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1 Introduction

Difference equations and systems which do not stem from the differential ones have attracted
some attention in last few decades (see, e.g., [1-47]). Some of the systems that are of interest
are symmetric or those obtained from symmetric by modifications of their parameters (see,
for example, [5,9,13-19,22,23,36,39—44] and the related references therein). Another subarea,
of interest deals with max-type difference equations and systems (see, for example, [1,7,10-
12,17,19,21,28-35,38,40,42,43,45-47] and the related references therein). However, there are
only a few papers which belong to both areas (see [17,19,21,40,42,43]). Although majority of
the papers in the area treat equations or systems with integer powers of their variables, there
are some papers on equations or systems with non-integer powers of their variables (see, for
example, [3,4,8,20,27-33,35,47]). Paper [29] is one of the first such papers on max-type
difference equations. It studies positive solutions of the difference equation

p

X

X1 = Max-y a, p—" , n €Ny, (1.1)
xn—l
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with min{a, p} > 0.
Motivated by [29], in [43], S. Stevi¢ studied the boundedness character and global attractiv-
ity of positive solutions of the following symmetric system of max-type difference equations

vh X
Xpt1 =Max{a, —5— ¢, Ynpr1 =maxqa,—— o, 1 €Ny, (1.2)
XYn-1 Yn—

with min{a, p} > 0.

For related max-type difference equations see also [28,30,33,35].

Here we continue the line of investigations by studying the boundedness character of
positive solutions of the next system of max-type difference equations

vh X
Xpp1 = maxs A, % , Ynt1 = maxq A, ,17” , 1 € Ny, (1.3)
X, 1 Yna

where min{A, p,q} > 0.

Two of our results (Theorem 2.2 and Theorem 2.4) are natural extensions of the results
on the boundedness character of positive solutions of system (1.2) appearing in [43]. For the
other two results (Theorem 2.1 and Theorem 2.3) we need some other methods, different from
the ones used in studying system (1.2). Generally speaking, the paper is also a continuation
of studying special cases of the next systems of difference equations

yp xp
Xpp1 =max Ay, Kby, =max A, 5E L, n €N,
xnfl ynfl

p

p
Y-k Yk
Xp+1 = An + Z ’ yn-l—l - An + Z 7 ne NO/
n—l n—l

where k,1 € IN, min{p,q} > 0 and (An)uen, is a sequence of positive numbers, as well as
special cases of their scalar counterparts

xP k
-
Xp11 = maxi Ay, =

n—I
P

xnfk
q 7
Xl

Xpt1 = An +

n € Ny,

where k,I € N, min{p,q} > 0 and (Ay)qenN, is a sequence of positive numbers.

For some results in the area see, for example, [2,4,6,8,14,20,24,25,28-30,33] and the related
references therein.

Solution (X, Y )n>—1 of system (1.3) is bounded if there is an M > 0 such that

[Gen y)ll, = /2% +y3 <M, n>-1. (1.4)
sup \/xj +y; = +oo

n>-—1

If

we say that the solution is unbounded.
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2 Boundedness character of positive solutions of system (1.3)

In this section we prove the main results of this paper, which give a complete picture for the
boundedness character of positive solutions of system (1.3).

Theorem 2.1. Assume that A > 0,2,/q < p <1+qand q € (0,1). Then all positive solutions of
system (1.3) are bounded.

Proof. First note that from (1.3) we have
min{x,, y,} > A, neN. (2.1)

It is not difficult to see that the conditions 2,/g < p < 1+ g and g € (0,1) imply that the
polynomial P(t) = 2 — pt + q has zeroes t; and #; such that 0 < t, < t; < 1.

We have
t1+t
— A yn
Xp4+1 = mMax 7 hh ’
X

n—1

xt1+t2

n

Yn4+1 = Max A’T , n € Ny,
Y

which along with (2.1) implies that

X A fa &
n;rl = max {tl’ ]{17;2} < max{ Al™h, ( tyln ) (2.2)
Yn Yn Xy X1
5]
A xb2 X
Yl axd 2, U <max o ath [ (2.3)
tl tl tltz tl
Xn n n—1 yn—l

for every n € IN, and consequently

15}
X X
max{ ”jll,y”:l} < max Al_tl,max{ tln , tyln } , neN. (2.4)
Yn Xn ynfl xnfl
Let
X
un:max{ tl” , ]t/ln }, neN,
ynfl xnfl
and
Vpi1 —max{A1 “,vff}, neN, (2.5)
with
01 = Uq.
By induction, we have
u, <v,, née&lN. (2.6)

The fact t, € (0,1) implies that the equation g(x) = x, where

¢(x) = max {Al’tl,xtz} , x€(0,0), (2.7)
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has a unique fixed point ¥ > 1 and
(g(x) —x)(x—x) <0, xeRy\{x} (2.8)
Hence, for v; € (0, ¥], we have
on SUpp1 <% neEN,

and for v1; > %, we have
Uy > Upy1 > X%, n €N

Hence, (v,)nen is bounded, which along with (2.6) implies that

uy, < Lj, ne&Ny,

for some L1 > x > 1.
Therefore

Xor1 < Ly, yur1 < Lixy, n € No. (2.9)
From (2.9) we easily get
Xp 4+ Yn < 2L (xp—1 +yn71)t1, n €N, (2.10)

from which it easily follows that

n
1-

o+ yn < (2L1) T (x0+10)" < (2L1)ﬁ max {1, x0 + Yo} (2.11)

From (2.1) and (2.11) the boundedness of sequences (xy),>_1 and (y»)n>—_1, and consequently
the theorem follows. O

Theorem 2.2. Assume that A > 0, p > 0 and p? < 4q. Then all positive solutions of system (1.3) are
bounded.

Proof. Let sequence (p,)nenN, be defined as follows

q
= , =0. 2.12
Pi+1 P pr Po (2.12)

Using (1.3) and (2.12) we have

xn+1—max{A i } max{A <x‘lz/”pl>p}
4
} } (2.13)

p=1Y?
= max { A, max A , Xn—1
xq/p qa/(p—1)
n-= Yn—-2

p,
X1
‘1

Yn—o2

,_.

A Vg

= max { A, max

q
4
/ —0y .4
x P a/(p=35) " x
n—2
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__a =35’

A A v\ 77
= max { A, max , max —~ -

x‘l/l’l qa/(p—1) q/(p—@)

n n—2 X, 3

_ p—1 P

A A VU L
= max { A, max W,max 7 71),---max PT’QH;ZI( p (2.14)

Xn—1 Z_zp P Yok *n—(2k+1)

)P
p—pa ) PTP%-1 P=»

A A _

= max { A, max q/p,max{~~~max{ ot ,( q% 2’; )> } } ,
— P2k
Yu 1 Yn—2k \Xy (041
__a p—pa ) P~ P21 p—% P

A A xp P=P2k

= max { A, max q/p,max -+ max { ——, max T Z*(Zk+1) ,
— P2k
X, Yok xn7(2k+1) yn—(2k+2)
(2.15)

P

_a
p—pas ) PP P=%
A A Xy (2k+1)
=max { A,max{ ——,max{ ---max , cee
x‘i/l’ xP2w1 q/(p—paxs1)
n—1 n—(2k+1) \¥y_(2k+2)

If p2 < g, then by using (2.1) in (2.13), for n > 3, we get

117"
A X, _ _ 1
X417 = max{ A,max{ ——, =1 <max{ A AP, ———— %,
n+ q/p q +g—p?
NI API+q—p

s0 (x;)u>—1 is bounded, in this case.

The monotonicity of g(x) = g/(p — x) on the interval (0, p) along with the fact 0 = py <
p1 = q/p implies that pj is increasing as far as py < p. If py < p for every k € Ny, then there
would exist limy o px := p and (p)? — pp + q = 0, but the equation does not have real roots
because of the condition p? < 4q.

Therefore, there is an Iy € IN such that

Pip—1 <p and p;, >p.

If Iy = 2k, then by using (2.1) in (2.14), we get

_ P—P2k-1 P=
PPk
ot —maxd Amaxd A maxd — A e d A Ve
n+1 — 7 q/pr q/(p_ﬂ)/ Dok /xq
X1 Yoo ! Yu—ok *n—(2k+1)

A A A 1 P—P2k-1 P—% 4
< - [ - ce.
< max { A, max Aq/p,max AW(P*%) ,+ - -max { AP%’ AT-PPa } p

for n > 2k + 2, from which the boundedness of (x,),>_1 follows in this case.
If Iy = 2k + 1, then by using (2.1) in (2.15), we get
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p—pas1 ) PPy PP
B 4 A A A Y (2k+1)
xn+1 = max ,Max W,max < -max pT,maX xp2k+l Iy e
X, Yu—2k n—(2k+1) Yn—(2k+2)

_4\P
A A A 1 popa PP T
< max ¢ A, max Tq/ri’max ... max AP , max { Apw’ AT P paa } . ,

for n > 2k + 3, from which the boundedness of (x,),>_1 follows in this case.
Since the system (1.3) is symmetric, the boundedness of (x,),>_1 imply the boundedness
of (Yn)n>—1, finishing the proof of the theorem. O

s

Theorem 2.3. Assume that A > 0, p =14¢, and q € (0,1). Then all positive solutions of system
(1.3) are bounded.

Proof. First note that by using the change of variables
Xn = AJ?TZ/ Yn = A?n/ ne NO/

system (1.3), in this case, is reduced to the same system with A = 1. Hence we may assume
that A = 1.
Assume that the sequences (a,)nen, and (b,)nen, are defined by

ap =4, bo=¢g+1,
A1 = (q +1)boy — a2y, bont1 = qbay, 1 € N, (2.16)

bant2 = (g + 1)azu+1 — bont1, An42 = Gdon41, 1 € No.

From this, by using (1.3) and a simple inductive argument, we have

v Y
Xp41 =max< 1, 7 =max {1, 53—
Xn—1 Xn—1
1 X q+1)b0_a0 1 xal
1, ool =max{1,——, =L
xa[) qbo xuo b]
n—1 Yn—2

(q+1)a1—by by
1 1 1 vy, . 1 1 Vo
YA 7 7 a = Imax 1/ a 7 7 a
X0 by xq 1 x40 by x2
n=1 Yy_» n—3 n—1 Yy_n *n-3

1 1 1 x,ﬁ"?)“@}

W by m b
Yo1 Yy p *n—3 Yoy

1 1 1 x2
= maxXx {1, a bl 7 ay 7 Zs 3 }
Yn-1 Yn—2 Yn—3 Yn—a

4

a7 by T 42 7 by qa3

Y1 Yo *no3 Yy o Yus
b

1 1 1 1 y'y

a ’ b 74 7 p 7 ag
X1 ynl_z Xn-3 y,f_4 Xn—5

1 1 1 1 yiqjll)afi_bfi }

I
=
)
b

ao

bak
1 1 yn—Zk
1/ x 7 bl VAR 4 a
n—=1 Yy_»

2k
Xy ok—1
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(q+1)box—az
_ 1 1 1 Xy _2k—1
= max i T R R T
n-1 Yy_o Ynok—2
A2k 41
1 1 Xy _2k—1
:max{l, T s (2.17)
n-1 Yn_2 Y2k
(g+1) a1 —boks1
=max < 1 L ! ! In—2k—2
= Y N A I G021
n=1 Yn_2 n—2k—2 n—2k=3
bok 2
1 1 1 Yn—2k—2
:max{l, 0 T Ty g , (2.18)
n-1 Yy Yn—ok— “n—2k-3

for every k € IN.
From (2.16) we have that

by — Aop+1 + aon
2n —

q+1 , n € Np.

Applying this to the following relation

boni2 = (9 +1)agns1 — qbon, n € N,

we get
Aonts + aonia — (47 + g + 1)ages1 +qaz, =0, n € No.

From this and the relation as,> = gas,+1, we get
Aypi3 — (q2 + 1)ag, 1 + q2a2n_1 =0, nelNN. (2.19)
It is easy to see that the general solution of difference equation (2.19) is
dypi1 = 01+ ch2”, n € INp.
From this and since
am=@+Vb—a=¢q+q+1, b =qb=q"+gq,

m=qu=q0+¢+q,  b=(q+1a—b=(q+1)(F+1),
3=+ -—am=g"+7+¢*+q+1,

we have that
ata=¢+q9+1, a+of=+r+7+q+1

and consequently

. 1 _ q4+q3 _ q3
1 — 7 CZ - 2 -
1—¢q =1 q-1
Hence
1— 2n+3
a2n+] - ﬁ, ne INO. (220)

Letting n — +o0 we get

(2.21)
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From this and (2.16) we also have that

. T _ 9 .
e 2 = B0 P = 75 =, B b @)

Now note that from (2.17) and (2.18) we have that

b

X =max< 1 ! ! L s
2n+1 = P02 by T by g y2n
2n—1 Yop_2 Yo -1

Apy_

B 1 1 1 1 XOZH 1

X2y = IMaX ’ xuO " b Ry xazy,,zl bon_1 s

2m-2 Yoy 3 0 Y4

for n € IN.

From this, since min{x,, y,} > 1forn € N, and by using (2.21) and (2.22) the boundedness
of the sequence (xy),>_1 easily follows.

Since system (1.3) is symmetric, the boundedness of (x,),>_1 imply the boundedness of
(Yn)n>—1, finishing the proof of the theorem. O

The following theorem shows that positive solutions of system (1.3) are unbounded in the
other cases.

Theorem 2.4. Assume that A > 0. If p> > 4q > 4,0r p > 1 +qand q € (0,1), then system (1.3)
has positive unbounded solutions.

Proof. Assume that p?> > 4q > 4 and p # 2. From (1.3) we have

Yh xh
Xn4+1 Z qg 7 Yn1 2 g ne NO. (223)
xnfl ynfl

Let a, = In(x,y,), n > —1. Then from (2.23), it follows that
Ayy1 — panp +qga,—1 >0, n € No. (2.24)

The polynomial P(t) = t* — pt + g has the zeroes t1» = (p £+ /p%2 —4q)/2,and t; > 1, and
tr > 0.
From (2.24) we get

Any1 — tiay — ta(ay —ta,—1) >0, n € Ny, 225)
that is,
t
T = () - e o2
which implies that
1
Sz () - e "

Let x;,y;, i € {—1,0} be chosen such that

xoyo >1 and xoyo = (x,ly,l)tl. (2.28)
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This, along with (2.27), yields

n

XoYo z ho t
XnYn = ((x—ly—1)t1> (xn71yn71) = (xn71yn71) , n €Ny, (2.29)

from which we get
xayn > (xoy0),  n € No. (2.30)
Letting n — oo in (2.30), using the first assumption in (2.28) and #; > 1, it follows that
XplYn — +00 as n — oo, (2.31)

which along with the inequality between arithmetic and geometric means implies
x2+y2 — +oo as 1 —» oo, (2.32)

from which it follows that (x,, ¥, ),>_1 is unbounded.
The proof in the case p > 1+ g and g € (0,1) is similar, since then

= (p++\/p*—49)/2>1

If p=g+1=2, then t; = t, = 1. If we choose x;,y;, i € {—1,0} such that

xoyo > x_1y—1 >0, (2.33)
then from (2.27) we get
XoYo
> Y- No,
XnYn 2 x,ly,lxn 1Yn-1, 1 €N
and consequently
X n
XnYn > (O:VO) XoYo, neE No. (234)
X-1Y-1
Letting n — oo in (2.34) we get (2.31) and consequently (2.32), which implies that (x,,, ¥y )n>—1
is unbounded, finishing the proof of the theorem. O
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