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1. In this paper we study the behaviour of solutions of the equation
(1) x" + ax” + bx' + h(x) = p{1),

where a > 0, b > 0 are constants with a®> > 4b, the functions h(x), p(f) have their
first derivatives continuous for all real values of their arguments and are oscillatory
in the following sense:

for each argument u there exist such numbers f; > a; > u > a_; > f_, that
f(“l) < 0, f(ﬂ1) >0, f(o‘—l) <0, f\ﬁ—1) >0,

where f is either h(x) or p({), u is either x or ¢ and all roots of the restoring term h(x)
are isolated.

2. Our main tool for attacking the equation (1) will be the well-known Cauchy
formula for the particular solution of nonhomogeneous linear differential equations
with constant coefficients.

Lemma 1. If there exist such positive constants H, P that for all xe Z#' and t = 0

the inequalities
1) W) < H, 2) [po)] < P

hold, then each solution x(t) of the equation (1) satisfies the inequalities
(2) -‘ limsup |x'()] < (H + P)[b:= D',
t— o0
lim sup |x"(f)| £ 2(H + P)ja:= D".
t—= o
Proof. Substituting y := x’, we get from (1) the equation
3 v+ ay' + by = b)) = h(x(1)



with solutions of the form
t eel(t—f) _ eez(t—f)

(0 = () = Coent oo |

where ¢, , = (—a + /(a® — 4b))/2 and C,, C, are arbitrary constants.
Hence by virtue of 1) 2), for t = 0 we have not only

[p(z) — h(x(x))] dr,

@1 — Q2

e1(t—1) __ Le2(t— ot ot
J e = (o) — hi(e)] e < TP (1 + u)
° “me b 21 — Q2
but also
(4) lim sup |x'(f)] < (H + P)[b.
t— 00

Furthermore, putting z := ', we get from (3) the equation
z' 4+ az = p{t) — bx'(t) — h(x(1))

with solutions of the form

t

1) = [o(1) = Ce~* + f eI plx) — b x'(x) — h(x()] dr,

Tx

where C is an arbitrary constant and T, a great enough number.
Thus by virtue of 1), 2) and (4), for t = T, we have not only

J " e p(e) — bx(e) — (x(0)] de

Tx

T
<2H+ P+ Io(Tx)l)J' e I dr <
T.

(H + P+ [o(T)) (1 —e77™),

but also
lim sup |x"(¢)] £ 2(H + P)la, q.ed.
t— 0

Lemma 2. Under the assumptions of Lemma 1, if

Lw p(t) dt

where H' is a suitable constant, then every bounded solution x(t) of the equation
(1) either satisfies the relation

(5) lim x(f) = %, limx(1) = lim¥'(t) = 0 (h(s) = 0)

t—= o0

1) |h'(x)| < H' forall xe#', 3) < o,

or there exists such a root X of h(x) that (x(t) — X) oscillates.

Proof. Substituting a fixed bounded solution x(7) of (1) into (1) and integrating
the result from T, to ¢ (T, — a great enough number, whose magnitude will be speci-
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fied later in (9)), we get the identity
(6) J'T h(x(x)) dr = —{b[x(t) — x(T.)] + a[x'(t) — x'(T)] + x"(1) = x(T)} +
+ J‘t P(T) dz (:E I(t)) .

Ty
Therefore, by virtue of the condition 3), the assertion of Lemma 1 and the bounded-
ness of x({), there exists such a constant M, that for t > T, the relation

() ()| < M, ic. J'T_h(x(r)) ae < M,

is satisfied.
Now let us assume that x(t) does not converge to any root X of h(x): i.e.,

(8) lim sup |x(1) — X| > 0
t— o0
and simultaneously, for t = T,
(9) h(x()) = 0 or h(x(t)) <0.
Then

H(1):= jt h(x(7))dr (for t = T,)

evidently is a composed monotone function with a finite or infinite limit for ¢t - oco.
Since (7) implies that the ““divergent case” can be disregarded, it follows from (9)
that not only

™) im [ (@) de = tim |[* o) e < .
but also ) )
(8) lim inf |x(1) — x| = 0

t—> o0

holds, because otherwise (i.e. if
lim inf |x(1) — X| > 0)
t= o
(9) together with the fact that the roots of h(x) are isolated would yield
lim inf |h(x(z))| = lim inf |h(x(z)) — R(X)| > O,
t— o0 t—= o0

a contradiction to (7).
Thus (8) and (8') imply
lim sup |A(x(2))| = lim sup |h(x(1)) — h(%)| > 0 = lim inf |A(x(2))|
t— 00 t— t— o

and consequently there exists such a sequence {t,} > T, and such a constant A>0
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that (in what follows, d(x, y) denotes the distance between x and )
@) liminf d(t;,ti-;) >0, B) |h(x(z))| = H
i»oo/=>t;= o]

hold. Hence

M, = }13:) f |h!x(z))| d= =.§ Jt: |h(x(7))| dr = lim sup JW |A(x(2))| dt = 0

t i= iso/=>t;— o/
or (cf. a), B))

H'lim sup |x(¢)| = lim sup
t— 0 t— o0

i-1

dh(x(1)) _,
71\;(? x'(t)

But according to the assertion of Lemma 1, this is impossible and that is why
(x(t) — X) necessarily oscillates.

= lim sup

t—> 0

= 0.

’dh(x(t))
dt

The remaining part of our lemma follows immediately from the assertion
(10) x(t) € €"¢0, o0), lim sup [x"(1)] < oo,
t— o
lim [x{1)| < o0 = lim x®() = 0,
t—> 0 t—> o0
(where n = 2 is a natural number and k = 1, ...,(n — 1)),

whose proof can be found e.g. in [1, p. 161]. This completes the proof.

Lemma 3. Under the assumptions of Lemma 2 and if

2) |p(0)| =P forall t20, 2') limsup |p(f)] >0
t—w©

hold, where P’ is a suitable constant, then for every bounded solution x(t) of the
equation (1) there exists such a root X of h(x) that (x(t) — X) oscillates.

Proof. If Lemma 3 does not hold, then according to Lemma 2 (5) holds and the
fourth derivative of x(¢) satisfies

x"(t) = p'(t) — ax"(t) — bx"(t) — W'(x) x'(t) .

But it can be readily checked that, by the ultimate boundedness of x'(z), x"(t), x"(t)
(see (2)) and 1'), 2'), there exists such a constant D, that
lim sup |x""(t)| £ D4,
t— o0

which according to (10) gives the relations

lim x(f) = %/ = lim h{x(t)) = h(%) = 0/, limxP(1) =0 j=1,2,3

to> o t— o0 t—> o0
or

lim sup |p(f)| = lim sup |x"(t) + a x"(t) + bx'(t) + h(x(t))| = 0,
t— t— oo

a contradiction to lim sup |p(1)| > 0 (cf. 2)), q.e.d.
t—> o

+
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3. Now we can give the principal result of our paper.

Theorem. If there exist such positive constants H,H', P, P', Py, R that for
‘x| > R and t = 0 the following conditions are satisfied:
1) W) < B, )| < B,

I [t
2) lp(t)| £ P, |P(1)] £ P, ‘JO p{t) dt| < P, li?i sup |p(1)| > 0,

3) min [d(Xy, Xt 1)s A(Fpo K- 1)] > A0+ ) (Z + t—l> + Py ,
b a b b

where %, are roots of h(x) with h'(%) > 0 and %,_,, X+, denote the couple of
adjacent roots of X, (k = 0, +2, +4, ...), then all solutions x(t) of the equation (1)
are bounded and for each of them there exists such a root X of h(x) that (x(t)— %)
oscillates.

Proof. Let us assume, on the contrary, that x(t) is an unbounded solution of (1);
i.e., for example, lim sup x(¢) = . :

=0

Lemma 1 implies the existence of such a number T, = 0 great enough that for
12T
|X(0)| £ D" + e, |X()] =D +e,,
with ¢; > 0, &, > 0 small enough constants.

Let T; = T, be the last point with x(T}) = X, (k-even) and T, > T, be the first
point with x(T;) = X, . If we integrate (1) from T; to ¢, T, < t < T,, we come to

(11) [x'()) = x'(T)] + a[x'(1) — x'(T)] + b[x(r) — x(T1)] +
t t
+ '[ h(x(t)) dr = J p(r)dr.
Ty T
However, for T; <t < T, we have h(x(t))sgn x(f) 2 0, whence we can obtain

(multiplying (11) by sgn x)

[x(0] = I(T)| + D" +ab’ + 1Po] + 2,

where ¢ > 0 is an arbitrarily small constant, a contradiction to x(T,) = %4, with
respect to 3).

Since the remaining part of our theorem immediately follows from Lemma 3, the
proof is complete.

4. In the end, let us note that in [2] we have dealt also with the case

Jw |p(r)| dt < oo

0
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