I n  o a r  o n e - d i m e n s i o n e t  m o d e l  w e  h a v e  f r o m  K q s  ((b> a n d  ( 6 )

H  •  t  •

w h e r e  i ‘ > i / l  t r ^  l o r  t h e  t o r u s ,  t o

»  r f  « 4 ^ - o - l n  * .  ( ' 0 )

E q u a t i o n  <%0) e n a b l e s  u s  t o  c a W u l a t e  a n  e f f e c t i v e  v a l u e  o l  a  i n  o a r  o n e -  

d i m e n s i o n a l  m o d e l  ( o r  a  p a r t i c u l a r  t o r u s .

C o n s i d e r  a  e m a i l  l o r u e  w h e r e  r # » I  c m  a n d  r f / R  i s  a b o u t  g. t h e n  

a / r f  t e  a b o u t  l .  F o r  t h e  t a s e  a  ■ 1 0  c m ,  w e  p r e s e n t  a  < s e e  w i t h  E f  •  l O O v ^ i n  

a n d  n # « 1 0 c i n  F l g e .  * 7 - 9 .

N o w  c o n s i d e r  a  l a r g e  t o r u s  w h e r e  r f  •  9 0  i m  a n d  K •  1 6 0  t  m ,  t h e n  

a / r # i s  a b o u t  1. F o r  t h e  c a s e  a  • 5 0  c m ,  w e  p r e s e n t  a  t a e e  w i t h  K # * • .

a n d  n # * 10*  V c r *i*  i n  F i g s .  H - 1 5 .

T h r e e  a d d i t i o n a l  c a s e s  a r e  p r e s e n t e d  t o  s h o w  t h e  d e p e n d e n c e  o l  

b o u n d a r y * l a y e r  f o r m a t i o n  o n  d e n s i t y  1 o r  a  l a r g e  t o r u s .  W e  c o n s i d e r  a  d e 

v i c e  w i t h  E # •  I / c m  a n d  a  « 1 0  c m .  T h e  d e n s i t i e s  t a k e n  a r e  l 0 * V «  n i * ,  

1 0 * * / c m * ,  a n d  l O * V c m * -  T h e s e  r e s u l t s  a r e  p r e s e n t e d  i n  F i g s .  1 6 * 1 9 .

V I .  D I S C U S S I O N  O F  R E S U L T S

I n  o r d e r  t o  j u s t i f y  t h e  a s s u m p t i o n  t h a t  m a g n e t o h > d r o d y n a m i c  m o t i o n ,  

t h e r m a l  c o n d u c t i o n ,  a n d  p a r t i c l e  d i f f u s i o n  c a n  b e  n e g l e c t e d ,  t h e  s t r e n g t h  o f  

t h e  a x i a l  f i e l d ,  H j (  m u s t  b e  s t a t e d  f o r  e a c h  c a s e  c o n s i d e r e d .  I n  p r e e e n i  

e x p e r i m e n t s  H ^ / H w  i s  a p p r o x i m a t e l y  e q u a l  t o  2 0 0 < o n o , w h e r e  <9 i s  t h e  

i o n i s a t i o n  p o t e n t i a l  a n d  n # t h e  g a e  d e n s i t y .  T h e  v a l i d i t y  o f  t h e  a s s u m p t i o n s  

w i l l  b e  c o m p a r e d  o n  t h i s  b a s i s .

I n  T a b l e  I i s  s h o w n  t h e  v a l u e  o f  t h e  a p p l i e d  a p p r o p r i a t e  f o r  e a c h  

c a t e  a n d  t h e  r a t i o ,  o f  t h e  c o m p u t e d  s e l f - f i e l d  H ^ ,  a t  t h e  w a l l ,  a t
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I
T a b l e  I. C o m p a n i o n  ol  t h e  v a l u a i  o f  p U i m i  v a r i a b l e s  a t  t h e  b o u n d a r y  

a t  a  t i m e  w h e n  t h e  i o n i s a t i o n  i s  c o m p l e t e  a t  t h e  b o u n d a r y .

T i m e  

i n  Msec

u H x
* h  /  I y tC a s e

” 1
g a u s s

rr
s

E § * 10 0  vyi m  

n # ■ 10* 1 . 0 0 t o 4 0 .1 •  ft i . 0 * l 0 ‘ 4 i ‘> • 1 0 * '

a  ■ 10 c m

E # • 100  

n f * 1 0 1' 0 . 2 5 I 0 4 0 1 0  6 4 i ‘ l 0 ' S 7 0 * 1 0 ‘ 5

a  » l

E , . Z  

n # .  I 0 M 4 0 . 0 10* 0 .1 0 . 4 8 . 2 * 1 0 *  ' l 1 - 1 0 * 2

a «  SO R i l i i i s

n , «  1 0 1* 1 0 . 0 . 0 J l . l 1.5 2 . 2 X 1 0 * * 7 . 4 x 1 0 * '

| * |

a  t i m e  w h e n  i o n i s a t i o n  a t  t h e  w a l l  t s  e s s e n t i a l l y  c o m p l e t e ,  t o  t h e  c o n s t a n t  

f i e l d  H # . In  a d d i t i o n  t h e  r a t i o  o f  t h e  e n e r g y  d e n s i t y  o f  t h e  s e l f - f i e l d ,  H / i t t 

t o  t h e  e n e r g y  d e n s i t y  o f  t h e  p l a s m a ,  j  n ( f l i ♦ \  n ^ f l  ♦ ^ ? 1 c « o i s  l i s t e d  f o r  t h e  

s a m e  t i m e .  T h e s e  r a t i o s  a r e  c a l c u l a t e d  a t  t h e  p l a i m a  b o u n d a r y .

In  t h e  e n e r g y  b a l a n c e  e q u a t i o n ,  ( 1 2 ) ,  t h e  t h e r m a l  c o n d u c t i o n  t e r m ,

dq<I^hr ,  *• n e g l e c t e d ,  w h e r e

a —

,  n  $ 89
5 e  e  t  e

7  m  ~  2 2 by
l  4 q  T 1
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*■

In th is  express ion

w ■
me

In Table  I, dq^/fry I t  c o m p e r e d  to q}*, at the well It appear* that  the 

a s sum pt ion  is valid.

In the ionisation equat ion ,  ( lb), the p a r t u i e  diffusion t e r m ,  iq^/f ry ,  

is neg lec ted ,  where

T

:  7
♦ w f

bn
e

w

In Tab le  I, dq^/dy is  c o m p a r e d  to dn^/bt,  at  the  wait It a p p e a r s  that 

neg lec t ing  this t e rm  is a  reasonab le  a ssum pt ion .

We may examine the  n u m er ica l  re su l t s  p r e sen ted  to lea rn  the de • 

pendence  of boundary *tayer fo rmation on the p a r a m e t e r s  varied.  These  

p a r a m e t e r s  a re  E&, nQ, and the inductive t e r m ,  a.  The init ial va lues  of 

the dependent va r iab les  were  not var ied in these  case s  In the c a s e s  pre* 

sen ted  the initial values w e r e  j(y, 0) • 0. M y .O )  • 1 *v. ^ (y ,0 )  • 0, f * 0 01. 

The e ffec t  of changing th e s e  init ial  conditions h a s  a lso  bsen s tudied  n u m e r -  

Ica lly ,  but those r e s u l t s  a r e  not p resen ted  in th i s  paper .  If in s tead  of 

j(y,  0) * 0, we take an in i t ia l  d is tr ibution acc o rd in g  to Eq. (10), th* c u r r e n t  

d is t r ibu t ion  at la te r t im e s  becom es  e s se n t ia l ly  equivalent  to the c a s t  for 

J(y ,0 ) » 0. This p ro p e r ty  is  c h a r ac te r i s t i c  of th is  type of d if ferentia l  equa-  

tion. If ws vary  the in it ia l  ionisat ion,  the t im e  s ca le  for comple te  lo n is a -  

t ion is  changed acco rd ing ly ,  but the boundary- layer  format ion p roceed*  in

i .

the s a m e  manner .
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In the f i r s t  Jtwo m a t e  fEf • 100 v /cm ,  nf ■ I0*%m*) and th« second 

two c a e s s  (E^ • 2, n# « 10* ' ) ,  the affect of changing (he inductive t e r m ,  a, 

ie s tud isd  The affect  la quite  apparent — the e m a l l e r  the value of a ,  the 

f a s t e r  and sharper  the shea th  formation.

In examining theee c a a e s  it ia in te res t ing  to note the behavior  of the 

r e s i s t i v i t y ,  q, as a funt t ion of elec tron t e m p e r a t u r e ,  in eome « a ae e ,  in 

the e a r l y  e tages  of the loniaation phase the r e s i s t i v i ty  inc reases  with n • 

c r e a s i n g  te m p e ra tu re .  This  can be unders tood by considering Eq. (22).

F o r  low Ionisation the e l e c t ro n - n e u t r a l  t e r m  dom ina tes .  In this e a r ly  high* 

r e s i s t i v e  phase  the t o r r e n t  layer  broadens cons ide rab ly .  L a te r ,  when the 

gae n e a r  the wall h e io m e e  m o r e  highly ion ised ,  the  re s is t iv i ty  d rops  and a 

s h a r p  shsa th  fo rm s .

On going from the s m a l l ,  fast pinches (E# « 100, n# a 10* S  to the 

c a s e s  with low tr  field end densi ty ,  the d i f ference*  in t ime and length sca les  

for b o u n d a r y  layer fo rm a t ion  become a p p a ren t .  F r o m  theee reeu l te  approx* 

im a te  ecaiing laws can bs obtained to predic t  the reeulte of new c a s e s  For 

de ta i led  information on c u r r e n t  and field d i s t r ib u t io n s ,  however ,  the  equa* 

t lons need to be solved fo r  new cases .

Ths  last th r se  c a s e s  (E q • 1, s * 10 cm )  have been studied to show

the dependence of p la sm a  format ion  on gae d e n s i ty .  The th ree  d ens i t ie s

. . I ) ,  3 3 IA15, 3
c o n e i d e r t d  a r e  nQ » 10 / c m  , n# ■ 10 / c m  , no « 10 / c m  . If we con

s id e r  the  ra tio  of field to p r e s s u r e .  E0 /p ,  w h e re  E0 is in v / c m  and p is 

in m m  of Hg. then theee  th re e  cases  give an E 0/ p  « 3000, 300, and 30, 

r e sp ec t iv e ly .  F ro m  e x p e r im en ta l  exper ience  we would not expect a sh a rp  

b o u n d a ry - la y e r  fo rmat ion  in  the last  case .  In the fi ret  case  (Eft/ p  * 3000) 

the t im e  for complete ion isa t ion  at  the wall i s  25 p sec ,  The c u r r e n t  density
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form* * • h a r p  t t j f t f .  In tha •«> ond M l t  ( I .  j» « IOO), IlM) nm #  lor  i t imp la ta

ium ta t ion  at the wall ia SO uat< Thai layar  hall* width ta about  tan t im aa  «ha

' i r rv iouc  i a i « ,  but  a boundary  l a y a r  h a i  for  mad  In tha t h i r d  * a t*  ♦ ompla t#

ionisa t ion  at  tha wall t aka i  ZtO u aa t  , but tha apat ia l  (H l f l l h s lU a i  of all tr.a 

- i - . ' *

p laama  v a n a b l a a  indicate that tha f am i l i a r  t h i n - 1  u r r a n t  ah aa th  ha t  riot

fo rmad .

Tha c ompu ta t i o n s  ware  p a r l o r  mad  on tha 1DM 704 at l . tvar  m o r r  Tha

p r o g r amm in g  w i t  dona by Mr. G a r r e t t  ! \oar  of tha Compu ta t i o n  Division
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E0 ■ !OOvolti/cm n0«IO,9/cm3 

o » I cm

| » CURRENT DENSITY, amp/cm2

0.5 1.0
y-a IN CENTIMETERS

F ig .  I« C u r r e n t  i l c m i l i e i  At s u c c e s s i v e  t i m e t .
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y - a  in c en t ime t e r !
Fig .  16. C u r r e n t  dens i t ies  a t  success ive  t im e s .
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Fig .  18. C u r r e n t  densi t ies  At s u c c e s s iv e  t imes.
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