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Bounds on Ratios of Means
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The purpose of this paper is to obtain upper bounds for ratios of weighted means

M, —o<r< o (see Hardy,

Littlewood, and

Polya’s “Inequalities,”” Chapter IT). The

inequalities arrived at are generalizations of that of Kantorovich.

1. Let ¢, qu . .

1

with >3 ¢;=1.

=1
with all 2, >0 and for every real », we consider the
mean of order v, M, (1, @, ry,), defined as

n i
(20 quep)V" if r#0, and as T %% if r=0.
k=1 k=1

positive x,, ¥, . . .,

v quln_>1) be positive numbers

For every sequence (. 2y ..., &)

For given

r, it is known (see, e.g., [1,p.

17]% or [2, p. 26]) that M. (x,, @4 . . ., 2,) is strictly
increasing with » (exe ept \xiwn Iy == . =,

2. Let r, s, A, B be given real numbers ((lf ‘i/b’
r< s), and consider the ratios M.z, 25, . . ., Ty

M (zy, xs, . . ., x,) where each x; varies in the closed
interval [A, Bl. By the above, these ratics are all
at least 1. Our aim is to determine an upper bound
for them. 1In the special case r—=—1, s=1, which is
of importance for applications, this uppvr bound is
given by the Kantorovich inequality (gt . . . +
Q) (Qrer ' + ;) <(A+B)*/4AB). For a
discussion of this inequality, see [3], where further
references are given.

3. Tuvorem, Let v, s, A, B be given real numbers
(0<A<B, r<s), set ’y -B/A, and let 1 denote the
n-dimensional cube {(x;, Xop . . ., Xn): A< <B;
k=1, 2, ... ., n}. Then

Jl’f.q(_.!'.. 'JT;:, ey
throughout 1,

J'rx}."llﬂ!r('rl_- &L,
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where A is

_rly'—) { s(r'— o (2)
(s—#) (v —1) (r—=%) ‘Y—” -
if 10,
s (rS—1) s
{_. piE ifr=0, @
e log {y¥0'-1]
{ rityT—1) —1r )
ol B if s=0. 4
elog (v 1] '

Let © be
if 150,  (5)

and

frf(y7—1)—s/(v—1) } [(s—1)
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if r=0, (6)

anid

. if s=0. (7
rlogy v'—1 - )
Then 0<"0<1. Equality in (1) for a point (x,, X,

v ,.)e 1 inu‘dw of and only if there exists a wbae-
k,,) of (1,2, ..., n) suchthat }_, Uiy

m=

coa P), and xe=A for r'r.uy k

quence (ky, ks, . ..,

=0, Xx,=B(m=1,
riufrm‘t Sfrom all I\...

Proof. For every (z, 2, . . ., x.)el, let
[‘P(J‘h gy & i o J'n)
=2,y = o B AL Bl o oy )

(a) Assume that rs#0. Let X*=(z}, zf, . .
xi)e I be such that F(XN*) =max|{F(X): Nel}.

We shall first show that X* is a vertex of [.
Indeed, suppose that this is not the ease, and let j
be such that A<usF<<B. For every xelA, B], let

f)=F(%,a%, ... .,
Then

= ik ¥
O PR o T PO .f,,}.

f (@) =max (f(2) : A<2<B], (8)
and therefore f(2})=0. Now a direct calculation
shows that, throughout (A, B), f'(x) is of the form

Z gk :|, where x(x) >0.

.fﬁr f?;

For x=ur7, the expression in the last square brackets
vanishes; consequently, for every ze(A,a?) it is
negative, and for every wze(sf, B) it is positive.
'J]ms f(a5) < f(x) for every zeld, B] distinet from
Ty, mntm[ll(‘ ting (8).

FFor every wuel0, 1], luL

G () =[uB*+(1—u) AV [uB (1 —u) A7~ Vs I

) ) (9)
=[ulr—) M=)+



Since X* is a vertex of I, F(X*)=G(u*) for some

w*el0,1]. Thus, for every Xel, F(X) <G(u*); and,
for every point X of / which is not a vertex,
F(X)<G(u*).

From (9) a straightforward computation shows
that, throughout (0, 1), G'(u) is of the form

G’ ()= (u)(u—0),where ¢(u)< 0.

As G0O)=G()=1, we n'mst: have, by Rolle's
theorem, 0<O<1. Since G'(u) >0 throughout
(0, ©) and G ()< 0 thlmltf}mut (6, 1), we have

G(u) < G(0)=A for every ue[ﬂ_ 1] distinet, from 0.
From this follows the validity of (1) and of the
necessary and suflicient condition at the end of the
theorem.

(b) Assume that r=0<s. For every p (p<s, p#0)
and for every Nel, we have, as proved above,

M(X)/M,(X)<
N s
e

{

By taking limits as p—0, we obtain, for every Nel,

oy’ —")
(s—p)(y*—1 )

\{'}”'_"{") l i

—\}’Y—”J

sy =1} 1/

:\-f,(.\'J;-l![.(_\'_}g{ Y
¢ log {44 "‘_;- :

which proves (1). We shall, however, reprove it
using the method of part (a), as that method yields
the necessary and suflicient condition of the theorem
for the present case.

Let X** be a point of 7 such that F(X*¥)
—max{F(X): Xel}. As before, one shows that X**
is a vertex of 7.

For every u € [0, 1], let

H(u)={uB"++ (1 —u)A*} V3 [(BYA'-¥)
=44 {u(y*—1)41} V5,

Since X**is a vertex of [, FIXN**)=H(u**) [or some
u**el0, 1]. Thus, for every XNel, F(X)<Hu**);
and, 101 every point X of / which is not a vertex,
F(X)<H(u*¥). Again, considerations as in part

(a) show that, for every wuel0, 1] which differs from

O0=(slog y)'—(y*—1)7' (0<6<1), we have H(u)

< H(©)=A. From here, again, follows (1) as well
as the validity of the necessary and sufficient
condition.

(¢) Assume, finally, that r<<0=s. This case can be
handled by the method of part (a) and also by
making direct use of the validity of the theorem in
case (h)

The reader will notice the limit relations among
the expressions for A given by (’) to (4) and among
the expressions for 6 given ]1\ 5) to (7).

4. We close with a proof of the inequality between
the arithmetic and the geometric means. Let
By L & = <y Ty DB m'bill'm'_\' positive numbers, not
all equal.  Let a=max | —x.:1 <k<n ', and consider
the funection

E@) =10 (z+x)% (r>a).
fi=1

We observe that My(e, T My Cry . 3,
. 2,)=1"(0), and therefore a direct proof that
F’([l)/l will yield (upon m|l:].u,mtr each @, by 1/z)

a proof of the desired mequality

Ly o o oy

Now, for every 2 >a, we have
B () LhE) E’(x)Y S T .
E(r) ( E(x) ) (]‘(J ) — B/ (xta)

so that, by Cauchy’s inequality,

H } ({: )_ - <\“
= 'r“J—i-J f—u{:—l—m’

Thus FE’(x) is strietly monotone decreasing

(@, o);and,since lim £’ (z)=1, we have f'((])“‘“ il
I—w

B (x)
E(x)

in
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