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Boundary observers for a reaction-diffusion system
under time-delayed and sampled-data measurements

Anton Selivanov and Emilia Fridman, Senior Member, IEEE

Abstract—We construct finite-dimensional observers for a 1D
reaction-diffusion system with boundary measurements subject
to time-delays and data sampling. The system has a finite
number of unstable modes approximated by a Luenberger-type
observer. The remaining modes vanish exponentially. For a given
reaction coefficient, we show how many modes one should use to
achieve a desired rate of convergence. The finite-dimensional part
is analyzed using appropriate Lyapunov-Krasovskii functionals
that lead to LMI-based convergence conditions feasible for small
enough time-delay and sampling period. The LMIs can be used
to find appropriate injection gains.

I. INTRODUCTION

Time-delays and data sampling are inevitable in practice
due to finite speed of signal processing/transmission and
digital nature of most controllers. Since the delay may lead to
instability in the reaction-diffusion systems (see the examples
in [1] and in Section IV below), these phenomena should be
carefully studied.

Reaction-diffusion systems with various types of in-domain
measurements/actuators subject to time-delays and sampling
have been considered in [1]-[3]. These papers proposed
observers/controllers that work if the delay, sampling pe-
riod, and the distances between adjacent sensors/actuators are
small enough. That is, the system should have enough high-
frequency sensors/actuators.

The case of only one boundary sensor/actuator is more
difficult to study. For diffusion-reaction systems, boundary
controllers can be constructed using the backstepping approach
[4], [5] or modal decomposition technique [6]-[9]. It has been
shown in [10] that both approaches are robust to data sampling.
In [11], modal decomposition technique was combined with
a predictor to compensate a constant delay in the boundary
controller. Robustness to small delays of general linear PDEs
was studied in [12].

In this paper, we construct finite-dimensional observers for
a 1D reaction-diffusion system with boundary measurements
subject to time-delays and data sampling. Due to diffusion,
there is a finite number of unstable modes, which we approx-
imate by a Luenberger-type observer. The remaining modes
vanish exponentially. For a given reaction coefficient, we show
how many modes one should use to achieve a desired rate
of convergence. Similar constructions have been proposed in
[13], where a “lifting” technique and singular perturbation
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theory were used to obtain qualitative results. To obtain quanti-
tative conditions, we use Lyapunov-Krasovskii functionals that
lead to LMIs, which are feasible for small enough delay and
sampling period and allow to find admissible upper bounds of
these quantities.

Lemma 1 (Cauchy-Schwarz inequality): For f € L*(0,1),

( / ) dx)2< / ' (F())? de. W

Lemma 2 (Wirtinger inequality [14]): If f €H'(a, b) is such
that f(a) = 0 or f(b) =0 then
2(b—a
171 < 222D @

™

II. TIME-DELAYED BOUNDARY MEASUREMENTS

Consider the reaction-diffusion system

zi(x,t) = zgo(x,t) + az(x, t), (3a)
22(0,) = 2(1,1) = 0, (3b)
2(z,0) = zo(x) (o)

with the state z: [0, 1] x [0, 00) — R, reaction coefficient a €
R, and initial function zo: [0,1] — R.

In this section, we construct an observer for the system (3)
under the time-delayed boundary measurements

Mﬂ{sz—T@»,t—Tu)zm

0, t—7(t) <0, @

where 7(t) € [T, Ta] C (0,00) is a known delay such that

2t e I t—1(t) >0, t>t,, 5
« & Tmo T t—7(t) <0, t<t,.

The condition 0 < 7, < 7(t) allows to use the step method
for the well-posedness analysis (see Lemma 3). We perform
robustness analysis with respect to the time delay, that is, the
observer will converge to the system state for any 7(¢) < 7as
with a small enough 7,,. Following [15], we require (5) to
simplify the analysis on the interval where ¢ — 7(¢) < 0.

Remark 1: The results of this paper can be extended to a
more general system

%(Jc,t) = a% (p(x)a%z(a:,t)) + q(x)z(x, 1),
a12(0,t) + az2,(0,t) = 0, (6)
blz(l,t) + bgzx(l,t) = 0,

where p € C*([0,1]; (0,00)), ¢ € C([0,1];R), az # 0, |b1| +

|b2] # 0. We consider the simplified system (3) to avoid some
technical details.



A strong solution of (3) is a function
z € L?((0,00); H2(0,1)) N C([0, 00); H1(0, 1)), o
z € L*((0,00); L*(0,1))
that satisfies (3c) for ¢ = 0 and (3a), (3b) for almost all ¢ > 0.
By [16, Theorem 7.7], (3) has a unique strong solution for
20 € H'(0,1) st z(1) =0. ®)

To construct a finite-dimensional observer, note that (3) has
a finite number of unstable modes, while the remaining modes
converge to zero. Namely, the system (3) can be presented as

dz
E‘FAZ—O,

where z: [0,00) — L?(0,1) and
A: D(A) C L?(0,1) — L?(0,1),

2(0) = 2o, ©))

Aw = —w" — aw (10)
is a symmetric operator with the domain
D(A) = {w € #*(0,1) |w'(0) = w(1) =0}  (11)
dense in L?(0,1). The eigenfunctions of A, given by
f:(z) (jnffﬂis @VAta), L on

1 —-a

form an orthonormal basis in L?(0, 1) [16, Corollary 3.26].
Thus, the solution of (3) can be presented as

2(1) = 2021 2 (H)n () (13)
with z,(t) = (2(-,t), ¢, ). Using the symmetry of A,
E(t) = (2o 1), 6) 2 —(A2(,1), 60)
= —(2(1), Adn) = =An(2(, 1), dn) = —An2n(t).  (14)
That is,
Zn(t) = =Apzn(t), mneN. (15)

Let 0 > 0 be a desired decay rate of the observer estimation
error. Since lim,, . A,, = +00, there exists N € N such that

A < =6, Vn>N. (16)

We will show that (16) implies the exponential convergence
of > .o n 2n(t)¢n(-) with the decay rate §. Thus, it can be
approximated by zero. The term ij:lzn(t)qbn(-) is approxi-
mated using the Luenberger-type observer

Ea,t) = Y01, Za(t)n(@), (17a)

%én(t) = _)\nén(t) —ln [2(07 t— T(t)) - y(tﬂv (17b)

2,t)=0, t<0, n=1,...,N 17¢)
with the injection gains /1,...,Ixy € R.

Remark 2: Our results can be easily extended to arbitrary
initial conditions 2,(t) = 2%, n = 1,...,N. We consider
(17¢) to avoid some technical details.

Introduce the estimation error

e(z,t) = 2(z,t) — z(x, t). (18)
If e(-,t) € L?(0,1), it can be presented as
€(~,t) 22021 en(t)¢n(')7 (19)

where, in view of (13) and (17a),

en(t) = 2,(t) — zn(t), n <N, (20a)
en(t) = —zn(t), n > N. (20b)
In view of (15) and (17b), relation (20a) implies
én(t) = =Apen(t) —lpe(0,t — 7(t)), n <N, (21)
which can be presented as
e(t) = Ae(t) — LCe(t — 7(t)) + L(t — 7(t)) (22)
with
€= (617"'76N)Ta
A =diag{—A1,...,—An},
L=(l1,...,I5)7T, (23)
C = 1((])\?,..., ~N(0) = (V2,...,V2),
C(t = Zn:l en(t)¢n(0) - 6(07 t)'
Since A1,..., Ay are different, the pair (A4, C) is observable.
Therefore, we can choose L = (Iy,...,Ix)T € RY such that
3P >0: PA-LC)+(A—-LO)'P < —25P. (24)

If 7(t) = 0, then (24) guarantees ISS of (22) with respect to
¢(t), which decays exponentially (we show this below). Thus,
(22) is exponentially stable for 7(¢) = 0 and remains so for
7(t) < Tpsr with a small enough 7j7. The next theorem allows
to find admissible 7.

Theorem 1: Consider the system (3) with the measurements
(4) subject to (5) and the boundary observer (17) with A,
¢y from (12), N satisfying (16) with an arbitrary decay rate
§>0,and L = (ly,...,Ix)T € RV, Let there exist matrices
Py, P3,G € RY*N and positive-definite matrices P, S, R €
RN*N guch that!

P <0 (25)

where ® = {®;;} is the symmetric matrix composed from

Oy = ATP, + PTA+26P + S — e 2™ R,

Q19 =P —P] + ATP;, &3 =e"2™(R-G) - PILC,
Py = 6_25TMG, Poy = —P3 — P?;T + T]%4R,

Po3 = —PILLC, oy =0, P33 = —e 2™M(2R -G - GT),
b3y = e=20mm (R — G)7 Pyy = —e~20mm (S + R)

and [GRT g] >0,

(26)
with A and C from (23). Then there exists M > 0 such that
12C,t) = 2( )|z < Me™[|zollpr, 20 @27)

for any initial function zy from (8).
Proof: Since ¢,, and \,, defined in (12) are eigenfunctions
and eigenvalues of the operator A defined in (10),

G t) T YN L5 (Hgn()
D _ 25:1 )‘nén(t)@z (x)

o Lal5(0, — () — 2(0,¢ — 7(t))]¢n (@)
= =3 Aa(t)Ady

— S In[2(0,t = (1)) — 2(0,t — 7(2))]bn (@)
1 Zea(z,t) + aZ(z,t)

—U(2)[2(0, ¢ = 7(t)) = (0, = 7(2))],
(28)

IMATLAB codes for solving the LMIs are available at
https://github.com/AntonSelivanov/TACl8a



where [(x) = 22[21 lndn (). The latter, (3), and (18) imply
er(z,t) = eze(z,t) + ae(z, t) — l(x)e(0,t — 7(t)), (29a)
ex(0,) = e(1,£) = 0, (29b)
e(,0) = —zy, e(,t)=0, t<O0. (29¢)

Lemma 3: There exists a unique strong solution of (29) for
any initial function zq satisfying (8).

Proof is given in Appendix A.

The strong solution e(-,¢) of (29) can be presented as the
series (19) and, by Parseval’s identity,

leC )12 = Yoniy €2(8) + 3,0 €2 (1), (30)
The second term can be bounded as
(20b) (15) _
Zn>N n(t) _6 Zn>N Zn(t) - En>N€ 2Ant 2( )
(16)
< eTPY N n(0)<6‘25t|\ (5 0)lI7-

b
(29¢) Lem2 _
90 =25t o, 0) 25 < o 2t S e 017

To bound the first summand of (30), i.e., the state of (22),
we first show that ((¢) exponentially converges to zero. Since
¢n(1) = e(1,t) =0 and ||¢},||3. = A\, + a, we have

) = (SN ealt)on(©) —e(0,0)’
= (1 (Z enlten(@) - enlat) )’
S )~ ealn)|
= ||Zn>Ne” ()¢, ||L2: W>N()\n+a)e%(t)
< eI (VT a)d ()=

e lex (-, 0)][7.
3

The last inequality is obtained in a manner similar to (31).
Consequently,

Gt —7(t) < e T ey (-,0)] 7

S 62571\/1672526”61‘(_’ O)H%z (33)
Consider the functional V. = V + Vs + Vg with
Vo = &' (t)Pe(t),
t
Vo= [ e Ut (s)se(s) ds
t*T[u (34)

0 t
Vi =Tm / / e 200=9)&T (§)Ré(s) ds d.
—7m Jt+0

We consider V;(t) on [t.,00) with ¢, from (5). On this
interval, (22) does not depend on é(t) with ¢ < 0. Thus, we
formally set &(t) = €(0) for ¢t < 0 to define V; on [t., Tar)
(see [15]). We have

Vo + 20Vp = 2T Pé + 20¢” Pe,

Vs+26VS =¢l'Se— e 20mm T(t—TM)Se(t—TM)

t
VR + 25VR = Ti[éTRé - T]V[/ _26(t °) ( )Re( )
t—Tnm (35)

Using Jensen’s inequality [17, Proposition B.8] and recipro-
cally convex approach [18, Theorem 1], we have

—TM ftt—T]\/[ —lm) ( )Re( )ds < — e 20T i
t Y t—T1 t ;
e ()R ds—|—f mg T(s)R ()ds}
< - th [ft (1) € ds} R ft r(t) € )ds}

t—7(t) =

—_e20Tm __Tm [
t— TM

v —7(t) ( )dS:| R |: ttf:ﬂff ) é(s) ds}
}T[ R G][ &(t)—e(t—r(t)) }
GT R e(tf‘r(t))fe(tfﬂyzé6)

e(t)—e(t—7(t))

—25T
< -—e M [é(tfr(t))fé(tf'rM)

Similarly to [19], we use the descriptor representation of (22)

0 =2’ P +&" Pr|[—é+Ae—LCe(t—7(t))+L{(t—7(1))].

(37)
Summing up (35) and (37), for v > 0 we obtain
V() + 20V (1) =2t — (1) < 9T (0 TP(t),  (38)
where 1) = col{é(t),é(t),e(t —7(t)),e(t — mar), C(t —7(¢))},
. PI'L
T
v ) ‘OP3 L (39)
o ___ 2N
LTPy LTP3 O1xon! —v

Since ® < 0, the inequality ¥ < 0 holds for a large enough
v € R. Moreover, ® < 0 holds with § replaced by § + ¢ if
€ > 0 is small enough. Thus,

Vo(t) < =208 + )V (t) + 73 (t — 7(1))
3)
< =2(6 + )V (t) + ye® ™ e ey (-, 0) 3.

The comparison principle implies:

(40)

20T
_25(t_t*)VT(t*)+%Te_%tﬂex(',o)H%?' 41)

Due to (5), &(t) = Aé(t) fort € [0,t.), e(t)| < e*|e(0)]
for ¢ € [0,t.) with some x > 0. Therefore, for some C' > 0,

Vi) <e

Va(t) < Cmaxyepe, 1] 1€ le(t)[?
< Ce? - e(0)* < Cert 3770 1 €7 (0)

Lem.2
= 0 [le(,0)|} < e Ales(-0)]2.
(42)
The latter and (41) imply
Yoot €2() S Al (P)Va(t) < Mie™ |, (- 0)[[2, (43)
with some M; > 0. Finally, we have
12(8) = 2(, )17z = lle( )17
2\ OD o ost
=S 2+ X v A1) S M2 Bt ey (. )||44)
with some M > 0. Thus, (27) is true. |

Remark 3: We have to use the H!-norm in the right-hand
side of (27), since the L?-norm does not take into account
the point values that we use as measurements (4). Namely, we
cannot bound ¢ without using the space derivative as in (33).

Corollary 1: The observer (17) with L = (I1,...,Ix)T
satisfying (24) converges to (3) with the decay rate ¢ in the
sense of (27) if the delay bound 75, is small enough.



Proof: Take P from (24), P, = P, Ps = ¢l >0, R =
wI>0, G=S8=0,and 7p; = 0. Then

o @ | MM
o[ My |Ms
with
ATP + PA+26P — =11 AT
Ml = )
* —2el
—1 -1 -1
_|\w I =PLCO |2 o
Mz = { —LC 0|’ Mz = x  —p |
Clearly,

Ms; <0 and M3_1MH2I[]'

By Schur’s complement lemma, ® < 0 is equivalent to

My — MyMy ' M) =
P(A—LC)+ (A—LO)TP +20P e(A— LC)T
e(A—-LC) —2¢el

{PLC} {PLC

T
eLC ELC:| <0. @5)

In view of (24), the later holds for small £ > 0 and p > 0.
Thus, ® < 0 is feasible for 75, = 0. By continuity, it remains
so for a small 7, > 0. Then Theorem 1 implies (27). [ |

The well-posedness of (8), (29) with 7(¢) = 0 can be proved
using [20, Theorem 6.3.1]. Then Theorem 1 and Corollary 1
imply the following result.

Corollary 2: For 7(t) = 0, the observer (17) with L =
(I1,...,Ix)T satisfying (24) exponentially converges to (3)
with the decay rate § in the sense of (27).

Remark 4: The LMIs of Theorem 1 allow to find appropriate
injection gain L = (I1,...,Ix)T. Following [21, Section 5.2],
one can take P3 = ¢P», where ¢ is a tuning parameter, and use
Y = PTL as a new decision variable. After solving the result-
ing LMIs, the injection gain can be found as L = (P{)~'Y.

III. SAMPLED-DATA BOUNDARY MEASUREMENTS

In this section, we construct an observer for the system (3)
under the sampled in time boundary measurements

y(t) = Z(O7tk')7 ke Na

where 0 =t <to <tz <---

t € [th,trr1), (46)

are sampling instants satisfying

0<tp41—tp < h, “47)

1imk_,oo tk = Q.
Remark 5: The output (46) can be presented as (4) with

T(t) =t—tg, t€ [tk,tk+1), keN (48)

such that 0 < 7(¢t) < 73y = h and (5) is satisfied with ¢, = 0.
The condition 0 < 7,,, < 7(¢) was imposed only to establish
the well-posedness of (29) (see Lemma 3) and we will show
that it is not required for the measurements (46). Therefore, the
results of Theorem 1 can be applied. However, we will perform
a more subtle analysis using the ideas of [22], which take
into account the saw-tooth shape of 7(t) and lead to simpler
convergence conditions.

Similarly to (17), the boundary observer is constructed as

2<$,If) = EN:1 én(t)(bn(l‘)v

L2, (8) = —An2n(t) — Lu[2(0,t) — y(1)],
te [tk,tk+1), keN,

n=1,...,N.

(49)
2,(0) =0,

Theorem 2: Consider the system (3) with the measurements
(46) subject to (47) and the boundary observer (49) with A,
oy from (12), N satisfying (16) with an arbitrary decay rate
§>0,and L = (Iy,...,Ix)T € RV, Let there exist matrices
Py, P3 € RVXN and positive-definite matrices P, W € RV*N
such that’> T < 0, where T = {T;;} is the symmetric matrix
composed from

Ty =(A—LC)'P,+ Pf(A— LC) + 20P,
Yio=P— Pl +(A—LC)TP;, Yy3=—-PILC,
TQQ = 7P3 — P:;T + h2626hW, ng = 7PéTLC7

2

Taz = -5 W

(50)

with A and C from (23). Then there exists M > 0 such that
(27) holds for any initial function zy from (8).

Proof: Similarly to (29), the estimation error e(z,t) =
2(x,t) — z(x,t) satisfies

et(x,t) = eze(z,t) + ae(z, t) — 1(x)e(0, ty),
t € [th,tht1), kEN,

ex(0,t) = e(1,t) =0,

e(-,0) = —zo,

(S

where [(z) = 227:1 lpérn (x). Similarly to Lemma 3, the well-
posedness of (8), (51) is established considering f(z,t) =
—I(x)e(0,t) as constant inhomogeneities on every step
[tk,tr+1), k € N. Presenting e as (19), we obtain (cf. (22))

é(t) = (A= LC)e(t) = LCv(t) + L{(tk), t € [t tryr), (52)

where v(t) = é(ty) — é(t) for t € [tg,tx+1) and the other
notations are from (23). Consider the functional V), = Vo+ Vi
with Vy = eT'(t)Pe(t) and

t
Viv = hzez‘sh/ e~ 26T (§)Wé(s) ds
ty
7T2 ¢
- Z/ e =T ($\Wu(s)ds, tE [tr,trp1). (53)
tr
Note that Viy > 0 due to the exponential Wirtinger inequality
[23, Lemma 1]. Moreover, V}, does not increase in the jumps
at t;, and is continuous elsewhere. We have

Vo + 26V, = 2T Pé + 207 Pe,

Viv + 26Viy = h2eXheT (W E(t) — ZoT () Wo(t),
0 =2[e” PT + éTPTx

[—&4 (A — LO)&(t) — LCu(t) + LC(ty)],  t € [tr, trrr)-
(54)
Summing up, we obtain
Vi +20V5 — (3 (ty) = €T E, (55)

2MATLAB codes for solving the LMIs are available at
https://github.com/AntonSelivanov/TACl8a



where ¢ = col{e, &,v,((t;)} and

\PIL
| T
== T B L (56)
O
LTP, LTPs O1xn ' —
The rest of the proof is similar to that of Theorem 1. [ |
Corollary 3: The observer (49) with L = (Iy,...,In)T

satisfying (24) converges to (3) with the decay rate ¢ in the
sense of (27) if the sampling period & is small enough.
Proof: Take P from (24), P, = P, Py =¢l >0, W =

u=tI >0, and h = 0. Calculating the Schur complement, we
find that T < 0 is equivalent to (45), which, in view of (24),
holds for small € > 0 and p > 0. Thus, T < 0 is feasible
for h = 0 and, by continuity, remains so for a small 73, > 0.
Then Theorem 2 implies (27). [ |

Remark 6: The LMIs of Theorem 2 can be transformed to
solve the design problem in a manner similar to Remark 4.

Remark 7: If the sampling is uniform, i.e., ty = kh,
the system (52) can be studied using the discretization [21,
Section 7.1.1]. Combining it with the modal decomposition
technique, one will obtain necessary and sufficient conditions
for (3), (46), (49) to satisfy (27). The advantage of the
Lyapunov-Krasovskii approach developed here is that it leads
to simple conditions under variable sampling (47).

IV. EXAMPLE

Consider the system (3) with a = 25 and sampled in time
boundary measurements (46) subject to (47). We consider an
unstable plant since otherwise Z(z,¢) = 0 is an exponentially
converging estimate. Let § = 1 be the desired rate of
convergence of the observation error. Since (16) holds with
N = 2, the observer (49) with appropriate injection gains
l1, lo provides exponentially converging state estimate for a
small enough sampling period h. To find [y, I, and h, we take
small h and increase it while the design LMIs with ¢ = 0.5
(see Remarks 4 and 6) remain feasible. This gives

23.2]

—1.1 7

h = 0.048, L:qu[
ly

The analytical bound for the uniform sampling is h =~ 0.081,
which we found using the method described in Remark 7. Note
that we used the Lyapunov functional with the Wirtinger-based
term (53) that leads to simple LMIs on the account of some
conservatism. Less conservative conditions may be derived

using other types of Lyapunov functionals (see, e.g., [24]).
The results of numerical simulations for the initial function

zo(z) = sin(2nz), x €0,1] (58)

are given in Figs. 1 and 2. For comparison, Fig. 2 also shows
the error under the continuous measurements y(t) = z(0,t).

The observer (49) coincides with (17) for 7(¢) defined
in (48). Thus, it can be studied using Theorem 1 and Remark 4.
In the considered example, these conditions lead to a smaller
sampling period A = 0.031 with approximately the same
injection gains Iy, ls.

Fig. 1. Estimation error 2(x,t) — z(x,t) of the observer (49) under the
sampled-data measurements (46)

Fig. 2. Evolution of [|2(-,t) — z(-, ) ||2L2 for sampled-data (dashed blue line)
and continuous-time (solid red line) measurements

V. CONCLUSION

We have designed finite-dimensional observers for a 1D
reaction-diffusion system under delayed and sampled in time
boundary measurements. We showed how to choose the ob-
server injection gains and proved that it provides exponentially
converging estimate if the time-delay or sampling period are
small enough. The obtained LMIs allow to find admissible
bounds on the delay and sampling period. The proposed
observers can be used to design network-based controllers for
parabolic systems. This may be a subject of the future research.

APPENDIX A
PROOF OF LEMMA 3

The proof is based on [16, Theorem 7.7] and the step
method. Since t — 7(t) < 0 for ¢ € [0, 7],

[z, 1) = =l(2)e(0,t — 7(1),

can be viewed as inhomogeneity f: [0,7,,] — L%(0,1) and

t €10, 7m) (59)

Tm (29¢) Tm
S M G)F2ds <[5 [11(-)20(0) |72 ds
= 728 (0)[[1]|2. < 0o.  (60)



Therefore, f € L?((0,7,,); L?(0,1)) and [16, Theorem 7.7]
guarantees the existence of a unique strong solution e €
C([0, 7 ]; HY).

Since t — 7(t) < Ty, for t € [Tm, 27m],

[, t) = =l(x)e(0,t — 7(1)),

can be viewed as inhomogeneity f: [Ty, 27m] — L?(0,1).
Since e(-,t) is continuous on [0, 7,,] in H!, €(0,t) is also
continuous on [0, 7,,]:

t € [T, 27m] (61)

e(0,12) = e(0,t2)| = | (ealysta) — ealy t2)) dy
< flea(et) = etz (62)

Thus, there exists M, € R such that sup,,. [e(0,%)] < M..
Clearly,

2Tm,
L ()72 ds < mn MZI|EZ2 < oo

Tm

| (63)

Therefore, f € L*((Ty, 27,); L2(0,1)) and [16, Theorem 7.7]
guarantees the existence of a unique strong solution e €
C([Tm, 27m]; H'). Repeating the same reasoning consequently
on every interval [j7,,, (j+1)7,,] with j = 2,3, ..., we obtain
the existence of a unique strong solution on [0, co).
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