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1 Introduction

Since the fundamental paper [1] by Kovacik and Rakosnik appeared in 1991, the Lebesgue spaces with
variable exponent have been extensively studied by many authors; see [2-4]. Motivated by applications to
fluid dynamics, image restoration and partial differential equations with non-standard growth conditions,
many variable spaces were introduced, such as Besov and Triebel-Lizorkin spaces with variable exponents
[5-12], Besov-type and Triebel-Lizorkin-type spaces with variable exponents [13-21], Hardy spaces with
variable exponent [22], Bessel potential spaces with a variable exponent [23,24] and Morrey spaces with
variable exponents [25]. The list is not exhausted.

Herz spaces were introduced in [26]. After that the theory of these spaces had a remarkable develop-
ment in part due to its usefulness in applications. For instance, they appear in the characterization of multi-
pliers on Hardy spaces [27], in the summability of Fourier transforms [28] and in regularity theory for
elliptic equations in divergence form [29]. For more details of the theory and applications of Herz spaces,
we refer the reader to the monograph [30]. Herz spaces with variable exponents were studied in [31-34].
As a generalization, Herz-Morrey spaces with variable exponents were introduced in [35]. Indeed, Izuki [35]
obtained the boundedness of vector-valued sublinear operators satisfying a size condition on Herz-Morrey
spaces with variable exponent MK;f ’;(,)([R"). Furthermore, Dong and Xu of the paper generalized Izuki’s

result for the MI'(; ;zf;l([R") in [36]. Wang and Shu [37] obtained the boundedness of some sublinear operators

on weighted variable Herz-Morrey spaces MK; ’;(_)([R”, w).
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Motivated by the mentioned work, in this paper, we will prove the boundedness of vector-valued

sublinear operators on weighted Herz-Morrey spaces with variable exponents MK;((,')),;\(_)(W). As a result,

we obtain the boundedness of vector-valued Hardy-Littlewood maximal operator on weighted Herz-Morrey

spaces with variable exponents MK_.,

m};‘(‘)(w). It is well known that the boundedness of vector-valued
Hardy-Littlewood maximal operator on non-weighted and weighted Lebesgue spaces play a key role in
the theory of function spaces. The paper is organized as follows. In Section 2, we collect some notations and

state the main result. The proof of the main result is given in Section 3.

2 Notations and main result

In this section, we first recall some definitions and notations, then we state our result. Let p(-) be a measur-
able function on R" taking values in [1, co), then the Lebesgue space with variable exponent LPC)(R™)
is defined by

p(x)
LPO(R™) = {f is measurable: J‘(WA—XHJ dx < oo forsome A > O¢.

R"

The Lebesgue space LP()(R™) becomes a Banach function space equipped with the norm
p(x)
Ifllze) = inf{A > O : J(WTX”) dx < 1}.
[R"

The space Llﬁf:')([R") is defined by ngé')([R”) ={f:fyx € LPOY(RM for all compact subsets K ¢ R"}, where and
what follows, ys denotes the characteristic function of a measurable set S ¢ R". Let p(-) : R" — (0, c0),
we denote p_ == essinfirnp(x), p, = esssupyerr p(x). The set P(R") consists of all measurable function p(-)
satisfying p_ > 1and p, < oo; Po(R") consists of all measurable function p(-) satisfying p. > 0 and p, < oo.
LP0) can be similarly defined as above for p(-) € Po(R". p'(-) is the conjugate exponent of p(-) € P(R"),
which means 1/p(-) + 1/p'(-) = 1.

Let p(-) € P(R™ and w be a nonnegative measurable function on R". Then the weighted variable expo-
nent Lebesgue space LP()(w) is the set of all complex-valued measurable functions f such that fw e LP0),

The space LP)(w) is a Banach space equipped with the norm

||f||LP(')(w) = || fwlpeo.

Definition 1. Let a(-) be a real-valued measurable function on R".
(i) The function a(-) is locally log-Ho6lder continuous if there exists a constant C; such that

G

1
— X, VERY |x-y| < —.
log(e + 1/|x — y) y | i 2

la(x) — a(y)l <

(ii) The function a(-) is log-Hélder continuous at the origin if there exists a constant G, such that

G

_ x € R™.
log(e + 1/|x|)

la(x) — a(0)] <

Denote by Pg’g([R") the set of all log-Hdélder continuous functions at the origin.
(iii) The function a(-) is log-Hd6lder continuous at infinity if there exists @, € R and a constant C; such that
G

— 3  VxeRn
log(e + Ix])

la(x) — ool <

Denote by P%(R") the set of all log-Hélder continuous functions at infinity.
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(iv) The function a(-) is global log-Hd6lder continuous if a(-) are both locally log-Holder continuous and
log-Hoélder continuous at infinity. Denote by P1°8(R") the set of all global log-Hélder continuous
functions.

Definition 2. Let p(-) € P(R"), a positive measurable function w is said to be in Ap.), if exists a positive
constant C for all balls B in R" such that

1
E”VVXB"LP(') Iwgllro < C.

Remark 1. The variable Muckenhoupt A, was introduced by Cruz-Uribe et al. in [38]. For more details,
see [38-42]. It is easy to see that if p(-) € P(R") and w € Ay(.), then wl € Ay (..

Let f € LL.(R™. Then the standard Hardy-Littlewood maximal function of f is defined by

1
MF(x) = sup —Ilf(y)ldy, Vx € RY,
Q>3x |Q| 0

where the supremum is taken over all balls Q containing x in R".
In general, the Hardy-Littlewood maximal operator is not bounded on weighted variable Lebesgue
spaces. But one has the following lemma [38, Theorem 1.5, p. 746].

Lemma 1. If p(-) € P9(R™) n P(R") and w ¢ Ay, then there is a positive constant C such that for each
feLPO(w),

IMfwllpeer < Clfwlipeo.

To give the definitions of the weighted Herz-Morrey space with variable exponents, we use the follow-
ing notations. For each k € Z we define By == {x € R": |x| < 2¥}, Dy = B\Bx_1, Xk = Xp,> X =X M 21,
Xo = Xg,- We also need the notation of the variable mixed sequence space ¢4)(L?""), which is first defined
by Almeida and Hast6 in [5]. Let w be a nonnegative measurable function. Given a sequence of functions
{fi}jcz, define the modular

p(x)

peq(')(Lp(')(W))({f}}j) = Z inf Al : I M

jez R Aﬁ
]

dx < 14,

where A =1, If g* < co or q(-) < p(-), the above can be written as

PeorowfUil) = TNGWIN 0.

jez
The norm is

||{f}}j||eq(.)(Lp(-)(w)) = 1nf{y >0 Ipeq(-)(Lﬂ(-)(w))({fj/y}j) < 1}

Definition 3. Let p(-), g(-) € Py(R™, A € [0, 00). Leta(-) be abounded real-valued measurable function onR".
The homogeneous weighted Herz-Morrey space MI'(;((_'))’}?(,) (w) and non-homogeneous weighted Herz-Morrey

space MK\ | (w) are defined, respectively, by
o ()’A .
MK 0y (W) = {f € LEI R™O0L, w) « e ) < OO}

and
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A — : .
MK;((‘)),I)(_)(W) = {f € ngﬁ)([Rn, w) : ||f||MK‘}x((:)>’,;(_)(W> < oo},

where

"f"MK"(‘)’A w = sup 27LA||(2&(-)kfj(k)kslJ|e‘1(')(LI’(')(W))
q(-),p(-) LeZ

and

_ . L
I ey oy = fusz L O ko e (170 gy -
€No

For any quantities A and B, if there exists a constant C > 0 such that A < CB, we write A < B.IfA < B
and B < A, we write A = B. The following Proposition 1 is from [43, Proposition 1, pp. 5-6].

Proposition 1. Let p(-), q(-) € Po(R"), w be a weight, A € [0, 00), and a(-) € L®(R™).
() Ifa(-), g(-) € PEER™) N PLER™), then for any f e LES (R™\{0}, w),

loc

Iz ) = max{ sup 22Ok < L leos -
P L<0,LeZ

sup {Z"M 125 i <o leao ) oy + 2_“||(2k“°°ﬁ(k)£_o"e”w(L”")(w»}}’
L>0,LeZ

where and hereafter, qq = q(0).
(i) Ifa-), g(-) € PLR"), then

(A e
MKy (W) = MKgr ) (w).

Lemma 2 has been proved by Izuki and Noi [44, pp. 9-10].

Lemma 2. If p(-) € PI5(R™) n P(R") and w € Ay, then there exist constants 6y, 8, € (0, 1) and C > 0 such
that for all balls B in R™ and all measurable subsets S C B,

P
lIXs 20 ) < C[ﬁj 1’ 1)
Xz 20 ) |BI
, P
s e oty < C(ﬂ] 2' )
Xz 7o @y |B|

Our main result is as follows.

Theorem 1. Let r € (1, 00), p(-) e PR NPRM), a(-), q(-) e L°(RM) nP})"g(fR") NPLSR™ NPyR"), w €Ay,
A — né; < a(0), ay, < nbd,, where 6, 6, € (0,1) are the constants in Lemma 2 for the exponent p(-) and
the weight w. Suppose that T is a sublinear operator satisfies the size condition,

TFO) < C j X — yIIF(y)dy 3)
RYI

forall f € L} .(R™ and a.e. x ¢ supp f. If the sublinear operator T satisfies vector-valued inequality on LP*) (w),

1 1

(ZITf,-I’J <C [Zlfjr] (%)
j=1

j=1

LP(')(W) LP(’)(W)
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for all sequences {f;};2; of locally integrable functions on R", then

1 1

{iITf;I’Jr <c [im] ,

j=1 . a(-)A j=1 . a()A
MKy, py (W) MEy(),py (W)

where C is independent of { f;}§2;.

The following Lemma 3 is Corollary 3.2 in [42, p. 11].

Lemma 3. Let p(-) € P(R™) and w be a weight. If the maximal operator M is bounded on LP")(w) and
LP ’(')(w*l) and r € (1, co), then there is a positive constant C such that

1 1

o]

j=1

P (w) P (w)

From Theorem 1 and Lemma 3, we obtain the following corollary.

Corollary 1. Let r € (1, 00), p(-) e PSR NP R"), a(-), g(-) € L°(R") nP{,Og([R") NPLYER™ NPHR"), w €Apy,
A = né; < a(0), ay, < nb,, where 6y, 6, € (0,1) are the constants in Lemma 2 for the exponent p(-) and

the weight w, then
<C [ZWJ ,
=1 ME S0

2(),p() W)

[Zle,- |’]
j=1

where C is independent of {f;}52; of locally integrable functions on R".

. a(),A
MKg(),p(y (W)

3 Proof of Theorem 1

To prove Theorem 1, we need the following lemma, which is well known. For example, see [45, Proposition
1.2, p. 6].

Lemma 4. Let O < p < 00, € > 0. Then there is a positive constant C such that
. . p\Vp . p
[ Z [ z 2|ki|8akJ ] < C[ Z a]P] (5)
j=—oco\k=-co j=—c0
for non-negative sequences {a;};2_,. Here, when p = oo, it is understood that (5) stands for

sup[ D 2‘|k‘i|€ak] < Csupa;.

Jj€Z \k=—co jez

Proof of Theorem 1. Since the set of all bounded compact supported functions is dense in weighted
variable Lebesgue spaces (see [42, Lemma 3.1, p. 10]), we only consider bounded compact supported
functions. Let {f;} be a sequence of bounded compact supported functions, we decompose

i)=Y flxy= Y fl, jeN.
I=—co I=—co
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By Proposition 1, we have

1 1
T

[eS) T PSS
DT ~ max{ sup 27| 2O NTF y ,
j=1 L<0,LeZ j=1
& a(-),A
MK, p) (W) k < L| {2020 ()

1
r

(ee]
sup 2-LA ||| pka(0) Z |Tfj|’ Xe

L>0,LeZ j=1
k<0 I’lO(LP(')(w))
1 \L
0 r
+ 2—L/1 2]«100 Z |Tf] |r Xe
j=1
k=0 lqoo(LP(')(W))
= max{E, H},
where
1
o0 r
E= sup 27MA||12KO) M TfI| x, ,
L<0,Lez j=1
k<L lqO(LP(')(w))
H = sup {F+ G},
L>0,LeZ
1
0 r
F = 27121 2k | N TF | x , L>o,
i=1
J k<0 lqO(LP('>(W))
1
0 r
G = 271 ke | M ITF | x, , L>o.
j=1
k=0 lqoo(Lm')(W))

Since to estimate F is essentially similar to estimate E, so we suffice to show that

1
o0 T
r
E,G< ||| DIl
j:l . a(-),A
MKg(),p(y (W)

To do so, we have

where
1
1 q(0) 4(0)
L oo | k-2 " \r
E = sup 2714 z 2ka(0)q(0) Z Z T]l Xk ’
L<0,LeZ k=—00 j=1|l=-00
LP(')(W)
T CERTG
L oo | k+1 "\
E,= sup 2714 Z 2ka(0)q(0) Z Tf, ,l Xk )
L<0,Lez k=-c0 j=1|1=k-1
LP(')(W)
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1
1 4(0) 4(0)

L o] 00 r\r
Ey= sup 270 ) 2k@a©@ 1% 1N Tfl |y s
L<0,Lez k=—0c0 j=1|l1=k+2
LP(-)(W)
1
1 |1 oo
L oo | k-2 "\r
6= 2t o[5S 17 [l |
k=0 j=1|[l=—0c0
LP(-)(W)
1
1 doo oo
L oo | k+1 "\r
G, = 2-1A z 2koodeo z z Tfll Xk s
k=0 j=1|l=k-1
LP(-)(W)
1
1 oo oo
L 0 | oo Y
G3 — sz/l Z zkﬂlm%o Z z Tf]l Xk
k=0 j=1|l=k+2
LP(')(W)

We shall use the following estimates. If [ < k — 1, then by Lemma 2 and Definition 2, we have

1

1
27kn J {Z If{(y) I’J dyx; < C27Mxg, Nl ) [Z lf,-I’J wy||  Igw o

R V=1 PO w) =1 1)

1
< szkn|Bk|”XBk ”I};’(-)(W—l) "XBI "Ll"("(w’l) [Z lf]|r] X (6)
j=1

r¢) (w)
1

< C20-bmé, (Z lf,-lr] Xi

j=1
LP(')(W)

Ifl >k + 1, then

1 1

i j (Z i) @ dyXi < C2 g o ) [Z mv] wxil| - w o
R U1 17O (w) J=1 10
1

0 T
< C27Mx g M0 g 70 oy X g 1 b Xl 6 [Z lf;l'] Xi @)
j=1
J LP(-)(W)

1

j=1
LP(')(W)

To estimate Ej, sincel < k — 2, we deduce that
X-—yl=Ix| -yl >2k1-21>2k2 xeDy, yeD.

Thus, by (3) for Vx € D, we have

I1f) < Z*k"_[lf}(y)ldy-
RYI
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Therefore, by the Minkowski inequality, we obtain

co | k-2 oY oo [ k-2 ’
1 - 1
SIT | <[ X[y
i=1|1=—c0 j=1|1=—co n
170w R 0w ®)
k-2 0 v
| X2+ | Sirtoor| v,
l=—c0 R" J=1 LPO) (w)
By (6) and Lemma 4, we obtain
1
1 q(0) 40
L k-2 0 T
Y 2te@a0)|| § gk I S IR dy
k=-00 I=-c0 rr U=1
LP(')(W)
1 4(0)) a®
L k-2 00 T
< Z 2ka(0)q(0) Z 2(I—k)n52 zlf]|r
k=-co l=—c0 j=1
LP(')(W)
) 4(0)) 7o)
L k-2 o) T
— Z Z 2la(0) Zlf]'r Xi 2(1-k)(n62-a(0))
k=-c0| I=—c0 j=1
LP(')(W)
L@ ao
L-2 o) T
< Z 2la(0)q(0) Zlfilr X ,
l=-c0 j=1
LP(')(W)

where 2-lk-1l(n62-a0) = p-lk-li¢ for ¢ = n§, — a(0) > 0. Hence,
oV

E < ZIij
= MES)A

4().p() (W)

To estimate E,. For k — 1 <1 < k + 1, Vx € Dy, since T satisfies (4), then by the Minkowski inequality,
we obtain

o | k+1 '% k+1 [ oo % k+1 0 % k+1 0 %
[z sz;}xk . z{zirf;v]xk Y [zlrfﬂjxk Y [zw]xl o
j=11=k-1 1=k-1\j=1 1=k-1||\j=1 1=k-1||\j=1

p0) (W) Lp(')(w) Lp(')(w) P (W)

Thus, we have

1
1@ g

k+1 L (e T
E < sup 2-IA Z z 2ka(0)4(0) Zlf/V X
=1

L<0,Lez l=k-1k=—c0 j
LP(')(W)
L
1 4(0) 4(0) 1
L+1 o T 00 T
—-LA 1
< sup 27HA) ) 2l©40) 1N f Iy < ||| D15
L<0,Lez I=—c0 j=1 j=1 L a(),A

PO (w) MK, p) W)
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To estimate Ej, since | > k + 2, we have

=yl =yl = Ixl > 22,

For Vx € Dy, since the sublinear operator T satisfies (3), we have

117 < z-lnﬁf}(y»dy.
IR"

Therefore, by the Minkowski inequality, we have

o S r} 00 oo ’

1 ~ !
SIS S]] S 2 [ ||x
j=1|1=k+2 Lp(')(w) j=1{ lI=k+2 R™

o) o] %
| X2 [ | 2o d,
1=k+2 R™ j=1
By (7), we obtain
1 q(0) ﬁ
L ) S ’
Y 2kOq0] Y z-l"j YD dyxy
k=—00 I=k+2 R" j=1
LP(')(W)
. 4(0)\ 2
L oo < .
< | ) 2k@a0] N ok-bnsi|| | N fr
Ke—co I=k+2 j=1
LP(')(W)
1 4(0)\a
L L & r
< | Y| X 20 Yisr| x| 2k
k=-co| l=k+2 j=1
LP(')(W)
. q(0) ﬁ

L 0 @ i

Y (290 ¥ S| ] 20

k=—00 I=L+1|| \j=1

LP(')(W)
1 FON)

L o] o T

> 260 SIS 51| x, 20=Dnd,

k=—0c0 =1 j=1

LP(’)(W)

Therefore,

13,1 + 13,2 + 13,3.

L<0,Lez

L<0,Lez

= E3’1 + E3,2 + E3,3.

x €Dy, yeD.

1

Es< sup 2MB,+ sup 27M5,+1 sup 254
L<0,Lez

p¢) (w)

p¢) (w)

DE GRUYTER
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We consider E5 ;. By Lemma 4, we have

Vector-valued sublinear operators on weighted Herz-Morrey spaces

. FONG)
L L © 3
E3’1 < sup 2-11 z z 2la(0) Z|f]|r (k=1 (né1+a(0))
L<0,Lez k=—co| l=k+2 j=1
LP(')(W)
L 1a© e
L+2 0 T
< sup 2-11 Z 21(0)4(0) Z'fﬂr
L<0,LeZ le—oo o1
LP(')(W)
1
[o'e) r
<||| 21hr .
j=1
J MR W)
where 2-1k=ll(61+a(0) = >-lk-lln for n = né; + a(0) > O.
We consider Ej,. Since né; + a(0) — A > 0, we obtain
1
1 q(0) \q(0)
L 0 00 T
E3,2 < sup 2—L/1 z 2k(n61+a(0)) Z 210((0) Z|f]|r 2—l(n61+a(0))
L<0,Lez k=-c0 I=L+1 j=1
LP(')(W)
1 1
0 r L 0 4(0) \q(0)
< sup sup27BO\ N fr|y, Y| kinbrea@) Y p-lnsia©)-h
L<0,LeZ I<0 j=1 k=-00 1=L+1
LP(')(W)
1 1
) r L 4(0)
< zmlr sup 2L(n61a(0))[ z 2k(n61+a(0))q(0)J
j=1 & L<0,Lez k=—00
MK, p» (W)
1
0 r
< || 2 I6F
j=1 - a(),A
MK (), p) (W)

We consider Ej 5. Since né; + a(0)

- A > 0, we obtain

1
q(0) \q(0)

2—1(n61+am)

IS q(0) \q(0)
2k(n61+a(0)) Zzl(n&ﬁam/l)j
=1

L o) )
Ess< sup 274 z 2k(n61+a(0))221am Z|fj|r
L<0,LeZ k=—00 =1 j=1
Lp(')(w)
1
o r L
< sup sup2lw|l| N|f] oy
L<0,LeZ I>1 j=1 =-00
LI’(')(W)
1
.S T L i0)
< zﬂ, sup 2-1A sz(n51+a(0))q(0)
S j
=1 zx()/\ L<0,Lez k=—00
MK iy (W)
1
fo'e) r
< Zf]V sup 2L(-A+né1+a(0)
i L<0,LeZ
a(-),A
MR )W)
1
00 r
< || Y16l
j=1
MR (W)

— 421
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To go on, we need further preparation.

If I < 0, by Proposition 1, we have

1
1 1 (|90 4@

00 r 00 T
[Z | fiV} Xi — 2-la(0)| Hla(0)g(0) (Z | f,-I’J X
j=1

| ji
L >(W) LP(')(W)

1
1 |49© 4(0)
r

1 0 T
< 27la(0) Z 2ta(0)g(0) [Z |f].|r] Xe

=—00 j=1
LD(')(W) (11)
1 q(0) ﬁ
1 00 T
< 21(/(—0((0)) 2—1/( z 2ta(0) Z|f]|r X
t=—00 j=1
LP(')(W)
1
00 r
< 20-a(0) {Zmr}
j=1 ()4
ME4(,p() W)
Next, we estimate G. To estimate G;, by (8) and (6), we have
i o) 4o
L k-2 0 T
Gl < 2—LA Z“zkotmqoO z 2(l—k)n62 Z|f]|r X
k=0 I=—c0 i=1
LP(')(W)
1 1 o) T
L -1 0 T k 0 T
< 2-1A Zzl«)(mq00 Z Z|f]|r X 2(-lons; Z Z|f]|r X 2(-kynés,
k=0 =0 || =1 =0 || \j=1
Lp(-)(w) LP(-)(W)
1 oo ) Geo
L -1 00 r
< 2—L}l Z:zkarooqoo z zlf]lr X 2(1—k)n62
k=0 =-00 j=1
LP(')(W)
1 doo qéo
L k o T
+ 2LA ZZkotooq00 z Zlf]lr Xi 2(-kynd,
k=0 1=0 || j=1
LP(')(W)
= G1,1 + G1,2.

If go, > 1, since nd, — ay, > 0 and nd, — a(0) > O, then by the Minkowski inequality and (11), we obtain

1 doo ) Goo
L -1 00 T
Gl,l = LA Z 2kates Goo z ZU}IT X 2(-k)ns,
k=0 I=—oo || \j=1
LP(')(W)
-1 (e} % L ﬁ
< 2—L/\ Z Z|f]|r X {Z (zkawz(l—k)néz)qm}
l=-0c0 [[\j=1 k=0

pC) (w)

=i

1
)

Ky

-1 o L
< 2-1A z olns, [z |f]|r Xi {zz—k(né‘z—aoo)qm}
j=1

I=-c0 k=0
LP(-)(W)
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N

N

If g, < 1, since né, — ag,

N

N

N
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We consider G, ,. Since né, — a, > 0, by Lemma 4, we have
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where 2-1k-1l182-a00) < 2=Ik=lIn for n = N, — Ay,
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To estimate G,, by (9), we have
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To estimate Gs, by (10), we have
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1
doo \ oo

~|=

L L+2

G274 z Z pL

(ee]
z 15l x;
k=0| I=k+2 j=1

r¢) (w)

1
1 oo oo

Z I X
j=1

L+2
2-1A z 2Natcodoo
1=0

N

p¢) (w)

1

0 T

Y Il ,

j=1 e
MRS W)

N

where 2-1k-llmb1+aco) = 2=Ik=U¢ for ¢ = né; + ay, > O.

2(k—l)(n51+am)

DE GRUYTER



DE GRUYTER Vector-valued sublinear operators on weighted Herz-Morrey spaces = 425

Then we estimate Gs ;. Since né; + a,, — A > 0,
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This completes the proof. O
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