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Bounds for Binary Codes of Length Less Than 25

M. R. BEST, A. E. BROUWER, F. JESSIE MACWILLIAMS, ANDREW M. ODLYZKO, MEMBER, IEEE, AND
NEIL J. A. SLOANE, FELLOW, IEEE

Abstract—Improved bounds for A (n,d), the maximum number
of codewords in a (linear or nonlinear) binary code of word length
n and minimum distance d, and for A (n,d,w), the maximum number
of binary vectors of length n, distance d, and constant weight w in
the range n < 24and d < 10 are presented. Some of the new values
are A(9,4) = 20 (which was previously believed to follow from the
results of Wax), A (13,6) = 32 (which proves that the Nadler code
is optimal), A(17,8) = 36 or 37, and A (21,8) = 512. The upper bounds
on A(n,d) are found with the help of linear programming, making
use of the values of A (n,d,w).

I. INTRODUCTION

HE MAIN purpose of this paper is to present
tables! of two of the most basic functions in coding
theory, namely:

A(n,d) = maximum number of codewords in any
(linear or nonlinear) binary code of length n
and minimum distance d between codewords
(see Table I), and

A(n,d,w) = maximum number of codewords in any bi-
nary code of length n, constant weight w and
minimum distance d (see Table II),

in the range n < 24, d < 10. We also give a table of the
function

T(wyi,n1,we,nsd) = maximum number of codewords in a
binary code of length n; + ng and
minimum distance d with exactly w;
ones in the first n; coordinates and
exactly ws ones in the last ng coordi-
nates (see Table III),

forn,+n,<24,d = 10.

All of the upper bounds on A(n,d) outside the Plotkin
range n < 2d are obtained from modifications of Delsarte’s
linear programming method by making use of the values
of A(n,d,w). The tables of A(n,d,w) are important both
because they lead to bounds on A(n,d), and because in
their own right they give the size of the largest constant
weight codes. They also give the solution to the following
widely studied packing problem (see Erdés and Hanani
[17], Kalbfleisch and Stanton [36], Schénheim [51],
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TABLE 1
VALUES OF A(n,d)

n a=h =6 =8 d=10
6 b 2 1 1

7 8 2 1 1

8 216 2 2 1

9 dpgP L 2 1
10 d38 - 1o 6 2 2
11 d72 - 80 12 2 2
12 Sy - 160 ok 4 2
13 256 32°¢ 4 2
1 512 64 8 2
15 1024 128 16 y
16 32048 fos6 3 4
17 do560 - 3276 256 - 340 36 - 370 6
18 95120 - 6552 512 - 680 64 - 7h 10
19 dg728 - 13104 1024 - 1288 128 - 144 20
20 919456 - 26208 82048 - 2372 256 - 279 %0
21 d3686L - 43690 82560 - 4096 512 4o - 55
22 473728 - 87380 4096 - 6942 1024 dug - g0
23 dy47u56 - 173784 8192 - 13774 2048 6l - 150
24 dagug12 - 344636 816384 - 24106 Y4096 K128 - 280
2 Hamming code [24].

b Theorem 6.

d Constructed in [21], [35], or [57].

¢ Theorem 4.

f Nordstrom—Robinson code [46].

& Constructed in [55].

h Theorem 9.

i Golay code [20].

i From a (24,48,12) Hadamard code.
k Constructed by [1].

Stanton, Kalbfleisch and Mullin [59]): what is D(¢,k,v), the
maximum number of k-subsets of a v-set S, such that every
t-subset of S is contained in at most one k-set? The answer
is D(t,kv) = A(v,2k — 2t + 2,k), so that Table ITis alsoa
table of values of D(t,k,v).

Two recent papers which also use the linear program-
ming approach are Best and Brouwer {3] and McEliece,
Rodemich, Rumsey, and Welch [43].

Earlier tables of bounds on A (n,d) were given in Johnson
[33], McEliece et al. [42], and Sloane [53]. No table of
A(n,d,w) seems to have been published before, although
unpublished tables of upper bounds exist (e.g., Delsarte
et al. [12] and Johnson [32]). A table of A(n,d,w) was
promised in Stanton et al. [59] but has never appeared. A
table of upper and lower bounds on linear codes appears
in Helgert and Stinaff [29].

The following notation is used in this paper. All codes
are binary. An (n,M,d) code consists of M (=1) binary
vectors (called codewords) of length n such that any two
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TABLE IIA
DISTANCE 4: A(n,d,w)
0 2 3% 4 5 6 7 8 9 10 11 12
i 2l 1} 1
5 2fl 2| 1 1
6 3] 1]l 3 1 1
7 317 7 3 1|1
8 v | 8] 14 8 y |1 1
9 4 112] 18 18 12 4 1
0 5113] 30 36 30 13 5 1 1
11 5 17(%35] 66 | 66 | 35 17 5 1 1
12 6 | 20|51 b73—8u e132 73~84 51 20 6 1 1
13 6 [26]65 { Pgo- | C1us-f 143- | 99- 65 26 6 1
=132 -182) =182 =132
14 7 |28f91 | %au3-| Fo10-[%232- | 210- 143- 91 28 7
-182| -308| -364 | -308 | -182
15 7 |35)105 | %213 | 321~ |w3s- | w35 | 3e1- | 13- 105 35
271" uss | 660 | —660 | -uss5 | —2ma
16 8 | 37140 d305~ 513- ? d870- ? 513~ 305~ 140
-336 | -722 I-1040 =-1320 -1040 ~722 -336
17 8 144|154 dyon- 792- ? ? ? ? 792~ 42k
i -1571 -476 | =952 {-1753 -2210 -2210 -1753 -952 ~476
18 | 9 [48|%198 480~ 91188~ 2 2 2 2 2 1188-
j -565 -1428]-2448 ~394Y -4420 -394Y -2448 -1428
19 |l 957|228 | 612- |1428-| 2 2 ? 2 ?
; -752 | -1789]-3876 | -5814 | -8326 || 8306 -5814 -3876
20 ! 10 60285 | 816~ 2040~ ? ? ? ? ? ?
| ~912 -2506[-5111 -9690 ~129204 -16652 -12920 -86390
21 i 10 [7014315 | 1071~ | 2856- ? ? ? ? ? ?
E -1197 | =3192[-7518 -13416 | ~22610| -27132 -27132 -22610
22 | 11 | 731385 1386 | 3927~ ? ? ? ? ? ?
i -4389|-10032 | -20674 | ~32704 | -tg7u2 | —supen || -tg74
23 | 11 |83[u16-| 1771|5313 ? ? ? ? ? ?
~ 419 ~14421 [~28842 | ~52833 | -75426 ~1040064 -104006 |
24 12 |88 (498 | Y18504 7084 2 2 9 2 2 B
-2011]] -18216 j -43263 | -769121 -1267991 -164565 -208012

a Section IV-A.
b See [40}.
¢ See [47].
d Miscellaneous constructions.

e From Theorem 9 and the Steiner systems S(5,6,12), S(3,5,17), S(3,6,26), S(5,6,24), S(5,7,28), S(5,8,24). ([13], [14],

[66]).

fFrom Theorem 6 and the nonexistence of Steiner systems 5(4,5,15), S(4,6,18). ([44], [66]).

& A cyclic code.

h From the 3-design with t = 3, v = 16, k = 6, \ = 4 obtained from the Nordstrom—Robinson code [46].
i From translates of the (16, 256 ,6) Nordstrom-Robinson code, [46].

i From the (24,4096,8) Golay code, [20].

k From translates of the ( 16,32,8) Reed-Muller code.
L From linear programming.

= From a conference matrix, [56].

B A quasi- f'cllc code.

9 See [31], [34]
T See [62].
8 See 60a].
t See Fig. 1.

codewords differ in at least d places, i.e., are at (Hamming)
distance at least d apart. A code has constant weight w if
each codeword contains w ones, i.e., has weight w. An op-
timal code is a code with the maximum number of code-
words for the given n and d (and for the given w, in the case
of a constant weight code).

Let @ be an (n,M,d) code. The weight distribution of @
with respect to a vector u is the (n + 1)-tuple of integers
(A;(u),i =0,-.+,n), where A;(u) is the number of code-
words v e @ such that dist(u,v) = i. The distance distri-
bution of @ is the (n + 1)-tuple of rational numbers
(Ag,Ay, - -+ ,A,) defined by

1
A;=— 3% A;(u),
M

Thus Ag=1,4; = 0,and Z;4; = M < A(n,d).

i=0’...,n.

II. BOUNDS ON A{n,d)
The first theorem is immediate, while the second gives
A(n,d) exactly if n < 2d.
Theorem 1:
An — 1,26 — 1) = A(n,26),
A(n,d) £24(n - 1,d).
Theorem 2: (Plotkin [48] and Levenshtein [39].) Pro-
vided certain Hadamard matrices of order n or less

exist,?
26

46 —n

A(n,26) = 2 [ ], if 46 > n > 26, (1)

2 Hadamard matrices are known to exist for all orders congruent to
0(mod 4) and less than 268. In any case the right side is an upper bound
on the left side in both (1) and (2).
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11111111111100000000000000000000000
11100000000011111111100000000000000
00011100000011100000011111100000000
00010011000010011100011000011110000
00001000110010000011100110011101000
10000100101000010010010101010010110
01000110000100001001001010110001110
00100001100101001000100011001016101
00100010011000100110010000101001101
10010000010101000101000100100110011
01001001001000110000101001000101011

83

and

A(48,28) = 86, A(n,28) =1, if n <28, (2)

where here and hereafter [ - | denotes the largest integer
not exceeding the enclosed number.

The linear programming approach is based on the fol-
lowing theorem.

Fig. 1. Columns form a constant weight code of leng(th 11, weight 4, and
distance 4, containing 35 codewords. Thus A(11,4,4) = 35.
’ ” Theorem 3: (Delsarte [8]-[10]) Let @ be an (n,M,d) code
TABLE 1IB with distance distribution (Ag, - « - ,A,). Then the quan-
DISTANCE 6: A(n,6,w) .- .
tities By, - - - ,B,, are nonnegative, where
Ny 3 4 5 6 7 8 9 10 11 12
n
s fa2111 1 = M- : _
Bk =M t Z ALKk(L)) k - 0)17 seen, (23)
7 2 2 1 1 1 i=0
s |l2a]21-¢2 1 1 1 . . .
and K}, is a Krawtchouk polynomial, defined by
9 1313 {3 3 1 1 1
k -t t
10 315 |6 5 3 1 1 1 _ S /n
K= 0i(; ) () k=01,
1 |lsfje |11 11 6 3 1 1 1 j=0 k—j/ \J
hy,q
12 o [M2 22 12 9 y 1 1 1 .
. For later reference we give a short proof.
13 4 (138 [P189 [ 826 26 18 13 4 1 1 J
1w [ s [1n |P2s | Paz Puo_si?] w2 28 | 1s 4 1 Proof: Let w be a word in {0,1}" of weight . Then it is
15 || 5 15 |Ps2 | Bro [60-88Fco-88] 70 | 42 15 5 easily checked that, with (w,x) £ Zw;x; mod 2,
16 {15 f20 | s8 | Praa[too- [frzo-] o0- 112 ug 20 1)(wx) = .
_156 | -150%] -156 Z (- Jiwx) = Ky (l)
17 {5 209 | ®68 | 122- [ 112- [125- | 125- [112- 112- 68 zel0, 1
136 | —2uul | —283 -283 | -244 -136 wt(x)=*k
18 || 6 [P22 | 68- | d1uu T160- fagoc | 2uge || 232- 160- 1h4-
—72 4 —200% _3ug | -upsh| —upsl |l _kog 2319 —202 .- )
5 16 [F255] Troc| farod Tons. [Taaoc| Guro a72e | 332 | 220- Consequently, by the definition of 4;,
-83 -228 ~520L | -739] -789™| -789 -739 -520 n
20 6 1230 | Igi-| 1232 310- [ ug2-| dé72- |doui- 672~ 492~ _ — .
-100{ -276 | -651 p1109™|-1363" | 2401 § _3363 -1i99 | By=M-! Z AK (i)
21 || 7 [®31 [%r02-] 12534 uss- | %6ss- dlossE S1286- [ 1286- | 1068~ i=0
-126] -350] -828 | —1708|-23640 | -p702l || 2702 | 2364
= -2 — u—v,x
22 7 1237 [9132-| 294- | 675- | 708-[Y1288- dlMSOE d1574- || 1450~ =M Z 2 >« 1)¢ )
-136] -462 | -1100 | -2277 |- 3778 | -4u16 ~5064 4416 =0  wu,ve@ x€{0,1}n
23 || 7 [Puo |T1u7-| 399- | 9e9- | 708-{%1408- 91570z | F1718- [ 1718~ n wt(u—v)=i wt(x)=k
-170] =521 | -1518 | -3162| -5819 {-7521 -7953 -7953 9
24 || 8 [euz2 |°168-|®532- Pr3se- [708- |%auss_ | 1570- | Si766- | 2576- =M-2 3 b220, (3a)
1921 -680 | -1786 | ~4554 -8432 ~12418%| 14682 |-15906" x€{0,1}7 a
wt{x)=k
* See footnotes to Table IIA.
TABLE IIC
DISTANCE 8: A(n,8,w)*
m\w 4 5 6 7 8 9 10 11 12
8 ! 1 1 1
9 2l 2 1 1 1 1
10 2| 2 2 1 1 1 1
11 2] 2 2 2 1 1 1 1
12 31 3 y 3 3 1 1 1 1
13 31 3 y 4 3 3 1 1 1
14 3 4 7 8 7 4 3 1 1
15 3| 61 %o 15 15 10 6 3 1
16 vl 6| *16 | 16-22 30 16-22 16 6 4
17 y 7 by | Ja1o31l | M3u-35 34-35 21-31 17 7
18 wl Jg |Fo0-21 | 933018 | Jus-63 | Jus-70 46-63 33-41 20-21
19 s {912 | Jog | Jsoos7 | Jr8-97 | J88-122" 88-122 78-97 52-57
20 51916 | Juo Jgo | d130-182) J160-215 | 176-208% || 160-215 130-142
21 51921 56 | J1e0 Jo10 | J280-331 | J336-309" || 336-399 280-331
22 50212 | d77 | durs J330 | 280-u97% | Je16-728 | J672-798 616--728
23 5|83 ] 77-80 | J253 J506 Jupo-816 | 616-1111" [I1288-1417% ] 12881427 .
24 6| %28 | 77-92 | 253-274 J759  |Jsuo-1160" | J960-1630"| 1288-2305L | J2576

* See footnotes to Table IIA.
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DISTANCE 10: A(n,10,w)*

TABLE I1ID
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o\

where

b= Y (—1)w), QED. (3b)

5. 6 7 8 9 190 11 12 ue@
10 2 1 1 1 1 1 : M
Note: If @ is a linear code, then b, equals M or O de-
11 2 2 1 1 1 1 1 »
pending on whether x belongs to the dual code or not, and
12 2 2 2 1 1 1 1 1 . s : . .
By, - - - By, is the weight distribution of the dual code.
13 2 2 2 2 1 1 1 1 .
To apply Theorem 3, let € be an optimal code of
14 2 2 2 2 2 1 1 1 .. .
length n and minimum distance d. Then
15 33 3 3 3 3 1 1
16 313 3 K] 3 3 3 1 M=A(n,d)=1+Ad+Ad+1+"'+An-
17 313 5 3 6 5 3 3
R A A 6 9 10 9 6 ¢ Suppose L*(n,d) is the optimal solution to the following
b . . -
19 ER 8 12 19 19 12 8 linear programming problem: choose real variables
20 yis Mg | Pi7-18 | B20-24 38 20-24 17-18 A4,Ad+y, ¢+ ¢ ,Ap 80 as to maximize
a i owf 7| 13° | ®e1-es | €oa-ul[3e-uel [[38-n0 [ o1-m L=Ag+Ags1+---+ A,
22 y| 7 ] 15-19 | B22-35 | Bazosyl | a-yal | oe-g2l || o7
i the constraints
23 y | 8 |P16-23 | Baz-50" | B2z-g7n | »-a7t| e-13st | 2-135 subject to the co a
Lzu y | o |Bauszr | Bausg | 2-119" | e-amat| 2-zestl s-aur® A; =0, i=d, .- n,
* See footnotes to Table IIA. B, 20, k=0,.--,n,
where
n
B, = M-! (Kk(o) +3 A,-Kk(z)>.
i=d
TABLE IIIA
UPPER BOUNDS FOR T {(w1,n1,wz,n9,10)*
w5 5 55 5 55 55055 505/ 6666666666677 77777717
n2 10 11 12 13 14 15 16 17 18 19 20 21 22{12 13 14 15 16 17 18 19 20 21 22|14 15 16 17 18 19 20 21 22
i ™
1 2] [2% 2% 2% 3% 3% 3% 4e 4N 4k 5* 5 6% G*[2% 3% 4 5K 6 6 § 8 10 1k 14JUE 6 6 10 12 16 20 26 38
1 3 2% 2% 3% IX 3 4 L% K GX TR TR g% 3% 4% 5¥ 5§ 8§ 9 12 12 15 21 6% 7 9 15 18 24 30 39
1 4 2% 2% ¥ W UE L o OF 7% B g% L¥ b¥ 5% 7 g9 312 16 16 20 6% 9 12 20 24 32 40
1 5 2% D% 3%k 3K 4% oX g% TH 7% 8% 4% 4% 5% 7 10 15 20 20 6% 10 15 24 30 40
16| |2% 2% 3% 3% 4% 6% 6% 7% 8¢ 4% 4% 6% § 11 17 21 6% 11 18 26 36
1 7 2% DK 3% 3R Lk Gk GF T L# ux 7% 811 17 7% 11 18 26
1 8 2% 2% 3% 3% L% Gk % 4% yx 7 812 8% 11 18
1 ) 2% 2% 3% IR 4% €% 4% ux 7% g% B¥ 12
1 10 2% D% 3% 3% L% 4% nx 7% 8*
1 11 2% 2% 3% 3% hx 4x
1 12 2% 2% 3% 4%
1 13 2% 2%
114 2%
* Bound is exact.
TABLE IIIB
UPPER BOUNDS FOR T(w1,n1,ws,n2,10)*
W, B4 W L4 o4 4 4o ow x5 55 555555 55106666666 6 6
n2 10 11 12 13 14 15 16 17 18 19 20|10 11 12 13 14 15 16 17 18 19 20j12 13 14 15 16 17 18 19 20
1M
2 b 2% 2% 2% 3K 3% 3% 4k L% Uk LK S¥ SX SKI2% 3% 4% S¥ § 6 8 10 12 14 14/4*¥ 6 8 12 16 18 24 24 30
2 5 2% 2% 3% 3% ¥ 4% 4% G¥ oF 5% 6% 6% 3% 4% 5% 6 8 10 12 15 17 20 6 8 12 17 22 30 40 4o
2 6 2% 3% 3% 3 Uk Lk ok Gk 6% 7R g 4* 4% 6 8 10 15 18 20 21 6 11 15 21 30 45 60
2 7 2% 3% 3k LK Lx 5% 7k 7x 8 g 4% Sk 7% 9 12 18 21 24 8 14 21 28 38 58
2 8 2% 3% 4% 4% Sk £% 7% 8 g L¥ 5% 8 11 16 21 24 3 16 25 32 44
2 9 2% 3% 4k 5f 6% 6% 7x g 4x 6 g 13 16 21 10 18 30 36
2 10 2% 3% 5k o 6% 7% 8 5% 6 10 15 19 12 20 35
2 11 2% 3% 5% 5F 6% 74 5% 710 15 12 21
2 12 2% 3% o GF G 6% 7 12 14
2 13 2% 3% 5% g 6% 7
2 14 2% 3% 5% 6%
2 15 2% 3%
2 16| e ]

* Bound is exact.
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TABLE IIIC
UPPER BOUNDS FOR T(w1,ny,we,ne,10)*
W, 33 3 3 3 3 3 3 3 3 3 3 3|4 4 4 ou b 4 o4hou 4 4 455 5 55 5 5 55
n,(6 7 8 9 10111213 14 15 16 17 18|/8 9 10 11 12 13 14 15 16 17 18[20 11 12 13 14 15 16 17 18
!
3 6 o% D% D% 3® 3% K LXK LXK 4% N¥ NE N¥ NE|DK X 4x 4x 6 6 7 8 9 10 12[4% 6 8 11 16 20 24 30 34
37 2% 2% 3E 3X 3R UK LK 4% 5% G¥ of of 3% 4% 5% 6 7 9 11 13 14 16 6 8 12 18 23 33 41 46
3 8 2% 2% 3% 3%k 4¥ U¥ GX Sk 5k GF GF 4¥ 5% 6 8 10 13 17 18 21 8% 11 18 24 32 48 56
39 ¥ 3K 3 LX L% Sk GF GF GF 7F 4* g% 7 10 15 18 21 22 9 15 24 33 48 63
310 3% 3K 4% 4k 5% 6 7 7 8 4% 7 10 13 18 20 23 12 20 30 43 53
3 11 3% 4% 4% 5% 6 7¥ § g 5% 7 11 16 21 25 14 22 36 54
3 12 4% y# 5% 6¥ 7 8 9 6% 9 13 19 24 18 28 4o
3 13 L¥ 4% 5% 6% 7 g 6% g 15 19 18 30
3 14 4¥ 5% 5% 6% 8 6% 10 15 20
3 15 yx 5% 6% 7% 7 12
3 16 U* 5% 6¥ 8
* Bound is exact.
TABLE IHID
UPPER BOUNDS FOR T(w1,n1,ws,n2,10)
w6 8 888 8 8o 99 9 9] w6 6 6 6 6 6 67 7T 1 T 7
n,|16 17 18 19 20 21 22118 19 20 21 22| ny|12 13 14 15 16 17 18/14 15 16 17 18
Wl nl W1 nl
1 2 8 12 18 24 40 52 70{20 38 52 82114 3 6 10 16 24 34 b4 60 80|30 44 60 100 120
103 12 18 27 36 60 78 30 57 78123 307 14 25 35 49 70104 42 70 105 153
14 16 24 36 48 80 40 76 104 3 8 21 37 56 74101 56 100148
105 20 30 45 60 50 95 3 9 27 48 75 96 84 129
1 6 22 36 54 60 310 33 60 94 104
107 22 38 3011 4y 73
18 22 3 12 48
vy 7 7 7 7 7 71 718 8 8 88
n, 14 15 16 17 18 19 20|16 17 18 19 20
w1 nl
2 4 10 14 18 30 36 48 60|24 36 54 72 120
2 5 15 22 30 50 60 80 40 60 90 120
2 6 18 30 45 72 90 60 90 135
2 7 21 38 63 91 76 115
2 8 28 44 72 88
2 9 36 49
2 10 40
TABLE HIE
UPPER BOUNDS FOR T(w1,n1,Wwse,ns,10)*
W, L 5 5 5 5 5 516 6 6 6 6
n, 8 9 1011 12 13 14 15 16{10 11 12 13 14 15 16|12 13 1% 15 16
Wl l’)l
4 8 4% 6% 8 10 14 18 21 22 28[10% 16 24 36 46 63 70/28 50 70 98 132
49 6% 9% 12 18 21 29 31 37 18% 24 4o 54 72 93 47 76 107 151
4 10 8 12 17 25 33 42 51 22 37 60 82 107 67 104 153
411 10 18 25 35 48 55 33 55 81108 90 139
4 12 14 21 33 48 63 42 66102 116
413 18 29 42 55 58 89
41y 21 31 51 62
5 10 36% 48 73 96 125
5 11 48 77 106146
5 12 73 106 154
* Bound is exact.
Then plainly so bounds on A (n,d,w) can be used (see Table II). Some-
A(n,d) <1+ L*(n,d) times several such bounds can be combined, as the fol-
y = .

. . . . . lowing example illustrates.
This is the simplest version of the linear programming

bound for binary codes (Delsarte [8]). Theorem 4: A(13,6) = 32, and so the Nadler code is op-
Often it is possible to impose additional constraints on timal.

the B;. Certainly Proof: In 1959, Stevens and Bouricius [60] found
B; < A(n,d i), (4) (13,32,6) and (14,64,6) codes, showing that A(13,6) = 32.
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The former code was rediscovered by Nadler [45], and is
usually referred to as the Nadler code. (See also Van Lint
(41].)

To prove A(13,6) < 32, we proceed as follows. First ob-
serve that, if we shorten a (13,M,6) code and then add an
overall parity check, we get a (13,M,6) code @ in which all
distances are even.

If (4;) is the distance distribution of @, then Ay = 1 and
the remaining A;’s are zero except (possibly) for Ag, Asg,
Ao, and Aqe. The inequalities By, = 0 become

13 + As — 3A8 - 7A10 - 11A12 = 0,

13
< ; ) ~ 6Ag — 2Ag + 18410 + H4A ;5 = 0,

3
<13 ) ~ 6Ag + 1445 — 1440 — 154415 > 0,
<13

4

) + 1545 — BAg — 25A10 + 275412 = 0,

<153> + 1546 — 25Ag + 63410 — 197A15 = 0,

(163> — 20A¢ + 20Ag — 36A10+ 1324152 0. (5)
Furthermore we have
Aolu) < A(13,6,12) = A(13,6,1) =1,
Ao(u) < A(13,6,10) = A(13,6,3) = 4.

However, these can be combined. For if Ai2(1) = 1 then
Al()(u) = (. SO
Aou) + 4A15(u) < 4,

and averaging over u gives
AlO + 4A12 < 4. (6)

Actually (6) and the first two constraints of (5) turn out to
be enough, and so we consider the problem: maximize

AG +A8+A10+ A12
subject to
A2 0,45320,A10=20,41220
and
134+ Ag—34g5— TA1p— 1141220,
78 —6Ag — 2Ag+ 18419 + 54415 2 0,
4 — Ap— 4A1=0. (7)
The dual problem is minimize
13wy + T8uqs + 4ug
subject to
u120,u220,u320
and
1+u;—6us <0,
1—3u;—2uy 20,
1—7u1+18u2—u350,
1—11uq + 54us — 4usz < 0. (8)

Feasible solutions to these two problems are
A6= 24, A8= 3,A10=4,A12=0, (9)
1 16
u1=u2=g,u3=—-5—.
In fact, since the corresponding objective functions are
equal, i.e., since

(10)

1 1 16
+0=13.-+78--+4.—=31,
24+3+4+0=13 5 78 5 5
it follows that (9) and (10) are optimal solutions. (These
solutions are easily obtained by hand using the simplex
method—see [18] or {52].) It follows that A(12,5) = A(13,6)
< 32. Q.E.D.

Remark: The following argument shows that (9) is the
unique optimal solution. Let x¢,%g,x10,%12 be any optimal
solution to the primal problem. The u; of (10) are all pos-
itive and satisfy the first three constraints of (8) with
equality, but not the fourth. Hence, from the theorem of
complementary slackness (Simonnard [52]), the x; must
satisfy the primal constraints (7) with equality, and x {2 =
0. These three equations have the unique solution

Xg = 24,x8= 3,361() =4,

Thus (9) is the unique optimal solution. Therefore the
distance distribution of a (13,32,6) code in which all dis-
tances are even is unique. This result has been used by
Goethals [19] to show that the code itself is unique and that
there are exactly two nonequivalent (12,32,5) codes (cf.
Nadler [45], Van Lint [41]).

If A(n,d) = 0 (mod 4), the right side of the Delsarte
inequalities B, = 0 can sometimes be increased, as shown
by Theorems 5 and 8.

Theorem 5: Let @ be an (n,M,d) code with M = A(n,d),
and suppose that M is odd. Then

By > M2 <Z> k=01---,n. (10

Proof: If M is odd, then b, (in (3b)) is odd, and hence
nonzero. From (3a) we get
B, = M2 >

x€0,1jn

wt(x)=k

Remark: In the expression (2a) for Bg, the term corre-

b2 > M-2 <’;) Q.ED.
sponding to i = 0 (with Ag = 1) is M—1K,(0) = M~! <Z>

Therefore the inequality (10a) enables us to rewrite (2a)
as

M-=1/n

e (k
This means that if no extra inequalities have been added,
the optimal solution is simply (M — 1)/M times the original
one, and hence Z/L4A; < M — 1, lowering the bound by
exactly one. If extra inequalities are added, the gain is in
general less.

1
)+—§A,-Kk(i)zo, 0<k<n
M=
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As an application, we prove the following result.
Theorem 6: A(9,4) = 20.

Proof: Golay [21] found a (9,20,4) code, thus A(9,4)
> 20. A cyclic (8,20,3) code is given in Sloane and White-
head [57]. To prove A(9,4) < 20, as usual let @~ be an
(8,M,3) code with M = A(8,3) = A(9,4); and let €@ be the
(9,M 4) extended even weight code, which has distance
distribution (Ag, -+« ,Ag) with Ag=1and A; = Ay = A3 =
A5 = A7 = Ag = 0.

First, we maximize A4 + Ag + Agsubject to A; = 0, By,
> 0,and Ag < 1. We obtain A4 + Ag + Ag < 2015 and hence
M <21.

Suppose M = 21. Then, by Theorem 5, we can replace

By = 0by By = (Y1) (Z). Since M is odd, it is obvious

that Ag < 2%;. Hence in this case, in spite of the extra in-
equality, all constant terms occurring in the inequalities
are multiplied by 2%, so

M51+@-201<21.
21 3

Hence A(9,4) = 20. Q.E.D.

If A(n,d) = 2 (mod 4), then a positive lower bound for B
can be obtained by noting that b, cannot be zero too often.
For example, if uy, ug, and uy + us are distinet, then b, ,
by, and by, +,, cannot all be zero. The following linear
inequality can be obtained in this way.

Theorem 7: Let @ be an (n,M,d) code with M = A(n,d),
and suppose that M = 2 (mod 4). Then

4 n
B, > ——
k 3M2<k)’

if (()kisevenand 0 <k <%4n,or (il)ifd iseven, k =n
(mod 2), and Ysn < k < n.

A slightly stronger result is stated in the following the-
orem.

Theorem 8: Let @ be an (n,M,d) code with M = A(n,d),
and suppose that M = 2 (mod 4). Then there exists an [ ¢
{0,1, - - - ,n} such that

By > 2M~? <<Z) + Kk(l)>, E=01,-- 1.

(Since |Kx(1)] < <Z), this also improves Theorem 3.)

Proof: Since M is even, b, is even for each u ¢ {0,1}".
Let e; be the jth unit vector in {0,1}”. Then

bx - bx+ej = Z (1 - (_1)(u,ej))(_1)(u,x).
ue@
Hence, for fixed j, the residue class of by — by4.; (mod 4)
is even and independent of the choice of x.
Let J be the set of those j €{1,2, - - - ,n} for which b, —
bx+e; =2 (mod 4), and let I = |J| and ¢ = Zj.se;. Then

b, — bx+ej = z(ej:S) (mod 4).
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By induction on the weight of x it follows that, since bg =
M =2 (mod 4),
by =2 + 2(x,£) (mod 4).
Now, for each k ¢{0,1, - - - ,n},

Bu=M-2 ¥ B222M-2 ¥ (1+(=1)=9)
x¢{0,1}7 xef0,1jn
wt(x)=k wt(x)=k

= oM—2 ((Z) + Kk(l)). QE.D.

We mention the following immediate consequence of
Theorem 8, which is weaker but easier to apply.

Corollary: Let @ be an (n,M,d) code with M = A(n,d),
and suppose that M = 2 (mod 4). Then

By = aM~2 ((”) +

min
k

1ef0,1, - - - ,n}

e.g., Bs 2 (4/M?) (('2‘) - {n2/4]).

Kka)),

For example, this corollary can be used to prove the
upper bound in Theorem 9; the lower bound comes from
[56], [57].

Theorem 9: A(17,8) = 36 or 37.

Table I gives the bounds on A (n,d). Many values come
from Theorems 1 and 2. Otherwise the unmarked upper
bounds are obtained by linear programming, as illustrated
in Theorems 4 and 6. Other entries are explained by the
key. The bounds A(9,4) < 20, A(10,4) <39, A(11,4) <78,
and A(12,4) < 154 were claimed by Wax [63] in 1959.
However, as we shall see in the next section, such bounds
cannot be obtained by his method.

We conclude this section by repeating Elspas’s question
[16]: can A(n,d) be odd and greater than one? From The-
orem 2 and Table I we have the following theorem.

Theorem 10: If A(n,d) is odd (and greater than one),
then A(n,d) = 37. If Hadamard matrices exist of all orders
congruent to 0(mod 4), then A(n,d) is even whenever n <
2d.

III. THE END OF THE WAX BOUND

In 1959, Wax [63] computed a number of upper bounds
for binary codes by a method used by Rankin [49] to obtain
sphere packing bounds in Euclidean space (see also Rogers
[50]). Most of the bounds obtained were rather weak, but
there were three special cases in which his “soft sphere
model” seemingly yielded astonishingly good results.
These were

A(8,3) <20,
A(9,3) < 39 (and hence A(10,3) < 78),
A(11,3) < 154.

The first bound is confirmed by Theorem 6, but no proof
of the other bounds is known.
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We were unable to duplicate Wax’s calculations, and in
fact in this section we shall establish a lower bound on the
best upper bound that can be achieved with the soft sphere
model, no matter which weight function is used. Since this
lower bound is inconsistent with the data found by Wax,
we may conclude that Wax’s results are—at least in the
interesting cases mentioned above—erroneous.

We are now left with the following bounds for A(8,3),
A(9,3), A(10,3), and A(11,3):

A(8,3) = 20,
38 < A(9,3) < 40,
72 < A(10,3) < 80,
144 < A(11,3) < 160.

A. The Soft Sphere Model

Consider an (n,M,d) code as a subset of the vertices of
the hypercube [0,1]" in Euclidean n-space IR™. The Eu-
clidean distance between two code points is at least v/d .
Therefore the spheres with centers at the code points and
radii R = Y%V/d are disjoint. If V denotes the volume of the
intersection of each sphere with the hypercube [0,1]" (by
symmetry these volumes are all equal), then the number
of code points evidently cannot exceed 1/V. Hence A(n,d)
<[1/V].

This method, called the “hard sphere model,” yields very
modest results, e.g., A(9,3) < 566 (and not 56.7 as in Wax
[63]) or A(10,4) < 401.

In order to sharpen the bounds, the hard spheres are
replaced by larger ones with variable mass density. As basic
conditions, it is required that

(i) the density p(x) associated with a single sphere is
nonnegative and depends only on the distance to the
center of that sphere, and

(ii) in any configuration of (partly overlapping) spheres
with centers at least 2R apart, the total density at
each point does not exceed unity.

If 1 is the mass of the intersection of each sphere with the
hypercube3, we now obtain

A(n,d) < [1/u).

The main problem is to determine a suitable density
which satisfies the basic conditions (i) and (ii) and maxi-
mizes the mass u. Rankin studied this problem in [49]. In
order to simplify computations, he required in addition
that

(iii) the spheres have radius RvV'2, i.e., p(r) =0ifr =
RV2.

The model described, with the conditions (i), (ii), and
(iii), is called the “soft sphere model.” We shall denote the

31n case d < 4, one may instead define u by 2~" times the mass of the
whole sphere, since the configuration may be continued with period 2 in
all directions in IR”. However, this extended model is also included in
our analysis.

least upper bound for A(n,d) that can be achieved with this
model by A4,,(n,d). Our aim is to give a lower bound for
A, (nd).

B. A Lower Bound for A,{(n,d)

First we derive an upper bound for p. We define, for each
positive integer m,

Ym=V2(m—1)/m

(note: y; = 0, y9 = 1), and the function o: [0,] — [0,1]
by

a(r) = ) ifRym <r< Rym+1, m= 1,2, cee.n,

H5|'—‘

= , if Ry,1<r<RV?2,
n+1

=0, ifr>RV?2.
Then we have the following lemma.
Lemma ll: p < 0.

Proof: We have to prove that p(r) < 1/m if r = Ry,
form=12,---,n+1.Letme{l,2,---,n + 1}. Suppose m
spheres with density function p are arranged so that their
centers form the vertices of an (m — 1)-dimensional regular
simplex in IR " with edges of length 2R. Then the distance
from the center of gravity of the simplex to each of the
vertices equals

RV2(m — 1)/m = Rym.

(Proof by induction.)

The total density at the center of gravity equals
mp(Ry,,). Hence p(Ry,,) < 1/m and a fortiori p(r) < 1/m
if r = Ryp,. Q.E.D.

This estimate for p immediately gives rise to an upper

bound on the mass u.
Lemma 12:

< <7reR2>n/2 1
i Van
n 1 m n/2 1
R + .
(mz;'l m(m+ 1) (m + 1> n+ 1>

Proof: We denote the volume of the intersection of the
n-dimensional hypersphere with radius r and center O in
IR” and the n-dimensional hypercube [0,1]* by B(r). The
volume of the n-dimensional unit sphere will be denoted
by ,. It is well-known (see Sommerville [57a, p. 136],
Feller [17a, p. 52]) that

/2

Jn

_ < an/2en/2 _ g—,n._e n/2 1
(n/2! ~ (n/2)"2 7n ( ) Van

n
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Hence

p= j; B2 ) dB() < J; B2 ) dB()

== ("B e <= (" e dot)

- (%, ()

Ry + —— (RVD)")

<) () v (B e
()

m n/2 1
Govi) tan)
m+1 n+1

This leads to the lower bound for A, (n,d).
Theorem 13:

Q.E.D.

Ay (nd) > [(4—”)"/2% ( 51

wed meim(m+ 1)
n/2 -1
GE )]
m+1 n+1

Proof: R = Y,/d and A, (n,d) = [1/u] for some density
function p. Q.E.D.

Examples:
A, (8,3) = 45,
Ay (9,3) = 101,
A,(10,3) = 238,
A, (11,3) = 579,

An(9,4) = 27,
Aw(10,4) = 56,
An(11,4) > 119,
Ap(12,4) = 259.

IV. BoUNDS ON A (n,d,w)

The first two theorems are well-known (cf. Johnson

(33).

Theorem 14: Let d,w,n be integers, d # 0, w < n.
Then,

(i) A(n,d — Lw) = Aln,dw),

(i) A(n,dw)=A(ndn —w),
(i) A(n,dw) =1, ifd > 2w,

if d is even,

(iv) A(n.dw) = [g] itd = ow.
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Theorem 15: If a 2d X 2d Hadamard matrix exists,
A(2d -2,d,d — 1) =d,
A2d - 1,dd—-1)=2d -1,
A(2d,d,d) = 4d — 2.
Theorems 16-18 are due to Johnson [30], [31].
Theorem 16:

dn
Alndw) < [dn — ow(n - w)]

provided the denominator is positive.

A slightly stronger result is given in the following theo-
rem.

Theorem 17: Suppose A(n,d,w) = M, and define ¢ and
r by

wM =nq +r, 0<r<n.
Then
nglg — 1)+ 2¢gr < (w—d/2) MM - 1).
Theorem 18:
An,dw) < [3 An — Ldw — 1)], (n=w21),
w
Aln,dw) < [ A - 1,d,w)], (n>w = 0).
n—uw
Theorem 19: If n 2 w = t, then
n n—1 n—t+1
<= B LA —tdw —t).
Alndw) w w-1 w—t+1 (n w=t)

If equality holds, then any optimal constant weight code
with parameters n,d,w is a t-design. In particular,

n—-—1)-:--(n—w+9)
ww=—1)«++8§

An,20w) ==

if and only if a Steiner system S(w — & + 1,w,n) exists. (For
a bibliography of Steiner systems up to 1973, see Doyen
and Rosa [14].)

A. Optimal Constant Weight Codes

As noted in the introduction, the determination of
A(n,d,w) is equivalent to determining L herev =
n,k=w,and t = k + 1 — Yd (if d is even). However, this
requires the construction of (maximal partial) Steiner ¢-
designs, which is trivial for ¢t = 1, while for ¢t = 2 the rec-
ursive techniques of Hanani and Wilson are available (see,
e.g., Wilson [64], [65]). For larger ¢, almost nothing is
known (the best studied case being t = 3, k = 4). The
known results are as follows.

1) t = 1: This is Theorem 14 (iv): A(n,2w,w) = [n/w].
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2) t = 2: In this case, we must look for a maximal col-
lection of w-subsets of an n-set such that no 2-subset is
covered twice (in other words, an edge-disjoint packing of
w-cliques in the complete graph on n points). If a balanced
incomplete block design exists with parameters (b, = n,r,k
= w,\ = 1), that is, an S(2,w,n), then obviously A(n,d,w)

=b= < g) / <l;)>, otherwise we must look for the nearest

approximation to this Steiner system.

a) d =4, w = 3: It has been shown by Kirkman [38]
in the cases n =0, 1,2, or 3 (mod 6) and by Schénheim [51]
in the remaining cases that

B!

[% [n;l]] —1, forn =5 (mod 6),

(see also Guy [22], Spencer [58] and Swift [61]). The cases
n =1 or 3 (mod 6) correspond to Steiner triple systems.

b) d =6, w = 4: As has been shown by Hanani [26],
there exist Steiner systems S(2,4,n) ifand onlyifn=1or
4 (mod 12). In Brouwer and Schrijver [7], group divisible
designs GD(4,1,2;n) are constructed for each n = 2 (mod
6), n # 8. In Brouwer [5], pairwise balanced designs
PBD({4,7*};n) are constructed for each n = 7 or 10 (mod
12), n = 10,19. By using these and some similar con-
structions, it follows that if we define

JB(n,6,4)

for n = 5 (mod 6)
A(n,4,3) =

[% [n;l]] —1, forn=7or 10 (mod 12)

i[5
41 3 ’
then A(n,6,4) = JB(n,6,4) for all n with the exceptions of
n = 8-11, 17, 19. The values of A(n,6,4) for n = 8-11 are
easily determined by hand, that of A(17,6,4) was deter-
mined in Brouwer [4], and A(19,6,4) was determined by
Phinney [47] and Stinson [60a].

We conjecture that, for t = 2, w fixed and n sufficiently
large (i.e., n = ng(w)), A(n,d,w) equals the Johnson bound
Eobtained by applying Theorems 14 and 18) (cf. Wilson
64]).

¢} d=8,w=>5: As shown by Hanani [26], [27], there
exist Steiner systems S(2,5,n) if and only if n = 1 or 5 (mod
20). Shortening these gives optimal codes for n = 0 or 4
(mod 20).

The values of A(n,8,5) in Table II for n < 15 follow from
the following observation.

Theorem 20: If d iseven, A\ =w — d/2and M S w/\ + 1,
then A(n,d,w) = M if and only if n = wM — x(’;’)

otherwise,

Many more values of A(n,8,5) are known, but most lie
outside the range of the table.

3) t=3,d =4, w=4: Asshown by Hanani [25], Steiner
quadruple systems exist for each n = 2 or 4 (mod 6).

Hence for these values of n we have A(n,4,4) = ]/4<g).

Shortening these codes once gives A(n,4,4) = n(n — 1)(n
— 3)/24 for n =1 or 3 (mod 6). Upon using triplewise bal-
anced designs TBD({4,6};n) in which the blocks of size 6
form a partition, it follows that A(n,4,4) = n(n2 — 3n —
6)/24 for n = 0 (mod 6) (cf. Brouwer [6]). Exact values for
the case n = 5 (mod 6) are not known.

B. The Linear Programming Bound for A(n,d,w)
This bound is based on the following theorem.

Theorem 21: (Delsarte [9], [10].) Let @ be an (n,M,25)
code of constant weight w < n/2, having distance distri-
bution (A, - - - ,As,). Then the quantities B, - - - ,Bg,, are
nonnegative, where now

1w )
Bop=— Y AuQrnw), k=0,--

M=o

the coefficients ), (i,n,w) are given by

i =22 (7)1 2) (1)

(11)
and E;(x) is an Eberlein (or dual Hahn) polynomial de-
fined by
B =3 o= (YT (T (TR,

j=0 1=J J J
(See Delsarte [9], Eberlein [15], Hahn [23], and Karlin and
McGregor [37] for these polynomials.)
As in the case of A(n,d), we obtain a bound on A (n,d,w)
by maximizing Ag + A3 + -- - + Ay, subject to the con-
straints

*,W,

Ay 20, 1=0,-,Ww,

Ap=1, A=A =---=Ag59=0, (12)
and

Bop 2 0, k=0, w. (13)

Additional constraints on the A; can be expressed in
terms of the function T'(w1,n1,we,n2,26) defined in Section
I (see Table III). Let u ¢ @ and consider the codewords v
¢ @ such that dist(u,v) = 2i. By a suitable permutation of
the coordinates, we may assume that

b w
u=(1+++1 11---1 00---0 00---0),
v=(11:++1 00---0 11---1 00---0).

«—n - —m>

The number of such v’s is As; (1), and by definition of T
we have

Agi(u) < T(,w,in — w,26),
so that
Agi = T(Gw,i,n — w,26),

i=5’...’w)

L=0,-,w. (14)
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Sometimes it is possible to say more, as the following ex-
ample illustrates.

Theorem 22:
A(17,8,7) < 31.

Proof: Let @ be a code of length 17, distance 8, and
constant weight 7. Suppose @ contains M = A(17,8,7)
codewords. For u ¢ @, the only nonzero components of the
weight distribution with respect to u are Ag(u) = 1, Ag(u),
Alo(u), Alg(u), A14(u), and then

A;= }\—1/[ > Ai(u), 1=0,8,10,12, 14.

uel
We have
Apa(u) < A(10,8,7) = A(10,8,1) = 1,

Ajyo(u) < T(6,7,6,10,8) = T(1,7,4,10,8) = 5.

These imply 419 < 5, Ay £ 1 as in (14). But we can say
more. For if A14(u) = 1, then A15(1t) < 2. Therefore, for all
uel,

Aia(u) + 3A14(w) £ 5and A4(u) £ 1,
and so
(15)

Linear programming with the constraints (12), (13), and
(15) gives the stated result. Q.E.D.

Table II gives the bounds on A(n,d,w). Upper bounds
marked with an L are obtained by linear programming, as
illustrated by Theorem 22. Unmarked lower and upper
bounds are from Theorems 14-20. A useful technique for
getting lower bounds is the following. Let @ be an (n,M,d)
code, and @* = a + @ = {a + u, u € @} any translate of €,
with weight distribution A;(0). Then

A;(0) = A(n,d,p).

This technique works well for example with the (short-
ened) Nordstrom-Robinson and Golay codes. Other
entries in the table are explained by the key. Letters on the
left of an entry refer to lower bounds, on the right to upper
bounds.

A12 + 3A14 <5 and A14 <1.

V. BOUNDS ON T(w1,n1,Wws,no,d)

T(wi,n1,wo,nse,d) is the maximum number of binary
vectors of length n, + ny, having mutual Hamming dis-
tance of at least d, where each vector has exactly w; ones
in the first n; coordinates and exactly ws ones in the last
ng coordinates. For example, we see that 7(1,3,2,4,6) = 2,
as illustrated by the vectors (1001100), (0100011). Prop-
erties of this function are given in the following theo-
rems.,

Theorem 23: (Johnson [34]).

(a) T(wynywaned) = T(weneo,wi,nid),

(b) T(wq,n1,we,ned) = T(ny — wi,ng,wa,nzd),
(¢) T(0,n1,wangd) = A(nod,ws),

(d) T(wl,nl,wg,nQ,d) < A(ng,d - 2LU1,LU2),
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(e) If d = 2w + 2ws, then

T(wy,n1,we,ne,d) = min [[ﬂ], [@]]’

w1 Wwo
) Twynywansd)
< [ﬂ Twi—1n1— 1,w2,n2,d)],
w1

(8) T(wy,ny,wened)

= [ L T(wlynl - 11w2)n2)d)])
ny—wi

)

(h) T(wy,ny,we,ng28) < ,
w? w3
—+—=+0—w; —ws
ni nog

provided the denominator is positive.

A slightly stronger result than Theorem 23(h) is the
following.

Theorem 24: Suppose T(w1,n1,ws,n2,28) = M, and de-
fine g;,r; (i = 1,2) by

Muw; = q;n; +r;, 0<r,<n;.

Then
2
21 {nigi(gi — 1) + 2q;ri} < (wy + wa — MM — 1),
i=

with equality if and only if all distances are 24.

There is also a linear programming bound for
T(wy,n1,wo,nz26), based on Theorem 25. Define the
left and right weights of a vector u = (1, - -« ,Upn +ny) tO
be wr(u) = wiuy, -+ ,un,) and wrw) = wt(Up+1,++ -,
Un,)-

Theorem 25: Let @ be an (ny + n9,M,26) code such that
wru) = wi, wg(u) = we forallu € @, and let

Agigju) = |fv € Cwrp(u +v) = 2L, wg(u +v) = 2j}],

1
Agigj = Z@ Ag;0i(u).
ue

Then

1 wr we . .
Barau=y, % 2 Agi 2@k (i,n1,w1)Qi(J,n2,ws) 2 0,

1=0j=0
where Q (i,n,w) is given in (11).

Proof: For v = 1,2, suppose (X®; Ry, -+ - ,R ) is an
association scheme with intersection numbers pf4}, inci-
dence matrices D!, idempotents J, and eigenvalues
PP), Q@) (cf. Delsarte [9], [10], Sloane [54]). Then
(XOXX®D:R;=RPXRP0<i<n;0=<j<ny)isan
association scheme (the product scheme) with intersection
numbers p{}lp P, incidence matrices D{¥’ ® D%, idempo-
tents JI' ® JP, and eigenvalues P(i)P{?()),
QI(H)QP(j). Hence € is a code in the product of two
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Johnson schemes. The result now follows from Theorem
3.3 of Delsarte [9] and Theorem 21 above. Q.E.D.

Table III gives upper bounds on T(w1,n1,wa,n2,10).
Entries marked with an asterisk (*) are exact.

Note Added in Proof: The first author has recently shown
that A(9,3) = 40, A(10,3) <79, A(11,3) < 158, A(18,3) =
10 240, A(19,3) = 20 480, A(20,9) < 54, and A(21,9) <
89.
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Some Results on Arithmetic Codes of Composite Length

TAI-YANG HWANG AND CARLOS R. P. HARTMANN, MEMBER, IEEE

Abstract—A new upper bound on the minimum distance of bi-
nary cyclic arithmetic codes of composite length is derived. New
classes of binary cyclic arithmetic codes of composite length are
introduced. The error correction capability of these codes is dis-
cussed, and in some cases the actual minimum distance is found.
Decoding algorithms based on majority-logic decision are proposed
for these codes.

I. INTRODUCTION

RITHMETIC CODES, first proposed by Diamond
[1], are useful for error control in digital computation
as well as in data transmission. They are particularly
suitable for checking or correcting errors in arithmetic
processors. Finding the minimum distance d of an arith-
metic code is a major problem. Despite many similarities
between cyclic arithmetic and cyclic block codes, no gen-
eral lower bound analogous to the BCH bound for cyclic
codes has been found for arithmetic codes. Thus in general,
the determination of d still relies on a computer search.
The search for a systematic way of constructing arithmetic
codes is another major area of research. Three known
classes of arithmetic codes are the high-rate perfect sin-
gle-error correcting codes [2]-[4], the large-distance low-
rate Mandelbaum-Barrows codes [5], [6], and the inter-
mediate-rate intermediate-distance codes [7]. One of the
interesting features of the codes introduced in {7] is that
they can be decoded using majority-logic decisions.

In this paper, we present a new upper bound on d for
binary cyclic arithmetic codes of composite length. This
bound is quite tight and gives a rather good estimation of
the actual minimum distance. We also construct new
classes of binary cyclic arithmetic codes. Many of these
codes have intermediate rate and intermediate distance,
and they can be decoded by majority-logic decisions.
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In Section II, we present the new upper bound on d. In
Section III, we construct new classes of binary cyclic
arithmetic codes. The decoding algorithms for these codes
are given in Section IV. A discussion of the results is con-
tained in Section V. Numerical examples are given in
Appendix A. The conditions for the existence of codes in
the classes constructed in Section III are given in Appendix
B.

II. BOUND ON THE MINIMUM DISTANCE OF BINARY
CycCLIC ARITHMETIC CODES OF COMPOSITE LENGTH

A binary cyclic arithmetic code (or “AN code”) of length
n is of the set of integers of the form AN, where A is a fixed
integer, called the generator of the code,and N=0,1, .- ,B
— 1. The integer B is chosen so that AB = 27 — 1, where n
is the multiplicative order of 2 modulo A. For a general
background on binary cyclic AN code as well as for the
definitions of arithmetic distance and arithmetic weight,
the readers are referred to [8]-[10].

The following theorem, which is a generalization of [11,
Theorem 1], gives an upper bound on d.

Theorem 1: Let A generate a binary arithmetic code of
composite length n = nqly, 1 <!y <n. If B is divisible by
either 271+ 1 or by 271 — 1, thend < ;.

Proof: Let B = B1(271+1). By [12, Lemma 6.3], ; is
even. Thus

28~ 1 oi—nt — 9l1=2nm1 4 — ..

2z s 2m— |
2m + 1

AB1 =

is a codeword of arithmetic weight [}, W(AB{) = [;. Simi-
larly, one can show that d < [; when B = By(2"1 — 1),
Q.E.D.

The following example will illustrate the application of

Theorem 1.
Example 1: Let AB = 220 — 1 with A = 5. 31 - 41. Thus,
B=3.5-11and n = 20. We note that GCD(A4,22 — 1) =
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