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Roundedness on Stochastic Petri Nets

J. CAMPOS, F. PLO AND M. SAN MIGuEL*

ABSTRACT. Stochastic Petri nets generalize the notion of queueing systems and are a useful
tnodel in perfonnance eva¡uation of paraflel anO distributed systems. wc give necessary anO
sufficient conditions for the boundedness of a stochastic process related to these nets.

1. INTRODUCTION

Petri nets are a formal tooh bor tite modehhing and validation ob logical
properties ob parahiel and distributed systems (see Peterson [7]or Sihya [8]
for general reberences). We consider a Petri net as being composed of a
fmnite set of places numbered from 1 Lo p, and a frnite set ob transitions
numbered brom 1 to d. Eacit place can contain an integer number of
‘tokens’. A p-tuple of nulí or positive integers X = (X’,...,X~) will be
cahied a ‘rnarking’ and X wihl be interpreted as tite number of tokens in
place i. Tite eyohution ob tite marking is determined by tite f¡ring of
transitions. We denote by Cík tite number (positive, mdl or negative) of
tokens added to place ¡ witen transition k is bired. Tite matrix C = (clk),
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¡=1 p, k=h d is cahied tite incidence matrix ob tite net. A transition can
be fired only witen titere are enough resources in tite system. That is, ib
tite number ob tokens in eacit place is not negative abter tite firing.

Given a firable sequence ob transitions s, we denote by & tite d-tuple
witich counts tite number ob times a transition 1< (1=k=d)occurs in s. Tite
marking evolution from an initial state X0 can be represented by X =

+ C&. Titis equation is called tite net firing equation and X is a reacitable
marking brorn X0.

Given a positive integer L, a place k in the net R with initial marking
X0 is said to be L-bounded ib Xk =L for eacit reacitable marking. Tite net
is said to be structurahly bounded if for eacit initial X0 and bor eacit place
k titere exists an integer L such titat k is L-bounded.

A citaracterization of structural boundedness (see Brams [3]) can be
given:

Tbeorem 1.1 [3]. Ler R be a ¡‘Crí ner wirh incidence niarrix C. The
rhree fotlowing srarements are equivalenr:

1) R is strucrurally baunded.
ji) TItere is no g =O such tItar Cg > O.
ni ) There exisrsf > O suc.’z rItarf’C =0.

In order to be usebul as a perbormance evaluation tool, a timing
interpretation itas been added to tite Petri net model, Ieading to stocitastic
Petri nets (see Mohloy [5], Ajmone Marsan et al. [21, and Florin and
Natkin [4]).

Tite purpose ob titis paper is to give necessary and subficient
conditions bor the boundedness in niean of a stochastic process related to
tite evolution ob tite markings ob a stocitastic Petri net. lo achieve titis
goal, we use tools that itave been applied to tite problem of optimal
stopping ob a process in discrete time, and particularly, tite process ob
essential upper bounds (see Neveu [61).Tite results obtained generahize
tite aboye titeorem 1.1 from a stocitastic point ob x’iew.
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Tite paper is organized as follows: in section 2, stocitastic Petri nets
are formally introduced. Boundedness in mean and stocitastic conservation
are defined; both definitions are generalized until a stopping time T.
Section 3 includes tite main resuht (i.e. a citaracterization ob boundedness
iii mean of a positive sequence ob random yariables until a stopping time
T) as weIl as two corohiaries titat can be seen as stocitastic generahizations
oftiteorem 1.1. Finahly, an additional necessary condition bor boundedness
in mean of a stocitastic Petri net is presented in section 4.

2. STOCHASTTC PETRI NETS AND RELATED CONCEPTS

2.1. Stocbastic Petri nets. Stocitastic Petri nets are a model titat
includes time in Petrí nets by assigning a random variable Lo cadi
transition. Titis Variable represents tite time elapsed since tite transition is
firable until tite moment in witicit it actually fires. In titis section we
proVide a stochastic process that describes tite beitaviour ob tite timed net.

Given a probability space (Q,.9;P) and a bamihy (.9;, r=0)of sub-a-
biehds ob 5 continuous brom tite rigitt, Iet (Tr, re N*) be a sequence ob
stopping times bor (.9;, r=0),such titat

O Tr>0
II) Tr oc Tr+i on {Tr <o”)

T =Iim 1’» =-+oo
yo—>00

Let (u(r), re N’<) be a sequence ob random variables witit vahues in
(1,2 d>. Tite multivariate point process (N,)

r=0,

witere
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N,k=>3 ‘{Tr<~}’{u<r)—k} t>0~ k=i,2
r~ itt

is called firing process. Ib (u(r) = II represents tite firing of transition i
at instant 7’,, it can be interpreted titat (N,) counts tite firings ob transitions
until’ tite instant it.

Given a stochastic vector X0 = ~ a matrix C, pxd, such that
e Z, fin p, i=1 d, aix! a firing process (N,, t=0),a necessary

condition for tite firing of transition i at instant 7’r i~

X~1i-c=O, j=1 p (2.1)

We define tite continuous pararneter process (1K,, r=0),of p
components, as fohlows:

¿=0. (2.2)

Titis process can be interpreted as tite description ob an evolution ob
markings in a stocitastic Petri net, witit p places, d transitions, incidence
rnatrix C and initiaL marking Xi,. Condition (2.1) ensures titat (2.2) is a
non-negative process.

We consider in witat bollows tite discrete pararneter processes Nr=Nr,
andX,=X,,.. Tite equation XTr = xc + CN,, is denoted by 14 = >Q + CNr.
Titis process wih¡ be called stocitastic Petri net.

2.2. Boundedness in mean and stocbast¡c conservation. In the
structural analysis of a Petri net, with incidence rnatrix C and initial
marking X~, tite net is called conservative ib títere exist vectors fe (N*t,
sucit titat f’C = 0. Similarly, bor a stocitastic Petri net we can searcit bor
p-dirnensionai randorn variables such titatfC(Nr-Nrí)=0, orE(f’C(Nr-Nr,))
=0, witere r = 1,2,... and N0 = (0 0).

In tite first case we try to obtain a conservative behaviour in each
patit and in tite second, a conservative beitaviour on average.
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Tite first case is loo constraining to be usebui. Tite second is a
suitable approacit but titere are not enough stocitastic tools for its
development. Titerefore, it seems convenient to bollow an intermediate
approach and carry out tite searcit bor a p-dimensional random variabie
f=(f f,,), satisbying tite boiiowing conditions:

Of>I Vi=1,...,p (2.3)

II) E<f’C(Nr~Nr.i) INo,...,Nr~i) = 0, r = 1,2... (2.4)

Ib we consider tite sequence ob markings X = (14), condition (2.4) can

be written
u) E(f’(X,-X,,) IXo,...,Xr.t) = 0, r = 1,2... (2.5)

We denote by (X~) tite sequence titat describes tite surn ob tokens in
tite net in each instant T~, that is:

1~
14=>? ~, bor each r=0.

jo’

Ib titere exists ap-dimensionai random variablefsatisfying conditions
i) and u), titen tite sequence

p

f’X=>3 L~¡
1=1

is a martingahe dominating (X~).

We must point out, itowever, titat Doob decomposition ob a
supermartingale

Y=M—A, reN

(witere (Mr) is a martingaie and (A,) is an increasing sequence sucit titat
A0 = O) ensures titat tite existence ob a martingale dominating (4) is
equivalent to tite existence ob a supermartingale dominating (4). Titis
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remark as wehi as tite previous considerations justify tite foiiowing
definition.

Definition 2.2.1. A srachasric Perú net (1K) is called stachasticalty
cansen’auive ¡f diere exists a superniartingale (Y) doniinaring rIte
sequence (4).

Let A be tite set ob ah stopping times bor (94 Tite expected number
ob tokens at a stopping time 5 E A is E(X). Titerebore, we can generalize
tite concept ob baundedness (see section 1) in the bolhowing way.

Definition 2.2.2. A stacItastic Petrí aet (1K) iv catíed baunded in
niean

sup{E(XP}-coo.
ScA

Tite stocitastic Petri nets related to a structurally bounded Petri net
are also bounded in mean. We can easily find unbounded Petri nets witose
related stocitastic Petri net is bounded in mean.

However, titere are some unbounded stocitastic Petri nets in cases in
witicit boundedness sitould also be expected. For instance, tite stocitastic
Petri net witich modeis an ergodic M/M/I queue is not bounded in mean.
Titis fact justifies a hess exigent condition ob boundedness, witicit we
presently put borward.

2.3. Boundedness and stochast¡c conservation until a stopping
time T. Let L be a ciass of stopping times bor (Y). Qn tite assumption
titatX(S) is a 91-measurable and integrable random variabhe for eacit SeL,
we can give tite bollowing definition.

Definition 23.1. The faniity [X(S), Se Li is an L-superniartingale ¡f
E(X(V)/Y~) =X(U), far alt U,V e L, wItere V=U.
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If tite ~ariabhesX(S) are positiVe, we can drop tite hypothesis of
integrabiiity over X(S) in definítion 2.3.1. In titis case, we say titat {X(S),
Se L} is a generalized L-supermartingale.

We are interested in the beitaviour of tite stocitastic net until a
stopping time 7’, (i.e until sorne condition is fulfilled or some event is
observed). Titerebore we take L = ¡5: Se A, S=T} and generahize
definitions 2.2.1 and 2.2.2 in tite fohiowing way.

Definition 23.2. A stochasric Petri net is called stochastically
conservartive unril tIte sropping rime 7’ ~f¡Itere exists a L-superniartingale
dominaring (4 5=7’»

Definition 2.3.3. A stachastic Perri ner is called bounded in mean
until rIte stopping time 7’ zf

sup(E(Xib} < oo
S=T

Usual?>’ we Lake, as stopping time T, tite first hítcing time ob (1K) in
B, defined by

{ ¡nf (r =0:1K, e B)
TB = +oo; ifX,.~ 8 for ahí reN

witere B is a subset of N~.

3. A CHARACTERIZATION OF BOUNDEDNESS UNTIL A
STOPPING TIME T

In this section we present a citaracterization ob boundedness ob (1K,),
a positive sequence ofrandom variables adapted to (.9», until a stopping
time T. Two alcernative stochast¡c generalizations ob theorem 1.1 are
derived as coroliaries.
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Given a fixed stopping time 7’, iet L = (5 : SeA, S=T}and let us
denote by L~ tite set of ah stopping times of L witich are greater titan nr
equal to tite stopping time U. We reber to (Y(U), UeL), witere

Y(U)=ess supE(Xj.9¿) (3.1)
SeLa -

as tite bamily ob essentiah upper bounds.

It can be shown (see Adeil [II)titat tite family (Y(U), UeL) is tite
smallest generahized L-supermartingahe dominating (X~~ UeL).

In order to study tite bamiiy (Y(U)) we point out titat titere is a
correspondence between tite sets L aix! M = ISAT: Se Al (SAT stands for
inf(S,fl). Titis correspondence suggests that we lake tite sequence (X~~~)
instead of (><r) and consider tite sequence ¡ rAT, re as a generating
system, in tite sense that

i) rATEL, reN

u) ib 5=7’,titen 5=>? (flAfll~rí
re N

Let N be a positive integer. Given tite random itorizon 7’, we denote
by L5 tite chass ob stopping times 5 sucit thai S =NAT. Tite sequence
(rAT, r=0, 1 ,...,N) is a generating system bor L5, and, boi¡owing Neveu [6]
(p. 128), we can bujid tite sequence

Y>”(rx7D=rnaMXrE(Y5((r+h )AT) Y,) ib r=0, 1 ,..,N—h (3.2)

This sequence (3.2) is tite smallest generalized supermartingale
dominating (XrAT, r = 0,1....,N) bor eacit N previously fixed.

For eacit N and each r = 0,1,...,N, it hoids titat r(rAT) =r~’(rA79.
Titus, it is cicar thaI tite himits
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(Hm Y”’<rAT~, re N)
5

exist. They are denoted by (r(rA7)).

Both, tite bami]y (Y(U), UeL) of essential upper bounds and tite
sequence (r(rAT)), enable us to state tite fohhowing resuht.

Theorem 3.1. TIte three follawing statements are equivalent:

i) sup{E(X~> <
s=T

¡1) There exísrs a supermartingaje doniinaríng (XrAr)•

(iii) TItere exisis an L-supermarringale dominating tIte fatnily af
randani variables <>4, SeL).

Proof. [i) ~ ji)] Under tite itypotitesis i), the random
r0(rAl) are integrable. Indeed,

E(Y~(rAfl) =E(iim Y”’(rAT)) ‘him E(YN(rAT))
5 N

As (r(rAT), r = 1,...,N) is a supermartingahe, titen

E(Y ‘~(rAfl)=iimE(Y “‘(iAl)) =
5

=lim (supE(X
5))=supE(X$co.

5 S=Nr.T S=T

variables

(3.3)

(3.4)

Tite supermartingale condition itohds:
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E(Y’0((r~1 )AT) .~,)=E(him yN((r+1)An)
5

=limY N(rAT) =Y ‘~(rA7),
5

VreN (3.5)

And

Y~(,Áfl=Yr(rÁT) =1KTÁP Vre N

Therebore, (flrAfl) is a supermartingale dominating (XrAT).

[ji) ~ iii)] Let (Zr) be a supermartingaie dominating (XrAT).

Zr=Y5(rAT), N=r,r+i

(3.6)

Titen

(3.7)

and titen we itave

Y~(rAfl=lim Y”’(rAT)=Z, ‘«re N (3.8)
5

Titerebore, tite sequence (V(rAfl) is tite smallest supermartingale
dominating (X,ft~) and V(rAT) coincides witit tite essentiai upper bound,
that is

Y~(rAT) =ess supE(XUA, .~,) =Y(r,xT), ‘«re N
UATEL~T

(3.9)

Qn tite otiter itand, tite bamily ofessential upper bounds (Y(U>, IJeL)
is tite smailest generalized L-supermartingale dominating (>4, Se L), witicit
gives

E(Y(S) 1 .~=Y(0) =Y “(OÁT), (3.iO)

itence, E(Y(S)) =E(V(0,sT)) oc o”, for ahí SeL, and iii) itolds.
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[iii) ~ Dl Let (Z(S), SE L) be an L-supermartingaie dominating (>4,
SE L), titen

E(X5)=E(Z(S))=E(Z(0))oo,bor ahí SeL (3.11)

and

supE(X5)occo. Q.E.D.
5=1

From titeorem 3.1 and according to definitions 2.3.2 and 2.3.3, tite
next resuit bollows.

Corollary 3.2. TIte fallawing staremenrs are equivalenr:

i) TIte stachastic Petrí ner (1K) is baunded in mean untit tIte stopping
tinze 7’.

u) TIte stochastic Perrí net (1K) is sracItastically conservarive ¡intit rIte.
stopping time 7’.

iii) There exists a supermarringale darninating (X~A,).

Corollary 3.2 ahlows us to giVe an examphe of a stocitastic net whxich
is bounded witereas its underhying Petri net is noÉ. Let (1K) be tite Petrí
net witicit modeis an M/M/h queue whose mean interarriyah time is greater
titan ¡te mean sen’ice time (i.e., an ergodic queue). Tite regenerative
character of tite sequence enables us to prove titat (>4) is stocitasticahiy
conservative until tite instant ob entrance in fi, witere 8 is a set ob finite
cardinal brom tite spaces of states E (for exampie, fi = (0>). Titat 2’: to
say, (X~, S=T~)is an L-supermartingaie and tite net is bounded in rt’an
until tite stopping time ob ‘regeneration’ in 8.

Ib tite stopping time 7’ is infinite as. titen, according to dcinitions
2.2.1 and 2.2.2, tite next result fohlows.
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Corollary 3.3. TIte srochasric Petrí net (1K) is baunded in niean
and onty ¡y’ it is stochasrically conservarrive.

Corohiaries 3.2 and 3.3 constitute two stocitastic generaiizations ob
titeorem 1.1.

4. A NECESSARY CONDITION FOR BOUNDEDNESS

The fohlowing result gives a necessary condition for boundedness in
mean bor stochastic Petrí nets.

Theorem 4.1. Le: (1K) be a baunded in nican stochastic Petrí net. Let
ni be a non negative integer ni and (7’) a sequence of sropping times such
r/zat Tk=m.¡f Hiere exisís a sequence (Zr> daminared by (14) amI such thai
(E(4j.F»,fl Lv a non decreasing.sequence, tIten

Pr{w:E(Z,k-Z,kl/Z)=E,i.o.}=0, VE>0,

where i.a. srandsfor infinirely aflen.

Proof. Let (4) be a sequence sucit Éitat Zr=Xrand iet (7’) be a
sequence of stopping times sucit that (E(Z>-k ¡ .9?»,)) is monotonous non
decreasing. Let (He) be tite supermartingale dorninating tite sequence (1K,).
From tite inequahities ZTL=XTA=HTLwe obtain (E(Z,~ ¡ .9;,>»=1I»,.forcadi st.

Titerebore tite sequence (E(Z,k 1 .9;,,)) converges a.s., tite sequence ob
its dibferences (E(Z,k-Z,k¡ ¡Y;,,)) converge to zero a.s. and tite resuit
foihows.

Q.E.D.
me next corollary can be easily inferred

Corollary 4.2. Let (1K) be a srachashc Petri nc. ¡f diere exists a
subniarringale (Zr) donzinated by (X~) such rIta: far sanie e > O anil sanie
nieN
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Pr(oxE(Zr~Zi/9)>E, ja.> > 0,

Ihen (1K) is not baunded iii mean.

For stocitastic Petri nets bounded in mean until tite stopping time 7’
an analogous resuit to titeorem 4.1 can be stated. In tite same way, and
analogous Lo corollar>’ 4.2, a necessary condiLion lot tite boundedness in
mean until a stopping time 7’ can be deriVed.
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