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Bounds on a Distribution Function That Are
Functions of Moments to Order Four'

Marvin Zelen

Explicit expressions are presented for bounds on a distribution funetion when moments
to order four are known, These inequalities are given in a form suitable for applications.

1. Introduction and Statement of Problem

Tehebyehefl [7] 7 in 1874 proposed a problem that can be stated as follows: Let F(y) be
an unknown distribution function over the closed interval ? [e, b], and satisfving the conditions

Fla—0)=0
i j YdFG)  (G=0,1, ..., k.

If the moments m, for j=0,1, . . . , kare known, then for a given value of x, (a<"w<_h), what
are the (sharp) upper and lower bounds on F(x)?

Tehebyehefl presented without prool a solution to the above problem, which is sometimes
called the reduced-moment problem. Proofs were later given by Markofl [1], Possé [2], and
Stieltjes [5,6].  The book by Shohat and Tamarkin [4] gives an account of some of the modern-
day treatments of the subject.

This paper presents the explicit expressions for solutions of the moment problem (often
referred to as the Tehebyeheff-Markoft inequalities) for the cases =234, Inequalities that
are functions of moments to order two were given by Tehebyehefl [7] for distributions over the
interval [0,6].  Inequalities that are functions of moments to order three were given by Possé
[2].  Possé also solved the case of four moments for distributions over the interval [a, = ).

2. Explicit Expressions for Bounds

This section presents without proof the explicit expressions for bounds on a distribution
function. Proofs may be found in [9].  These are derived as special cases of the Tehebyeheff-
Markofl inequalities.

In all that follows it will be assumed that

me=1, m=0, my=1. (1)

This will result in no loss of generality, as any distribution function can be made to conform to
these conditions by the use of a linear transformation. The assumption (1) implies that
a, b satisly the inequalities
a< 0<_b
1-+ab<0.
This follows from the necessary conditions for the solution of the moment problem (ef. Shohat
and Tamarkin [4]).
1 A condensation of eertain results obtained by the author in a thesis submitted to the University of North Carolinga in June 1951 in partial
fulfillment of the requirements for the Master of Arts degree.
2 Figures in brackets indieate the literature references at the end of this paper.
4 Throughout this paper it will be understood that a distribution funetion over the interval [e, b] is one where the range of the random variable

is [a, b], and the end points will belong to that interval unless the end points are — = or 4o,
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2.1. Bounds for Two Moments

Let F(y) be a distribution function on [a, b] with known moments
me=1, m=0, my=1

then for a given z, (a<z<_b),

=9 1 : 1
<Fla)<-—— a<a < —7
0</ ('J"J_l—l—;r!'-’ if a<<a< )
1+ bx 1+ax
(r.f—b)fu—.:]gr(”<i (b—a)(b—ux) 2 _TSIS E
T <P <1 #—<ach,
K 0]

For any distribution defined over (— =
x>0, respectively.

!

2.2. Bounds for Three Moments

Let F(y) be a distribution function on [a, §] with known moments
mg=1, m=0, ma=1, my.

Liet g(z)=a*—mgz—1, and define
__my—(a+x)

b P
 __Mz—(b+w)
2T b
L Mg— ((I—H}_]
e 1+ab
1+af
Ala,f,y)= = J{_T—ﬁ_],
then for a given x, (e<x<_h)
D<F(z) <A, 2, 1) if 2<0, g(x) >0

;‘1(.'!}, 21y ﬂ) S-‘F("”)‘ S"l(‘ﬁ! =1y (I-J + 44-(“: 21y J"} lf .E;‘(‘T,J Sn; I‘S w

Alr, b, z0) <F(x) <Az, b, z0) +A(b, 22, x) if g(x) <0, 2>w
1—Aa, 2, ) <F(z) <1 if g(z) >0, 2>0.

(3)

(4)

(5)

) inequalities (3) and (5) hold for z<0 and

(6)
(7)
(8)
(9)

Inequalities (7) and (9) hold for any distribution F(y) on [, =). Inequalities (6) and
(8) hold for any distribution F(y) on (— =, b]. Note that none of the inequalities (6) to (9)

holds for distributions over (— o, =« ).
2.3. Bounds for Four Moments
Let F(y) be a distribution function on [a, ] with moments

me=1, m;=0, m,=1, my my
IJ[.‘.t'

9y, =y —}—[ —Han (’Ym"l Bh :I _1_[77’?'1 g+ (my— 7'}2].

1+y(my— 1+ (my—

378



Ulyy=g(y,a), Vip=uly, by, Z)=g(y, x), and let w,<us, 1,< 1, 2,< 2, be the distinet
zeros of U(y), Vi(y), Z(y), respectively, then a<"pn<u;<we<u<b.

Define
__mglat+b+a) —my—ab—az—bx

i abr-+a-+b-+a—my

e iy mi— 1
Q12 (mi—mi—1) I (@ —mg—1)?

my— (atB+2) —apz;
(y—a) (v—B) (v—2)

then for a given value of &, (a<lz<h),

oL i:

Bla,B,y)=

0<F(z)<A if a<e<u, (10)

B(bw,a) <F(z) <B(bmxa)+ Blabmx) if m<z<wu (11)

1 —I— M 1 —l' 22 . .

< f = / Wy <2< 2

(;—U(; F(x) ( _“(M_‘:]-i— { if w <z<w (12)

1— B(a,b,z)— B(a-,::r,b,} <F(x) <1—B(amxb) if 2 <x<ug (13)
—A<F (@) <1 if . <a<lb. (14)

For any dihtl'i]mliun defined over (— e, @) inequalities (10), (12), and (14) hold, respec-
tively, for x<z;, a;<<a<m, sa<o.

However, the mduung of z in relation to z;, z is equivalent to the following. Let
g(a)=a*—mar—1, then

220, g(x)>0 if, and only if, z<Ta. (15)
x< 0, glz)>0 if, and only if, z,>x (16)
glx)<0 if, and only if, z;<e<z,. (17)

Using (15) to (17), the applications of the Tehebyehefl-Markoll' inequalities for the case
where F(y) is defined over (— =, @) are made particularly casy.

3. Application of the Tchebycheff-Markoff Inequalities

Let F(y) be a distribution function whose first four moments coincide with those of the
standard normal distribution, i. e., my=1, m;=0, my=1, my=0, my;=3. The Tchebychefl-
Markoff’ inequalities will be used to find bounds for #(x) when x=2, 3.

Bounds using two moments: Since x>0, inequality (5) is applicable, and we have

S000<F(2) <1
0000 < F(3) <1.
Bounds using four moments: Since x>0, ¢(2)>0, ¢(3)>0, inequality (14) is applicable.

Substituting the appropriate values, we have

2
lia= W{I'— 1‘(!)<l for .L:z 4

therefore,
8947 < F(2) <1

77T <F(3)<L1.
Note that there are no inequalities applicable using only moments to order three.
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4, Appendix

Statements and proofs of the Tehebycheff-Markofl' inequalities can be found in Shohat
and Tamarkin [4], Uspensky [8], and Royden [3]. This section contains a statement of the
Tehebycheff-Markofl inequalities as the above sources do not give the theorem in full generality,
and it is not readily available in the literature.

Before stating the theorem it will be convenient to define the following: Let T.(y), U(y),
Viay), Waly) be polynomials of degree n defined by

/]

J" T o ()1 () AF () =0 (18)
b. -

[ Un() 8 (y) (y—a)d F(3y) =0 (19)
1]

f V(i) 0en() G =) dF () =0 (20)
]

f W) 0ni(y) (y—a) (b—y)d F(y) =0, (21)

where 6, ,(y) is any polynomial of degree <n—1, and the coeflicient for y* in 7T,(y), U,(y)
Valy), Wo(y) 1s unity.

Tehebycheff-Markofi Inequalities: Let F(y) be any distribution funection on [ab] with
moments mg, My, ..., Wi

aal 3
mFJ WdF(y) lg=00L, <« w &),

and let @ be a given number (a<_r<'b), then

P(?I r) P (?I 0 P(-*' )
= 0wy ST 2 poat ey
where

b NIt

and 5, <y,< . . . <a<_ . .. are the zeros of the polynomial ¢(y) of degree » defined by

q(y) = (y—x)w(y) if k=2n, U,(2) V() >0, (22)
)= (y—b)(y—a)(y—u)w(y) if k=2n, U,(x) V,(x)<0, (23)
q(y) = (y—a) (y—x)w(y) if k=2n—1, Ty(x) Wa(z)>0, (24)
q(y) = (y—b) (y—=z)w(y) if k=2n—1, Ta(@) W, (#)<0, (25)

where r=n-+2 for eq (23), r=n-1 lor (22), (24), (25), and w(y) is determined by

b 1=0,1,. . .,7n—1 for (22)
f q()y'dF(y) =0
o i=0,1,. ..,n—2 for (23), (24), (25).
CoroLLary: Foreq (22) the inequalities hold for any distribution over (— e« , o ) with moments
Mo, My . ., Moy Lhe inequalities for eq (24) hold for any distribution over [a, @) with moments
Mg, My, « « ., Mogy. The inequalities for eq (25) hold for any distribution over (— o, b] with
moments my, My, . . ., Mop_1.
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