University of Nebraska - Lincoln

Digital Commons@University of Nebraska - Lincoln

Dissertations, Theses, and Student Research Papers

Mathematics, Department of
in Mathematics ) DEP

Summer 8-2014

Boundary Value Problems of Nabla Fractional
Difference Equations

Abigail M. Brackins
University of Nebraska-Lincoln, s-abrackil @math.unl.edu

Follow this and additional works at: http://digitalcommons.unl.edu/mathstudent

b Part of the Mathematics Commons, and the Ordinary Differential Equations and Applied
Dynamics Commons

Brackins, Abigail M., "Boundary Value Problems of Nabla Fractional Difference Equations" (2014). Dissertations, Theses, and Student
Research Papers in Mathematics. SS.
http://digitalcommons.unl.edu/mathstudent/55

This Article is brought to you for free and open access by the Mathematics, Department of at Digital Commons@ University of Nebraska - Lincoln. It
has been accepted for inclusion in Dissertations, Theses, and Student Research Papers in Mathematics by an authorized administrator of
Digital Commons@ University of Nebraska - Lincoln.


http://digitalcommons.unl.edu?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathstudent?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathstudent?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathematics?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathstudent?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/121?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/121?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathstudent/55?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F55&utm_medium=PDF&utm_campaign=PDFCoverPages

BOUNDARY VALUE PROBLEMS OF NABLA FRACTIONAL DIFFERENCE
EQUATIONS

by

Abigail Brackins

A DISSERTATION

Presented to the Faculty of
The Graduate College at the University of Nebraska
In Partial Fulfilment of Requirements

For the Degree of Doctor of Philosophy

Major: Mathematics

Under the Supervision of Professors Lynn Erbe and Allan Peterson

Lincoln, Nebraska

August, 2014



BOUNDARY VALUE PROBLEMS OF NABLA FRACTIONAL DIFFERENCE
EQUATIONS

Abigail Brackins, Ph.D.

University of Nebraska, 2014

Advisers: Lynn Erbe and Allan Peterson

In this dissertation we develop the theory of the nabla fractional self-adjoint difference
equation,

Va@Vy) () +a@)y(p(t)) = f(t)

where 0 < v < 1. We begin with an introduction to the nabla fractional calculus.
In the second chapter, we show existence and uniqueness of the solution to a frac-
tional self-adjoint initial value problem. We find a variation of constants formula
for this fractional initial value problem, and use the variation of constants formula
to derive the Green’s function for a related boundary value problem. We study the
Green’s function and its properties in several settings. For a simplified boundary
value problem with p = 1, we show that the Green’s function is nonnegative and we
find its maximum and the maximum of its integral. For a boundary value problem
with generalized boundary conditions, we find the Green’s function and show that
it is a generalization of the first Green’s function. In the third chapter, we use the
Contraction Mapping Theorem to prove existence and uniqueness of a positive so-
lution to a forced self-adjoint fractional difference equation with a finite limit. We
explore modifications to the forcing term and modifications to the space of functions
in which the solution exists, and we provide examples to demonstrate the use of these

theorems.
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Chapter 1

Introduction

In this chapter we give some basic definitions and notation for the nabla discrete
fractional calculus. A general overview of the nabla discrete calculus, which we sum-
marize here, is given in [42]. We assume a € R, unless otherwise noted, and b € R

such that b — a is a positive integer, and we define the sets
N, :={a,a+1,a+2,---}

and

Ne :={a,a+1,a+2,--,b}.

Definition 1.0.1 (Backwards Jump Operator). [22] The backwards jump operator
p: N, = N, is defined by

p(t) = max{a,t — 1},



1.1 Discrete Nabla Differences

Definition 1.1.1 (Nabla Difference Operator). [22] For any function f : N, — R,

the nabla difference operator is defined by

Vi) = ft) - f{t=1),

fort € Nyyq1. Higher integer order differences are defined recursively by

VIf(t) = V(V' (1),

forn € Ny and t € N,y,,. By convention, V° is taken to be the identity operator.
The nabla difference operator satisfies the following list of properties.
Theorem 1.1.2. [}2] Assume f,g: N, = R and o, 8 € R, then fort € Ny,

1. Va =0;

NS

. Vaf(t)=aVf(t);

3. V(f(t)+ g(t)) = V() + Vg(t);

BN

] VO(tJﬁB — aa—l O{t+ﬂ;

5. V(f()g(t)) = f(p(t)Vg(t) + g(t)V ()

R

\Y% (%) = g(t)vgf(%)g_(g(%))vg(t), where g(t) # 0 fort € N,.

To obtain the discrete nabla analogue of the power rule, we must first define the

rising function.



Definition 1.1.3 (The Rising Function). [23] For any positive integer n and any

t € R, we define the rising function, t*, read t to the n rising, by
"=t +1)---(t+n—1).

Theorem 1.1.4 (Nabla Power Rule). /8] Forn € Nj, a € R,

V(t+a)"=n(t+a)" !,

fort e R.

We are interested in generalizing the definition of the rising function to include ¢
to the r rising, where » € R. To do this, we make use of the gamma function, defined

as follows.

Definition 1.1.5 (Gamma Function). The gamma function is defined by

[(z) = / e " ldt
0

for those complex numbers z for which the real part of z is positive. (It can be shown

that the integral converges for all such z.)

Integration by parts is used to establish the important formula
L(z+4+1) = 2I'(2), (1.1.1)

which is in turn used to extend the domain of the gamma function to complex numbers

z#0,—1,—2,---. On this domain the gamma function is analytic, and using (1.1.1),



it can be shown that

lim|['(2)| =00, n=0,-1,-2,---. (1.1.2)

zZ—n

We note that 0 < I'(¢) < 1 for ¢t € [1,2], and I'(¢) > 1 for ¢t € (2,00), and we can also

use (1.1.1) to show that
'n+1)=n!, n=01,2,---.

Hence we are able to use the gamma function as a generalization of the factorial
function, and thus we can redefine the rising function by making the following obser-
vation.

Note that for a positive integer n,

t"=tt+1)---t+n—1)

(1)t +n—2)--T(t)
N0)

I'(t +n)
()

Motivated by this observation we generalize the rising function.

Definition 1.1.6 (Generalized Rising Function). [8] The generalized rising function

is defined by
p L{t+r)
T

for values of t and r so that t,t +r ¢ {0,—1,—2,---}. We use the convention that if

t is a monpositive integer but t + r is not a nonpositive integer, then t™ := 0.

From this definition follows the generalized nabla power rules.



Theorem 1.1.7 (Generalized Nabla Power Rules). [42] The formulas

V(t+a) =rt+a)

and

Via=1)" = —r(a—p(t)""

hold for those values of t, r and « for which the expressions make sense.

1.2 Discrete Nabla Integrals

Definition 1.2.1 (Nabla Definite Integral). [42] Assume f: N, — R and ¢,d € N,,

then

¢ f), d
/df(t)vt — Zt—c+ f( ) c<
¢ 0, c>d.

The following theorem gives some properties of this integral, which are derived

from similar properties of sums.

Theorem 1.2.2. [}2] Assume f,g : N, = R, bc,d € N,, b < ¢ < d, and o € R.
Then

(i) J af®)Vt=a [; f(£)VE;

(ii) J;(F(0) +g()VE = [ F(OOVE+ [5 f(6)VE;
(iii) [ f()VE=0
(i) [\ FOVE= [ f@)VE+ [ F(t)VE

() | 1OV < [ 1019



(vi) if F(t) := [} F(s)Vs, fort € Ng, then VF(t) = f(t), t € N§;
(vii) if f(t) > g(t) fort € {b+1,b+2,--- ¢}, then [, f(t)Vt > [ g(t)VL.

Definition 1.2.3. [42] Assume f : N. — R. We say that F is a nabla antidifference
of f on N, provided
VE(t) = f(t), teNp .

Definition 1.2.4 (Nabla Indefinite Integral). [42] If f : N, — R, then the nabla

indefinite integral of f is defined by

/f(t)Vt =F(t)+C,

where F(t) is a nabla antidifference of f(t) and C is an arbitrary constant.
This definition leads to the following result.

Theorem 1.2.5 (Fundamental Theorem of Nabla Calculus). [42] Let f : N2 — R

and let F' be a nabla antidifference of f on N, then

a’

/ FO)VE = F(b) — Fla).

The following formulas for indefinite integrals are derived from corresponding

difference formulas.
Theorem 1.2.6. [42] The following hold:

(i) [aTPVE=-2a"P + O a+#1;

a—1

(ii) [(t—a)Vt=-"L(t—a)TT+C, r#-1;

(iii) [(o—p(t))'Vt = —2(a—t)"* 1+ O, r#—1.

T4l



The product rule for nabla differences leads to an integration by parts formula for

nabla discrete integrals.

Theorem 1.2.7 (Integration by Parts). [{2] Given two functions u,v : N, — R and

b,c € N, b < ¢, we have the integration by parts formula:

C c

S Vet = u(tp(t)l = 3 v(p(t) Vulh),

s=b+1 s=b+1

or in integral notation,

/b () Volt) = u(t)o(t)l; — /b (o) Vu(t).

1.3 Fractional Sums and Differences

We will use the gamma function and observations about discrete nabla sums and
differences to construct fractional sums and differences. The repeated summation

formula

/at /:'“/:Ll F(r)V T V1V = /:%f(s)Vs

is derived in [42] using an integer order variation of constants formula. Motivated by

this formula, we define the nabla integral order sum as follows.

Definition 1.3.1 (Integer Order Sum). [42] Let f : Nyi1 — R be given and n € Ny,
then

o) ::/ %ﬂs)vs, te N,

We define V, f(t) = f(t).



Note that this sum depends on the values of f at all the points a+1 < s < ¢, unlike
the difference V" f(t) which depends on the values of f at the points t —n < s < t.
We can use the gamma function to extend this definition to a fractional order nabla

suim.

Definition 1.3.2 (Nabla Fractional Sum). [8] Let f : N,.1 — R and v > 0, then the

v-th order fractional sum based at a is given by
t t _ v—1
Vi) = / E=PO)I p0vs, teN,

The v-th order nabla fractional difference is defined by the use of the fractional

sum, as follows.

Definition 1.3.3 (Nabla Fractional Difference). [8] Let f : Noy1 — R, v > 0, and
choose N such that N —1 < v < N. Then we define the v-th order nabla fractional
difference by

Vif(t) = VNV NTIf() for t € Nagn.

The following theorem extends power rules to the fractional case.

Theorem 1.3.4. Let v € R and u € R such that pp and v + p are not negative

integers, then we have that

. y In I 1 V.
(Z) va (t - a)ﬂ = F(u(f::-i-)l) (t - CL)IH— ’

fort € N,.

In the paper [3], Laplace transforms are used to prove a number of interesting

properties about the nabla fractional sum and difference, among them the follow-



ing results. The first of these gives an alternative definition of the nabla fractional

difference.

Definition 1.3.5 (Alternative Definition of the Nabla Fractional Difference). [3] Let
f:Ny, =R, v>0, and N € N such that N —1 < v <N be given. Then the v-th
order fractional difference of f is given by

—p(s)) V-1
Ji S f () Vs, v¢N

a

Vof(t) = ,
VN £ (1), v=NeN

fort € Nyyn.

Though |I'(—v)| approaches infinity as v approaches a nonnegative integer, it can
be shown that the v*"-order nabla fractional difference is continuous with respect to
v > 0. This has the interesting implication that, though a fractional nabla difference
of f depends on the values of f at all the points a + 1 < s < ¢, this dependence
“fades” as the order of the difference approaches a whole number.

The following theorem allows us to compose fractional order sums and differences

with fractional order sums.

Theorem 1.3.6 (Composition Rule for Nabla Fractional Sums and Differences). [3]
Let p,v > 0 and k € Ny be given, and choose N € N such that N—1 <v < N. Then

we have

VIV f(E) = VTR fR), for te N,

and

VUVIRF(E) = VUR(E),  for € Noyw.

Compositions of fractional order sums or differences with nabla differences are
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generally less straightforward; for example, the composition V4V f(t) cannot be
computed in such a straightforward fashion as in Theorem 1.3.6, for arbitrary v > 0.
Below we give a specific example of a composition that can be computed nicely, and

will prove useful to us in Chapter 2.

Theorem 1.3.7 (Composition Rule for a Fractional Difference and a First Order

Nabla Difference). Let 0 <v <1 and f : N, — R be given. Then
VoV I(t) =V f(t).
Proof. Using linearity of sums, we have that

VEV (1) = VA1) - (- D)
- [ - [ A e

M=) (=)
N ()T SR )T
_sza% NEREAY ;a;l A
_(t=pt)™"
- F(—V) f(t)

We also use Theorem 1.1.7 to find, where V, refers to the first nabla difference with

respect to t,

(t=p(s) ™" = (t=1=p(s)" = Vilt —p(s) """

= (~v = 1)t pls) T2
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So we have that

1.4 Fractional Initial Value Problems

We will use the following results about fractional order nabla initial value problems

to construct formulas for the solutions of boundary value problems.

Definition 1.4.1. For f,g: N,.1 — R, we define the nabla convolution product of f

and g by
(f*g)(t) = / f(t = p(s) + a)g(5)Vs, t€ Nopr.

Theorem 1.4.2 (Variation of Constants). [42] Let f,g : N, - R and 0 < v < 1.

Then, fort € Ngiq, the fractional initial-value problem

Vol +cf(t) =9),  te€Nap, e <1

fla+1)=A, AeR

has the unique solution

f@) = (h(- a) x g(-))(8) + (Alc + 1) = g(a + 1))A(t, a),
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where
t— a)k(y+1)—1

Ny
h(t,a) := ;(—c) T

0

Corollary 1.4.3. [42] Let f,g : N, = R and 0 < v < 1. Then, fort € Ny, the

fractional initial value problem

Vaf(t) = g(t), t € Noy1
fla+1)=A, AeR
has the unique solution

(t — CL)m

ft)=V,"g(t) +(A—gla+1)) o)

Example 1.4.4. Use Corollary 1.4.3 to solve the fractional IVP

1
ng(t) :3, tENl
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to compute

y(t) = —=t3 + (\/7?— %) 3, teN,.

1.5 The Contraction Mapping Theorem

In Chapter 3 we will use the Contraction Mapping Theorem to establish the existence

of certain solutions to a fractional difference equation.

Theorem 1.5.1 (Contraction Mapping Theorem). [45] Let (X,|| - ||) be a Banach
space. Assume that T : X — X is a contraction mapping, that is, there is an «,
0 < a<1, such that [Tz — Ty| < al|lz —yl|| for all x,y € X. Then T has a unique

fixed point z in X.

Remark 1.5.2. For some L € R, the space ¢ := {y N, = R

() =L} to-

gether with the supremum norm, || - : ¢ — ¢, defined by
lyll = sup [y(t)],
teN,

is a complete metric space. To see this, consider a Cauchy sequence {y,} in (. For
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any to € Ny, {yn(to)} is a Cauchy sequence in R, and therefore it converges. Define

its limit to be yo(to) := lim y,(tg), and since ty was arbitrary, we can construct the
n—oo

function yo : N, — R in this fashion. Because each of the y,(t) has the limit L as

t — 00, so does yo(t), and hence yo € (.

1.6 Further Reading

Fractional calculus in the continuous setting is developed in [57], [52], [51], [1], [25],
[14], [26], [16], [20], [24], [48], [2], [4], [21], [53], [56], [60], [61], [5], [15], [29], [47], [49],
[50], [55], [58], [59], [62], [27], [35], [54].

Fractional calculus is extended to time scales in [17], [18].

Discrete fractional calculus in the delta setting is developed in [6], [7], [10], [28],
[41], [9], [30], [31], [32], [33], [43], [44], [36], [38], [39], [11], [12], [40]. In particular,
this dissertation extends the theory of the fractional self-adjoint difference equation
in [13] to the nabla calculus setting.

An interesting combination of the delta and nabla operators is defined in [19] and

is used to examine fractional calculus in a mixed setting.
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Chapter 2

The Fractional Self-Adjoint

Difference Equation

2.1 Introduction

In this section we introduce the self-adjoint linear fractional difference equation

Va(eVy)(t) +a()y(p(t)) = f(1), (2.1.1)

where 0 < v < 1, t € NZ+2 for some real numbers a,b such that b — a € Ny,
p:N ., —(0,00),¢: N, >R, and f: N2, = R.

Note that if v =1 we get the standard self-adjoint difference equation

VpVy)(t) +a)y(p(t) = f(t), €Ny,

and it is for this sole reason that we call equation (2.1.1) a fractional self-adjoint
equation. Though the fractional difference operator in equation (2.1.1) cannot be

said to be self-adjoint, many of the results for the self-adjoint difference equation
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have analogues in the fractional case.

In Section 2.2 we will prove that the solutions of equation (2.1.1) with appropriate
initial conditions exist and are unique. In Section 2.3 we will establish a variation
of constants formula for the nonhomogeneous initial value problem with homoge-
neous boundary conditions. In Section 2.4 we will derive the Green’s function for
a nonhomogeneous fractional boundary value problem with homogeneous boundary
conditions and prove that it is nonnegative, find its maximum, and find appropriate
bounds for its integral. We will generalize this Green’s function to the case with

general boundary conditions in Section 2.6.

2.2 Existence and Uniqueness Theorem

In this section we will prove an existence and uniqueness theorem for the nabla self-

adjoint fractional initial value problem.

Theorem 2.2.1. The fractional initial value problem

VaVy)(t) + a(t)y(p(t)) = f(t), ¢ € Nags
(2.2.1)

yla) = A, yla+1)=B

where 0 < v <1, p:Nyyp — (0,00), ¢ : Nyjo = R, and f : Nyro — R has a unique

solution y : N, — R.

Proof. Consider the fractional self-adjoint equation

Va(pVy)(t) +qt)y(p(t)) = f(t).

We begin by rewriting the fractional difference using the summation notation
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given in Definition 1.3.5.

t

e Y [t = p() ™ () Vy()] + at)y(p(t) = f(2)

Letting t = a + 2, we get

a+2

fla+2)= ﬁ > lla+2—p(s) ™ (p(s)Vy(s))] + qla + 2)y(a + 1)
s=a+1
_ F(iy) 27 Tp(a + Dy(a+ 1) — 27 "p(a + 1)y(a)

+ lﬁp(a +2)y(a+2) — 17" pla+ 2)y(a+1)]
+qla+2)y(a+1)

=pla+2)y(a+2)+ Avpla+ 1) + Blg(a + 2) — vp(a + 1) — p(a + 2)].

Solving for y(a + 2) we have that

yla+2) = [fla+2)—Avp(a+1) — B(g(a+2) —vpla+1) — pla+2))].

1
pla+2)

Thus the value of y(a + 2) is uniquely determined by the initial conditions y(a) = A
and y(a + 1) = B and the values of the given functions f, p, and ¢q. To show that

y(t) is uniquely determined on N, we will use induction. Suppose that there exists

to

O where

a unique solution to the fractional initial value problem, y(¢), for t € N
to € Nyyo. We will show that the value of y(to + 1) is uniquely determined by the

values of y(t) on N,
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Substituting ¢ = to 4+ 1 into the fractional equation, we get the following:

flto+1) = (=) Y [to+ 1= p(s) ™ "p(s)Vy(s)] + alto + 1)y(to)
— iy 2 [l 1= o)) o]+ alta + D

+p(to + Dy(to + 1) — p(to + 1)y(to).

Solving for y(ty + 1) we have that

to

> [(to+1—p(s) 'pls)Vy(s)]

s=a+1

— q(to + 1)y(to) + p(to + 1)y(to)]-

1
I(=v)

y(to+1) = [f(to+1) —

p(to+1)

Since, by the induction hypothesis, all the values of y(t) for ¢ in N are known, y(to+1)
is uniquely determined and hence y(t) is the unique solution of the fractional initial
value problem (2.2.1) on N1 This combined with our base case of t = a + 2 gives
that by mathematical induction, the fractional initial value problem (2.2.1) has a

unique solution that exists on N,. O

Remark 2.2.2. When v =1 (non fractional case) in Theorem 2.2.1, it can be shown
that for any to € N, the initial conditions y(to) = A and y(to + 1) = B determine a
unique solution of the initial value problem (2.2.1). However, in the fractional case
0 < v <1, it is necessary that ty = a, because the fractional difference depends on all

of the values of a function back to the value at its base, a.
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2.3 Variation of Constants Formula

In this section we will establish a variation of constants formula for the fractional

self-adjoint initial value problem

Vi(pVy)(t) = f(t), t € Napo

yla+1)=Vyla+1) =0

where 0 <v <1, p:Ny; — (0,00), ¢: Noyyo = R, and f: Nypo — R. Our variation

of constants formula will involve the Cauchy function, whose definition is given below.

Definition 2.3.1. We define the Cauchy function x(t,p(s)) for the homogeneous

fractional equation

Vi (pVy)(t) =0

to be the function x : Noy1 X Noy1 — R such that for each fived s € Noyq, x(-, p(s))

18 the unique solution of the fractional initial value problem

VY (pVa)(t) =0, teN,
e " (2.3.1)

(p(s)) = 0, Var(s) = -5

and is given by the formula

w(tp(s) = 3 %, te Ny (2.3.2)

T=s

Note that by our convention z(t, p(s)) =0 fort < p(s).
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Theorem 2.3.2. Let f : Nyio — R and p : Noyy — (0,00). The solution to the

fractional initial value problem

Vi(pVy)(t) = f(t), t€ Napo
(2.3.3)

yla+1)=Vyla+1)=0

s given by
t

y(t) =Y w(t,p(s))f(s)
s=a+2
where x(t, p(s)) is the Cauchy function (2.3.2).
Proof. Let y(t) be the solution of the fractional initial value problem (2.3.3) and let
h(t) = p(t)Vy(t). Then h(t) is a solution of the initial value problem

VVh(t) = f(t), ha+1)=pla+1)Vy(a+1)=0

and, by Corollary 1.4.3, is given by

Summing both sides from 7 = a 4+ 2 to ¢t and using the Fundamental Theorem of
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Nabla Calculus gives that
) R Iy O
v —sa+1) = 3 | S ).

Interchanging the order of the sums on the right hand side and using that y(a + 1) = 0,

we get

TOEDY [Z —(T{(ff]f()j)_ f(S)]

s=a+2 LT=s

: L (r — pls)”
=2 ) [E () ]

s=a+2 T=s

= > fs)a(t,pls))-

s=a+2

This completes the proof. O]

Corollary 2.3.3. Assume p: Nyy1 — (0,00) and u(t), v(t) satisfy

VY(pVu)(t) > Vi(pVu)(t), t € Ny

ula+1) =v(a+1).

Then u(t) > v(t) on N,.

Proof. Set w(t) = u(t) — v(t), and let

h(t) = VZ(pVw)(t) = V2(pVu)(t) — VL (pVou)(t) >0, t € Nyyo.
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Hence w solves the initial value problem

Vo (pVw)(t) = h(t), t€ Napo
w(a+1)=0

Vw(a+1) =0,

and our variation of constants formula gives that for ¢t € N,

wlt) = 3 hshattpls) = 3 his) 0T AN >

s=a+2 s=a-+2 T=5

Since w(t) = u(t) — v(t) > 0, we have that

u(t) >v(t) for teN,.

2.4 Green’s Function for a Fractional Boundary

Value Problem

We will now find the Green’s function for a nonhomogeneous fractional boundary

value problem with homogeneous boundary conditions.

Theorem 2.4.1. The fractional boundary value problem

=Vu(pVy)(t) = h(t), te NZ-H
(2.4.1)
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where a,b € R withb—a € Ny, h,p : Nb.| — R, and p(t) > 0, has the unique solution
y(t) = fab G(t,s)h(s)Vs, where

z(b,p(s))
eera(t, a), t<s—1
Gt,s)={ " (2.4.2)
zif’(’lff)))x(t, a) —xz(t,p(s)), t>s

and x(t, p(s)) is the Cauchy function (2.3.2).

Proof. Let z(t) = p(t)Vy(t), and let A :=z(a+ 1) = p(a + 1)Vy(a + 1). Then z(t)

solves the fractional initial value problem

—Vra(t) = h(t)

zla+1)=A

and therefore by Theorem 1.4.3,

2(t) = —V="h(t) — (A — h(a + 1))%.

Letting ¢y := (A — h(a + 1)) and dividing both sides by p(t) gives that

vilt) = <va“h<t> - %)

Summing from a + 1 to ¢, we get

S —— 3 [Z wh@wﬂ]_

2| & T TW)p(7)
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Interchanging the order of sums gives that

SDINIED ST o an

s=a+1 T=a+1

_ Z h(s)z(t, p(s)) — cox(t,a).

s=a+1

Letting ¢t = b and solving for ¢y we get that

— 3 h(s)z(b, p(s))
x(b,a) ‘

Co =

Substituting this value for ¢y into the formula for y(¢) gives us that

00 = = 3 WOt ) + S Z A(s)e (b, p(s)
- - Sglh“)x“’f)(s” + 22 hls)a . pls) + 2 Z A0, p(5))
_ sgl hs) {x;b(’b’jf)))x@, o) — a(t, p(s))} + sgl hs) [‘U;b(’b’jf')))x<t, a)]
- élms)G(t, 9,
where
0Lt a), t<s—1

06D (1 a) — a(t, pls)), t>s.

Hence any solution to the above boundary value problem is necessarily given by the

formula we have derived. Uniqueness of the solution y(t) follows from Theorem 2.2.1.

]
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2.5 Green’s Function and its Properties for the
Case p=1

We will now find the Green’s function for (2.4.1) for the case p = 1. We will prove
that this Green’s function is nonnegative and we will find an upper bound for G(t, s)

and its integral.

Remark 2.5.1. The Cauchy function of the fractional homogeneous equation

Vay(t) =0
s given by B
olt,p(0)) = (A

Using Definition 2.3.1 and Theorem 1.1.7 we have

oltpl) = 30T

1 1 U_l?
S G
(= pls))

Fv+1)

When p = 1, the composition rule given in Theorem 1.3.7 allows us to rewrite

Va@Vy)(t) as Vi y(t).
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Hence the fractional boundary value problem

=Vity(t) = h(t), teN,
o (2.5.1)

where a,b € R with b —a € Ny, and h : Nb, | — R, has the unique solution y(t) =

f; G(t, s)h(s)Vs, where

1 (b—s+1)¥ _\T .
Gt s) = T(v+1) < (b—a)” (t—a) >> t<s—1 (25.2)
1 (b—s+1)¥ 7 o
To+D) ( T t—a)’—(t—s+1) ) t>s.

Theorem 2.5.2. The Green’s function G(t,s) for (2.5.1) satisfies G(t,s) > 0 for

(t,s) e Nb x NP .

Proof. We will show that for any fixed s, G(t,s) increases from G(a,s) = 0 to a
positive value at ¢ = s — 1 and then decreases to G(b,s) = 0. Let s € Nt be fixed
but arbitrary.

First, we verify that G(a,s) = G(b,s) = 0.

This follows immediately from the equations

_ 1 (b—s+1)” 7\ _
60) = gy (e o) =0

and

Glb.s) = r(u1+ 1) ((b@f;i)”w— a)) = (b—s+ 1)”) =0.

Now, we show that for each fixed s, G(t,s) increases in ¢ for values of ¢ between

a+ 1 and s — 1. We consider the nabla difference with respect to t.
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I'v+1)
v (b=s+1)” =
Tt Goap T >0

VG(t,s)—V[ ! ((b(;:)i)”@_a)yﬂ

asb—s+1>0,b—a>0,and thoughv —1<0,t—a+v—1>0. Thus G(¢, s)
is increasing for all values of ¢ between a + 1 and s — 1. Since the Green’s function
is zero at t = a and increases for ¢ between a + 1 and s — 1, G(¢,s) > 0 for ¢ values
between a + 1 and s — 1.

We now show that G(t, s) is decreasing for values of ¢ between s and b. As above,

we consider the nabla difference,

VG(t,s) =G(t,s) —G(t—1,s)

_ 1 [(b—s—i—l)”
L (b-ay

- <%(t—a— 17 — (¢ — S)”)]

(t—a)’ —(b—a)’(t—s+1)"

(t—a)’ —(t—s+1)"

S
|
VA
+
—_
~—
N

—(b—s+1)"t—a—1)"+(b—a)"(t —s)"].

We will show that the bracketed expression above is less than or equal to zero.
Rearranging and factoring, the claim that the bracketed expression is less than or

equal to zero is equivalent to

b—a)Y[(t=s)"—=(t—s—1)"]+(b-—s+1)"[t—a)” —(t—a—1)"] <0, (2.5.3)
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which is in turn equivalent to
b—a) [(t—s)7—(t—s+1)"]<(b—s+1)[(t—a—1)"—(t—a)"].

Since s —1>a,0< (b—a) < (b— (s —1)), it remains to show that

(t—s) —(t—s+1)"<(t—a—1)"—(t—a)". (2.5.4)

Note that
_ t— _
= 5y
and
- (t—a—-1+v) -
(t—a) = re— (t—a—1)".

Rewriting the inequality (2.5.4), simplifying, and multiplying both sides by —1/v,

we see that the inequality is equivalent to

_ t—a—-1+v

(t—s)” — P (t—s)V <(t—a—1) PR (t—a—1)"
(t= 9" (t_—ys <(t—a-1y (J—_J
(t—s) _ (t—a—1)"
t—s = t—a—1 (2.5.5)

Since s > a + 1, we can show that the inequality (2.5.5) holds by demonstrating
t—T1)
-7
nabla difference of the expression is nonnegative. Consider the nabla difference of the

is increasing in 7. To show this, we will show that the

that the expression



29
expression,

v(t—T)Ui(t—T)v_(t—T-f-l)v
t—1  t—T t—71+1

t—7)7 (t—74+v)t—T1)"

t—r1 t—74+1)(t—7)
(t—T1)"

G ne-nt Y

This is greater than or equal to zero because both ¢t — 7 and 1 — v are greater than

(t—T1)"

-7

or equal to zero. Hence the expression is increasing in 7, which implies
that inequality (2.5.5) holds, which is equivalent to the inequality (2.5.4), and hence
the bracketed expression in (2.5.3) is less than or equal to zero, so that the Green’s
function G(t,s) is decreasing for values of ¢ between s and b. Since the Green’s
function is zero at t = b and is decreasing for ¢ values between s and b, this implies
that G(t,s) > 0 between s and b.

We have demonstrated that G(¢,s) is greater than or equal to zero for any fixed
value of s, and for all t between a and b. Note that though we have G(t, s) increasing
tot = s — 1 and decreasing from t = s, it is as yet unclear whether the maximum

of G(t,s) for a fixed t occurs at (s — 1,s) or (s,s). We will explore this question in

Theorem 2.5.4. O

The positivity of the Green’s function allows us to prove a comparison theorem

for boundary value problems.



Corollary 2.5.3. Assume that u(t) and v(t) satisfy

Vo u(t) > Vito(t), te NZH

Then u(t) > v(t) on Nb,

Proof. Set w(t) = u(t) — v(t) and let

h(t) == V™ w(t) = Vi u(t) — ViT7o(t) > 0,

Hence w(t) solves the fractional boundary value problem

Virw(t) = h(t), teNb,,

30

b

and the Green’s function gives that the solution of this boundary value problem is

w(t) = /b G(t,s)h(s)Vs, teN°

where G(t,s) > 0 and h(s) > 0, therefore w(¢) > 0, which implies u(t) > v(t) for all

teNo.

]

For the case p = 1, we now derive an upper bound for G(t, s).
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Theorem 2.5.4. The maximum of the Green’s function G(t, s) defined in Remark 2.5.1

1S given by

b+a+3 b+a—+3
(s )
7] 2 . .
rraar (14 52) [(52)7], [begee ] = beges

U2 a a .
O |22 ] = bga 4y

Here, the floor function |-| denotes the largest value in NZ+1 that is less than or equal

to its argument.

Proof. We will begin by examining the Green’s function to determine whether the

maximum for a fixed ¢ will occur at (s — 1, s) or (s,s). We have that

B 1 (b—s+1)” .
G(s—l,s)—r(y+1>< b—a) (S—a—l))

and, for s > a+1,

(b— L
bj—; s—a)”—l”)

i
_ l/—|—1 (b;il‘ <1+$)(s—a—1)y—r(u+1)>
izale

G(s,s)

(b—s+1 -

b—ay S_a_l))+F(u)(b—a)V(s—a— )
b—s+1)"(s—a—1)"
F)(b—a)’(s—a—1)

G(s—1,s)+

Note that the restriction s > a + 1 simply excludes from consideration the initial
value G(a + 1,a+ 1) = 0. From the proof of Theorem 2.5.2 we see that for certain
values of s and ¢, G(t, s) is strictly increasing from 0, so we can conclude that 0 is

not the maximum of this function.
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b—s+1)(s—a—1)7

ill sh h
We will show that T b= a)(s —a—1)

—1 <0, so that G(s,s) < G(s—1,s).

WehavethatL<1because0<1/<l. Alsou<lfors>a+l
C'(v) (b —a)?
and
(s—a—-1)"  T(s—a—1+v) :F(s—a—l—l—y)<1
s—a—1 (s—a—1)T(s—a—1) ['(s—a) '
Hence

() (5 ) ((Ss__aa__lf” <1
R
T)(b—a)(s —a— 1)

b—s+1)"(s—a—1)"
Fw)(b—a)¥(s—a—1)

—1<0,

which demonstrates that for s > a+ 1, G(s,s) < G(s — 1, s).
Now we wish to maximize G(s — 1, s) for s values between a + 2 and b. Consider

the nabla difference with respect to s, using Theorem 1.1.7

Vib—s+1)(s—a—1)"] = (b—p(s)+1)"v(s —a—1)"""!

+(=)(b=p(s) + 1) (s —a—1)"

—vb—s+2+4+v—1D0b—-5+2"(s—a—1)""

—vb—s+2" N s—a—1+v—1""

—ub—s+2)" Ys—a—1)"""[b+a+3— 24

In this expression, v, (b —s+2)"~', and (s —a — 1)"~T are all positive. The equation

b 3 b 3
b+ a+ 3 — 2s = 0 has the solution s = i, so we consider s = {%J :

2
b+a+3J

If s < { , the difference b+a+ 3 — 2s is positive, and thus the expression
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_ b 3
[(b—s+1)"(s—a—1)"] is increasing. If s > {%J , the difference b+a+3 —2s
is negative, and thus the expression [(b—s+1)”(s —a — 1)”] is decreasing. Hence the
_ b 3
maximum of the expression [(b — s+ 1)”(s —a — 1)”] occurs at s = L#J .

Here, depending on whether b + a is even or odd, there are two potential cases,

b+a+3 b+a+3 b+a+3 b+a
= or = + 1.
2 2 2 2
When VH_CH_?)J = b+;+3,wehave

2 9

T [(b_ﬁ;w+ S (e ‘1“‘”
bja (b—a+1) 7
:F(u+1 b—a)y <1+b—a—1) [(b_g_l)yl

This is a constant in terms of b — @ and v.
H{b+a+3J—b+a

G<b+a+3 1b+a+3)

B 1
v+1

5 5 + 1, then

b+a b+a 1
1] =
G< 2 7 2 +) ['(v+1)

(b— (e +1) +1)" (b+a_a>”]

(b—a)” 2
A2
B 1 b—a
I'(v+1)(b—a)” 2 '
This is also a constant in terms of b — a and v. This concludes our proof. O

In certain applications of the Contraction Mapping Theorem to nonlinear bound-
ary value problems, it is useful to have bounds for the integral of the Green’s function.

In Chapter 3, we will show existence of a unique solution to a fractional difference
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equation by showing that its solution is the fixed point of a certain map. We will find
conditions for which the map is a contraction, implying the existence of a fixed point.
For certain boundary value problems, the map in question involves the convolution
of the Green’s function and a forcing term. In this case, a bound on the integral of
the Green’s function allows us to find conditions on the forcing term so that the map
is a contraction. For applications of this type, see [45], [46]. We establish bounds on

the integral of the Green’s function in the following theorem.

Theorem 2.5.5. The following inequality holds for the Green’s function G(t,s) from
Remark 2.5.1.

[ ey e e

for all (t,s) € No x NI_,.

Proof. First, note that since G(t, s) is nonnegative for all (¢,s) € Nb x N°_ | we have

that fab |G(t,s)| Vs = fab G(t,s)Vs. We can integrate to obtain

Y Gts)= > Glt,s)+ > Glts)
:ﬁ 2 %(“a)y—(t—sﬂy
L (b—s+1)7 ;
+5;1W(t—a)]
1 b b—s+1)7 . )
B F(V) L;rl( (b_—;>u> ( _G)V—S:;rl(t_s_i_l)u
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Using Theorem 1.2.6, we have that

1 s 1 pEsy
+F(u+2)(0)+ oyt~
(t—a)” (t—a)”
F(y+2)(b a+u)—r(y+2)(t—a+y)
(t—a)”
r(u+2)(b_t)

We now wish to find the maximum of this expression with respect to ¢ € N2 ;.

The maximum does not occur at ¢ = a because here the expression &;i); (b —1)

evaluates to zero. We consider the difference of the expression with respect to t.

V[(t—a)l/(b_t)] :M(_1)+Vw(b_t+1)

I'(v+2) I'(v+2) I'(v+2)
B —(t—a)" ! (t—a)m
—W(t—a+y+1>+m(Vb—Vt+V)
= —(t_a)y_l 14 a — 1%
=T 12 wb+a+1—tv+1)].

The fraction (1;_(2:2_)1 is positive, and so we consider the bracketed expression

Wb+a+1—tv+1)].

This expression is equal to zero when ¢ = % This value is not necessarily in

Nb,,, but it is true that a + 1 < =L < b (In fact, this inequality is strict when

b—a>1)

When ¢t < %, the bracketed expression [vb+a+ 1 —t(v + 1)] is positive,
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(t—a)”
I'(v+2)

(b — t) is increasing in t. When t > Y2t¢tl" the bracketed expression

SO 1o

[vb+ a+ 1 —t(v+ 1)] is negative, so &;i);) (b—t) is decreasing in ¢. While ¢ = X&tatl

is not necessarily a value taken by the function, evaluating ét(;i);) (b—t) does produce

a maximum for the integral of G(¢, s).

When t = 2+tl we have

1+v
(t=af” (%t ) (, vbta+1
(v +2) - T(v+2) 1+v
B b—a—1 v(b—a)+1\"
S\ v+ 1DIr(v+2) 1+v '
This is the desired upper bound of fab |G(t, s)| Vs. O

Remark 2.5.6. In the non-fractional case, where v =1, the Green’s function becomes

(bfs+1)(tfagf(tfs+1)(bfa) s <t

G(t,s) =

Lot (¢ — q), s>t+1.

The maximum of the Green’s function becomes

G(V)—l—a—l—SJ_l V)—Fa—i-SJ) bTTa_ZL(bl—a)’ |52 ] = gt

9 9 -
- [brget] = by )

The upper bound for the integral of the Green’s function becomes

(b—a)* -1

b
/ |G(t,s)| Vs < 5
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2.6 Green’s Function for a Nonhomogeneous
Fractional Boundary Value Problem with
General Boundary Conditions

In this section we generalize the Green’s function from Section 2.4 to the following
homogeneous fractional self-adjoint boundary value problem with general boundary

conditions,
(

—Vi(pVy)(t) =0, te NZ+2
ay(la+1)—pVyla+1)=0 (2.6.1)

Yy(b) +0Vy(b) =0

\

where p : N, — (0,00), o + 3% > 0, and 42 4+ §2 > 0. Notice that here the left
general boundary condition is based at a + 1, in order to avoid the use of y(a — 1),

and so we understand the fractional difference equation to be satisfied for ¢t € N?_,.

Lemma 2.6.1. The homogeneous fractional self-adjoint boundary value problem (2.6.1)

has only the trivial solution if and only if

BVY)(E) = o T (63)”_1

BNl

VI = NG
v -0 = 3wt
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Letting y(a) = ¢, we have

y(t) = ¢ Z (;_—a)v—l + . (2.6.2)

= Tw)p(7)

We will use the boundary conditions to determine ¢y and ¢;. Evaluating equa-

tion (2.6.2) at t = a + 1 gives

yla+1) :p(a+1) +c
Vyla+1) = yla+1) —y(a) = p(aﬁ I

Using these values in the first boundary condition, ay(a + 1) — fVy(a + 1) = 0, we

obtain

(i) - latm) =

co (p?a_fl)) +ea=0. (2.6.3)

Evaluating equation (2.6.2) at ¢ = b gives

Substituting these values into the second boundary condition, ~vy(b) + dVy(b) = 0,
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we obtain

,, - -
(1 —a) ! (b—a)! B
7 ( 2. T *‘31) 0 ( () ) -

" (r—a) ' (b—a)" B
co (”yT;l ) +6 T00) ) +c1y=0. (2.6.4)

The system of equations (2.6.3), (2.6.4) in the variables ¢y, ¢; has only the trivial
solution if and only if the determinant of the system is not equal to 0. The determinant
of the system, which we will call —¢, is

a—p

_é& — p(a+1)

b (r—a)" 1T | c(b-a)” "
V2 rmatt To T 0T Y

«

It follows that

Hence the solution y() is nontrivial (i.e. ¢y and ¢; are not both equal to zero) if and

only if & # 0. O

Remark 2.6.2. In the case that v = 1, we have that

;

~V(pVy)(t) =0, te NZ+2

ay(a+1) —pVyla+1)=0

Yy(b) +6Vy(b) =0

\
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has only the trivial solution if and only if

__ P B
S RS TRALUD Dieo R Rk

Theorem 2.6.3. If the homogeneous boundary value problem (2.6.1) has only the

trivial solution, then the nonhomogeneous boundary value problem

—Va(Vy)(t) =h(t), te NZ+2
Y ay(a+1) — fVy(a+1) =0 (2.6.5)

vy(b) + 0Vy(b) =0

has a unique solution.

Proof. Let y,(t), y2(t) be two linearly independent solutions of the difference equation
—V¥(pVy)(t) = 0. Note that we can find two linearly independent solutions by taking
yi(a) =1, wyi(a+1) =0, yo(a) =0, ya2(a+1)= 1. These initial values determine
the solutions y; (t), y2(t) for t € Nb_, as aresult of Theorem 2.2.1. The choice of initial
values implies that y;(¢) and y»(t) are linearly independent.

Then for arbitrary real constants ¢; and co, y(t) = c191(t) + coya(t) is a general
solution of —V¥(pVy)(t) = 0. Given any solution yo(t), we choose ¢; = yo(a) and
c2 = yo(a+ 1), and again because of Theorem 2.2.1 we know yo(t) = c1y1(¢) + caya(t)
for all ¢ € N2,

Note that for any y(t) = c1y1(t) + caya(t), the set of boundary conditions

ay(a+1) —pBVy(a+1)=0

Yy(b) +6Vy(b) =0
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are satisfied if and only if ¢; and ¢y satisfy

o layi(a+1) — BVy(a+ 1)) + ¢ [aya(a+ 1) — fVys(a+1)] =0

¢a [yy1(b) + 0Vy1(b)] + c2 [vy2(b) + 6Vy2(b)] = 0.

But by assumption, y must be the trivial solution, so ¢; = ¢; = 0.
Since the above system of equations in ¢; and ¢y is solved only by ¢; = ¢ = 0, it

follows that its determinant is nonzero,

ayi(a+1) = BVyi(a+1)  ayala+1) = BVya(a+1)
Yy1(b) + V1 (D) YY2(b) + 6Vya(b)

£0. (2.6.6)

Let yo(t) be the unique solution of the initial value problem

—Va(pVy)(t) = h(t), teNg,

y(a)=A, yla+1)=B.

Then a general solution of V¥(pVy)(t) = h(t) is given by

y(t) = caya(t) + caya(t) + yo(t).

This y(t) will satisfy the boundary conditions

ayla+1) —pVy(a+1)=0

Yy (b) + 6Vy(b) = 0
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if and only if c3, ¢4 are constants that solve the system of equations

cslayi(a+1) = BVyi(a+ 1)] + e4laya(a + 1) — fVya(a+1)] = —aB + B(B — A)

c3[vy1(b) + 0V y1(D)] + ca[vy2(b) + 6Vya(b)] = —vyyo(b) — dVyo (D).

This system of equations has a unique solution for the constants c3 and ¢4 because
the determinant in equation (2.6.6) is not zero. Hence the fractional boundary value

problem (2.6.5) has a unique solution. O

Theorem 2.6.4. Assume that &, as defined in Lemma 2.6.1, is not zero. Then the

Green’s function for the boundary value problem (2.6.1) is given by

G(t,s) = (2.6.7)

where
1 avyz(t,a)x s adx(t,a M
(5 - (8- a) b= s+ )T
parn PP G T ) (268)
and
v(t,s) = u(t,s) — z(t, p(s)). (2.6.9)

Here, x(t, p(s)) refers to the Cauchy function (2.3.2).
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Proof. Suppose that y(t) is a solution of the boundary value problem

(

vy(b) +Vy(b) = 0.

\

Then z(t) = (pVy)(t) solves the initial value problem

—Via(t) = h(t), t€Nays

Y ayla+1) - BVy(a+1) =0

—Vi(pVy)(t) = h(t), teN,,

(2.6.10)

z(a+1) =pla+Dlyla +1) = y(a)].

Corollary 1.4.3 gives that the solution of this initial value problem has the form

z(t) = =V, "h(t) — co

Hence we have that

We sum both sides from a + 1 to t to get

TOETOEEDS (Z .

T=a+1 \s=a+1

(t— a)ﬁ
I'(v)
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Letting y(a) = ¢; and interchanging sums, we obtain

- _ Z h(s)x(t, p(s)) — cox(t,a) + ci.

s=a+1

Now we will use the boundary conditions to obtain formulas for the constants ¢

and ¢;. Since

=0 h(a+1)
yla+1) - pla+1) B pla+1) ta

and
. —Cp h(a + 1)
Vyla+1) = pla+1) B pla+1)’

we have that

( —cp h(a+1) N ) 5 ( —Co h(a + 1)) 0

« — o) — — =0.

pla+1) pla+1) pla+1) pla+1)

Since h : No_, — R, we extend the domain of h by letting h(a + 1) = 0. Rewriting

this equation to collect the terms involving ¢y and c;, we obtain

co (p(ﬁa:}b) + o= 0. (2.6.11)

Since
b

y(®) =~ > h(s)a(b, p(s)) — cox(b,a) + e

s=a+1
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and

b

R Y ULE i BN Ul
p) L T(v)p(b) CT)p0)

_ g(C=s+)7t)  (b—a)!
== 2 MO TR0 ) Tn)

we have that

=y (— Z h(s)z(b, p(s)) — cox(b,a) + cl>

b=s+1 1\ (b—a!
( sza;—lh ( (v)p(b) ) 0 F(V)p(b))

or, rewriting to collect ¢y and ¢y,

¢ (—vx(b, @) — 5 )) +emy

['(v)p(b)

b b (b—s—i—l)ﬁ

['(v)p(b)
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We will solve the system of equations (2.6.11), (2.6.12) by solving equation (2.6.11)

for ¢; and substituting this value into equation (2.6.12). We find that

o = (o= B)ey
' apla+1)

and, substituting into equation (2.6.12), we obtain

Co <—’V~"U(b, a) — sl o 5)%)

L(v)p(b) — apla+1)

=S his) [mb,p(s))w

s=a+2

(b—s+ 1)ﬁ
I'(v)p(b)

We simplify this equation by expanding x(b,a) and multiplying both sides by «,

b

Z h(s) [avx(b,p(s)) +

N SR SRR N Gt i
N ( Tty Y 2 T

N ) o S <}
TTWp®) " plat D) p<a+1>>'

(b—s+ 1)ﬁ
I'(v)p(b)

It follows that

b (b—s+ 1)r
Sza;Qh(S) [aw(b,p@)) O ) ]
B B By (r—a)" ' ad(b—a)"! _ ¢,
0 ( (p<a T2 T e )) -
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and also that

 (a— (b—s+1) 1t
cl_apa+1 ( Z h(s [ayxbp ))—i—ozéW])

s=a+2

Because £ # 0 and p(t) > 0, both of these constants are well defined. Substituting

both of these values into our formula for y(t), we have

t

y(t) = — Z h(s)x(t, p(s)) — cox(t,a) + ¢

s=a+1

s=a+1
10 (b—s+ 171
+ z(t,a) (E S;ﬂ h(s) [Oz7$(b p(s)) + ad RO ])
(B-a) < b st 1

Combining the terms in the second and third sums, we obtain

t

y(t)=— Y hls)a(t p(s))

+ S;rl h(s) E (owx(t, a)z(b, p(s)) + adx(t, Q)%
W —a) 0(B—a)(b—s+1)"!
[ R TR T )1 |

By rearranging the second sum by its terms, from a + 1 to ¢ and from ¢ + 1 to b, it
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follows that

(b—s+1)ﬁ
L(v)p(b)

W= g psyy 4 QWP b5t ”H> ot p<s>>]

y(t) = Z h(s) [1 (owx(t, a)z(b, p(s)) + adz(t,a)

s=a+1 f

pla+1) pla+1)  T()p(b)
+ 8;1 h(s) E <oryx(t, a)z(b, p(s)) + ada(t, a)%
+j9<(5 . f;x(b, pls)) + ‘;(f . ff; G ;fjp%)] .
Hence
y(t) = sz;:q h(s)u(t, s) + SZI; h(s)v(t, s)
= s:iﬂ h(s)G(t, s)

Hence G(t, s) as defined in the theorem is the Green’s function for the boundary value

problem (2.6.1). O
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Remark 2.6.5. Recall that in Theorem 2.4.1 we had found the Green’s function for

the fractional boundary value problem

—Vi(pVy)(t) =0, te€ NZ+1

This Green’s function is a special case of the Green’s function for general boundary
conditions, as given in equation (2.6.7). To see this, we let « = =~ =1 and 6 = 0.

Note that for these values we have o + 32 > 0 and v* + 62 > 0. We then obtain

and so
_x(bp(s))
u(t, s) 2(b.a) x(t,a)
and
(b, p(s))

o(t,s) = ult,s) — a(t, p(s)) = (¢, a) — w(t, p(s)

which 1s exactly the Green’s function from Theorem 2./4.1.
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Chapter 3

Applications of the Contraction
Mapping Theorem to Self-Adjoint

Difference Equations

3.1 Introduction

In this chapter, we use the Contraction Mapping Theorem to establish the existence

of solutions to the self-adjoint fractional difference equation

Va(pVy)(t) +qt)y(pt)) = f(t), (3.1.1)

where 0 < v < 1, t € Ny for some a € R, p: Nyyy — (0,00), ¢ : Noyy — R, and

f :Nyy1 — R, and the forced fractional difference equation

VY (pVa)(t) + F(t, 2(t)) = 0, (3.1.2)
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where F': Ny x R — [0, 00), that satisfy

lim y(t) = L

t—o00

for some L > 0.

In Chapter 2, we established existence and uniqueness of solutions to a related
initial value problem, but in subsequent sections, we let ¢ = 0 in order to be able to
compute y(t). This is because, as we saw in the proof of Theorem 2.2.1, a formula
for y(t9) depends on all of the values y(a),y(a+1),...,y(to — 1). This motivates the
use of fixed point theorems to study the self-adjoint equation with ¢ # 0. In each of
the theorems in this chapter we will define an appropriate operator, a fixed point of

which will be a solution of the self-adjoint equation satisfying certain properties.

3.2 Solutions with Positive Limits

To use the contraction mapping theorem, we must determine the appropriate opera-
tor, a fixed point of which will be a solution to the fractional self-adjoint difference

equation. To that aim, we prove the following lemma.

Lemma 3.2.1. Let p: Nyy3 — (0,00), ¢ : Noyy = R, and f: Nyoy — R. For some
L >0, define ¢ := {y:Na%R

tlim y(t) = L}. Suppose that for all the functions
—00

y € (, the series

[e.e]

> o [ > L ratot) - f(T))]

s=a+1 p(S) T=a+1
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converges. Then the forced fractional self-adjoint difference equation

Va(Vy) () +a@)y(p(t)) = f(t), t € Napy (3.2.1)

has a solution y € C if and only if the summation equation

W =L+ Y Z% S BT o)) — £() (3.22)

s=t+1 T=a+1
has a solution y(t) on N,.

Proof. Suppose that the difference equation (3.2.1) has a solution y € (.

Let z(t) = (pVy)(t). Then z(t) solves the fractional initial value problem

Ver(t) = f(t) —a®)y(p(t)), ¢ € Nays

z(a+1) =pla+1)Vy(a +1).

From Corollary 1.4.3, z(¢) has the form

z(t) = Vo (f(t) — a(t)y(p(?)))
(t — a)ﬁ

+lpla+ )Vyla 1) = (fla+1) —ala+ 1y(e)] g

and since

VIOVt 1) = = 3 (a+ 1 () (V) (s) = (pV)(a+ 1),
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we have

2(t) = Vo (f () = a®)y(p(?)))

(t —a) !
I'(v)

+[VaVy)la+1) = (fla+1) —qla+ 1)y(a))]

= Vo (f () = q@)y(p(t))).

Hence

So y(t) is also a solution of the summation equation (3.2.2).
Conversely, we must show that if y(¢) is a solution of the summation equa-
tion (3.2.2), then it is also a solution of the fractional difference equation (3.2.1)

with tlim y(t) = L. We have that
—00

s =L+ Y 5 3 EEE ool - (7).

L(v)
s=t+1 T=a+1

Taking the difference with respect to t of both sides, multiplying by p, and then
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rewriting sums, we simplify to find

1 & (s ()
Vo) = 5 3 S U~ atnuleln)
(PVy)(t) = % S (s — o7 (7) — a(P)ulo(n)))

(PVy)(t) = V" (f () = a@)y(p(t))).

Taking the v-th difference of both sides and composing using the the Composition

Rule 1.3.6, we find that

Vi(pVy)(t) = f(t) — q(t)y(p(t))

Vu(pVy)(t) +q)y(pt)) = f(t)

for t € N, o, and since the series

> 5 (S_/)((—T))Vl(q(f)y(p(T))—f(T))

L(v)
s=a+1 T=a+1

converges, we can take the limit as ¢ increases to infinity of both sides of the summa-

tion equation to find that lim y(¢) = L. O
t—o0
We now prove the main result of this section.

Theorem 3.2.2. Let p : Nyyy — R, f : Nyoy = R, and ¢ : Nyyy — R, and let

L €[0,00) be a real number. Assume

(1) p(t) >0 fort € Noy1 and q(t) >0 fort € Noyq ,

> 1 i s—p(T))¥ 1
@) Y 5 3 B ) <o

s=a-+1 T=a+1
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v—1

(3) Z Z s=p ;— f(7) < 0.

s= a+1 T=a+1

Then there exists some tg € N, so that the fractional self-adjoint difference equa-
tion

Vi 0Vy)(t) +a()y(p(t)) = f(t) (3.2.3)
has a solution y : Ny — R which satisfies 1tlirn y(t) = L.
—00

Proof. Because the series

>y e

s= a+1 T=a-+1

converges, we can choose b € N, such that

B = Z Z (s=p Z g(r) < 1. (3.2.4)

S P S
Let ¢ {y N, - R ‘ lim y(t) L} and define the supremum norm, || - ||, on {, by
[yl = sup [y(t)].
teNy

The pair ((, || - ||) defines a complete metric space. Define the operator 7" on ¢, by

L+Z Z E ol - ). (329)

s= t+1 T=b+1

First, we show that T : (, — (. Let y € (, be fixed but arbitrary, so that

lim y(t) = L. This implies that for some M > 0, |y(t)| < M for all t € N,. Thus we

t—o0
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have that

Tyl =+ S L S EZPO o) - )
o) ()

s=t+1

s=t+1 p(S) T=b+1

Using our bounds on y(t), we have that

Tyl < L+ Z Z j (Mq(r) = /(7))
a1 P\5) 2 b+1
i et
Ay 5 (s =plr Hf(r))‘.
sz-;- (p S T=b+1 V

For the first series,

= (1S s pln)
P <p<s> P (”)‘
O N P

5 (mz o f<¢>)

s=a+1 T=a+1

<

by assumption (3) in this theorem.

Hence T is well defined. Notice that, since the series in the definition of T con-
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verges, we can take the limit as ¢ — oo to find that tlim Ty(t) = L, and thus Ty € (.
—00
Now, we show that 7" is a contraction mapping on (. Let x,y € (, and t € N, be

fixed but arbitrary. Then

[Tz (t) — Ty(t)]

= S 1 (S_p(T)) T x(p(T)) — 7)) — f(7 T
= S:%Hp( ) 2T (q(m)(x(p(1)) —y(p(7))) — f(T) + f(7))
— 1 & (s—pln)~
< S_Em ) 2 T (q(T)]z(p(1)) = y(p(T))])
=~ 1 & (s—p(n)” B
< (S:%H o T:%H T q(T)) |z —yl| = Bllz —y.

Since t, x, and y are arbitrary, ||[Tz — Ty|| < S|z — y||, with § < 1 for all  and y
in (3, and therefore T is a contraction mapping. Hence T has a unique fixed point in
(p, call it yo. This fixed point satisfies the summation equation (3.2.2), and therefore
by Lemma 3.2.1, it is also a solution of the fractional difference equation (3.2.3) that

satisfies lim yo(t) = L. O
t—00
The following example demonstrates the use of our results.

Example 3.2.3. For some a > 1, let p(t) = (t — a)”t(Int)?, q(t) =1 and f(t) = 1.
Then p(t) > 0 fort € Nyy1 and q(t) > 0 fort € Noyq.

We also have that

=~ (s—a) « 1
Z B sza—:f—l s(ln s)? =%

s=a+1 p(S)



and therefore

> oy bl - v L ZS‘Z*M

s= a+1 T=a+1 s= a+1 T=a+1
= — =, < Q.
p<s>r<u+ D

Hence for any real number L > 0, there exists some ty € N, such that

Vi ((t = a)"t(Int)*Vy(t)) + y(p(t)) =1, ¢ € Nygp

has a solution y : Ny, — R that satisfies tlim y(t) = L.
—00

o8

(3.2.6)

In the above example, we required p(t) to be fairly large in order for the series in

the assumptions of Theorem 3.2.2 to converge. In the following theorem, we extend

our results by using summation by parts.

Theorem 3.2.4. Let p : Nyyy — R, f : Nyoy = R, and ¢ : Nyyy — R, and let

~ 1
L €[0,00) be a real number. Let P(s,t) := g o) Assume
p(u
u=t+1

(1) p(t) >0 fort € Noyq, q(t) >0, and f(t) >0 fort € Noyq ,

(2) Z (s—1,a) Z %q(ﬂ] < 00,

s=a+1 LT=a+1

s=a+1 LT=a+1

(3) Z (s—1,a) Z %f(ﬂ]<oo.

(4) lim V_"q(t) < oo and lim V" f(t) < co.
t—r00 t—o0
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Then there exists some ty € N, so that the fractional self-adjoint difference equa-

tion
Vi (0Vy)(t) +a@®)y(p(t) = f(t) + At y(t), T € Ny, (3.2.7)
where
M) = = (I V3 lalol) ~ 1)) =07 (325)

has a solution y : Ny, — R which satisfies 1tlim y(t) = L.
—00

o0 s _ 2
Proof. Because the series E P(s — 1,a) [ E %q(ﬂ] converges, we
V —

s=a+1
can choose b € N, such that

T=a+1

5:= > P(s—1,0) [ 3 %q(ﬂ] <1 (3.2.9)

s=b+1 T=a+1

We will now show that the mapping defined by

ry)=L- 3 Pe-1) Y EAD T o)~ £ (3210)

s=t+1 T=b+1 Py —1)

is a contraction mapping on the set ¢, := {y Ny, — R tlim y(t) = L} and that its
—00
fixed point in ¢, is a solution of the fractional difference equation (3.2.7).

To show that T" : ¢, — (;, consider a fixed but arbitrary y € (,. Since tlim y(t) =L,
—00



60

there exists some M > 0 so that |y(t)| < M for all ¢t € N,. Hence

Ty(t)| =

L= Y P10 ) M(q(ﬂy(n(ﬂ)—fﬁ))‘

s=t+1 T=b+1

<L+

S Ps—16) Y %q(ﬂy(f)(ﬂ)

s=t+1 T7=b+1

SL+M|Y Ps—1,4) > —(SF_(S@l); q(7)

s=t+1 T=b+1

Thus we have that

Tyt <L+M| > P(s—11) Y @F_’)(—T))Hq(v)

s=a+1 r=a+1 (v —1)
- — (s —p(1))"*
+ Y P(s—1.t) Y Oy F(7)

So T is well defined, and thus we can take the limit of 7" as ¢ — oo to find that

lim Ty(t) = L, so that Ty € (.

t—00

Now, we show that 7" is a contraction mapping on (. Let x,y € (, and t € N, be
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fixed but arbitrary. Then

o) =~ Tulo)] = | 3 Pls=10) Y E LD o) p(r) — (ot

s=t+1 T=b+1

< P10 3 LI (o) ~ o)
s=t+1 r=b+1

<3 P10 3 S e - gl = plle -,

Since t, x, and y are arbitrary, [Tz — Ty| < f||lz — y|| with § < 1 for all x and y in
(p, and therefore T' is a contraction mapping. Hence T has a unique fixed point in (p,
call it yo. This fixed point satisfies the equation yo(t) = Tyo(t), which we will now
show implies that g is a solution of the fractional difference equation(3.2.7).
Beginning with the fixed point equation yo(t) = T'yo(t), we first take the nabla

difference with respect to t,

() =L= Y Ps=1.0 3 L gnmo(r)) - fi7)
s=t+1 T=b+1
Vinlt) == Y Pl-1.0) Y L a(rmlotr) - £(7)

s=t+1 T=b+1
S (s — plr))"? .

# 3 Pe=1t-1) Y I gno(r)) - )

—Ple=1,0-1) Y CL A g o(r) - fi7)
T=b+1

+ i (P(s—1,t —1) = P(s —1,t))

s=t+1

> L ulotr) - 1)
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It follows that

v—2

-3 Z L2 alrmlo(r) - )

5= t+1 =b+1

Multiplying both sides by p(t), we find that

(pVyo) (1 Z Z G =P P lp(r) — £(7)

s=t+1 7=b+1

= Z V" (a()yo(p(s)) = f(s))

s=t+1

= 45 =1+ 1°V(V, " (q(s)y0(p(s)) — f(s)))
=V, " (a()yo(p(s)) — F(s)],
= lim [V, "q(s)yo(p(s)) — [(5)] =V, "(a(t)yo(p(t)) — f(1)).

§—00

We must verify that lim [V, "q(s)yo(p(s)) — f(s)] converges. Because yo is in ¢,
S§—00

lim yo(s) = L. We therefore have

S§—00

lim ¥, g()y0(p()) = () = (lim V,"q(s)) (Jim wo(p(s))) ~ (lim V"7 (5)) < oo

S5—00

because of assumption (4) in the theorem statement. Hence we have that

lim [V;q(s)yo(p(s)) — f(s)]

S—00

is a constant, and so the v-th nabla difference based at b of this constant is given by
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- (shr?o V, q(s)yo(p(s)) — f(s)) 3 (t —I,?((Z;)V
_ 1“(11_ l/) (Sli)rgo V;V(Q(S)yo(p(s)) — f(S))) (t _ b)—u
= At yo(1))

Finally, we take the v-th nabla difference based at b of the equation above and

use A(t,yo(t)) to obtain

Vi (Vo)1) = Vi (lim V3 a(s)o(p(s)) = /() = V5V, “(a@wo(p(t) = f(1))
Vi (pVyo)(t) = Alt, yo(t)) + f(t) — a(t)yo(p(t))

Vi (Vo) (t) + q(t)yo(p(t)) = f(t) + At yo(t)).

Therefore yo(t) satisfies the self-adjoint difference equation (3.2.7) with ¢, = b, and

tlgglo yo(t) = L. O
1
Example 3.2.5. For some a > 0, and some L >0, let p(t) =1, q(t) = VZ’lt—?), and
L
fy = v

a t3'
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Then p(t) > 0 fort € Nyi1. To show that q(t) > 0, we consider for somet € Nyq,

Simcel —v>0,t—u+1—v>0,andt—u+1>0 fort e N, +2, u<t, wecan
conclude that q(t) > 0 fort € N, + 2, so assumption (1) from Theorem 3.2.4 holds.

To demonstrate that assumptions (2) and (3) hold, consider

»
I
—_

1
P(s—1,a) = —— =s—a—2

(u)

g~

and hence

> Ps—ta)| 35BSy = 3 (s a-29E )

s=a+1 T=a+1 s=a+1
= 1
= E (s —a—2)V: (Vg‘l—g)

s=a+1 s

[eS)

s—a—2

: : g3

s=a+1

because of the Composition Rule 1.3.6. This series converges, and so assumption (2)
holds. Assumption (3) will also hold as f(t) is a scalar multiple of q(t).
Finally, to demonstrate that assumption (4) holds, consider the limit as t — o0

of the v-th nabla difference based at a of q(t).
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a a 3
. 1
= lim V=
t—o0 13
t
. 1
= lim —
t—o00 3
s=a+1
oo
>
ES — < 0
83
s=a+1

Likewise, tlim V.7 f(t) < oo as f(t) is a scalar multiple of q(t). Notice that for this
—00

q(t), f(t) pair and some y € (,

lim V5" (g(s)y(p(s)) — £(s)) = lim V;* (vz1—3) (y(p(s) — L) = 0

§—00 S§—00

as

and

lim (y(p(s)) — L) = 0.

S§—00

Because of this, in this example A(t,y(t)) = 0, and since all of the assumptions are

met, we conclude that for some b € N, the self-adjoint fractional difference equation

VU + (Vi ) wlole) = Vi

has a solution y that tends to L as t increases to oo.
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Remark 3.2.6. We remark that Fxample 3.2.5 demonstrates that Theorem 3.2.4

truly does extend the results of Theorem 3.2.2, as

= 1 & (s—p(r) ! e = 1
> X ey 0= X = 3 Y

s=a+1 s=a+1 s=a+11=a+1

does not converge.

3.3 Equations with Generalized Forcing Terms

In this section we will generalize the forcing term to permit F'(¢,z), not necessarily
linear in z, that satisfy a uniform Lipschitz condition with respect to x.
In the following lemma, we establish the appropriate fixed point equation, a solu-

tion of which will also be a solution of the forced fractional difference equation.

Lemma 3.3.1. Let p : Nyyy — (0,00) and F : Nyyy x R — [0,00). Define ¢ to be
the space of all positive functions, ( = {z : N, — [0,00)}. Suppose that for all the

functions x € (, the series

3 L T w S, TS
Tza;lp(f) ;@; To) L)

converges. Then the forced fractional self-adjoint difference equation
VV(pVx)(t) + F(t,z(t)) =0, te Ny (3.3.1)

has a solution x €  with 1tlim x(t) = L for some L > 0, if and only if the summation
—00

equation

T

wt) =L+ Y ]% 3 %F(s,x(s)) (3.3.2)

T=t+1 s=a+1
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has a solution x(t) on N,.

Proof. Suppose the fractional difference equation (3.3.1) has a solution x € ( that
satisfies tlim x(t) = L. Let y(t) = (pVx)(t). Then y(t) solves the fractional initial
—00

value problem

Voy(t) = —F(t,x(t)), € Nay
yla+1) =pla+1)Vz(a+1).

From Corollary 1.4.3, y(t) has the form

y(t) = =VYF(t,x(t)) + [p(a+ 1)Vz(a+ 1)+ Fla+ 1,z(a + 1))] %
and since
Vi(pVa)(a+1) = =) sg;(a +1—p(s))™" " (pVa)(s) = (pVz)(a + 1),
we have
y(t) = =V'F(t,z(t)) + [VZ(pVx)(a+ 1)+ Fla+ 1,z(a + 1))] %

— _VYF(L,z(t)).

Multiplying by p(¢) and summing from 7 =t 4 1 to co gives that

=P s o)

MF(s,x(s))
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It follows that
_ S N G () K
.T(t) =L + T;rl p(T) L;l F(I/) F( ’ ( ))] .

So z(t) is also a solution of the summation equation.

Conversely, if x(t) is a solution of the summation equation on N, then

wt)=L+ Y ]%7) [Z %F(s,x(s))

T=t+1 s=a+1

Take the nabla difference with respect to t of both sides, multiply by p(¢), and then

take the v-th difference based at a of both sides to obtain

—1 ! t—p(s))¥ !
Vi(t) = ) S:;l ( Ieéu;) F(s,z(s))

(pPVa)(t) = =V, F(t, x(t))

Vi (pVa)(t) = =VeV " F(t, x(t)).
By the composition rule given in Theorem 1.3.6, we have that
Va(pVa)(t) = =F(t,z(t) Vi (pVa)(t) + F(t,2(t)) = 0.

Hence z(t) is also a solution of the difference equation (3.3.1). Since p(t) > 0 and
F(t,z(t)) >0, xz(t) > L >0 for all ¢, so = € .

Furthermore, since

Lo (Tps) !
Z p(T) Z F(I/) F(S7x(5))

T=t+1 s=a+1
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converges, it follows that lim z(t) = L. O

t—o00

Theorem 3.3.2. Assume F' : N,y X [0,00) — [0,00) satisfies a uniform Lipschitz
condition with respect to its second variable in N1 X [0,00), i.e. there is a constant

K > 0 such that if u,v € R and t € N,

|F<t7u) o F(t,UN < K’U—Ul,

and assume p : Nyi1 — (0,00). Let (¢, - ||) be the complete metric space of positive

valued functions ( = {x : N, — [0,00)} together with the supremum norm. If

(H1) the series i 1 i MF(S,$(S)) converges for every x € (,
p

T=a+1 <T> s=a+1 F(l/)
and
K . (r—a)’
(H2) 8 := O T;‘H ( p(T)) <1

Then there exists a unique positive solution of the fractional difference equa-

tion (3.3.1) with tlim x(t) = L for any L > 0.
—00

Proof. Let (,d) be the complete metric space of positive valued functions together
with the supremum norm, and let L > 0 be fixed but arbitrary. Consider the mapping

T defined by

T v—1

Tt =L+ Y ]% 3 %F(s,m)) | (3.3.3)

T=t+1 s=a+1

We will use the Contraction Mapping Theorem to show that 7" has a unique fixed
point. First, we show that 7 : ( — (. Since p(t) > 0 and F(s,z(s)) > 0, we know

that Tx(t) > L > 0 for all t, so Tx € (.
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Next, we show that T is a contraction mapping. Let z,y € ( and t € N, be fixed

but arbitrary. Then

Talt) Tyt = 3 i[ %!M@(S))-F(s,y(s))l]

t+1
B K = (r—a) B
“To+D <T;+1 o) |z =yl = Bllz — yl|.

So
[Tz — Tyl < Bllz —yl|

with 8 < 1, and hence T is a contraction mapping. Thus 7" has a unique fixed point

x € (. Because the series

(e 9]

>y T _15((5;>V1F<s,x<s>>

T=t+1 p(T) s=a+1

converges, we have that tlim x(t) = L. A fixed point of T is a solution of the fractional
—00

summation equation (3.3.2), and hence by Lemma 3.3.1, there is a unique solution of

the fractional difference equation (3.3.1) that tends to L as t tends to infinity. O

Example 3.3.3. For some a > 0, let p(t) = (t — a)"t(Int)>.

As we saw in Example 3.2.3, p(t) > 0 fort € Nyy1 and Z % < 00.
p(T
T=a+1
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Choose K so that

and let F(t,x) = 1{;

We must first show that F(t,x) satisfies a uniform Lipschitz condition with respect

to its second variable. Note that x > 0 so that F(t,xz) >0, and for xz,y > 0,

K K
r+1 _m
y+1—(x+1)’
(z+1)(y+1)
[z —y
(z+1)(y+1)

[E(t,2) = F(t,y)] =

< Kz —y|.

We must also show that (H1) and (H2) hold. These conditions will follow from

our choice of K, because

P e IR S B

T= a+1 s=a+1 T= a+1 s=a+1
S K Z (T— CL)
Tw+1) 2 p(r)
<1< o0.

Hence for any L > 0, there exists a unique positive solution of

Vi ((t—a)"t(Int)*Vy(t) + ] ‘5/(75) =0, te€Ny, (3.3.4)

with lim y(t) = L.

t—o00
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Remark 3.3.4. In Example 3.3.4 we chose a small p(t), so that

(tr—a)"~
ngrl p(T)

barely converges. This meant we also needed a small enough F(t,x) so that the condi-
tion (H1) would hold. We could choose a larger function, such as F(t,z) = K (with
the same choice of K as in Example 3.3.4) but choosing the largest possible F(t,x) is
limited by our ability to compute VY F(s,x).

We can conversely choose a large (yet still uniformly Lipschitz continuous in its
second argument in Ny 1 X [0,00)) F(t,x), but we will need to pair it with a similarly

large p(t) so that conditions (H1) and (H2) hold.

3.4 Equations with Generalized Forcing Terms in
a Modified Complete Metric Space

In Theorem 3.3.2, the condition (H1), that the series

oo 1 T T+ — p(s))L
T:Za;rlm L;l ( PP((y)» _F(S,JJ(S))]

converges for every x € (, is quite strong. We can make this condition less strong by
making modifications to the complete metric space (, || - ||). We can choose a smaller

set of functions (, such as (7, := {y :N, = R tlim y(t) = L}, so that the burden of
—00

convergence can be partially borne by the choice of x(t). However, this will make
the uniqueness conclusion of the theorem less impactful. We also can replace the

supremum norm with a weighted norm to suit the choice of the pair p, F(t, z).
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Lemma 3.4.1. Assume M > 0 and

(v ={z: N, = [M,00) : Vz(t) <0}.

o0

1
Assume p : N, — (0, 00) satisfies Z o0 < 00 and define d : (py X Cyr — [0,00) by
T=a p
t) —y(t
o) e s 20— )

teN, w(t) 7

where

t 1 ]

w(t) == e [Er=a7tn],

Note that 0 < L := lim w(t) < 1. Then the pair ((r, d) is a complete metric space.

=00
Proof. To prove this lemma, we first show that d is a metric. It is clearly non-negative,
and since 0 < w(t) < 1 for all t € N,, d(z,y) = 0 is only satisfied when z(t) = y(¢)
for all t € N,. It is symmetric, and satisfies the triangle inequality, as follows, for

x,y,ZGCMZ

(Ix(t) —y®l ly®) — Z(t)!>

w(t) w(t)
=) —yOI |, W) = =)

teN, w(t) teN, w(t)
Hence d is a metric.
To see that ((p,d) is complete, consider a Cauchy sequence {z,} in (. For
each typ € N,, {z,(t9)} is a Cauchy sequence in R, and therefore converges. Define

its limit to be xy(tp) = lim z,(ty), and since ty was arbitrary, we can construct the
n—oo

function zo : N, — R in this fashion. Because each of the z,, satisfies z,,(t) > M and



74

V,(t) <0, so does x(t), and hence xy € (y. O

Theorem 3.4.2. Assume F' : N,y X [0,00) — [0,00) satisfies a uniform Lipschitz
condition with respect to its second variable in N1 X [0,00), i.e. there is a constant

K > 0 such that if u,v € R and t € N,
|F<t7u) —F(t7U)| < K’U—Ul,

and assume p : Nyy1 — (0,00). Let (Cpr,d) be the complete metric space as defined

in Lemma 3.4.1. If

(H1) the series

o0

S| > T _15((5)))”_ F (s, 1(5))

T=a-+1 p(T) s=a+1

converges for every x in (yr, and

Then there exists a unique positive solution of the fractional difference equation
Va(pVr)(t) + F(t, z(t)) = 0

with lim z(t) = M.

t—o00

Proof. Consider the mapping T on (j; defined by
1 [ & pls)
Ta(t) = M + — B F(s,a(s))] 3.4.1
W=+ 3 | 3 Rt (3.4.1)

We will use the Contraction Mapping Theorem to show that T has a unique fixed

point. First, we show that 7" : {3y — (pr. Since p(t) > 0 and F(s, z(s)) > 0, we know



5

that Tx(t) > M > 0 for all . Also note that

()T
Z L(v)

s=a+1

VTz(t) =

1
o0 F(s,x(s))] <0.

Hence T'x € (.
Next, we show that T is a contraction mapping. Let x,y € (3y and t € N, be

fixed but arbitrary. Then

< K i L Z Co o) y<s>|]
<20 2 | 2, ] e
. %5; ]% Z;l (1 — I{)((j)))”_l] d(z,y)
_ % Li; ﬁ] d(z,y) = ad(z,y).

So d(Tx,Ty) < ad(z,y) with @ < 1, and hence T is a contraction mapping. Thus T’

has a unique fixed point x € ;. Because the series

[e.9]

1 o0
7—:2:154-1 m L;l

O

Foy— Flo.a(s)

converges, we have that lim z(t) = M. A fixed point of T is a solution of the

t—o0
summation equation
x(t) = M + i L
T=t+1 p(T)

(r—p(s)""

to F(s,x<s>>] ,

P

s=a+1
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and hence by Lemma 3.3.1, there is a unique solution of the fractional difference
equation

Va(pVr)(t) + F(t, =(t)) = 0
that tends to M as t tends to infinity. ]
Next we give an example of the above theorem.

Example 3.4.3. Let

o0

I'(v+1)
M = —.
Z 3. 2(r—a+3) (7— _ (Z)V
T=a+2
I'(v+1)

This series converges because <1 forT>a+2. Let L be the solution of

(r—a)”

the equation

e~G+MD) _ 1
It follows from the form of the equation that 0 < L < 1. Now let

4 t=a,a+1

p(t) =
3.2(t—at3) (y_q)7

I(v+1)-L t € Nayo

and F(t,x) = fjr—“;, where x > 0 and t € Nyyy. First notice that F(t, ) is uniformly

Lipschitz continuous in its second variable in Noy1 X [0,00) with Lipschitz constant

K = 3. Also notice that

N | —

o0 1 o0
;]9(_7' +T;‘2p

= I'(v+1)
+L- Z 3. 2(r—a+3) (7- _ a)v
T=a+2

+L-M< oo

[\Dll—‘ DN | —



7

and so
lim w(t) = 67[ e 7)
t—o0

as desired.

We claim that the hypotheses (H1) and (H2) of Theorem 3.4.2 hold. Let x € (y
be arbitrary but fized. Then, using the fact that x is decreasing and therefore for

t > a+1, we have that x(a + 1) > z(t) fort > a+1,

_ L | N~ (= p(9) " 3la(s)]
=2 p(7) [Z T(v)  s+2

» o0 L . %

< 3u(a + 1)72(121 ) SZL;I I'(v) ]
s (1 —a)”

=3z(a+1) T;Hl T(v+ Dp(r)

(1 —a)’T(v+ 1)L
=3z(a+1) TZ T(v+1)3-20-a+3) (7 —q)7

=a+1

- 1
:x(a—i-l)L Z m

T=a+1

L
= Zw(a—k 1) < 0.

Hence (H1) holds.



To see that (H2) holds, consider

B K = (1 —a)
a_L-F(V+1)Z ()

K i (t1—a)’T(v+ 1)L

CL-T(v+1) e 32t (7 —a)”
K & 1
- ? Z 2(r—a+3)
T=a+1
K 1
= =-<1.
2 1°
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Thus the second hypothesis (H2) is also satisfied. Hence, Theorem 3.4.2 implies that

with F,p as defined above, the self-adjoint fractional difference equation

Va(pVz)(t) + F(t,z(t)) =0

has a unique positive solution with tlim x(t) = M.
—00
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