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The purpose of this paper is to obtain upper bounds for ratios of weighted means 
."\11,,- en <1"< ro (see H ardy, Littlewood, and Polya's " Inequalities," Chapter II) . The 
inequalities arr ived at arc generali zat ions of t hat of Kantorovich. 

1. Let q" q" ... , qn(n > l) be positive numbers 

" wi th ~ qk= 1. For every sequence (XI, X" . . . , xn) 
k=l 

'with all x •. > O a nd fo)" every rexl 1', we consider t he 
mean of order 1', lV/,(x" X" ... , xn), defined as 

n n 

( ~ qkxnl /' if 1'r" 0, rU ld as TI X~k if 1' = 0. For given 
k= l k= l 

positive X" X ,, ... , T" it is known (see, e.g. , [1 , p . 
17]2 or [2, p . 26]) that M ,(x " X " ••. , xn) is strictly 
increasing with l' (except when X, = X, = ... = xn). 

2. Let 1', s, A, B be given real numbers (O< A < B , 
1'<s), and consider the ratios },!{8(X" X" . . . , xn) / 

J.l1,(x " X,, ... , xn) where each Xk varies in the closed 
interval [A, B] . By the fLbove, these ratios are all 
at least 1. Our aim is to determine an upper bound 
for them. In the special case l' = - 1, s= 1, which is 
of importance Jor applications, this upper bound is 
given by the Kantorovich inequali ty (q,x, + ... + 
q"xn)(qlXi l + ... + qnx;;- I):S; (A + B) 2/ l,4AB). For a 
discussion of this inequality, see [3], where JUl"ther 
references are given . 

3. TH EOREM. L et r, s, A, B be given 1'eal numbers 
(O< A < B , r < s), /jet ,, = B /A, and Let I denote the 
n-dimensiona.l cube {(Xl , Xz, ... , xn): A:S;xk:S;B; 
k = l , 2, ... , n }. Then 

M ,(Xl, Xz, ... , xn) /M ,(XI, X2, ... , xn):S; 6 ) (1) 

throughout I , 

whe1'e 6 is 

{ 
l' ("8_,,T) } 118 { S(,,'_ ,,8) } - l/' 

(s-1') (,,' - 1) (r-s) (,,' - 1) (2) 

if rs r" o, 
{ ,,' I ("Y'- ll } 1/8 

e log {,,8/ ("1''-1) } 

ifr = O, (3) 

and 
{ " , /( ,(T _ l ) } -liT 

e log {,,' /( '('- J) } 
if s= O. (4) 

L et 8 be 

{T/ ( "T -1) -siC ,,8- 1) } /(s-r) if rs r" 0, (5) 
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, FigW'es in brackets indicate the literat ure references at the end of this paper. 

1 1 

s log" -,,8 - 1 
i(r= 'J, (6) 

and 

1 1 

I' log" -"r - 1 
if s= O. (7) 

Then 0 < 8 < 1. Equality in (1) for a point (Xl , X2, 

... , Xn) E I holds if and only ij there exists a subse-

quence (k j ,k2, . .. , kp) oj(I , 2, . . . , n) such that ~q km 
m=1 

= 8 , Xk = B (m= l , 2, .. . , p) , and xk= A for every k 
distinctfrom all k m . 

Proof. For every (Xl, Xl, .•. , Xn) E I , let 

F(Xl, Xz, ... , Xn) 
= M 8 (XI, XZ, ... , xn) /J.l![T(xl, X2, ... , xn). 

(a) A ssume that rsr" O. Let X *=(xt, x:, ... , 
Xi,)E I be such that F(X*) = max {F (X) : Xd }. 

W e shall first show that X* is a vertex of I . 
Indeed , suppose that this is not the case, and let j 
be such that A < x"; < B. For every xE[A, B], let 

j (x)= F (xi,x;, ... , xj_l,X,Xj+l, .. " xi,) . 

Then 

f(xj) = max {j(x) : A :S;x:S; B } , (8) 

and therefore l' (xj) = 0. N ow a direct calculation 
shows that, throughout (A, B ), f' (x) is of the form 

For x= xj, the e~'Pl"css ion in the last sq uare brackets 
vanishes; cOllsequently, for every xE(A, xj) it is 
negative, and for every XE(Xj, B ) it is positive. 
Thus j(x]) < lex) for every XE[A, B] distinct from 
xj, contradicting (8) . 

For every UE[O, 1], let 
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Since X* is a vertex of I , F(X*) = G( u *) for some 
u*€[O , I]. Thus, for ever~ ' X d , F(X) <:::;.G(u*); and, 
for every point X of I which is not a vertex, 
F(X)<G(u*). 

From (9) a straigh tforward computation shows 
that, throughoLlt (0, 1), G' (u) is of the form 

G' (u) = f (u ) (u-8) ,where f eu) < 0. 

As G(O)= G(l) = l , we must have, by Rolle's 
theorem, 0< 8 < l. Since G'(u»O throughout 
(0, 8 ) and G' (u) < 0 throughout (8, 1), we have 
G(u) < G(8) = !J. for every udO, 1] distinct from 8. 
From this follows the validi ty of (1) and of the 
necessary and sufficien t condition at the end of the 
theorem. 

(b) A ssume that 1' = O< s. For every p (p<s, p ~ O ) 

and for every Xd, we have, as proved above, 

{ 
p ("(s_ "(p) J i (S r s( "(P- "( S) 1- - I ( p 

(s - p) ("(P - l ) J i.. (p- s) ("(s_ 1) .J . 

By taking limits as p- O, we obtain, for every X d , 

r "(S( -y s-1J } IIS 

M s(X) /Mo(X) <:::;. ~ . { sJ("YLIJ } 
l e log "( , 

which proves (1). vVe shall , however, reprove it 
using the method of part (a), as that method yields 
the necessary and sufficient condi tion of the theorenl 
for the present case. 

Let X** be a point of I such that F(X**) 
= max {F(X) : Xd } . As before, one shows that X'"* 
is a vertex of I. 

For every u e [0, 1], let 

Since X** is a vertex of I , F(X**) = H (u**) for some 
u**e[O, 1]. Thus, for every X d , F (X) <:::;. H (u**); 
and, lOr every point X of I which is not a vertex, 
F(X) < H(u**). Again, considerations as in part 
(a) show that, for every U€[O, 1] which differs from 

8 = (s log,,() - I_(,,(S_1)-1 (0< 8 < 1), we have H (u) 
< H (8 ) = !J.. From here, again, follows (1) as well 
as the validity of the necessary and suffi cient 
condit ion . 

(c) Assume,jinally, that r < O= s. This case can be 
handled by t he method of par t (a) and also by 
making direct use of the validi ty of the theorem in 
case (b). 

The reader will notice the limit relations among 
the expressions for !J. given by (2) to (4) an d among 
the expressions for 8 given by (5) to (7). 

4. Weclose with a proof of the in equali ty between 
the arithmetic and the ?"eometric means. Let 
XI, X " • . • , Xn be arbitrary positive numbers, not 
all equal. Let a = max { -xk:1<:::;.k<:::;.n } ,and consider 
the function 

We observe that M O(XI, X" . . . , xn )/111_I(xl, X" 
. .. , x,,) = E ' (O), and therefore a direct proof that 
E '(O» 1 will yield (upon replacing each Xk by l /xk) 
a proof of the desired inequality. 

Now, for every x> a, we have 

E" (x) (E' (X) ) 2 (E' (x)) ' n ? 

E(x) - E(x) = E(x) = - ~ qk/(X+ Xk)-; 

so that, by Cauchy's inequality, 

Thus E' (x) is strictly monotone decreasing in 
(a, co); and, since lim E' (x) = 1, we have E'(O) :> l. 

X--7'" 
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